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—¨¸²¥´´μ¥ ³μ¤¥²¨·μ¢ ´¨¥ ±·¨É¨Î¥¸±¨Ì § ¢¨¸¨³μ¸É¥° ¢ ¤¦μ§¥Ë¸μ´μ¢¸±¨Ì
±μ´É ±É Ì ¶¥·¥³¥´´μ° Ï¨·¨´Ò

� ¸¸³ É·¨¢ ÕÉ¸Ö ³¥Éμ¤Ò ¨ ·¥§Ê²ÓÉ ÉÒ ·¥Ï¥´¨Ö ´¥²¨´¥°´ÒÌ § ¤ Î ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö, ¢μ§-
´¨± ÕÐ¨Ì ¶·¨ Î¨¸²¥´´μ³ ¶μ¸É·μ¥´¨¨ ±·¨É¨Î¥¸±¨Ì § ¢¨¸¨³μ¸É¥° ¢¨¤  ®±·¨É¨Î¥¸±¨° Éμ± Ä ¢´¥Ï´¥¥
³ £´¨É´μ¥ ¶μ²¥¯ ¢ ¤²¨´´ÒÌ ¤¦μ§¥Ë¸μ´μ¢¸±¨Ì ±μ´É ±É Ì ¸ ¨§³¥´ÖÕÐ¥°¸Ö ¶μ Ô±¸¶μ´¥´Í¨ ²Ó´μ³Ê
§ ±μ´Ê Ï¨·¨´μ°. 	¥·¥Ìμ¤Ò ±μ´É ±É  ¨§ ¸¢¥·Ì¶·μ¢μ¤ÖÐ¥£μ ¢ ·¥§¨¸É¨¢´μ¥ ¸μ¸ÉμÖ´¨¥ ³ É¥³ É¨Î¥¸±¨
¨´É¥·¶·¥É¨·ÊÕÉ¸Ö ± ± ¡¨ËÊ·± Í¨¨ ¸É É¨Î¥¸±¨Ì · ¸¶·¥¤¥²¥´¨° ³ £´¨É´μ£μ ¶μÉμ±  ¶·¨ ¨§³¥´¥´¨¨
¶ · ³¥É·μ¢ ³μ¤¥²¨, ¢ Î ¸É´μ¸É¨, ¶·¨²μ¦¥´´μ£μ ³ £´¨É´μ£μ ¶μ²Ö ¨ ¢´¥Ï´¥£μ Éμ± .

Š ¦¤μ³Ê ¸É É¨Î¥¸±μ³Ê ·¥Ï¥´¨Õ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ´¥²¨´¥°´μ° ±· ¥¢μ° § ¤ Î¨ ¸É ¢¨É¸Ö ¢ ¸μμÉ-
¢¥É¸É¢¨¥ ·¥£Ê²Ö·´ Ö § ¤ Î  ˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö, ³¨´¨³ ²Ó´μ¥ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ ±μÉμ·μ° ¶μ§¢μ-
²Ö¥É ¸Ê¤¨ÉÓ μ¡ Ê¸Éμ°Î¨¢μ¸É¨ ¨²¨ ´¥Ê¸Éμ°Î¨¢μ¸É¨ ·¥Ï¥´¨Ö ¢ ²¨´¥°´μ³ ¶·¨¡²¨¦¥´¨¨. 	·¨ É ±μ³
¶μ¤Ìμ¤¥ ±·¨É¨Î¥¸±¨° Éμ± ¤²Ö ´¥±μÉμ·μ£μ Ë¨±¸¨·μ¢ ´´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¥¸ÉÓ Éμ §´ Î¥´¨¥ ¢´¥Ï´¥£μ
Éμ± , ¶·¨ ±μÉμ·μ³ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ³¨´¨³ ²Ó´μ¥ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¶·¨ § -
¤ ´´μ³ ¢´¥Ï´¥³ ³ £´¨É´μ³ ¶μ²¥. ’ ± ± ± ¤²Ö § ¤ ´´μ£μ ¶μ²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ´¥²¨´¥°´ Ö ±· ¥¢ Ö
§ ¤ Î  ³μ¤¥²¨ ³μ¦¥É ¨³¥ÉÓ ¡μ²¥¥ Î¥³ μ¤´μ ¸É É¨Î¥¸±μ¥ ·¥Ï¥´¨¥, Éμ ±·¨É¨Î¥¸±¨° Éμ± ±μ´É ±É  Å ÔÉμ
´ ¨¡μ²ÓÏ¨° ¨§ ±·¨É¨Î¥¸±¨Ì Éμ±μ¢ ¢μ§³μ¦´ÒÌ Ê¸Éμ°Î¨¢ÒÌ · ¸¶·¥¤¥²¥´¨°. ’¥³ ¸ ³Ò³ ±·¨É¨Î¥¸±¨¥
±·¨¢Ò¥ ±μ´É ±É  ¸É·μÖÉ¸Ö ± ± μ£¨¡ ÕÐ¨¥ ¡¨ËÊ·± Í¨μ´´ÒÌ ±·¨¢ÒÌ μÉ¤¥²Ó´ÒÌ · ¸¶·¥¤¥²¥´¨°.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

‘μμ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2005

Semerdjieva E.G., Boyadjiev T. L., Shukrinov Yu. M. P11-2005-215
Numerical Modelling of Critical Dependences in Exponentially Shaped Josephson Junctions

The solution procedures of some nonlinear eigenvalue problems arising at numerical construction of
critical dependences in long exponentially shaped Josephson junctions are considered. For this purpose
the transitions from superconducting to resistive regime of the junction mathematically are interpreted as
bifurcations of static distributions of the magnetic 
ux under changes of the model's parameters.

Every static solution of the corresponding nonlinear boundary value problem generates the regular
SturmÄLiouville problem, whose minimal eigenvalue allows one to judge stability or instability of the
solution. At this approach the critical current for some ˇxed distribution is the value of the external
current at which the minimal eigenvalue is zero for a given external magnetic ˇeld. As the nonlinear
boundary value problem can have more than one static solution, the critical current of the junction is
the greatest of critical currents of possible stable steady states. Thus the critical curve of the junction is
constructed as an envelope of bifurcation curves corresponding to separate states.

The investigation has been performed at the Laboratory of Information Technologies, JINR.
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‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ · ¸¸³ É·¨¢ ÕÉ¸Ö ³¥Éμ¤Ò ¨ ·¥§Ê²ÓÉ ÉÒ ·¥Ï¥´¨Ö ´¥²¨-
´¥°´ÒÌ § ¤ Î ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö, ¢μ§´¨± ÕÐ¨Ì ¶·¨ Î¨¸²¥´´μ³ ¶μ¸É·μ-
¥´¨¨ ±·¨É¨Î¥¸±¨Ì § ¢¨¸¨³μ¸É¥° ¢¨¤  ®±·¨É¨Î¥¸±¨° Éμ± Ä ¢´¥Ï´¥¥ ³ £´¨É´μ¥
¶μ²¥¯ ¢ ¤²¨´´ÒÌ ¤¦μ§¥Ë¸μ´μ¢¸±¨Ì ±μ´É ±É Ì (¢ ¤ ²Ó´¥°Ï¥³ ¨¸¶μ²Ó§Ê¥³ ¸μ-
±· Ð¥´¨¥ „Š) ¸ ¨§³¥´ÖÕÐ¥°¸Ö ¶μ Ô±¸¶μ´¥´Í¨ ²Ó´μ³Ê § ±μ´Ê Ï¨·¨´μ° [1Ä6].
�¸´μ¢´ Ö ¨¤¥Ö § ±²ÕÎ ¥É¸Ö ¢ ³ É¥³ É¨Î¥¸±μ° ¨´É¥·¶·¥É Í¨¨ ¶¥·¥Ìμ¤  ±μ´-
É ±É  ¨§ ¸¢¥·Ì¶·μ¢μ¤ÖÐ¥£μ ¢ ·¥§¨¸É¨¢´μ¥ ¸μ¸ÉμÖ´¨¥ ± ± ¡¨ËÊ·± Í¨¨ ¸É É¨-
Î¥¸±¨Ì · ¸¶·¥¤¥²¥´¨° ³ £´¨É´μ£μ ¶μÉμ±  ¶·¨ ¨§³¥´¥´¨¨ ¶ · ³¥É·μ¢ ³μ¤¥²¨,
¢ Î ¸É´μ¸É¨, ¶·¨²μ¦¥´´μ£μ ³ £´¨É´μ£μ ¶μ²Ö ¨ ¢´¥Ï´¥£μ Éμ± . ‚ · ³± Ì É· -
¤¨Í¨μ´´μ° ³μ¤¥²¨ ®μ¤´μ³¥·´μ£μ¯ ¤²¨´´μ£μ „Š É ±μ° ¶μ¤Ìμ¤ ¡Ò² ¢¶¥·¢Ò¥
¶·¨³¥´¥´ ¢ ±² ¸¸¨Î¥¸±μ° · ¡μÉ¥ [7] ¨ · §¢¨¢ ²¸Ö ¢ [8].

“· ¢´¥´¨¥ É¨¶  ¸¨´Ê¸-ƒμ·¤μ´ ¤²Ö ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ° Ô¢μ²ÕÍ¨¨
³ £´¨É´μ£μ ¶μÉμ±  ¢ „Š ¸ Ô±¸¶μ´¥´Í¨ ²Ó´μ ¨§³¥´ÖÕÐ¥°¸Ö Ï¨·¨´μ° ¢Ò¢¥-
¤¥´μ ¢ · ¡μÉ¥ [1] (μ¡Ð¨° ¸²ÊÎ ° ¶¥·¥³¥´´μ° Ï¨·¨´Ò · ¸¸³μÉ·¥´ ¢ [3]).
Š ¦¤μ³Ê ¸É É¨Î¥¸±μ³Ê ·¥Ï¥´¨Õ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ´¥²¨´¥°´μ° ±· ¥¢μ° § -
¤ Î¨ ¤²Ö ÔÉμ£μ Ê· ¢´¥´¨Ö ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ ·¥£Ê²Ö·´ Ö § ¤ Î  ˜ÉÊ·³ Ä
‹¨Ê¢¨²²Ö (‡˜É‹), ³¨´¨³ ²Ó´μ¥ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ (‘‡) ±μÉμ·μ° ¶μ§¢μ-
²Ö¥É ¸Ê¤¨ÉÓ μ¡ Ê¸Éμ°Î¨¢μ¸É¨ ¨²¨ ´¥Ê¸Éμ°Î¨¢μ¸É¨ ·¥Ï¥´¨Ö ¢ ²¨´¥°´μ³ ¶·¨-
¡²¨¦¥´¨¨. 	·¨ É ±μ³ ¶μ¤Ìμ¤¥ ±·¨É¨Î¥¸±¨° Éμ± ¤²Ö ´¥±μÉμ·μ£μ Ë¨±¸¨·μ-
¢ ´´μ£μ · ¸¶·¥¤¥²¥´¨Ö ¥¸ÉÓ Éμ §´ Î¥´¨¥ ¢´¥Ï´¥£μ Éμ± , ¶·¨ ±μÉμ·μ³ ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¥¥ ³¨´¨³ ²Ó´μ¥ ‘‡ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¶·¨ § ¤ ´´μ³ ¢´¥Ï´¥³
³ £´¨É´μ³ ¶μ²¥. ’ ± ± ± ¤²Ö § ¤ ´´μ£μ ¶μ²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ´¥²¨´¥°´ Ö
±· ¥¢ Ö § ¤ Î  ³μ¤¥²¨ ³μ¦¥É ¨³¥ÉÓ ¡μ²¥¥ Î¥³ μ¤´μ ¸É É¨Î¥¸±μ¥ ·¥Ï¥´¨¥, Éμ
±·¨É¨Î¥¸±¨° Éμ± „Š Å ÔÉμ ´ ¨¡μ²ÓÏ¨° ¨§ ±·¨É¨Î¥¸±¨Ì Éμ±μ¢ ¢μ§³μ¦´ÒÌ
Ê¸Éμ°Î¨¢ÒÌ · ¸¶·¥¤¥²¥´¨°. ’¥³ ¸ ³Ò³ ±·¨É¨Î¥¸±¨¥ ±·¨¢Ò¥ (ŠŠ) ±μ´É ±É 
¸É·μÖÉ¸Ö ± ± μ£¨¡ ÕÐ¨¥ ¡¨ËÊ·± Í¨μ´´ÒÌ ±·¨¢ÒÌ (�Š) μÉ¤¥²Ó´ÒÌ · ¸¶·¥¤¥-
²¥´¨°.

1. ��‘’���‚Š� ‡�„�—ˆ

� ¸¸³μÉ·¨³ ¤²¨´´Ò° ¤¦μ§¥Ë¸μ´μ¢¸±¨° ±μ´É ±É, · §³¥· ±μÉμ·μ£μ ¢¤μ²Ó
μ¸¨ y (Ï¨·¨´ ) ¥¸ÉÓ £² ¤± Ö ´  μÉ·¥§±¥ x ∈ [0, l] ËÊ´±Í¨Ö W (x) = W0

exp {−σx}, £¤¥ W0 > 0 Å Ï¨·¨´  ±μ´É ±É  ¢ ´ Î ²¥ ±μμ·¤¨´ É (¸³. ·¨¸. 1),
  σ Å ¶ · ³¥É· Ëμ·³Ò, 0 � σ � 1. ‡¤¥¸Ó ¶·μ¸É· ´¸É¢¥´´ Ö ±μμ·¤¨´ É 
x ∈ [0, l] ´μ·³¨·μ¢ ´  ´  ¤¦μ§¥Ë¸μ´μ¢¸±ÊÕ £²Ê¡¨´Ê ¶·μ´¨±´μ¢¥´¨Ö λJ ,  
l > 1 Å ¡¥§· §³¥·´ Ö ¤²¨´  ±μ´É ±É .
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�¨¸. 1. ‘Ì¥³  „Š ¶¥·¥³¥´´μ° Ï¨·¨´Ò

�¸´μ¢´μ° ¢¥²¨Î¨´μ°, μ¶¨¸Ò¢ ÕÐ¥° ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´Ò¥ ¶·μÍ¥¸-
¸Ò ¢ ±μ´É ±É¥, Ö¢²Ö¥É¸Ö · §´μ¸ÉÓ Ë § ¢μ²´μ¢ÒÌ ËÊ´±Í¨° φ(t, x) ¤¢ÊÌ ¸¢¥·Ì-
¶·μ¢μ¤´¨±μ¢ (¸³., ´ ¶·¨³¥·, ³μ´μ£· Ë¨Õ [10]). ‚·¥³Ö t μÉ´¥¸¥´μ ± ¶² §³¥´-
´μ° Î ¸ÉμÉ¥. 	·¨ ¶μ³μÐ¨ ¶μ¤Ìμ¤ÖÐ¥° ´μ·³¨·μ¢±¨ ËÊ´±Í¨Õ φ(t, x) ³μ¦´μ
¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ¡¥§· §³¥·´Ò° ³ £´¨É´Ò° ¶μÉμ± ¢´ÊÉ·¨ „Š. ’μ£¤  ¶·μ-
¨§¢μ¤´ Ö φx(t, x) ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° · ¸¶·¥¤¥²¥´¨¥ ´ ¶·Ö¦¥´´μ¸É¨ ³ £´¨É-
´μ£μ ¶μ²Ö ¢¤μ²Ó ±μ´É ±É  ¢ ³μ³¥´É ¢·¥³¥´¨ t,   φt(t, x) ¥¸ÉÓ Ô²¥±É·¨Î¥¸±μ¥
¶μ²¥ (· §´μ¸ÉÓ ¶μÉ¥´Í¨ ²μ¢), ´ ¶· ¢²¥´´μ¥ ¢¤μ²Ó μ¸¨ z. ‡¤¥¸Ó ¨ ¤ ²¥¥ ´¨¦-
´¨³ ¨´¤¥±¸μ³ μ¡μ§´ Î¥´μ ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¶μ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ´¥§ ¢¨-
¸¨³μ° ¶¥·¥³¥´´μ°.

‚Ò¢μ¤ Ê· ¢´¥´¨Ö ¨ ±· ¥¢ÒÌ Ê¸²μ¢¨° ¤²Ö ËÊ´±Í¨¨ φ(t, x) · ¸¸³ É·¨¢ ²¸Ö,
´ ¶·¨³¥·, ¢ · ¡μÉ Ì [1Ä3]. ‚ ¤μ¸É ÉμÎ´μ μ¡Ð¥³ ¸²ÊÎ ¥ É ± Ö § ¤ Î  ³μ¦¥É
¡ÒÉÓ § ¶¨¸ ´  ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

φtt + αφt − φxx + σ φx + sin φ − g(x) = 0, (1.1a)

x ∈ (0, l) , t > 0,

φx(0) = Hl, φx(l) = Hr. (1.1¡)

Šμ´±·¥É´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö Éμ±  g(x) ¨ £· ´¨Î´ÒÌ ¶μ²¥° Hl ¨ Hr μ¶·¥¤¥²Ö-
ÕÉ¸Ö £¥μ³¥É·¨¥° ±μ´É ±É , ¨´ Î¥ £μ¢μ·Ö, ¸¶μ¸μ¡μ³ μÉ¡μ·  ¢´¥Ï´¥£μ Éμ± . ‚
¸²ÊÎ ¥ ®£¥μ³¥É·¨¨ ¸ ¶¥·¥±·ÒÉ¨¥³¯ (overlap geometry) Éμ± g(x) = γ(x)+σhe,
  ¶μ¸ÉμÖ´´Ò¥ ¢ ¶· ¢ÒÌ Î ¸ÉÖÌ (1.1¡) ¨³¥ÕÉ ¢¨¤ Hl = he, Hr = he. ‡¤¥¸Ó
he Å ¢´¥Ï´¥¥ ³ £´¨É´μ¥ ¶μ²¥ ¢¤μ²Ó μ¸¨ y (¸³. ·¨¸. 1). ‚´¥Ï´¨° Éμ± γ(x)
¢ É ±μ° ³μ¤¥²¨ ´¥¶·¥·Ò¢´μ · ¸¶·¥¤¥²¥´ ¢¤μ²Ó μ¸¨ x ±μ´É ±É . …¸²¨ ¶·¥-
´¥¡·¥ÎÓ ¶μ¢¥·Ì´μ¸É´Ò³¨ ÔËË¥±É ³¨, Éμ ¢ ¶¥·¢μ³ ¶·¨¡²¨¦¥´¨¨ γ(x) ³μ¦¥É
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· ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ¶μ¸ÉμÖ´´Ò° ¶ · ³¥É· | γ| � 1 (Éμ± ´μ·³¨·μ¢ ´ ´  ±·¨-
É¨Î¥¸±¨° Éμ± ³¥°¸¸´¥·μ¢¸±μ£μ ·¥Ï¥´¨Ö ¢ ¶μ²¥ he = 0). ‚¥²¨Î¨´  he ¥¸ÉÓ
¡¥§· §³¥·´ Ö ´ ¶·Ö¦¥´´μ¸ÉÓ ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö, ±μÉμ·μ¥ ´ ¶· ¢²¥´μ
¢¤μ²Ó μ¸¨ y. ’μ£¤  ¸² £ ¥³μ¥ σ(φx − he) ¢ Ê· ¢´¥´¨¨ (1.1) ¥¸ÉÓ Éμ±, μ¡Ê¸²μ-
¢²¥´´Ò° ¶¥·¥³¥´´μ° Ï¨·¨´μ° ±μ´É ±É .

‚ ³μ¤¥²¨ „Š ¸ inline-£¥μ³¥É·¨¥° μÉ¡μ· Éμ±  ¶·μ¨¸Ìμ¤¨É ¸ ´¥¡μ²ÓÏ¨Ì
μ¡² ¸É¥° ¢ μ±·¥¸É´μ¸É¨ ±μ´Íμ¢ x = 0 ¨ x = l ±μ´É ±É . 	·μ¸É¥°Ï Ö ÉμÎ¥Î´ Ö
³μ¤¥²Ó ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¨³ ¢Ò· ¦¥´¨Ö³ ¤²Ö ¶μ¸ÉμÖ´´ÒÌ Hl

¨ Hr ¢ ¶· ¢ÒÌ Î ¸ÉÖÌ (1.1¡): Hl = he − κr lγ, Hr = he + κr lγ. ‚ μ¡Ð¥³
¸²ÊÎ ¥ ±μÔËË¨Í¨¥´ÉÒ κr ¨ κl Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ κl + κr � 1. ‚Ò¡μ·
κl = κr = 1/2 μÉ¢¥Î ¥É ³μ¤¥²¨ ¸ ¸¨³³¥É·¨Î´Ò³ μÉ¡μ·μ³ Éμ±  ¸ μ¡μ¨Ì Éμ·Íμ¢
±μ´É ±É . 	·¨ κl = 0, κr = 1 (κl = 1, κr = 0) Éμ± É¥Î¥É Éμ²Ó±μ Î¥·¥§ ¶· ¢Ò°
(²¥¢Ò°) ±· ° ±μ´É ±É  (¸³. [2, 4]). ‘²ÊÎ ° κl = 0, κr = 0 ¸μμÉ¢¥É¸É¢Ê¥É
±· ¥¢Ò³ Ê¸²μ¢¨Ö³ ¤²Ö ±μ´É ±É  ¸ overlap-£¥μ³¥É·¨¥°.

‘² £ ¥³μ¥ α Ì · ±É¥·¨§Ê¥É ¤¨¸¸¨¶ É¨¢´Ò¥ ÔËË¥±ÉÒ ¢ ±μ´É ±É¥, É ± ÎÉμ
¸² £ ¥³μ¥ αφt ¢Ò¶μ²´Ö¥É ·μ²Ó ¸¨²Ò ®É·¥´¨Ö¯, μ¡Ê¸²μ¢²¥´´μ° ¶¥·¥´μ¸μ³ ´μ·-
³ ²Ó´ÒÌ Ô²¥±É·μ´μ¢. ‘ Ìμ·μÏ¨³ ¶·¨¡²¨¦¥´¨¥³ ³μ¦´μ ¶μ²μ¦¨ÉÓ α = const.

� ¸ÉμÖÐ Ö · ¡μÉ  ¶μ¸¢ÖÐ¥´  Î¨¸²¥´´μ³Ê ¨¸¸²¥¤μ¢ ´¨Õ Ê¸Éμ°Î¨¢μ¸É¨ ¨
¡¨ËÊ·± Í¨° ¸É É¨Î¥¸±¨Ì ·¥Ï¥´¨° ϕ(x) § ¤ Î¨ (1.1) ¶·¨ ¨§³¥´¥´¨¨ ¶ · -
³¥É·μ¢ ³μ¤¥²¨. ’¥³ ¸ ³Ò³ ¶·¨ ¤ ²Ó´¥°Ï¨Ì · ¸¸³μÉ·¥´¨ÖÌ ¢¨¤ ´ Î ²Ó´ÒÌ
Ê¸²μ¢¨° ¤²Ö ËÊ´±Í¨° φ(0, x) ¨ φt(0, x) ¢ ³μ³¥´É t = 0 ´¥¸ÊÐ¥¸É¢¥´, ¢¢¨¤Ê
Î¥£μ μ´¨ ´¥ ¢Ò¶¨¸Ò¢ ÕÉ¸Ö.

‘ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¨§ÊÎ¥´¨Ö ¸É É¨Î¥¸±¨Ì ·¥Ï¥-
´¨° ´¥¶μ¸·¥¤¸É¢¥´´μ ¢ÒÉ¥± ¥É ¨§ Ô±¸¶¥·¨³¥´Éμ¢ ¶μ ¨§³¥·¥´¨Õ § ¢¨¸¨³μ¸É¥°
¢¨¤  ®±·¨É¨Î¥¸±¨° Éμ± Ä ³ £´¨É´μ¥ ¶μ²¥¯. �  ·¨¸. 2 ¶·¥¤¸É ¢²¥´  Ê¸²μ¢´ Ö
¸Ì¥³  Ô±¸¶¥·¨³¥´É  ¶μ § ³¥·Ê ŠŠ. Šμ´É ±É · ¸¶μ²μ¦¥´ É ±, ÎÉμ ¢´¥Ï´¥¥

�¨¸. 2. ‘Ì¥³  Ô±¸¶¥·¨³¥´É  ¶μ μ¶·¥¤¥²¥´¨Õ ±·¨É¨Î¥¸±μ£μ Éμ± 

³ £´¨É´μ¥ ¶μ²¥ he ¶·¨²μ¦¥´μ ¢ ´ ¶· ¢²¥´¨¨ μ¸¨ y. 	μ¸·¥¤¸É¢μ³ ·¥μ¸É É 
R ³μ¦´μ ¨§³¥´ÖÉÓ Éμ± γ Î¥·¥§ ¶¥·¥Ìμ¤. ‚¥²¨Î¨´  Éμ±  ·¥£¨¸É·¨·Ê¥É¸Ö  ³-
¶¥·³¥É·μ³ A. �¶ÒÉ ¶μ± §Ò¢ ¥É ´ ²¨Î¨¥ ¤¢ÊÌ ·¥¦¨³μ¢ · ¡μÉÒ „Š. ‚ ¤¦μ-
§¥Ë¸μ´μ¢¸±μ³ (¸¢¥·Ì¶·μ¢μ¤ÖÐ¥³) ·¥¦¨³¥ ¢Ò¢μ¤Ò ¢μ²ÓÉ³¥É·  ®§ ±μ·μÎ¥´Ò¯
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±μ´É ±Éμ³, É ± ÎÉμ ¨§³¥·Ö¥³μ¥ ¢μ²ÓÉ³¥É·μ³ V ¶ ¤¥´¨¥ ´ ¶·Ö¦¥´¨Ö ´  ±μ´-
É ±É¥ · ¢´μ ´Ê²Õ. 	·¨ ÔÉμ³ Éμ± Î¥·¥§ ±μ´É ±É μ¡Ê¸²μ¢²¥´ ±Ê¶¥·μ¢¸±¨³¨
¶ · ³¨ Ô²¥±É·μ´μ¢ [10]. ‘ Ê¢¥²¨Î¥´¨¥³ Éμ±  ¸¢¥·Ì¶·μ¢μ¤ÖÐ¥¥ ¸μ¸ÉμÖ´¨¥ ¸μ-
Ì· ´Ö¥É¸Ö ¤μ É¥Ì ¶μ·, ¶μ±  Éμ± γ ³¥´ÓÏ¥ ´¥±μÉμ·μ£μ ±·¨É¨Î¥¸±μ£μ §´ Î¥´¨Ö
γcr, ±μÉμ·μ¥ ´ §Ò¢ ¥É¸Ö ±·¨É¨Î¥¸±¨³ Éμ±μ³ [10]. 	·¨ ¤μ¸É¨¦¥´¨¨ ±·¨É¨Î¥-
¸±μ£μ Éμ±  ±μ´É ±É ®¸± Î±μ³¯ ¶¥·¥Ìμ¤¨É ¢ ·¥§¨¸É¨¢´Ò° ·¥¦¨³, ¢ ·¥§Ê²ÓÉ É¥
Î¥£μ ´ ¶·Ö¦¥´¨¥, ·¥£¨¸É·¨·Ê¥³μ¥ ¢μ²ÓÉ³¥É·μ³, ¸É ´μ¢¨É¸Ö μÉ²¨Î´Ò³ μÉ ´Ê²Ö.

	Ê¸ÉÓ φ(t, x) Å ·¥Ï¥´¨¥ § ¤ Î¨ (1.1). ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¸μμÉ´μÏ¥´¨¥³
„¦μ§¥Ë¸μ´  v(t, x) = φt(t, x) μ¶·¥¤¥²¨³ ¸·¥¤´¥¥ ¶μ ¤²¨´¥ ±μ´É ±É  ³£´μ¢¥´-
´μ¥ ´ ¶·Ö¦¥´¨¥, ¸¢Ö§ ´´μ¥ ¸ ·¥Ï¥´¨¥³ φ(t, x), ± ± ËÊ´±Í¨μ´ ²

v̄(t) =
1
l

l∫
0

φt(t, x) dx. (1.2)

	 ¤¥´¨¥ ´ ¶·Ö¦¥´¨Ö ´  ±μ´É ±É¥, ´ ¡²Õ¤ ¥³μ¥ ¢ Ô±¸¶¥·¨³¥´É¥, ¥¸ÉÓ

〈v̄〉 = lim
T→∞

T∫

0

v̄(t) dt,

£¤¥ v̄(t) ¢ÒÎ¨¸²Ö¥É¸Ö ¤²Ö ·¥Ï¥´¨Ö (1.1) ¸ ´ ¨¡μ²ÓÏ¨³ ±·¨É¨Î¥¸±¨³ Éμ±μ³. �μ
¢ ¤¦μ§¥Ë¸μ´μ¢¸±μ³ ·¥¦¨³¥ ËÊ´±Í¨μ´ ² 〈v̄(t)〉 · ¢¥´ ´Ê²Õ. ‘²¥¤μ¢ É¥²Ó´μ,
¶·μ¨§¢μ¤´ Ö ²Õ¡μ£μ ·¥Ï¥´¨Ö φt(t, x) = 0. ‘ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö
ÔÉμ μ§´ Î ¥É, ÎÉμ ¢μ§³μ¦´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ ¶μÉμ±  ¢ ±μ´É ±É¥
¢ ¤¦μ§¥Ë¸μ´μ¢¸±μ³ ·¥¦¨³¥ · ¡μÉÒ Ö¢²ÖÕÉ¸Ö Ê¸Éμ°Î¨¢Ò³¨ ·¥Ï¥´¨Ö³¨ ´¥²¨-
´¥°´μ° ¸É É¨Î¥¸±μ° ±· ¥¢μ° § ¤ Î¨

−ϕxx + σ ϕx + sinϕ − g(x) = 0, (1.3a)

ϕx(0) = Hl, ϕx(l) = Hr, (1.3¡)

±μÉμ· Ö ¢ÒÉ¥± ¥É ´¥¶μ¸·¥¤¸É¢¥´´μ ¨§ (1.1).

2. “‘’�‰—ˆ‚�‘’œ ‘’�’ˆ—…‘Šˆ• �…˜…�ˆ‰

—¨¸²¥´´Ò° Ô±¸¶¥·¨³¥´É ¶μ± §Ò¢ ¥É, ÎÉμ ¤²Ö § ¤ ´´μ° ¸μ¢μ±Ê¶´μ¸É¨ ¶ -
· ³¥É·μ¢ ³μ¤¥²¨ p ≡ {l, σ, he, γ} ´¥²¨´¥°´ Ö ±· ¥¢ Ö § ¤ Î  (1.3) ¨³¥¥É, ± ±
¶· ¢¨²μ, ¡μ²¥¥ Î¥³ μ¤´μ ·¥Ï¥´¨¥ ϕ(x, p) (¢ ¤ ²Ó´¥°Ï¥³ § ¢¨¸¨³μ¸ÉÓ μÉ p
¢Ò¶¨¸Ò¢ ¥³ Éμ²Ó±μ ¶·¨ ´¥μ¡Ìμ¤¨³μ¸É¨). ‚ Ë¨§¨Î¥¸±μ³ Ô±¸¶¥·¨³¥´É¥ ·¥ -
²¨§Ê¥É¸Ö ¸ ´¥±μÉμ·μ° ¢¥·μÖÉ´μ¸ÉÓÕ μ¤´μ ¨§ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ê¸Éμ°Î¨¢ÒÌ
· ¸¶·¥¤¥²¥´¨° ³ £´¨É´μ£μ ¶μÉμ± . �¤´ ±μ ¸¢μ°¸É¢  ·¥Ï¥´¨° ¨, ¢ Î ¸É´μ¸É¨,
¨Ì Ê¸Éμ°Î¨¢μ¸ÉÓ ³μ£ÊÉ ³¥´ÖÉÓ¸Ö ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ ¶ · ³¥É·μ¢ p. 	μÔÉμ³Ê
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¤²Ö Éμ£μ ÎÉμ¡Ò μ¶·¥¤¥²¨ÉÓ ±μ´¥Î´μ¥ ¸μ¸ÉμÖ´¨¥ ±μ´É ±É , ´¥μ¡Ìμ¤¨³μ ¨¸¸²¥-
¤μ¢ ÉÓ ¸É É¨Î¥¸±¨¥ ·¥Ï¥´¨Ö ´  Ê¸Éμ°Î¨¢μ¸ÉÓ.

„²Ö ÔÉμ° Í¥²¨ · ¸¸³μÉ·¨³ ¶·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ¥ ¢μ§³ÊÐ¥´¨¥ ¢¨¤ 

φ(t, x) = ϕ(x) + ε e−α t/2
∑

n

[
ane−iωntψn(x) + a∗

neiωntψ∗
n(x)

]
(2.1)

¸É É¨Î¥¸±μ£μ ·¥Ï¥´¨Ö ϕ(x) [7, 9]. ‡¤¥¸Ó an Å ±μ³¶²¥±¸´μ§´ Î´Ò¥  ³¶²¨-
ÉÊ¤Ò, Î¥·¥§ a∗

n μ¡μ§´ Î¥´Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ±μ³¶²¥±¸´μ-¸μ¶·Ö¦¥´´Ò¥ ¢¥²¨-
Î¨´Ò. 	μ¤¸É ¢²ÖÖ · §²μ¦¥´¨¥ (2.1) ¢ Ê· ¢´¥´¨¥ (1.1a) ¨ Ê¸²μ¢¨Ö (1.1¡), ¢
¶¥·¢μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ ¶ · ³¥É·Ê ε ¶·¨Ìμ¤¨³ ± § ¤ Î¥ ˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö

−ψxx + σ ϕx + q(x)ψ = λψ, (2.2a)

ψx(0) = 0, ψx(l) = 0, (2.2¡)

±μÉμ· Ö § ³Ò± ¥É¸Ö ¤μ¡ ¢²¥´¨¥³ Ê¸²μ¢¨Ö ´μ·³¨·μ¢±¨

l∫
0

ψ2(x) dx − 1 = 0. (2.3)

‚¥²¨Î¨´  λ ¥¸ÉÓ ¸¶¥±É· ²Ó´Ò° ¶ · ³¥É·. 	μÉ¥´Í¨ ² ‡˜É‹ μ¶·¥¤¥²Ö¥É¸Ö
¨§¢¥¸É´Ò³ ¸É É¨Î¥¸±¨³ ·¥Ï¥´¨¥³ ϕ(x) ¶μ Ëμ·³Ê²¥ q(x) = cosϕ(x). 	·¨
ÔÉμ³ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö λn ¨ Î ¸ÉμÉÒ ωn ¸¢Ö§ ´Ò ¸μμÉ´μÏ¥´¨Ö³¨ λ2

n =
ω2

n + α2/4.
� ¶μ³´¨³ ´¥±μÉμ·Ò¥ Ìμ·μÏμ ¨§¢¥¸É´Ò¥ ¸¢μ°¸É¢  § ¤ Î¨ (2.2), (2.3) (¶μ-

¤·μ¡´μ¸É¨ ¸³. ¢ ±² ¸¸¨Î¥¸±μ° ±´¨£¥ [12]). ’ ± ± ± ¶μÉ¥´Í¨ ² q(x) μ£· ´¨Î¥´,
¶·¨Î¥³ | q(x)| � 1, Éμ ´  ±μ´¥Î´μ³ ¨´É¥·¢ ²¥ ¨§³¥´¥´¨Ö ¶¥·¥³¥´´μ° x ¸Ê-
Ð¥¸É¢Ê¥É [12] μ£· ´¨Î¥´´ Ö ¸´¨§Ê ¸Î¥É´ Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ¢¥Ð¥¸É¢¥´´ÒÌ
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° (‘‡)

−1 � λmin ≡ λ0 < λ1 < λ2 < . . . < λn < . . .

§ ¤ Î¨ (2.2). Š ¦¤μ³Ê ‘‡ λn, n = 0, 1, 2, . . ., ¸μμÉ¢¥É¸É¢Ê¥É ¥¤¨´¸É¢¥´´ Ö
¢¥Ð¥¸É¢¥´´ Ö ¸μ¡¸É¢¥´´ Ö ËÊ´±Í¨Ö (‘”) ψn(x), Ê¤μ¢²¥É¢μ·ÖÕÐ Ö Ê¸²μ¢¨Õ
´μ·³¨·μ¢±¨ (2.3). 	·¨ ÔÉμ³ Î¨¸²μ ´Ê²¥° ‘” ψn(x) ´  ¨´É¥·¢ ²¥ (0, l) · ¢´μ
´μ³¥·Ê n ‘‡. ‚ Î ¸É´μ¸É¨, ‘” ψ0(x), ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ³¨´¨³ ²Ó´μ³Ê ‘‡
λ0, ´¥ ¨³¥¥É ´Ê²¥° ´  (0, l).

�É³¥É¨³, ÎÉμ ¢¢¨¤Ê § ¢¨¸¨³μ¸É¨ ·¥Ï¥´¨Ö ϕ(x, p) μÉ ³´μ¦¥¸É¢  ¶ · ³¥-
É·μ¢ p ³μ¤¥²¨ ¶μÉ¥´Í¨ ² ‡˜É‹ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ‘‡ ¨ ‘”
‡˜É‹ É ±¦¥ § ¢¨¸ÖÉ μÉ ÔÉ¨Ì ¶ · ³¥É·μ¢, É. ¥. λn = λn(p) ¨ ψn = ψn(x, p).

�Ê¤¥³ £μ¢μ·¨ÉÓ [7], ÎÉμ ¢ ´¥±μÉμ·μ° μ¡² ¸É¨ P ⊂ R
4 ¨§³¥´¥´¨Ö ¶ · -

³¥É·μ¢ ¸É É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ ϕ(x) Ö¢²Ö¥É¸Ö Ê¸Éμ°Î¨¢Ò³ ¢ ²¨´¥°´μ³ ¶·¨¡²¨-
¦¥´¨¨, ¥¸²¨ ¢ ÔÉμ° μ¡² ¸É¨ ³¨´¨³ ²Ó´μ¥ ‘‡ λ0(p) > 0. ’ ±μ¥ μ¶·¥¤¥²¥´¨¥
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Ê¸Éμ°Î¨¢μ¸É¨ μ§´ Î ¥É (¸³. ´ ¶·¨³¥·, [7, 16]), ÎÉμ ¢¸¥ Ô±¸¶μ´¥´ÉÒ ¶μ¤ §´ ±μ³
¸Ê³³Ò ¢ ¶· ¢μ° Î ¸É¨ (2.1) μ¸Í¨²²¨·ÊÕÐ¨¥. …¸²¨ λ0(p) < 0, Éμ ¢ · §²μ¦¥´¨¨
(2.1) ¶μÖ¢²Ö¥É¸Ö ¡Ò¸É·μ· ¸ÉÊÐ Ö ¢μ ¢·¥³¥´¨ ±μ³¶μ´¥´É  ¨ ·¥Ï¥´¨¥ ϕs(x) ´¥-
Ê¸Éμ°Î¨¢μ.

’μÎ±¨ p ∈ P , Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ Ê¸²μ¢¨Õ

λ0(p) = 0, (2.4)

Ö¢²ÖÕÉ¸Ö ÉμÎ± ³¨ ¡¨ËÊ·± Í¨¨ (¢¥É¢²¥´¨Ö) ·¥Ï¥´¨Ö ϕ(x, p). ‡´ Î¥´¨Ö ¶ · -
³¥É·μ¢ pcr, ¤²Ö ±μÉμ·ÒÌ ¨³¥¥É ³¥¸Éμ · ¢¥´¸É¢μ (2.4), ´ §Ò¢ ÕÉ¸Ö ¡¨ËÊ·± -
Í¨μ´´Ò³¨ ¨²¨ ±·¨É¨Î¥¸±¨³¨ ¤²Ö ÔÉμ£μ ·¥Ï¥´¨Ö. „²Ö ¥¤¨´μμ¡· §¨Ö ·¥Ï¥´¨¥
ϕ(x, pcr) ¡Ê¤¥³ ¸μμÉ¢¥É¸É¢¥´´μ ´ §Ò¢ ÉÓ ¡¨ËÊ·± Í¨μ´´Ò³ (±·¨É¨Î¥¸±¨³).

”¨±¸ Í¨Ö §´ Î¥´¨° ¤¢ÊÌ ¶ · ³¥É·μ¢ ¢ (2.4) μ¶·¥¤¥²Ö¥É �Š ¤²Ö μ¸É ²Ó´ÒÌ
¤¢ÊÌ ¶ · ³¥É·μ¢ ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¶²μ¸±μ¸É¨. � ¨¡μ²¥¥ ¢ ¦´Ò³¨ ¸ ÉμÎ±¨
§·¥´¨Ö ¢μ§³μ¦´μ¸É¨ Ô±¸¶¥·¨³¥´É ²Ó´μ° ¶·μ¢¥·±¨ ¶·¥¤¸É ¢²ÖÕÉ¸Ö �Š ¢¨¤ 
®Éμ± Ä ¢´¥Ï´¥¥ ³ £´¨É´μ¥ ¶μ²¥¯

λ0(γcr, he) = 0, (2.5)

μÉ¢¥Î ÕÐ¨¥ § ¤ ´´Ò³ £¥μ³¥É·¨Î¥¸±¨³ ¶ · ³¥É· ³ l ¨ σ ±μ´É ±É .
‚ É¥μ·¥É¨Î¥¸±μ³  ¸¶¥±É¥ §´ ´¨¥ ¡¨ËÊ·± Í¨μ´´ÒÌ § ¢¨¸¨³μ¸É¥° ¶μ§¢μ-

²Ö¥É ´ °É¨ Î¨¸²μ · ¢´μ¢¥¸´ÒÌ ·¥Ï¥´¨°, ¶μ´ÖÉÓ ¨Ì ¸É·Ê±ÉÊ·Ê ¨ μ¶¨¸ ÉÓ Ë¨-
§¨±Ê Ö¢²¥´¨Ö. —¨¸²¥´´μ¥ ³μ¤¥²¨·μ¢ ´¨¥ Ê¶·μÐ ¥É ¨¸¸²¥¤μ¢ ´¨¥ ¨ ¤ ¥É ¢μ§-
³μ¦´μ¸ÉÓ μÍ¥´¨ÉÓ μ¡² ¸É¨ ¨§³¥´¥´¨Ö ¶ · ³¥É·μ¢, ¢ ±μÉμ·ÒÌ ³μ¦´μ μ¦¨¤ ÉÓ
Ê¸Éμ°Î¨¢μ¸ÉÓ ¨²¨ ´¥Ê¸Éμ°Î¨¢μ¸ÉÓ · ¸¶·¥¤¥²¥´¨° ³ £´¨É´μ£μ ¶μÉμ±  ¢ „Š.

„²Ö ¶· ±É¨Î¥¸±¨Ì Í¥²¥° μ¸μ¡μ ¢ ¦´  ¢μ§³μ¦´μ¸ÉÓ Ô±¸¶¥·¨³¥´É ²Ó´μ°
¶·μ¢¥·±¨ ¡¨ËÊ·± Í¨μ´´ÒÌ § ¢¨¸¨³μ¸É¥° ¶ · ³¥É·μ¢ „Š, ÎÉμ, ¸μ ¸¢μ¥° ¸Éμ-
·μ´Ò, Ö¢²Ö¥É¸Ö ¢ ¦´Ò³ ¨¸ÉμÎ´¨±μ³ ¨´Ëμ·³ Í¨¨ ¤²Ö ÊÉμÎ´¥´¨Ö Ë¨§¨Î¥¸±μ°
³μ¤¥²¨. ‚ ± Î¥¸É¢¥ ±μ´±·¥É´μ£μ ¶·¨³¥·  Ê± ¦¥³ ´  ³¥Éμ¤Ò ¨§ÊÎ¥´¨Ö ¢¨-
Ì·¥¢ÒÌ ¸μ²¨Éμ´μ¶μ¤μ¡´ÒÌ ¸É·Ê±ÉÊ· ³ £´¨É´μ£μ ¶μÉμ±  ¢ „Š, μ¸´μ¢ ´´ÒÌ ´ 
¨§³¥·¥´¨¨ § ¢¨¸¨³μ¸É¨ ±·¨É¨Î¥¸±μ£μ Éμ±  μÉ ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö (¸³.,
´ ¶·¨³¥·, · ¡μÉÒ [2, 18Ä21]).

�É³¥É¨³, ÎÉμ ¸É·μ£μ³Ê ³ É¥³ É¨Î¥¸±μ³Ê μ¡μ¸´μ¢ ´¨Õ ¸¢¥¤¥´¨Ö § ¤ Î¨
Ê¸Éμ°Î¨¢μ¸É¨ ·¥Ï¥´¨° ´¥²¨´¥°´ÒÌ μ¶¥· Éμ·´ÒÌ Ê· ¢´¥´¨° ± ¨¸¸²¥¤μ¢ ´¨Õ
§ ¤ Î¨ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ²¨´¥°´μ£μ μ¶¥· Éμ·  ¶μ¸¢ÖÐ¥´ ·Ö¤ · -
¡μÉ (¸³., ´ ¶·¨³¥·, μ¡§μ· [15],   É ±¦¥ ¸¡μ·´¨± [16] ¨ Í¨É¨·μ¢ ´´ÊÕ É ³
²¨É¥· ÉÊ·Ê).

3. ‚›—ˆ‘‹…�ˆ… Š�ˆ’ˆ—…‘Šˆ• ’�—…Š

„²Ö Ö¸´μ¸É¨ ¶·¨ ¤ ²Ó´¥°Ï¥³ ¨§²μ¦¥´¨¨ ´¥μ¡Ìμ¤¨³μ ±· É±μ μ¸É ´μ¢¨ÉÓ¸Ö
´  ´¥±μÉμ·ÒÌ μ¸´μ¢´ÒÌ É¨¶ Ì ¸É É¨Î¥¸±¨Ì ·¥Ï¥´¨° ¢ „Š.
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	·¨ ´Ê²¥¢μ³ ¢´¥Ï´¥³ ¶μ²¥ he ¨ ´Ê²¥¢μ³ Éμ±¥ γ ±· ¥¢ Ö § ¤ Î  (1.3)
¨³¥¥É ´ ¡μ· ³¥°¸¸´¥·μ¢¸±¨Ì (É·¨¢¨ ²Ó´ÒÌ, ¢ ±ÊÊ³´ÒÌ) ·¥Ï¥´¨° ¢¨¤  ϕ(x) =
kπ, £¤¥ k = 0,±1,±2, . . . ‚ Î ¸É´μ¸É¨, ·¥Ï¥´¨¥ ϕ(x) = 0 Ê¸Éμ°Î¨¢μ¥ (¶μ-
É¥´Í¨ ² ‡˜É‹ q(x) = 1),   ϕ(x) = π Å ´¥Ê¸Éμ°Î¨¢μ¥ ¸ q(x) = −1. „ ²¥¥
Ê¸Éμ°Î¨¢Ò¥ ³¥°¸¸´¥·μ¢¸±¨¥ ·¥Ï¥´¨Ö μ¡μ§´ Î ¥³ ±μ·μÉ±μ Î¥·¥§ M .

� ¨¡μ²¥¥ ¨´É¥·¥¸´Ò° ± ± ¸ É¥μ·¥É¨Î¥¸±μ°, É ± ¨ ¸ ¶· ±É¨Î¥¸±μ° ÉμÎ±¨
§·¥´¨Ö ±² ¸¸ ·¥Ï¥´¨° (1.3) Ë¨§¨Î¥¸±¨ ¸μμÉ¢¥É¸É¢Ê¥É ¢¨Ì·¥¢Ò³ · ¸¶·¥¤¥²¥-
´¨Ö³ ³ £´¨É´μ£μ ¶μÉμ±  ¢ ±μ´É ±É¥. 	·μ¸É¥°Ï¨³ ¸·¥¤¨ ¢¨Ì·¥¢ÒÌ Ö¢²Ö¥É¸Ö
(μ¤´μ) Ë²Õ±¸μ´´μ¥/ ´É¨Ë²Õ±¸μ´´μ¥ ·¥Ï¥´¨¥ (´¨¦¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¸μ±· Ð¥´-
´Ò¥ μ¡μ§´ Î¥´¨Ö Φ ≡ Φ1 ¨ Φ−1). ‚ ®¡¥¸±μ´¥Î´μ³¯ ±μ´É ±É¥ (´  ¢¸¥° μ¸¨ x)
¶·¨ he = 0 ¨ γ = 0 Ë²Õ±¸μ´´Ò¥/ ´É¨Ë²Õ±¸μ´´Ò¥ ·¥Ï¥´¨Ö (Φ±1

∞ ) Ê· ¢´¥´¨Ö
(1.3a) μ¶¨¸Ò¢ ÕÉ¸Ö ¨§¢¥¸É´Ò³¨  ´ ²¨É¨Î¥¸±¨³¨ ¢Ò· ¦¥´¨Ö³¨

ϕ(x) = 4 arctan exp (±x) + 2kπ. (3.1)

“¸Éμ°Î¨¢μ¸ÉÓ μ¤´μË²Õ±¸μ´´ÒÌ ·¥Ï¥´¨° ¢¨¤  (3.1) ¨§ÊÎ ² ¸Ó ¢ · ¡μÉ Ì [9,
7], £¤¥ ¶μ± § ´μ, ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ‘‡ λ0 = 0, É. ¥. · ¸¶·¥¤¥²¥´¨Ö (3.1)
Ö¢²ÖÕÉ¸Ö ±¢ §¨Ê¸Éμ°Î¨¢Ò³¨.

� §Ê³¥¥É¸Ö, ¢ ±μ´É ±É Ì ±μ´¥Î´μ° ¤²¨´Ò μ¡Ñ¥±ÉÒ,  ´ ²μ£¨Î´Ò¥ (3.1), ´¥
Ö¢²ÖÕÉ¸Ö Ë²Õ±¸μ´ ³¨ ¢ ¸É·μ£μ³ ¸³Ò¸²¥ ¸²μ¢ , ´μ ·Ö¤ ¨Ì μ¸μ¡¥´´μ¸É¥°, ¢
Î ¸É´μ¸É¨ ±μ´¥Î´Ò¥ Ô´¥·£¨Ö ¨ · §³¥·Ò (¸³. ´¨¦¥), μ¡Ê¸² ¢²¨¢ ÕÉ Í¥²¥¸μ-
μ¡· §´μ¸ÉÓ ¨ Ê¤μ¡¸É¢μ ¨¸¶μ²Ó§μ¢ ´¨Ö É ±μ° É¥·³¨´μ²μ£¨¨.

	·¨ he �= 0 ¢ „Š ±μ´¥Î´μ° ¤²¨´Ò l ¸ÊÐ¥¸É¢ÊÕÉ Ê¸Éμ°Î¨¢Ò¥ ³´μ£μË²Õ±-
¸μ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ ¶μÉμ± . Šμ´±·¥É´Ò¥ ¶·¨³¥·Ò ³´μ£μË²Õ±-
¸μ´´ÒÌ Ê¸Éμ°Î¨¢ÒÌ ¢¨Ì·¥° ¢¨¤  Φn, n = 1, 2, 3, 4, ¶·¨ Éμ±¥ γ = 0 ¤ ´Ò ´ 
·¨¸. 3 ¨ 4. ’ ±¨¥ ¢¨Ì·¥¢Ò¥ Í¥¶μÎ±¨ ³μ£ÊÉ ¡ÒÉÓ ²¨¡μ ®Î¨¸ÉÒ³¨¯, É. ¥. ¸μ¸Éμ-

�¨¸. 3. � ¸¶·¥¤¥²¥´¨Ö ϕx(x) ¶·¨ he =
1,8

�¨¸. 4. � ¸¶·¥¤¥²¥´¨Ö ϕx(x) ¶·¨ he =
3,6

ÖÉÓ ¨§ ¢¨Ì·¥° μ¤¨´ ±μ¢μ° ¸É·Ê±ÉÊ·Ò (Ë²Õ±¸μ´μ¢ ¨²¨  ´É¨Ë²Õ±¸μ´μ¢), ²¨¡μ
Ö¢²ÖÉÓ¸Ö ®¸³¥Ï ´´Ò³¨¯ Å ¢ Í¥¶μÎ±¥ Ë²Õ±¸μ´Ò ¨  ´É¨Ë²Õ±¸μ´Ò Î¥·¥¤ÊÕÉ¸Ö
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´¥±μÉμ·Ò³ μ¶·¥¤¥²¥´´Ò³ μ¡· §μ³. �¨¦¥ ¤²Ö Î¨¸ÉÒÌ ¢¨Ì·¥¢ÒÌ ¸É·Ê±ÉÊ· ¨¸-
¶μ²Ó§Ê¥É¸Ö μ¡μ§´ Î¥´¨¥ ¢¨¤  Φn, £¤¥ Í¥²μ¥ n ¥¸ÉÓ §´ Î¥´¨¥ ¶·¨ γ = 0 ¨ σ = 0
ËÊ´±Í¨μ´ ²  [8]

N [ϕ] =
1
πl

l∫
0

ϕ(x, p) dx, (3.2)

μ¶·¥¤¥²¥´´μ£μ ´  ³´μ¦¥¸É¢¥ ·¥Ï¥´¨° ϕ(x) § ¤ Î¨ (1.3) ¤²Ö ²Õ¡μ£μ ¤μ¶Ê-
¸É¨³μ£μ he. �¡μ§´ Î¥´¨Ö ¤²Ö ¸³¥Ï ´´ÒÌ ¢¨Ì·¥° μ¶·¥¤¥²ÖÕÉ¸Ö Î¥·¥¤μ¢ -
´¨¥³ Ë²Õ±¸μ´μ¢ ¨  ´É¨Ë²Õ±¸μ´μ¢ ¢ Í¥¶μÎ±¥, ´ ¶·¨³¥·, Φ1Φ−1 ¥¸ÉÓ ¶ · 
Ë²Õ±¸μ´Ä ´É¨Ë²Õ±¸μ´.

Ÿ¸´μ, ÎÉμ ¢¥²¨Î¨´  N [ϕ] ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Ê¸·¥¤´¥´´Ò° ¶μ ¤²¨´¥ ±μ´-
É ±É  ¡¥§· §³¥·´Ò° ³ £´¨É´Ò° ¶μÉμ± (³´μ¦¨É¥²Ó 1/π ¨¸¶μ²Ó§Ê¥É¸Ö ¤²Ö Ê¤μ¡-
¸É¢ ). ‹¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ¢ · §³¥·´ÒÌ ¶¥·¥³¥´´ÒÌ ¸·¥¤´¨° ¶μ ¤²¨´¥ ±μ´-
É ±É  ³ £´¨É´Ò° ¶μÉμ± ¶·μ¶μ·Í¨μ´ ²¥´ Í¥²μ³Ê Î¨¸²Ê ±¢ ´Éμ¢ ³ £´¨É´μ£μ
¶μÉμ± . �Éμ ¶μ§¢μ²Ö¥É ¨´É¥·¶·¥É¨·μ¢ ÉÓ ËÊ´±Í¨μ´ ² (3.2) ± ± Î¨¸²μ Ë²Õ±-
¸μ´μ¢ (¢¨Ì·¥°), ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì · §´Ò³ · ¸¶·¥¤¥²¥´¨Ö³ ϕ(x). ‚ „Š Ô±¸¶μ-
´¥´Í¨ ²Ó´μ ¨§³¥´ÖÕÐ¥°¸Ö Ëμ·³Ò ¨§-§  ´ ²¨Î¨Ö £¥μ³¥É·¨Î¥¸±μ£μ Éμ±  ËÊ´±-
Í¨μ´ ² N [ϕ] ¶·¨ γ = 0 ¶·¨´¨³ ¥É Í¥²μÎ¨¸²¥´´Ò¥ §´ Î¥´¨Ö Éμ²Ó±μ ¢ ´¥±μ-
Éμ·ÒÌ ¨§μ²¨·μ¢ ´´ÒÌ ÉμÎ± Ì ´  μ¸¨ he (¸³. ´¨¦¥). ‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¢
É ¡²¨Í¥ ¶·¨¢¥¤¥´Ò §´ Î¥´¨Ö ¢¥²¨Î¨´ N ¨ Δϕ ¤²Ö ·¥Ï¥´¨°, ¶·¥¤¸É ¢²¥´´ÒÌ
´  ·¨¸. 3 ¨ 4.

N Δϕ
M 0,04 0,71
Φ1 1,05 1,56
Φ2 1,89 2,24
Φ3 3,1 3,75
Φ4 3,88 4,21

’ ± ± ± ²Õ¡μ¥ ·¥Ï¥´¨¥ ϕ(x) § ¤ Î¨ (1.3) μ¶·¥¤¥²¥´μ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ
2kπ, Éμ ¨ §´ Î¥´¨¥ N [ϕ] μ¶·¥¤¥²¥´μ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ 2k. 	·μ¨§¢μ² ¢ ¢Ò¡μ·¥
Í¥²μ£μ k ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ¸μ£² ¸μ¢ ´¨Ö Î¨¸²  n ¸ ¢¥²¨Î¨´μ° ¨ §´ ±μ³
(´ ¶· ¢²¥´¨¥³ ³ £´¨É´μ£μ ¶μ²Ö) ¶μ²´μ£μ ³ £´¨É´μ£μ ¶μÉμ±  · ¸¶·¥¤¥²¥´¨Ö

Δϕ =

l∫

0

ϕx dx = ϕ(l) − ϕ(0). (3.3)

‚ Î ¸É´μ¸É¨, ¢Ò¡¨· Ö ¤²Ö Ë²Õ±¸μ´´μ£μ ·¥Ï¥´¨Ö Φ1
∞ ¢¨¤  (3.1) k = 0,  

¤²Ö  ´É¨Ë²Õ±¸μ´´μ£μ Φ−1
∞ ¸μμÉ¢¥É¸É¢¥´´μ k = −1, ²¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ

N
[
Φ±1

∞
]

= ±1.
�  ·¥Ï¥´¨ÖÌ φ(t, x) ´¥¸É Í¨μ´ ·´μ° § ¤ Î¨ (1.1) ËÊ´±Í¨μ´ ² (3.2) § ¢¨-

¸¨É ´¥ Éμ²Ó±μ μÉ ¶ · ³¥É·μ¢ p, ´μ ¨ μÉ ¢·¥³¥´¨ t. 	·¨ ÔÉμ³ ËÊ´±Í¨Ö N(t)

8



¨ ¸·¥¤´¥¥ ³£´μ¢¥´´μ¥ ´ ¶·Ö¦¥´¨¥ v̄(t) ¢ ³μ³¥´É ¢·¥³¥´¨ t Ê¤μ¢²¥É¢μ·ÖÕÉ ¢
¸μμÉ¢¥É¸É¢¨¨ ¸ (1.2) μÎ¥¢¨¤´μ³Ê · ¢¥´¸É¢Ê v̄(t) = π Nt[φ](t). 	·¥¤¶μ²μ¦¨³
É¥¶¥·Ó, ÎÉμ φ(0, x) = ϕ(x) Å Ê¸Éμ°Î¨¢μ¥ ¸É É¨Î¥¸±μ¥ · ¸¶·¥¤¥²¥´¨¥ ¸ ´ ¨-
¡μ²ÓÏ¨³ ±·¨É¨Î¥¸±¨³ Éμ±μ³ ¢ § ¤ ´´μ³ ¶μ²¥ he. ’μ£¤  ¶·¨ γ � γcr ¸·¥¤´¥¥
´ ¶·Ö¦¥´¨¥ ´  ±μ´É ±É¥ 〈v̄(t)〉 §  ´¥±μÉμ·Ò° ¨´É¥·¢ ² ¢·¥³¥´¨ T ¥¸ÉÓ

〈v̄(t)〉 =
1
T

T∫

0

v̄(t) dt =
π

T
[N(T ) − N(0)] .

	μ¸²¥¤´¥¥ ¸μμÉ´μÏ¥´¨¥ ¨³¥¥É ´ £²Ö¤´ÊÕ Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ Å ¸·¥¤-
´¥¥ ´ ¶·Ö¦¥´¨¥ ´  ±μ´É ±É¥ §  ¨´É¥·¢ ² ¢·¥³¥´¨ T μ¶·¥¤¥²Ö¥É¸Ö ¨§³¥´¥´¨¥³
¸·¥¤´¥£μ ³ £´¨É´μ£μ ¶μÉμ± , ¶·μÌμ¤ÖÐ¥£μ Î¥·¥§ ±μ´É ±É §  ÔÉμÉ ¶¥·¨μ¤.

3.1. ‚ÒÎ¨¸²¥´¨¥ ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ¶μ ¶μ²Õ he. � ²¨Î¨¥ ÉμÎ¥± ¡¨ËÊ·-
± Í¨¨ ³ £´¨É´μ£μ ¶μÉμ±  ¢ „Š ¶·¨ ¨§³¥´¥´¨¨ ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö he

Ìμ·μÏμ § ³¥É´μ ´  £· Ë¨±¥ § ¢¨¸¨³μ¸É¨ ³¨´¨³ ²Ó´μ£μ ‘‡ μÉ ¢´¥Ï´¥£μ ¶μ²Ö
λ0(he), ¶·¥¤¸É ¢²¥´´μ³ ¶·¨ l = 7, σ = 0.07 ¨ γ = 0 ´  ·¨¸. 5. Š·¨¢Ò¥,

�¨¸. 5. ‡ ¢¨¸¨³μ¸ÉÓ λ0 μÉ ¶μ²Ö he

²¥¦ Ð¨¥ ¢ ¢¥·Ì´¥° ¶μ²Ê¶²μ¸±μ¸É¨ λ0 > 0, ¸μμÉ¢¥É¸É¢ÊÕÉ Ê¸Éμ°Î¨¢Ò³ · ¸-
¶·¥¤¥²¥´¨Ö³ ³¥°¸¸´¥·μ¢¸±μ£μ M ¨ ¢¨Ì·¥¢Ò³ · ¸¶·¥¤¥²¥´¨Ö³ Φn. Š·¨¢Ò¥
¢ ´¨¦´¥° ¶μ²Ê¶²μ¸±μ¸É¨ λ0 < 0 (μÉ³¥Î¥´´Ò¥ ¶Ê´±É¨·μ³) μÉ¢¥Î ÕÉ ¢Ò¸μ-
±μÔ´¥·£¥É¨Î¥¸±¨³ ´¥Ê¸Éμ°Î¨¢Ò³ · ¸¶·¥¤¥²¥´¨Ö³, ¤²Ö ±μÉμ·ÒÌ ¢ · §²μ¦¥´¨¨
(2.1) ¨³¥¥É¸Ö ÌμÉÖ ¡Ò μ¤´  ¡Ò¸É·μ· ¸ÉÊÐ Ö £ ·³μ´¨± . ‘·¥¤¨ ´¥Ê¸Éμ°Î¨¢ÒÌ
μÉ³¥É¨³ ´¥Ê¸Éμ°Î¨¢μ¥ ³¥°¸¸´¥·μ¢¸±μ¥ · ¸¶·¥¤¥²¥´¨¥ M̄ , ±·¨¢ Ö λ0(he) ±μ-
Éμ·μ£μ · ¸¶μ²μ¦¥´  ´¨¦¥ �Š ¢¸¥Ì μ¸É ²Ó´ÒÌ · ¸¶·¥¤¥²¥´¨°. �É³¥É¨³, ÎÉμ ¢
μÉ²¨Î¨¥ μÉ „Š ¸ ·¥§¨¸É¨¢´μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ ¢ μ±·¥¸É´μ¸É¨ Í¥´É·  x = l/2
[8] ¢¸¥ ¸³¥Ï ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¢ „Š ¸ Ô±¸¶μ´¥´Í¨ ²Ó´μ ¨§³¥´ÖÕÐ¥°¸Ö
Ï¨·¨´μ°, ´ ¶·¨³¥·, É ±¨¥ ± ± ΦnΦm, |n|, |m| � 1, nm < 0, ´¥Ê¸Éμ°Î¨¢Ò.

’μÎ±¨ ¶¥·¥¸¥Î¥´¨Ö  ¡¸Í¨¸¸Ò λ0 = 0 Ö¢²ÖÕÉ¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ (2.5)
ÉμÎ± ³¨ ¡¨ËÊ·± Í¨¨ ·¥Ï¥´¨° § ¤ Î¨ (1.3). ’ ±¨¥ ¡¨ËÊ·± Í¨¨ ¥¸É¥¸É¢¥´´μ
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´ §Ò¢ ÉÓ ¡¨ËÊ·± Í¨Ö³¨ ¶¥·¢μ£μ ¶μ·Ö¤±  Å ¢ · §²μ¦¥´¨¨ (2.1) ¨³¥¥É¸Ö ¥¤¨´-
¸É¢¥´´ Ö ¡Ò¸É·μ· ¸ÉÊÐ Ö ³μ¤ . —¨¸²¥´´Ò° Ô±¸¶¥·¨³¥´É ¶μ± §Ò¢ ¥É, ÎÉμ ¶·¨
É ±μ° ´¥¡μ²ÓÏμ° ¤²¨´¥ ±·¨¢ Ö λ0(he), μÉ¢¥Î ÕÐ Ö ´¥±μÉμ·μ³Ê ·¥Ï¥´¨Õ
ϕ(x) § ¤ Î¨ (1.3) ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ Éμ±¥ γ, ¨³¥¥É ·μ¢´μ ¤¢  ´Ê²Ö. ‘μμÉ¢¥É-
¸É¢ÊÕÐ¨¥ §´ Î¥´¨Ö he ´ §Ò¢ ÕÉ¸Ö ´¨¦´¨³ ¨ ¢¥·Ì´¨³ £· ´¨Î´Ò³¨ ¶μ²Ö³¨
· ¸¶·¥¤¥²¥´¨Ö,   μÉ·¥§μ± ³¥¦¤Ê ´¨³¨ Å ¨´É¥·¢ ²μ³ Ê¸Éμ°Î¨¢μ¸É¨ (¸ÊÐ¥-
¸É¢μ¢ ´¨Ö) · ¸¶·¥¤¥²¥´¨Ö ¶μ he.

�  ·¨¸. 6 ¶μ± § ´Ò § ¢¨¸¨³μ¸É¨ ¸²¥¤ÊÕÐ¥£μ (¸ ´μ³¥·μ³ 1) ‘‡ § ¤ Î¨
(2.2) μÉ ³ £´¨É´μ£μ ¶μ²Ö he ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ Éμ±¥ γ. �Ê²Ö³ ±·¨¢ÒÌ

�¨¸. 6. ‡ ¢¨¸¨³μ¸ÉÓ λ1 μÉ ¶μ²Ö he

¸μμÉ¢¥É¸É¢ÊÕÉ ¤¢¥ · ¸ÉÊÐ¨¥ ¢μ ¢·¥³¥´¨ ³μ¤Ò ¢ · §²μ¦¥´¨¨ (2.1), É. ¥. μ´¨
Ö¢²ÖÕÉ¸Ö ÉμÎ± ³¨ ¡¨ËÊ·± Í¨¨ ®¢Éμ·μ£μ ¶μ·Ö¤± ¯, ¶·¨ ±μÉμ·ÒÌ ¶·μ¨¸Ìμ¤¨É
¶¥·¥Ìμ¤ ´¥±μÉμ·μ£μ ´¥Ê¸Éμ°Î¨¢μ£μ ·¥Ï¥´¨Ö (1.3) ¢ ¤·Ê£μ¥ ´¥Ê¸Éμ°Î¨¢μ¥ ·¥-
Ï¥´¨¥ Éμ° ¦¥ § ¤ Î¨. ˆ§-§  ³ ²μ£μ ®¢·¥³¥´¨ ¦¨§´¨¯ [7] É ±¨¥ · ¸¶·¥¤¥²¥´¨Ö
¤μ¸É ÉμÎ´μ É·Ê¤´μ ´ ¡²Õ¤ ÉÓ ¢ Ë¨§¨Î¥¸±μ³ Ô±¸¶¥·¨³¥´É¥.

�  ·¨¸. 7 ¤¥³μ´¸É·¨·Ê¥É¸Ö ±·¨¢ Ö § ¢¨¸¨³μ¸É¨ ³¨´¨³ ²Ó´μ£μ ‘‡ ‡˜É‹
μÉ ¢´¥Ï´¥£μ Éμ±  γ ¤²Ö μ¸´μ¢´μ£μ Ë²Õ±¸μ´  ¢ ¸²ÊÎ ÖÌ ¶·Ö³μÊ£μ²Ó´μ£μ „Š
(σ = 0) ¨ ±μ´É ±É  ¶¥·¥³¥´´μ° Ï¨·¨´Ò (σ = 0,07). Š ± ¨ ¢ ¸²ÊÎ ¥ § ¢¨-
¸¨³μ¸É¨ λ0(he), ±·¨¢Ò¥ λ0(γ) ¶¥·¥¸¥± ÕÉ  ¡¸Í¨¸¸Ê λ0 = 0 ¢ ¤¢ÊÌ ÉμÎ± Ì
¡¨ËÊ·± Í¨¨, μ¶·¥¤¥²ÖÕÐ¨Ì μ¡² ¸ÉÓ ¸ÊÐ¥¸É¢μ¢ ´¨Ö Ë²Õ±¸μ´  Φ1 ¶μ Éμ±Ê.

�É³¥É¨³, ÎÉμ ¶·¨ σ > 0 Ìμ·μÏμ § ³¥É´μ ¸³¥Ð¥´¨¥ ±·¨¢μ° λ0(γ) ´ -
¶· ¢μ ¢ ·¥§Ê²ÓÉ É¥ ¤¥°¸É¢¨Ö ®£¥μ³¥É·¨Î¥¸±μ£μ¯ Éμ±  σ(ϕx − he). 	·¨ ¶μ¤Ìμ-
¤ÖÐ¨Ì §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ § ¤ Î¨ ¨, ¢ Î ¸É´μ¸É¨, ¶μ²Ö he É ±μ¥ ¸³¥Ð¥´¨¥
¶·¨¢μ¤¨É ± ¢¥¸Ó³  ´¥μ¡ÒÎ´μ³Ê ÔËË¥±ÉÊ Å ¤²Ö Ê¸Éμ°Î¨¢μ¸É¨ Φ1 ´¥μ¡Ìμ¤¨³
¢´¥Ï´¨° Éμ± (Éμ± ·μ¦¤¥´¨Ö Ê¸Éμ°Î¨¢μ£μ Ë²Õ±¸μ´  Φ1), ±μÉμ·Ò° ´¥μ¡Ìμ¤¨³
¤²Ö Ê· ¢´μ¢¥Ï¨¢ ´¨Ö ¤¥¸É·Ê±É¨¢´μ£μ ¤¥°¸É¢¨Ö £¥μ³¥É·¨Î¥¸±μ£μ Éμ± .

	μ²´ Ö ± ·É¨´  § ¢¨¸¨³μ¸É¥° ¢¨¤  λ0(γ) ¤²Ö l = 7, σ = 0,07 ¨ he = 0,8
¤²Ö „Š ¸ ¶¥·¥±·ÒÉ¨¥³ ¤¥³μ´¸É·¨·Ê¥É¸Ö ´  ·¨¸. 8. �É³¥É¨³, ÎÉμ § ¢¨¸¨³μ¸É¨
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�¨¸. 7. ‡ ¢¨¸¨³μ¸ÉÓ λ0(γ) ¤²Ö μ¸´μ¢´μ£μ Ë²Õ±¸μ´  Φ1 ¶·¨ σ = 0 ¨ σ = 0,07

�¨¸. 8. ‡ ¢¨¸¨³μ¸ÉÓ λ0(γ) ¶·¨ he = 0,8 ¨ σ = 0,07

λ0(γ) μ¡Ñ¥¤¨´ÖÕÉ¸Ö ¢ ¤¢¥ § ³±´ÊÉÒ¥ ±·¨¢Ò¥, ¸μ¤¥·¦ Ð¨¥ ¸μμÉ¢¥É¸É¢¥´´μ
Ê¸Éμ°Î¨¢μ¥ (M ) ¨ ´¥Ê¸Éμ°Î¨¢μ¥ (M̄ ) · ¸¶·¥¤¥²¥´¨Ö.

�²£μ·¨É³¨Î¥¸±¨ ¶·μ¸É¥°Ï¨° ¸¶μ¸μ¡ ¶·¨¡²¨¦¥´´μ£μ ¢ÒÎ¨¸²¥´¨Ö £· ´¨Î-
´ÒÌ ¶μ²¥° (Éμ±μ¢) ¤²Ö · §´ÒÌ ·¥Ï¥´¨° (1.3) ³μ¦¥É ¡ÒÉÓ μ¸´μ¢ ´ ´  ¢ ·Ó¨-
·μ¢ ´¨¨ ¢¥²¨Î¨´Ò he (¸μμÉ¢¥É¸É¢¥´´μ γ). 	Ê¸ÉÓ, ¤²Ö μ¶·¥¤¥²¥´´μ¸É¨, ·¥-
Ï¥´¨Õ ϕ(x, h0) ±· ¥¢μ° § ¤ Î¨ (1.3) ¶·¨ ´¥±μÉμ·μ³ h0 ¸μμÉ¢¥É¸É¢Ê¥É ³¨´¨-
³ ²Ó´μ¥ ‘‡ λ0(h0) > 0 § ¤ Î¨ (2.2). 	μ¸É·μ¨³ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ {hm, m =
1, . . . , hm = hm−1 + Δhm}, ¢Ò¡¨· Ö Ï £¨ ¶μ ¶μ²Õ Δhm É ±¨³ μ¡· §μ³,
ÎÉμ¡Ò λmin(hm−1) > λmin(hm) � 0. „²Ö ± ¦¤μ£μ ´μ¢μ£μ §´ Î¥´¨Ö ¶ · ³¥-
É·  hm ·¥Ï ÕÉ¸Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ ±· ¥¢ Ö § ¤ Î  (1.3) ¨ ¶μ·μ¦¤¥´´ Ö ‡˜É‹
(2.2). 	·¨ ÔÉμ³ ¨§¢¥¸É´μ¥ ¤²Ö ´¥±μÉμ·μ£μ hm−1 ·¥Ï¥´¨¥ ¸²¥¤Ê¥É ¨¸¶μ²Ó§μ-
¢ ÉÓ ¢ ± Î¥¸É¢¥ ´ Î ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö ¶·¨ ·¥Ï¥´¨¨ § ¤ Î¨ ¸μ ¸²¥¤ÊÕÐ¨³
§´ Î¥´¨¥³ hm. 	¥·¥¡μ· §´ Î¥´¨° he ¶·¥±· Ð ¥É¸Ö, ¥¸²¨ ¤²Ö ´¥±μÉμ·ÒÌ m ¨
0 < ε � 1 ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥ |λmin(hm)| < ε.

“± § ´´Ò° ¶μ¤Ìμ¤ ¨³¥¥É ¸ÊÐ¥¸É¢¥´´Ò¥ ´¥¤μ¸É É±¨. ‘ μ¤´μ° ¸Éμ·μ´Ò,
μ´ ¸¢Ö§ ´ ¸ ¡μ²ÓÏ¨³ ±μ²¨Î¥¸É¢μ³ ¢ÒÎ¨¸²¥´¨°, ÎÉμ ³μ¦¥É ¢ ·Ö¤¥ ¸²ÊÎ ¥¢
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μ± § ÉÓ¸Ö § É·Ê¤´¨É¥²Ó´Ò³, ´ ¶·¨³¥·, ¸ ÉμÎ±¨ §·¥´¨Ö ¢·¥³¥´¨ ¶·μ¢¥¤¥´¨Ö
Î¨¸²¥´´μ£μ Ô±¸¶¥·¨³¥´É . Š·μ³¥ Éμ£μ, ¢ μ±·¥¸É´μ¸É¨ ÉμÎ±¨ ¡¨ËÊ·± Í¨¨ É -
±μ°  ²£μ·¨É³ ¶¥·¥¡μ·  μÎ¥¢¨¤´μ ´¥ÔËË¥±É¨¢¥´. ‘¨ÉÊ Í¨Õ Î ¸É¨Î´μ ³μ¦´μ
¨¸¶· ¢¨ÉÓ, ¶·¨³¥´ÖÖ  ²£μ·¨É³Ò ¶·μ¤μ²¦¥´¨Ö ¶μ ¶ · ³¥É·Ê,  ´ ²μ£¨Î´Ò¥ ¨§-
²μ¦¥´´Ò³, ´ ¶·¨³¥·, ¢ · ¡μÉ Ì.

„²Ö ¢ÒÎ¨¸²¥´¨Ö ÉμÎ¥± ¡¨ËÊ·± Í¨¨ ·¥Ï¥´¨° ±· ¥¢μ° § ¤ Î¨ (1.3) ¢ ´ -
¸ÉμÖÐ¥° · ¡μÉ¥ ¶·¨³¥´Ö¥É¸Ö  ²£μ·¨É³ [8], ¡ §¨·ÊÕÐ¨°¸Ö ´  μ¡μ¡Ð¥´´μ³
´¥¶·¥·Ò¢´μ³  ´ ²μ£¥ ³¥Éμ¤  �ÓÕÉμ´  (��Œ�) [23]. �Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ
§ ¤ Î¨ (1.3), (2.2) ¨ (2.4) ± ± ¥¤¨´ÊÕ ´¥²¨´¥°´ÊÕ ¸¨¸É¥³Ê ¤²Ö ¤¢ÊÌ ËÊ´±Í¨°
ϕ(x, p), ψ(x, p) ¨ μ¤´μ£μ ¨§ ¶ · ³¥É·μ¢, ´ ¶·¨³¥· he. 	·¨ ÔÉμ³ ³¨´¨³ ²Ó-
´μ¥ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ ²¨´¥°´μ° § ¤ Î¨ (2.2) ¸Î¨É ¥É¸Ö Ë¨±¸¨·μ¢ ´´Ò³
(¢ Î ¸É´μ¸É¨, · ¢´Ò³ ´Ê²Õ). ’¥³ ¸ ³Ò³ § ¤ Î  ¢ÒÎ¨¸²¥´¨Ö £· ´¨Î´ÒÌ ³ £-
´¨É´ÒÌ ¶μ²¥° (Éμ±μ¢ ¨ É. ¤.) ¸¢μ¤¨É¸Ö ± ´¥²¨´¥°´μ° ¸¶¥±É· ²Ó´μ° § ¤ Î¥, ¢
±μÉμ·μ° £· ´¨Î´Ò¥ ¶μ²Ö (Éμ±¨ ¨ É. ¤.) Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨.

„ ²¥¥ ¢ ´ ¸ÉμÖÐ¥³ ¶ · £· Ë¥ μ£· ´¨Î¨³¸Ö · ¸¸³μÉ·¥´¨¥³ ¸²ÊÎ Ö „Š ¸
¶¥·¥±·ÒÉ¨¥³. “¤μ¡´μ ¶¥·¥¶¨¸ ÉÓ ¸¨¸É¥³Ê (1.3), (2.2) ¨ (2.3) ¥¤¨´μμ¡· §´μ ¢
¢¨¤¥ ´¥²¨´¥°´μ£μ ËÊ´±Í¨μ´ ²Ó´μ£μ Ê· ¢´¥´¨Ö

f (ϕ, ψ, he) = 0, (3.4)

£¤¥ ®¢¥±Éμ·¯

f (ϕ, ψ, he) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−ϕxx + σ (ϕx − he) + sinϕ − γ,
ϕx(0) − he,
ϕx(l) − he,

−ψxx + σ ψx + [cosϕ − λ] ψ,
ψx(0),
ψx(l),

l∫

0

ψ2(x) dx − 1.

	·¥¤¶μ²μ¦¨³, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ¨§μ²¨·μ¢ ´´μ¥ ·¥Ï¥´¨¥ (ϕ∗, ψ∗, h∗
e) ¸¨¸É¥³Ò

(3.4), ¨ ¶Ê¸ÉÓ (ϕ0, ψ0, h0) ¥¸ÉÓ ¢Ò¡· ´´μ¥ ´ Î ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥. 	·¥¤¶μ²μ-
¦¨³ É ±¦¥, ÎÉμ ¶¥·¥Ìμ¤ (ϕ0, ψ0, h0) → (ϕ∗, ψ∗, h∗

e) ³μ¦´μ ¶ · ³¥É·¨§μ¢ ÉÓ
¶·¨ ¶μ³μÐ¨ ´¥¶·¥·Ò¢´μ£μ ¶ · ³¥É·  θ. ’μ£¤  Ê· ¢´¥´¨¥ ƒ ¢Ê·¨´  § ¶¨¸Ò-
¢ ¥É¸Ö ¢ ¢¨¤¥

f ′
ϕ(ϕ, ψ, he)Φ + f ′

ψ(ϕ, ψ, he)Ψ + f ′
he

(ϕ, ψ, he)H = −f(ϕ, ψ, he), (3.5a)

ϕ̇ − Φ = 0, ψ̇ − Ψ = 0, ḣB − H = 0. (3.5¡)

‡¤¥¸Ó ÏÉ·¨Ìμ³ μ¡μ§´ Î¥´Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶·μ¨§¢μ¤´Ò¥ ”·¥Ï¥ [24],   ÉμÎ-
±μ° ¸¢¥·ÌÊ μ¡μ§´ Î¥´μ ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¶μ ¶ · ³¥É·Ê θ.
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�¥Ï¥´¨¥ (3.5) ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ §´ Î¥´¨¨ ¶¥·¥³¥´´μ° θ Í¥²¥¸μμ¡· §´μ
¨¸± ÉÓ ¢ ¢¨¤¥ ¸Ê³³Ò

Φ = u + Hv, Ψ = ρ + Hχ, (3.6)

£¤¥ u(x, θ), v(x, θ), ρ(x, θ) ¨ χ(x, θ) Å ´μ¢Ò¥ ´¥¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨. 	μ¤-
¸É ¢²ÖÖ · §²μ¦¥´¨¥ (3.6) ¢ ¶¥·¢Ò¥ 6 Ê· ¢´¥´¨° ¸¨¸É¥³Ò (3.5) (Ê· ¢´¥´¨Ö
ƒ ¢Ê·¨´  ¤²Ö (1.3) ¨ (2.2)), ¶μ²ÊÎ ¥³

−uxx + σux + cosϕu = ϕxx − σϕx − sinϕ + σhe + γ, (3.7 )

ux(0) = he − ϕx(0), ux(l) = he − ϕx(l), (3.7¡)

−vxx + σvx + cosϕv = σ, (3.7¢)

vx(0) = 1, vx(l) = 1; (3.7£)

−ρxx + σρx + (cosϕ − λ)ρ = ψxx − σψx + (λ − cosϕ)ψ + sin ϕψ u (3.8 )

ρx(0) = ψx(0), ρx(l) = −ψx(l), (3.8¡)

−χxx + σχx + (cosϕ − λ)χ = sin ϕψ v (3.8¢)

χx(0) = 0, χx(l) = 0. (3.8£)

	·¥¤¶μ²μ¦¨³, ÎÉμ ¤²Ö § ¤ ´´ÒÌ ϕ(x), ψ(x) ¨ he ·¥Ï¥´¨¥ ²¨´¥°´ÒÌ
±· ¥¢ÒÌ § ¤ Î (3.7) ¨ (3.8) ´ °¤¥´μ. „²Ö μ¶·¥¤¥²¥´¨Ö ¶·μ¨§¢μ¤´μ° H ¸²¥¤Ê¥É
¨¸¶μ²Ó§μ¢ ÉÓ ¶μ¸²¥¤´¥¥ Ê· ¢´¥´¨¥ ¢ ¸¨¸É¥³¥ (3.5), ¢ÒÉ¥± ÕÐ¥¥ ¨§ Ê¸²μ¢¨Ö
´μ·³¨·μ¢±¨ (2.3). ’μ£¤ 

H =
1
2

⎛
⎝

l∫
0

ψ(x)χ(x) dx

⎞
⎠

−1 ⎛
⎝1 −

l∫
0

ψ2(x) dx − 2

l∫
0

ψ(x)ρ(x) dx

⎞
⎠ . (3.9)

„²Ö Î¨¸²¥´´μ° ·¥ ²¨§ Í¨¨ ��Œ� ´¥μ¡Ìμ¤¨³μ § ³¥´¨ÉÓ ´¥¶·¥·Ò¢´Ò¥
§ ¤ Î¨ ŠμÏ¨ (3.5¡) · §´μ¸É´Ò³¨ § ¤ Î ³¨. „²Ö ÔÉμ° Í¥²¨ Ê¤μ¡´μ ¢μ¸¶μ²Ó-
§μ¢ ÉÓ¸Ö Ö¢´Ò³ ³¥Éμ¤μ³ �°²¥·  ´  ´¥· ¢´μ³¥·´μ° ¸¥É±¥ θk+1 = θk + τk ¶μ
®¢·¥³¥´¨¯ θ ¸ ¶¥·¥³¥´´Ò³ Ï £μ³ τk, k = 0, 1, . . . ‚ ·¥§Ê²ÓÉ É¥ ¶·¨Ìμ¤¨³ ±
¨É¥· Í¨μ´´μ³Ê ¶·μÍ¥¸¸Ê

ϕk+1 = ϕk + τk(uk + Hkvk), (3.10 )

ψk+1 = ψk + τk(ρk + Hkχk), (3.10¡)

hk+1
e = hk

e + τkHk, (3.10¢)
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±μÉμ·Ò° ¶μ§¢μ²Ö¥É ´  ± ¦¤μ° ¨É¥· Í¨¨ k ¶μ ¨§¢¥¸É´Ò³ ϕk(x), ψk(x) ¨ hk
e

¢ÒÎ¨¸²¨ÉÓ ¶·¨ ¶μ³μÐ¨ (3.10) μÎ¥·¥¤´μ¥ ¶·¨¡²¨¦¥´¨¥ ϕk+1(x), ψk+1(x) ¨
hk+1

e ± ÉμÎ´μ³Ê ·¥Ï¥´¨Õ.
�¡² ¸ÉÓ ¸Ìμ¤¨³μ¸É¨ ¨É¥· Í¨μ´´μ£μ ¶·μÍ¥¸¸  ³μ¦´μ · ¸Ï¨·¨ÉÓ ¶ÊÉ¥³

¶μ¤Ìμ¤ÖÐ¥£μ ¢Ò¡μ·  Ï £  ¨´É¥£·¨·μ¢ ´¨Ö τk (¸³. μ¡§μ·Ò [23] ¨ Í¨É¨·μ¢ ´-
´ÊÕ É ³ ²¨É¥· ÉÊ·Ê). ‡´ Î¥´¨¥ τk = 1 ¸μμÉ¢¥É¸É¢Ê¥É ±² ¸¸¨Î¥¸±μ³Ê ³¥Éμ¤Ê
�ÓÕÉμ´ .

‹¨´¥ ·¨§μ¢ ´´Ò¥ ±· ¥¢Ò¥ § ¤ Î¨, ¢μ§´¨± ÕÐ¨¥ ´  ± ¦¤μ° ¨É¥· Í¨¨, ·¥-
Ï ²¨¸Ó Î¨¸²¥´´μ ¶·¨ ¶μ³μÐ¨ ³¥Éμ¤  ¸¶² °´-±μ²²μ± Í¨¨ [22]. �É³¥É¨³, ÎÉμ
¶·¨ λ = 0 Ê· ¢´¥´¨Ö (3.7) ¨ (3.8) μÉ²¨Î ÕÉ¸Ö Éμ²Ó±μ ¶· ¢Ò³¨ Î ¸ÉÖ³¨. �Éμ
μ§´ Î ¥É, ÎÉμ ²¨´¥°´Ò¥  ²£¥¡· ¨Î¥¸±¨¥ ¸¨¸É¥³Ò, ¶μ²ÊÎ¥´´Ò¥ ¢¸²¥¤¸É¢¨¥ ¤¨¸-
±·¥É¨§ Í¨¨, ¨³¥ÕÉ μ¤´Ê ¨ ÉÊ ¦¥ ³ É·¨ÍÊ. ’¥³ ¸ ³Ò³ ´  ± ¦¤μ° ¨É¥· Í¨¨
´¥μ¡Ìμ¤¨³μ ¤¥² ÉÓ Éμ²Ó±μ μ¤´Ê ¤¥±μ³¶μ§¨Í¨Õ ÔÉμ° ³ É·¨ÍÒ. ‚ ¸²ÊÎ ¥ ´¥-
¡μ²ÓÏ¨Ì |λ| �= 0 ¸² £ ¥³Ò¥, ¶·μ¶μ·Í¨μ´ ²Ó´Ò¥ λ, ³μ¦´μ ¶¥·¥¡·μ¸¨ÉÓ ¸¶· ¢ ,
  ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ËÊ´±Í¨¨ ¡· ÉÓ ¸ ¶·¥¤Ò¤ÊÐ¥° ¨É¥· Í¨¨. 	·¨ ÔÉμ³ Î¨¸²μ
¨É¥· Í¨° ¤²Ö ¸Ìμ¤¨³μ¸É¨ ¶·μÍ¥¸¸  Ê¢¥²¨Î¨¢ ¥É¸Ö ´¥§´ Î¨É¥²Ó´μ.

�²£μ·¨É³ ¢ÒÎ¨¸²¥´¨Ö ¡¨ËÊ·± Í¨μ´´ÒÌ §´ Î¥´¨° ¢´¥Ï´¥£μ Éμ±  γ  ´ -
²μ£¨Î¥´ ¨§²μ¦¥´´μ³Ê ¢ÒÏ¥.

�  ·¨¸. 9 ¸· ¢´¨¢ ÕÉ¸Ö ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ ¨ Ë¨§¨Î¥¸±μ£μ Ô±¸¶¥·¨-
³¥´É  ¤²Ö ¶μ²ÊÎ¥´´ÒÌ ŠŠ ®Éμ± Ä ³ £´¨É´μ¥ ¶μ²¥¯. � ¸Î¥É μÉ¤¥²Ó´ÒÌ �Š
¶·μ¢μ¤¨²¸Ö ¶·¨ ¶μ³μÐ¨ μ¶¨¸ ´´μ£μ ¢ÒÏ¥  ²£μ·¨É³ . ’μÎ± ³¨ μÉ³¥Î¥´Ò Ô±¸-

�¨¸. 9. ‘· ¢´¥´¨¥ ·¥§Ê²ÓÉ Éμ¢ Î¨¸²¥´´μ£μ ¨ Ë¨§¨Î¥¸±μ£μ Ô±¸¶¥·¨³¥´É 

¶¥·¨³¥´É ²Ó´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¢§ÖÉÒ¥ ¨§ · ¡μÉÒ [2]. ‘¶²μÏ´Ò¥ ±·¨¢Ò¥ Å ÔÉμ
�Š μÉ¤¥²Ó´ÒÌ · ¸¶·¥¤¥²¥´¨° ¢ ±μ´É ±É¥ ¶·¨ ¶μ²μ¦¨É¥²Ó´μ³ Éμ±¥. 	Ê´±É¨·-
´Ò¥ ±·¨¢Ò¥ ¸μμÉ¢¥É¸É¢ÊÕÉ μÉ·¨Í É¥²Ó´μ³Ê Éμ±Ê. Š·¨É¨Î¥¸± Ö ±·¨¢ Ö ¤²Ö
±μ´É ±É  γc(he) ¸É·μ¨É¸Ö ± ± μ£¨¡ ÕÐ Ö �Š, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì · §²¨Î´Ò³
· ¸¶·¥¤¥²¥´¨Ö³ ³ £´¨É´μ£μ ¶μÉμ±  ¢ ±μ´É ±É¥. „·Ê£¨³¨ ¸²μ¢ ³¨, ±·¨É¨Î¥-
¸± Ö ±·¨¢ Ö ¸μ¸Éμ¨É ¨§ ±Ê¸±μ¢ �Š ¤²Ö μÉ¤¥²Ó´ÒÌ ¸μ¸ÉμÖ´¨° ¸ ´ ¨¡μ²ÓÏ¨³
¶μ ³μ¤Ê²Õ ¶·¨ § ¤ ´´μ³ he ±·¨É¨Î¥¸±¨³ Éμ±μ³. �É³¥É¨³, ÎÉμ ¶μ¸É·μ¥´´ Ö
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´ ³¨ Î¨¸²¥´´μ ±·¨É¨Î¥¸± Ö ±·¨¢ Ö ¨³¥¥É Ìμ·μÏ¥¥ ¸μ¢¶ ¤¥´¨¥ ¸ Ô±¸¶¥·¨³¥´-
É ²Ó´Ò³¨ ·¥§Ê²ÓÉ É ³¨.

�¨¸. 10 ¨²²Õ¸É·¨·Ê¥É �Š ¢ ¸²ÊÎ ¥ „Š ¸ ¶¥·¥±·ÒÉ¨¥³ ¶·¨ ¤²¨´¥ l = 20.
‘· ¢´¥´¨¥ �Š ¤²Ö l = 7 (¸³. ·¨¸. 17 ¨ 18) ¨ l = 20 ¶μ± §Ò¢ ¥É, ÎÉμ ¡μ²Ó-
Ï Ö ¤²¨´  ±μ´É ±É  ¶·¨¢μ¤¨É ± ¸³¥Ð¥´¨Õ �Š ³Ê²ÓÉ¨Ë²Õ±¸μ´´ÒÌ ¢¨Ì·¥°

�¨¸. 10. Š·¨É¨Î¥¸± Ö ±·¨¢ Ö „Š ¤²¨´μ° l = 20 Å overlap-£¥μ³¥É·¨Ö

¢ ³¥°¸¸´¥·μ¢¸±ÊÕ μ¡² ¸ÉÓ. �É³¥É¨³, ÎÉμ ¢μ ¢¸¥Ì ¸²ÊÎ ÖÌ ±·¨É¨Î¥¸±¨¥ ±·¨-
¢Ò¥ ¸μ¸ÉμÖÉ ¨§ ±Ê¸±μ¢ �Š · ¸¶·¥¤¥²¥´¨° ¸ Í¥²Ò³ Î¨¸²μ³ Ë²Õ±¸μ´μ¢ (3.2),
¶·¨Î¥³ μ£¨¡ ÕÐ Ö Ô±¸É·¥³Ê³μ¢ ŠŠ ³μ´μÉμ´´μ Ê¡Ò¢ ¥É ¸ ¢μ§· ¸É ´¨¥³ |he|.

3.2. ‚ÒÎ¨¸²¥´¨¥ Í¥´É·¨·ÊÕÐ¥£μ ³ £´¨É´μ£μ ¶μ²Ö hm. � ¸¸³μÉ·¨³
É¥¶¥·Ó £· Ë¨±¨ § ¢¨¸¨³μ¸É¨ N(he) ¤²Ö ¶¥·¢ÒÌ ´¥¸±μ²Ó±¨Ì · ¸¶·¥¤¥²¥´¨°
¢¨¤  Φn, ¶·¥¤¸É ¢²¥´´Ò¥ ´  ·¨¸. 11. ‚¨¤´μ, ÎÉμ ¤²Ö ± ¦¤μ£μ · ¸¶·¥¤¥²¥-
´¨Ö ¨³¥¥É¸Ö §´ Î¥´¨¥ hm ¶μ²Ö he, ¶·¨ ±μÉμ·μ³ Î¨¸²μ ¢¨Ì·¥° ¢ ±μ´É ±É¥

�¨¸. 11. —¨¸²μ ¢¨Ì·¥° ± ± ËÊ´±Í¨Ö he

Ö¢²Ö¥É¸Ö Í¥²Ò³. ‚¥²¨Î¨´Ê hm ¡Ê¤¥³ ´ §Ò¢ ÉÓ Í¥´É·¨·ÊÕÐ¨³ ¶μ²¥³,   ¸μμÉ-
¢¥É¸É¢ÊÕÐ¥¥ ·¥Ï¥´¨¥ ϕ(x, hm) § ¤ Î¨ (1.3) ¢ ÉμÎ±¥ hm Å Í¥´É·¨·μ¢ ´´Ò³
· ¸¶·¥¤¥²¥´¨¥³ ³ £´¨É´μ£μ ¶μÉμ± .
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ƒ¥μ³¥É·¨Î¥¸±¨° ¸³Ò¸² Í¥´É·¨·ÊÕÐ¥£μ ¶μ²Ö Ìμ·μÏμ ¶·μ¸³ É·¨¢ ¥É¸Ö ´ 
·¨¸. 12, ´  ±μÉμ·μ³ ¶·¥¤¸É ¢²¥´Ò £· Ë¨±¨ ¸μ¡¸É¢¥´´μ£μ ³ £´¨É´μ£μ ¶μ²Ö
ϕx(x) ¤²Ö μ¸´μ¢´μ£μ Ë²Õ±¸μ´  Φ1 ¶·¨ É·¥Ì §´ Î¥´¨ÖÌ he. ‚ ³ ²ÒÌ ¶μ-

�¨¸. 12. ‹μ± ²¨§ Í¨Ö Φ1 ¢ · §²¨Î´ÒÌ ³ £´¨É´ÒÌ ¶μ²ÖÌ

²ÖÌ Ë²Õ±¸μ´ ²μ± ²¨§μ¢ ´ ¢¡²¨§¨ ¶· ¢μ£μ ±μ´Í  „Š,   ¡μ²ÓÏ¨¥ §´ Î¥´¨Ö he

¢ÒÉ ²±¨¢ ÕÉ Φ1 ®± ± Í¥²μ¥¯ ´ ²¥¢μ. 	·¨ Éμ±¥ γ = 0 ¤¥³μ´¸É·¨·Ê¥³μ¥ ¸³¥-
Ð¥´¨¥ Ë²Õ±¸μ´  μ¡Ö§ ´μ Éμ²Ó±μ ¶μ²Õ he. ˆ§ ¸μμ¡· ¦¥´¨° ´¥¶·¥·Ò¢´μ¸É¨
¢ÒÉ¥± ¥É, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É §´ Î¥´¨¥ hm ¶μ²Ö he, ¶·¨ ±μÉμ·μ³ ³ ±¸¨³Ê³ ¶·μ-
¨§¢μ¤´μ° ϕx(x) · ¸¶μ²μ¦¥´ ¢ Í¥´É·¥ x = l/2 ±μ´É ±É . ‚¥²¨Î¨´  hm § ¢¨¸¨É
μÉ ¶·μÎ¨Ì ¶ · ³¥É·μ¢ ³μ¤¥²¨. � ¶·¨³¥·, ¶·¨ γ = 0, l = 7 ¨ σ = 0,07 ¨³¥¥³
hm ≈ 1,751 ¤²Ö Φ1 ¨ hm ≈ −0,678 ¤²Ö Φ−1. …¸²¨ l = 20, Éμ ¤²Ö Φ1 ¶·¨ Éμ³
¦¥ σ = 0,07 §´ Î¥´¨¥ hm ≈ 1,273.

„²Ö Φ2-· ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ ¶μÉμ±  ¢²¨Ö´¨¥ ¶μ²Ö he  ´ ²μ£¨Î´μ
(¸³. ·¨¸. 13 Å Í¥´É·¨·ÊÕÐ¨³ Ö¢²Ö¥É¸Ö §´ Î¥´¨¥ hm ¶μ²Ö he, ¶·¨ ±μÉμ·μ³
£· Ë¨± ¶·μ¨§¢μ¤´μ° ϕx(x) · ¸¶μ²μ¦¥´ ¸¨³³¥É·¨Î´μ μÉ´μ¸¨É¥²Ó´μ Í¥´É· 
±μ´É ±É ,   Î¨¸²μ ¢¨Ì·¥° N [Φ2] = 2.

�¨¸. 13. ‹μ± ²¨§ Í¨Ö Φ2 ¢ · §²¨Î´ÒÌ ³ £´¨É´ÒÌ ¶μ²ÖÌ

�  ·¨¸. 14 ¤¥³μ´¸É·¨·Ê¥É¸Ö ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨¨ N(γ) ¤²Ö M -, Φ1- ¨
Φ2-· ¸¶·¥¤¥²¥´¨° ¢ ±μ´É ±É¥ c ¶ · ³¥É· ³¨ l = 7 ¨ σ = 0,07 ¶·¨ he =
1,7. „²Ö ± ¦¤μ£μ · ¸¶·¥¤¥²¥´¨Ö ¨³¥¥É¸Ö §´ Î¥´¨¥ γm Éμ±  γ, ¶·¨ ±μÉμ·μ³
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Î¨¸²μ ¢¨Ì·¥° ¢ ±μ´É ±É¥ Ö¢²Ö¥É¸Ö Í¥²Ò³. ‚¥²¨Î¨´Ê γm ¥¸É¥¸É¢¥´´μ ´ §¢ ÉÓ
Í¥´É·¨·ÊÕÐ¨³ Éμ±μ³.

�¨¸. 14. ‡ ¢¨¸¨³μ¸ÉÓ N(γ)

�¡μ¡Ð Ö, μ¶·¥¤¥²¨³ he-Í¥´É·¨·μ¢ ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ ¶μ-
Éμ±  ¢ „Š ± ± ·¥Ï¥´¨Ö ´¥²¨´¥°´μ° ±· ¥¢μ° § ¤ Î¨ (1.3), ±μÉμ·Ò¥ ¶·¨ § ¤ ´-
´μ³ ¢´¥Ï´¥³ Éμ±¥ γ ¨ £¥μ³¥É·¨Î¥¸±¨Ì ¶ · ³¥É· Ì Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Õ
(3.2) ¤²Ö Ë¨±¸¨·μ¢ ´´μ£μ (¢ Î ¸É´μ¸É¨, Í¥²μ£μ) n. � ²¨Î¨¥ ¤μ¶μ²´¨É¥²Ó´μ£μ
Ê¸²μ¢¨Ö ®´μ·³¨·μ¢±¨¯ ¶μ§¢μ²Ö¥É · ¸¸³ É·¨¢ ÉÓ ¸μ¢μ±Ê¶´μ¸ÉÓ (1.3) ¨ (3.2)
± ± ´¥²¨´¥°´ÊÕ § ¤ ÎÊ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö ´¥¨§¢¥¸É´ÒÌ (ϕ(x), he),
¢ ±μÉμ·μ° ·μ²Ó ¸¶¥±É· ²Ó´μ£μ ¶ · ³¥É·  ¨£· ¥É ¢´¥Ï´¥¥ ³ £´¨É´μ¥ ¶μ²¥ he.

�¶¨Ï¥³  ²£μ·¨É³ ´ Ìμ¦¤¥´¨Ö he-Í¥´É·¨·μ¢ ´´ÒÌ · ¸¶·¥¤¥²¥´¨°, ¡ §¨-
·ÊÕÐ¨°¸Ö ´  ��Œ�. „²Ö μ¶·¥¤¥²¥´´μ¸É¨ · ¸¸³μÉ·¨³ ¸²ÊÎ ° „Š ¸ ¶¥·¥±·Ò-
É¨¥³. ‡ ¶¨Ï¥³ ¸¨¸É¥³Ê (1.3), (3.2) ¢ ¢¨¤¥ ¥¤¨´μ£μ ËÊ´±Í¨μ´ ²Ó´μ£μ Ê· ¢´¥-
´¨Ö

f(ϕ, hm) = 0, (3.11)

£¤¥ ¢¥±Éμ·-ËÊ´±Í¨Ö

f (ϕ, hm) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−ϕxx + σ (ϕx − hm) + sin ϕ − γ,
ϕx(0) − hm,
ϕx(l) − hm,

1
πl

l∫
0

ϕ(x) dx − n.

(3.12)

	·¥¤¶μ²μ¦¨³, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ¨§μ²¨·μ¢ ´´μ¥ ·¥Ï¥´¨¥ (ϕ∗, h∗
e) ¸¨¸É¥³Ò

(3.4), ¨ ¶Ê¸ÉÓ (ϕ0, h0) ¥¸ÉÓ ¢Ò¡· ´´μ¥ ´ Î ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥. 	·¥¤¶μ²μ¦¨³
É ±¦¥, ÎÉμ ¶¥·¥Ìμ¤ (ϕ0, h0) → (ϕ∗, h∗

e) ³μ¦´μ ¶ · ³¥É·¨§μ¢ ÉÓ ¶·¨ ¶μ³μÐ¨
´¥¶·¥·Ò¢´μ£μ ¶ · ³¥É·  θ. ’μ£¤  Ê· ¢´¥´¨¥ ƒ ¢Ê·¨´  § ¶¨¸Ò¢ ¥É¸Ö ¸²¥¤ÊÕ-
Ð¨³ μ¡· §μ³:

f ′
ϕ (ϕ, hm)Φ + f ′

hm
(ϕ, hm)H + f (ϕ, hm) = 0, (3.13 )
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ϕ̇ − Φ = 0, ḣm − H = 0. (3.13¡)

�¥Ï¥´¨¥ (3.13) ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥

Φ = u + Hv,

£¤¥ u(x, θ) ¨ v(x, θ) Å ´μ¢Ò¥ ´¥¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨. 	μ¤¸É ¢²ÖÖ ¶μ¸²¥¤´¥¥
· §²μ¦¥´¨¥ ¢ (3.13) ¨ ¶·¨· ¢´¨¢ Ö ±μÔËË¨Í¨¥´ÉÒ ¶¥·¥¤ μ¤¨´ ±μ¢Ò³¨ ¸É¥¶¥-
´Ö³¨ H , ¶·¨Ìμ¤¨³ ¶·¨ ± ¦¤μ³ θ ± ²¨´¥°´Ò³ ±· ¥¢Ò³ § ¤ Î ³

−uxx + σux + cosϕu = ϕxx + σ (hm − ϕx) − sin ϕ + γ, (3.14 )

ux(0) = hm, ux(l) = hm, (3.14¡)

−vxx + σvx + cosϕv = 1, (3.14¢)

ux(0) = 1, ux(l) = 1. (3.14£)

	Ê¸ÉÓ ·¥Ï¥´¨Ö (3.14) ´ °¤¥´Ò. ’μ£¤  ¶·μ¨§¢μ¤´ Ö H(θ) ´ Ìμ¤¨É¸Ö ¨§
Ê· ¢´¥´¨Ö

H =

⎛
⎝

l∫

0

v(x) dx

⎞
⎠

−1 ⎡
⎣πln −

l∫

0

ϕ(x) dx −
l∫

0

u(x) dx

⎤
⎦ , (3.15)

±μÉμ·μ¥ ¢ÒÉ¥± ¥É ¨§ Ê¸²μ¢¨Ö ®´μ·³¨·μ¢±¨¯ (3.2).
„²Ö Î¨¸²¥´´μ° ·¥ ²¨§ Í¨¨, ± ± ¨ ¢ÒÏ¥, ¨¸¶μ²Ó§Ê¥É¸Ö ¤¨¸±·¥É¨§ Í¨Ö

(3.13¡) ¶·¨ ¶μ³μÐ¨ ³¥Éμ¤  �°²¥· . �¡μ§´ Î Ö Î¥·¥§ τk ∈ (0, 1] Ï £ ¶μ ®¢·¥-
³¥´¨¯ θ ´  ¸²μ¥ θk, k = 0, 1, 2, . . ., ¶·¨Ìμ¤¨³ ± ¨É¥· Í¨μ´´μ³Ê ¶·μÍ¥¸¸Ê

ϕk+1(x) = ϕk(x) + τk

[
uk(x) + Hkvk(x)

]
, (3.16a)

hk+1
m = hk

m + τkHk. (3.16¡)

„²Ö ¤¨¸±·¥É¨§ Í¨¨ ²¨´¥°´ÒÌ ±· ¥¢ÒÌ § ¤ Î ¤²Ö u(x) ¨ v(x), ¢Ìμ¤ÖÐ¨Ì ¢
(3.14), ¨¸¶μ²Ó§Ê¥É¸Ö ³¥Éμ¤ ¸¶² °´-±μ²²μ± Í¨¨ [22]. 	·¨ ÔÉμ³ ¶μ¸²¥ ¤¨¸±·¥-
É¨§ Í¨¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥  ²£¥¡· ¨Î¥¸±¨¥ § ¤ Î¨ ¡Ê¤ÊÉ ¨³¥ÉÓ μ¤´Ê ¨ ÉÊ ¦¥
³ É·¨ÍÊ. ‘²¥¤μ¢ É¥²Ó´μ, ´  ± ¦¤μ° ¨É¥· Í¨¨ ´¥μ¡Ìμ¤¨³μ ¶·μ¢μ¤¨ÉÓ ²¨ÏÓ
μ¤´Ê ¤¥±μ³¶μ§¨Í¨Õ ÔÉμ° ³ É·¨ÍÒ, ÎÉμ §´ Î¨É¥²Ó´μ Ê¶·μÐ ¥É  ²£μ·¨É³.

�¸É ´μ¢¨³¸Ö ´  ´¥±μÉμ·ÒÌ ÔËË¥±É Ì, ¸¢Ö§ ´´ÒÌ ¸ Í¥´É·¨·ÊÕÐ¨³ ³ £-
´¨É´Ò³ ¶μ²¥³. �  ·¨¸. 15 ¶μ± § ´Ò ±·¨¢Ò¥ § ¢¨¸¨³μ¸É¨ ËÊ´±Í¨μ´ ²  N [Φ1]
¤²Ö μ¸´μ¢´μ£μ Ë²Õ±¸μ´  μÉ ³ £´¨É´μ£μ ¶μ²Ö he ¤²Ö Î¥ÉÒ·¥Ì §´ Î¥´¨° ¤²¨´Ò
l ±μ´É ±É . •μ·μÏμ ¢¨¤´μ, ÎÉμ ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ l ËÊ´±Í¨Ö N(he)
¸É·¥³¨É¸Ö ± ®¸ÉÊ¶¥´Ó±¥¯ •¥¢¨¸ °¤  ¢ ÉμÎ±¥ hm(l). �  £· Ë¨±¥ § ¢¨¸¨³μ-
¸É¨ ³¨´¨³ ²Ó´μ£μ ‘‡ ‡˜É‹ μÉ ¶μ²Ö he ÔÉμÉ Ë ±É ¢Ò· ¦ ¥É¸Ö ¢ Éμ³, ÎÉμ ¸
¢μ§· ¸É ´¨¥³ l £· Ë¨± ËÊ´±Í¨¨ λ0(he) ¸É·¥³¨É¸Ö ±μ¸´ÊÉÓ¸Ö £μ·¨§μ´É ²Ó´μ°
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�¨¸. 15. —¨¸²μ ¢¨Ì·¥° ± ± ËÊ´±Í¨Ö he

�¨¸. 16. ‡ ¢¨¸¨³μ¸ÉÓ λ0(he) ¤²Ö Φ1

�¨¸. 17. l = 7 �¨¸. 18. l = 7

μ¸¨ he, É. ¥. ¶·¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì l ËÊ´±Í¨Ö λ0(he) ¢ ÉμÎ±¥ (0, hm) ¨³¥¥É
£μ·¨§μ´É ²Ó´ÊÕ ± ¸ É¥²Ó´ÊÕ (¸³. ¢±² ¤±Ê ´  ·¨¸. 16). ’¥³ ¸ ³Ò³ ¶·¨ l → ∞
ËÊ´±Í¨Ö λ0(he) ¨³¥¥É ¡μ²¥¥ Î¥³ ¤¢  ´Ê²Ö.

19



�  ·¨¸. 19 ¶μ± § ´Ò £· Ë¨±¨ § ¢¨¸¨³μ¸É¥° N(he) ¤²Ö ¡¨ËÊ·± Í¨μ´-
´μ£μ (λmin = 0) M -·¥Ï¥´¨Ö ¨ ¶¥·¢ÒÌ Î¥ÉÒ·¥Ì ¡¨ËÊ·± Í¨μ´´ÒÌ ¢¨Ì·¥° Φn,
n = 1, 2, 3, 4, ¢ ¶μ²¥ he � 0 (¤²Ö he � 0 ± ·É¨´  ¸¨³³¥É·¨Î´  μÉ´μ¸¨É¥²Ó´μ
¢¥·É¨± ²Ó´μ° μ¸¨). 	 ·Ò ±·¨¢ÒÌ, ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì μ¤´μ³Ê ¨ Éμ³Ê ¦¥ ·¥-
Ï¥´¨Õ ¶·¨ ¶·μÉ¨¢μ¶μ²μ¦´ÒÌ γ, μ¡· §ÊÕÉ § ³±´ÊÉÒ¥ μ¡² ¸É¨ ´  ¶²μ¸±μ¸É¨
(N, he). ‚ ¦´μ μÉ³¥É¨ÉÓ, ÎÉμ ¢ μÉ²¨Î¨¥ μÉ ¸²ÊÎ Ö σ = 0 (¸³. ·¨¸. 20, ¶Ê´±-
É¨·´ Ö ±·¨¢ Ö) ÉμÎ±¨ ³ ±¸¨³ ²Ó´μ£μ ¨ ³¨´¨³ ²Ó´μ£μ ¤μ¶Ê¸É¨³μ£μ ¶μ²Ö he

´¥ ²¥¦ É ´  £μ·¨§μ´É ²Ó´ÒÌ ¶·Ö³ÒÌ N Å Í¥²μ¥. �ÉμÉ Ë ±É, ±μÉμ·Ò° μ¡Ö§ ´
£¥μ³¥É·¨Î¥¸±μ³Ê Éμ±Ê σ(ϕx −he), ¢Ò· ¦ ¥É ¨´É¥·¥¸´Ò° Ë¨§¨Î¥¸±¨° ÔËË¥±É,

�¨¸. 19. Š·¨¢Ò¥ ¡¨ËÊ·± Í¨μ´´ÒÌ § ¢¨-
¸¨³μ¸É¥° N(he)

�¨¸. 20. ‘· ¢´¥´¨¥ �Š N(he) ¤²Ö Φ1

¶·¨ σ = 0 ¨ σ = 0,07

μÉ³¥Î¥´´Ò° ¢ÒÏ¥: ¸ÊÐ¥¸É¢ÊÕÉ μ¡² ¸É¨ ¨§³¥´¥´¨Ö ¶μ²Ö he, ¢ ±μÉμ·ÒÌ ¤²Ö
Ê¸Éμ°Î¨¢μ¸É¨ · ¸¶·¥¤¥²¥´¨° ´Ê¦¥´ ¢´¥Ï´¨° Éμ± γ �= 0, Ê· ¢´μ¢¥Ï¨¢ ÕÐ¨°
Éμ± £¥μ³¥É·¨Î¥¸±¨°. ’¥³ ¸ ³Ò³ ¢ É ±¨Ì μ¡² ¸ÉÖÌ ÉμÎ±  γ = 0 ´¥ Ö¢²Ö¥É¸Ö
ÉμÎ±μ° Ê¸Éμ°Î¨¢μ¸É¨ ¨ ± ¦¤μ¥ · ¸¶·¥¤¥²¥´¨¥ ³ £´¨É´μ£μ ¶μÉμ±  ¢ „Š ¨³¥¥É
¤¢  ±·¨É¨Î¥¸±¨Ì Éμ±  μ¤¨´ ±μ¢μ° ¶μ²Ö·´μ¸É¨ Å Éμ± ·μ¦¤¥´¨Ö ¨ Éμ± Ê´¨ÎÉμ-
¦¥´¨Ö.

‚ ± Î¥¸É¢¥ ¨²²Õ¸É· É¨¢´μ£μ ¶·¨³¥·  · ¸¸³μÉ·¨³ �Š ¤²Ö μ¸´μ¢´μ£μ
Ë²Õ±¸μ´  Φ1 ¢ ±μ´É ±É¥ ¸ l = 7 ¨ σ = 0,07, ±μÉμ· Ö ¶·¥¤¸É ¢²¥´  ´ 
·¨¸. 21. ‚¨¤´μ, ÎÉμ ÉμÎ±  γ = 0 ¢Ìμ¤¨É ¢ μ¡² ¸ÉÓ Ê¸Éμ°Î¨¢μ¸É¨ ¶μ ¶μ²Õ he

Éμ²Ó±μ ¶·¨ he ∈ [hl, hr]. �  μÉ·¥§± Ì [hmin, hl) ¨ (hr, hmax] ¤²Ö Ê¸Éμ°Î¨¢μ¸É¨
Ë²Õ±¸μ´  ´Ê¦¥´ ¶μ²μ¦¨É¥²Ó´Ò°/μÉ·¨Í É¥²Ó´Ò° ¢´¥Ï´¨° Éμ± γ. “± § ´´Ò°
ÔËË¥±É ³μ¦´μ ´ ¡²Õ¤ ÉÓ ¢ Ë¨§¨Î¥¸±μ³ Ô±¸¶¥·¨³¥´É¥, ´ ¶·¨³¥·, ³¥Éμ¤ ³¨
· ¡μÉÒ [19].

�  ·¨¸. 20 Î¥·¥§ hi, i = 1, 2, μ¡μ§´ Î¥´Ò ÉμÎ±¨, ¢ ±μÉμ·ÒÌ ¶·¨ λ = 0 ¨
σ > 0 ¢Ò¶μ²´¥´μ · ¢¥´¸É¢μ N(he) = 1. �¨ËÊ·± Í¨μ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ³ £-
´¨É´μ£μ ¶μÉμ±  ¢ ÔÉ¨Ì ÉμÎ± Ì ¤²Ö μ¡¥¨Ì £¥μ³¥É·¨° „Š Ö¢²ÖÕÉ¸Ö ·¥Ï¥´¨Ö³¨
´¥²¨´¥°´μ° ±· ¥¢μ° § ¤ Î¨

−ϕxx + σϕx + sin ϕ − σhi = 0, (3.17 )

20



ϕx(0) = hi, ϕx(l) = hi, (3.17¡)

−ψxx + σψx + cosϕψ = 0, (3.17¢)

ψx(0) = 0, ψx(l) = 0, (3.17£)

1
lπ

l∫

0

ϕ(x) dx − 1 = 0. (3.17¤)

�¨¸. 21. Š·¨¢ Ö γcr(he) ¤²Ö Φ1

�É³¥É¨³, ÎÉμ Ëμ·³ ²Ó´μ ¸¨¸É¥³  (3.17) μÉ²¨Î ¥É¸Ö μÉ · ¸¸³μÉ·¥´´μ° ¢ÒÏ¥
¸¨¸É¥³Ò ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ÉμÎ¥± ¡¨ËÊ·± Í¨¨ (Ê· ¢´¥´¨Ö (1.3), (2.2), (2.3))
Éμ²Ó±μ Ê¸²μ¢¨¥³ ´μ·³¨·μ¢±¨ (3.17¤). ‘μμÉ¢¥É¸É¢¥´´μ,  ²£μ·¨É³ ¢ÒÎ¨¸²¥´¨Ö
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° hi μ¶¨¸Ò¢ ¥É¸Ö Ëμ·³Ê² ³¨,  ´ ²μ£¨Î´Ò³¨ (3.7)Ä(3.10).

�´ ²μ£¨Î´μ γ-Í¥´É·¨·μ¢ ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö Å ÔÉμ É¥ ·¥Ï¥´¨Ö (1.3),
¤²Ö ±μÉμ·ÒÌ ËÊ´±Í¨μ´ ² N [ϕ] ¶·¨ § ¤ ´´μ³ ¶μ²¥ he ¨ § ¤ ´´ÒÌ £¥μ³¥É·¨-
Î¥¸±¨Ì ¶ · ³¥É· Ì ¶·¨´¨³ ¥É Í¥²μÎ¨¸²¥´´Ò¥ §´ Î¥´¨Ö. ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥
§´ Î¥´¨Ö Í¥´É·¨·ÊÕÐ¥£μ Éμ±  μ¡μ§´ Î¨³ Î¥·¥§ γm. � ¶·¨³¥·, ¤²Ö ¤¢ÊÌ ¡ -
§¨¸´ÒÌ · ¸¶·¥¤¥²¥´¨° Φ1 ¨ Φ2 ¢ „Š ¤²¨´μ° l = 10 ¶·¨ σ = 0,07 ¢ ¶μ²¥
he = 1,5 ¨³¥¥³ ¸μμÉ¢¥É¸É¢¥´´μ γm(Φ1) ≈ −0,039 ¨ γm(Φ2) ≈ 0,025.

‡ ¤ ÎÊ μÉÒ¸± ´¨Ö γ-Í¥´É·¨·μ¢ ´´ÒÌ ·¥Ï¥´¨° ¸¨¸É¥³Ò (1.3), (3.2) Í¥²¥-
¸μμ¡· §´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± ´¥²¨´¥°´ÊÕ § ¤ ÎÊ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
¸μ ¸¶¥±É· ²Ó´Ò³ ¶ · ³¥É·μ³ γ. �²£μ·¨É³ ¢ÒÎ¨¸²¥´¨Ö Í¥´É·¨·ÊÕÐ¥£μ Éμ± 
γm  ´ ²μ£¨Î¥´ ¨§²μ¦¥´´μ³Ê ¢ÒÏ¥ ¤²Ö Í¥´É·¨·ÊÕÐ¥£μ ³ £´¨É´μ£μ ¶μ²Ö he.

”μ·³ ²Ó´μ, ¸ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö Í¥´É·¨·μ¢ ´´Ò³¨ ¶μ ¶μ²Õ
he ¨²¨ ¶μ Éμ±Ê γ ³μ£ÊÉ ¡ÒÉÓ ± ± Ê¸Éμ°Î¨¢Ò¥, É ± ¨ ´¥Ê¸Éμ°Î¨¢Ò¥ ·¥Ï¥´¨Ö § -
¤ Î¨ (1.3). ‚ ± Î¥¸É¢¥ ¶·¨³¥·  ´  ·¨¸. 22 ¶μ± § ´Ò £· Ë¨±¨ ¢´ÊÉ·¥´´¥£μ ³ £-
´¨É´μ£μ ¶μ²Ö ϕx(x) ¤²Ö ¶·μ¸É¥°Ï¨Ì ¸³¥Ï ´´ÒÌ Í¥¶μÎ¥± ¢¨Ì·¥° ¢¨¤  Φ1Φ−1

¢ „Š ¤²¨´μ° l = 10 ¶·¨ Éμ±¥ γ = 0. 	·μ¸É· ´¸É¢¥´´μ-¢·¥³¥´´μ¥ ¢μ§³ÊÐ¥-
´¨¥ ¢¨¤  (2.1) ¤²Ö É ±μ£μ · ¸¶·¥¤¥²¥´¨Ö ¸μ¤¥·¦¨É ¤¢¥ · ¸ÉÊÐ¨¥ Ô±¸¶μ´¥´ÉÒ,
¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ λ0 < 0 ¨ λ1 � 0 ¢μ ¢¸¥³ ¤μ¶Ê¸É¨³μ³ ¤¨ ¶ §μ´¥ ¢´¥Ï´¥£μ
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�¨¸. 22. �¥Ê¸Éμ°Î¨¢Ò¥ ¸³¥Ï ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö Φ1Φ−1 ¨ Φ−1Φ1

¶μ²Ö he. –¥´É·¨·μ¢ ´´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¶·¨ hm ≈ −0,443 (λ0 ≈ −0,229)
μÉ³¥Î¥´μ ¸¶²μÏ´μ° ±·¨¢μ°; ¤²Ö ¸· ¢´¥´¨Ö ¶Ê´±É¨·´Ò³¨ ±·¨¢Ò³¨ μ¡μ§´ -
Î¥´Ò · ¸¶·¥¤¥²¥´¨Ö Éμ£μ ¦¥ ¢¨¤  ¢ ¶μ²ÖÌ he = −1 (λ0 ≈ −0,231) ¨ he = 0
(λ0 ≈ −0,313).

�É³¥É¨³, ÎÉμ ¢ μ¤´μ³¥·´ÒÌ ±μ´É ±É Ì ¸ ·¥§¨¸É¨¢´μ° ´¥μ¤´μ·μ¤´μ¸ÉÓÕ
¢ μ±·¥¸É´μ¸É¨ Í¥´É·  l/2 ±μ´É ±É  ¸³¥Ï ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¨, ¢ Î ¸É´μ-
¸É¨, ¢¨¤  Φ1Φ−1 ³μ£ÊÉ ¡ÒÉÓ Ê¸Éμ°Î¨¢Ò³¨ §  ¸Î¥É ¶¨´´¨´£  ´  ´¥μ¤´μ·μ¤-
´μ¸É¨ [8]. ’ ±μ° ¶¨´´¨´£ ¶·¨¢μ¤¨É ± ´ ·ÊÏ¥´¨Õ ³μ´μÉμ´´μ¸É¨ Ê¡Ò¢ ´¨Ö
Ô±¸É·¥³Ê³μ¢ ±·¨É¨Î¥¸±μ° ±·¨¢μ° c Ê¢¥²¨Î¥´¨¥³ ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö
he > 0, ÎÉμ ´ ¡²Õ¤ ²μ¸Ó Ô±¸¶¥·¨³¥´É ²Ó´μ, ´ ¶·¨³¥·, ¢ [20, 21], ¤²Ö „Š ¸
·¥Ï¥É±μ° ´¥μ¤´μ·μ¤´μ¸É¥° ¢ ¡ ·Ó¥·´μ³ ¸²μ¥. �¤´ ±μ ¢ „Š ¸ Ô±¸¶μ´¥´Í¨-
 ²Ó´μ ¨§³¥´ÖÕÐ¥°¸Ö Ëμ·³μ° ¸³¥Ï ´´Ò¥ · ¸¶·¥¤¥²¥´¨Ö ¢¸¥£¤  ´¥Ê¸Éμ°Î¨¢Ò,
É ± ± ± Ô±¢¨¢ ²¥´É´ Ö ·¥§¨¸É¨¢´ Ö ´¥μ¤´μ·μ¤´μ¸ÉÓ (¸³. ¶μ¤·μ¡´μ¸É¨ ¢ [6])
· ¸¶μ²μ¦¥´  ´  Ê§±μ³ ±μ´Í¥ ±μ´É ±É . ’¥³ ¸ ³Ò³ Ô±¸É·¥³Ê³Ò ±·¨É¨Î¥¸±μ°
±·¨¢μ° É ±μ£μ „Š Ê¡Ò¢ ÕÉ · ¢´μ³¥·´μ, ÎÉμ ¢¨¤´μ ¨§ ·¥§Ê²ÓÉ Éμ¢ ± ± Î¨¸²¥´-
´μ£μ, É ± ¨ Ë¨§¨Î¥¸±μ£μ Ô±¸¶¥·¨³¥´Éμ¢. 	μ-¢¨¤¨³μ³Ê, μÉ¸ÊÉ¸É¢¨¥ Ê¸Éμ°Î¨¢ÒÌ
¸³¥Ï ´´ÒÌ · ¸¶·¥¤¥²¥´¨° ¢ „Š ¸ Ô±¸¶μ´¥´Í¨ ²Ó´μ ¨§³¥´ÖÕÐ¥°¸Ö Ï¨·¨´μ°
μ¡ÑÖ¸´Ö¥É Ê²ÊÎÏ¥´´Ò° ¸¶¥±É· ¨§²ÊÎ¥´¨Ö É ±¨Ì „Š ¢ ¸· ¢´¥´¨¨ ¸ ¶·Ö³μÊ£μ²Ó-
´Ò³¨ „Š [2]. �¥§Ê²ÓÉ ÉÒ ´ Ï¥° · ¡μÉÒ [6] ¶μ± §Ò¢ ÕÉ, ÎÉμ ¶·Ö³μÊ£μ²Ó´Ò¥
±μ´É ±ÉÒ ¸ ´¥μ¤´μ·μ¤´μ¸ÉÖ³¨ ¢ μ±·¥¸É´μ¸É¨ ±μ´Íμ¢ μ¡² ¤ ÕÉ  ´ ²μ£¨Î´Ò³
¸¢μ°¸É¢μ³.

�² £μ¤ ·´μ¸É¨. �¢Éμ·Ò ¢Ò· ¦ ÕÉ ¡² £μ¤ ·´μ¸ÉÓ ¶·μË. ˆ. ‚.	Ê§Ò´¨´Ê
§  ¢´¨³ ´¨¥ ¨ ¶μ¤¤¥·¦±Ê · ¡μÉÒ.

‹ˆ’…��’“��

1. Benabdallah A., Caputo J. G., Scott A. C. Exponentially trapped Josephson 
ux-
ow
oscillator // Phys. Rev. B. 1996. V. 54, No. 2. P. 16139Ä16146.

22



2. Carapella G., Martucciello N., Costabile G. Experimental investigation of 
ux motion
in exponentially shaped Josephson junctions, e-print: cond-mat/0203055; Phys. Rev.
B. 2002. V. 66. P. 134531.

3. Goldobin E., Sterck A., Koelle D. Josephson vortex in a ratchet potential: Theory,
e-print: cond-mat/0008237; Phys. Rev. E. 2001. V. 63. P. 031111.

4. Semerdjieva E.G., Boyadjiev T. L., Shukrinov Yu.M. Static vortices in long Josephson
contacts of exponentially varying width // J. Low Temp. Phys. 2004. V. 30, No. 6.
P. 610Ä618.

5. Shukrinov Yu.M., Semerdjieva E. G., Boyadjiev T. L. Vortex structures in exponen-
tially shaped Josephson junctions, e-print: cond-mat/0410048; J. Low Temper. Phys.
2005. V. 139, Nos. 1, 2, P. 299Ä308.

6. Semerdjieva E. G., Boyadjiev T. L., Shukrinov Yu.M. Coordinate transformation in the
model of long Josephson junctions: geometrically equivalent Josephson junctions //
Low Temp. Phys. 2005. V. 31, No. 10. P. 610Ä618.

7. ƒ ²Ó¶¥·´ �. ‘., ”¨²¨¶¶μ¢ �. ’. ‘¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö ¸μ²¨Éμ´μ¢ ¢ ´¥μ¤´μ·μ¤´ÒÌ
¤¦μ§¥Ë¸μ´μ¢¸±¨Ì ¶¥·¥Ìμ¤ Ì // †�’”. 1984. ’. 86, ¢Ò¶. 4. ‘. 1527; Sov. Phys.
JETP. 1984. V. 59. P. 894.

8. �μÖ¤¦¨¥¢ ’. ‹. —¨¸²¥´´μ¥ ¨¸¸²¥¤μ¢ ´¨¥ ±·¨É¨Î¥¸±¨Ì ·¥¦¨³μ¢ ¢ ´¥²¨´¥°´ÒÌ ¶μ-
²¥¢ÒÌ ³μ¤¥²ÖÌ Ë¨§¨±¨. „¨¸. . . . ¤-·  Ë¨§.-³ É. ´ Ê±. „Ê¡´ , 2002.

9. Fogel M. B. et al. Dynamics of sine-Gordon solitons in the presence of perturbations //
Phys. Rev. B. 1977. V. 15, No. 3. P. 1578Ä1592.

10. Licharev K. K. Dynamics of Josephson Junctions and Circuits. New York: Gordon
and Breach, 1986. P. 634.

11. Filippov A. T. et al. Localization of solitons on small inhomogeneities in Josephson
Junctions. Comm. JINR E17-89-106. Dubna, 1989.

12. ‹¥¢¨É ´ �. Œ., ‘ ·£¸Ö´ ˆ.‘. �¶¥· Éμ·Ò ˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö ¨ „¨· ± . Œ.: � Ê± ,
1988.

13. � ·³¥´ÉÓ¥ �. ”²Õ±¸μ´Ò ¢ · ¸¶·¥¤¥²¥´´ÒÌ ¤¦μ§¥Ë¸μ´μ¢¸±¨Ì ±μ´É ±É Ì // ‘μ²¨-
Éμ´Ò ¢ ¤¥°¸É¢¨¨ / �¥¤. Š. ‹μ´£·¥´, �. ‘±μÉÉ. Œ.: Œ¨·, 1981. C. 185.

14. ƒ¥²ÓË ´¤ ˆ.Œ., ”μ³¨´ ‘. ‚. ‚ ·¨ Í¨μ´´μ¥ ¨¸Î¨¸²¥´¨¥. Œ., 1961.

15. Š· ¸´μ¸¥²Ó¸±¨° Œ. �. �¥±μÉμ·Ò¥ § ¤ Î¨ ´¥²¨´¥°´μ£μ  ´ ²¨§  // “Œ�. 1954. ’. IX,
¢Ò¶. 3(61). ‘. 57Ä114.

16. ’¥μ·¨Ö ¢¥É¢²¥´¨Ö ¨ ´¥²¨´¥°´Ò¥ § ¤ Î¨ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö / �¥¤. „¦. �. Š¥²-
²¥·, ‘. �´É³ ´. Œ.: Œ¨·, 1974.

23



17. Owen C. S., Scalapino D. J. Vortex structure and Critical Currents in Josephson Junc-
tions // Phys. Rev. 1967. V. 164 (2). P. 538Ä544.

18. Chang Jhy-Jiun, Ho C. H. Nonlocal response to a focused laser beam in one-
dimensional Josephson tunnel junctions // Appl. Phys. Lett. 1984. V. 45 (2). P. 192Ä
184.

19. ‚Ò¸É ¢±¨´ �. �. ¨ ¤·. �¡´ ·Ê¦¥´¨¥ ¸É É¨Î¥¸±¨Ì ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° Ë²Õ±¸μ-
´μ¢ ¢ · ¸¶·¥¤¥²¥´´ÒÌ ¤¦μ§¥Ë¸μ´μ¢¸±¨Ì ¶¥·¥Ìμ¤ Ì ¸ ´¥μ¤´μ·μ¤´μ¸ÉÓÕ // ”¨§¨± 
´¨§±¨Ì É¥³¶¥· ÉÊ·. 1988. ’. 14, º 6. ‘. 646.

20. Malomed B. A., Ustinov A. V. Pinning of a 
uxon chain in a long Josephson junction
with a lattice of inhomogeneities: Theory and experiment // J. Appl. Phys. 1990. V. 67
(8). P. 3791Ä3797.

21. Larsen B. H., Mygind J., Ustinov A. V. Commensurability between 
uxons and inho-
mogeneities in a long Josephson junction // Phys. Lett. A. 1994. V. 193. P. 359Ä362;
Larsen B. H., Mygind J., Ustinov A. V. Commensurate 
uxon states in long Josephson
junctions with inhomogeneities // Physica B. 1994. V. 194Ä196. P. 1729Ä1730.

22. �μÖ¤¦¨¥¢ ’. ‹. ‘¶² °´-±μ²²μ± Í¨μ´´ Ö ¸Ì¥³  ¶μ¢ÒÏ¥´´μ£μ ¶μ·Ö¤±  ÉμÎ´μ¸É¨.
‘μμ¡Ð¥´¨¥ �ˆŸˆ �2-2002-101. „Ê¡´ , 2002.

23. Puzynin I. V. et al. The generalized continuous analog of Newton method for numerical
study of some nonlinear quantum-ˇeld models // 1999. V. 30, No. 1. P. 97.

24. ’·¥´μ£¨´ ‚. �. ”Ê´±Í¨μ´ ²Ó´Ò°  ´ ²¨§. Œ.: ”¨§³ É²¨É, 2002.

25. Barashenkov I. V., Zemlyanaya E. V. Travelling solitons in the damped driven nonlinear
Schroedinger equation // SIAM Journal of Applied Mathematics. 2004. V. 64, No. 3.
P. 800Ä818;
‡¥³²Ö´ Ö …. ‚., � · Ï¥´±μ¢ ˆ. ‚. —¨¸²¥´´Ò°  ´ ²¨§ ¤¢¨¦ÊÐ¨Ì¸Ö ¸μ²¨Éμ´μ¢ ¢
´¥²¨´¥°´μ³ Ê· ¢´¥´¨¨ ˜·¥¤¨´£¥·  ¸ ¶ · ³¥É·¨Î¥¸±μ° ´ ± Î±μ° ¨ ¤¨¸¸¨¶ Í¨¥°//
Œ É¥³ É¨Î¥¸±μ¥ ³μ¤¥²¨·μ¢ ´¨¥. 2005. ’. 17, º 1. ‘. 65Ä78.

	μ²ÊÎ¥´μ 23 ¤¥± ¡·Ö 2005 £.



�¥¤ ±Éμ· …. ‚. ‘ ¡ ¥¢ 

	μ¤¶¨¸ ´μ ¢ ¶¥Î ÉÓ 13.04.2006.
”μ·³ É 60× 90/16. �Ê³ £  μË¸¥É´ Ö. 	¥Î ÉÓ μË¸¥É´ Ö.

“¸². ¶¥Î. ². 1,63. “Î.-¨§¤. ². 1,98. ’¨· ¦ 310 Ô±§. ‡ ± § º 55306.

ˆ§¤ É¥²Ó¸±¨° μÉ¤¥² �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°
141980, £. „Ê¡´ , Œμ¸±μ¢¸± Ö μ¡²., Ê².†μ²¨μ-ŠÕ·¨, 6.

E-mail: publish@pds.jinr.ru
www.jinr.ru/publish/


