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—¨¸²¥´´μ¥ ³μ¤¥²¨·μ¢ ´¨¥ ±·¨É¨Î¥¸±¨Ì § ¢¨¸¨³μ¸É¥° ¤²Ö
¸¨³³¥É·¨Î´ÒÌ ¤¢ÊÌ¸²μ°´ÒÌ ¤¦μ§¥Ë¸μ´μ¢¸±¨Ì ±μ´É ±Éμ¢

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¶·μ¢¥¤¥´μ ³μ¤¥²¨·μ¢ ´¨¥ ¶ ·Í¨ ²Ó´ÒÌ ±·¨É¨Î¥¸±¨Ì
§ ¢¨¸¨³μ¸É¥° ¢¨¤  ®Éμ± Å ³ £´¨É´μ¥ ¶μ²¥¯ ¢ ¤¢ÊÌ¸²μ°´μ³ ¸¨³³¥É·¨Î´μ³ ¤¦μ-
§¥Ë¸μ´μ¢¸±μ³ ±μ´É ±É¥. —¨¸²¥´´Ò° Ô±¸¶¥·¨³¥´É ¶μ± §Ò¢ ¥É, ÎÉμ ¶·¨ ´¥´Ê²¥¢μ³
±μÔËË¨Í¨¥´É¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê ¸²μÖ³¨ ±μ´É ±É  ´  ±·¨É¨Î¥¸±¨Ì ±·¨¢ÒÌ
³μ£ÊÉ ¨³¥ÉÓ ³¥¸Éμ ¸± Î±¨ ±·¨É¨Î¥¸±¨Ì Éμ±μ¢, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì · §²¨Î´Ò³ ¶ -
· ³ · ¸¶·¥¤¥²¥´¨° ³ £´¨É´ÒÌ ¶μÉμ±μ¢. 	Éμ ¶μ§¢μ²Ö¥É ¨´É¥·¶·¥É¨·μ¢ ÉÓ ³ -
É¥³ É¨Î¥¸±¨ μ¸μ¡¥´´μ¸É¨ ´¥±μÉμ·ÒÌ ´¥¤ ¢´¨Ì Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ·¥§Ê²ÓÉ Éμ¢
¤²Ö ¤¢ÊÌ¸²μ°´ÒÌ ±μ´É ±Éμ¢ ± ± ·¥§Ê²ÓÉ É ´ ²¨Î¨Ö ÉμÎ¥± · §·Ò¢  ´¥¶·¥·Ò¢´μ¸É¨
¶ ·Í¨ ²Ó´ÒÌ ±·¨É¨Î¥¸±¨Ì ±·¨¢ÒÌ.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.
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Numerical Modelling of the Critical Dependences in
Two-Layered Symmetric Josephson Junctions

In this work a numerical modelling of the critical current as a function of ap-
plied magnetic ˇeld is carried out in a two-layered symmetric inductively coupled
Josephson stack. The numerical experiment shows, that jumps of the current, corre-
sponding to various pairs of magnetic 
ux distributions can take place on the critical
curves at nonzero factor of interaction between layers. It allows one to interpret
mathematically features of some recent experimental results.
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‚‚…„…�ˆ…

‡  ¶μ¸²¥¤´¥¥ ¢·¥³Ö ¸¢μ°¸É¢  ³´μ£μ¸²μ°´ÒÌ (¨, ¢ Î ¸É´μ¸É¨, ¤¢ÊÌ¸²μ°-
´ÒÌ) ¤¦μ§¥Ë¸μ´μ¢¸±¨Ì ±μ´É ±Éμ¢ (¤ ²¥¥ ¨¸¶μ²Ó§Ê¥³ ¸μ±· Ð¥´¨¥ „Š) ¨¸¸²¥-
¤μ¢ ²¨¸Ó ·Ö¤μ³  ¢Éμ·μ¢ (¸³., ´ ¶·¨³¥·, [1Ä11]). ’ ±¨¥ ¸É·Ê±ÉÊ·Ò ¶μ§¢μ²ÖÕÉ
¸É ¢¨ÉÓ ¨ ¨§ÊÎ ÉÓ ·Ö¤ ´μ¢ÒÌ Ë¨§¨Î¥¸±¨Ì ÔËË¥±Éμ¢, ´¥ ¨³¥ÕÐ¨Ì ³¥¸É  ¤²Ö
μ¤´μ¸²μ°´ÒÌ „Š,   É ±¦¥ ¶·¥¤¸É ¢²ÖÕÉ §´ Î¨É¥²Ó´Ò° ¨´É¥·¥¸ ¤²Ö ¶· ±É¨Î¥-
¸±¨Ì ¶·¨³¥´¥´¨°.

�¤´¨³ ¨§ ´ ¨¡μ²¥¥ ¨´É¥·¥¸´ÒÌ ·¥§Ê²ÓÉ Éμ¢, Ô±¸¶¥·¨³¥´É ²Ó´μ μ¡´ ·Ê-
¦¥´´ÒÌ §  ¶μ¸²¥¤´¨¥ £μ¤Ò, Ö¢²Ö¥É¸Ö ÔËË¥±É, ´ §Ò¢ ¥³Ò° ®ÔËË¥±Éμ³ ¸¨´-
Ì·μ´¨§ Í¨¨ ±·¨É¨Î¥¸±¨Ì Éμ±μ¢¯ (current locking) [4, 5]. ‘ÊÉÓ ÔËË¥±É  § -
±²ÕÎ ¥É¸Ö ¢ ¸μ¢¶ ¤¥´¨¨ ´  ´¥±μÉμ·ÒÌ ÊÎ ¸É± Ì ¶ ·Í¨ ²Ó´ÒÌ ±·¨É¨Î¥¸±¨Ì
±·¨¢ÒÌ ¢¨¤  ®Éμ± Å ³ £´¨É´μ¥ ¶μ²¥¯ ¤²Ö ¤¢ÊÌ¸²μ°´ÒÌ „Š. ’¥³ ¸ ³Ò³ ´ 
Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ±·¨¢ÒÌ ´ ¡²Õ¤ ÕÉ¸Ö ¸± Î±¨ ±·¨É¨Î¥¸±μ£μ Éμ± , ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨¥ Ë¨±¸¨·μ¢ ´´Ò³ §´ Î¥´¨Ö³ ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö.

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¶·μ¢¥¤¥´μ Î¨¸²¥´´μ¥ ³μ¤¥²¨·μ¢ ´¨¥ ±·¨É¨Î¥¸±¨Ì
±·¨¢ÒÌ ¢ · ³± Ì ³μ¤¥²¨ ¨´¤Ê±É¨¢´μ ¸¢Ö§ ´´ÒÌ ¸²μ¥¢ „Š ´  μ¸´μ¢¥ ¨¤¥° É¥-
μ·¨¨ ¶ ·Í¨ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨ [12, 13]. „²Ö ÔÉμ° Í¥²¨ ¶¥·¥Ìμ¤Ò ¨§ ¸¢¥·Ì-
¶·μ¢μ¤ÖÐ¥£μ ¢ ·¥§¨¸É¨¢´Ò° ·¥¦¨³ · ¡μÉÒ ¸²μ¥¢ ±μ´É ±É  ³ É¥³ É¨Î¥¸±¨
¨´É¥·¶·¥É¨·ÊÕÉ¸Ö ± ± ¡¨ËÊ·± Í¨¨ ¸É É¨Î¥¸±¨Ì · ¸¶·¥¤¥²¥´¨° ³ £´¨É´μ£μ
¶μÉμ±  ¶·¨ ¨§³¥´¥´¨¨ ¶ · ³¥É·μ¢ Å ¶·¨²μ¦¥´´μ£μ ³ £´¨É´μ£μ ¶μ²Ö ¨ ¢´¥Ï-
´¥£μ Éμ± . ‚ · ³± Ì É· ¤¨Í¨μ´´μ° ³μ¤¥²¨ μ¤´μ³¥·´μ£μ ¤²¨´´μ£μ „Š É ±μ°
¶μ¤Ìμ¤ ¡Ò² ¢¶¥·¢Ò¥ ¶·¨³¥´¥´ ¢ ±² ¸¸¨Î¥¸±μ° · ¡μÉ¥ [14]. Š ¦¤μ³Ê ¸É É¨Î¥-
¸±μ³Ê · ¸¶·¥¤¥²¥´¨Õ ¢ ±μ´±·¥É´μ³ ¸²μ¥ ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ ·¥£Ê²Ö·´ Ö
§ ¤ Î  ˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö, ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ±μÉμ·μ° ¶μ§¢μ²ÖÕÉ ¸Ê¤¨ÉÓ
μ ¶ ·Í¨ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨ ¨²¨ ´¥Ê¸Éμ°Î¨¢μ¸É¨ · ¸¶·¥¤¥²¥´¨Ö. �·¨ É ±μ³
¶μ¤Ìμ¤¥ ±·¨É¨Î¥¸±¨° Éμ± · ¸¶·¥¤¥²¥´¨Ö ¥¸ÉÓ Éμ §´ Î¥´¨¥ ¢´¥Ï´¥£μ Éμ± , ¶·¨
±μÉμ·μ³ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ³¨´¨³ ²Ó´μ¥ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ μ¡· Ð ¥É¸Ö ¢
´μ²Ó ¤²Ö § ¤ ´´ÒÌ ¶·μÎ¨Ì ¶ · ³¥É·μ¢ ¨, ¢ Î ¸É´μ¸É¨, ¢´¥Ï´¥£μ ³ £´¨É´μ£μ
¶μ²Ö. ’ ± ± ± ¤²Ö § ¤ ´´μ£μ ¶μ²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ´¥²¨´¥°´ Ö ±· ¥¢ Ö § ¤ Î 
³μ¤¥²¨ ³μ¦¥É ¨³¥ÉÓ ¡μ²¥¥ Î¥³ μ¤´μ ¸É É¨Î¥¸±μ¥ ·¥Ï¥´¨¥, Éμ ±·¨É¨Î¥¸±¨°
Éμ± ¸²μÖ Å ÔÉμ ´ ¨¡μ²ÓÏ¨° ¨§ ±·¨É¨Î¥¸±¨Ì Éμ±μ¢ · ¸¶·¥¤¥²¥´¨° ¢ ¸²μ¥,
  ±·¨É¨Î¥¸±¨° Éμ± ¸É·Ê±ÉÊ·Ò ± ± Í¥²μ¥ Å ³¥´ÓÏ¨° ¨§ ±·¨É¨Î¥¸±¨Ì Éμ±μ¢
¸²μ¥¢. � ·Í¨ ²Ó´Ò¥ ±·¨É¨Î¥¸±¨¥ § ¢¨¸¨³μ¸É¨ ¤²Ö ± ¦¤μ£μ ¨§ ¸²μ¥¢ ¸É·μÖÉ¸Ö
± ± μ£¨¡ ÕÐ¨¥ ¡¨ËÊ·± Í¨μ´´ÒÌ ±·¨¢ÒÌ μÉ¤¥²Ó´ÒÌ · ¸¶·¥¤¥²¥´¨°.
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1. ��‘’���‚Š� ‡�„�—ˆ

‚ · ³± Ì ³μ¤¥²¨ ¤²¨´´ÒÌ „Š, ÊÎ¨ÉÒ¢ ÕÐ¥° Éμ²Ó±μ ¨´¤Ê±É¨¢´μ¥ ¢§ ¨³μ-
¤¥°¸É¢¨¥ ³¥¦¤Ê ¸μ¸¥¤´¨³¨ ¸²μÖ³¨, ¤¨´ ³¨±  ³ £´¨É´μ£μ ¶μÉμ±  ¢ „Š ¤²¨´Ò
2l μ¶¨¸Ò¢ ¥É¸Ö [2] ¸³¥Ï ´´μ° § ¤ Î¥° ¤²Ö ¸¨¸É¥³Ò ¢μ§³ÊÐ¥´´ÒÌ Ê· ¢´¥´¨°
É¨¶  ¸¨´Ê¸-ƒμ·¤μ´

φtt + α φt − Aφxx + Jz(φ) + Γ = 0, (1a)

t > 0, x ∈ (−l, l),

φx(t,±l) = H. (1b)

‚ Ê· ¢´¥´¨ÖÌ (1) Î¥·¥§ t ¨ x μ¡μ§´ Î¥´Ò ¢·¥³Ö ¨ ¶·μ¸É· ´¸É¢¥´´ Ö ±μμ·¤¨-
´ É  ¢¤μ²Ó ±μ´É ±É  (¢¸¥ ¨¸¶μ²Ó§Ê¥³Ò¥ §¤¥¸Ó ¨ ´¨¦¥ ¢¥²¨Î¨´Ò ¡¥§· §³¥·´Ò;
μ ¸¶μ¸μ¡ Ì ¶·¨¢¥¤¥´¨Ö ± ¡¥§· §³¥·´μ³Ê ¢¨¤Ê ¸³., ´ ¶·¨³¥·, · ¡μÉÊ [2],  
É ±¦¥ ³μ´μ£· Ë¨Õ [15]). ‘μμÉ¢¥É¸É¢ÊÕÐ¨³ ´¨¦´¨³ ¨´¤¥±¸μ³ μ¡μ§´ Î¥´ 
μ¶¥· Í¨Ö ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö. ‚¥²¨Î¨´  φ(t, x) = (φ1, φ2)T ¥¸ÉÓ 2-¢¥±Éμ·
³ £´¨É´ÒÌ ¶μÉμ±μ¢ ¢ ®´¨¦´¥³¯ φ1(t, x) ¨ ®¢¥·Ì´¥³¯ φ2(t, x) ¸²μÖÌ. �μ¸Éμ-
Ö´´ Ö α ≥ 0 ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ±μÔËË¨Í¨¥´É ¤¨¸¸¨¶ Í¨¨. „ ²¥¥ ¢ ´ ¸ÉμÖÐ¥°
· ¡μÉ¥ μ£· ´¨Î¨³¸Ö ¶·¥¨³ÊÐ¥¸É¢¥´´μ · ¸¸³μÉ·¥´¨¥³ ¸²ÊÎ Ö ¸¨³³¥É·¨Î´μ£μ
¤¢ÊÌ¸²μ°´μ£μ „Š, μÉ¤¥²Ó´Ò¥ ¸²μ¨ ±μÉμ·μ£μ ¨¤¥´É¨Î´Ò ¨, ¢ Î ¸É´μ¸É¨, Éμ²-
Ð¨´Ò ¸²μ¥¢ Δ1 = Δm = Δ2 (¸³. ·¨¸. 1). ’μ£¤  ¢¥±Éμ· ¶²μÉ´μ¸É¥° Éμ± 

�¨¸. 1. ‘Ì¥³  ¤¢ÊÌ¸²μ°´μ£μ „Š

„¦μ§¥Ë¸μ´  μ¶·¥¤¥²Ö¥É¸Ö ± ± Jz(φ) = (sin φ1, sinφ2)
T . ‚¥±Éμ· ¢´¥Ï´¥£μ

Éμ±  Γ = γ (1, 1)T , £¤¥ ¤²Ö ¶·μ¸ÉμÉÒ ¢ ¤ ²Ó´¥°Ï¥³ ¶μ² £ ¥³ γ = const.
‚¥·Ì´¨° ¨´¤¥±¸ T ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö μ¶¥· Í¨¨ É· ´¸¶μ´¨·μ¢ ´¨Ö. �´ ²μ-
£¨Î´μ, 2-¢¥±Éμ· H = hB(1, 1)T ,   ¶μ¸ÉμÖ´´ Ö hB ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¢´¥Ï´¥¥
³ £´¨É´μ¥ ¶μ²¥, ´ ¶· ¢²¥´´μ¥ ¢¤μ²Ó μ¸¨ y ¢ ¶²μ¸±μ¸É¨ ±μ´É ±É . Š¢ ¤· É´ Ö
¸¨³³¥É·¨Î¥¸± Ö 2-³ É·¨Í  A(s) § ¢¨¸¨É Éμ²Ó±μ μÉ ¶ · ³¥É·  ¸¢Ö§¨ s ∈ (−1, 0]

A(s) =
1

1 − s2

(
1 −s
−s 1

)
.

�´ ²¨É¨Î¥¸±μ¥ ¢Ò· ¦¥´¨¥ ¤²Ö ¢¥²¨Î¨´Ò s Î¥·¥§ £¨¶¥·¡μ²¨Î¥¸±¨¥ ËÊ´±Í¨¨
¶·¨¢¥¤¥´μ, ´ ¶·¨³¥·, ¢ · ¡μÉ¥ [2].
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„²Ö ¤ ²Ó´¥°Ï¨Ì · ¸¸³μÉ·¥´¨° ±μ´±·¥É´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ´ Î ²Ó´ÒÌ
Ê¸²μ¢¨° ¢ ³μ³¥´É t = 0 ´¥¸ÊÐ¥¸É¢¥´´Ò ¨ ¶μÔÉμ³Ê §¤¥¸Ó ´¥ ¶·¨¢μ¤ÖÉ¸Ö.

�É³¥É¨³, ÎÉμ Ê· ¢´¥´¨¥ (1) μÉ´μ¸¨É¸Ö ± £· ¤¨¥´É´μ³Ê (¢ ·¨ Í¨μ´´μ³Ê)
¢¨¤Ê. ’ ± ± ± ±· ¥¢Ò¥ Ê¸²μ¢¨Ö ¢ ÉμÎ± Ì x = ±l ´¥ § ¢¨¸ÖÉ Ö¢´Ò³ μ¡· §μ³ μÉ
¢·¥³¥´¨ t, Éμ ¶μ²´ Ö Ô´¥·£¨Ö „Š (ËÊ´±Í¨μ´ ² ‹Ö¶Ê´μ¢ )

E(t) =

l∫
−l

{
1
2

[
φ2

t + 〈φx, Aφx〉
]
+ U(φ)

}
dx + 〈AH, Δφ〉 ,

¸¢Ö§ ´´ Ö ¸ ±μ´±·¥É´Ò³ μ£· ´¨Î¥´´Ò³ ·¥Ï¥´¨¥³ φ(t, x), Ê¡Ò¢ ¥É ¢μ ¢·¥³¥´¨

dE

dt
= −α

l∫
−l

φ2
t (t, x) dt ≤ 0. (2)

“£²μ¢Ò³¨ ¸±μ¡± ³¨ 〈a, b〉 §¤¥¸Ó ¨ ´¨¦¥ μ¡μ§´ Î¥´  μ¶¥· Í¨Ö ¸± ²Ö·´μ£μ ¶·μ-
¨§¢¥¤¥´¨Ö 2-¢¥±Éμ·μ¢ a ¨ b. �²μÉ´μ¸ÉÓ Éμ±μ¢ U(φ) μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ £· -
¤¨¥´É U ′

φ(φ) = Jz(φ) + Γ, ÎÉμ ¤ ¥É U(φ) = 2 − cosφ1 − cosφ2 + γ (φ1 + φ2).
‚¥²¨Î¨´  Δφ = (Δφ1, Δφ2)

T ¥¸ÉÓ 2-¢¥±Éμ· ¶μ²´μ£μ ³ £´¨É´μ£μ ¶μÉμ± 

Δφ = φ(t, l) − φ(t,−l). (3)

ˆ§ ¸μμÉ´μÏ¥´¨Ö (2) ¢ÒÉ¥± ¥É, ÎÉμ ²Õ¡μ¥ ´¥¸É Í¨μ´ ·´μ¥ ·¥Ï¥´¨¥ φ(t, x)
Ê· ¢´¥´¨Ö (1) ¶·¨ t → ∞ ¸É·¥³¨É¸Ö ± ´¥±μÉμ·μ³Ê ¸É Í¨μ´ ·´μ³Ê ¨, ¢ Î ¸É-
´μ¸É¨, ¸É É¨Î¥¸±μ³Ê · ¸¶·¥¤¥²¥´¨Õ ϕ(x) ≡ (ϕ1(x), ϕ2(x))T .

‘ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¨§ÊÎ¥´¨Ö ¸É É¨Î¥¸±¨Ì ·¥Ï¥-
´¨° ´¥¶μ¸·¥¤¸É¢¥´´μ ¢ÒÉ¥± ¥É ¨§ Ê¸²μ¢¨° Ô±¸¶¥·¨³¥´É  ¶μ ¨§³¥·¥´¨Õ ¢μ²ÓÉ-
 ³¶¥·´ÒÌ Ì · ±É¥·¨¸É¨± ¸²μ¥¢ ¨, ¢ Î ¸É´μ¸É¨, § ¢¨¸¨³μ¸É¥° ®±·¨É¨Î¥¸±¨°
Éμ± Å ³ £´¨É´μ¥ ¶μ²¥¯ [6]. �·¥¤¶μ²μ¦¨³, ÎÉμ μ¤¨´ ¨²¨ μ¡  ¸²μÖ ®· ¡μ-
É ÕÉ¯ ¢ ·¥§¨¸É¨¢´μ³ ·¥¦¨³¥ [15]. ’μ£¤  ´ ¶·Ö¦¥´¨Ö, ¨§³¥·Ö¥³Ò¥ ´  ¸²μÖÌ
V1(t) 
= 0 ¨/¨²¨ V2(t) 
= 0, ¶·¨Î¥³ ¶μ § ±μ´Ê �³  ¶μ²´μ¥ ´ ¶·Ö¦¥´¨¥ V (t)
´  ¸É·Ê±ÉÊ·¥ (¸³. ·¨¸. 1)

V (t) = V1(t) + V2(t). (4)

‡¤¥¸Ó ¸·¥¤´¨¥ ´ ¶·Ö¦¥´¨Ö ´  μÉ¤¥²Ó´ÒÌ ¸²μÖÌ μ¶·¥¤¥²ÖÕÉ¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¨
¸ ¸μμÉ´μÏ¥´¨Ö³¨ „¦μ§¥Ë¸μ´ 

Vi(t) =
1
2l

l∫
−l

φi, t(t, x) dx , i = 1, 2 . (5)
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…¸²¨ ¦¥ μ¡  ¸²μÖ ®· ¡μÉ ÕÉ¯ ¢ ¤¦μ§¥Ë¸μ´μ¢¸±μ³ ·¥¦¨³¥ (¶·¨ § ¤ ´´μ³ hB

Éμ± Î¥·¥§ ¸É·Ê±ÉÊ·Ê ³¥´ÓÏ¥ ´¥±μÉμ·μ£μ ±·¨É¨Î¥¸±μ£μ §´ Î¥´¨Ö), Éμ ´ ¶·Ö¦¥-
´¨Ö, ¨§³¥·Ö¥³Ò¥ ´  ¸²μÖÌ V1(t) = 0 ¨ V2(t) = 0, ÎÉμ ¶·¨¢μ¤¨É ± φi,t(t, x) = 0.

�É³¥É¨³, ÎÉμ ¢ ¸²ÊÎ ¥ ³μ¤¥²¨ ¸ ¥³±μ¸É´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³ ³¥¦¤Ê ¸²μ-
Ö³¨ (¸³, ´ ¶·¨³¥·, [11] ¨ Í¨É¨·μ¢ ´´ÊÕ É ³ ²¨É¥· ÉÊ·Ê) ¢³¥¸Éμ (5) ¸²¥¤Ê¥É
¨¸¶μ²Ó§μ¢ ÉÓ μ¡μ¡Ð¥´´Ò¥ ¸μμÉ´μÏ¥´¨Ö „¦μ§¥Ë¸μ´ .

“· ¢´¥´¨¥ (1) ¨³¥¥É, ± ± ¶· ¢¨²μ, ¡μ²¥¥ Î¥³ μ¤´μ ¸É É¨Î¥¸±μ¥ ·¥Ï¥´¨¥.
�μÔÉμ³Ê ¤²Ö Éμ£μ, ÎÉμ¡Ò μ¶·¥¤¥²¨ÉÓ ±μ´¥Î´μ¥ ¸μ¸ÉμÖ´¨¥ ±μ´É ±É , ´¥μ¡Ìμ-
¤¨³μ ¨¸¸²¥¤μ¢ ÉÓ ¸É É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ´  Ê¸Éμ°Î¨¢μ¸ÉÓ. ‚ £¥μ³¥É·¨¨ ¸ ¶¥·¥-
±·ÒÉ¨¥³ [15] 2-¢¥±Éμ· (¶ · ) ¸É É¨Î¥¸±¨Ì · ¸¶·¥¤¥²¥´¨° ³ £´¨É´μ£μ ¶μÉμ± 
ϕ(x) = (ϕ1(x), ϕ2(x))T ¢ „Š Ê¤μ¢²¥É¢μ·Ö¥É ±· ¥¢μ° § ¤ Î¥

−Aϕxx + Jz(ϕ) + Γ = 0, (6a)

ϕx(±l) = H. (6b)

�É³¥É¨³, ÎÉμ ·¥Ï¥´¨Ö (6) § ¢¨¸ÖÉ £² ¤±¨³ μ¡· §μ³ ± ± μÉ Ë¨§¨Î¥¸±μ° ±μμ·-
¤¨´ ÉÒ x, · ¢´μ ¨ μÉ ¶ · ³¥É·μ¢ l, s, hB ¨ γ, É. ¥., ϕ = ϕ(x, p), £¤¥ Î¥·¥§
p ≡ {l, s, hB, γ}, p ∈ PR

4 μ¡μ§´ Î¥´ 4-¢¥±Éμ· ¶ · ³¥É·μ¢ ³μ¤¥²¨. „ ²¥¥
§ ¢¨¸¨³μ¸ÉÓ μÉ p ¢Ò¶¨¸Ò¢ ¥³ Éμ²Ó±μ ¶·¨ ´¥μ¡Ìμ¤¨³μ¸É¨.

„²Ö Ö¸´μ¸É¨ ¶·¨ ¤ ²Ó´¥°Ï¥³ ¨§²μ¦¥´¨¨ ´¥μ¡Ìμ¤¨³μ ±μ·μÉ±μ μ¸É ´μ-
¢¨ÉÓ¸Ö ´  ´¥±μÉμ·ÒÌ μ¸´μ¢´ÒÌ É¨¶ Ì ¸É É¨Î¥¸±¨Ì ·¥Ï¥´¨° ¢ ²¨´¥°´ÒÌ μ¤´μ-
¸²μ°´ÒÌ „Š. �·¨ ±μÔËË¨Í¨¥´É¥ ¸¢Ö§¨ s → 0  ´ ²μ£¨Î´Ò¥ ·¥Ï¥´¨Ö ¨³¥ÕÉ¸Ö
¨ ¢ ¤¢ÊÌ¸²μ°´ÒÌ „Š.

‚ ´Ê²¥¢μ³ ¶μ²¥ (hB = 0) ¨ ¶·¨ ´Ê²¥¢μ³ Éμ±¥ (γ = 0) ± ¦¤μ¥ ¨§ ¤¨ËË¥-
·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ (6a) ¨³¥¥É ³´μ¦¥¸É¢μ ³¥°¸´¥·μ¢¸±¨Ì (É·¨¢¨ ²Ó´ÒÌ,
¢ ±ÊÊ³´ÒÌ) ·¥Ï¥´¨° ¢¨¤  ϕ(x) = kπ, £¤¥ k = 0,±1,±2, . . . ‚ Î ¸É´μ¸É¨, ·¥-
Ï¥´¨¥ ϕ(x) = 0 Ê¸Éμ°Î¨¢μ¥,   ϕ(x) = π Ä ´¥Ê¸Éμ°Î¨¢μ¥. „ ²¥¥ Ê¸Éμ°Î¨¢Ò¥
³¥°¸´¥·μ¢¸±¨¥ ·¥Ï¥´¨Ö μ¡μ§´ Î ¥³ ±μ·μÉ±μ Î¥·¥§ M .

�μ²¥¥ ¸²μ¦´Ò³¨ Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö, ±μÉμ·Ò¥ Ë¨§¨Î¥¸±¨ ¸μμÉ¢¥É¸É¢ÊÕÉ
¢¨Ì·¥¢Ò³ · ¸¶·¥¤¥²¥´¨Ö³ ³ £´¨É´μ£μ ¶μÉμ±  ¢ ±μ´É ±É¥. �·μ¸É¥°Ï¨³¨ ¢¨-
Ì·¥¢Ò³¨ ·¥Ï¥´¨Ö³¨ Ö¢²ÖÕÉ¸Ö Ë²Õ±¸μ´´μ¥/ ´É¨Ë²Õ±¸μ´´μ¥ ·¥Ï¥´¨Ö (´¨¦¥
¨¸¶μ²Ó§ÊÕÉ¸Ö ¸μ±· Ð¥´´Ò¥ μ¡μ§´ Î¥´¨Ö Φ ≡ Φ1 ¨ Φ−1), ¤²Ö ±μÉμ·ÒÌ ¢ ®¡¥¸-
±μ´¥Î´μ³¯ ±μ´É ±É¥ (l → ∞) ¶·¨ hB = 0 ¨ γ = 0 ¨³¥ÕÉ¸Ö ¨§¢¥¸É´Ò¥ ÉμÎ´Ò¥
 ´ ²¨É¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö

Φ±1
∞ ≡ ϕ(x) = 4 arctan exp(±x) + 2kπ. (7)

‚ ±μ´É ±É Ì ±μ´¥Î´μ° ¤²¨´Ò μ¡Ñ¥±ÉÒ ¢¨¤  (7) ´¥ Ö¢²ÖÕÉ¸Ö Ë²Õ±¸μ´ ³¨ ¢
¸É·μ£μ³ ¸³Ò¸²¥ ¸²μ¢ , ´μ ·Ö¤ ¨Ì μ¸μ¡¥´´μ¸É¥°, ¢ Î ¸É´μ¸É¨, ±μ´¥Î´Ò¥ Ô´¥·£¨Ö
¨ · §³¥·Ò, μ¡Ê¸² ¢²¨¢ ÕÉ Í¥²¥¸μμ¡· §´μ¸ÉÓ ¨ Ê¤μ¡¸É¢μ ¨¸¶μ²Ó§μ¢ ´¨Ö É ±μ°
É¥·³¨´μ²μ£¨¨.

�·¨ §´ Î¥´¨ÖÌ |hB| ≥ 0 ¨ γ = 0 ¢ μ¤´μ¸²μ°´μ³ ±μ´É ±É¥ ±μ´¥Î´μ° ¤²¨´Ò
2l ³μ£ÊÉ ¸ÊÐ¥¸É¢μ¢ ÉÓ ³´μ£μË²Õ±¸μ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö, ¤²Ö ±μÉμ·ÒÌ ´¨¦¥
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¨¸¶μ²Ó§ÊÕÉ¸Ö μ¡μ§´ Î¥´¨Ö ¢¨¤  Φn. ‡¤¥¸Ó Í¥²μ¥ Î¨¸²μ n = ±1,±2, . . . ¥¸ÉÓ
Î¨¸²μ ¢¨Ì·¥°, μ¶·¥¤¥²Ö¥³μ¥ ± ± ËÊ´±Í¨μ´ ² [17]

n ≡ N [ϕ](p) =
1

2lπ

l∫
−l

ϕ(x, p) dx. (8)

„²Ö ®¡¥¸±μ´¥Î´μ£μ¯ ±μ´É ±É  ¢Ò· ¦¥´¨¥ ¢ ¶· ¢μ° Î ¸É¨ ¸²¥¤Ê¥É ¶μ´¨³ ÉÓ ¢
¸³Ò¸²¥ ¶·¥¤¥²Ó´μ£μ ¶¥·¥Ìμ¤ .

’ ± ± ± ²Õ¡μ¥ ·¥Ï¥´¨¥ ϕ(x) § ¤ Î¨ (1) μ¶·¥¤¥²¥´μ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ 2kπ,
Éμ ¨ §´ Î¥´¨¥ N [ϕ] μ¶·¥¤¥²¥´μ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ 2k. �·μ¨§¢μ² ¢ ¢Ò¡μ·¥ k
³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ®¸μ£² ¸μ¢ ´¨Ö¯ §´ ±  n ¸μ §´ ±μ³ ¶μ²´μ£μ ³ £´¨É-
´μ£μ ¶μÉμ±  · ¸¶·¥¤¥²¥´¨Ö (3), É. ¥. ¸ ´ ¶· ¢²¥´¨¥³ ³ £´¨É´μ£μ ¶μ²Ö ¢¨-
Ì·Ö. ‚ Î ¸É´μ¸É¨, ¤²Ö Ë²Õ±¸μ´´μ£μ ·¥Ï¥´¨Ö Φ ¢¨¤  (7), ¢Ò¡¨· Ö k = 0,
  ¤²Ö  ´É¨Ë²Õ±¸μ´´μ£μ Φ−1 ¸μμÉ¢¥É¸É¢¥´´μ k = −1, ²¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ
N

[
Φ±1

∞
]

= ±1.
„²Ö § ¢¨¸ÖÐ¨Ì μÉ ¢·¥³¥´¨ ·¥Ï¥´¨° φi(t, x) ´¥¸É Í¨μ´ ·´μ° § ¤ Î¨ (1)

ËÊ´±Í¨Ö Ni[φi](t) ¨ ¸·¥¤´¥¥ ´ ¶·Ö¦¥´¨¥ ´  ¸²μ¥ V̄i(t) ¢ ¸¨²Ê (4) ¸¢Ö§ ´Ò
μÎ¥¢¨¤´Ò³ ¸μμÉ´μÏ¥´¨¥³

V̄i(t) = π Ni, t[φi](t).

’ ±¨³ μ¡· §μ³, ´¥§ ¢¨¸¨³μ¸ÉÓ Î¨¸²  Ë²Õ±¸μ´μ¢ ¢ ±μ´±·¥É´μ³ ¸²μ¥ i μÉ
¢·¥³¥´¨ t (É. ¥. Ni, t = 0) Ô±¢¨¢ ²¥´É´  · ¢¥´¸É¢Ê ´Ê²Õ ¸·¥¤´¥£μ ´ ¶·Ö¦¥´¨Ö
´  ¸²μ¥. �·¨ ÔÉμ³ ¢ · ³± Ì ²¨´¥°´μ° É¥μ·¨¨ Ê¸Éμ°Î¨¢μ¸É¨ ´¥´Ê²¥¢μ¥ ´ ¶·Ö-
¦¥´¨¥ ´  ¸²μ¥ ¢Ò§¢ ´μ ¡¨ËÊ·± Í¨¥° ´¥±μÉμ·μ£μ Ê¸Éμ°Î¨¢μ£μ · ¸¶·¥¤¥²¥´¨Ö
³ £´¨É´μ£μ ¶μÉμ± .

‚ ± Î¥¸É¢¥ ¶·¨³¥·μ¢ μÉ³¥É¨³, ÎÉμ ¶·¨ ¢´¥Ï´¥³ Éμ±¥ γ = 0 ¨ ²Õ-
¡μ³ ¤μ¶Ê¸É¨³μ³ ¶μ²¥ hB M -·¥Ï¥´¨¥ ¨ n-Ë²Õ±¸μ´´μ¥/ ´É¨Ë²Õ±¸μ´´μ¥ · ¸-
¶·¥¤¥²¥´¨¥ Φn Ì · ±É¥·¨§ÊÕÉ¸Ö ¸μμÉ¢¥É¸É¢¥´´μ §´ Î¥´¨Ö³¨ N [M ] = 0 ¨
N [Φn] = ±n. „·Ê£¨³¨ ¸²μ¢ ³¨, ËÊ´±Í¨μ´ ² (8) ´¥ § ¢¨¸¨É μÉ ¶ · ³¥É· 
hB . „²Ö ¨²²Õ¸É· Í¨¨ ´  ·¨¸. 2 ¶·¥¤¸É ¢²¥´Ò Φ-±·¨¢Ò¥ ¶·¨ γ = 0 ¤²Ö É·¥Ì
§´ Î¥´¨° ¢´¥Ï´¥£μ ¶μ²Ö hB . ‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ £¥μ³¥É·¨Î¥¸±¨ ¸μ-
Ì· ´¥´¨¥ ¢¥²¨Î¨´Ò N [Φ] μ§´ Î ¥É ¸μÌ· ´¥´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶²μÐ ¤¥°
¶μ¤ ±·¨¢Ò³¨ ¶·¨ ¨§³¥´¥´¨¨ ¶μ²Ö hB , ¶·¨Î¥³ ¢Ò¸μÉ  ®Í¥´É· ¯ ϕ(0) = π
É ±¦¥ ´¥ § ¢¨¸¨É μÉ hB . �É³¥É¨³, ÎÉμ ´¥§ ¢¨¸¨³μ¸ÉÓ §´ Î¥´¨Ö N [ϕ] μÉ ³ £-
´¨É´μ£μ ¶μ²Ö hB ¨³¥¥É ³¥¸Éμ ¤²Ö ²Õ¡μ£μ · ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ ¶μÉμ± 
¢μ ¢¸¥Ì ²¨´¥°´ÒÌ ¸É É¨Î¥¸±¨Ì ³μ¤¥²ÖÌ „Š ¶·¨ μÉ¸ÊÉ¸É¢¨¨ ¢´¥Ï´¥£μ Éμ±  γ
²¨¡μ Éμ± , μ¡Ê¸²μ¢²¥´´μ£μ, ´ ¶·¨³¥·, ¶¥·¥³¥´´μ° £¥μ³¥É·¨¥° ±μ´É ±É  [16]).

‚ § ¤ ´´μ³ ¶μ²¥ hB ¢´¥Ï´¨° Éμ± γ 
= 0 ¢ÒÉ ²±¨¢ ¥É ³ £´¨É´μ¥ ¶μ²¥ ¨§
„Š, ¸³¥Ð Ö ¥£μ μÉ ¸¥·¥¤¨´Ò x = 0 ´ ¶· ¢μ (γ > 0) ¨²¨ ´ ²¥¢μ (γ < 0). 	ÉμÉ
ÔËË¥±É ¨²²Õ¸É·¨·Ê¥É¸Ö ´  ·¨¸. 3 ¤²Ö Φ-· ¸¶·¥¤¥²¥´¨Ö ¢ ¶μ²¥ hB = 1 ¶·¨
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�¨¸. 2. —¨¸²μ Ë²Õ±¸μ´μ¢ N [Φ] ¸μÌ· ´Ö¥É¸Ö ¶·¨ ¨§³¥´¥´¨¨ hB

�¨¸. 3. —¨¸²μ Ë²Õ±¸μ´μ¢ N [Φ] ³¥´Ö¥É¸Ö ¶·¨ ¨§³¥´¥´¨¨ γ

É·¥Ì §´ Î¥´¨ÖÌ ¶ · ³¥É·  γ. „²Ö · ¸¶·¥¤¥²¥´¨° ¢¨¤  Φn Î¨¸²μ ¢¨Ì·¥° (8)
¶·¨ Éμ±¥ γ 
= 0 ¸É ´μ¢¨É¸Ö ¤·μ¡´Ò³.

�·¨ Éμ±¥ γ = γcr ´¥±μÉμ·μ¥ ¶¥·¢μ´ Î ²Ó´μ Ê¸Éμ°Î¨¢μ¥ ¤²Ö |γ| < |γcr|
· ¸¶·¥¤¥²¥´¨¥ ®¸·Ò¢ ¥É¸Ö¯ ¨ ¶¥·¥Ìμ¤¨É ¢ ´¥Ê¸Éμ°Î¨¢μ¥ ¸μ¸ÉμÖ´¨¥. ‡´ Î¥-
´¨¥ γcr ¡Ê¤¥³ ´ §Ò¢ ÉÓ ±·¨É¨Î¥¸±¨³ Éμ±μ³ · ¸¶·¥¤¥²¥´¨Ö. ‚ Ë¨§¨Î¥¸±μ³
Ô±¸¶¥·¨³¥´É¥ ¶μÉ¥·Ö Ê¸Éμ°Î¨¢μ¸É¨ (¸·Ò¢) · ¸¶·¥¤¥²¥´¨Ö ¸ ´ ¨¡μ²ÓÏ¨³ ±·¨-
É¨Î¥¸±¨³ Éμ±μ³ ¶·¨ § ¤ ´´μ³ ³ £´¨É´μ³ ¶μ²¥ hB ¸μμÉ¢¥É¸É¢Ê¥É ´ ¨¡μ²¥¥
¢¥·μÖÉ´μ³Ê ¶¥·¥Ìμ¤Ê „Š ¨§ ¸É É¨Î¥¸±μ£μ ¸μ¸ÉμÖ´¨Ö ¸ ´Ê²¥¢Ò³ ´ ¶·Ö¦¥´¨¥³
´  ±¢ §¨Î ¸É¨Î´ÊÕ ¢¥É¢Ó ¢μ²ÓÉ- ³¶¥·´μ° Ì · ±É¥·¨¸É¨±¨. � §Ê³¥¥É¸Ö, ¢ ±μ´-
±·¥É´μ³ Ô±¸¶¥·¨³¥´É¥ ¢μ§³μ¦´  É ±¦¥ ·¥ ²¨§ Í¨Ö ³¥´¥¥ ¢¥·μÖÉ´ÒÌ (³¥´¥¥
Ô´¥·£¥É¨Î¥¸±¨ ¢Ò£μ¤´ÒÌ) · ¸¶·¥¤¥²¥´¨°, ÎÉμ ¸ÊÐ¥¸É¢¥´´μ ¨¸¶μ²Ó§μ¢ ²μ¸Ó,
´ ¶·¨³¥·, ¢ · ¡μÉ¥ [18]. „·Ê£¨³¨ ¸²μ¢ ³¨, ±·¨É¨Î¥¸±¨° Éμ± ±μ´É ±É  Å
ÔÉμ ³ ±¸¨³ ²Ó´Ò° Éμ±, ¶·¨ ±μÉμ·μ³ ±μ´É ±É μ¸É ¥É¸Ö ¸¢¥·Ì¶·μ¢μ¤ÖÐ¨³. ‘
³ É¥³ É¨Î¥¸±μ° ¦¥ ÉμÎ±¨ §·¥´¨Ö ¸·Ò¢ ´¥±μÉμ·μ£μ · ¸¶·¥¤¥²¥´¨Ö μ§´ Î ¥É,
ÎÉμ ¶·μ¨¸Ìμ¤¨É ¡¨ËÊ·± Í¨Ö ±μ´±·¥É´μ£μ ·¥Ï¥´¨Ö § ¤ Î¨ (6) ¶·¨ ¨§³¥´¥´¨¨
¶ · ³¥É·  γ [14].
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�·¨ ´¥±μÉμ·ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ hB ¨ γ ¢ „Š ³μ£ÊÉ μ¡· §μ¢Ò¢ ÉÓ¸Ö
¡μ²¥¥ ¸²μ¦´Ò¥ ¢¨Ì·¥¢Ò¥ ±μ´Ë¨£Ê· Í¨¨, ±μÉμ·Ò¥ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ±
·¥§Ê²ÓÉ É ´¥²¨´¥°´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö Í¥¶μÎ¥± Ë²Õ±¸μ´μ¢ ¨/¨²¨  ´É¨Ë²Õ±-
¸μ´μ¢. ’ ±¨¥ ·¥Ï¥´¨Ö, ±μÉμ·Ò¥ μ¡μ§´ Î ¥³ Î¥·¥§ ΦnΦm, |n|+ |m| > 0, ³μ£ÊÉ
¨³¥ÉÓ ¤·μ¡´μ¥ Î¨¸²μ ¢¨Ì·¥° (8) ¨ ¶·¨ § ¤ ´´μ³ hB ¸ÊÐ¥¸É¢ÊÕÉ ¶ · ³¨, ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨³¨ ¶¥·¥¸É ´μ¢±¥ ®¸É¥¶¥´¥°¯ n ⇔ m. �·¨ ÔÉμ³ ¸Ê³³  Î¨¸¥²
¢¨Ì·¥° ¶ ·Ò Å Í¥²μ¥ Î¨¸²μ [17]. �·μ¸É¥°Ï¨³ ¶·¨³¥·μ³ Ö¢²ÖÕÉ¸Ö ®¡·¨§¥·-
´Ò¥¯ ·¥Ï¥´¨Ö ¢¨¤  B ≡ B1 ¨ B−1 (¸³. ´¨¦¥), ¤²Ö ±μÉμ·ÒÌ ¶·¨ Éμ±¥ γ = 0
¢Ò¶μ²´¥´μ N [B±1] = ±1.

‚ ¤¢ÊÌ¸²μ°´μ³ „Š ¶·¨ s < 0 · ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ ¶μÉμ±  ¢ μÉ-
¤¥²Ó´ÒÌ ¸²μÖÌ ¤¥Ëμ·³¨·ÊÕÉ¸Ö ¨§-§  ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê ¸²μÖ³¨, μ¡· §ÊÖ
¶·¨ ÔÉμ³ ¸¢Ö§ ´´Ò¥ ¶ ·Ò. �·¨ μ¤´¨Ì ¨ É¥Ì ¦¥ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ hB

¨ γ · ¸¶·¥¤¥²¥´¨Ö ¢ μÉ¤¥²Ó´ÒÌ ¸²μÖÌ,   É ±¦¥ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ¨³ ¶ · 
· ¸¶·¥¤¥²¥´¨° ³μ£ÊÉ ¡ÒÉÓ Ê¸Éμ°Î¨¢Ò³¨ ²¨¡μ ´¥Ê¸Éμ°Î¨¢Ò³¨. ‚ Ë¨§¨Î¥¸±μ³
Ô±¸¶¥·¨³¥´É¥ ¶¥·¥Ìμ¤ ± ´¥Ê¸Éμ°Î¨¢μ¸É¨ ´¥±μÉμ·μ£μ ¶ ·Í¨ ²Ó´μ£μ · ¸¶·¥¤¥-
²¥´¨Ö ¶·¨ ¤μ¸É¨¦¥´¨¨ ±·¨É¨Î¥¸±μ£μ Éμ±  γ = γcr ¢Ò· ¦ ¥É¸Ö ¢ ¢μ§³μ¦´μ³
(¸ ¢¥·μÖÉ´μ¸ÉÓÕ, § ¢¨¸ÖÐ¥° μÉ Ô´¥·£¨¨ · ¸¶·¥¤¥²¥´¨Ö) ¸± Î±μμ¡· §´μ³ ¢μ§-
´¨±´μ¢¥´¨¨ · §´μ¸É¨ ¶μÉ¥´Í¨ ²μ¢ ´  μ¤´μ³ ¨§ ¸²μ¥¢,   ¸²¥¤μ¢ É¥²Ó´μ, ¢
¸¨²Ê § ±μ´  �³  (4), ¨ ´  ±μ´É ±É¥ ¢ Í¥²μ³ (¸³. ·¨¸. 1). ‚ ³´μ£μ¸²μ°´ÒÌ
„Š ¸¨ÉÊ Í¨Ö ¸ÊÐ¥¸É¢¥´´μ Ê¸²μ¦´Ö¥É¸Ö É¥³, ÎÉμ ¢μ§³μ¦´Ò Ô±¸¶¥·¨³¥´ÉÒ ¶μ
μ¶·¥¤¥²¥´¨Õ ±·¨É¨Î¥¸±μ£μ Éμ±  ¤²Ö μÉ¤¥²Ó´ÒÌ ¸²μ¥¢, £·Ê¶¶ ¸²μ¥¢,   É ±¦¥
¸É·Ê±ÉÊ·Ò ¢ Í¥²μ³.

2. “‘’�‰—ˆ‚�‘’œ ��‘��…„…‹…�ˆ‰ Œ�ƒ�ˆ’��ƒ� ��’�Š�

‚ ·¨ Í¨μ´´Ò° ¶·¨´Í¨¶. “· ¢´¥´¨¥ (6a) ¨ ±· ¥¢Ò¥ Ê¸²μ¢¨Ö (6b) ³μ£ÊÉ
· ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ´¥μ¡Ìμ¤¨³Ò¥ Ê¸²μ¢¨Ö Ô±¸É·¥³Ê³  ËÊ´±Í¨μ´ ²  ¶μ²´μ°
Ô´¥·£¨¨ ±μ´É ±É 

F [ϕ] =

l∫
−l

[
1
2
〈ϕx, Aϕx〉 + U(ϕ)

]
dx − 〈AH, Δϕ〉 . (9)

�¡² ¸ÉÓ μ¶·¥¤¥²¥´¨Ö ËÊ´±Í¨μ´ ²  (9) ¥¸ÉÓ ³´μ¦¥¸É¢μ ¢¸¥Ì £² ¤±¨Ì ´ 
μÉ·¥§±¥ [−l, l] 2-¢¥±Éμ·-ËÊ´±Í¨° ϕ(x), ±μ´ÍÒ ±μÉμ·ÒÌ ²¥¦ É ´  ¢¥·É¨± ²Ó´ÒÌ
¶·Ö³ÒÌ x = ±l. ’μ£¤  ´¥É·Ê¤´μ ¶·μ¢¥·¨ÉÓ, ÎÉμ (6a) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°
Ê· ¢´¥´¨¥ 	°²¥· Ä‹ £· ´¦  ¤²Ö (9),   ±· ¥¢Ò¥ Ê¸²μ¢¨Ö (6b) ¢ÒÉ¥± ÕÉ ¨§
Ê¸²μ¢¨Ö ‚¥°¥·ÏÉ· ¸¸ Ä	·¤³ ´  [19].

�·¨ ¤ ²Ó´¥°Ï¨Ì · ¸¸³μÉ·¥´¨ÖÌ Ê¤μ¡´μ ¶¥·¥¶¨¸ ÉÓ ¶μ²´ÊÕ Ô´¥·£¨Õ (9)
¢ ¢¨¤¥ ¸Ê³³Ò

F [ϕ] = F1 + F2 + F12. (10)
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‡¤¥¸Ó Î¥·¥§ Fi μ¡μ§´ Î¥´Ò Ô´¥·£¨¨ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì ¸²μ¥¢:

Fi[ϕi] =

l∫
−l

(
1
2

ϕ2
i,x + 1 − cosϕi + γϕi

)
dx − hBΔϕi ,

  Ô´¥·£¨Ö ¸¢Ö§¨ F12 ¢ÒÎ¨¸²Ö¥É¸Ö ± ±

F12 [ϕ1, ϕ2] =
s

1 − s2

l∫
−l

[ s

2
(
ϕ2

1,x + ϕ2
2,x

)
− ϕ1,x ϕ2,x

]
dx+

+
s

1 + s
hB (Δϕ1 + Δϕ2) . (11)

�·¨ É¥μ·¥É¨Î¥¸±μ³ · ¸¸³μÉ·¥´¨¨ ¨§ÊÎ¥´¨¥ Ê¸Éμ°Î¨¢μ¸É¨ · ¸¶·¥¤¥²¥´¨°
³ £´¨É´μ£μ ¶μÉμ±  ¢ μ¤´μ¸²μ°´μ³ (¥¤¨´¨Î´μ³) „Š ¸¢μ¤¨É¸Ö [14] ± ´ Ìμ-
¦¤¥´¨Õ ¶¥·¢ÒÌ ´¥¸±μ²Ó±¨Ì ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° (‘‡) ´¥±μÉμ·μ° § ¤ Î¨
˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö (‡˜É‹) ¸ ¶μÉ¥´Í¨ ²μ³, μ¶·¥¤¥²Ö¥³Ò³ ±μ´±·¥É´Ò³ · ¸-
¶·¥¤¥²¥´¨¥³. ‚ É ±μ³ ¶μ¤Ìμ¤¥ Ê¸Éμ°Î¨¢μ¸ÉÓ ´¥±μÉμ·μ£μ · ¸¶·¥¤¥²¥´¨Ö Ô±¢¨-
¢ ²¥´É´  ¶μ²μ¦¨É¥²Ó´μ° μ¶·¥¤¥²¥´´μ¸É¨ ¢Éμ·μ° ¢ ·¨ Í¨¨ ËÊ´±Í¨μ´ ²  Ô´¥·-
£¨¨. �·¨³¥´¥´¨¥  ´ ²μ£¨Î´μ° ¨¤¥¨ ± Ï¨·μ±μ³Ê ±² ¸¸Ê § ¤ Î ³¥Ì ´¨±¨ ¨
Ë¨§¨±¨ ¨³¥¥É¸Ö, ´ ¶·¨³¥·, ¢ · ¡μÉ Ì [20Ä23].

� ·Í¨ ²Ó´ Ö Ê¸Éμ°Î¨¢μ¸ÉÓ · ¸¶·¥¤¥²¥´¨° ¢ ¸²μÖÌ „Š. „²Ö  ´ ²¨§ 
Ê¸Éμ°Î¨¢μ¸É¨ · ¸¶·¥¤¥²¥´¨° ³ £´¨É´μ£μ ¶μÉμ±  ¢ i-³ ¸²μ¥ ¤¢ÊÌ¸²μ°´μ£μ „Š
´¥μ¡Ìμ¤¨³μ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ É¥μ·¨¥° ¶ ·Í¨ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨ (Ê¸Éμ°Î¨-
¢μ¸É¨ ¶μ Î ¸É¨ ¶¥·¥³¥´´ÒÌ) [13] · ¸¸³μÉ·¥ÉÓ Ô±¸É·¥³Ê³ ¢Éμ·μ° ¢ ·¨ Í¨¨
ËÊ´±Í¨μ´ ²  (10) ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ · ¸¶·¥¤¥²¥´¨¨ ¢ ¸μ¸¥¤´¥³ ¸²μ¥. �·¥¤-
¶μ² £ ¥É¸Ö, ÎÉμ ¶ ·  ϕ(x) Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ ´¥²¨´¥°´μ° ±· ¥¢μ° § ¤ Î¨ (6).
�·¨ ÔÉμ³ ¨§ÊÎ¥´¨¥ Ì · ±É¥·  Ô±¸É·¥³Ê³  ËÊ´±Í¨μ´ ²  (10) ¢ ÉμÎ±¥ ϕi(x)
Ô±¢¨¢ ²¥´É´μ ¨§ÊÎ¥´¨Õ Ì · ±É¥·  Ô±¸É·¥³Ê³  ¸Ê³³Ò Fi + F12. „²Ö ÔÉμ°
Í¥²¨ · ¸¸³μÉ·¨³ § ¢¨¸ÖÐ¥¥ μÉ ·¥ ²Ó´μ£μ ¶ · ³¥É·  ε ¸¥³¥°¸É¢μ ¢μ§³ÊÐ¥-
´¨° ϕi(x) + εui(x) ¸μ¸ÉμÖ´¨Ö ϕi(x) ¢ i-³ ¸²μ¥ ±μ´É ±É . �É¸Õ¤  μ¡ÒÎ´Ò³
μ¡· §μ³ [19] ¶·¨Ìμ¤¨³ ± ·¥£Ê²Ö·´μ° ‡˜É‹

−aiiui,xx + qi(x)ui = μi ui, (11a)

ui,x(±l) = 0, (11b)
l∫

−l

u2
i (x) dx − 1 = 0, (11c)

¶μÉ¥´Í¨ ² ±μÉμ·μ° qi(x) = cosϕi(x) μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ·¥Ï¥´¨¥ ϕi(x). „ -
²¥¥ (11) ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¶ ·Í¨ ²Ó´μ° ‡˜É‹ ¤²Ö i-£μ ¸²μÖ.
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�  ±μ´¥Î´μ³ μÉ·¥§±¥ [−l, l] § ¤ Î  (11) ¨³¥¥É μ£· ´¨Î¥´´Ò° ¸´¨§Ê ¤¨¸-
±·¥É´Ò° ¸¶¥±É· [19]

−1 ≤ μi min ≡ μi0 < μi1 < μi2 < . . . μim < . . .

�·¨ ÔÉμ³ ± ¦¤μ³Ê ¸μ¡¸É¢¥´´μ³Ê §´ Î¥´¨Õ μim μÉ¢¥Î ¥É ¥¤¨´¸É¢¥´´ Ö ¸μ¡-
¸É¢¥´´ Ö ËÊ´±Í¨Ö (‘”) uim(x), ¤²Ö ±μÉμ·μ° ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥ ´μ·³¨-
·μ¢±¨ (11c). —¨¸²μ ´Ê²¥° uim(x) ´  μÉ·¥§±¥ (−l, l) · ¢´μ m. ‚ Î ¸É´μ-
¸É¨, ‘” ui0(x), ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ³¨´¨³ ²Ó´μ³Ê ‘‡ μi0, ´¥ ¨³¥¥É ´Ê²¥° ¶·¨
x ∈ (−l, l).

’ ± ± ± ¶μÉ¥´Í¨ ² qi(x) μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ·¥Ï¥´¨Ö ±· ¥¢μ° § ¤ Î¨ (6),
Éμ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ § ¤ Î¨ ˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö
(11) É ±¦¥ ¡Ê¤ÊÉ £² ¤±¨³¨ ËÊ´±Í¨Ö³¨ ÔÉ¨Ì ¶ · ³¥É·μ¢, É. ¥., μim = μim(p),
uim = uim(x, p).

�Ê¤¥³ £μ¢μ·¨ÉÓ, ÎÉμ ¨³¥¥É ³¥¸Éμ ¡¨ËÊ·± Í¨Ö ¶μ·Ö¤±  m ≥ 0 · ¸¶·¥¤¥²¥-
´¨Ö ϕi(x), ¥¸²¨ ‘‡ ¸ ´μ³¥·μ³ m ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ‡˜É‹ (11) Ê¤μ¢²¥É¢μ·Ö¥É
Ê¸²μ¢¨Õ

μim(p) = 0. (12)

�¨ËÊ·± Í¨Ö ³¨´¨³ ²Ó´μ£μ ¶μ·Ö¤±  m = 0 ¸μμÉ¢¥É¸É¢Ê¥É ¡¨ËÊ·± Í¨¨
Ê¸Éμ°Î¨¢μ£μ [21] ¸É É¨Î¥¸±μ£μ · ¸¶·¥¤¥²¥´¨Ö ϕi(x) ¢ ´¥Ê¸Éμ°Î¨¢μ¥, ¨ ´ μ-
¡μ·μÉ. �·¨ ÔÉμ³ (11a) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Ê· ¢´¥´¨¥ Ÿ±μ¡¨ [19] ¤²Ö ËÊ´±-
Í¨μ´ ²  Fi + F12. „²Ö Ê¸Éμ°Î¨¢ÒÌ ·¥Ï¥´¨° ¢Ò¶μ²´Ö¥É¸Ö μi0(p) > 0 ¨,
¸²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨μ´ ² δ2(Fi + F12) ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´.

’ ±¨³ μ¡· §μ³, ¶μ ¸¶¥±É·Ê ‡˜É‹ (11) ³μ¦´μ ¸Ê¤¨ÉÓ μ¡ Ê¸Éμ°Î¨¢μ¸É¨
ϕi(x) ¢ ²¨´¥°´μ³ ¶·¨¡²¨¦¥´¨¨. �μÔÉμ³Ê ¶·¨ μi0 > 0 Í¥²¥¸μμ¡· §´μ ´ -
§¢ ÉÓ ·¥Ï¥´¨¥ ϕi(x) ¶ ·Í¨ ²Ó´μ Ê¸Éμ°Î¨¢Ò³. …¸²¨ ¦¥ μi0 < 0, Éμ ·¥Ï¥´¨¥
ϕi(x) ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¶ ·Í¨ ²Ó´μ ´¥Ê¸Éμ°Î¨¢Ò³. �·¨ m > 0 ¨³¥¥É ³¥¸Éμ ¡¨-
ËÊ·± Í¨Ö ¶ ·Í¨ ²Ó´μ ´¥Ê¸Éμ°Î¨¢μ£μ ·¥Ï¥´¨Ö § ¤ Î¨ (6) ¢ ´¥±μÉμ·μ¥ ¤·Ê£μ¥
¶ ·Í¨ ²Ó´μ ´¥Ê¸Éμ°Î¨¢μ¥ ·¥Ï¥´¨¥.

‚ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ ¸Î¨É ÉÓ, ÎÉμ ¤²¨´  2l ±μ´É ±É  ¨ ¶ · ³¥É· ¸¢Ö§¨ s
Ë¨±¸¨·μ¢ ´Ò (¡¨ËÊ·± Í¨¨ ¢¨Ì·¥° ¢ ¤¦μ§¥Ë¸μ´μ¢¸±μ³ ±μ´É ±É¥ ¶·¨ ¢ ·Ó¨-
·μ¢ ´¨¨ l ¨§ÊÎ ²¨¸Ó ¢ · ¡μÉ Ì [16], [24]). “· ¢´¥´¨¥

μi0 (hB, γ) = 0 (13)

μ¶·¥¤¥²Ö¥É ¢ ´¥Ö¢´μ³ ¢¨¤¥ ¡¨ËÊ·± Í¨μ´´ÊÕ ±·¨¢ÊÕ ¤²Ö · ¸¶·¥¤¥²¥´¨Ö ϕi(x)
´  ¶ · ³¥É·¨Î¥¸±μ° ¶²μ¸±μ¸É¨ Phγ ≡ {hB, γ} ∈ R

2. „²Ö § ¤ ´´μ£μ ¶μ²Ö hB

§´ Î¥´¨¥ γ = γcr, Ê¤μ¢²¥É¢μ·ÖÕÐ¥¥ (13), ¡Ê¤¥³ ´ §Ò¢ ÉÓ ±·¨É¨Î¥¸±¨³ Éμ±μ³
¤²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ · ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ ¶μÉμ± . � ¨¡μ²ÓÏ¨° ¸·¥¤¨
±·¨É¨Î¥¸±¨Ì Éμ±μ¢ Ê¸Éμ°Î¨¢ÒÌ · ¸¶·¥¤¥²¥´¨°, ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ¶·¨ § ¤ ´´μ³
hB , ¥¸ÉÓ ±·¨É¨Î¥¸±¨° Éμ± ¸²μÖ. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ëμ·³Ê²μ° (4) ±·¨É¨Î¥¸±¨°
Éμ± ¤¢ÊÌ¸²μ°´μ£μ „Š ¥¸ÉÓ ³¥´ÓÏ¨° ¨§ ±·¨É¨Î¥¸±¨Ì Éμ±μ¢ ¸²μ¥¢.
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�É³¥É¨³, ÎÉμ ¢ μ¤´μ¸²μ°´ÒÌ „Š ¡¨ËÊ·± Í¨¨ ¶μ·Ö¤±  n ≥ 1 ¶·¥¤¸É -
¢²ÖÕÉ ¸μ¡μ° £² ¢´Ò³ μ¡· §μ³ ³ É¥³ É¨Î¥¸±¨° ¨´É¥·¥¸, ÎÉμ μ¡Ê¸²μ¢²¥´μ ³ -
²Ò³ ¢·¥³¥´¥³ ¦¨§´¨ [14] ´¥Ê¸Éμ°Î¨¢ÒÌ · ¸¶·¥¤¥²¥´¨°. ‚ ¤¢ÊÌ¸²μ°´ÒÌ „Š,
± ± ¡Ê¤¥É ¶·μ¤¥³μ´¸É·¨·μ¢ ´μ ´¨¦¥, ¡² £μ¤ ·Ö ¢§ ¨³μ¤¥°¸É¢¨Õ ³¥¦¤Ê ¸²μ-
Ö³¨ ¶ ·Í¨ ²Ó´Ò¥ ¡¨ËÊ·± Í¨¨ ¢Ò¸Ï¨Ì ¶μ·Ö¤±μ¢ ³ £´¨É´ÒÌ ¶μÉμ±μ¢ ³μ£ÊÉ
¨£· ÉÓ ¸ÊÐ¥¸É¢¥´´ÊÕ ·μ²Ó (¸³. ´¨¦¥).

� ¸¸³μÉ·¨³ ¢ ¦´Ò° Î ¸É´Ò° ¸²ÊÎ °. �Ê¤¥³ £μ¢μ·¨ÉÓ, ÎÉμ ·¥Ï¥´¨¥ ϕ(x)
Ê· ¢´¥´¨Ö (6a) ¸¨³³¥É·¨Î´μ [6] (¶ ·  ϕ(x) ¸¨³³¥É·¨Î´ ), ¥¸²¨ ¢Ò¶μ²´¥´μ
ϕ1(x) = ϕ2(x). �·¨³¥·Ò ¸¨³³¥É·¨Î´ÒÌ ¶ · ·¥Ï¥´¨° ¶·¥¤¸É ¢²¥´Ò ´¨¦¥.
„²Ö ¸¨³³¥É·¨Î´ÒÌ · ¸¶·¥¤¥²¥´¨° ³ £´¨É´μ£μ ¶μÉμ±  ±· ¥¢ Ö § ¤ Î  (6) ¸Ê-
Ð¥¸É¢¥´´μ Ê¶·μÐ ¥É¸Ö (¤²Ö Ê¤μ¡¸É¢  ¨´¤¥±¸ ±μμ·¤¨´ ÉÒ i μ¶Ê¸± ¥É¸Ö)

−a ϕxx + sin ϕ + γ = 0,

ϕx(± l) = hB.

‡¤¥¸Ó ±μÔËË¨Í¨¥´É a = a11 + a12 = 1/(1 + s), a ∈ [1,∞), ¶·¨Î¥³ a ≥ aii.
�²£μ·¨É³Ò ¢ÒÎ¨¸²¥´¨Ö ÉμÎ¥± ¡¨ËÊ·± Í¨¨. „²Ö ¢ÒÎ¨¸²¥´¨Ö ÉμÎ¥± ¡¨-

ËÊ·± Í¨¨ ·¥Ï¥´¨° § ¤ Î¨ (6), ¸²¥¤ÊÖ [25], · ¸¸³μÉ·¨³ Ê· ¢´¥´¨Ö (6), (11) ¢
¢¨¤¥ ¥¤¨´μ° ¸¨¸É¥³Ò, μ¡Ð¥¥ ·¥Ï¥´¨¥ ±μÉμ·μ° § ¢¨¸¨É μÉ ¶ÖÉ¨ ¶ · ³¥É·μ¢ p ¨
μi. „²Ö ¢ÒÎ¨¸²¥´¨Ö ´¥±μÉμ·μ£μ Î ¸É´μ£μ ·¥Ï¥´¨Ö ´¥μ¡Ìμ¤¨³μ § Ë¨±¸¨·μ¢ ÉÓ
Î¥ÉÒ·¥ ¨§ ´¨Ì, Éμ£¤  ¶ÖÉÒ° μ¶·¥¤¥²Ö¥É¸Ö ± ± ·¥Ï¥´¨¥ ¸¨¸É¥³Ò.

‚ § ¢¨¸¨³μ¸É¨ μÉ Éμ£μ, ± ±¨¥ ¨§ ¶ · ³¥É·μ¢ ¸Î¨É ÕÉ¸Ö Ë¨±¸¨·μ¢ ´´Ò³¨,
¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ¤¢  ±² ¸¸  § ¤ Î.

‚ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥, ±μ£¤  § ¤ ´Ò ¢¸¥ ±μμ·¤¨´ ÉÒ ¢¥±Éμ·  p, § ¤ Î 
· ¸Ð¥¶²Ö¥É¸Ö ´  ´¥§ ¢¨¸¨³Ò¥ ¶μ¤¸¨¸É¥³Ò (6) ¨ (11). �·¨ ÔÉμ³ ¨¸±μ³Ò³
Ö¢²Ö¥É¸Ö ‘‡ μi, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ¶·μ¢¥·±¥ ¶ ·Í¨ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨ ±μμ·-
¤¨´ ÉÒ ϕi(x) Ê¦¥ ¢ÒÎ¨¸²¥´´μ° ¶ ·Ò ϕ(x). �Ê¸ÉÓ ¤²Ö ´¥±μÉμ·μ£μ hB (²¨¡μ
¤²Ö ´¥±μÉμ·μ£μ γ) ¢¥²¨Î¨´  μi > 0. ‚ ·Ó¨·ÊÖ ¶μ²¥ hB ¶·¨ § ¤ ´´μ³ Éμ±¥ γ
(²¨¡μ Éμ± γ ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ hB), ³μ¦´μ ¤μ¡¨ÉÓ¸Ö ¢Ò¶μ²´¥´¨Ö Ê¸²μ¢¨Ö
(13) ¸ ´ ¶¥·¥¤ § ¤ ´´μ° ÉμÎ´μ¸ÉÓÕ, É. ¥. ¢ÒÎ¨¸²¨ÉÓ μ¤´Ê ÉμÎ±Ê ¡¨ËÊ·± Í¨μ´-
´μ° ±·¨¢μ°, ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ·¥Ï¥´¨Õ ϕi(x).

…¸²¨ ¢¥²¨Î¨´  μi § ¤ ´ , Éμ (6), (11) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° § ³±´ÊÉÊÕ ¸¨-
¸É¥³Ê ¤²Ö ËÊ´±Í¨° (ϕ(x), ui(x)) ¨ μ¤´μ£μ ¨§ ³´μ¦¥¸É¢  ¶ · ³¥É·μ¢ p, ±μ-
Éμ·Ò° μ¡μ§´ Î¨³ Î¥·¥§ ξ (¸μμÉ¢¥É¸É¢¥´´μ Î¥·¥§ p̌ μ¡μ§´ Î¥´  ¸μ¢μ±Ê¶´μ¸ÉÓ
¶ · ³¥É·μ¢ p ¡¥§ ξ). „²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö É ±μ° ´¥²¨´¥°´μ° § ¤ Î¨
´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¸μ ¸¶¥±É· ²Ó´Ò³ ¶ · ³¥É·μ³ ξ Ê¤μ¡´μ ¶·¨³¥´ÖÉÓ
¨É¥· Í¨μ´´Ò°  ²£μ·¨É³ [17], [25], ¡ §¨·ÊÕÐ¨°¸Ö ´  ´¥¶·¥·Ò¢´μ³  ´ ²μ£¥
³¥Éμ¤  �ÓÕÉμ´  (��Œ�) [26]. �μ² £ Ö μi = 0, ¶·¨ ¶μ³μÐ¨ ¶μ¤Ìμ¤ÖÐ¥£μ ¢Ò-
¡μ·  ´ Î ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö ³μ¦´μ Ê¤μ¢²¥É¢μ·¨ÉÓ Ê¸²μ¢¨Õ (12) ¶·¨ m ≥ 0.
’¥³ ¸ ³Ò³ ´ Ìμ¤¨³ ¶μ¢¥·Ì´μ¸ÉÓ ξ (p̌ ; ϕ) ¢ ¶·μ¸É· ´¸É¢¥ P , ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ
¡¨ËÊ·± Í¨¨ ¶μ·Ö¤±  m ·¥Ï¥´¨Ö ϕi(x). ‘·¥§Ò ÔÉμ° ¶μ¢¥·Ì´μ¸É¨ ¶²μ¸±μ-
¸ÉÖ³¨, ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¤¢Ê³ Ë¨±¸¨·μ¢ ´´Ò³ ¶ · ³¥É· ³ ¨§ ³´μ¦¥¸É¢  p̌,
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¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¡¨ËÊ·± Í¨μ´´Ò¥ ±·¨¢Ò¥ μim(ξ, η) = 0 ´  ¶²μ¸±μ¸É¨ Pξη

¤²Ö μ¸É ¢Ï¥£μ¸Ö ¶ · ³¥É·  η ¨§ p̌ ¨ ¶ · ³¥É·  ξ.
“± § ´´Ò° ³¥Éμ¤ ´¥¶μ¸·¥¤¸É¢¥´´μ£μ ¢ÒÎ¨¸²¥´¨Ö ÉμÎ¥± ¡¨ËÊ·± Í¨¨ · ¸-

¶·¥¤¥²¥´¨° ³ £´¨É´μ£μ ¶μÉμ±  ¢ μ¤´μ³¥·´ÒÌ ¤²¨´´ÒÌ „Š ¶·¥¤²μ¦¥´ ¢ · -
¡μÉ Ì [25] ¨ ¶·¨³¥´Ö²¸Ö ¤²Ö ·¥Ï¥´¨Ö Ï¨·μ±μ£μ ±² ¸¸  Ë¨§¨Î¥¸±¨Ì ¶·μ-
¡²¥³ [17].

‚¢¨¤Ê Éμ£μ, ÎÉμ ¶·¨ § ¤ ´´ÒÌ hB ¨ γ ±· ¥¢ Ö § ¤ Î  (6), ± ± ¶· ¢¨²μ,
¨³¥¥É ¡μ²¥¥ Î¥³ μ¤´μ Ê¸Éμ°Î¨¢μ¥ ·¥Ï¥´¨¥, ¶ ·Í¨ ²Ó´ Ö ±·¨É¨Î¥¸± Ö ±·¨-
¢ Ö ¤²Ö i-£μ ¸²μÖ ±μ´É ±É  ¸É·μ¨É¸Ö ± ± μ£¨¡ ÕÐ Ö ¡¨ËÊ·± Í¨μ´´ÒÌ ±·¨¢ÒÌ
· §²¨Î´ÒÌ ·¥Ï¥´¨° ¢ ÔÉμ³ ¦¥ ¸²μ¥. ‚ Î ¸É´μ¸É¨, ¶ ·Í¨ ²Ó´ Ö ±·¨É¨Î¥¸± Ö
±·¨¢ Ö ¢¨¤  ®Éμ± Å ³ £´¨É´μ¥ ¶μ²¥¯ ¸μ¸Éμ¨É ¨§ ±Ê¸±μ¢ É ±¨Ì ¦¥ ±·¨É¨Î¥-
¸±¨Ì ±·¨¢ÒÌ (13), ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì · §²¨Î´Ò³ ¢¨Ì·Ö³ ¸ ´ ¨¡μ²ÓÏ¨³ ¶·¨
§ ¤ ´´μ³ hB Éμ±μ³ γ.

�¸É ´μ¢¨³¸Ö ±μ·μÉ±μ ´  ¢ÒÎ¨¸²¥´¨¨ ÉμÎ¥± ¶¥·¥¸¥Î¥´¨Ö ±Ê¸±μ¢ ¶ ·Í¨-
 ²Ó´ÒÌ ¡¨ËÊ·± Í¨μ´´ÒÌ ±·¨¢ÒÌ ¤²Ö i-£μ ¸²μÖ. ‡ Ë¨±¸¨·Ê¥³ £¥μ³¥É·¨Î¥¸±¨¥
¶ · ³¥É·Ò l ¨ s. �Ê¸ÉÓ (hc, γc) Å ±μμ·¤¨´ ÉÒ ´¥±μÉμ·μ° ÉμÎ±¨ ¶¥·¥¸¥Î¥´¨Ö
C ´  ¶²μ¸±μ¸É¨ P〈γ . Š ¦¤ Ö É ± Ö ÉμÎ±  ¸μμÉ¢¥É¸É¢Ê¥É μ¡· Ð¥´¨Õ ¢ ´μ²Ó
‘‡ ‡˜É‹ (11) ¤²Ö ¤¢ÊÌ ·¥Ï¥´¨° ϕL(x) ¨ ϕR(x), ¡¨ËÊ·± Í¨μ´´Ò¥ ±·¨¢Ò¥
±μÉμ·ÒÌ · ¸¶μ²μ¦¥´Ò ¸²¥¢  (L) ¨ ¸¶· ¢  (R) μÉ ÉμÎ±¨ C. �¡μ§´ Î¨³ Î¥·¥§
(μL

i , uL
i (x)) ¨ (μR

i , uR
i (x)) ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¶ ·-

Í¨ ²Ó´ÒÌ ‡˜É‹ ¢¨¤  (11), ¶μ·μ¦¤¥´´ÒÌ · ¸¶·¥¤¥²¥´¨Ö³¨ ϕL
i (x) ¨ ϕR

i (x).
’μ£¤  ¶·¨ Ê¸²μ¢¨¨, ÎÉμ ¢ ÉμÎ±¥ C ¤μ²¦´μ ¡ÒÉÓ

μL
i (hc, γc) = 0, μR

i (hc, γc) = 0,

¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥° ±· ¥¢μ° § ¤ Î¥

−AϕL
xx + Jz(ϕL) + Γc = 0, (15a)

ϕL
x (±l) = Hc, (15b)

−aii uL
i,xx + cosϕL

i uL
i = 0, (15c)

uL
i,x(±l) = 0, (15d)

−AϕR
xx + Jz(ϕR) + Γc = 0, (15e)

ϕR
x (±l) = Hc, (15f)

−aii uR
i,xx + cosϕR

i uR
i = 0, (15g)

uR
i,x(±l) = 0, (15h)

£¤¥ 2-¢¥±Éμ·Ò Hc = hc(1, 1)T ¨ Γc = γc(1, 1)T . ‘¨¸É¥³  (15) ¸μ¤¥·¦¨É
Ï¥¸ÉÓ ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° (ϕL(x), uL

i (x)), (ϕR(x), uR
i (x)),   É ±¦¥ ¤¢  ´¥-

¨§¢¥¸É´ÒÌ ¶ · ³¥É·  Å ¶μ²¥ hc ¨ Éμ± γc. „²Ö § ³Ò± ´¨Ö § ¤ Î¨ ¤μ¡ ¢²Ö¥³
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¤¢  Ê¸²μ¢¨Ö ´μ·³¨·μ¢±¨ ¶ ·Í¨ ²Ó´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° uL
i (x) ¨ uR

i (x),
´ ¶·¨³¥·

l∫
−l

[
uL

i (x)
]2

dx = 1,

l∫
−l

[
uR

i (x)
]2

dx = 1. (16)

„²Ö ·¥Ï¥´¨Ö ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±μ° ´¥²¨´¥°´μ° § ¤ Î¨ ´  ¸μ¡¸É¢¥´´Ò¥
§´ Î¥´¨Ö (15), (16) Í¥²¥¸μμ¡· §´μ ¶·¨³¥´¨ÉÓ  ²£μ·¨É³, μ¸´μ¢ ´´Ò° ´  ��Œ�,
¢Ò¡¨· Ö ¶μ¤Ìμ¤ÖÐ¨³ μ¡· §μ³ ´ Î ²Ó´Ò¥ ¶·¨¡²¨¦¥´¨Ö.

3. —ˆ‘‹…��›… Œ…’�„›

„²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö · ¸¸³μÉ·¥´´ÒÌ ¢ÒÏ¥ ´¥²¨´¥°´ÒÌ ±· ¥¢ÒÌ § -
¤ Î ¨¸¶μ²Ó§μ¢ ²¸Ö ¨É¥· Í¨μ´´Ò°  ²£μ·¨É³, μ¸´μ¢ ´´Ò° ´  ��Œ�. ‚μ§-
´¨± ÕÐ¨¥ ´  ± ¦¤μ° ¨É¥· Í¨¨ ²¨´¥ ·¨§μ¢ ´´Ò¥ ±· ¥¢Ò¥ § ¤ Î¨ ·¥Ï ²¨¸Ó
Î¨¸²¥´´μ ¶·¨ ¶μ³μÐ¨ ³¥Éμ¤  ±μ´¥Î´ÒÌ Ô²¥³¥´Éμ¢ (ŒŠ	) ´  μ¸´μ¢¥ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥° Ëμ·³Ò ƒ ²¥·±¨´  [27].

„¨¸±·¥É¨§ Í¨Ö ¶·¨ ¶μ³μÐ¨ ŒŠ	 ¨¸¶μ²Ó§μ¢ ² ¸Ó É ±¦¥ ¶·¨ ·¥Ï¥´¨¨ § -
¤ Î ˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö, ¢μ§´¨± ÕÐ¨Ì ¶·¨ ¶·μ¢¥·±¥ Ê¸Éμ°Î¨¢μ¸É¨ ·¥Ï¥´¨°.
‘μμÉ¢¥É¸É¢ÊÕÐ¨¥  ²£¥¡· ¨Î¥¸±¨¥ § ¤ Î¨ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ³ -
É·¨Î´ÒÌ ¶ÊÎ±μ¢ ·¥Ï ²¨¸Ó ³¥Éμ¤μ³ ¨É¥· Í¨° ¶μ¤¶·μ¸É· ´¸É¢ [28].

� ¸¸³μÉ·¨³ ¢ ± Î¥¸É¢¥ ¶·¨³¥·  ¶μ¸É·μ¥´¨¥ · §´μ¸É´μ° ¸Ì¥³Ò ¤²Ö § ¤ Î¨
˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö. „²Ö ÔÉμ° Í¥²¨ § ¶¨Ï¥³ (11) ¢ ¸²¥¤ÊÕÐ¥³ μ¡Ð¥³ ¢¨¤¥:

−a uxx + q(x)u = μ u, (17a)

ux(± l) = 0, (17b)
l∫

−l

u2(x) dx − 1 = 0. (17b)

“³´μ¦¨³ ¸± ²Ö·´μ Ê· ¢´¥´¨¥ (17a) ´  ¶·μ¡´ÊÕ ËÊ´±Í¨Õ v(x):

v(x) ∈ H1(−l, l) = {v : v, vx ∈ L2(−l, l)}
¨ ¶·μ¨´É¥£·¨·Ê¥³ ¶μ Î ¸ÉÖ³ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ Ê¸²μ¢¨° (17b):

l∫
−l

[auxvx + q(x)uv] dx = μ

l∫
−l

uv(x)dx, ∀v ∈ H1.

‡¤¥¸Ó ¨ ´¨¦¥ Î¥·¥§ L2 ¨ H1 μ¡μ§´ Î¥´Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ËÊ´±Í¨μ´ ²Ó´Ò¥
¶·μ¸É· ´¸É¢  [29].
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„²Ö ¤¨¸±·¥É¨§ Í¨¨ ¨´É¥£· ²Ó´μ£μ Éμ¦¤¥¸É¢  ¨¸¶μ²Ó§Ê¥³ ¨§μ¶ · ³¥É·¨Î¥-
¸±¨¥ ±¢ ¤· É¨Î´Ò¥ ±μ´¥Î´Ò¥ Ô²¥³¥´ÉÒ.

�Ê¸ÉÓ Π = {−l = x1 < x2 < · · · < xn = l}, xi+1 − xi = hi ≤
h Å · §¡¨¥´¨¥ ¨´É¥·¢ ²  [−l, l] ´  ±μ´¥Î´Ò¥ Ô²¥³¥´ÉÒ ei = [xi, xi+1], i =
1, 2, . . . , N − 1.

�Ê¸ÉÓ, ¤ ²¥¥, Sh = {vh(x), vh(x) ∈ C[−l, l], vh(x) |ei∈ P2, } Å ±μ-
´¥Î´μ³¥·´μ¥ ¶·μ¸É· ´¸É¢μ ¶·μ¡´ÒÌ ËÊ´±Í¨°, Sh ⊂ H1, P2 Å ³´μ¦¥¸É¢μ
¶μ²¨´μ³μ¢ ¢Éμ·μ° ¸É¥¶¥´¨. ‚ ¶·μ¸É· ´¸É¢¥ R × S

h ¨Ð¥³ É ±ÊÕ ¶ ·Ê {μh,
uh}, ÎÉμ

l∫
−l

[
auh

xvh
x + q(x)uhvh

]
dx = μh

l∫
−l

uhvhdx,

£¤¥ ∀vh ∈ Sh.
�·¥μ¡· §Ê¥³ Ô²¥³¥´É ei = [xi, xi+1] ¢ ¸É ´¤ ·É´Ò° Ô²¥³¥´É E = [−1; 1]

¶·¨ ¶μ³μÐ¨ ¶·¥μ¡· §μ¢ ´¨Ö x = xi + (θ + 1)(xi+1 − xi)/2. ‡¤¥¸Ó ¶ · ³¥É·
θ ∈ [−1, 1].

�¡μ§´ Î¨³ Î¥·¥§ ψ(θ) = (ψ1(θ, ψ2(θ), ψ3(θ))T ¢¥±Éμ· ±¢ ¤· É¨Î´ÒÌ ËÊ´±-
Í¨° Ëμ·³Ò ¸É ´¤ ·É´μ£μ Ô²¥³¥´É  E ¸ ±μμ·¤¨´ É ³¨

ψ1(θ) = θ(θ − 1)/2, ψ2(θ) = 1 − θ2, ψ3(θ) = θ(θ + 1)/2.

’μ£¤ 
vh

ei
(x(θ)) = ψ(θ)vei , uh

ei
(x(θ)) = ψ(θ)uei ,

vh
x,ei

(x(θ)) = ψ′(θ)vei , uh
x,ei

(x(θ)) = ψ′(θ)uei ,

£¤¥ vei = (v1, v2, v3)T , uei = (u1, u2, u3)T Å 3-¢¥±Éμ·Ò §´ Î¥´¨° ËÊ´±Í¨°
uh ¨ vh ¢ Ê§² Ì Ô²¥³¥´É  ei,   ÏÉ·¨Ìμ³ μ¡μ§´ Î¥´μ ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¶μ
²μ± ²Ó´μ° ¶¥·¥³¥´´μ° θ.

‚ ÔÉ¨Ì μ¡μ§´ Î¥´¨ÖÌ ¤²Ö ²¥¢μ° Î ¸É¨ ¨´É¥£· ²Ó´μ£μ Éμ¦¤¥¸É¢  ¶μ²ÊÎ ¥³

l∫
−l

[
auh

xvh
x + q(x)uhvh

]
dx =

=
∑
ei

∫
ei

[
a(vh

x,ei
)T (uh

x,ei
) + q(x)(vh

ei
)T (uh

ei
)
]
dx =

=
∑
ei

[
vT

ei
| J |−1

a
1∫

−1

[ψ′]T [ψ′]ds uei + vT
ei

| J |
1∫

−1

q(x(θ))ψT ψds uei

]
=

=
∑
ei

[vT
ei

K1
ei

uei + vT
ei

K0
ei

uei ] =
∑
ei

[vT
ei

(K1
ei

+ K0
ei

)uei ] =

=
∑
ei

vT
ei

Keiuei = V T KUh,

£¤¥ | J | = (xi+1 − xi)/2 Å Ö±μ¡¨ ´ ¶·¥μ¡· §μ¢ ´¨Ö, ³ É·¨Í  K = K1 +
K0 = [kij , i, j = 1, 2, . . . , 2N − 1] ¥¸ÉÓ £²μ¡ ²Ó´ Ö ³ É·¨Í  ¦¥¸É±μ¸É¨ [28],  
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Uh = (U1, U2, . . . , U2N−1)T Å £²μ¡ ²Ó´Ò° ¢¥±Éμ· §´ Î¥´¨° ËÊ´±Í¨¨ uh(x) ¢
Ê§² Ì ±μ´¥Î´μÔ²¥³¥´É´μ° ¸¥É±¨.

�´ ²μ£¨Î´μ ¤²Ö ¶· ¢μ° Î ¸É¨ ¨´É¥£· ²Ó´μ£μ Éμ¦¤¥¸É¢  ¨³¥¥³

l∫
−l

uhvhdx =
∑
ei

∫
(ei)

(vh
ei

)T (uh
ei

)dx =

=
∑
ei

vT
ei

| J |
1∫

−1

ψT ψds uei =

=
∑
ei

vT
ei

Meiuei = V T MUh,

£¤¥ M Å £²μ¡ ²Ó´ Ö ³ É·¨Í  ³ ¸¸Ò [28].
’ ±¨³ μ¡· §μ³, ¢ ·¥§Ê²ÓÉ É¥ ¶·¨Ìμ¤¨³ ±  ²£¥¡· ¨Î¥¸±μ° § ¤ Î¥ ´  ¸μ¡-

¸É¢¥´´Ò¥ §´ Î¥´¨Ö
KUh = μhMUh (18)

¤²Ö ³ É·¨Î´μ£μ ¶ÊÎ±  ¸ ¸¨³³¥É·¨Î´Ò³¨ ³ É·¨Í ³¨ K ¨ M .
�·¨ Î¨¸²¥´´μ° ·¥ ²¨§ Í¨¨ Ì· ´ÖÉ¸Ö ¨ ¨¸¶μ²Ó§ÊÕÉ¸Ö Éμ²Ó±μ ¢¥·Ì´¨¥ ¶·μ-

Ë¨²¨ ÔÉ¨Ì ³ É·¨Í ¢ ¢¨¤¥ sky-line [28].
‡ ¤ Î  (18) ·¥Ï ¥É¸Ö ³¥Éμ¤μ³ ¨É¥· Í¨° ¶μ¤¶·μ¸É· ´¸É¢ [28].

4. —ˆ‘‹…��›‰ �Š‘�…�ˆŒ…�’

—¨¸²¥´´Ò° Ô±¸¶¥·¨³¥´É ¶·μ¢μ¤¨²¸Ö ¤²Ö „Š ¤²¨´μ° 2l = 7 ¶·¨ ¤¢ÊÌ
§´ Î¥´¨ÖÌ ¶ · ³¥É·  ¸¢Ö§¨: s = −0,3 ¨ s = −0,5.

�μ¸É·μ¥´¨¥ ±·¨É¨Î¥¸±¨Ì ±·¨¢ÒÌ ¶·μ¢μ¤¨²¨ ¢ ·Ó¨·μ¢ ´¨¥³ ´¥±μÉμ·μ£μ
®¡¨ËÊ·± Í¨μ´´μ£μ¯ ·¥Ï¥´¨Ö § ¤ Î¨ (6) ¶μ μ¤´μ³Ê ¨§ ¶ · ³¥É·μ¢ hB ¨²¨ γ,
¸μÌ· ´ÖÖ ¶·¨ ÔÉμ³, ´ ¶·¨³¥·, μ1 = 10−3. „²Ö ÔÉμ° Í¥²¨ ¶·¨³¥´Ö²¨¸Ó  ²£μ-
·¨É³Ò ¶·μ¤μ²¦¥´¨Ö ¶μ ¶ · ³¥É·Ê,  ´ ²μ£¨Î´Ò¥ ¨§²μ¦¥´´Ò³ ¢ · ¡μÉ Ì [30].

�É³¥É¨³ ¶·¥¦¤¥ ¢¸¥£μ, ÎÉμ ¥¸²¨ ¶ ·  ϕ = (ϕ1, ϕ2)T ¥¸ÉÓ ·¥Ï¥´¨¥ ±· ¥¢μ°
§ ¤ Î¨ (6), Éμ ¶ ·  ϕ̄ = (ϕ2, ϕ1)T ¥¸ÉÓ É ±¦¥ ·¥Ï¥´¨¥ (6). „²Ö ¸¨³³¥É·¨Î´ÒÌ
·¥Ï¥´¨° ϕ = ϕ̄.

Šμ´±·¥É´Ò¥ ¶·¨³¥·Ò ¶ · · ¸¶·¥¤¥²¥´¨° ¢ ¤¢ÊÌ¸²μ°´μ³ „Š ¸ s = −0,5,
  É ±¦¥ ¢²¨Ö´¨¥ ¶μ²Ö hB ´  Ê¸Éμ°Î¨¢μ¸ÉÓ ¶μ¸²¥¤´¨Ì ¤¥³μ´¸É·¨·ÊÕÉ¸Ö ´ 
·¨¸. 4Ä9, 13. ‚ Î ¸É´μ¸É¨, ´  ·¨¸. 4 ¶·¥¤¸É ¢²¥´Ò £· Ë¨±¨ § ¢¨¸¨³μ¸É¥°
ϕx(x) ¤²Ö Ê¸Éμ°Î¨¢μ£μ ³¥°¸´¥·μ¢¸±μ£μ ·¥Ï¥´¨Ö M ¢ ´¥¡μ²ÓÏμ° μ±·¥¸É´μ¸É¨
(μ10 = μ20 = 10−3) ¤¢ÊÌ ÉμÎ¥± ¡¨ËÊ·± Í¨¨: (hB = hc1 = 1,2; γcr ≈ 0,217)
¨ (hB = hc2 ≈ 2,03; γcr = 0). M -·¥Ï¥´¨¥ Ö¢²Ö¥É¸Ö ¸¨³³¥É·¨Î´Ò³, É. ¥.
ϕ1(x) = ϕ2(x). ‘μ¡¸É¢¥´´μ¥ ³ £´¨É´μ¥ ¶μ²¥ (¶·μ¨§¢μ¤´Ò¥ ϕx(x)) É ±¨Ì · ¸-
¶·¥¤¥²¥´¨° ²μ± ²¨§μ¢ ´μ ¢ μ±·¥¸É´μ¸É¨ £· ´¨Í ¸²μ¥¢. ‘ Ë¨§¨Î¥¸±μ° ÉμÎ±¨
§·¥´¨Ö ¶μ¸²¥¤´¥¥ ¸μμÉ¢¥É¸É¢Ê¥É ÔËË¥±ÉÊ Œ¥°¸´¥·  ¢ÒÉ ²±¨¢ ´¨Ö ±μ´É ±Éμ³
(Ô±· ´¨·μ¢ ´¨Ö) ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö [15].
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�¨¸. 4. � ·Ò (M, M) ¢ ¤¢ÊÌ¸²μ°´μ³ „Š

�  ·¨¸. 5 ¶μ± § ´Ò ®¡¨ËÊ·± Í¨μ´´Ò¥¯ § ¢¨¸¨³μ¸É¨ ϕx(x) ¤²Ö μ¤´μË²Õ±-
¸μ´´μ£μ · ¸¶·¥¤¥²¥´¨Ö Φ ¶·¨ γcr = 0 ¨ μ10 = μ20 = 10−3, É. ¥. ´  £· ´¨Í Ì
hB = hc1 ≈ 1.17 ¨ hB = hc2 ≈ 2,03 μ¡² ¸É¨ ¸ÊÐ¥¸É¢μ¢ ´¨Ö Ë²Õ±¸μ´ 
¶μ ¶μ²Õ hB . ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸μ¡¸É¢¥´´Ò¥ ³ £´¨É´Ò¥ ¶μ²Ö ϕi,x(x) É ±¦¥
¸¨³³¥É·¨Î´Ò μÉ´μ¸¨É¥²Ó´μ μ·¤¨´ ÉÒ ¨ ²μ± ²¨§μ¢ ´Ò ¢ μ±·¥¸É´μ¸É¨ Í¥´É· 
x = 0 „Š.

�¨¸. 5. � ·Ò (Φ, Φ) ¢ ¤¢ÊÌ¸²μ°´μ³ „Š

‡ ¢¨¸¨³μ¸É¨ ¸μ¡¸É¢¥´´ÒÌ ³ £´¨É´ÒÌ ¶μ²¥° ϕi,x(x) ´¥¸¨³³¥É·¨Î´ÒÌ ¶ ·
¢¨¤  (Φ, Φ−1) ¶·¨ hB = 0 ¨ hB = 1 ¢ μÉ¸ÊÉ¸É¢¨¥ ¢´¥Ï´¥£μ Éμ±  γ ¤ ´Ò ´ 
·¨¸. 6. ‘¶²μÏ´Ò¥ ±·¨¢Ò¥ ¶·¥¤¸É ¢²ÖÕÉ ¸μ²¨Éμ´Ò ¢ ¶¥·¢μ³ (´¨¦´¥³) ¸²μ¥,
¶Ê´±É¨·´Ò¥ Å ¢μ ¢Éμ·μ³ (¢¥·Ì´¥³) ¸²μ¥. �É³¥É¨³, ÎÉμ ¶·¨ Ê¢¥²¨Î¥´¨¨ £· -
´¨Î´μ£μ ¶μ²Ö hB ¶ ·Í¨ ²Ó´ Ö Ê¸Éμ°Î¨¢μ¸ÉÓ ÊÌÊ¤Ï ¥É¸Ö ¨§ §  ¶¥·¥· ¸¶·¥¤¥-
²¥´¨Ö ¸μ¡¸É¢¥´´ÒÌ ³ £´¨É´ÒÌ ¶μ²¥° ¢ μÉ¤¥²Ó´ÒÌ ¸²μÖÌ. �·¨ ÔÉμ³ N [ϕ1] = 1
¨ N [ϕ2] = −1 ¤²Ö ²Õ¡ÒÌ ¤μ¶Ê¸É¨³ÒÌ hB .
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�¨¸. 6. � ·Ò (Φ, Φ−1)

�  ·¨¸. 7 ¤¥³μ´¸É·¨·ÊÕÉ¸Ö £· Ë¨±¨ ËÊ´±Í¨° ϕx(x), ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
´¥¸¨³³¥É·¨Î´Ò³ ¶ · ³ ¢¨¤  (Φ, M) ¶·¨ hB = 0, hB = 1 ¨ Éμ±¥ γ = 0.
�·¨ hB = 0 ¤¥Ëμ·³ Í¨Ö Ê¸Éμ°Î¨¢μ° M -±μ³¶μ´¥´ÉÒ (Δϕ2 ≈ 0,023) μÉ É·¨-

�¨¸. 7. � ·Ò (Φ, M) ¢ ¤¢ÊÌ¸²μ°´μ³ „Š

¢¨ ²Ó´μ£μ ·¥Ï¥´¨Ö ϕ2(x) = 0 (Δϕ2 = 0) ¶·¨ s = 0 μ¡Ö§ ´  ¢§ ¨³μ¤¥°¸É¢¨Õ
³¥¦¤Ê ¸²μÖ³¨. �·¨ Éμ±¥ γ = 0 ¢μ ¢¸¥° μ¡² ¸É¨ ¨§³¥´¥´¨Ö ¶μ²Ö hB ËÊ´±Í¨μ-
´ ² (8) ´  ·¥Ï¥´¨ÖÌ ÔÉμ£μ ¢¨¤  ¸μÌ· ´Ö¥É ¶μ¸ÉμÖ´´Ò¥ §´ Î¥´¨Ö: N [ϕ1] = 1,
N [ϕ2] = 0.

� ¸¶·¥¤¥²¥´¨Ö, ¶·¥¤¸É ¢²¥´´Ò¥ ´  ·¨¸. 8, ¸²¥¤Ê¥É · ¸¸³ É·¨¢ ÉÓ ± ± ·¥-
§Ê²ÓÉ É ´¥²¨´¥°´μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ´¥Ê¸Éμ°Î¨¢μ£μ ³¥°¸´¥·μ¢¸±μ£μ ·¥Ï¥´¨Ö
M̄ (ϕ1(x) = π ¶·¨ s = 0, hB = 0 ¨ γ = 0) ¨ Ë²Õ±¸μ´  Φ, É. ¥. ÔÉμ ¶ ·Ò ¢¨¤ 
(M̄, Φ). „²Ö É ±¨Ì ·¥Ï¥´¨° ¶·¨ Éμ±¥ γ = 0 ¢ μ¡² ¸É¨ ¤μ¶Ê¸É¨³ÒÌ ¶μ²¥° hB

¢Ò¶μ²´ÖÕÉ¸Ö · ¢¥´¸É¢  N [ϕ1] = 1, N [ϕ2] = 1.
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�¨¸. 8. � ·  (M̄, Φ) ¢ ¤¢ÊÌ¸²μ°´μ³ „Š

� ¸¶·¥¤¥²¥´¨Ö ¸μ¡¸É¢¥´´ÒÌ ³ £´¨É´ÒÌ ¶μ²¥° ¶ · ¢¨¤  (B, B−1) ¶·¨
hB = 1,4 ¶·¨¢¥¤¥´Ò ´  ·¨¸. 9. Š·¨¢Ò¥ 1 ¸μμÉ¢¥É¸É¢ÊÕÉ ¸²ÊÎ Õ γ = 0, ±μ£¤ 

�¨¸. 9. � ·Ò (B, B−1)

·¥Ï¥´¨Ö μ¡² ¤ ÕÉ ¸¨³³¥É·¨¥° ¢¨¤  ϕ1(x) = −ϕ2(−x) + 2πk, É. ¥. ¨Ì ¶·μ-
¨§¢μ¤´Ò¥ ¸¨³³¥É·¨Î´Ò μÉ´μ¸¨É¥²Ó´μ ¢¥·É¨± ²Ó´μ° ¶·Ö³μ° x = 0 (¢¥·Ì´¨°
¨´¤¥±¸ §¤¥¸Ó Ê± §Ò¢ ¥É ´μ³¥· ¶ ·Ò). Š·μ³¥ 1 ¨³¥¥É¸Ö É ±¦¥ ¸μ¶·Ö¦¥´-
´ Ö ¶ ·  (B−1, B). �  É ±¨Ì ·¥Ï¥´¨ÖÌ ËÊ´±Í¨μ´ ² (8) ¶·¨´¨³ ¥É ¤·μ¡´Ò¥
§´ Î¥´¨Ö, ´μ ¸Ê³³  N [ϕ1

i ] + N [ϕ2
i ] = 2. Š·¨¢Ò¥, μÉ³¥Î¥´´Ò¥ ´μ³¥·μ³ 2,

¢ÒÎ¨¸²¥´Ò ¤²Ö ±·¨É¨Î¥¸±μ£μ §´ Î¥´¨Ö Éμ±  γ = γcr ≈ 0,14.
�¥·¥°¤¥³ É¥¶¥·Ó ± ¶μ¸É·μ¥´¨Õ ¶ ·Í¨ ²Ó´ÒÌ ±·¨É¨Î¥¸±¨Ì ±·¨¢ÒÌ ¢¨¤ 

®Éμ± Å ³ £´¨É´μ¥ ¶μ²¥¯ ¢ ¤¢ÊÌ¸²μ°´μ³ „Š.
‚ ¸²ÊÎ ¥ ¸¨³³¥É·¨Î´μ° ³ É·¨ÍÒ A(s) ¶ ·Í¨ ²Ó´Ò¥ ¡¨ËÊ·± Í¨μ´´Ò¥ § -

¢¨¸¨³μ¸É¨ ¤²Ö ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ ¸²μ¥¢ „Š ¸μ¢¶ ¤ ÕÉ. �μ ÔÉμ° ¶·¨Î¨´¥
¤ ²¥¥ · ¸¸³ É·¨¢ ÕÉ¸Ö Éμ²Ó±μ ¶ ·Í¨ ²Ó´Ò¥ § ¢¨¸¨³μ¸É¨ ¤²Ö · ¸¶·¥¤¥²¥´¨°
¢ ¶¥·¢μ³ ¸²μ¥.
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�Ê¸ÉÓ ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ γ ¨ ´¥±μÉμ·μ³ hB ËÊ´±Í¨Ö ϕ(x, hB) ¥¸ÉÓ
·¥Ï¥´¨¥ (6). ’μ£¤  ËÊ´±Í¨Ö 2πk − ϕ(x,−hB), k = 0,±1,±2, . . . É ±¦¥ ¥¸ÉÓ
·¥Ï¥´¨¥ ¢ ¶μ²¥ −hB .

„²Ö „Š ¢ £¥μ³¥É·¨¨ ¸ ¶¥·¥±·ÒÉ¨¥³, · ¸¸³ É·¨¢ ¥³ÒÌ ¢ ´ ¸ÉμÖÐ¥° · -
¡μÉ¥, Éμ± γ ´¥ ¢Ìμ¤¨É ¢ ±· ¥¢Ò¥ Ê¸²μ¢¨Ö. ’μ£¤ , ¥¸²¨ ϕ(x, γ) ¥¸ÉÓ ·¥Ï¥´¨¥
¶·¨ ´¥±μÉμ·μ³ γ, Éμ ¶¥·¥³¥´¥ §´ ±  Éμ±  (¶μ¸²¥¤´¥£μ ¸² £ ¥³μ£μ ¢ (6a))
¸μμÉ¢¥É¸É¢Ê¥É ·¥Ï¥´¨¥ ϕ(x,−γ).

�É¸Õ¤  ¢ÒÉ¥± ¥É ¸¨³³¥É·¨Ö ±·¨É¨Î¥¸±¨Ì § ¢¨¸¨³μ¸É¥° μÉ´μ¸¨É¥²Ó´μ ¶¥-
·¥¸É ´μ¢±¨ μ¸¥° γ ⇔ −γ ¨ hB ⇔ −hB ´  ¶²μ¸±μ¸É¨ Phγ . “± § ´´Ò¥ ¸¨³³¥-
É·¨¨ ¶μ§¢μ²ÖÕÉ μ£· ´¨Î¨ÉÓ¸Ö · ¸¸³μÉ·¥´¨¥³ ¡¨ËÊ·± Í¨μ´´ÒÌ § ¢¨¸¨³μ¸É¥°
¢¨¤  ®Éμ± Å ³ £´¨É´μ¥ ¶μ²¥¯ Éμ²Ó±μ ¢ ¶¥·¢μ³ ±¢ ¤· ´É¥.

�  ·¨¸. 10 ¶·¨¢¥¤¥´Ò ´¥±μÉμ·Ò¥ ¡¨ËÊ·± Í¨μ´´Ò¥ ±·¨¢Ò¥ ¢¨¤  (13) ¤²Ö
·Ö¤  · ¸¶·¥¤¥²¥´¨° ϕ1(x) ³ £´¨É´μ£μ ¶μÉμ±  ¢ ¶¥·¢μ³ ¸²μ¥ „Š. �É³¥É¨³, ÎÉμ
· §´Ò³ ·¥Ï¥´¨Ö³ ¸μμÉ¢¥É¸É¢ÊÕÉ · §´Ò¥ §´ ±¨ ¶ ·Í¨ ²Ó´ÒÌ μ20(hB, γ) ‘‡.

�¨¸. 10. � ·Í¨ ²Ó´Ò¥ ¡¨ËÊ·± Í¨μ´´Ò¥ ±·¨¢Ò¥ ¢ ¸²ÊÎ ¥ 2l = 7, s = −0,5

�μ¤·μ¡´μ¥ μ¶¨¸ ´¨¥ ·¥Ï¥´¨°, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì μÉ¤¥²Ó´Ò³ ¡¨ËÊ·± Í¨-
μ´´Ò³ ±·¨¢Ò³, ¢ · ³± Ì ´ ¸ÉμÖÐ¥° · ¡μÉÒ § É·Ê¤´¨É¥²Ó´μ ¢¢¨¤Ê ¨Ì ¡μ²Ó-
Ïμ£μ Î¨¸² . �μÔÉμ³Ê ¤ ²¥¥ μ£· ´¨Î¨³¸Ö ¶¥·¥Î¨¸²¥´¨¥³ Éμ²Ó±μ ´ ¨¡μ²¥¥ ¸Ê-
Ð¥¸É¢¥´´ÒÌ ¤²Ö ±·¨É¨Î¥¸±μ° ±·¨¢μ° ¸²μÖ ·¥Ï¥´¨°, ¨³¥ÕÐ¨Ì ¶·¨ § ¤ ´´μ³
³ £´¨É´μ³ ¶μ²¥ hB ´ ¨¡μ²ÓÏ¨° ±·¨É¨Î¥¸±¨° Éμ± γcr. ŠÊ¸±¨ ¡¨ËÊ·± Í¨μ´-
´ÒÌ ±·¨¢ÒÌ (13) É ±¨Ì ·¥Ï¥´¨° μ¡· §ÊÕÉ ±·¨É¨Î¥¸±ÊÕ ±·¨¢ÊÕ (¸³. ·¨¸. 11)
¤²Ö ¶¥·¢μ£μ ¸²μÖ ¢ „Š. ’μÎ±¨ ´¥¶·¥·Ò¢´μ£μ ®¸μÎ²¥´¥´¨Ö¯ μÉ¤¥²Ó´ÒÌ ±Ê¸±μ¢
Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨ ´¥²¨´¥°´μ° ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±μ° § ¤ Î¨ ´  ¸μ¡¸É¢¥´-
´Ò¥ §´ Î¥´¨Ö (15), (16). �¤´ ±μ Î¨¸²¥´´Ò° Ô±¸¶¥·¨³¥´É ¶μ± §Ò¢ ¥É, ÎÉμ
¶ ·Í¨ ²Ó´ Ö ±·¨É¨Î¥¸± Ö ±·¨¢ Ö ³μ¦¥É ¨³¥ÉÓ ÉμÎ±¨ · §·Ò¢  ´¥¶·¥·Ò¢´μ-
¸É¨, ±μÉμ·Ò¥ ´  ·¨¸. 11 (¸³. É ±¦¥ ·¨¸. 12) μ¡μ§´ Î¥´Ò ¢¥·É¨± ²Ó´Ò³¨ ¶Ê´±-
É¨·´Ò³¨ ¶·Ö³Ò³¨. ‡´ Î¥´¨Ö ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö hB , ¤²Ö ±μÉμ·ÒÌ
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�¨¸. 11. � ·Í¨ ²Ó´ Ö ±·¨É¨Î¥¸± Ö ±·¨¢ Ö ¶¥·¢μ£μ ¸²μÖ „Š

¨³¥ÕÉ ³¥¸Éμ É ±¨¥ · §·Ò¢Ò,   É ±¦¥ ¢¥²¨Î¨´Ò ¸± Î±μ¢ ±·¨É¨Î¥¸±μ£μ Éμ± 
Δγcr ≡ γcr(SR) − γcr(SL) ¸ÊÐ¥¸É¢¥´´μ § ¢¨¸ÖÉ μÉ ±μ´±·¥É´μ° ³μ¤¥²¨ ±μ´-
É ±É  ¨ μÉ ¢Ò¡μ·  ¶ · ³¥É·μ¢ s ¨ l. ‡¤¥¸Ó γcr(SR) ¨ γcr(SL) Å ±·¨É¨Î¥¸±¨¥
Éμ±¨ ·¥Ï¥´¨° ¸¶· ¢  (R) ¨ ¸²¥¢  (L) μÉ ÉμÎ±¨ · §·Ò¢ .

Œ¥Ì ´¨§³ μ¡· §μ¢ ´¨Ö É ±¨Ì ÉμÎ¥± ¤¥³μ´¸É·¨·Ê¥É¸Ö ´  ·¨¸. 12. �·¨
hB < h1 ¤μ³¨´¨·ÊÕÐ¨³ Ö¢²Ö¥É¸Ö ¢±² ¤ ¸¨³³¥É·¨Î´μ° ³¥°¸´¥·μ¢¸±μ° ¶ ·Ò
1 (¸³. ·¨¸. 4), ±μÉμ· Ö ´  ÔÉμ³ ÊÎ ¸É±¥ ¨³¥¥É ´ ¨¡μ²ÓÏ¨° ±·¨É¨Î¥¸±¨° Éμ± ¢
¸· ¢´¥´¨¨ ¸μ ¢¸¥³¨ ¤·Ê£¨³¨ ·¥Ï¥´¨Ö³¨ § ¤ Î¨ (6). �·¨ §´ Î¥´¨¨ hB = h1

�¨¸. 12. ‚μ§´¨±´μ¢¥´¨¥ · §·Ò¢μ¢ ¶ ·Í¨ ²Ó´μ° ±·¨É¨Î¥¸±μ° ±·¨¢μ°

¡¨ËÊ·± Í¨μ´´ Ö ±·¨¢ Ö ³¥°¸´¥·μ¢¸±μ£μ ·¥Ï¥´¨Ö ¶¥·¥¸¥± ¥É¸Ö ¸ ¡¨ËÊ·± Í¨-
μ´´μ° ±·¨¢μ° ¶ ·Ò 2 ¢¨¤  (Φ, M) (¸³. ·¨¸. 7). ‚ Ê± § ´´μ° ÉμÎ±¥ ¶ ·Ò 1 ¨
2 Ê¤μ¢²¥É¢μ·ÖÕÉ § ¤ Î¥ (15), (16). ’ ±¨³ μ¡· §μ³, ´  μÉ·¥§±¥ hB ∈ [h1, h2)
±·¨É¨Î¥¸± Ö ±·¨¢ Ö „Š ¶·¥¤¸É ¢²¥´  ®±Ê¸±μ³¯ ¡¨ËÊ·± Í¨μ´´μ° ±·¨¢μ° (13),
¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¶ ·¥ 2.
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�·¨ hB = h2 ±·¨É¨Î¥¸± Ö ±·¨¢ Ö ¸± Î±μ³ ¶¥·¥Ìμ¤¨É ´  ¢¥É¢Ó, ¶μ·μ-
¦¤¥´´μ° ¶ ·μ° 3 ¢¨¤  (M, Φ) (ÔÉμ ·¥Ï¥´¨¥ ¤¥³μ´¸É·¨·Ê¥É¸Ö ¶·¨ hB = 1,2
´  ·¨¸. 13). ‚ μÉ²¨Î¨¥ μÉ ¶·¥¤Ò¤ÊÐ¥£μ ¸²ÊÎ Ö, ¶ ·Ò 2 ¨ 3 ´¥ Ö¢²ÖÕÉ¸Ö ·¥-

�¨¸. 13. �¥Ï¥´¨Ö ¢ μ±·¥¸É´μ¸É¨ ÉμÎ±¨ · §·Ò¢  ±·¨É¨Î¥¸±μ° ±·¨¢μ°

Ï¥´¨Ö³¨ § ¤ Î¨ (15), (16), ¶·¨Î¥³ ±·¨É¨Î¥¸±¨° Éμ± γcr(2) > γcr(3). „·Ê£¨³¨
¸²μ¢ ³¨, ¢ ¶μ²¥ h2 ¨³¥¥É ³¥¸Éμ · §·Ò¢ ´¥¶·¥·Ò¢´μ¸É¨ ¶ ·Í¨ ²Ó´μ° ±·¨É¨-
Î¥¸±μ° ±·¨¢μ° (13) ¶¥·¢μ£μ ¸²μÖ ¢¥²¨Î¨´μ° Δγ = γcr(3) − γcr(2) ≈ −0,001.

�É³¥É¨³, ÎÉμ ¢ ÉμÎ±¥ hB = h2 ¶ ·  2 ¶¥·¥Ìμ¤¨É ¢ ¶ ·Ê 2a ¸É·Ê±ÉÊ·Ò
(M, Φ). �·¨ ÔÉμ³ (¸³. ·¨¸. 14), ËÊ´±Í¨¨ μ20(hB) ¨³¥ÕÉ ¢ Ê± § ´´μ° ÉμÎ±¥

�¨¸. 14. ‡ ¢¨¸¨³μ¸É¨ μ20(hB) ¤²Ö ·¥Ï¥´¨°, ¶μ± § ´´ÒÌ ´  ·¨¸. 12

¢¥·É¨± ²Ó´ÊÕ ± ¸ É¥²Ó´ÊÕ. 	Éμ μ§´ Î ¥É, ÎÉμ ¢ ´μ²Ó μ¡· Ð ÕÉ¸Ö ¢Ò¸Ï¨¥
¶ ·Í¨ ²Ó´Ò¥ ‘‡ μ21(hB, γ), É. ¥. ¨³¥¥É ³¥¸Éμ ¡¨ËÊ·± Í¨Ö ¶μ·Ö¤±  m = 1
±μ³¶μ´¥´ÉÒ ϕ2(x) ¶ ·Ò 2.

�´ ²μ£¨Î´μ, ¶·¨ hB = h3 É ±¦¥ ¨³¥¥É ³¥¸Éμ · §·Ò¢ ´¥¶·¥·Ò¢´μ¸É¨
¶ ·Í¨ ²Ó´μ° ±·¨É¨Î¥¸±μ° ±·¨¢μ°, μ¡Ê¸²μ¢²¥´´Ò° · §´μ¸ÉÓÕ ³ ±¸¨³ ²Ó´ÒÌ
±·¨É¨Î¥¸±¨Ì Éμ±μ¢ ·¥Ï¥´¨° ¸²¥¢  3 ¨ ¸¶· ¢  4. ‚¥²¨Î¨´  ¸± Î±  Éμ±  γ ¢
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ÔÉμ³ ¸²ÊÎ ¥ ´  ¶μ·Ö¤μ± ¢ÒÏ¥ Å Δγ = γcr(4) − γcr(3) ≈ 0,07. �  μÉ·¥§±¥
[h3, h4) ±·¨É¨Î¥¸± Ö ±·¨¢ Ö „Š ¶·¥¤¸É ¢²¥´  ¢¥É¢ÓÕ ¶ ·Ò 4. „ ²¥¥, ¢ ÉμÎ±¥
hB = h4 ¶·μ¨¸Ìμ¤¨É ¸´μ¢  ¸± Îμ± ´  ¢¥É¢Ó ¡¨ËÊ·± Í¨μ´´μ° ±·¨¢μ° ¶ ·Ò 3.
�·¨ ÔÉμ³ Δγ = γcr(3) − γcr(4) ≈ −0,08.

‚ ÉμÎ±¥ hB = h5 ¶·μ¨¸Ìμ¤¨É μÎ¥·¥¤´μ° ¸± Îμ± ±·¨É¨Î¥¸±μ° ±·¨¢μ° μÉ
¢¥É¢¨ 3 ´  ¢¥É¢Ó, ¶·¨´ ¤²¥¦ ÐÊÕ ¶ ·¥ 5. ‚¥²¨Î¨´  ¸± Î±  Δγ = γcr(5) −
γcr(3) ≈ 0,1.

�É³¥É¨³, ÎÉμ ¶·¨ hB = h5 ·¥Ï¥´¨¥ ¸ ´μ³¥·μ³ 5 ¶¥·¥Ìμ¤¨É ¢ ·¥Ï¥´¨¥
5a. �·¨ ÔÉμ³ (¸³. ·¨¸. 14) ËÊ´±Í¨Ö μ20(hB) ¨³¥¥É ¢ Ê± § ´´μ° ÉμÎ±¥ ¸± Îμ±
£² ¤±μ¸É¨, É. ¥. ¶·μ¨¸Ìμ¤¨É ¡¨ËÊ·± Í¨Ö ¶μ·Ö¤±  n = 1 ±μμ·¤¨´ ÉÒ ϕ2(x)
¶ ·Ò 5.

�  ·¨¸. 15 ¤¥³μ´¸É·¨·Ê¥É¸Ö ¢²¨Ö´¨¥ ¶ · ³¥É·  ¸¢Ö§¨ ³¥¦¤Ê ¸²μÖ³¨ s ´ 
¶ ·Í¨ ²Ó´ÊÕ ±·¨É¨Î¥¸±ÊÕ ±·¨¢ÊÕ. ‚¨¤´μ, ÎÉμ ¸ Ê³¥´ÓÏ¥´¨¥³ s ±·¨É¨Î¥¸± Ö

�¨¸. 15. Š·¨É¨Î¥¸±¨¥ ±·¨¢Ò¥ „Š ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·  s

±·¨¢ Ö ¸¤¢¨£ ¥É¸Ö ´ ¶· ¢μ, ¸É·¥³Ö¸Ó É¥³ ¸ ³Ò³ ± ¶μ²μ¦¥´¨Õ, ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¥³Ê ´¥§ ¢¨¸¨³Ò³ ¸²μÖ³ (s = 0). �·¨ ÔÉμ³ ¸± Î±¨ ±·¨É¨Î¥¸±μ° ±·¨¢μ°
¨³¥ÕÉ ¡μ²¥¥ ¶·μ¸ÉÊÕ ¸É·Ê±ÉÊ·Ê. � ¶·¨³¥·, ¢ Î¨¸²¥´´μ³ Ô±¸¶¥·¨³¥´É¥ ·¥Ï¥-
´¨° ¢¨¤  4 (¸³. ·¨¸. 12) ¶·¨ s = −0,3 ´¥ μ¡´ ·Ê¦¥´μ, ÎÉμ £μ¢μ·¨É μ ´ ²¨Î¨¨
¡¨ËÊ·± Í¨° ·¥Ï¥´¨° § ¤ Î¨ (6) ¶μ ¶ · ³¥É·Ê s.

5. ‡�Š‹	—ˆ’…‹œ�›… ‡�Œ…—��ˆŸ

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¤²Ö ³μ¤¥²¨·μ¢ ´¨Ö Ê¸Éμ°Î¨¢μ¸É¨ ¨ ¡¨ËÊ·± Í¨° ¸É -
É¨Î¥¸±¨Ì ±μ´Ë¨£Ê· Í¨° ³ £´¨É´μ£μ ¶μÉμ±  ¢ ¤¢ÊÌ¸²μ°´μ³ ¤¦μ§¥Ë¸μ´μ¢¸±μ³
±μ´É ±É¥ ¶·¨³¥´ÖÕÉ¸Ö ³¥Éμ¤Ò É¥μ·¨¨ ¶ ·Í¨ ²Ó´μ° Ê¸Éμ°Î¨¢μ¸É¨. �μ± § ´μ,
ÎÉμ ¸ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ÔËË¥±ÉÒ, μ¡´ ·Ê¦¥´´Ò¥ ¢ Ô±¸¶¥·¨³¥´É¥
[5, 6], ³μ£ÊÉ ¡ÒÉÓ μ¡Ê¸²μ¢²¥´Ò ´ ²¨Î¨¥³ ÉμÎ¥± · §·Ò¢  ´¥¶·¥·Ò¢´μ¸É¨ ¶ ·-
Í¨ ²Ó´ÒÌ ±·¨É¨Î¥¸±¨Ì ±·¨¢ÒÌ, ¶μ²μ¦¥´¨¥ ±μÉμ·ÒÌ § ¢¨¸¨É μÉ ¢Ò¡μ·  ³μ-
¤¥²¨ ¨ §´ Î¥´¨° ¶ · ³¥É·μ¢.
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�É³¥É¨³, ÎÉμ ³¥Éμ¤Ò ´ ¸ÉμÖÐ¥° · ¡μÉÒ μÎ¥¢¨¤´Ò³ μ¡· §μ³ ¶¥·¥´μ¸ÖÉ¸Ö
´  ¸²ÊÎ ° ´¥¸¨³³¥É·¨Î´μ° ³μ¤¥²¨ ¤¢ÊÌ¸²μ°´μ£μ „Š,   É ±¦¥ ´  ³μ¤¥²¨ „Š
¸ Î¨¸²μ³ ¸²μ¥¢ ¡μ²ÓÏ¥ ¤¢ÊÌ.
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