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� ¸¶¥±É·¥ ÉÖ¦¥²ÒÌ ±¢ ·±μ´¨¥¢ ¢ ¨´¸É ´Éμ´´μ° ¸·¥¤¥

„²Ö ¸¨¸É¥³ ÉÖ¦¥²ÒÌ ±¢ ·±μ´¨¥¢ ¤ ¥É¸Ö μÍ¥´±  ¸¤¢¨£  Ê·μ¢´¥°, ¢Ò§¢ ´´μ£μ
Ë²Ê±ÉÊ Í¨Ö³¨ ¢ ±ÊÊ³´ÒÌ £²Õμ´´ÒÌ ¶μ²¥°, ³μ¤¥²¨·Ê¥³ÒÌ ¨´¸É ´Éμ´´μ° ¦¨¤-
±μ¸ÉÓÕ. ˆ¸¶μ²Ó§μ¢ ´¨¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¢ ±ÊÊ³´μ° ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±Í¨¨
¶μ§¢μ²Ö¥É ¢Ò°É¨ §  · ³±¨ ¤¨¶μ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö. ’ ±¦¥ ¶·¨¢μ¤¨É¸Ö Ï¨·¨´ 
e+e−-· ¸¶ ¤  Ê·μ¢´¥°. �μ± § ´μ, ÎÉμ ± ± ¢ ¸²ÊÎ ¥ ¡μÉÉμ³μ´¨Ö, É ± ¨ Î ·³μ-
´¨Ö ¨´¸É ´Éμ´´ Ö ¸·¥¤  ³μ¦¥É μ¡¥¸¶¥Î¨ÉÓ ¤¨±ÉÊ¥³Ò° Ô±¸¶¥·¨³¥´Éμ³ ³ ¸ÏÉ ¡
¸¤¢¨£μ¢ ¨ Ï¨·¨´ Ê·μ¢´¥°. ‚ Î ¸É´μ¸É¨, μÉ³¥Î¥´μ, ÎÉμ ¸¶¥Í¨Ë¨Î¥¸±¨³ ¸¢μ°¸É¢μ³
¨´¸É ´Éμ´´μ£μ ¢ ±ÊÊ³  Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´Ò° ²μ£ ·¨Ë³¨Î¥¸±¨° ¢±² ¤ ´  ³ -
²ÒÌ · ¸¸ÉμÖ´¨ÖÌ.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¨³. �.�. �μ£μ²Õ¡μ¢ 
�ˆŸˆ.
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On the Spectrum of Heavy Quarkonium in the Instanton Liquid

The energy level shift for heavy quarkonium systems caused by vacuum ˇeld
	uctuations modeled within the instanton liquid approach is estimated. The evalu-
ation of corresponding vacuum correlation function makes it possible to go beyond
dipole approximation. The e+e− width is also estimated. It is shown that for both
bottomonium and charmonium systems the instanton vacuum generates the scale of
shifts and widths compatible with the experimental data. In particular at small dis-
tances we found the logarithmic contribution to the effects discussed speciˇc for the
instanton vacuum.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.
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•μ·μÏμ ¨§¢¥¸É´μ, ± ±ÊÕ ¨¸±²ÕÎ¨É¥²Ó´ÊÕ ·μ²Ó ¸Ò£· ²μ ¢ ¸¢μ¥ ¢·¥³Ö
¨§ÊÎ¥´¨¥ ¸¨¸É¥³ ÉÖ¦¥²ÒÌ ±¢ ·±μ´¨¥¢. �μÎÉ¨ ³μ¤¥²Ó´μ-´¥§ ¢¨¸¨³Ò³ μ¡· §μ³
¡Ò²¨ μÍ¥´¥´Ò ³ ¸¸Ò ÉÖ¦¥²ÒÌ ±¢ ·±μ¢ m, ±μ´¸É ´É  ¸¢Ö§¨ £²Õμ´´μ£μ ¶μ²Ö g
(´  ³ ¸ÏÉ ¡¥ · §³¥·  ¸¨¸É¥³Ò), É ±¦¥ ¡Ò²¨ § Ë¨±¸¨·μ¢ ´Ò ¡ §¨¸´Ò¥ ¸¢μ°-
¸É¢  ¢ ±ÊÊ³  Š•„ (£²Õμ´´Ò° ±μ´¤¥´¸ É) [1, 2]. �·£Ê³¥´É Í¨Ö μ¸´μ¢Ò¢ ² ¸Ó
´  ¶·¥¤¸É ¢²¥´¨¨ μ ¢ ±ÊÊ³¥ Š•„ ± ± μ ¸²μ¦´μ° ¸¨¸É¥³¥, ´ ¸¥²¥´´μ° ¨´É¥´-
¸¨¢´Ò³¨ Ë²Ê±ÉÊ Í¨Ö³¨ £²Õμ´´ÒÌ ¶μ²¥° ¸ ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±Í¨¥° ¢¨¤ 

〈G(T )G(0)〉 = 〈G2〉 e−T/T G

,

£¤¥ 〈G2〉 Å £²Õμ´´Ò° ±μ´¤¥´¸ É,   TG Å Ì · ±É¥·´μ¥ ¢·¥³Ö £²Õμ´´ÒÌ ¢ -
±ÊÊ³´ÒÌ Ë²Ê±ÉÊ Í¨°. Š·μ³¥ Éμ£μ, ¶μ² £ ²μ¸Ó, ÎÉμ ³ ¸¸¨¢´Ò¥ ±¢ ·±¨ μ¡· -
§ÊÕÉ ´¥·¥²ÖÉ¨¢¨¸É¸±ÊÕ ¸¨¸É¥³Ê, ¤μ³¨´¨·ÊÕÐ¨³ ¢§ ¨³μ¤¥°¸É¢¨¥³ ¢ ±μÉμ·μ°
´  ³ ²ÒÌ · ¸¸ÉμÖ´¨ÖÌ Ö¢²Ö¥É¸Ö ±Ê²μ´μ¢¸±μ¥ £²Õμ´´μ¥ ¶μ²¥, μ¶¨¸Ò¢ ¥³μ¥, ¢
¸¨²Ê  ¸¨³¶ÉμÉ¨Î¥¸±μ° ¸¢μ¡μ¤Ò, ¶¥·ÉÊ·¡ É¨¢´Ò³ μ¡· §μ³. �μ²Ö ¢ ±ÊÊ³´ÒÌ
Ë²Ê±ÉÊ Í¨° É· ±Éμ¢ ²¨¸Ó ± ± ¢μ§³ÊÐ¥´¨¥, ¤²Ö ±μÉμ·μ£μ ¢ ¸²ÊÎ ¥ ¡μÉÉμ³μ´¨Ö
μ± §Ò¢ ²μ¸Ó ¶·¨³¥´¨³Ò³ ±¢ §¨¸É Í¨μ´ ·´μ¥ ¶·¨¡²¨¦¥´¨¥. �¶¨¸ ´¨¥ ¸ ³ÒÌ
´¨§±μ²¥¦ Ð¨Ì É¥·³μ¢ ¡Ò²μ Ê¸¶¥Ï´Ò³,   ¨¸± ¦¥´¨¥ ±Ê²μ´μ¢¸±μ£μ ¸¶¥±É· 
¢μ§¡Ê¦¤¥´´ÒÌ Ê·μ¢´¥° ¡Ò²μ ¸Éμ²Ó ¢¥²¨±μ, ÎÉμ ¶·¨¢μ¤¨²μ ± ¢Ò¢μ¤Ê μ Éμ³,
ÎÉμ ³ ²μ¥ ¢μ§¤¥°¸É¢¨¥ ´¥¶¥·ÉÊ·¡ É¨¢´ÒÌ £²Õμ´´ÒÌ ¢ ±ÊÊ³´ÒÌ ¶μ²¥° ³μ¦¥É
¶·μ¨§¢μ²Ó´Ò³ μ¡· §μ³ ¨§³¥´¨ÉÓ ·¥§Ê²ÓÉ¨·ÊÕÐ¨° ¸¶¥±É· ¨¸Ìμ¤´μ£μ ±Ê²μ´μ¢-
¸±μ£μ [1, 2].

� · ²²¥²Ó´μ ÔÉμ³Ê ´ ¶· ¢²¥´¨Õ · §¢¨¢ ²¸Ö ¨ É· ¤¨Í¨μ´´Ò° ¶μÉ¥´Í¨ ²Ó-
´Ò° ¶μ¤Ìμ¤, μÉ²¨Î¨É¥²Ó´μ° Î¥·Éμ° ±μÉμ·μ£μ Ö¢²Ö²μ¸Ó ´ ²¨Î¨¥ ²¨´¥°´μ · -
¸ÉÊÐ¥£μ § ¶¨· ÕÐ¥£μ ¶μÉ¥´Í¨ ²  (¸³., ´ ¶·¨³¥·, [3]). ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸¶¥±É·
¸¨¸É¥³Ò ´¥ ¨§³¥´Ö²¸Ö ¸Éμ²Ó ¤· ³ É¨Î¥¸±¨³ μ¡· §μ³, ÌμÉÖ ¢μ§³ÊÐ¥´¨¥ ¡Ò²μ
¢Ò§¢ ´μ É¥³¨ ¦¥ ¶μ²Ö³¨ ¢ ±ÊÊ³´ÒÌ Ë²Ê±ÉÊ Í¨°.


ÉμÉ ¶ · ¤μ±¸ ¡Ò² · §·¥Ï¥´ ¢ ¶μ¸²¥¤ÊÕÐ¨Ì ¨¸¸²¥¤μ¢ ´¨ÖÌ [4], £¤¥ ¡Ò²μ
¶·μ¤¥³μ´¸É·¨·μ¢ ´μ, ÎÉμ μ¡¥ ± ·É¨´Ò ¤μ¶μ²´ÖÕÉ ¤·Ê£ ¤·Ê£ . �Ò²μ ¶μ± -
§ ´μ, ÎÉμ ¥¸²¨ ±¢ ·±μ¢Ò¥ ¢·¥³¥´  T Q (¸³. [4] ¨ ¤¨¸±Ê¸¸¨Õ ´¨¦¥) ³ ²Ò ¶μ
¸· ¢´¥´¨Õ ¸ T G, T Q � T G, Éμ ¸²¥¤Ê¥É ¨¸¶μ²Ó§μ¢ ÉÓ ´¥¶μÉ¥´Í¨ ²Ó´μ¥ μ¶¨-
¸ ´¨¥ [1, 2]. ‚ ¶·μÉ¨¢μ¶μ²μ¦´μ³ ¶·¥¤¥²¥ T Q � T G ¸¶· ¢¥¤²¨¢  ± ·É¨´ 
¸ ¶μÉ¥´Í¨ ²Ó´Ò³ ¢§ ¨³μ¤¥°¸É¢¨¥³ [3]. ‘¤¢¨£ Ê·μ¢´Ö ±¢ ·±μ´¨Ö |nl〉 (n Å
£² ¢´μ¥ ±¢ ´Éμ¢μ¥ Î¨¸²μ, l Å μ·¡¨É ²Ó´Ò° ³μ³¥´É), ¢Ò§¢ ´´Ò° ¶μ²Ö³¨ ¢ -
±ÊÊ³´ÒÌ Ë²Ê±ÉÊ Í¨°, ¢Ò· ¦ ¥É¸Ö ¢ ¤¨¶μ²Ó´μ³ ¶·¨¡²¨¦¥´¨¨ Î¥·¥§ ¸·¥¤´¨°
±¢ ¤· É · ¸¸ÉμÖ´¨Ö ³¥¦¤Ê ±¢ ·± ³¨ ¢ ¤ ´´μ³ ¸μ¸ÉμÖ´¨¨ [4]

ΔMnl =
g2
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¶·¨Î¥³ Ì · ±É¥·´μ¥ ±¢ ·±μ¢μ¥ ¢·¥³Ö T Q ¤²Ö Ê·μ¢´Ö |nl〉 μÍ¥´¨¢ ¥É¸Ö ± ±

T Q
nl =

27
16

n6 a3
0

αs

anl

〈nl|x2|nl〉 , (2)

£¤¥ a0 =
3
4

1
αs m

Å · ¤¨Ê¸ ¡μ·μ¢¸±μ° μ·¡¨ÉÒ, αs =
g2

4π
Å ±μ´¸É ´É  ¸¨²Ó´μ°

¸¢Ö§¨,   anl Å ´¥±μÉμ·Ò° Î¨¸²¥´´Ò° ³´μ¦¨É¥²Ó ¶μ·Ö¤±  ¥¤¨´¨ÍÒ, ´ °¤¥´-
´Ò° ‹¥°É¢¨²¥·μ³ ¢ ¸²ÊÎ ¥ T Q → 0.

”μ·³Ê²  (1) ¤¥°¸É¢¨É¥²Ó´μ · §·¥Ï ¥É μÉ³¥Î ¢Ï¨°¸Ö ¢ÒÏ¥ ¶ · ¤μ±¸. ‚
´¥¶μÉ¥´Í¨ ²Ó´μ³ ¶μ¤Ìμ¤¥, μ¤´ ±μ, μ¸É ¥É¸Ö ¶·μ¡²¥³  ¢§·Ò¢´μ£μ (¶·μ¶μ·Í¨-
μ´ ²Ó´μ£μ n6, ¸³. (2)) ¸³¥Ð¥´¨Ö Ê·μ¢´¥° ¸ Ê¢¥²¨Î¥´¨¥³ £² ¢´μ£μ ±¢ ´Éμ¢μ£μ
Î¨¸²  n.

„·Ê£μ° ¸Í¥´ ·¨° ¤²Ö μ¡ÑÖ¸´¥´¨Ö ¸¤¢¨£  Ê·μ¢´¥° ¡Ò² ¶·¥¤²μ¦¥´ ¢ · ¡μÉ Ì
[5], £¤¥ μÉ³¥Î ²μ¸Ó, ÎÉμ ±μ´¥Î´Ò¥ ±μ··¥²ÖÍ¨¨ £²Õμ´´ÒÌ ¶μ²¥° ¶μ ¢·¥³¥´¨
¨ ¶·μ¸É· ´¸É¢Ê ¶·¨¢μ¤ÖÉ ± ²¨´¥°´μ · ¸ÉÊÐ¥³Ê ¶μÉ¥´Í¨ ²Ê. �¥¸³μÉ·Ö ´ 
Éμ, ÎÉμ ¢μ¶·μ¸ μ ¢²¨Ö´¨¨ ´  ´¥·¥²ÖÉ¨¢¨¸É¸±ÊÕ ¸¨¸É¥³Ê ´¥¶μ¸ÉμÖ´´μ£μ (¶μ
¶·μ¸É· ´¸É¢Ê) ¶μ²Ö ¸É ¢¨²¸Ö ¥Ð¥ ¢ · ´´¨Ì ¨¸¸²¥¤μ¢ ´¨ÖÌ [6], ¶· ±É¨Î¥¸± Ö
±μ²¨Î¥¸É¢¥´´ Ö μÍ¥´±  É ± ¨ ´¥ ¡Ò²  ¤ ´ .

Š ± μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, ¸¨²Ó´μ° ¸Éμ·μ´μ° ´¥¶μÉ¥´Í¨ ²Ó´μ£μ μ¶¨¸ ´¨Ö
Ö¢²Ö¥É¸Ö Éμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ, ÎÉμ ¤²Ö ±¢ ·±μ¢ ¸  ¸¨³¶ÉμÉ¨Î¥¸±¨ ¡μ²ÓÏ¨³¨
³ ¸¸ ³¨ mα2

s � ΛQCD μ¸´μ¢´μ° Ê·μ¢¥´Ó ¶·¥¤¸± §Ò¢ ¥É¸Ö ¶μÎÉ¨ ³μ¤¥²Ó´μ-
´¥§ ¢¨¸¨³Ò³ μ¡· §μ³, ¶·¨Î¥³ ¥£μ ¸¤¢¨£, ¨´¤ÊÍ¨·μ¢ ´´Ò° ¸² ¡Ò³ (´  Ëμ´¥
±Ê²μ´μ¢¸±μ£μ) ¸²ÊÎ °´μ μ·¨¥´É¨·μ¢ ´´Ò³ Ì·μ³μÔ²¥±É·¨Î¥¸±¨³ ¶μ²¥³, ¢Ò· -
¦ ¥É¸Ö Î¥·¥§ £²Õμ´´Ò° ±μ´¤¥´¸ É

Mnl = 2m − k2
n

m

(
1 − m2

18 k6
n

n2anl〈παs G2〉
)

, (3)

§¤¥¸Ó kn Å ¨³¶Ê²Ó¸ ±¢ ·± :

kn =
m

n

2
3

αs(kn).

�¤´ ±μ ¸²¥¤Ê¥É ´ ¶μ³´¨ÉÓ, ÎÉμ ¸¤¢¨£ Ê·μ¢´Ö ¢ Ëμ·³Ê²¥ (3) ¶μ²ÊÎ¥´ ¢ · ³-
± Ì ¤¨¶μ²Ó´μ£μ · §²μ¦¥´¨Ö Ì·μ³μÔ²¥±É·¨Î¥¸±μ£μ ¶μ²Ö (¸³. É ±¦¥ ´¨¦¥) ¨
μ¡² ¸ÉÓ ¥¥ ¶·¨³¥´¨³μ¸É¨ ¸¨²Ó´μ μ£· ´¨Î¥´  ³ ²Ò³¨ · ¸¸ÉμÖ´¨Ö³¨. � ¶·¨-
³¥· ¢ ¡μÉÉμ³μ´¨¨ μ´  ¶·¨²μ¦¨³  Éμ²Ó±μ ± μ¸´μ¢´μ³Ê ¸μ¸ÉμÖ´¨Õ (n = 1,
l = 0), ¶·¨Î¥³ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶μ¸²¥¤ÊÕÐ¨¥ ¸É¥¶¥´´Ò¥ ¶μ¶· ¢±¨ μ± §Ò¢ ÕÉ¸Ö
¤μ¸É ÉμÎ´μ ³ ²Ò³¨ (¸³. ´¨¦¥). �· ±É¨Î¥¸±¨ ´¥¢μ§³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸É ·Ï¨¥
Î²¥´Ò ³Ê²ÓÉ¨¶μ²Ó´μ£μ · §²μ¦¥´¨Ö ¢ Ëμ·³Ê²¥ (3). �·¨Ìμ¤¨É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ
± ±ÊÕ-²¨¡μ ±μ´±·¥É´ÊÕ ¶· ¢¤μ¶μ¤μ¡´ÊÕ ¢ ±ÊÊ³´ÊÕ ±μ´Ë¨£Ê· Í¨Õ. ŒÒ μÍ¥-
´¨³ ¸¤¢¨£¨ Ê·μ¢´¥° ¢ ¨´¸É ´Éμ´´μ° ± ·É¨´¥ ¢ ±ÊÊ³  Š•„, £¤¥, ± ± ¨§¢¥¸É´μ,
¨³¥¥É¸Ö ³ ²Ò° ¶ · ³¥É· Å Ê¶ ±μ¢μÎ´Ò° Ë ±Éμ· n ρ̄4 ∼ 0, 01, £¤¥ n Å

2



¶²μÉ´μ¸ÉÓ ¨´¸É ´Éμ´μ¢, ρ̄ Å ¨Ì ¸·¥¤´¨° · §³¥·. � ¸ ¡Ê¤¥É ¨´É¥·¥¸μ¢ ÉÓ
± Î¥¸É¢¥´´Ò° ¢μ¶·μ¸, ± ±ÊÕ ¤μ²Õ ¸¤¢¨£  Ê·μ¢´¥° ¨ Ï¨·¨´Ò e+e−-· ¸¶ ¤ 
¸¢Ö§ ´´μ° ¸¨¸É¥³Ò ÉÖ¦¥²ÒÌ ±¢ ·±μ¢ ³μ¦¥É μ¡¥¸¶¥Î¨ÉÓ ¨´¸É ´Éμ´´ Ö ±μ³¶μ-
´¥´É .

�¥¢μ§³ÊÐ¥´´Ò° £ ³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò ¤¢ÊÌ ÉÖ¦¥²ÒÌ, ¸ ³ ¸¸ ³¨ m1, m2,
Î ¸É¨Í ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¨¡²¨¦¥´¨¨ ¨³¥¥É ¢¨¤

H0 = −μ

2
∇2

x + αs
t1 ⊗ t2

|x| − M

2
∇2

X , (4)

£¤¥ X =
m1x1 + m2x2

M
μ¡μ§´ Î ¥É ±μμ·¤¨´ ÉÊ Í¥´É·  ¨´¥·Í¨¨ ¸¨¸É¥³Ò,

x = x1 − x2 Å μÉ´μ¸¨É¥²Ó´μ¥ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê Î ¸É¨Í ³¨, x1 = X +
μ

m1
x,

x2 = X− μ

m2
x, M = m1 +m2, μ =

m1m2

M
, ta, a = 1, 2, . . . , 8, Å £¥´¥· Éμ·Ò

£·Ê¶¶Ò SU (3), ¶·¨Î¥³ ¤²Ö ±¢ ·±  t1 =
λ

2
(λ Å ³ É·¨ÍÒ ƒ¥²²-Œ ´´ ),   ¤²Ö

 ´É¨±¢ ·±  t2 = −tT
1 . �·μ¥Í¨·ÊÖ μ¶¥· Éμ· ¶·μ¨§¢¥¤¥´¨Ö § ·Ö¤μ¢ ´  ¸¨´£²¥É-

´μ¥ ¨ μ±É¥É´μ¥ ¸μ¸ÉμÖ´¨Ö t1 ⊗ t2 → −4
3
P0 +

1
6

P8, ¶μ²ÊÎ¨³ ¢ ¸¨´£²¥É´μ³
± ´ ²¥ ±Ê²μ´μ¢¸±μ¥ ¶·¨ÉÖ¦¥´¨¥,   ¢ μ±É¥É´μ³ Å μÉÉ ²±¨¢ ´¨¥.

‚ ± Î¥¸É¢¥ Ëμ´μ¢μ£μ ¢ ±ÊÊ³´μ£μ ¶μ²Ö, ´ ¸ÒÐ ÕÐ¥£μ ¶·μ¨§¢μ¤ÖÐ¨° ËÊ´±-
Í¨μ´ ² Š•„, · ¸¸³ É·¨¢ ¥É¸Ö ¸Ê¶¥·¶μ§¨Í¨Ö ( ´É¨)¨´¸É ´Éμ´μ¢, ¢§ÖÉÒÌ ¢ ¸¨´-
£Ê²Ö·´μ° ± ²¨¡·μ¢±¥,

Aa
μ(x; γ) =

2
g

ωabη̄bμν aν(y), aν(y) =
ρ2

y2 + ρ2

yν

y2
,

y = x − z, μ, ν = 1, 2, 3, 4, (5)

£¤¥ ρ Å · §³¥·, ω Å ³ É·¨Í  Í¢¥Éμ¢μ° μ·¨¥´É Í¨¨ ¨ z Å ±μμ·¤¨´ É  Í¥´-
É·  ¶¸¥¢¤μÎ ¸É¨ÍÒ (¤²Ö  ´É¨¨´¸É ´Éμ´  ¸²¥¤Ê¥É ¶·μ¨§¢¥¸É¨ § ³¥´Ê ¸¨³¢μ²μ¢
'É •μμËÉ  η̄ → η) [7]. ’μ£¤  £ ³¨²ÓÉμ´¨ ´ ¢ §¨³μ¤¥°¸É¢¨Ö ±¢ ·±μ¢ ¸ ¢ ±ÊÊ³-
´Ò³ ¶μ²¥³ ¢ ¸É ·Ï¥³ ¶μ·Ö¤±¥ ¶μ v/c ¨³¥¥É ¢¨¤

Hint =
N∑

k=1

[t1 iA4(x1, ix0; γk) + t2 iA4(x2, ix0; γk)] , (6)

£¤¥ ¸Ê³³¨·μ¢ ´¨¥ ¢¥¤¥É¸Ö ¶μ ¶μ²Ö³ ¶¸¥¢¤μÎ ¸É¨Í, γk = (ρk, zk, ωk) Å ¶ -
· ³¥É·, μ¶¨¸Ò¢ ÕÐ¨° k-° ( ´É¨)¨´¸É ´Éμ´. ‚μ²´μ¢ Ö ËÊ´±Í¨Ö ¸¨¸É¥³Ò ¤¢ÊÌ
ÉÖ¦¥²ÒÌ Î ¸É¨Í ¢ ´ Î ²Ó´μ³ ¸μ¸ÉμÖ´¨¨ ¨³¥¥É ¢¨¤ ψi(x)Φi(X). Šμ´¥Î´μ¥
¸μ¸ÉμÖ´¨¥ ¡Ê¤¥É μ¡μ§´ Î ÉÓ¸Ö ¨´¤¥±¸μ³ f , ¸¶¨´μ·´Ò¥ ¨ Í¢¥Éμ¢Ò¥ ¨´¤¥±¸Ò
μ¶ÊÐ¥´Ò.

3



‚Ò· ¦¥´¨¥ ¤²Ö ¶μ²Ö ¨´¸É ´Éμ´  ¢ Ëμ·³Ê²¥ (6) ¶·¨¢¥¤¥´μ ¤²Ö ¶·μ¸É· ´-
¸É¢  Œ¨´±μ¢¸±μ£μ, £¤¥, ´ ¶μ³´¨³, ´Ê²¥¢ Ö (Î¥É¢¥·É Ö) ±μ³¶μ´¥´É  ¶μ²Ö
( ´É¨)¨´¸É ´Éμ´  ¤μ²¦´  ¡ÒÉÓ ³´¨³μ°, ¶·¨Î¥³  ´ ²μ£¨Î´Ò³ μ¡· §μ³ ¨ ¢·¥³Ö
x0 ¢Ìμ¤¨É ± ± ³´¨³ Ö ¢¥²¨Î¨´ . ”μ·³ ²Ó´μ £ ³¨²ÓÉμ´¨ ´ (6) § ¢¨¸¨É μÉ ¢·¥-
³¥´¨, ´μ ¢ ¸¨²Ê ¸ÉμÌ ¸É¨Î¥¸±μ£μ Ì · ±É¥·  ¶μ²Ö ¢§ ¨³μ¤¥°¸É¢¨Ö ¥£μ ¢±² ¤ ¢
¶¥·¢μ³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¨¸Î¥§ ¥É 〈Hint〉 = 0.

‚μ ¢Éμ·μ³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ´ ¸ ¡Ê¤ÊÉ ¸´ Î ²  ¨´É¥·¥¸μ¢ ÉÓ
¶ ·Í¨ ²Ó´Ò¥ ¢±² ¤Ò ¶¸¥¢¤μÎ ¸É¨Í ¢ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ, μ¡· §μ¢ ´´Ò¥ ¸ ¶μ-
³μÐÓÕ ËÊ´±Í¨¨ ƒ·¨´  ´¥¢μ§³ÊÐ¥´´μ£μ £ ³¨²ÓÉμ´¨ ´  H0 − E (¤²Ö μÉ·¨Í -
É¥²Ó´ÒÌ §´ Î¥´¨° Ô´¥·£¨¨ E, μÉ¢¥Î ÕÐ¨Ì ¸¢Ö§ ´´Ò³ ¸μ¸ÉμÖ´¨Ö³). …¸²¨ ¶·¥-
´¥¡·¥ÎÓ ¢μ§³μ¦´Ò³ ÔËË¥±Éμ³ · ¸¸¥Ö´¨Ö ¸¨¸É¥³Ò ± ± Í¥²μ£μ ´  ¨´¸É ´Éμ´¥
(¶·¥¤¥² M → ∞), Éμ ËÊ´±Í¨Ö ƒ·¨´  ¢ ¸¨²Ê ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨-¨³¶Ê²Ó¸ 
¸¢μ¤¨É¸Ö ± Ë ±Éμ·¨§μ¢ ´´μ° Ëμ·³¥, ¢ ±μÉμ·μ° § ¢¨¸¨³μ¸ÉÓ μÉ ±μμ·¤¨´ ÉÒ
Í¥´É·  ¨´¥·Í¨¨ ¢Ìμ¤¨É ¢ ¢¨¤¥ δ-μ¡· §´μ£μ ³´μ¦¨É¥²Ö

G(x,X) = g(x; E) δ(X) .

’μ£¤  ¨´É¥·¥¸ÊÕÐ¨¥ ´ ¸ ³ É·¨Î´Ò¥ Ô²¥³¥´ÉÒ ¢μ ¢Éμ·μ³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§-
³ÊÐ¥´¨° ¶·¨μ¡·¥É ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤:

〈f |Hint (H0 −E)−1Hint|i〉 = −g2

∫
dx dX ψf (x)Φf (X)tamAa

4(xm, ix0; γ)×

×
∫

dy dY g(x−y; E)δ(X−Y) tbnAb
4(yn, ix0; γ) ψi(y)Φi(Y), m, n = 1, 2.

(7)

�£μ¢μ·¨³, ÎÉμ ¢ ÔÉμ° Ëμ·³Ê²¥ ³Ò, ¸²¥¤ÊÖ [1], ¶μ² £ ¥³, ÎÉμ μ¡¥ Î ¸É¨ÍÒ,
± ± ¸ ±μμ·¤¨´ Éμ° y, É ± ¨ ¸ ±μμ·¤¨´ Éμ° x, ¤ ÕÉ ¸¨´Ì·μ´¨§μ¢ ´´Ò° ¢±² ¤
¢ μ¤¨´ ¨ ÉμÉ ¦¥ ³μ³¥´É ¢·¥³¥´¨, É. ¥. ³Ò ¡Ê¤¥³ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ Ì · ±É¥·-
´ Ö Î ¸ÉμÉ  ¶·¥Í¥¸¸¨¨ ( ´É¨)±¢ ·±μ¢ ¶μ ¡μ·μ¢¸±μ° μ·¡¨É¥ (∼ T−1

Q ) § ³¥É´μ
¢ÒÏ¥ Ì · ±É¥·´μ° Î ¸ÉμÉÒ Ë²Ê±ÉÊ Í¨° Ì·μ³μÔ²¥±É·¨Î¥¸±μ£μ ¶μ²Ö∗. �£μ¢μ-
·¨³ É ±¦¥, ÎÉμ ¢ Ëμ·³Ê²¥ (7) ËÊ´±Í¨Ö g(x) Å ÔÉμ ËÊ´±Í¨Ö ƒ·¨´  μ±É¥É´μ£μ
± ´ ² .

‚ ¨´¸É ´Éμ´´μ° ¸·¥¤¥ ´ ³ ¸²¥¤Ê¥É ¶·μ¸Ê³³¨·μ¢ ÉÓ ¶ ·Í¨ ²Ó´Ò¥ ¢±² ¤Ò
¢¸¥Ì ¶¸¥¢¤μÎ ¸É¨Í, ¶·¨ ÔÉμ³, ¢ ¸¨²Ê ³ ²μ¸É¨ Ê¶ ±μ¢μÎ´μ£μ ¶ · ³¥É·  nρ̄4,
§¤¥¸Ó n = N/V ¨ V Å μ¡Ñ¥³, § ´¨³ ¥³Ò°  ´¸ ³¡²¥³ ¶¸¥¢¤μÎ ¸É¨Í. „ -
²¥¥ ³Ò μ£· ´¨Î¨³¸Ö Éμ²Ó±μ ¸É ·Ï¨³¨, μ¤´μÎ ¸É¨Î´Ò³¨ ( ´É¨)¨´¸É ´Éμ´´Ò³¨
¢±² ¤ ³¨ (∼ n), ¶·¥´¥¡·¥£ Ö ¢Ò¸Ï¨³¨ ±μ··¥²ÖÉμ· ³¨ (∼ n2 ¨ ¢ÒÏ¥). Šμ·-

∗Š ± ¡Ò²μ μÉ³¥Î¥´μ ¢ÒÏ¥, ¢ ¶·¨´Í¨¶¥, ³μ¦´μ ¢Ò°É¨ §  · ³±¨ ÔÉμ° μÍ¥´±¨ ¶·¨¡²¨¦¥´¨Ö
¸É Í¨μ´ ·´μ£μ ¶μ²Ö (¸³. [4]).
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·¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö, μ¶·¥¤¥²Ö¥³ Ö ¶·μË¨²¥³ ( ´É¨)¨´¸É ´Éμ´ , ¨³¥¥É ¢¨¤

〈Aa
4(xm, ix0; γ)Ab

4(yn, ix0; γ)〉ωz =
4
g2

δab

N2
c − 1

ρ2

V
F

(
|xm − yn|

ρ

)
. (8)

� ¶μ³´¨³, ÎÉμ Ê£²μ¢Ò¥ ¸±μ¡±¨ §¤¥¸Ó μ¡μ§´ Î ÕÉ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ Í¢¥Éμ-

¢Ò³ μ·¨¥´É Í¨Ö³ ¶¸¥¢¤μÎ ¸É¨Í dω (¶·¨Î¥³ 〈ωakωcd〉ω =
δacδkd

N2
c − 1

),   É ±¦¥

Ê¸·¥¤´¥´¨¥ ¶μ ¨Ì ¶μ²μ¦¥´¨Ö³, ¸ ¢¥¸μ³
dz

V
, £¤¥ Nc Å Î¨¸²μ Í¢¥Éμ¢. Ÿ¢´Ò°

¢¨¤ ËÊ´±Í¨¨ F (x) É ±μ¢:

F (x) =
π2

4
x2 + 2
|x|

√
x2 + 4 ln

∣∣∣∣∣
√

x2 + 4(x2 + 1) + x3 + 3x√
x2 + 4 − x

∣∣∣∣∣ −
(9)

− π2 (x2 + 1)2

x2
ln(1 + x2) + π2 x2 ln |x|

¸  ¸¨³¶ÉμÉ¨± ³¨

lim
x→0

F (x) → π2 − π2

3
x2 + π2 x2 ln |x| , lim

x→∞
F (x) → π2

x2
.

’¥¶¥·Ó ÊÎ¥É ¢±² ¤  ¢¸¥Ì ( ´É¨)¨´¸É ´Éμ´μ¢ ¸¢μ¤¨É¸Ö ¶·μ¸Éμ ± Ê³´μ¦¥´¨Õ
·¥§Ê²ÓÉ É  (8) ´  ¶²μÉ´μ¸ÉÓ ¨´¸É ´Éμ´´μ° ¦¨¤±μ¸É¨ n.

�μ¸±μ²Ó±Ê ±μ··¥²ÖÍ¨μ´´Ò¥ ËÊ´±Í¨¨ ¢Ò· ¦ ÕÉ¸Ö Éμ²Ó±μ Î¥·¥§ · §´μ¸ÉÓ
 ·£Ê³¥´Éμ¢ ¶μÉ¥´Í¨ ²μ¢ ( ´É¨)¨´¸É ´Éμ´μ¢, Éμ ¢ Ëμ·³Ê²¥ (8) ´¥É § ¢¨¸¨³μ-
¸É¨ μÉ ³´¨³μ£μ ¢·¥³¥´¨. „ ²¥¥ ÊÎÉ¥³, ÎÉμ ¢ ³ É·¨Î´μ³ Ô²¥³¥´É¥ ¢Éμ·μ£μ
¶μ·Ö¤±  É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° (7) ¶·¨ ¤¥°¸É¢¨¨ ´  ËÊ´±Í¨¨ ´ Î ²Ó´μ£μ ¨ ±μ-

´¥Î´μ£μ ¸¨´£²¥É´ÒÌ ¶μ Í¢¥ÉÊ ¸μ¸ÉμÖ´¨° ¶·μ¨§¢¥¤¥´¨¥ § ·Ö¤μ¢ ¸¢μ¤¨É¸Ö ±
4
3

I ,

£¤¥ I Å ¥¤¨´¨Î´ Ö ³ É·¨Í  ¶μ Í¢¥ÉÊ. ‚±² ¤Ò ±¢ ·±  ¨  ´É¨±¢ ·±  ∼ t1t2

( ´É¨±¢ ·±  ¨ ±¢ ·±  ∼ t2t1) ¢μ°¤ÊÉ ¢ ³ É·¨Î´Ò° Ô²¥³¥´É (7) ¸μ §´ ±μ³,
¶·μÉ¨¢μ¶μ²μ¦´Ò³ §´ ±Ê ¢±² ¤  ±¢ ·±  ¨ ±¢ ·±  ∼ t1t1 ( ´É¨±¢ ·±  ¨  ´-
É¨±¢ ·±  ∼ t2t2). ‚ Éμ³ ¸²ÊÎ ¥, ±μ£¤  ³ ¸¸Ò Î ¸É¨Í μ¤¨´ ±μ¢Ò, ¢μ ¢Éμ·μ³
¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¶μ²ÊÎ¨³

〈f |Hint (H0−E)−1 Hint|i〉 =
8

N2
c − 1

4
3

nρ̄2

∫
dx ψf (x)

∫
dy g(x−y; E)×

×
[
F

(
|x + y|

2ρ

)
− F

(
|x − y|

2ρ

)]
ψi(y) (10)

(É·¨¢¨ ²Ó´Ò° ³´μ¦¨É¥²Ó ∼ Φf Φi ´¥ ¢Ò¶¨¸Ò¢ ¥³).
„²Ö ËÊ´±Í¨¨ ƒ·¨´  g(x−y; E) ¢μ¸¶μ²Ó§Ê¥³¸Ö ¸²¥¤ÊÕÐ¨³ Ê¤μ¡´Ò³ ¶·¥¤-

¸É ¢²¥´¨¥³ [1]:

g(x − y; E) =
∞∑
l=0

(2l + 1) gl(x, y; E) Pl

(
xy
xy

)
, (11)
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£¤¥ Pl Å ¶μ²¨´μ³Ò ‹¥¦ ´¤· , E = −k2

m
, ¢ μ±É¥É´μ³ ± ´ ²¥

gl(x, y;−k2

m
) =

=
mk

2π
(2kx)l(2ky)l e−k(x+y)

∞∑
s=0

L2l+1
s (2kx) L2l+1

s (2ky) s!(
s + l + 1 + m

2k
αs

6

)
(s + 2l + 1)!

, (12)

Lp
l Å ¶μ²¨´μ³Ò ‹ £¥·· .

�μ± ¦¥³, ÎÉμ ¶·¨ ³ ²ÒÌ x,y Ëμ·³Ê²  (10) ¢μ¸¶·μ¨§¢μ¤¨É ·¥§Ê²ÓÉ É
(3). „¥°¸É¢¨É¥²Ó´μ, · ¸±² ¤Ò¢ Ö ¶μÉ¥´Í¨ ²Ò ( ´É¨)¨´¸É ´Éμ´μ¢ ¢¶²μÉÓ ¤μ
¤¨¶μ²Ó´ÒÌ Î²¥´μ¢

A4(x1) = A4

(
x1 + x2

2

)
+

∂

∂x
A4

(
x1 + x2

2

)
x1 − x2

2
+ . . .

( ´ ²μ£¨Î´μ A4(x2)) ¨ ÊÎ¨ÉÒ¢ Ö, ÎÉμ ¢ ¸¨´£²¥É´μ³ ¶μ Í¢¥ÉÊ ¸μ¸ÉμÖ´¨¨ ¸·¥¤-
´¥¥ t1 + t2 → 0, ¤²Ö £ ³¨²ÓÉμ´¨ ´  ¢§ ¨³μ¤¥°¸É¢¨Ö ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¥¥
¶·¨¡²¨¦¥´´μ¥ ¢Ò· ¦¥´¨¥:

H
′

int = ig
∂

∂x
Aa

4

(
x1 + x2

2

)
(x1 − x2)

ta1 − ta2
2

= ig Ea (x1 − x2)
ta1 − ta2

2
.

‚ ³ É·¨Î´μ³ Ô²¥³¥´É¥ ¢μ ¢Éμ·μ³ ¶μ·Ö¤±¥ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¢Ò· §¨³ ¸·¥¤-
´¥¥ μÉ ±¢ ¤· É  ´ ¶·Ö¦¥´´μ¸É¨ Ì·μ³μÔ²¥±É·¨Î¥¸±μ£μ ¶μ²Ö Î¥·¥§ £²Õμ´´Ò°
±μ´¤¥´¸ É

〈Ea
i Eb

j 〉 =
δij

3
δab

8
1
4
〈G2〉 =

π2

3
δijδ

ab nρ̄2

g2
,

¶μ¸²¥ Î¥£μ ¶·¥μ¡· §Ê¥³ ¥£μ ± ¢¨¤Ê

〈f |H
′

int (H0 − E)−1 H
′

int|i〉 =

= −π2

3
4
3

n

∫
dx ψf (x)

∫
dy g(x − y; E) (xy) ψi(y), (13)

ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É É ±¦¥  ¸¨³¶ÉμÉ¨±¥ ËÊ´±Í¨¨ F ¢ ´Ê²¥. �μ²ÊÎ¥´´μ¥ ¢Ò· -
¦¥´¨¥ ¢ ÉμÎ´μ¸É¨ ¸μμÉ¢¥É¸É¢Ê¥É ¤¨¶μ²Ó´μ³Ê ¶·¨¡²¨¦¥´¨Õ · ¡μÉ [1, 2], ¸²¥¤-
¸É¢¨¥³ ±μÉμ·μ£μ Ö¢²Ö¥É¸Ö Ëμ·³Ê²  ¤²Ö ¸¤¢¨£  ³ ¸¸Ò (3). �¤´ ±μ ¨§ ·¨¸Ê´± 
²¥£±μ ¢¨¤¥ÉÓ, ÎÉμ μ¡² ¸ÉÓ, £¤¥ ±μ··¥²ÖÉμ· ¤μ²¦¥´ μ¶¨¸Ò¢ ÉÓ¸Ö ±¢ ¤· É¨Î´μ°
ËÊ´±Í¨¥° ¨ ¤²Ö ±μÉμ·μ° ¸¶· ¢¥¤²¨¢μ ¤¨¶μ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥, ³ ² .

‚ ¨Éμ£μ¢μ° É ¡²¨Í¥ ¶·¨¢¥¤¥´Ò ³ ¸¸Ò Ê·μ¢´¥° ¡μÉÉμ³μ´¨Ö ¨ Î ·³μ´¨Ö,
· ¸¸Î¨É ´´Ò¥ Î¨¸²¥´´μ ¶μ Ëμ·³Ê²¥ (10). ’μÎ´μcÉÓ ¢ÒÎ¨¸²¥´¨° ±μ´É·μ²¨·μ-
¢ ² ¸Ó ¶ÊÉ¥³ ¢μ¸¶·μ¨§¢¥¤¥´¨Ö ¨§¢¥¸É´μ£μ  ´ ²¨É¨Î¥¸±μ£μ μÉ¢¥É  ¤²Ö ±μÔËË¨-
Í¨¥´É  anl [2] ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ¶·¨¡²¨¦¥´´μ£μ ¢Ò· ¦¥´¨Ö (13).
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Šμ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö
F (x)

π2

„²Ö b-±¢ ·±  ³ ¸¸  ¶·¨´¨³ ² ¸Ó · ¢´μ° mb = 4, 74 ƒÔ‚, ¤²Ö c-±¢ ·±  Å
mc = 1, 52 ƒÔ‚. Œ ¸¸  ±¢ ·±μ´¨Ö ¢ P -¸μ¸ÉμÖ´¨¨ ¶·¨¢¥¤¥´  ± ± ¸·¥¤´¥¥ ¶μ
³Ê²ÓÉ¨¶²¥ÉÊ. Šμ´¸É ´É  ¸¨²Ó´μ° ¸¢Ö§¨ ¨ ¶ · ³¥É·Ò ¨´¸É ´Éμ´´μ° ¸·¥¤Ò [7]
¶μ² £ ²¨¸Ó · ¢´Ò³¨ αs = 0, 2, n/Λ4 = 1, ρ̄Λ = 0, 27, ρ̄−1 � 1 ƒÔ‚. Œ ¸¸Ò
±¢ ·±μ¢ ¢Ò¡¨· ²¨¸Ó ¸ É¥³ Ê¸²μ¢¨¥³, ÎÉμ¡Ò ¶·¨ Ê± § ´´ÒÌ ¶ · ³¥É· Ì ¨´-
¸É ´Éμ´´μ° ¦¨¤±μ¸É¨ ÉμÎ´μ ¢μ¸¶·μ¨§¢μ¤¨ÉÓ μ¸´μ¢´μ° Ê·μ¢¥´Ó ¶·¨ Ë¨±¸¨·μ-
¢ ´´μ° ±μ´¸É ´É¥ ¸¨²Ó´μ° ¸¢Ö§¨.

ˆ§ ¶·¨¢¥¤¥´´μ° É ¡²¨ÍÒ ¢¨¤´μ, ÎÉμ, ± ± ¨ ¸²¥¤μ¢ ²μ μ¦¨¤ ÉÓ, ¶·¨³¥´¥-
´¨¥ ¤¨¶μ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö ± μ¶¨¸ ´¨Õ ¢μ§¡Ê¦¤¥´´ÒÌ ¸μ¸ÉμÖ´¨° ÉÖ¦¥²μ£μ
±¢ ·±μ´¨Ö ¸μ¢¥·Ï¥´´μ ´¥ ¤¥±¢ É´μ. ‚ Éμ ¦¥ ¢·¥³Ö ¨¸¶μ²Ó§μ¢ ´¨¥ ·¥ ²¨-
¸É¨Î¥¸±¨Ì ±μ··¥²ÖÍ¨μ´´ÒÌ ËÊ´±Í¨° ¸É ¡¨²¨§¨·Ê¥É ÔÉ¨ ¸¤¢¨£¨ (¸³. ±μ²μ´±¨
4 ¨ 7 ¢ É ¡². 1), ¶·¨ ÔÉμ³ ³ ¸ÏÉ ¡ ¸¤¢¨£μ¢ ¢¶μ²´¥ ¸μμÉ¢¥É¸É¢Ê¥É Ô±¸¶¥·¨-

’ ¡²¨Í  1. “·μ¢´¨ ¡μÉÉμ³μ´¨Ö ¨ Î ·³μ´¨Ö (ƒÔ‚)

n l Mnl(bb) Mnl(bb) Mexp
nl (bb) Mnl(cc̄) Mnl(cc̄) Mexp

nl (cc̄)

1 0 9,84 9,46 9,46 16,92 3,096 3,096
2 0 41,13 10,25 10,023 963,56 3,47 3,686
2 1 29,41 9,68 9,888 608,19 3,176 3,494
3 0 386,47 14,65 10,355 1143,37 5,31 4,030
3 1 318,88 10,76 10,253 9384,44 3,62
3 2 192,25 11,48 5545,00 3,93
�·¨³¥Î ´¨¥. ’·¥É¨° ¨ Ï¥¸Éμ° ¸Éμ²¡ÍÒ ¸μμÉ¢¥É¸É¢ÊÕÉ ¢ÒÎ¨¸²¥´¨Ö³
¶μ Ëμ·³Ê²¥ (3),   Î¥É¢¥·ÉÒ° ¨ ¸¥¤Ó³μ° Å ¶μ Ëμ·³Ê²¥ (10).
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³¥´É ²Ó´Ò³ ¤ ´´Ò³. �μ²¥¥ Éμ£μ, ¢±² ¤ ¶μ²¥° ¢ ±ÊÊ³´ÒÌ Ë²Ê±ÉÊ Í¨° ³μ¦¥É
´ ¸ÒÐ ÉÓ¸Ö ±μ·μÉ±μ¢μ²´μ¢μ° ¨´¸É ´Éμ´´μ° ±μ³¶μ´¥´Éμ°. ‘Éμ¨É É ±¦¥ μ£μ-
¢μ·¨ÉÓ, ÎÉμ ´¥¶μÉ¥´Í¨ ²Ó´μ¥ μ¶¨¸ ´¨¥ ¸¤¢¨£μ¢ Ê·μ¢´¥°, ¶μ-¢¨¤¨³μ³Ê, ´¥²Ó§Ö
¶·¨³¥´ÖÉÓ ¶μ μÉ´μÏ¥´¨Õ ± ¸¨¸É¥³¥ Î ·³μ´¨Ö ¢ ¸¨²Ê ¸²¨Ï±μ³ ¡μ²ÓÏ¨Ì ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨Ì ±μ··¥²ÖÍ¨μ´´ÒÌ ¢·¥³¥´. ’¥³ ´¥ ³¥´¥¥ ¤ ¦¥ ¢ ÔÉμ³ ¸²ÊÎ ¥ ³Ò
¢¨¤¨³, ÎÉμ ¶·¨¢¥¤¥´´ Ö μÍ¥´±  ¤ ¥É ¢¶μ²´¥ ¶·¨¥³²¥³Ò° ³ ¸ÏÉ ¡ ¸¤¢¨£μ¢.

� ¸¸³μÉ·¨³ É¥¶¥·Ó Ï¨·¨´Ê e+e−-· ¸¶ ¤  3S1-Ê·μ¢´Ö, ±μÉμ· Ö ¢Ò· ¦ -
¥É¸Ö Î¥·¥§ ¢ÒÎ¥É ³ É·¨Î´μ£μ Ô²¥³¥´É  〈x = 0|GS(E)|y = 0〉, ¢§ÖÉμ£μ ¢ ¶μ²Õ¸¥
· ¸¸³ É·¨¢ ¥³μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö [1, 2]:

Γee = 4π Q2 α2

m2

(
1 − 16 αs

3π

) (
1 +

AZ

Aγ

)2

Res 〈x = 0|GS(E)|y = 0〉, (14)

£¤¥ AZ/Aγ Å μÉ´μÏ¥´¨¥  ³¶²¨ÉÊ¤ §  ¸Î¥É  ´´¨£¨²ÖÍ¨¨ Î¥·¥§ Z-¡μ§μ´ ¨
Î¥·¥§ ËμÉμ´. ‚ ¸¨³¢μ²¨Î¥¸±μ³ ¢¨¤¥ ¸¨´£²¥É´ Ö ¶μ Í¢¥ÉÊ ËÊ´±Í¨Ö ƒ·¨´ 

GS(E) = P0〈0|(H − E)−1|0〉P0

³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ± ±

GS(E) = (HS − E)−1 − (H − E)−1igA(HA − E)−1igA(HS − E)−1.

ŒÒ ´¥ ¡Ê¤¥³ ¶·¨¢μ¤¨ÉÓ Ö¢´ÒÌ £·μ³μ§¤±¨Ì ¢Ò· ¦¥´¨°, ±μÉμ·Ò¥ ¢μ ³´μ£μ³
¶μ¢Éμ·ÖÕÉ μ¡μ§´ Î¥´¨Ö ¨§ · ¡μÉ [1, 2], ¸± ¦¥³ Éμ²Ó±μ, ÎÉμ ¢³¥¸Éμ ³ É·¨Î-
´μ£μ Ô²¥³¥´É  ¤¨¶μ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö (13) ³Ò ¶μ²Ó§Ê¥³¸Ö ¨´¤ÊÍ¨·μ¢ ´´Ò³
¨´¸É ´Éμ´´μ° ¸·¥¤μ° ¢Ò· ¦¥´¨¥³ (10). Š·μ³¥ Éμ£μ, ÎÉμ¡Ò Ö¢´Ò³ μ¡· §μ³
¢Ò¤¥²¨ÉÓ ¶μ²Õ¸´ÊÕ μ¸μ¡¥´´μ¸ÉÓ, ¸²¥¤Ê¥É ¶μ²Ó§μ¢ ÉÓ¸Ö · §²μ¦¥´¨¥³

〈y = 0|
(

HS +
k2

m

)−1

|x〉 =
mk

2π
e−kx

∞∑
t=0

L1
t (x)

1

t − 2
3

mαs

k
+ 1

.

�·¨ ÔÉμ³ Î¨¸Éμ É¥Ì´¨Î¥¸±¨, ¶μ ¸· ¢´¥´¨Õ ¸ ¢ÒÎ¨¸²¥´¨¥³ ¸¤¢¨£  Ê·μ¢´Ö,
É·¥¡Ê¥É¸Ö ¶·μ¢¥¸É¨ ¥Ð¥ μ¤´μ ¤μ¶μ²´¨É¥²Ó´μ¥ ¸Ê³³¨·μ¢ ´¨¥ ¶μ ¶·μ³¥¦ÊÉμÎ-
´Ò³ ¸μ¸ÉμÖ´¨Ö³. —¨¸²¥´´Ò°  ´ ²¨§ ¶μ± §Ò¢ ¥É, ÎÉμ ¸ÊÐ¥¸É¢¥´´Ò³¨ μ± §Ò-
¢ ÕÉ¸Ö ´¥¸±μ²Ó±μ ¶¥·¢ÒÌ Î²¥´μ¢ ·Ö¤ . ‚ É ¡². 2 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ
¤²Ö Ï¨·¨´ e+e−-· ¸¶ ¤  3S1-Ê·μ¢´¥° ¡μÉÉμ³μ´¨Ö ¨ Î ·³μ´¨Ö. ‚μ ¢Éμ·μ³,
É·¥ÉÓ¥³ ¨ Î¥É¢¥·Éμ³ ¸Éμ²¡Í Ì ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ ¤²Ö ¡μÉÉμ³μ-
´¨Ö (¢ ¤¨¶μ²Ó´μ³ ¶·¨¡²¨¦¥´¨¨ Å ¢Éμ·μ° ¸Éμ²¡¥Í, ¢ ¨´¸É ´Éμ´´μ° ¸·¥¤¥ Å
É·¥É¨° ¸Éμ²¡¥Í, Î¥É¢¥·ÉÒ° Å ¤²Ö Î¨¸Éμ ±Ê²μ´μ¢¸±μ° Ï¨·¨´Ò, ¸ ¢ÒÎ¥Éμ³
Res〈x = 0|GS(E)|y = 0〉 = k3

n/π). ˜¥¸Éμ° ¨ ¸¥¤Ó³μ° ¸Éμ²¡ÍÒ μÉ¢¥Î ÕÉ
Î ·³μ´¨Õ (¢ ¨´¸É ´Éμ´´μ° ¸·¥¤¥ Å Ï¥¸Éμ° ¸Éμ²¡¥Í, ¨ ¸¥¤Ó³μ° ¤²Ö Î¨¸Éμ
±Ê²μ´μ¢¸±μ° Ï¨·¨´Ò).
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’ ¡²¨Í  2. ˜¨·¨´Ò e+e−-· ¸¶ ¤  3S1-Ê·μ¢´¥° ¡μÉÉμ³μ´¨Ö ¨ Î ·³μ´¨Ö (±Ô‚)

n Γbb̄ Γbb̄ ΓCoulomb
bb̄ Γexp

bb̄
Γcc̄ ΓCoulomb

cc̄ Γexp
cc̄

1 2,10 0,44 0,17 1,31 1,32 0,22 5,40
2 70,11 2,38 0,02 0,58 5,04 0,03 2,12
3 548,22 11,19 0,006 26,30 19,13 0,008 0,75

�É³¥É¨³ É ±¦¥, ÎÉμ ¶μÉ¥´Í¨ ²Ó´μ ¨³¥ÕÉ¸Ö ¢μ§³μ¦´μ¸É¨ Ê²ÊÎÏ¥´¨Ö Ë¨-
É¨·μ¢ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶ÊÉ¥³ ¨§³¥´¥´¨Ö ¶ · ³¥É·μ¢, μ¶¨¸Ò¢ -
ÕÐ¨Ì ¨´¸É ´Éμ´´ÊÕ ¸·¥¤Ê. �É¢¥É ²¨´¥°´μ § ¢¨¸¨É μÉ ¶²μÉ´μ¸É¨ ¨´¸É ´Éμ´-
´μ° ¦¨¤±μ¸É¨ ¨ ¸² ¡μ ±¢ ¤· É¨Î´μ · ¸É¥É ¸ Ê¢¥²¨Î¥´¨¥³ · §³¥·  ¨´¸É ´Éμ´ .
‚ Î ¸É´μ¸É¨ μ± § ²μ¸Ó, ÎÉμ ¤μ¡¨ÉÓ¸Ö § ³¥É´μ£μ Ê²ÊÎÏ¥´¨Ö ¢ μ¶¨¸ ´¨¨ Ï¨-
·¨´ ³μ¦´μ Éμ²Ó±μ §  ¸Î¥É ¨§³¥´¥´¨Ö ³ ¸¸Ò ±¢ ·± , ´μ ¶·¨ ÔÉμ³, μ¤´ ±μ,
μ¡´ ·Ê¦¨¢ ¥É¸Ö ¸ÊÐ¥¸É¢¥´´Ò° ¶·μ¨£·ÒÏ ¢ μ¶¨¸ ´¨¨ ¸¶¥±É·  ³ ¸¸.

�μ³¨³μ ¨´¸É ´Éμ´´μ£μ ±μ··¥²ÖÉμ·  (9) ³Ò É ±¦¥ ¨¸¶μ²Ó§μ¢ ²¨ ±μ··¥²Ö-
Í¨μ´´ÊÕ ËÊ´±Í¨Õ £ Ê¸¸μ¢¸±μ£μ ¢¨¤ 

F (x) = e−x2/ρ2
.

�³¶²¨ÉÊ¤  ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±Í¨¨ μ¶¨¸Ò¢ ² ¸Ó É¥³ ¦¥ ¶ · ³¥É·μ³ n, ÎÉμ
¨ ¢ ¨´¸É ´Éμ´´μ° ¦¨¤±μ¸É¨, ¸ É¥³¨ ¦¥ ³´μ¦¨É¥²Ö³¨, ¶·¨Ìμ¤ÖÐ¨³¨ μÉ ¶·μ-
Ë¨²Ó´μ° ËÊ´±Í¨¨ ¸¨´£Ê²Ö·´μ£μ ¨´¸É ´Éμ´ . �± § ²μ¸Ó, ÎÉμ ¤μ¡¨ÉÓ¸Ö ¶·¨¥³-
²¥³μ£μ ( ´ ²μ£¨Î´μ£μ ¨´¸É ´Éμ´´μ³Ê) ¸μ¢¶ ¤¥´¨Ö ¸¶¥±É·  ³ ¸¸ ³μ¦´μ Éμ²Ó±μ
§  ¸Î¥É μÎ¥´Ó Ï¨·μ±μ° £ Ê¸¸μ¢¸±μ° ËÊ´±Í¨¨ ¸ ρ ∼ 2Ä4 ρinst, ¶·¨Î¥³  ³¶²¨-
ÉÊ¤  n ¤μ²¦´  ¡ÒÉÓ ¶·¨³¥·´μ É ±μ° ¦¥, ± ± ¨ ¤²Ö ¸²ÊÎ Ö ¨´¸É ´Éμ´´μ° ¦¨¤-
±μ¸É¨ n ∼ ninst. 
Éμ ³μ¤¥²¨·μ¢ ´¨¥ ¶μ¤Î¥·±¨¢ ¥É ÎÊ¢¸É¢¨É¥²Ó´μ¸ÉÓ ·¥§Ê²Ó-
É É  ± ¢¨¤Ê ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±Í¨¨. ‚ Î ¸É´μ¸É¨, μÉ²¨Î¨É¥²Ó´μ° Î¥·Éμ°
£¥´¥·¨·Ê¥³μ£μ ¨´¸É ´Éμ´ ³¨ ±μ··¥²ÖÉμ·  Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ ¸ÊÐ¥¸É¢¥´´μ£μ
²μ£ ·¨Ë³¨Î¥¸±μ£μ ¢±² ¤  ´  ³ ²ÒÌ · ¸¸ÉμÖ´¨ÖÌ.

‚ ´ Î ²¥ · ¡μÉÒ ³Ò μÉ³¥Î ²¨, ÎÉμ ¢ ¶·μÉ¨¢μ¶μ²μ¦´μ³ ¶·¥¤¥²Ó´μ³ ¸²ÊÎ ¥
¡μ²ÓÏμ£μ ±μ··¥²ÖÍ¨μ´´μ£μ ±¢ ·±μ¢μ£μ ¢·¥³¥´¨  ¤¥±¢ É´Ò³ ¶·¨¡²¨¦¥´¨¥³,
μ¶¨¸Ò¢ ÕÐ¨³ ¢μ§¤¥°¸É¢¨¥ ´  § ·Ö¤Ò ¸ÉμÌ ¸É¨Î¥¸±μ£μ ¶μ²Ö, Ö¢²Ö¥É¸Ö ¶μÉ¥´-
Í¨ ². ŒÒ ³μ¦¥³ μÍ¥´¨ÉÓ ¶μ·Ö¤μ± ¨´¤ÊÍ¨·Ê¥³ÒÌ ¨´¸É ´Éμ´ ³¨ ÔËË¥±Éμ¢ ¸
¶μ³μÐÓÕ Ê¦¥ ¢¢¥¤¥´´μ° ±μ··¥²ÖÍ¨μ´´μ° ËÊ´±Í¨¨. „²Ö ¶·μ¸ÉμÉÒ μ¡μ§´ -
Î¥´¨° § ³¥´¨³ μ¶¥· Éμ·Ò § ·Ö¤μ¢ ( ´É¨)±¢ ·±μ¢ ¨Ì ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨-
Ö³¨, É. ¥. ¡Ê¤¥³ ¶μ² £ ÉÓ, ÎÉμ ÔÉμ ¶·μ¸Éμ ¤¥°¸É¢¨É¥²Ó´Ò¥ Î¨¸²μ¢Ò¥ ¢¥±Éμ·Ò
λ/2 → e. ‚ ¤ ´´μ³ ¸²ÊÎ ¥ ´ ³ ¡Ê¤¥É Ê¤μ¡´¥¥ μ¶¥·¨·μ¢ ÉÓ ¥¢±²¨¤μ¢μ° Ëμ·-
³Ê²¨·μ¢±μ° § ¤ Î¨. ‚§ ¨³μ¤¥°¸É¢¨¥ ±² ¸¸¨Î¥¸±¨Ì Í¢¥Éμ¢ÒÌ § ·Ö¤μ¢ ¸ ¶μ²Ö³¨
( ´É¨)¨´¸É ´Éμ´μ¢ μ¶¨¸Ò¢ ¥É¸Ö ¸ ¶μ³μÐÓÕ ¸²¥¤ÊÕÐ¥£μ ¤¥°¸É¢¨Ö:

SA =
∫

dx4

N∑
k=1

[e1 A4(x1, x4; γk) + e2 A4(x2, x4; γk)] .
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‘μμÉ¢¥É¸É¢¥´´μ ¢ ¶·μ¨§¢μ¤ÖÐ¥³ ËÊ´±Í¨μ´ ²¥ ³Ò ¶μ²ÊÎ ¥³ Ô±¸¶μ´¥´ÉÊ μÉ
¸ÉμÌ ¸É¨Î¥¸±μ£μ ¤¥°¸É¢¨Ö, ±μÉμ·ÊÕ · §²μ¦¨³, ¨¸¶μ²Ó§ÊÖ ±² ¸É¥·´μ¥ · §²μ-
¦¥´¨¥

〈exp(−S)〉ωz = exp

( ∑
k

(−1)k

k!
〈〈Sk〉〉ωz

)
,

£¤¥ ±Ê³Ê²Ö´ÉÒ μ¶·¥¤¥²¥´Ò ± ± 〈S1〉 = 〈〈S1〉〉, 〈S1S2〉=〈S1〉〈S2〉+〈〈S1S2〉〉, . . .
�¥·¢Ò° ±Ê³Ê²Ö´É ¶μ²ÊÎ ¥É¸Ö ¶·¨ Ê¸·¥¤´¥´¨¨ ¤¥°¸É¢¨Ö ¨ § ´Ê²Ö¥É¸Ö ¶μ¸²¥
Ê¸·¥¤´¥´¨Ö ¶μ Í¢¥Éμ¢Ò³ μ·¨¥´É Í¨Ö³. „²Ö ¢Éμ·μ£μ ±Ê³Ê²Ö´É  ¶μ²ÊÎ¨³

〈〈S2
A〉〉 =

∫
dx4 2 VA,

VA =
1
2

4
g2

1
N2

c − 1
nρ̄2

[
(e1e1 + e2e2) π2 + 2 e1e2 F

(
r
ρ

)]
.

„²Ö ¡¥¸Í¢¥É´μ£μ ¸μ¸ÉμÖ´¨Ö e2 = −e1 = −e ¨³¥¥³

VA =
4e2

g2

1
N2

c − 1
nρ̄2

[
π2 − F

(
r
ρ

)]
.

�  ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨ÖÌ ¶μÉ¥´Í¨ ² VA ¸É·¥³¨É¸Ö ± ±μ´¸É ´É¥ ¶μ·Ö¤±  ´¥-
¸±μ²Ó±¨Ì ¤¥¸ÖÉ±μ¢ ŒÔ‚, ±μÉμ· Ö ¶·μ¸Éμ μ¶¨¸Ò¢ ¥É ¶¥·¥´μ·³¨·μ¢±Ê ³ ¸¸Ò.

Š ± μÉ³¥Î ²μ¸Ó ¢μ ¢¢¥¤¥´¨¨, ¢ · ¡μÉ Ì [5] ¡Ò²μ ¶·μ¤¥³μ´¸É·¨·μ¢ ´μ, ÎÉμ
±μ´¥Î´Ò¥ ±μ··¥²ÖÍ¨μ´´Ò¥ ¢·¥³¥´  ¨ ¤²¨´Ò ¢ ±ÊÊ³´ÒÌ ±μ··¥²ÖÉμ·μ¢ ¢¥¤ÊÉ ¢
 ¸¨³¶ÉμÉ¨±¥ ± ²¨´¥°´μ³Ê ¶μÉ¥´Í¨ ²Ê. � §Ê³¥¥É¸Ö, ÔÉμÉ ¢Ò¢μ¤ ´¥¶·¨³¥´¨³ ¶μ
μÉ´μÏ¥´¨Õ ± ¨´¸É ´Éμ´´Ò³ ±μ´Ë¨£Ê· Í¨Ö³, ±μÉμ·Ò¥, ± ± ¨§¢¥¸É´μ, ´¥ ¤ ÕÉ
±μ´Ë °´³¥´É . ’¥Ì´¨Î¥¸± Ö ¶·¨Î¨´ , ¶μ ±μÉμ·μ° ´¥ ¶·μÌμ¤ÖÉ  ·£Ê³¥´ÉÒ ¨§
Í¨É¨·μ¢ ´´ÒÌ · ¡μÉ, ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¶·Ö³ Ö Ëμ·³Ê²  ¤²Ö ¢μ¸¸É ´μ¢²¥´¨Ö
¶μÉ¥´Í¨ ²  ¶μ ´ ¶·Ö¦¥´´μ¸É¨ ¶μ²Ö

Aa
μ(x) =

∫ 1

0

α dα Gρμ(αx) xρ (15)

´¥¸¶· ¢¥¤²¨¢  ¤²Ö ¨´¸É ´Éμ´  ¢ ¸¨´£Ê²Ö·´μ° ± ²¨¡·μ¢±¥, ÌμÉÖ Ëμ·³ ²Ó´μ
± ²¨¡·μ¢μÎ´μ¥ Ê¸²μ¢¨¥ ”μ± Ä˜¢¨´£¥·  ¢Ò¶μ²´¥´μ, xμ Aμ = 0 (¨´¸É ´Éμ´-
´μ¥ ·¥Ï¥´¨¥ ´¥ Ê¤μ¢²¥É¢μ·Ö¥É É ±¦¥ ¨ ³μ¤¨Ë¨Í¨·μ¢ ´´μ³Ê ±μμ·¤¨´ É´μ³Ê
± ²¨¡·μ¢μÎ´μ³Ê Ê¸²μ¢¨Õ Aa

4(0, x4) = 0, x Aa(x, x4) = 0). „²Ö ¨´¸É ´Éμ´ 
¦¥ ¢ ·¥£Ê²Ö·´μ° ± ²¨¡·μ¢±¥ Ëμ·³Ê²  (15) ¢Ò¶μ²´Ö¥É¸Ö, ´μ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨
±μ··¥²ÖÍ¨μ´´ Ö ËÊ´±Í¨Ö (8) ¸¨´£Ê²Ö·´ .

‚ § ±²ÕÎ¥´¨¥ ¸Ëμ·³Ê²¨·Ê¥³ ´ Ï μ¸´μ¢´μ° ¢Ò¢μ¤, ÎÉμ ¶μ¸É ´μ¢±  § -
¤ Î¨ μ¡ μ¶·¥¤¥²¥´¨¨ ¢²¨Ö´¨Ö · §²¨Î´ÒÌ ¢ ±ÊÊ³´ÒÌ ±μ³¶μ´¥´É ´  ¸¶¥±É·
¸¨¸É¥³ ÉÖ¦¥²ÒÌ ±¢ ·±μ´¨¥¢ ¢¶μ²´¥ μ¶· ¢¤ ´  ¨ ¢ ¶·¨´Í¨¶¥ ³μ¦¥É ¶μ³μÎÓ
§´ Î¨É¥²Ó´μ ¸Ê§¨ÉÓ ±² ¸¸ ¤μ¶Ê¸É¨³ÒÌ ´ ¸ÒÐ ÕÐ¨Ì ¶·μ¨§¢μ¤ÖÐ¨° ËÊ´±Í¨μ-
´ ² ±μ´Ë¨£Ê· Í¨°.
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