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‹μ³¨¤§¥ ˆ. �., „¦ ¢ Ì¨Ï¢¨²¨ „¦.ˆ. P5-2007-31
�·¨³¥´¥´¨¥ μ·Éμ£μ´ ²Ó´ÒÌ ¨´¢ ·¨ ´Éμ¢ É·¥Ì³¥·´ÒÌ μ¶¥· Éμ·μ¢
¤²Ö ·¥Ï¥´¨Ö ´¥±μÉμ·ÒÌ Ë¨§¨Î¥¸±¨Ì § ¤ Î

�  μ¸´μ¢¥ ¶μ²´μ£μ ´ ¡μ·  μ·Éμ£μ´ ²Ó´ÒÌ ¨´¢ ·¨ ´Éμ¢ μ¶¥· Éμ·μ¢, ¶μ¸É·μ¥´´μ£μ ¢ ¸¥·¨¨ ¶·¥¤Ò-
¤ÊÐ¨Ì · ¡μÉ μ¤´μ£μ ¨§  ¢Éμ·μ¢ (ˆ. ‹.), ¶μ²ÊÎ¥´  ¸¨¸É¥³  ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
¤²Ö ¨´¢ ·¨ ´Éμ¢ ³ É·¨ÍÒ Ÿ±μ¡¨ £¨¤·μ¤¨´ ³¨Î¥¸±μ° ¸±μ·μ¸É¨ ¡ ·μÌ·μ´´μ£μ É¥Î¥´¨Ö ¨¤¥ ²Ó´μ£μ
£ §  (¦¨¤±μ¸É¨). �μ± § ´μ, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É Éμ²Ó±μ ¤¢  ·¥¦¨³  É ±μ£μ É¥Î¥´¨Ö Å ¶μÉ¥´Í¨ ²Ó´Ò° ¨
¸μ²¥´μ¨¤ ²Ó´Ò°. ‚ μ¡μ¨Ì ·¥¦¨³ Ì ´ °¤¥´Ò ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ¶μ¸É·μ¥´´μ° ¸¨¸É¥³Ò ´¥²¨´¥°´ÒÌ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°; ´ °¤¥´Ò ¶μ²¨´μ³¨ ²Ó´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¤²Ö ¨´¢ ·¨ ´Éμ¢ ³ É·¨ÍÒ Ÿ±μ¡¨
¨ ¶μ± § ´μ, ÎÉμ ÔÉ¨ ¸μμÉ´μÏ¥´¨Ö Ö¢²ÖÕÉ¸Ö ¨´É¥£· ² ³¨ ¤¢¨¦¥´¨Ö. ‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¶μ²ÊÎ¥´´ÒÌ
·¥§Ê²ÓÉ Éμ¢ ·¥Ï¥´Ò É·¥Ì³¥·´Ò¥ £¨¤·μ¤¨´ ³¨Î¥¸±¨¥ Ê· ¢´¥´¨Ö �°²¥·  ¨ ´ °¤¥´  § ¢¨¸¨³μ¸ÉÓ μÉ ¢·¥-
³¥´¨ ¨ μÉ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É £¨¤·μ¤¨´ ³¨Î¥¸±μ° ¸±μ·μ¸É¨ É¥Î¥´¨Ö ¨ ¶²μÉ´μ¸É¨ ¸·¥¤Ò.
�μ± § ´μ, ÎÉμ ¶·¨ ¶μÉ¥´Í¨ ²Ó´μ³ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ § ¢¨¸¨³μ¸ÉÓ £¨¤·μ¤¨´ ³¨Î¥¸±μ° ¸±μ·μ¸É¨
μÉ · ¤¨Ê¸ -¢¥±Éμ·  (μÉ´μ¸¨É¥²Ó´μ ¶·μ¨§¢μ²Ó´μ ¢Ò¡· ´´μ£μ ´ Î ²  ±μμ·¤¨´ É) ¨³¥¥É ¢¨¤ ´¥·¥²ÖÉ¨-
¢¨¸É¸±μ£μ § ±μ´  • ¡¡² . �ÉμÉ ·¥§Ê²ÓÉ É ¶·¥¤¸É ¢²Ö¥É¸Ö ¨´É¥·¥¸´Ò³, É ± ± ± ·¥¦¨³ ¡ ·μÌ·μ´´μ£μ
É¥Î¥´¨Ö ¥¸É¥¸É¢¥´´Ò³ μ¡· §μ³ ³μ¤¥²¨·Ê¥É ±·Ê¶´μ³ ¸ÏÉ ¡´ÊÕ Ô¢μ²ÕÍ¨Õ ‚¸¥²¥´´μ°. „²Ö ¸μ²¥´μ¨-
¤ ²Ó´μ£μ É¥Î¥´¨Ö ´ °¤¥´Ò ´¥μ¡Ìμ¤¨³Ò¥ ¨ ¤μ¸É ÉμÎ´Ò¥ Ê¸²μ¢¨Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö ·¥Ï¥´¨° Ê· ¢´¥´¨°
�°²¥·  ¢¨¤  ¶·μ¸Éμ° ²¨¡μ ¤¢μ°´μ° ¢μ²´Ò ¨ ¶μ± § ´μ, ÎÉμ ÔÉμ É¥Î¥´¨¥ Ö¢²Ö¥É¸Ö ¨§μ¡ ·¨Î¥¸±¨³.
� §¢¨ÉÒ° ¶μ¤Ìμ¤ ¶·¨³¥´¥´ É ±¦¥ ¤²Ö μ¶¨¸ ´¨Ö ¤¨´ ³¨±¨ É¢¥·¤μ£μ É¥² .

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

‘μμ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2007

Lomidze I. R., Javakhishvili J. I. P5-2007-31
Application of Orthogonal Invariants of Operators in Solving Some Physical Problems

On the base of complete set of orthogonal invariants of operators which is built in the recently
performed series of articles of one of the authors (I. L.) the system of nonlinear differential equations
(NDE) for orthogonal invariants of ideal gas (liquid) hydrodynamic velocity's Jacobi matrix is obtained
when the 	ow is barochronic. It is shown that only two regimes of barochronic 	ow are possible Å a
potential and/or a solenoidal one. Exact solutions of the NDE system are obtained; polynomial relations
between the Jacobi matrix`s invariants are found and it is proved that these relations are integrals of
motion. Using the obtained results the 3-dimensional hydrodynamic Euler equations are solved and
hydrodynamic velocity's and substance density`s time and space dependence are found. It is shown that
the hydrodynamic velocity of potential barochronic 	ow depends on radius-vector (for arbitrarily chosen
origin of coordinates frame) and satisˇes the nonrelativistic Hubble law. This result seems interesting
taking into consideration that barochronic 	ow naturally describes long-scale evolution of the Universe.
The sufˇcient and necessary conditions are found for the solution of hydrodynamic Euler equations of
solenoidal barochronic stream having form of the primitive wave or of the double wave. It is shown that
such a 	ow is isobaric.

The investigation has been performed at the Laboratory of Information Technologies, JINR.
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‚ Í¨±²¥ · ¡μÉ [1Ä4] ¡Ò² ¶μ¸É·μ¥´ ¶μ²´Ò° ¶μ²¨´μ³¨ ²Ó´Ò° ¡ §¨¸ ¨´-
¢ ·¨ ´Éμ¢ μ¶¥· Éμ·μ¢ ¨ ¨Ì ³ É·¨Í ¶·¨ μ·Éμ£μ´ ²Ó´ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ ¢
n-³¥·´μ³ ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥ ¨ ·¥Ï¥´  § ¤ Î  ±² ¸¸¨Ë¨± Í¨¨ ²¨´¥°-
´ÒÌ μ¶¥· Éμ·μ¢ ¶μ ¨Ì μ·Éμ£μ´ ²Ó´Ò³ ¨´¢ ·¨ ´É ³ (¢ ÔÉ¨Ì ¦¥ · ¡μÉ Ì ¤μ± -
§ ´Ò É ±¦¥  ´ ²μ£¨Î´Ò¥ É¥μ·¥³Ò ¨ ¤²Ö £·Ê¶¶Ò Ê´¨É ·´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¢
n-³¥·´μ³ Ê´¨É ·´μ³ ¢¥±Éμ·´μ³ ¶·μ¸É· ´¸É¢¥).

� §¢¨ÉÒ°  ¶¶ · É ¶μ§¢μ²Ö¥É Ê¸¶¥Ï´μ ·¥Ï ÉÓ · §´μμ¡· §´Ò¥ Ë¨§¨Î¥¸±¨¥
§ ¤ Î¨, ¶·¨ ÔÉμ³ ¢ ´¥±μÉμ·ÒÌ ¸²ÊÎ ÖÌ ¶μ²ÊÎ¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¸ÊÐ¥¸É¢¥´´μ
ÊÉμÎ´ÖÕÉ ·¥Ï¥´¨Ö, ¶μ¸É·μ¥´´Ò¥ ¤·Ê£¨³¨ ³¥Éμ¤ ³¨. � Ï ¶μ¤Ìμ¤ ¶μ§¢μ²Ö¥É
É ±¦¥ ´ Ìμ¤¨ÉÓ ´μ¢Ò¥ ·¥Ï¥´¨Ö, ±μÉμ·Ò¥ ´¥ ®Ê² ¢²¨¢ ²¨¸Ó¯ ¶·¨ ¶·¥¦´¨Ì
¨¸¸²¥¤μ¢ ´¨ÖÌ [5Ä8].

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ μ·Éμ£μ´ ²Ó´Ò¥ ¨´¢ ·¨ ´ÉÒ É·¥Ì³¥·´ÒÌ ³ É·¨Í ¶·¨-
³¥´ÖÕÉ¸Ö ¤²Ö ·¥Ï¥´¨Ö É·¥Ì³¥·´ÒÌ ´¥²¨´¥°´ÒÌ Ê· ¢´¥´¨° ¢ Î ¸É´ÒÌ ¶·μ-
¨§¢μ¤´ÒÌ, μ¶¨¸Ò¢ ÕÐ¨Ì ´¥±μÉμ·Ò¥ § ¤ Î¨ £¨¤·μ- ¨  Ô·μ¤¨´ ³¨±¨,   É ±¦¥
É¢¥·¤μ£μ É¥² . �μÌμ¦¨° ³¥Éμ¤ ¶·¨³¥´Ö²¸Ö ¢ · ¡μÉ Ì [5Ä8], £¤¥ ¡Ò²¨ ¶μ²Ê-
Î¥´Ò ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö  ²£¥¡· ¨Î¥¸±¨Ì ¨´¢ ·¨ ´Éμ¢ ³ É·¨ÍÒ
Ÿ±μ¡¨ ¶μ²Ö ¸±μ·μ¸É¥° ´¥¶·¥·Ò¢´μ° ¸·¥¤Ò ¨ ¨§ÊÎ¥´Ò É¨¶Ò ¸¨³³¥É·¨¨ μ¡Ð¨Ì
·¥Ï¥´¨° ÔÉμ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° ¤²Ö ´¥±μÉμ·ÒÌ £¨¤·μ- ¨  Ô·μ¤¨´ ³¨Î¥¸±¨Ì
³μ¤¥²¥°. �¤´ ±μ ¸ÊÐ¥¸É¢¥´´μ, ÎÉμ ¨¸¶μ²Ó§μ¢ ´´Ò° ¢ ÔÉ¨Ì · ¡μÉ Ì ´ ¡μ·
 ²£¥¡· ¨Î¥¸±¨Ì ¨´¢ ·¨ ´Éμ¢ ´¥ Ö¢²Ö¥É¸Ö ¶μ²´Ò³. � ³¨ ¶μ± § ´μ, ÎÉμ ¶·¨-
³¥´¥´¨¥ ¶μ²´μ£μ ¶μ²¨´μ³¨ ²Ó´μ£μ ¡ §¨¸  ¨´¢ ·¨ ´Éμ¢ ¶μ§¢μ²Ö¥É ´ °É¨ ¢¸¥
(£² ¤±¨¥) ·¥Ï¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥° Ë¨§¨Î¥¸±μ° § ¤ Î¨, ¶·¨Î¥³ ¢ Ö¢´μ ±μ¢ -
·¨ ´É´μ³ ¢¨¤¥. Šμ²¨Î¥¸É¢μ ¶·μ¨§¢μ²Ó´ÒÌ ¶ · ³¥É·μ¢ ¢ ´ °¤¥´´ÒÌ ·¥Ï¥´¨ÖÌ
¢ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥ ³μ¦¥É ¡ÒÉÓ Ê³¥´ÓÏ¥´μ.

I. �¨¦¥ ¨¸¶μ²Ó§μ¢ ´Ò ¸²¥¤ÊÕÐ¨¥ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ Í¨±²  · -
¡μÉ [1Ä4].

1. „²Ö ¶·μ¨§¢μ²Ó´μ£μ μ¶¥· Éμ·  ’ ¢ ¢¥Ð¥¸É¢¥´´μ³ ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´-
¸É¢¥ ¸ÊÐ¥¸É¢Ê¥É ± ´μ´¨Î¥¸±¨° μ·Éμ´μ·³¨·μ¢ ´´Ò° ¡ §¨¸, μ¶·¥¤¥²¥´´Ò° μ¤-
´μ§´ Î´μ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ μ¤´μ¢·¥³¥´´μ£μ μÉ· ¦¥´¨Ö ¢¸¥Ì ±μμ·¤¨´ É´ÒÌ μ¸¥°,
¢ ±μÉμ·μ³ ³ É·¨Í  T = [Tlk] (¢μμ¡Ð¥ £μ¢μ·Ö, ´¥¸¨³³¥É·¨Î¥¸± Ö) ÔÉμ£μ μ¶¥-

1



· Éμ·  ¨³¥¥É ¢¨¤

T =

⎡
⎣ s1 ω3 −ω2

−ω3 s2 ω1

ω2 −ω1 s3

⎤
⎦ ,

s1 � s2 � s3, T12 ≡ ω3 � 0, T13 ≡ −ω2 � 0,

(1)

¶·¨Î¥³ ¥¸²¨ s1 = s2 < s3 (¨²¨ ¥¸²¨ s1 < s2 = s3), Éμ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³
¶μ¢μ·μÉμ³ ¢ ±μμ·¤¨´ É´μ° ¶²μ¸±μ¸É¨ x1Ox2 (¨²¨, ¸μμÉ¢¥É¸É¢¥´´μ, ¢ x2Ox3),
´¥ ¨§³¥´ÖÕÐ¨³ §´ Î¥´¨Ö T12 ≡ ω3 (¸μμÉ¢¥É¸É¢¥´´μ, T23 ≡ ω1), ¢¸¥£¤  ³μ¦´μ
μ¡· É¨ÉÓ ¢ ´Ê²Ó Ô²¥³¥´É T13 (¥¸²¨ ¦¥ s1 = s2 = s3 = s, Éμ ³μ¦´μ μ¡· É¨ÉÓ ¢
´Ê²Ó Ô²¥³¥´ÉÒ T13 ¨ T23).

2. �μ¸É·μ¥´ ¶μ²´Ò° ´ ¡μ·  ²£¥¡· ¨Î¥¸±¨Ì (¶μ²¨´μ³¨ ²Ó´ÒÌ) μ·Éμ£μ-
´ ²Ó´ÒÌ ¨´¢ ·¨ ´Éμ¢ ¤ ´´μ£μ μ¶¥· Éμ·  ’, ¢§ ¨³´μ-μ¤´μ§´ Î´μ (¡¨¥±É¨¢´μ)
¸¢Ö§ ´´Ò° ¸ Ô²¥³¥´É ³¨ ³ É·¨ÍÒ ÔÉμ£μ μ¶¥· Éμ·  ¢ ± ´μ´¨Î¥¸±μ³ ¡ §¨¸¥.
‚ É·¥Ì³¥·´μ³ ¢¥Ð¥¸É¢¥´´μ³ ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥ ÔÉμÉ ´ ¡μ· ¢ μ¡Ð¥³
¸²ÊÎ ¥ ¸μ¸Éμ¨É ¨§ ¸²¥¤ÊÕÐ¨Ì Ï¥¸É¨ ¶μ²¨´μ³¨ ²Ó´ÒÌ ¨´¢ ·¨ ´Éμ¢ (tr M =∑

Mkk):
trSλ, (λ = 1, 3) trA2, tr (SA2), tr (SAS2A2), (2)

£¤¥
Slk = Skl = (Tlk + Tkl)/2, Alk = −Akl = (Tlk − Tkl)/2.

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¢ ± ´μ´¨Î¥¸±μ³ ¡ §¨¸¥ ¢Ò¶μ²´ÖÕÉ¸Ö · ¢¥´¸É¢  [1]

trSλ = sλ
1 + sλ

2 + sλ
3 , λ = 1, 3;

trA2 = −2(ω2
1 + ω2

2 + ω2
3) ≡ −2ω2;

tr (SA2) = s1ω
2
1 + s2ω

2
2 + s3ω

2
3 − ω2trS;

tr (SAS2A2) = ω1ω2ω3 det
[
sl−1

k

]
k,l=1,3

= ω1ω2ω3(s2 − s1)(s3 − s1)(s3 − s2).
(3)

“· ¢´¥´¨Ö (54) ¢§ ¨³´μ-μ¤´μ§´ Î´μ ¸¢Ö§Ò¢ ÕÉ Ô²¥³¥´ÉÒ ³ É·¨ÍÒ ¢ ± -
´μ´¨Î¥¸±μ³ ¡ §¨¸¥ ¨ ¨´¢ ·¨ ´ÉÒ (2). �μ¸±μ²Ó±Ê ¶ · ³¥É·Ò sk, ωk, k = 1, 3,
¢ Ëμ·³Ê²¥ (1) ¶·μ¨§¢μ²Ó´Ò, ÔÉμ μ§´ Î ¥É, ÎÉμ ³´μ¦¥¸É¢μ (2) Ö¢²Ö¥É¸Ö ¶μ²´μ°
¸¨¸É¥³μ° ËÊ´±Í¨μ´ ²Ó´μ-´¥§ ¢¨¸¨³ÒÌ ¨´¢ ·¨ ´Éμ¢ Å ³¨´¨³ ²Ó´Ò³ ËÊ´±-
Í¨μ´ ²Ó´Ò³ ¡ §¨¸μ³ (¸³. [1, 2]). �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ¤¢  μ¶¥· Éμ·  (¤¢¥
³ É·¨ÍÒ) μ·Éμ£μ´ ²Ó´μ ¶μ¤μ¡´Ò Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  μ´¨ ¨³¥ÕÉ
¸μ¢¶ ¤ ÕÐ¨° ´ ¡μ· ¨´¢ ·¨ ´Éμ¢ (2).

�É¨ ÊÉ¢¥·¦¤¥´¨Ö Ö¢²ÖÕÉ¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ μ¡Ð¨Ì É¥μ·¥³, ¤μ± § ´´ÒÌ
¢ · ¡μÉ Ì [1Ä4] ¤²Ö μ¶¥· Éμ·μ¢ ¢ ¥¢±²¨¤μ¢μ³ ¨ Ê´¨É ·´μ³ ¶·μ¸É· ´¸É¢¥ ¶·μ-
¨§¢μ²Ó´μ° · §³¥·´μ¸É¨ n.

�μ¤Î¥·±´¥³, ÎÉμ ±μÔËË¨Í¨¥´ÉÒ Ì · ±É¥·¨¸É¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö μ¶¥· -
Éμ·  ’ (³ É·¨ÍÒ ) ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥ ¶μ§¢μ²ÖÕÉ ±² ¸¸¨Ë¨Í¨·μ¢ ÉÓ μ¶¥· Éμ·Ò
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(³ É·¨ÍÒ) ¶μ ¶·¨§´ ±Ê μ·Éμ£μ´ ²Ó´μ£μ ¶μ¤μ¡¨Ö. •μ·μÏμ ¨§¢¥¸É´μ É ±¦¥
(¸³., ´ ¶·¨³¥·, [9]), ÎÉμ É ±ÊÕ ±² ¸¸¨Ë¨± Í¨Õ ´¥ ¶μ§¢μ²Ö¥É μ¸ÊÐ¥¸É¢¨ÉÓ ¨
¡μ²¥¥ Ï¨·μ±¨° ´ ¡μ· ¨´¢ ·¨ ´Éμ¢

tr Sλ,
〈
ωSλ−1ω

〉
= tr (A2Sλ−1) + ω2tr Sλ−1, λ = 1, 3 (4)

(§¤¥¸Ó ¨ ¤ ²¥¥ ¸±μ¡± ³¨ 〈 〉 μ¡μ§´ Î¥´μ ¥¢±²¨¤μ¢μ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥
¢¥±Éμ·μ¢,   Ê³´μ¦¥´¨¥ ³ É·¨ÍÒ ´  ¢¥±Éμ· ¶μ´¨³ ¥É¸Ö ¢ ¸³Ò¸²¥ Ê³´μ¦¥´¨Ö
´  ¸Éμ²¡¥Í, ¸μ¸É ¢²¥´´Ò° ¨§ μ·Éμ£μ´ ²Ó´ÒÌ ±μ³¶μ´¥´É ÔÉμ£μ ¢¥±Éμ· ). �Éμ ¨
¶μ´ÖÉ´μ, É ± ± ± ´ ¡μ· (4) § ¢¨¸¨É Éμ²Ó±μ μÉ ±¢ ¤· É   ´É¨¸¨³³¥É·¨Î¥¸±μ°
Î ¸É¨ μ¶¥· Éμ·  (³ É·¨ÍÒ) ¨, ¸²¥¤μ¢ É¥²Ó´μ, ´¥ ¶μ§¢μ²Ö¥É · §²¨Î ÉÓ ¢§ ¨³´μ
É· ´¸¶μ´¨·μ¢ ´´Ò¥ μ¶¥· Éμ·Ò (³ É·¨ÍÒ), ±μÉμ·Ò¥ ´¥ Ö¢²ÖÕÉ¸Ö μ·Éμ£μ´ ²Ó´μ
¶μ¤μ¡´Ò³¨.

II. �·¨³¥´¨³ · §¢¨ÉÒ° ³¥Éμ¤ ± § ¤ Î¥ μ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¨¤¥ ²Ó´μ£μ
£ § .

�¶·¥¤¥²¥´¨¥. � ·μÌ·μ´´Ò³ ´ §Ò¢ ¥É¸Ö É¥Î¥´¨¥, ¶·¨ ±μÉμ·μ³ ¤ ¢²¥´¨¥
P ¨ ¶²μÉ´μ¸ÉÓ ρ ¸¶²μÏ´μ° ¸·¥¤Ò ³μ£ÊÉ § ¢¨¸¥ÉÓ Éμ²Ó±μ μÉ ¢·¥³¥´¨ t ¨
μ¤¨´ ±μ¢Ò ¢μ ¢¸¥Ì ÉμÎ± Ì ¥¢±²¨¤μ¢μ£μ ¶·μ¸É· ´¸É¢  E

3 [6].
Ÿ¸´μ, ÎÉμ É·¥Ì³¥·´μ¥ ¡ ·μÌ·μ´´μ¥ ¤¢¨¦¥´¨¥ Ë¨§¨Î¥¸±¨ ³μ¦¥É μ¸ÊÐ¥-

¸É¢²ÖÉÓ¸Ö ²¨ÏÓ ¢ ¡¥¸±μ´¥Î´μ³ μ¤´μ·μ¤´μ³ ¶·μ¸É· ´¸É¢¥. ‚ ÔÉμ³ ¸³Ò¸²¥ ¨§Ê-
Î¥´¨¥ É ±μ£μ ·¥¦¨³  ¢¥¸Ó³  ¨´É¥·¥¸´μ ¸ ÉμÎ±¨ §·¥´¨Ö § ¤ Î ±μ¸³μ²μ£¨¨,
¶μ¸±μ²Ó±Ê ¶μ§¢μ²Ö¥É μÉ¤¥²¨ÉÓ ÔËË¥±ÉÒ, μ¡Ê¸²μ¢²¥´´Ò¥ £· ¢¨É Í¨¥° (¨¸±·¨-
¢²¥´¨¥³ ¶·μ¸É· ´¸É¢ ) μÉ Î¨¸Éμ ±¨´¥³ É¨Î¥¸±¨Ì ÔËË¥±Éμ¢ ¢ ¶²μ¸±μ³ ¡¥¸±μ-
´¥Î´μ³ μ¤´μ·μ¤´μ³ ¶·μ¸É· ´¸É¢¥.

Ÿ¸´μ É ±¦¥, ÎÉμ ¶·¨ ´Ê²¥¢μ³ £· ¤¨¥´É¥ ¤ ¢²¥´¨Ö ¨ ¶²μÉ´μ¸É¨ ¤¢¨¦¥´¨¥
³μ¦¥É ¶·μ¨¸Ìμ¤¨ÉÓ Éμ²Ó±μ ¶μ ¨´¥·Í¨¨, ¶·¨ ÔÉμ³ ´¥É·¨¢¨ ²Ó´ Ö § ¢¨¸¨³μ¸ÉÓ
£¨¤·μ¤¨´ ³¨Î¥¸±μ° ¸±μ·μ¸É¨ μÉ ±μμ·¤¨´ É ¨ ¢·¥³¥´¨ μ¡Ê¸²μ¢²¥´  ´ Î ²Ó´Ò³
¶μ²¥³ ¸±μ·μ¸É¥°, ±μÉμ·μ¥ ¶μ² £ ¥³ ´¥¶·¥·Ò¢´Ò³ ¨ ¤μ¸É ÉμÎ´μ £² ¤±¨³.

„²Ö ¨¤¥ ²Ó´μ£μ ¡ ·μÌ·μ´´μ£μ £ §  Ê· ¢´¥´¨Ö �°²¥·  ¨ ´¥¶·¥·Ò¢´μ¸É¨
[10] ¶·¨´¨³ ÕÉ ¢¨¤ ´¥²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [5, 6]

∂tuk + uj∂juk = 0, ∂tρ + ρ∂juj = 0, k = 1, 3, (5)

¤²Ö ±μ³¶μ´¥´É ¢¥±Éμ·  £¨¤·μ¤¨´ ³¨Î¥¸±μ° ¸±μ·μ¸É¨ u = (u1, u2, u3) ¨ ¶²μÉ-
´μ¸É¨ ρ = ρ(t), £¤¥ ∂t ≡ ∂/∂t, ∂j ≡ ∂/∂xj , j = 1, 3. �μ ¶μ¢Éμ·ÖÕÐ¨³¸Ö
¨´¤¥±¸ ³, ± ± μ¡ÒÎ´μ, ¶μ¤· §Ê³¥¢ ¥É¸Ö ¸Ê³³¨·μ¢ ´¨¥.

‘μ¸É ¢¨³ ³ É·¨ÍÊ Ÿ±μ¡¨

J(t,x) = [∂luk]k,l=1,3. (6)

‘¨³³¥É·¨Î¥¸± Ö ¨  ´É¨¸¨³³¥É·¨Î¥¸± Ö Î ¸É¨ ÔÉμ° ³ É·¨ÍÒ ¨³¥ÕÉ ¢¨¤
Slk = Skl = (∂luk + ∂kul)/2,

Alk = −Akl = (∂luk − ∂kul)/2 = elkm(rotm u)/2 = elkmωm,
(7)

£¤¥ ¢¢¥¤¥´μ μ¡μ§´ Î¥´¨¥ rotu = 2ω.
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�·¥¤²μ¦¥´¨¥ 1. �·¨ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¨¤¥ ²Ó´μ£μ £ §  § ¢¨¸¨³μ¸ÉÓ
μÉ ¢·¥³¥´¨ ³ É·¨ÍÒ Ÿ±μ¡¨ (6) μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ê²μ°

J(t,x) = J(0,x) (E3 + tJ(0,x))−1
, (8)

£¤¥ E3 μ¡μ§´ Î ¥É ¥¤¨´¨Î´ÊÕ 3×3 ³ É·¨ÍÊ, ¶·¨Î¥³ ³ É·¨Í  (E3 + tJ(0,x))
´¥ ¸¨´£Ê²Ö·´ .

„μ± § É¥²Ó¸É¢μ. �¥·¥°¤¥³ ± ´μ¢Ò³ ´¥§ ¢¨¸¨³Ò³ ¶¥·¥³¥´´Ò³ [6]

yi = xi − tui, υi(t,y) = ui(t,x), i = 1, 3. (9)

�·¥μ¡· §μ¢ ´¨¥ (9) ¸ ÊÎ¥Éμ³ Ê· ¢´¥´¨° (5) ¤ ¥É

dyi

dt
=

dxi

dt
− ui − t

dui

dt
= −t

(
∂ui

∂t
+ uk

∂ui

∂xk

)
= 0,

0 =
dui

dt
=

dυi

dt
=

∂υi

∂t
+

∂υi

∂yk

dyk

dt
⇒ ∂tυi = 0, i = 1, 3,

(10)

μÉ±Ê¤  ¸²¥¤Ê¥É
∂

∂t

∂υi

∂yk
=

∂

∂yk

∂υi

∂t
= 0. (11)

Š·μ³¥ Éμ£μ, ¨§ (9) ´ Ìμ¤¨³

Jik(t,x) =
∂ui

∂xk
=

∂υi

∂ym

∂ym

∂xk
=

∂υi

∂ym

(
δmk − t

∂um

∂xk

)
,

É. ¥.
J = Jυ (E3 − tJ) , Jυ = (E3 + tJυ)J. (12)

‡¤¥¸Ó Jυ = [∂υi/∂yk] Å ³ É·¨Í  Ÿ±μ¡¨ ¢ ´μ¢ÒÌ ¶¥·¥³¥´´ÒÌ, ±μÉμ· Ö ¸μ-
£² ¸´μ (11) ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨ Ö¢´μ, ¶·¨Î¥³ ¸μ£² ¸´μ (12) ¨³¥¥³

Jυ = J(0,x).

�μ¤¸É ¢²ÖÖ ÔÉμÉ ·¥§Ê²ÓÉ É ¢μ ¢Éμ·μ¥ Ê· ¢´¥´¨¥ (12), ¶μ²ÊÎ¨³ (8). ˆ§ (12)
¸²¥¤Ê¥É É ±¦¥, ÎÉμ det (E3 + tJυ) �= 0, É. ¥. ³ É·¨Í  (E3 + tJ(0,x)) ¨³¥¥É
μ¡· É´ÊÕ. �

‘²¥¤¸É¢¨¥ 1. ˆ§ Ëμ·³Ê² (12) ¢ÒÉ¥± ¥É Éμ¦¤¥¸É¢μ

(E3 − tJ) (E3 + tJυ) = E3, (13)

¸μ£² ¸´μ ±μÉμ·μ³Ê ³ É·¨ÍÒ J(0,x) ¨ J(t,x) ±μ³³ÊÉ¨·ÊÕÉ ¨

(E3 − tJ(t,x)) = (E3+ tJ(0,x))−1
.

�
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ˆ§ (8) ¢ÒÉ¥± ¥É ¸²¥¤ÊÕÐ Ö μ¡Ð Ö É¥μ·¥³ .
’¥μ·¥³  1. �·¨ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¨¤¥ ²Ó´μ£μ £ §  ¤²Ö ¶·μ¨§¢μ²Ó´ÒÌ

´ ÉÊ· ²Ó´ÒÌ Î¨¸¥² l, m ∈ N ³ É·¨Í  Ÿ±μ¡¨ (6) Ê¤μ¢²¥É¢μ·Ö¥É ¸μμÉ´μÏ¥-
´¨Ö³

∂m

∂tm
[J(t,x)]l = (−1)m Γ(l + m)

Γ(l)
[J(t,x)]l+m

,

l, m = 1, 2, . . . ,

(14)

£¤¥ Γ(z) =
∞∫
0

e−xxz−1dx Å £ ³³ -ËÊ´±Í¨Ö �°²¥· .

„μ± § É¥²Ó¸É¢μ. �·¨ l = m = 1 ¨§ (8) ´ Ìμ¤¨³

∂tJ(t,x) = J(0,x)∂t (E3 + tJ(0,x))−1 =

= − [J(0,x)]2 (E3 + tJ(0,x))−2 = − [J(t,x)]2 .

�É¸Õ¤ , ¤μ¶Ê¸± Ö, ÎÉμ (14) ¢Ò¶μ²´Ö¥É¸Ö ¶·¨ l, m � 2, ¸μ£² ¸´μ ³¥Éμ¤Ê ¶μ²´μ°
³ É¥³ É¨Î¥¸±μ° ¨´¤Ê±Í¨¨ ¶μ²ÊÎ¨³

∂m+1

∂tm+1
[J(t,x)]l = (−1)m Γ(l + m)

Γ(l)
∂

∂t
[J(t,x)]l+m =

= (−1)m (l + m)Γ(l + m)
Γ(l)

[J(t,x)]l+m−1 ∂

∂t
J(t,x) =

= (−1)m+1 Γ(l + m + 1)
Γ(l)

[J(t,x)]l+m+1
, l, m ∈ N.

‡ ³¥É¨³, ÎÉμ Ëμ·³Ê²  (14) ¸¶· ¢¥¤²¨¢  ¨ ¶·¨ l = 0,−1, . . . ‚ ÔÉμ³ ¸²ÊÎ ¥
¥¥ Ê¤μ¡´¥¥ § ¶¨¸ ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

∂m

∂tm
[J(t,x)]l = (−l)(−l − 1) · · · (−l − m + 1) [J(t,x)]l+m ,

− l ∈ N, m ∈ N.
(14′)

‘²¥¤¸É¢¨¥ 2. �·¨ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¨¤¥ ²Ó´μ£μ £ §  § ¢¨¸¨³μ¸ÉÓ μÉ
¢·¥³¥´¨ ¢¥²¨Î¨´ tr [J(t,x)]l, l ∈ N, É ±μ¢ , ÎÉμ

∂ttr [J(t,x)]l = −ltr [J(t,x)]l+1
. (15)

„μ± § É¥²Ó¸É¢μ ¸²¥¤Ê¥É ¨§ (14) ¨ ²¨´¥°´μ¸É¨ μ¶¥· Í¨° (∂/∂t)m ¨ tr. �
‘²¥¤¸É¢¨¥ 3. �·¨ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¨¤¥ ²Ó´μ£μ £ §  ¢¥²¨Î¨´Ò

tr [J(t,x)]l ´¥ § ¢¨¸ÖÉ μÉ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É xj (∂j ≡ ∂/∂xj):

∂j tr [J(t,x)]l = 0,

j = 1, 3; l ∈ N.
(16)
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„μ± § É¥²Ó¸É¢μ. �·¨ ¶·μ¨§¢μ²Ó´μ³ l ∈ N ¨³¥¥³

∂ttr [J(t,x)]l = ∂t

[
J l−1

jk (t,x)Jkj(t,x)
]

= lJ l−1
jk (t,x)∂tuk,j(t,x).

“Î¨ÉÒ¢ Ö ¢ ¶· ¢μ° Î ¸É¨ ÔÉμ£μ · ¢¥´¸É¢  Ê· ¢´¥´¨Ö (5), ¶μ²ÊÎ¨³

∂ttr [J(t,x)]l = −lJ l−1
jk ∂j(um∂muk) = −lJ l−1

jk JmjJkm − lumJ l−1
jk ∂muk,j

¨ ¶μ¸²¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ê¶·μÐ¥´¨°

∂ttr [J(t,x)]l = −ltr [J(t,x)]l+1 − um∂mtr [J(t,x)]l .

‘· ¢´¨¢ Ö ¶μ²ÊÎ¥´´Ò° ·¥§Ê²ÓÉ É ¸ (15), ¢ ¸¨²Ê ²¨´¥°´μ° ´¥§ ¢¨¸¨³μ¸É¨ ±μ³-
¶μ´¥´É £¨¤·μ¤¨´ ³¨Î¥¸±μ° ¸±μ·μ¸É¨ um, m = 1, 3, ¶μ²ÊÎ ¥³ (16). �

‘²¥¤¸É¢¨¥ 4. m-±· É´μ¥ ¶·¨³¥´¥´¨¥ Ëμ·³Ê²Ò (15) ¤ ¥É

∂m
t tr [J(t,x)]l = (−1)m Γ(l + m)

Γ(l)
tr [J(t,x)]l+m

, l, m ∈ N.

�
’¥μ·¥³  1 ¨ ¸²¥¤¸É¢¨Ö 2Ä4 ¶μ§¢μ²ÖÕÉ ´ °É¨ § ³±´ÊÉÊÕ ¸¨¸É¥³Ê ¤¨Ë-

Ë¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¨´¢ ·¨ ´Éμ¢ (2) ³ É·¨ÍÒ Ÿ±μ¡¨ J = [uj,k].
ˆ³¥´´μ, ¸¶· ¢¥¤²¨¢  ¸²¥¤ÊÕÐ Ö É¥μ·¥³ .

’¥μ·¥³  2. �·¨ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¸¶· ¢¥¤²¨¢Ò ¸μμÉ´μÏ¥´¨Ö

∂ttr (SλAζSμAη) = −um∂mtr (SλAζSμAη)−
− (λ + η)tr (Sλ+1AζSμAη) − (μ + ζ)tr (SλAζSμ+1Aη)−

− λtr (Sλ−1Aζ+2SμAη) −−μtr (SλAζSμ−1Aη+2)−
− ζtr (SλAζ−1SASμAη) − ηtr (SλAζSμAη−1SA), λ, μ, ζ, η ∈ N. (17)

„μ± § É¥²Ó¸É¢μ. �·¨ ¶·μ¨§¢μ²Ó´ÒÌ λ, μ, ζ, η ∈ N ¨³¥¥³

∂ttr(S
λAζSμAη) = λ(AζSμAηSλ−1)kj∂tSjk + ς(SμAηSλAζ−1)kj∂tAjk+

+ μ(AηSλAζSμ−1)kj∂tSjk + η(SλAζSμAη−1)kj∂tAjk.

“Î¨ÉÒ¢ Ö Ê· ¢´¥´¨Ö (5), ´ Ìμ¤¨³

∂t

(
Sjk

Ajk

)
=

1
2
∂t(uj,k ± uk,j) =

1
2
(∂k∂tuj ± ∂j∂tuk) =

= −∂k(um∂muj)±∂j(um∂muk)
2

=−um∂m

(
Sjk

Ajk

)
−uj,mum,k±uk,mum,j

2
.
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� §¡¨¢ Ö ¢ ¶μ¸²¥¤´¥³ ¸² £ ¥³μ³ ³ É·¨ÍÒ Ÿ±μ¡¨ ´  ¸¨³³¥É·¨Î¥¸±ÊÕ ¨  ´É¨-
¸¨³³¥É·¨Î¥¸±ÊÕ Î ¸É¨, ¶μ¸²¥ Ê¶·μÐ¥´¨° ¶μ²ÊÎ ¥³ (17). �

ˆ§ (17) ¢ Î ¸É´ÒÌ ¸²ÊÎ ÖÌ ´ Ìμ¤¨³
ζ = μ = 0, λ � 0, η = 2ν � 0:

∂ttr (SλA2ν) = −um∂mtr (SλA2ν)−
− (λ + 2ν)tr (Sλ+1A2ν) − λtr (Sλ−1A2ν+2) − 2νtr (SλA2ν−1SA); (18)

λ = ζ = 1, μ = η = 2:

∂ttr (SAS2A2) = −um∂mtr (SAS2A2) − 3tr (SAS3A2). (19)

�·¨ ¢Ò¢μ¤¥ Ëμ·³Ê²Ò (19) ÊÎÉ¥´μ, ÎÉμ (¨´¤¥±¸ T μ§´ Î ¥É É· ´¸¶μ´¨·μ¢ ´¨¥)

tr (SλA2ν) = tr (SλA2ν)T = −tr (A2νSλ) = −tr (SλA2ν) = 0,

tr (SλASλA2ν) = tr (SλASλA2ν)T = −tr (A2νSλASλ) = −tr (SλASλA2ν) = 0,

tr (SAS2ASA) = tr (SAS2ASA)T = −tr (ASAS2AS) = −tr (SAS2ASA) = 0.

ˆ§ (18) ´ Ìμ¤¨³

∂ttrSλ = −um∂mtrSλ − λtr Sλ+1 − λtr (Sλ−1A2), λ = 1, 3;

∂ttrA2 = −um∂mtrA2 − 4tr (SA2);

∂ttr (SA2) = −um∂mtr (SA2) − 3tr (S2A2) − trA4 − 2tr (SASA).

(20)

ˆ´¢ ·¨ ´ÉÒ ¢ ¶· ¢μ° Î ¸É¨ ¶μ¸²¥¤´¥° ¨§ Ëμ·³Ê² (20) ¸¢Ö§ ´Ò ¸μμÉ´μÏ¥´¨¥³

tr (SASA) = 2trStr (SA2) − 1
2
(tr2 S − trS2)tr A2 − 2tr (S2A2),

±μÉμ·μ¥ ²¥£±μ ¶·μ¢¥·Ö¥É¸Ö ¢ ± ´μ´¨Î¥¸±μ³ ¡ §¨¸¥. �μÔÉμ³Ê

∂ttr (SA2) = −um∂mtr (SA2) + tr (S2A2) − 4trStr (SA2)+

+ (tr2 S − trS2)trA2 − (tr A2)2/2. (21)

ˆ§ (18) É ±¦¥ ¸²¥¤Ê¥É

∂ttr (S2A2) = −um∂mtr (S2A2)− 4tr (S3A2)− 2tr (SA4)− 2tr (S2ASA). (22)

—Éμ¡Ò Ê¶·μ¸É¨ÉÓ ¶· ¢ÊÕ Î ¸ÉÓ ¢Ò· ¦¥´¨Ö (22), ¢μ¸¶μ²Ó§Ê¥³¸Ö Ëμ·³Ê²μ°
ƒ ³¨²ÓÉμ´ ÄŠÔ²¨ [11], ±μÉμ· Ö ¢ E

3 ¨³¥¥É ¢¨¤

S3 − S2S1 + SS2 − E3S3 = 0,
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£¤¥ S1, S2, S3 Å ±μÔËË¨Í¨¥´ÉÒ Ì · ±É¥·¨¸É¨Î¥¸±μ£μ ¶μ²¨´μ³  ³ É·¨ÍÒ S,

det (S − λE3) = −λ3 + λ2S1 − λS2 + S3,

a E3 Å ¥¤¨´¨Î´ Ö 3 × 3 ³ É·¨Í . �μ¸±μ²Ó±Ê ¢ E
3 ¤²Ö  ´É¨¸¨³³¥É·¨Î¥¸±μ°

³ É·¨ÍÒ A1 = tr A = 0, A3 = det A = 0, ¸μ£² ¸´μ Ëμ·³Ê²¥ ƒ ³¨²ÓÉμ´ ÄŠÔ²¨
¶μ²ÊÎ ¥³

A3 = −AA2, A4 = −A2A2.

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ

S2 =
1
2
(tr2 S − trS2), A2 = −1

2
trA2

(ÔÉ¨ ¸μμÉ´μÏ¥´¨Ö Å Ìμ·μÏμ ¨§¢¥¸É´Ò¥ Ëμ·³Ê²Ò �ÓÕÉμ´  [12], É ±¦¥ ²¥£±μ
¶·μ¢¥·Ö¥³Ò¥ ¢ ± ´μ´¨Î¥¸±μ³ ¡ §¨¸¥).

�  μ¸´μ¢ ´¨¨ ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° ´ Ìμ¤¨³

tr (S3A2) = S1tr (S2A2) − S2tr (SA2) + S3trA2 =

= S1tr (A2S2) − (S2
1 − tr S2)tr (A2S)/2 + (tr S3 − S1tr S2 + S1S2)tr A2/3 =

= S1tr(A
2S2) − (S2

1 − tr S2)tr (A2S)/2 + (2trS3 − 3S1tr S2 + S3
1)tr A2/6

(23)

¨
tr (SA4) = −A2tr (SA2) = trA2tr (SA2)/2. (24)

’ ±¦¥ (¢ ± ´μ´¨Î¥¸±μ³ ¡ §¨¸¥) ¶·μ¢¥·ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö [3]

tr (SAS2A) = −
{
S1tr (SASA) + S3trA2

}
/2 =

= −S1tr (A2S2) + S2
1 tr (SA2)+

+
1
2
trA2

(
S1trS2 − 1

3
trS3 − 2

3
S3

1 − 1
5
S1trA2

)
; (25)

tr (A2SAS3) = A12A23A31 det

⎡
⎢⎣

1 1 1

s1 s2 s3

s3
1 s3

2 s3
3

⎤
⎥⎦ =

= A12A23A31 det
[
sl−1

k

]
k,l=1,3

trS, (26)

μÉ±Ê¤ , ÊÎ¨ÉÒ¢ Ö ¶μ¸²¥¤´¥¥ ¸μμÉ´μÏ¥´¨¥ ¢ (3), ´ Ìμ¤¨³ ¨´¢ ·¨ ´É´ÊÕ Ëμ·-
³Ê²Ê

tr (A2SAS3) = tr (A2SAS2)tr S. (27)
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�É³¥É¨³, ÎÉμ (26) Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ μ¡Ð¥£μ ¸μμÉ´μÏ¥´¨Ö [2, 12]

tr (SλASμASνA) = A12A23A31 det

⎡
⎢⎣

sλ
1 sλ

2 sλ
3

sμ
1 sμ

2 sμ
3

sν
1 sν

2 sν
3

⎤
⎥⎦ . (28)

�±μ´Î É¥²Ó´μ, ¶μ¤¸É ¢²ÖÖ (23)Ä(25) ¨ (27) ¢ (19) ¨ (22), ¶μ²ÊÎ ¥³ ¸¨¸É¥³Ê
Ê· ¢´¥´¨°

∂ttr S = −um∂mtr S − trS2 − tr A2; (tr S = tr (S + A) = S1)

∂ttr S2 = −um∂mtrS2 − 2trS3 − 2tr (SA2);

∂ttr S3 = −um∂mtrS3 − 3trS4 − 3tr (S2A2) =

= −um∂mtrS3 − S4
1/2 − 4S1trS3 + 3(S2

1 − tr (S2/2)trS2 − 3tr (S2A2);

∂ttr A2 = −um∂mtrA2 − 4tr (SA2);

∂ttr (SA2) = −um∂mtr (SA2) + tr (S2A2) − 4S1tr (SA2)+

+ (S2
1 − trS2)trA2 − (tr A2)2/2;

∂ttr(S2A2) = −um∂mtr(S2A2)−
− 2S1tr (S2A2) − (2trS2 + trA2)tr (SA2) − trS3tr A2+

+ S1trS2trA2 + S1(trA2)2/5;

∂ttr (SAS2A2) = −um∂mtr (SAS2A2) − 3tr (A2SAS2)trS.

(29)

�μ¸±μ²Ó±Ê ¨´¢ ·¨ ´ÉÒ S1 = trS, trS2, trS3, trA2, tr (SA2), tr (SAS2A2)
ËÊ´±Í¨μ´ ²Ó´μ ´¥§ ¢¨¸¨³Ò ¨ ¸μ£² ¸´μ ¸²¥¤¸É¢¨Õ 3

∂mtrS2 + ∂mtr A2 = ∂mtr (S + A)2 = 0,

∂mtrS3 + 3∂mtr (SA2) = ∂mtr (S + A)3 = 0,

¶μ²ÊÎ ¥³

∂mS1 = ∂mtrS = ∂mtrS2 = ∂mtrS3 = ∂mtrA2 = ∂mtr(SA2) = 0. (30)

�É¸Õ¤ , ÊÎ¨ÉÒ¢ Ö ¶ÖÉμ¥ Ê· ¢´¥´¨¥ ¢ ¸¨¸É¥³¥ (29), ¶μ²ÊÎ ¥³

∂mtr (S2A2) = 0. (31)

ˆ§ (30), (31), (23) ¨ Ëμ·³Ê²Ò ƒ ³¨²ÓÉμ´ ÄŠÔ²¨ ¢ÒÉ¥± ¥É μ¡Ð¥¥ ¸μμÉ´μÏ¥´¨¥

∂mtr (SkA2) = 0, k = 0, 1, 2, . . . (32)
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�·¥¤²μ¦¥´¨¥ 2. �·¨ ¶·μ¨§¢μ²Ó´ÒÌ Í¥²ÒÌ ¶μ± § É¥²ÖÌ λ, μ, ν � 0

∂mtr (SλASμASνA) = 0. (33)

„μ± § É¥²Ó¸É¢μ. „¥°¸É¢¨É¥²Ó´μ, ¨§ (28) ¸²¥¤Ê¥É

tr2 (SλASμASνA) =

⎛
⎜⎝A12A23A31 det

⎡
⎢⎣

sλ
1 sλ

2 sλ
3

sμ
1 sμ

2 sμ
3

sν
1 sν

2 sν
3

⎤
⎥⎦
⎞
⎟⎠

2

=

= det2

⎡
⎢⎣

ω1s
λ
1 ω2s

λ
2 ω3s

λ
3

ω1s
μ
1 ω2s

μ
2 ω3s

μ
3

ω1s
ν
1 ω2s

ν
2 ω3s

ν
3

⎤
⎥⎦ .

�¥·¥³´μ¦ Ö μ¶·¥¤¥²¨É¥²¨ ¢ ¶· ¢μ° Î ¸É¨ ¸¶μ¸μ¡μ³ ®¸É·μ±  ´  ¸É·μ±Ê¯, ¶μ-
²ÊÎ¨³

tr2(SλASμASνA) = det

⎡
⎢⎣
〈
ωS2λω

〉 〈
ωSλ+μω

〉 〈
ωSλ+νω

〉
〈
ωSλ+μω

〉 〈
ωS2μω

〉
〈ωSμ+νω〉〈

ωSν+λω
〉

〈ωSν+μω〉
〈
ωS2νω

〉
⎤
⎥⎦ .

�É¸Õ¤  ´  μ¸´μ¢ ´¨¨ (4) ¨ (32) ¶·¨ Í¥²ÒÌ ¶μ± § É¥²ÖÌ ¢ÒÉ¥± ¥É (33). �
’ ±¨³ μ¡· §μ³, ¤μ± § ´  ¸²¥¤ÊÕÐ Ö μ¸´μ¢´ Ö É¥μ·¥³ .
’¥μ·¥³  3. �·¨ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¨¤¥ ²Ó´μ£μ £ §  ¢¸¥  ²£¥¡· ¨Î¥-

¸±¨¥ ¨´¢ ·¨ ´ÉÒ ³ É·¨ÍÒ Ÿ±μ¡¨ [∂kul] § ¢¨¸ÖÉ Éμ²Ó±μ μÉ ¢·¥³¥´¨. �²¥-
³¥´ÉÒ ¶μ²¨´μ³¨ ²Ó´μ£μ ¡ §¨¸  ¨´¢ ·¨ ´Éμ¢ (2) Ê¤μ¢²¥É¢μ·ÖÕÉ § ³±´ÊÉμ°
¸¨¸É¥³¥ μ¡ÒÎ´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (f ′ ≡ ∂tf) :

(tr S)′ = −trS2 − trA2; (trS = tr (S + A) = S1) ;

(tr A2)′ = −4tr (SA2);

(tr S2)′ = −2trS3 − 2tr (SA2);

(tr S3)′ = −3trS4 − 3tr(S2A2);(
trS4 = S4

1/6 + 4/3S1trS3 − (S2
1 − tr S2/2)trS2

)
;

tr (SA2)′ = tr (S2A2) − 4S1tr (SA2) + (S2
1 − trS2)trA2 − (tr A2)2/2;

tr (S2A2)′ = −2S1tr (S2A2) − (2trS2 + trA2)tr (SA2)−
− trS3trA2 + S1tr S2trA2 + S1(trA2)2/5;

tr (SAS2A2)′ = −3S1tr (SAS2A2).

(34)

�
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‚¢¥¤¥³ μ¡μ§´ Î¥´¨¥

γ ≡ −trA2 = 2ω2 = (rotu)2/2, γ = γ(t) � 0. (35)

’μ£¤  ¶¥·¢Ò¥ ¶ÖÉÓ Ê· ¢´¥´¨° ¢ (34) ¶·¨³ÊÉ ¢¨¤

trS2 = γ − S′
1, tr (SA2) = γ′/4,

trS3 = −tr (SA2) − (tr S2)′/2 = −3γ′/4 + S′′
1 /2;

(trS2A2) = −trS4 − (trS3)′/3 = γ′′/4 + S1γ
′ + γ(S′

1 + S2
1)−

− γ2/2 − {S′′′
1 + 4S1S

′′
1 + 3(S′

1)
2 + 6S2

1S′
1 + S4

1}/6;

(trS2A2) = γ′′/4 + S1γ
′ + γ(S′

1 + S2
1) − γ2/2.

(36)

‘· ¢´¨¢ Ö ¤¢¥ ¶μ¸²¥¤´¨¥ Ëμ·³Ê²Ò, ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥

S′′′
1 + 4S1S

′′
1 + 3(S′

1)
2 + 6S2

1S′
1 + S4

1 = 0. (37)

ˆ§ Ï¥¸Éμ£μ Ê· ¢´¥´¨Ö ¢ (34) ¶μ¸²¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ê¶·μÐ¥´¨° ´ Ìμ¤¨³

γ′′′ + 6S1γ
′′ + 6γ′(S′

1 + 2S2
1) + 2γ(S′′

1 + 3(S2
1)′ + 4S3

1) − 4S1γ
2/5 = 0. (38)

� ±μ´¥Í, ¸¥¤Ó³μ¥ Ê· ¢´¥´¨¥ ¢ (34) ¨´É¥£·¨·Ê¥É¸Ö ´¥¶μ¸·¥¤¸É¢¥´´μ:

tr (SAS2A2) = C7 exp
[
−3
∫

S1(t)dt

]
. (39)

3. “· ¢´¥´¨Ö (36)Ä(39) ¸μ¸É ¢²ÖÕÉ § ³±´ÊÉÊÕ ¸¨¸É¥³Ê, ·¥Ï¥´¨Ö ±μÉμ·μ°
¶μ²´μ¸ÉÓÕ μ¶·¥¤¥²ÖÕÉ ¶μ²¨´μ³¨ ²Ó´Ò¥ ¨´¢ ·¨ ´ÉÒ ³ É·¨ÍÒ Ÿ±μ¡¨ [∂kul].

�¥¶μ¸·¥¤¸É¢¥´´μ¥ ·¥Ï¥´¨¥ ÔÉμ° ´¥²¨´¥°´μ° ¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ Ê· ¢´¥´¨° É·¥ÉÓ¥£μ ¶μ·Ö¤±  ¢¥¸Ó³  § É·Ê¤´¨É¥²Ó´μ. �¤´ ±μ ´ °É¨ μ¡Ð¥¥
·¥Ï¥´¨¥ ¢μ§³μ¦´μ, ¢μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó § ¢¨¸¨³μ¸ÉÓÕ (8):

J(t,x) = J(0,x) (E3 + tJ(0,x))−1
.

„¥°¸É¢¨É¥²Ó´μ, ÊÎ¨ÉÒ¢ Ö, ÎÉμ det (E3 + tJ(0,x)) = 1 + c1t + c2t
2 + c3t

3 ≡
q(t) �= 0 (c1, c2, c3, ± ± ¨ ¢ [6], μ¡μ§´ Î ÕÉ ±μÔËË¨Í¨¥´ÉÒ Ì · ±É¥·¨¸É¨Î¥-
¸±μ£μ ¶μ²¨´μ³  ³ É·¨ÍÒ J(0,x)), ´ Ìμ¤¨³

J(t,x) = q−1(t)J(0,x)
(
E3 + ttrJ(0,x)E3 − tJ(0,x) + t2ΔT (0,x)

)
=

= q−1(t){(1 + tc1)J(0,x) − tJ2(0,x) + t2c3E3}, (40)

£¤¥ Δ(0,x) = [Δij(0,x)] Ö¢²Ö¥É¸Ö ³ É·¨Í¥°, ¶μ¸É·μ¥´´μ° ¨§  ²£¥¡· ¨Î¥¸±¨Ì
¤μ¶μ²´¥´¨° Ô²¥³¥´Éμ¢ ¸ ´μ³¥· ³¨ i, j ¢ μ¶·¥¤¥²¨É¥²¥ detJ(0,x):

Δij(0,x) = ∂/∂ui,j detJ(0,x), ui,jΔik(0,x) = δjk det J(0,x) = δjkc3.
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‘μμÉ¢¥É¸É¢¥´´μ, ¤²Ö ¸¨³³¥É·¨Î¥¸±μ° ¨  ´É¨¸¨³³¥É·¨Î¥¸±μ° Î ¸É¥° ³ -
É·¨ÍÒ Ÿ±μ¡¨ J(t,x) ¶μ¸²¥ Ê¶·μÐ¥´¨° ´ Ìμ¤¨³

Sij(t,x) = q−1(t)
(
(1 + tc1)Sij(0,x) − tS2

ij(0,x) − tA2
ij(0,x) + t2c3δij

)
,

Aij(t,x) = q−1(t)((1 + tc1)Aij(0,x) − tAik(0,x)Skj(0,x)− (41)

− tSik(0,x)Akj(0,x)).

�É¸Õ¤  ²¥£±μ ´ °É¨ § ¢¨¸¨³μ¸ÉÓ ¨´¢ ·¨ ´Éμ¢ S1(t) ¨ γ(t) μÉ ¢·¥³¥´¨:

S1(t) = trS(t,x) = q−1(t)(c1 + 2c2t + 3c3t
2) = q′(t)/q(t), (421)

γ(t) = −trA2(t,x) = q−2(t)(b0 + b1t + b2t
2). (422)

”μ·³Ê²Ò (42) ¤ ÕÉ μ¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨° (37)Ä(38) ¨ ¸μ¤¥·¦ É Ï¥¸ÉÓ
¶μ¸ÉμÖ´´ÒÌ, ¢Ò· ¦ ÕÐ¨Ì¸Ö Î¥·¥§ ¶·μ¸É· ´¸É¢¥´´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ui,j(0,x)
μÉ ´ Î ²Ó´μ£μ (£² ¤±μ£μ) ¶μ²Ö £¨¤·μ¤¨´ ³¨Î¥¸±μ° ¸±μ·μ¸É¨. ’ ± ¨ ¤μ²¦´μ
¡ÒÉÓ ¸ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö, ¶μ¸±μ²Ó±Ê É·¨ ¨§ ¤¥¢ÖÉ¨ ¢¥²¨Î¨´
ui,j(0,x) μ¶·¥¤¥²ÖÕÉ¸Ö ¢Ò¡μ·μ³ (μ·Éμ´μ·³¨·μ¢ ´´μ°) ¸¨¸É¥³Ò ±μμ·¤¨´ É,
  ¨´¢ ·¨ ´ÉÒ tr S ¨ trA2 μÉ ÔÉμ£μ ¢Ò¡μ·  ´¥ § ¢¨¸ÖÉ. �¤´ ±μ ¶μ¸ÉμÖ´-
´Ò¥ c1, c2, c3, b0, b1, b2 ´¥ ³μ£ÊÉ ¡ÒÉÓ ¢Ò¡· ´Ò ¶·μ¨§¢μ²Ó´μ, μ´¨ μ£· ´¨Î¥´Ò
Ê¸²μ¢¨Ö³¨, ´ ² £ ¥³Ò³¨ Ê· ¢´¥´¨Ö³¨ (37)Ä(38).

�μ¤¸É ¢²ÖÖ (421) ¢ (38), ¶μ¸²¥ Ê¶·μÐ¥´¨° ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥

q2γ′′′ + 3(q2)′γ′′ + 3(q2)′′γ′ + (q2)′′′γ − 4qq′γ2/5 = 0,

±μÉμ·μ¥ ¸μ£² ¸´μ Ëμ·³Ê²¥ ‹¥°¡´¨Í  ¤²Ö n-° ¶·μ¨§¢μ¤´μ° μÉ ¶·μ¨§¢¥¤¥´¨Ö
¤¢ÊÌ ËÊ´±Í¨° ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

(q2γ)′′′ − 4(q2γ)2q−3q′/5 = 0.

�μ¤¸É ¢²ÖÖ ¸Õ¤  (422), ¶μ²ÊÎ ¥³ Ê¸²μ¢¨Ö

γ(t) = 0 ⇔ b0 = b1 = b2 = 0 ⇔ rotu(t,x) = 0 (431)

¨/¨²¨
q′(t) = 0 ⇔ c1 = c2 = c3 = 0 ⇔ divu(t,x) = 0. (432)

’ ±¨³ μ¡· §μ³, ¶μ± § ´μ, ÎÉμ ¸¶· ¢¥¤²¨¢  ¸²¥¤ÊÕÐ Ö ¢ ¦´ Ö É¥μ·¥³ .
’¥μ·¥³  4. ƒ² ¤±μ¥ ¢¥±Éμ·´μ¥ ¶μ²¥, μ¶¨¸Ò¢ ÕÐ¥¥ £¨¤·μ¤¨´ ³¨Î¥¸±ÊÕ

¸±μ·μ¸ÉÓ É¥Î¥´¨Ö ¡ ·μÌ·μ´´μ£μ ¨¤¥ ²Ó´μ£μ £ § , Ö¢²Ö¥É¸Ö ²¨¡μ ¶μÉ¥´Í¨ ²Ó-
´Ò³, ²¨¡μ ¸μ²¥´μ¨¤ ²Ó´Ò³. �

� ¸¸³μÉ·¨³ ¶μ μÉ¤¥²Ó´μ¸É¨ ± ¦¤ÊÕ ¨§ ÔÉ¨Ì ¤¢ÊÌ ¢μ§³μ¦´μ¸É¥°.
�. �·¨ ¶μÉ¥´Í¨ ²Ó´μ³ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¨¤¥ ²Ó´μ£μ £ § , É. ¥. ¥¸²¨

rotu(t,x) = 0, u(t,x) = gradϕ(t,x),
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¨§ Ê· ¢´¥´¨° (34) ¶μ²ÊÎ ¥³

trA2 = (trA2)′ = tr (SA2) = tr (SA2)′ = tr (S2A2) = tr (S2A2)′ = 0,

Alk = (ul,k − uk,l)/2 = 0, ul,k = uk,l = Slk;

tr (SAS2A2) = tr (SAS2A2)′ = 0;

trS2 = −(trS)′ = −S′
1;

trS3 = −(trS2)′/2 = S′′
1 /2;

(trS3)′ = −3trS4 = −S4
1/2 − 4S1trS3 + 3(2S2

1 − trS2)tr S2/2 = S′′′
1 /2.

(44)

�É¸Õ¤  ¸²¥¤Ê¥É É¥μ·¥³ .
’¥μ·¥³  5. �·¨ ¶μÉ¥´Í¨ ²Ó´μ³ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¨¤¥ ²Ó´μ£μ £ § 

±μÔËË¨Í¨¥´ÉÒ Ì · ±É¥·¨¸É¨Î¥¸±μ£μ ¶μ²¨´μ³  ³ É·¨ÍÒ S = [ul,k + uk,l]/2

S1 = trS, S2 =
(
S2

1 − (tr S2)
)
/2,

S3 = det S =
(
(trS3) − S1(tr S2) + S2S1

)
/3

§ ¢¨¸ÖÉ Éμ²Ó±μ μÉ ¢·¥³¥´¨ ¨ Ê¤μ¢²¥É¢μ·ÖÕÉ § ³±´ÊÉμ° ¸¨¸É¥³¥ μ¡Ò±´μ-
¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (¸·. [5, 6])

∂tS1 = 2S2 − S2
1 , ∂tS2 = 3S3 − S1S2, ∂tS3 = −S1S3,

∂jS1 = ∂jS2 = ∂jS3 = 0, i = 1, 3,
(45)

·¥Ï¥´¨Ö ±μÉμ·μ°, ¸ ÊÎ¥Éμ³ Ê¸²μ¢¨Ö ¶μÉ¥´Í¨ ²Ó´μ¸É¨ É¥Î¥´¨Ö, ¨³¥ÕÉ ¢¨¤

S1 = 3(t + t0)−1, S2 = 3(t + t0)−2, S3 = (t + t0)−3, t0 � 0. (46)

�¥Ï¥´¨Ö (46) μ¤´μ§´ Î´μ μ¶·¥¤¥²ÖÕÉ¸Ö £¨¤·μ¤¨´ ³¨Î¥¸±¨³¨ Ê· ¢´¥´¨Ö³¨
�°²¥·  (5),   ¶μÉ¥´Í¨ ² ¸±μ·μ¸É¨ ϕ(t,x) ¨ £¨¤·μ¤¨´ ³¨Î¥¸± Ö ¸±μ·μ¸ÉÓ
u(t,x) ¡ ·μÌ·μ´´μ£μ É¥Î¥´¨Ö ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤ (t0 ¨ R Å ¶·μ¨§¢μ²Ó´Ò¥
±μ´¸É ´ÉÒ):

ϕ(t,x) = const − 3R2 − x2

2(t + t0)
, R2 � 0, (47)

u(t,x) =
x

t + t0
. (48)

�·¨ ÔÉμ³ § ¢¨¸¨³μ¸ÉÓ ¶²μÉ´μ¸É¨ μÉ ¢·¥³¥´¨ μ¶¨¸Ò¢ ¥É¸Ö Ëμ·³Ê² ³¨

ρ = ρ0|1 + t/t0|−3 ¶·¨ |t0| = −3ρ0/ρ′0 > 0,

ρ(t) = ρ1t
−3, ρ1 > 0, ¶·¨ t0 = 0.

(49)

„μ± § É¥²Ó¸É¢μ. „¥°¸É¢¨É¥²Ó´μ, Ê· ¢´¥´¨Ö (45) ¢ÒÉ¥± ÕÉ ¨§ (44) ¨²¨, ÎÉμ
Éμ ¦¥ ¸ ³μ¥, ¨§ Ê· ¢´¥´¨° �°²¥·  (5). ‚ ¸¨²Ê ´¥§ ¢¨¸¨³μ¸É¨ ¨´¢ ·¨ ´Éμ¢
S1, S2, S3 μÉ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É ¨³¥¥³

divu(t,x) = S1(t) = f(t), (50)
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μÉ±Ê¤ , ¢ ¸¨²Ê ¡ ·μÌ·μ´´μ¸É¨ É¥Î¥´¨Ö, ¸²¥¤Ê¥É, ÎÉμ ¢ ¶·μ¨§¢μ²Ó´μ° ÉμÎ±¥
¶·μ¸É· ´¸É¢  ¢ ¶·μ¨§¢μ²Ó´μ° ¸¨¸É¥³¥ ±μμ·¤¨´ É ¶μÉ¥´Í¨ ² ¸±μ·μ¸É¨ ϕ(t,x)
Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ �Ê ¸¸μ´ 

Δϕ(t,x) ≡ div gradϕ(t,x) = f(t), (51)

μ¡Ð¥¥ ·¥Ï¥´¨¥ ±μÉμ·μ£μ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

ϕ(t,x) = ϕ0(t,x) − (4π)−1∂tf(t)
∫

V

|x − ξ|−1
d3ξ.

‡¤¥¸Ó V ∈ E3 μ¡μ§´ Î ¥É Ï · · ¤¨Ê¸μ³ R > 0 ¸ Í¥´É·μ³ ¢ ¶·μ¨§¢μ²Ó-
´μ° ÉμÎ±¥ O ∈ E3,   ËÊ´±Í¨Ö ϕ0(t,x) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ ‹ ¶² ¸ 
Δϕ0(t,x) = 0 ¨, ± ± ¢¸Õ¤Ê ·¥£Ê²Ö·´ Ö £ ·³μ´¨Î¥¸± Ö ËÊ´±Í¨Ö, Ö¢²Ö¥É¸Ö
Éμ¦¤¥¸É¢¥´´μ ¶μ¸ÉμÖ´´μ°:

ϕ0(t,x) = const.

� §¡¨¢ Ö ¶·μ³¥¦ÊÉμ± ¨´É¥£·¨·μ¢ ´¨Ö ´  ¤¢  ξ ∈ [0, R] = [0, |x|)
⋃

(|x|, R]
¨ · §² £ Ö ¢ ± ¦¤μ³ ¨§ ´¨Ì ³´μ¦¨É¥²Ó (4π|ξ − x|)−1 ¢ ·Ö¤ ¶μ ¸Ë¥·¨Î¥¸±¨³
ËÊ´±Í¨Ö³ (¸³., ´ ¶·¨³¥·, [13, ¸. 137]),

ϕ(t,x) = const − f(t)
∑
l,m

1
2l + 1

{
|x|−l−1

∫ |x|

0

ξl+2dξ×

×
∫

dΩξY
∗
lm(Ωξ)Ylm(Ωx)+

+ |x|l
∫ R

|x|
ξ−l+1dξ

∫
dΩξYlm(Ωξ)Y ∗

lm(Ωx)

}
,

ÊÎ¨ÉÒ¢ Ö μ·Éμ´μ·³¨·μ¢ ´´μ¸ÉÓ ¸¨¸É¥³Ò ËÊ´±Í¨° Ylm(Ω) ¨ §´ Î¥´¨¥ Y00 =
(4π)−1/2, ¶μ²ÊÎ¨³

ϕ(t,x) = const − f(t)

{
|x|−1

∫ |x|

0

ξ2dξ +
∫ R

|x|
ξdξ

}
=

= const − f(t)
{

R2

2
− x2

6

}
(52)

¨ ¸μ£² ¸´μ Ëμ·³Ê²¥ u(t,x) = grad ϕ(t,x)

u(t,x) = f(t)x/3. (53)
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�μ¤¸É ¢²ÖÖ (53) ¢ Ê· ¢´¥´¨¥ �°²¥·  (5), ´ °¤¥³ (r = x)

1
3
f ′(t)r +

1
9
f2(t) 〈r∇〉 r = 0, f(t) = −ρ′(t)

ρ(t)
,

¨ ¶μ¸²¥ Ê¶·μÐ¥´¨° ¶μ²ÊÎ¨³ Ê· ¢´¥´¨Ö ¤²Ö ËÊ´±Í¨° f(t) = S1(t) ¨ ρ(t)

f ′(t) + f2(t)/3 = 0, f(t) = −ρ′(t)/ρ(t),

±μÉμ·Ò¥ ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨¥ μ¡Ð¨¥ ·¥Ï¥´¨Ö:

S1(t) = f(t) = 3(t + t0)−1;

ρ(t) = ρ0|1 + t/t0|−3, ρ0 = ρ(0) > 0, t0 �= 0;

ρ(t) = ρ1t
−3, ρ1 = ρ(1), ρ0 = +∞, t0 = 0.

�μ¤¸É ¢²ÖÖ ´ °¤¥´´Ò¥ §´ Î¥´¨Ö ¢ (45), (52) ¨ (53), ¶μ²ÊÎ¨³ (46)Ä(48). �
‡ ³¥Î ´¨¥. �·¨ t0 = 0 (48) ¤ ¥É ui = xi/t, É. ¥. ¨³¥¥³ ¸¨´£Ê²Ö·´μ¸ÉÓ

¶·¨ t = 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨§ ¶·¥μ¡· §μ¢ ´¨Ö (9) ´ Ìμ¤¨³ yi(t) = 0. Œ É·¨Í 
[E3− tJ(t,x)] = 0 ¨ ¸±μ·μ¸ÉÓ υ(t,y) (± ± ¨ ³ É·¨Í  Ÿ±μ¡¨ [∂yk

υi] = J(0,x))
¶·¨ ÔÉμ³ ´¥ μ¶·¥¤¥²¥´ .

‘²¥¤¸É¢¨¥ 5. �·¨ ¶μÉ¥´Í¨ ²Ó´μ³ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¨¤¥ ²Ó´μ£μ £ § 
¢ ¶·μ¨§¢μ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨ ¨´¢ ·¨ ´ÉÒ (46) ¸¢Ö§ ´Ò ¶μ²¨´μ³¨ ²Ó´Ò³¨
¸μμÉ´μÏ¥´¨Ö³¨ Å É ± ´ §Ò¢ ¥³Ò³¨ ¸¨§¨£¨Ö³¨ (¸³., ´ ¶·¨³¥·, [14]):

3S2(t) = S2
1(t), 27S3(t) = S3

1(t). (54)

„μ± § É¥²Ó¸É¢μ ¢ÒÉ¥± ¥É ¨§ Ëμ·³Ê² (46). �
‚. ‚ ¸²ÊÎ ¥ ¸μ²¥´μ¨¤ ²Ó´μ£μ É¥Î¥´¨Ö ¨§ Ëμ·³Ê² (42) ¨ (432) ¨³¥¥³

c1 = c2 = c3 = 0, q(t) = 1, γ(t) = b0 + b1t + b2t
2 (55)

¨, ÊÎ¨ÉÒ¢ Ö ¸μμÉ´μÏ¥´¨Ö (¸·. ¸ (2))

〈ωSμω 〉 − ω2trSμ = tr (SμA2), μ = 0, 1, . . . , (56)

¢ ± ´μ´¨Î¥¸±μ³ ¡ §¨¸¥ É¥´§μ·  J(0,x) ¶μ²ÊÎ¨³ ¸¨¸É¥³Ê Ê· ¢´¥´¨°

tr S|t=0 =
∑

k=1,3
s0

k = 0; ω2
|t=0 = γ(0)/2 =

∑
k=1,3

(ω0
k)2 = b0/2;

trS2
|t=0 =

∑
k=1,3

(s0
k)2 = b0; 〈ωSω〉|t=0 =

∑
k=1,3

s0
k(ω0

k)2 = b1/4;

tr S3
|t=0 =
∑

k=1,3
(s0

k)3 =−3b1/4;
〈
ωS2ω
〉
|t=0

=
∑

k=1,3
(s0

kω0
k)2 =b2/2,

(57)
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£¤¥ ¶μ μ¶·¥¤¥²¥´¨Õ ± ´μ´¨Î¥¸±μ£μ ¡ §¨¸  (¸³. (1)) s0
1 � s0

2 � s0
3, ω0

2 � 0,
ω0

3 � 0 (¢ ¤ ²Ó´¥°Ï¥³ ¨´¤¥±¸ 0 ¤²Ö ±· É±μ¸É¨ μ¶Ê¸± ¥³).
ˆ§ (39), ÊÎ¨ÉÒ¢ Ö Ê¸²μ¢¨¥ S1(t) = divu(t,x) = 0, ´ Ìμ¤¨³ tr (SAS2A2) =

C7 ¨ ¨§ (56) ¨ (57) ¶μ²ÊÎ ¥³

(
tr (SAS2A2)

)2
= C2

7 = [ω1ω2ω3(s3 − s2)(s3 − s1)(s2 − s1)]
2 =

= det
[〈

ω Si+k−2ω
〉]

i,k=1,3
= det

⎡
⎣ ω2 〈ωSω〉

〈
ωS2ω
〉

〈ωSω〉
〈
ωS2ω
〉 〈

ωS3ω
〉〈

ωS2ω
〉 〈

ωS3ω
〉 〈

ωS4ω
〉
⎤
⎦ =

= det

⎡
⎣ b0/2 b1/4 b2/2

b1/4 b2/2
〈
ωS3ω
〉

b2/2
〈
ωS3ω
〉 〈

ωS4ω
〉
⎤
⎦ . (58)

‘± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö ¢ ¶· ¢μ° Î ¸É¨ ÔÉμ° Ëμ·³Ê²Ò ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶·¨
¶μ³μÐ¨ (56) ¨ (57) ¨ Ëμ·³Ê²Ò ƒ ³¨²ÓÉμ´ ÄŠÔ²¨

tr (S3A2) = −S2tr (SA2) + trA2 det S = trS2 〈ωSω 〉 /2 − 2ω2trS3/3,〈
ωS3ω
〉

= tr (S3A2) + ω2trS3 = 3b0b1/8 + b0/2 · (−3b1/4) = 0;

tr (S4A2) = −S2tr (S2A2) + tr (SA2) det S =

=
(〈

ωS2ω
〉

+ trS2trA2/2
)
tr S2/2+tr(SA2)tr S3/3, (59)

〈
ωS4ω
〉

= tr (S4A2) + ω2trS4 =

= b0b2/4 − b2
1/16, trS4 = −S2trS2 = tr (S2)2/2.

�μ¤¸É ¢²ÖÖ (59) ¢ (58), ¶μ¸²¥ Ê¶·μÐ¥´¨° ¶μ²ÊÎ¨³(
tr (SAS2A2)

)2
= C2

7 =
[
(4b0b2 − b2

1)/16
]2 − (b2/2)3 � 0. (60)

‚¢¥¤¥³ μ¡μ§´ Î¥´¨Ö

sj = pj

√
b0/6, ω2

j = rjb0/6, j = 1, 3; (61)

δ = b1(3/2b0)3/2, α = 18b2/b2
0, b0 �= 0. (62)

‚ ÔÉ¨Ì μ¡μ§´ Î¥´¨ÖÌ (57) ¶·¨´¨³ ¥É ¢¨¤

p1 + p2 + p3 = 0; r1 + r2 + r3 = 3;

p2
1 + p2

2 + p2
3 = 6; r1p1 + r2p2 + r3p3 = 2δ;

p3
1 + p3

2 + p3
3 = −6δ; r1p

2
1 + r2p

2
2 + r3p

2
3 = α.

(63)
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�¨¸. 1.
�¨¸. 2. 1Ä2 Å p1(δ); 2Ä3 Å
p2(δ); 3Ä4 Å p3(δ)

�¨¸. 3. 1Ä3 Å α1(δ); 1Ä4Ä3 Å
α2(δ)

‘¨¸É¥³  (631−3) μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥É
§´ Î¥´¨Ö pj = sj

√
6/b0, j = 1, 3, ± ± ±μ·´¨

±Ê¡¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö

p3 − 3p + 2δ = 0. (64)

Š ± ¨§¢¥¸É´μ, ¢¸¥ ±μ·´¨ ÔÉμ£μ Ê· ¢´¥´¨Ö ¢¥-
Ð¥¸É¢¥´´Ò ¢ Éμ³ ¨ Éμ²Ó±μ ¢ Éμ³ ¸²ÊÎ ¥, ¥¸²¨
¢Ò¶μ²´¥´Ò Ê¸²μ¢¨Ö

δ2 � 1 ⇔ 0 � b2
1 � (2b0/3)3. (65)

“¸²μ¢¨¥ (60) ¤ ¥É μ£· ´¨Î¥´¨Ö ´  §´ Î¥´¨Ö ¶μ-
¸ÉμÖ´´μ° b2 > 0:

[
(4b0b2 − b2

1)/16
]2 � (b2/2)3 ⇔ 4b2(b0 −

√
2b2) � b2

1 ⇔ α(3 −
√

α) � 4δ2.
(66)

‘μμÉ´μÏ¥´¨Ö (64) ¨ (66) Ê¤μ¡´μ ¨¸¸²¥¤μ¢ ÉÓ £· Ë¨Î¥¸±¨. ƒ· Ë¨± ±Ê¡¨-
Î¥¸±μ° ¶ · ¡μ²Ò y = x3 − 3x + 2δ (·¨¸. 1) ¶·μÖ¸´Ö¥É £¥μ³¥É·¨Î¥¸±¨° ¸³Ò¸²
¶ · ³¥É·  δ ¢ Ê· ¢´¥´¨¨ (64) ¨ Ê¸²μ¢¨Ö (65). �¨¸. 2 ¶μ± §Ò¢ ¥É § ¢¨¸¨³μ¸ÉÓ
É·¥Ì (¢¥Ð¥¸É¢¥´´ÒÌ) ±μ·´¥° Ê· ¢´¥´¨Ö (64) μÉ ¶ · ³¥É·  δ.

ƒ· ´¨ÍÒ ¨´É¥·¢ ²  [α1;α2], μ¶·¥¤¥²¥´´μ£μ ´¥· ¢¥´¸É¢μ³ (66), É ±¦¥ § -
¢¨¸ÖÉ μÉ ¶ · ³¥É·  δ. �É  § ¢¨¸¨³μ¸ÉÓ ¶μ± § ´  ´  ·¨¸. 3, ¢ Î ¸É´μ¸É¨,

α ∈ [0, 9], 0 � b2 � b2
0/2 ¶·¨ δ = 0; α = 4, b2 = 2b2

0/9 ¶·¨ δ2 = 1.
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�μ¤¸É ´μ¢±  ´ °¤¥´´ÒÌ ¨§ (64) ±μ·´¥° p1, p2, p3 ¢ Ê· ¢´¥´¨Ö (634−6) ¤ ¥É
²¨´¥°´ÊÕ μÉ´μ¸¨É¥²Ó´μ ´¥¨§¢¥¸É´ÒÌ rj = 6ω2

j /b0, j = 1, 3, ¸¨¸É¥³Ê ¸ μ¶·¥¤¥-
²¨É¥²¥³

det [pk−1
j ]31 = (p3 − p1)(p3 − p2)(p2 − p1).

�μÔÉμ³Ê ¸²¥¤Ê¥É · §²¨Î ÉÓ ¸²¥¤ÊÕÐ¨¥ Î ¸É´Ò¥ ¸²ÊÎ ¨:
1) 0 � b2

1 = (2b0/3)3. ’μ£¤  Ê· ¢´¥´¨¥ (64) ¨³¥¥É ±· É´Ò¥ ±μ·´¨ ¨ ¨§
Ëμ·³Ê² (59) ¨ (60) ´ Ìμ¤¨³

tr (SAS2A2) = C7 = 0 (67)

¨²¨
4b2

(
b0 −
√

2b2

)
= (2b0/3)3. (67′)

‘ÊÐ¥¸É¢Ê¥É É·¨ ¢μ§³μ¦´μ¸É¨:

a) s1 = s2 = s3 = 0;
¡) s1 = s2 < 0, s3 = −2s1 > 0;
¢) s1 < 0, s2 = s3 = −s1/2 > 0.

‚ ¸²ÊÎ ¥ a) ¨§ (57) ¶μ²ÊÎ ¥³

b0 = 0 ⇔ b1 = b2 = 0 ⇔
s1 = s2 = s3 = 0, ω1 = ω2 = ω3 = 0 ⇔

J(0,x) = J(t,x) = 0.

‚ ÔÉμ³ É·¨¢¨ ²Ó´μ³ ¸²ÊÎ ¥ £¨¤·μ¤¨´ ³¨Î¥¸± Ö ¸±μ·μ¸ÉÓ ¡ ·μÌ·μ´´μ£μ É¥Î¥-
´¨Ö Éμ¦¤¥¸É¢¥´´μ ¶μ¸ÉμÖ´´ 

u(t,x) = const.

‚ ¸²ÊÎ ¥ ¡) ³ É·¨Í  É¥´§μ·  J(0,x), ± ± μÉ³¥Î¥´μ ¢ÒÏ¥, ¢ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨³ μ¡· §μ³ ¢Ò¡· ´´μ³ ¡ §¨¸¥ ¨³¥¥É ¢¨¤ [2]

J(0,x) =

⎡
⎢⎣

s1 ω3 0

−ω3 s1 ω1

0 −ω1 s3

⎤
⎥⎦ , s1 < 0 < s3, ω3 � 0.

‚ ÔÉμ³ ± ´μ´¨Î¥¸±μ³ ¡ §¨¸¥ ¸¨¸É¥³  (63) ¶·¨´¨³ ¥É ¢¨¤

2p1 + p3 = 0; r1 + r3 = 3;

2p2
1 + p2

3 = 6; r1p1 + r3p3 = 2δ;

2p3
1 + p3

3 = −6δ; r1p
2
1 + r3p

2
3 = α.

(68)
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�É¸Õ¤  ´ Ìμ¤¨³ (¸¨¸É¥³  Ê· ¢´¥´¨° (68) ¸μ¢³¥¸É´ , ¥¸²¨ b0 �= 0, δ = −1,
α = 4)

p1 = −1, p3 = 2; r1 =
8
3
, r3 =

1
3
.

‘μμÉ¢¥É¸É¢¥´´μ, ¨§ Ëμ·³Ê² (61) ¶μ²ÊÎ ¥³

s1 = s2 = −(b0/6)1/2 < 0, s3 = 2(b0/6)1/2 > 0,

ω2
1 =

4
9
b0, ω2

3 =
1
18

b0, ω2 = 0,
(69)

  ¨§ Ëμ·³Ê² (62) Å Ê¸²μ¢¨Ö ¸μ¢³¥¸É´μ¸É¨ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (57):

b1 = −(2b0/3)3/2 < 0, b2 = 2(b0/3)2 > 0 (70)

(Ê¸²μ¢¨¥ (67′) ¢ÒÉ¥± ¥É ¨§ ¸μμÉ´μÏ¥´¨° (70)).
‚ ¸²ÊÎ ¥ ¢),  ´ ²μ£¨Î´μ ¸²ÊÎ Õ ¡), ³ É·¨Í  É¥´§μ·  J(0,x) ¢ ± ´μ´¨Î¥-

¸±μ³ ¡ §¨¸¥ ¶·¨¢μ¤¨É¸Ö ± ¸²¥¤ÊÕÐ¥³Ê ¢¨¤Ê:

J(0,x) =

⎡
⎣ s1 ω3 0

−ω3 s3 ω1

0 −ω1 s3

⎤
⎦ , s1 < 0 < s3, ω3 � 0, (71)

  ¸¨¸É¥³  (63) ¢ ÔÉμ³ ¡ §¨¸¥ ¨³¥¥É ¢¨¤

p1 + 2p3 = 0; r1 + r3 = 3;

p2
1 + 2p2

3 = 6; r1p1 + r3p3 = 2δ;

p3
1 + 2p3

3 = −6δ; r1p
2
1 + r3p

2
3 = α.

�É¸Õ¤  ´ Ìμ¤¨³

p1 = −2, p3 = 1; r1 = 1/3, r3 = 8/3,

¨²¨

s1 = −2(b0/6)1/2 < 0, s2 = s3 = (b0/6)1/2 > 0,

ω1 = (b0/18)1/2 > 0, ω3 = 2b
1/2
0 /3 > 0, ω2 = 0.

(72)

“¸²μ¢¨Ö ¸μ¢³¥¸É´μ¸É¨ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (71) ¨³¥ÕÉ ¢¨¤ δ = +1, α = 4, ¨²¨

b1 = (2b0/3)3/2 > 0, b2 = 2(b0/3)2 > 0. (73)

“¸²μ¢¨¥ (67′)  ¢Éμ³ É¨Î¥¸±¨ ¢Ò¶μ²´Ö¥É¸Ö ¨ ¢ ÔÉμ³ ¸²ÊÎ ¥.
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’ ±¨³ μ¡· §μ³, ¢ ´¥É·¨¢¨ ²Ó´ÒÌ ¸²ÊÎ ÖÌ ¡) ¨ ¢) ¢¸¥  ²£¥¡· ¨Î¥¸±¨¥
¨´¢ ·¨ ´ÉÒ ³ É·¨ÍÒ Ÿ±μ¡¨ [ui,j(t,x)] μ¶·¥¤¥²ÖÕÉ¸Ö Î¥·¥§ ¥¤¨´¸É¢¥´´ÊÕ ¶μ-
¸ÉμÖ´´ÊÕ b0 = trS2(0) > 0 ¨ Ô²¥³¥´ÉÒ ¡ §¨¸  ¨´¢ ·¨ ´Éμ¢ (2) ¸¢Ö§ ´Ò ¶μ²¨-
´μ³¨ ²Ó´Ò³¨ ¸μμÉ´μÏ¥´¨Ö³¨ Å ¸¨§¨£¨Ö³¨:

tr A2 = −trS2; 18tr (S2A2) = −7
(
tr S2
)2

;(
tr S2
)3

= 6
(
trS3
)2

= 54
(
tr (SA2)

)2 (74)

(¶·¨ ÔÉμ³ tr (SAS2A2) = 0 ¨ trS3 > 0, tr (SA2) < 0, ¥¸²¨ s1 = s2 < 0 < s3;
trS3 < 0, tr (SA2) > 0, ¥¸²¨ s1 = s2 < 0 < s3).

2) �Ê¸ÉÓ É¥¶¥·Ó 0 � b2
1 < (2b0/3)3. ’μ£¤  Ê· ¢´¥´¨¥ (64) ¨³¥¥É ¶·μ¸ÉÒ¥

±μ·´¨ ¨ ³ É·¨Í  É¥´§μ·  J(0,x) ¢ ± ´μ´¨Î¥¸±μ³ ¡ §¨¸¥ ¨³¥¥É ¢¨¤ (1)

J(0,x) =

⎡
⎢⎣

s1 ω3 −ω2

−ω3 s2 ω1

ω2 −ω1 s3

⎤
⎥⎦ , s1 < s2 < s3, ω3 � 0, ω2 � 0.

‘²¥¤μ¢ É¥²Ó´μ, ¸¨¸É¥³  Ê· ¢´¥´¨° (634−6) ¨³¥¥É μ¶·¥¤¥²¨É¥²Ó, ´¥ · ¢´Ò°
´Ê²Õ, ¨ ¢μ§³μ¦´μ ¶·¨³¥´¨ÉÓ ¢Ò¢¥¤¥´´ÊÕ ¢ · ¡μÉ¥ [4] Ëμ·³Ê²Ê

rj det

[
T3 pj

−pT
j 0

]
= det T3, j = 1, 3 (75)

(§¤¥¸Ó ¸Ê³³¨·μ¢ ´¨Ö ¶μ ¶μ¢Éμ·ÖÕÐ¥³Ê¸Ö ¨´¤¥±¸Ê j ´¥É!), £¤¥ T3 μ¡μ§´ Î ¥É

[4] ³ É·¨ÍÊ T3 =
[∑3

i=1 rip
j+k−2
i

]
j,k=1,3

. “Î¨ÉÒ¢ Ö μ¡μ§´ Î¥´¨Ö (61), (62) ¨

¸μμÉ´μÏ¥´¨Ö (58) ¨ (59), ¶μ²ÊÎ¨³

T3 =
[
(6/b0)(j+k)/2

〈
ωSj+k−2 ω

〉]
j,k=1,3

=

⎡
⎣ 3 2δ α

2δ α 0
α 0 3α − 4δ2

⎤
⎦ .

‚ ·¥§Ê²ÓÉ É¥ Ê· ¢´¥´¨¥ (75) ¤²Ö ± ¦¤μ£μ j = 1, 3 ¶·¨³¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

rj det

⎡
⎢⎢⎣

3 2δ α 1
2δ α 0 pj

α 0 3α − 4δ2 p2
j

−1 −pj −p2
j 0

⎤
⎥⎥⎦ = det

⎡
⎣ 3 2δ α

2δ α 0
α 0 3α − 4δ2

⎤
⎦ . (76)

�μ¸±μ²Ó±Ê §´ Î¥´¨Ö p1, p2, p3 μ¶·¥¤¥²ÖÕÉ¸Ö ¶ · ³¥É·μ³ δ, Ëμ·³Ê²  (76)
μ¶·¥¤¥²Ö¥É ¢¥²¨Î¨´Ò rj , j = 1, 3, ¢ § ¢¨¸¨³μ¸É¨ μÉ δ ¨ α. �  ·¨¸. 4, aÄ¢
¶μ± § ´ , ¸μμÉ¢¥É¸É¢¥´´μ, § ¢¨¸¨³μ¸ÉÓ r1(δ, α), r2(δ, α), r3(δ, α).
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�¨¸. 4.

”μ·³Ê²  (76) Ê¶·μÐ ¥É¸Ö, ¥¸²¨ δ = 0 ⇔ b1 = 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨§ (64)
´ Ìμ¤¨³

p1 = −p3 = −
√

3, p2 = 0

¨ (76) ¤ ¥É

r1 = r3 = α/6, r2 = 3 − α/3 ⇔

s1 = −s3 = − (b0/2)1/2
, s2 = 0, ω2

1 = ω2
3 = b2/2b0, ω2

2 = (b2
0 − 2b2)/2b0,

0 � b2 � b2
0/2, b1 = 0.

�É¨³ ·¥Ï¥´¨Ö³ ¸μμÉ¢¥É¸É¢ÊÕÉ ¸¨§¨£¨¨ (¶μ²¨´μ³¨ ²Ó´Ò¥ ¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê
Ô²¥³¥´É ³¨ ¡ §¨¸  ¨´¢ ·¨ ´Éμ¢)

trS = trS3 = tr (SA2) = 0; trS2 = −trA2;

(
4tr (SAS2A2)

)2
=
(
−4tr (S2A2) − (trS2)2

) (
(trS2)2 + 2tr (S2A2)

)2
, (77)

0 � b2 � b2
0/2, b1 = 0.
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‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¸μ²¥´μ¨¤ ²Ó´μ£μ ¡ ·μÌ·μ´´μ£μ É¥Î¥´¨Ö ¸¨§¨£¨¨ ¨³¥ÕÉ
¢¨¤

(4tr (SAS2A2))2 =
[
tr S2
(
2tr (S2A2) − trA2trS2

)
−
(
2tr (SA2)

)2]2 −
− 2
(
2tr (S2A2) − trA2trS2

)3
;

trS2 = −trA2, trS3 = −3tr (SA2), tr S = 0. (78)

‘¨§¨£¨¨ (74), (77), (78) ¸¢Ö§Ò¢ ÕÉ §´ Î¥´¨Ö ¨´¢ ·¨ ´Éμ¢ ³ É·¨ÍÒ Ÿ±μ¡¨
¶·¨ t = 0 (¶·¨ divu = 0). ‡ ¢¨¸¨³μ¸ÉÓ ÔÉ¨Ì ¨´¢ ·¨ ´Éμ¢ μÉ ¢·¥³¥´¨,
¢ÒÉ¥± ÕÐ Ö ¨§ Ê· ¢´¥´¨° (36)Ä(39) (¸³. ¶·¨²μ¦¥´¨¥, É ¡². 1), ¶μ± §Ò¢ ¥É,
ÎÉμ ¸¶· ¢¥¤²¨¢μ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤²μ¦¥´¨¥.

�·¥¤²μ¦¥´¨¥ 3. �·¨ ¸μ²¥´μ¨¤ ²Ó´μ³ É¥Î¥´¨¨ ¨¤¥ ²Ó´μ£μ £ §  ¸¨§¨£¨¨
(74), (77), (78) ¢Ò¶μ²´ÖÕÉ¸Ö ¢ ¶·μ¨§¢μ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨. �

ˆ§ Ëμ·³Ê² (55) ¸²¥¤Ê¥É, ÎÉμ ¶·¨ ¸μ²¥´μ¨¤ ²Ó´μ³ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨
¢¸¥ É·¨ ±μÔËË¨Í¨¥´É  Ì · ±É¥·¨¸É¨Î¥¸±μ£μ ¶μ²¨´μ³  ³ É·¨ÍÒ Ÿ±μ¡¨ J(0,x)
· ¢´Ò ´Ê²Õ:

c1 = c2 = c3 = 0,

¨, ¸²¥¤μ¢ É¥²Ó´μ, ³ É·¨Í  J(0,x) ¨³¥¥É · ´£ � 2.
�μ± ¦¥³, ÎÉμ ¸¶· ¢¥¤²¨¢  ¸²¥¤ÊÕÐ Ö É¥μ·¥³ .
’¥μ·¥³  6. �·¨ ¸μ²¥´μ¨¤ ²Ó´μ³ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¨¤¥ ²Ó´μ£μ £ § 

¢¸¥ É·¨ ±μÔËË¨Í¨¥´É  Ì · ±É¥·¨¸É¨Î¥¸±μ£μ ¶μ²¨´μ³  ³ É·¨ÍÒ Ÿ±μ¡¨
[uj,k(t,x)] · ¢´Ò ´Ê²Õ ¢ ¶·μ¨§¢μ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨:

k1(t) = k2(t) = k3(t) = 0,⇒ r = rank[ui,j(t,x)]i,j=1,3 � 2, (79)

S1 = divu = uj,j = 0.

�·¨ ÔÉμ³ ¢μ§³μ¦´Ò ¸²¥¤ÊÕÐ¨¥ ¸²ÊÎ ¨:
1. r = 0 ⇔ trS2 = −trA2 = 0 ⇔ S = A = 0;
2. r = 1 ⇔ trS2 = −trA2 > 0, trS3 = tr (SA2) = 0 (Éμ£¤ , μÎ¥¢¨¤´μ,

tr (S2A2) = −(trS2)2/2 < 0, tr (SAS2A2) = 0);
3. r = 2 ¢μ ¢¸¥Ì μ¸É ²Ó´ÒÌ ¸²ÊÎ ÖÌ.
�·¥¤¢ ·¨É¥²Ó´μ ¤μ± ¦¥³, ÎÉμ ¸¶· ¢¥¤²¨¢  ¸²¥¤ÊÕÐ Ö ²¥³³ .
‹¥³³ . �·¨ ¸μ²¥´μ¨¤ ²Ó´μ³ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¨¤¥ ²Ó´μ£μ £ §  · ´£

³ É·¨ÍÒ Ÿ±μ¡¨ [uj,k(t,x)] ´¥ § ¢¨¸¨É μÉ ¢·¥³¥´¨:

rankJ(t,x) = rankJ(0,x). (80)

„μ± § É¥²Ó¸É¢μ ²¥³³Ò. �μ Ê¸²μ¢¨Ö³ ²¥³³Ò ¨³¥¥³ c1 = c2 = c3 = 0,
q(t) = 1 ¨ Éμ£¤  ¨§ (40) ¶μ²ÊÎ ¥³

J(t,x) = J(0,x) − tJ2(0,x) = J(0,x) [E − tJ(0,x)] . (81)
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�μ¸±μ²Ó±Ê

det [E − tJ(0,x)] = 1 − c1t + c2t
2 − c3t

3 = 1 �= 0,

¶μ Ëμ·³Ê²¥ 
¨´ÔÄŠμÏ¨ [11] ¨§ (81) ¶μ²ÊÎ ¥³ (80). �
„μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò 6. �·¨ ¸μ²¥´μ¨¤ ²Ó´μ³ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨

¨§ (81), ÊÎ¨ÉÒ¢ Ö ¸¨§¨£¨¨ (78), ´ Ìμ¤¨³

k1(t) = trJ(t,x) = trJ(0,x) − ttrJ2(0,x) = −t
(
trS2(0,x) + trA2(0,x)

)
= 0,

k3(t) = detJ(t,x) = detJ(0,x) det [E − tJ(0,x)] = 0.

„²Ö ¢ÒÎ¨¸²¥´¨Ö k2(t) ¢μ¸¶μ²Ó§Ê¥³¸Ö Ëμ·³Ê² ³¨ �ÓÕÉμ´  [12]:

2k2(t) =
(
tr2J(t,x) − trJ2(t,x)

)
= −tr
(
J(0,x) − tJ2(0,x)

)2
.

�μ ¸μ£² ¸´μ Ëμ·³Ê²¥ ƒ ³¨²ÓÉμ´ ÄŠÔ²¨ ¶·¨ ¸μ²¥´μ¨¤ ²Ó´μ³ É¥Î¥´¨¨ ¨³¥¥³

J l(0,x) = c1J
l−1(0,x) − c2J

l−2(0,x) + c3J
l−3(0,x) = 0, l � 3.

‘²¥¤μ¢ É¥²Ó´μ, ¸μ£² ¸´μ ¸¨§¨£¨Ö³ (78)

k2(t) = −trJ2(0,x)/2 = −
(
trS2(0,x) + trA2(0,x)

)
/2 = 0,

¨ ¸μμÉ´μÏ¥´¨Ö (79) ¤μ± § ´Ò.
�μ ¤μ± § ´´μ° ²¥³³¥ · ´£ ³ É·¨ÍÒ Ÿ±μ¡¨ ¤μ¸É ÉμÎ´μ ¢ÒÎ¨¸²¨ÉÓ ¶·¨

t = 0.
‚ ± ´μ´¨Î¥¸±μ³ ¡ §¨¸¥ ¸μ£² ¸´μ ¸¨¸É¥³¥ Ê· ¢´¥´¨° (57) ¨³¥¥³

b0 = 0 ⇒ J(0,x) = 0 ⇒ r = 0.

�¡· É´μ, ¨§ r = 0, μÎ¥¢¨¤´μ, ¸²¥¤Ê¥É J(0,x) = 0, É. ¥. ¸²ÊÎ ° 1 ¤μ± § ´.
�Ê¸ÉÓ b0 = trS2 = −trA2 > 0. ’μ£¤  1 � r � 2. …¸²¨ r = 1, Éμ£¤  ¢¸¥

É·¨ £² ¢´ÒÌ ³¨´μ·  ³ É·¨ÍÒ Ÿ±μ¡¨ Δ11 = Δ22 = Δ33 = 0. �Éμ ´¥¢μ§³μ¦´μ,
¥¸²¨ Ê· ¢´¥´¨¥ (64) ¨³¥¥É ±· É´Ò¥ ±μ·´¨. „¥°¸É¢¨É¥²Ó´μ, ¥¸²¨ s1 = s2 =
−2s3 > 0, Éμ Δ33 = s1s2 + ω2

3 > 0, ¥¸²¨ ¦¥ 2s1 = −s2 = −s3 < 0, Éμ
Δ11 = s2s3 + ω2

1 > 0. ‘²ÊÎ ° s1 = s2 = s3 ¢ ¸¨²Ê Ê¸²μ¢¨Ö ¸μ²¥´μ¨¤ ²Ó´μ¸É¨
trS = 0 ¸¢μ¤¨É¸Ö ± ¸²ÊÎ Õ 1. �μÔÉμ³Ê (¸³. Ëμ·³Ê²Ê (65) ¨ ·¨¸. 1) ¨³¥¥³

r = 1 ⇒ s1 < s2 < s3 ⇒ 0 � b2
1 < (2b0/3)3.

�μ ¥¸²¨ §¤¥¸Ó b1 > 0, Éμ §´ ±¨ ¤¢ÊÌ ±μ·´¥° ¸μ¢¶ ¤ ÕÉ ¨ ²¨¡μ Δ33 > 0, ²¨¡μ
Δ11 > 0.

�¸É ¥É¸Ö ¥¤¨´¸É¢¥´´ Ö ¢μ§³μ¦´μ¸ÉÓ (¸³. ·¨¸. 1 ¨ Ëμ·³Ê²Ê (76)):

r = 1 ⇒ 0 = b2
1 < (2b0/3)3 ⇔ s2 = 0,

s1 = −s3 = −(b0/2)1/2 < 0, ω1 = ω3 = 0, ω2
2 = b0/2 = s2

1 = s2
3.
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�É¸Õ¤  ¸μ£² ¸´μ (573), (575), (576) ¨ (59) ¶μ²ÊÎ ¥³

trS3 = tr (SA2) = 0,
〈
ω S2ω
〉

= 0 = b2/2 ⇔
tr (S2A2) = −(trS2)2/2 = −b2

0/2 < 0, tr (SAS2A2) = 0.

�¡· É´μ, ¥¸²¨ b1 = b2 = 0, b0 > 0, Éμ ¨§ (57) (¨²¨ ¨§ (63)) ´ Ìμ¤¨³

s1 = −s3 = − (b0/2)1/2
, s2 = 0, ω1 = ω3 = 0, ω2 = −b0/2 ⇒

J(0) =
√

b0/2

⎡
⎣ −1 0 −1

0 0 0
1 0 1

⎤
⎦⇒ r = rankJ(0) = 1.

�É¸Õ¤  (¨²¨ ¨§ Ëμ·³Ê² (57)Ä(59)) ¶μ²ÊÎ ¥³

tr (S2A2) = −(trS2)2/2 = −b2
0/2 < 0, tr (SAS2A2) = 0.

‚ ¸¨²Ê ²¥³³Ò Éμ ¦¥ ¸¶· ¢¥¤²¨¢μ ¨ ¤²Ö ³ É·¨ÍÒ J(t,x). �
ˆ§ ¤μ± § ´´μ° É¥μ·¥³Ò 6 ¢ÒÉ¥± ¥É ´¥¸±μ²Ó±μ ¸²¥¤¸É¢¨°.
‘²¥¤¸É¢¨¥ 7. �·¨ ¸μ²¥´μ¨¤ ²Ó´μ³ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¨¤¥ ²Ó´μ£μ

£ §  ³ É·¨Í  Ÿ±μ¡¨ J(t,x) = [uj,k(t,x)] § ¢¨¸¨É Éμ²Ó±μ μÉ ¢·¥³¥´¨ ¨ ¸
ÉμÎ´μ¸ÉÓÕ ¤μ ¢¥Ð¥¸É¢¥´´μ£μ μ·Éμ£μ´ ²Ó´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö μ¤´μ§´ Î´μ
μ¶·¥¤¥²Ö¥É¸Ö É·¥³Ö ´¥§ ¢¨¸¨³Ò³¨ ¨´¢ ·¨ ´É ³¨ ³ É·¨ÍÒ Ÿ±μ¡¨ J(0,x),
±μÉμ·Ò¥ ´¥ § ¢¨¸ÖÉ μÉ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É:

trS2 = −trA2, 3tr (SA2) = −trS3, tr (SAS2A2),

¶·¨Î¥³ ¶·¨ ¸μ²¥´μ¨¤ ²Ó´μ³ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¨´¢ ·¨ ´É tr (S2A2) ¸¢Ö-
§ ´ ¸ ¨´¢ ·¨ ´É ³¨ ¡ §¨¸  (2) ´¥· ¢¥´¸É¢ ³¨ (65):

(
4tr (SAS2A2)

)2
=
[
trS2
(
2tr (S2A2) − trA2trS2

)
−
(
2tr (SA2)

)2]2 −
− 2
(
2tr (S2A2) − trA2trS2

)3
;

0 � 6
(
trS3
)2

= 54
(
tr (SA2)

)2 �
(
trS2
)3

= −
(
trA2
)3 � 0, trS = 0.

�
‘²¥¤¸É¢¨¥ 8. �·¨ ¸μ²¥´μ¨¤ ²Ó´μ³ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¨¤¥ ²Ó´μ£μ

£ §  £¨¤·μ¤¨´ ³¨Î¥¸± Ö ¸±μ·μ¸ÉÓ uj(t,x), j = 1, 3, μ¶¨¸Ò¢ ¥É¸Ö Ëμ·³Ê² ³¨

uj(t,x) =
(
Jjk(0) − tJ2

jk(0)
)
(xk − u0

kt) + u0
j , j = 1, 3, (82)

£¤¥ u0
j = uj(0,0), j = 1, 3 ¨ Jjk(0) μ¡μ§´ Î ¥É ³ É·¨ÍÊ Ÿ±μ¡¨ [uj,k(t,x)]

¢ ´ Î ²Ó´Ò° ³μ³¥´É ¢·¥³¥´¨ ¢ ´ Î ²¥ ±μμ·¤¨´ É (±μÉμ·μ¥ ¸μ£² ¸´μ Ê¸²μ¢¨Õ
¡ ·μÌ·μ´´μ¸É¨ ³μ¦´μ ¢Ò¡· ÉÓ ¶·μ¨§¢μ²Ó´μ).
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„μ± § É¥²Ó¸É¢μ. ‘μ£² ¸´μ (12) ¨³¥¥³ J(0,x) = Jυ(y) = [∂yk
υj(y)]. �μ-

¸±μ²Ó±Ê ±μ³¶μ´¥´ÉÒ sj , ωj , j = 1, 3, É¥´§μ·  υj,k(y) ¢ ± ´μ´¨Î¥¸±μ³ ¡ §¨¸¥
É¥´§μ·  J(0,x) ¢¶μ²´¥ μ¶·¥¤¥²ÖÕÉ¸Ö ¥£μ ¨´¢ ·¨ ´É ³¨ ¨ ¸μ£² ¸´μ É¥μ·¥³¥
3 ´¥ § ¢¨¸ÖÉ μÉ ¶·μ¸É· ´¸É¢¥´´ÒÌ ¶¥·¥³¥´´ÒÌ y, ¨´É¥£·¨·ÊÖ υj,k(y) ¶μ yj ,
j = 1, 3, ´ Ìμ¤¨³

υ1(y) = s1y1 − ω2y3 + ω3y2 + C1,
υ2(y) = s2y2 − ω3y1 + ω1y3 + C2,
υ3(y) = s3y3 − ω1y2 + ω2y1 + C3.

(83)

“Î¨ÉÒ¢ Ö, ÎÉμ ¢ ± ´μ´¨Î¥¸±μ³ ¡ §¨¸¥ É¥´§μ· J(0,x) = J(y) ¨³¥¥É ¢¨¤
(¸·. ¸ (1))

[Jjk(0,x)] = [Jjk(y)] = diag {s1, s2, s3} + iejklωl = [Jjk(0,0)], (84)

Ëμ·³Ê²Ò (83) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ±μ¢ ·¨ ´É´μ³ ¢¨¤¥

υj(y) = Sjkyk − ejklωkyl + Cj = Jjk(y)yk + Cj , j = 1, 3.

‚μ¸¶μ²Ó§μ¢ ¢Ï¨¸Ó ¢ ¶μ¸²¥¤´¥° Ëμ·³Ê²¥ ¶·¥μ¡· §μ¢ ´¨¥³ (9), ¶μ²ÊÎ¨³
¸¨¸É¥³Ê ²¨´¥°´ÒÌ Ê· ¢´¥´¨° μÉ´μ¸¨É¥²Ó´μ ´¥¨§¢¥¸É´ÒÌ uj(t,x)

uj(t,x) = Jjk(0,x) (xk − tuk(t,x)) + Cj , j = 1, 3.

�É¸Õ¤  ´ Ìμ¤¨³ §´ Î¥´¨Ö ¶μ¸ÉμÖ´´ÒÌ ¨´É¥£·¨·μ¢ ´¨Ö Cj = uj(0,0) =
u0

j , j = 1, 3, ¨, ÊÎ¨ÉÒ¢ Ö ¸μμÉ´μÏ¥´¨Ö (13) ¨ (12), ¶μ²ÊÎ ¥³

uj(t,x) = (E3 + tJ(0,x))−1
jl (Jlk(0,x)xk + u0

l ) =

= (E3 − tJ(t,x))jl Jlk(0,x)xk + (E3 − tJ(t,x))jl u0
l =

= Jjk(t,x)(xk − tu0
k) + u0

j , j = 1, 3. (85)

�μ¤¸É ¢²ÖÖ ¢Ò· ¦¥´¨Ö (81) ¨ (84) ¢ ¶· ¢ÊÕ Î ¸ÉÓ (85), ¶μ²ÊÎ ¥³ (82). �
‡ ³¥Î ´¨¥. …¸²¨ μ¶·¥¤¥²¨ÉÓ μ¶¥· Éμ· J : E3 → E3, ³ É·¨Í  ±μÉμ·μ£μ

¢ μ·Éμ´μ·³¨·μ¢ ´´μ³ ¡ §¨¸¥ {ek|ek ∈ E3, k = 1, 3} ¸μ¢¶ ¤ ¥É ¸ ³ É·¨Í¥°
Ÿ±μ¡¨ [uj,k(0,0)],

〈ej | J | ek〉 = Jjk(0,0) = uj,k(0,0), j, k = 1, 3,

Éμ ³μ¦´μ § ¶¨¸ ÉÓ Ëμ·³Ê²Ê (82) ¢ ¢¥±Éμ·´μ³ ¢¨¤¥

u(t,x) = (J − tJ2)(x − u0t) + u0. (82′)

4. ‹¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ ¶μ²¥ u(t,x), μ¶·¥¤¥²Ö¥³μ¥ Ëμ·³Ê²μ° (82′), Ê¤μ-
¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Ö³ �°²¥·  (5) ¨ ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ Ê¸²μ¢¨¥³ ¸μ²¥´μ¨¤ ²Ó-
´μ¸É¨ É¥Î¥´¨Ö

∂kuk(t, r) = trJ = 0
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¶²μÉ´μ¸ÉÓ (  §´ Î¨É, ¨ ¤ ¢²¥´¨¥) £ §  μ¸É ÕÉ¸Ö ¶μ¸ÉμÖ´´Ò³¨:

ρ′(t) = 0, ρ(t) = ρ0 > 0. (86)

„¢¨¦¥´¨Ö £ § , Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ Ê¸²μ¢¨Õ (86), ´ §Ò¢ ÕÉ ¨§μ¡ ·¨Î¥¸±¨³¨.
’ ±¨³ μ¡· §μ³, ¶μ± § ´μ, ÎÉμ ¸¶· ¢¥¤²¨¢μ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤²μ¦¥´¨¥.

�·¥¤²μ¦¥´¨¥ 4. ‘μ²¥´μ¨¤ ²Ó´μ¥ ¡ ·μÌ·μ´´μ¥ É¥Î¥´¨¥ ¨¤¥ ²Ó´μ£μ £ § 
Ö¢²Ö¥É¸Ö ¨§μ¡ ·¨Î¥¸±¨³. �

ˆ§μ¡ ·¨Î¥¸±¨¥ ¤¢¨¦¥´¨Ö ¨§ÊÎ ²¨¸Ó ¢ · ¡μÉ¥ [5]. ‚ Î ¸É´μ¸É¨, ¢ [5] ¡Ò²¨
´ °¤¥´Ò ·¥Ï¥´¨Ö u(t,x) Ê· ¢´¥´¨° �°²¥·  (5) É¨¶  ¶·μ¸ÉÒÌ ¢μ²´ ¨/¨²¨ ¤¢μ°-
´ÒÌ ¢μ²´. �μ μ¶·¥¤¥²¥´¨Õ (¸³., ´ ¶·¨³¥·, [6]), ·¥Ï¥´¨¥ u(t,x) ´ §Ò¢ ¥É¸Ö
¤¢μ°´μ° ¢μ²´μ°, ¥¸²¨ · ´£ ³ É·¨ÍÒ Ÿ±μ¡¨ r = rank [uj,k(t,x)] = 2, ¥¸²¨ ¦¥
r = 1, Éμ ¶·μ¸Éμ° ¢μ²´μ°. ’¥μ·¥³  6 ¤ ¥É ´¥μ¡Ìμ¤¨³Ò¥ ¨ ¤μ¸É ÉμÎ´Ò¥ Ê¸²μ-
¢¨Ö ¨ ±·¨É¥·¨¨ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ·¥Ï¥´¨° É¨¶  ¶·μ¸ÉÒÌ ¨/¨²¨ ¤¢μ°´ÒÌ ¢μ²´ ´ 
Ö§Ò±¥ ¨´¢ ·¨ ´Éμ¢ ³ É·¨ÍÒ Ÿ±μ¡¨ [uj,k(t,x)]. ‚ Î ¸É´μ¸É¨, ´¥μ¡Ìμ¤¨³Ò¥ ¨
¤μ¸É ÉμÎ´Ò¥ Ê¸²μ¢¨Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¶·μ¸Éμ° ¢μ²´Ò ¸μ£² ¸´μ É¥μ·¥³¥ 6 ¨³¥ÕÉ
¢¨¤ trS3 = tr (SA2) = 0.

ˆ§ ²¥³³Ò, É¥μ·¥³Ò 6 ¨ ¶·¥¤²μ¦¥´¨Ö 3 ¢ÒÉ¥± ¥É, ÎÉμ ·¥Ï¥´¨Ö É¨¶  ¶·μ-
¸ÉÒÌ ¨/¨²¨ ¤¢μ°´ÒÌ ¢μ²´ ´¥ ³μ£ÊÉ ¸³¥Ï¨¢ ÉÓ¸Ö, ¥¸²¨ Éμ²Ó±μ É¥Î¥´¨¥ μ¸É ¥É¸Ö
¡ ·μÌ·μ´´Ò³, É ± ± ± ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ±·¨É¥·¨¨, ¨³¥ÕÐ¨¥ ¢¨¤ ´¥±μÉμ·ÒÌ
¸¨§¨£¨°, ´¥ ³μ£ÊÉ ¢Ò¶μ²´ÖÉÓ¸Ö μ¤´μ¢·¥³¥´´μ ¨ ´¥ ¨§³¥´ÖÕÉ¸Ö ¸μ ¢·¥³¥´¥³.

�¥É·¨¢¨ ²Ó´ Ö § ¢¨¸¨³μ¸ÉÓ £¨¤·μ¤¨´ ³¨Î¥¸±μ° ¸±μ·μ¸É¨ ¡ ·μÌ·μ´´μ£μ
É¥Î¥´¨Ö ¨¤¥ ²Ó´μ£μ £ §  u(t,x) μÉ ¢·¥³¥´¨ ¨ μÉ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·¤¨´ É
¶·¨ ´Ê²¥¢μ³ §´ Î¥´¨¨ £· ¤¨¥´É  ¤ ¢²¥´¨Ö (¶²μÉ´μ¸É¨) μ¡Ê¸²μ¢²¥´  ´ Î ²Ó-
´Ò³ ¶μ²¥³ ¸±μ·μ¸É¥° u(0,x), ±μÉμ·μ¥ μ¶¨¸Ò¢ ¥É¸Ö ¢ Ö¢´μ³ ¢¨¤¥ Ëμ·³Ê² ³¨

u(0,x) = x/t0, ¥¸²¨ É¥Î¥´¨¥ ¶μÉ¥´Í¨ ²Ó´μ (rotu(t,x) = 0, t0 �= 0),

u(0,x) = Jx + u(0,0), ¥¸²¨ É¥Î¥´¨¥ ¸μ²¥´μ¨¤ ²Ó´μ (div u(t,x) = 0).

‡¤¥¸Ó ³ É·¨Í  μ¶¥· Éμ·  J : E3 → E3 μ¶·¥¤¥²¥´  (¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¢¥Ð¥¸É¢¥´-
´μ£μ μ·Éμ£μ´ ²Ó´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö) ¸¢μ¥° ± ´μ´¨Î¥¸±μ° Ëμ·³μ° ¨ Ê¸²μ¢¨-
Ö³¨ É¥μ·¥³Ò 6. ‚ ÔÉ¨Ì Ê¸²μ¢¨ÖÌ ¸ÊÐ¥¸É¢ÊÕÉ ´¥¸É Í¨μ´ ·´Ò¥ ·¥Ï¥´¨Ö £¨-
¤·μ¤¨´ ³¨Î¥¸±¨Ì Ê· ¢´¥´¨° �°²¥·  (5), ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ¸Ö ´ Î ²Ó´Ò³¨
§´ Î¥´¨Ö³¨ £¨¤·μ¤¨´ ³¨Î¥¸±μ° ¸±μ·μ¸É¨ ¨ ¥¥ ¶·μ¸É· ´¸É¢¥´´ÒÌ ¶·μ¨§¢μ¤-
´ÒÌ (É. ¥. ´ Î ²Ó´Ò³¨ §´ Î¥´¨Ö³¨ Ô²¥³¥´Éμ¢ ³ É·¨ÍÒ Ÿ±μ¡¨ uj,k(0,x)). �·¨
ÔÉμ³ ¸¶· ¢¥¤²¨¢  ¸²¥¤ÊÕÐ Ö É¥μ·¥³ .

’¥μ·¥³  7. �·¨ ¡ ·μÌ·μ´´μ³ É¥Î¥´¨¨ ¨¤¥ ²Ó´μ£μ £ §  μ¡Ð¥¥ ·¥Ï¥´¨¥
£¨¤·μ¤¨´ ³¨Î¥¸±¨Ì Ê· ¢´¥´¨° �°²¥·  u(t,x) ¸μ¤¥·¦¨É ´¥ ¡μ²¥¥ Î¥³ Ï¥¸ÉÓ
¶·μ¨§¢μ²Ó´ÒÌ ¶μ¸ÉμÖ´´ÒÌ. Šμ²¨Î¥¸É¢μ ÔÉ¨Ì ¶μ¸ÉμÖ´´ÒÌ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥
³μ¦¥É ¡ÒÉÓ Ê³¥´ÓÏ¥´μ.

„μ± § É¥²Ó¸É¢μ. ˆ´¢ ·¨ ´ÉÒ (2) ³ É·¨ÍÒ Ÿ±μ¡¨ ¶μ§¢μ²ÖÕÉ μ¶·¥¤¥²¨ÉÓ
·¥¦¨³ ¡ ·μÌ·μ´´μ£μ É¥Î¥´¨Ö:
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 ) É¥Î¥´¨¥ ¶μÉ¥´Í¨ ²Ó´μ, ¥¸²¨ tr A2 = (rotu)2 = 0; Éμ£¤  ¸·¥¤¨ ¨´-
¢ ·¨ ´Éμ¢ (2) ´¥§ ¢¨¸¨³Ò³ Ö¢²Ö¥É¸Ö Éμ²Ó±μ μ¤¨´ (S1 = trS), ¶·¨Î¥³ ¥£μ
´ Î ²Ó´μ¥ §´ Î¥´¨¥ S1(0) = 3t−1

0 μ¶·¥¤¥²Ö¥É ´ Î ²Ó´Ò¥ §´ Î¥´¨Ö ¨ § ¢¨¸¨-
³μ¸ÉÓ μÉ ¢·¥³¥´¨ μ¸É ²Ó´ÒÌ ¨´¢ ·¨ ´Éμ¢ (¸³. Ëμ·³Ê²Ò (46) ¨ (54)),   É ±¦¥
£¨¤·μ¤¨´ ³¨Î¥¸±ÊÕ ¸±μ·μ¸ÉÓ u(t,x) ¨ ¶²μÉ´μ¸ÉÓ £ §  ρ(t) (¸³. Ëμ·³Ê²Ò (48)
¨ (49));

¡) É¥Î¥´¨¥ ¸μ²¥´μ¨¤ ²Ó´μ, ¥¸²¨ tr S = div u = 0; Éμ£¤  ¸·¥¤¨ ¨´¢ ·¨ ´Éμ¢
(2) (¨ ¨Ì ´ Î ²Ó´ÒÌ §´ Î¥´¨°) ´¥§ ¢¨¸¨³ÒÌ ´¥ ¡μ²¥¥ Î¥³ É·¨ (¸³. (74), (77),
(78)):

tr S2 = −trA2 = b0, tr (SA2) = − trS3

3
=

b1

4
,

tr (SAS2A2) =
{

(4b0b2 − b2
1)2

28
− b3

2
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}1/2

.

‡´ Î¥´¨Ö ¨´¢ ·¨ ´Éμ¢ (2) μ¤´μ§´ Î´μ μ¶·¥¤¥²ÖÕÉ ³ É·¨ÍÊ Ÿ±μ¡¨
[uj,k(0,x)] ¢ ± ´μ´¨Î¥¸±μ³ (μ·Éμ´μ·³¨·μ¢ ´´μ³) ¡ §¨¸¥ [1Ä4] ¨, ¸²¥¤μ¢ -
É¥²Ó´μ, ¢³¥¸É¥ ¸ ¶μ¸ÉμÖ´´Ò³¨ u0

j = uj(0,0), j = 1, 3 (´ Î ²Ó´Ò³¨ §´ Î¥-
´¨Ö³¨ ¸±μ·μ¸É¨), ¶μ§¢μ²ÖÕÉ ¶μ Ëμ·³Ê² ³ (82) ´ °É¨ £¨¤·μ¤¨´ ³¨Î¥¸±ÊÕ
¸±μ·μ¸ÉÓ u(t,x). ˜¥¸ÉÓ ¢¥Ð¥¸É¢¥´´ÒÌ ¶μ¸ÉμÖ´´ÒÌ b0, b1, b2, u0

1, u0
2, u0

3,
¢μμ¡Ð¥ £μ¢μ·Ö, ´¥§ ¢¨¸¨³Ò, É. ¥. ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¨Ì ±μ²¨Î¥¸É¢μ ´¥ ³μ¦¥É
¡ÒÉÓ Ê³¥´ÓÏ¥´μ. �

Š ± μÉ³¥Î¥´μ ¢ÒÏ¥, É·¥Ì³¥·´μ¥ ¡ ·μÌ·μ´´μ¥ ¤¢¨¦¥´¨¥ Ë¨§¨Î¥¸±¨ ³μ-
¦¥É μ¸ÊÐ¥¸É¢²ÖÉÓ¸Ö ²¨ÏÓ ¢ ¡¥¸±μ´¥Î´μ³ μ¤´μ·μ¤´μ³ ¶·μ¸É· ´¸É¢¥, ¢ ± Î¥-
¸É¢¥ ±μÉμ·μ£μ ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¢§ÖÉμ É·¥Ì³¥·´μ¥ ¥¢±²¨¤μ¢μ ¶·μ¸É· ´¸É¢μ
E3. �  ´ Ï ¢§£²Ö¤, ¶·¥¤¸É ¢²Ö¥É¸Ö ¢¥¸Ó³  ¨´É¥·¥¸´Ò³, ÎÉμ ¢ Î¨¸Éμ ±¨´¥³ -
É¨Î¥¸±μ³ ¶μ¤Ìμ¤¥, ¢ μÉ¸ÊÉ¸É¢¨¥ ± ±¨Ì-²¨¡μ ¢§ ¨³μ¤¥°¸É¢¨° ¨ ¶·¨ ´Ê²¥¢μ³
£· ¤¨¥´É¥ ¤ ¢²¥´¨Ö, ¤²Ö É ±μ£μ É¥Î¥´¨Ö, ± ± ¢ÒÉ¥± ¥É ¨§ É¥μ·¥³Ò 5 (¸³. Ëμ·-
³Ê²Ê (48)), Ê¸É ´μ¢²¥´μ, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ´¥¸É Í¨μ´ ·´μ¥ (¶μÉ¥´Í¨ ²Ó´μ¥)
·¥Ï¥´¨¥ Ê· ¢´¥´¨° �°²¥·  ¤²Ö £¨¤·μ¤¨´ ³¨Î¥¸±μ° ¸±μ·μ¸É¨ ¨¤¥ ²Ó´μ£μ £ § ,
±μÉμ·μ¥ Ê¤μ¢²¥É¢μ·Ö¥É (Ëμ·³ ²Ó´μ) ¨§¢¥¸É´μ³Ê § ±μ´Ê • ¡¡²  ¢ ´¥·¥²ÖÉ¨-
¢¨¸É¸±μ° Ëμ·³¥

u(t, r) = r|t + t0|−1 ≡ Hr (87)

(¸³., ´ ¶·¨³¥·, [15], ¸. 177Ä198).
�É³¥É¨³, ÎÉμ ®¶μ¸ÉμÖ´´ Ö • ¡¡² ¯ H ¢ Ëμ·³Ê²¥ (87) μ¡· É´μ ¶·μ¶μ·-

Í¨μ´ ²Ó´μ § ¢¨¸¨É μÉ ¢·¥³¥´¨:

H = |t + t0|−1,

¢¸²¥¤¸É¢¨¥ Î¥£μ ·¥¦¨³ · ¸Ï¨·¥´¨Ö É ±μ° ®¡ ·μÌ·μ´´μ° ‚¸¥²¥´´μ°¯ ¨³¥¥É
Ì · ±É¥· · ¢´μ³¥·´μ£μ (¶μÉ¥´Í¨ ²Ó´μ£μ) É¥Î¥´¨Ö ¸ ¶μ¸ÉμÖ´´μ° ¢μ ¢·¥³¥´¨
¸±μ·μ¸ÉÓÕ · ¸Ï¨·¥´¨Ö u0:

r(t) = r0 + u0t. (88)
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5. �·μ¨²²Õ¸É·¨·Ê¥³ ¶·¨³¥´¥´¨¥ ¶μ²´μ£μ ¶μ²¨´μ³¨ ²Ó´μ£μ ¡ §¨¸  μ·-
Éμ£μ´ ²Ó´ÒÌ ¨´¢ ·¨ ´Éμ¢ ± § ¤ Î¥ μ¶¨¸ ´¨Ö ¢· Ð¥´¨Ö  ¸¨³³¥É·¨Î´μ£μ ¢μ²Î-
±  Å μ¤´μ° ¨§ Í¥´É· ²Ó´ÒÌ § ¤ Î  ´ ²¨É¨Î¥¸±μ° ³¥Ì ´¨±¨.

”¨§¨Î¥¸±¨¥ ¢¥²¨Î¨´Ò, Ë¨£Ê·¨·ÊÕÐ¨¥ ¢ μ¶¨¸Ò¢ ÕÐ¨Ì ¤¨´ ³¨±Ê ÔÉμ°
¸¨¸É¥³Ò Ê· ¢´¥´¨ÖÌ �°²¥· , ¸μ¸É ¢²ÖÕÉ ¸¨³³¥É·¨Î¥¸±¨° É¥´§μ· ¨´¥·Í¨¨ Ikl

¨  ±¸¨ ²Ó´Ò° ¢¥±Éμ· Ê£²μ¢μ° ¸±μ·μ¸É¨ ω(ω1, ω2, ω3), ±μÉμ·Ò° ¶·¥¤¸É ¢¨³ ¢
¢¨¤¥  ´É¨¸¨³³¥É·¨Î¥¸±μ£μ É¥´§μ·  Ωkl = eklmωm (¸³., ´ ¶·¨³¥·, [16], § 28Ä
29).

�μ²¨´μ³¨ ²Ó´Ò° ¡ §¨¸ ¨´¢ ·¨ ´Éμ¢ ¶ ·Ò É¥´§μ·μ¢ Ikl, Ωkl ¸ÊÉÓ Ï¥¸ÉÓ
μ·Éμ£μ´ ²Ó´ÒÌ ¨´¢ ·¨ ´Éμ¢ ¢¨¤  (2) ¤²Ö ³ É·¨ÍÒ

T = [Ikl] + [Ωkl]. (89)

Š ´μ´¨Î¥¸±¨° ¡ §¨¸ ÔÉμ° ³ É·¨ÍÒ μ¶·¥¤¥²Ö¥É¸Ö £² ¢´Ò³¨ μ¸Ö³¨ ¨´¥·Í¨¨
¢μ²Î± , § ´Ê³¥·μ¢ ´´Ò³¨ ¨ μ·¨¥´É¨·μ¢ ´´Ò³¨ É ±, ÎÉμ ¢Ò¶μ²´ÖÕÉ¸Ö Ê¸²μ¢¨Ö

I1 < I2 < I3, ω0
3 > 0, ω0

2 < 0,

£¤¥ Ik > 0 ¨ ω0
k, k = 1, 3, ¸μμÉ¢¥É¸É¢¥´´μ, £² ¢´Ò¥ ³μ³¥´ÉÒ ¨´¥·Í¨¨ ¢μ²Î± 

¨ ¶·μ¥±Í¨¨ ¢¥±Éμ·  Ê£²μ¢μ° ¸±μ·μ¸É¨ ´  ÔÉ¨ μ¸¨. “· ¢´¥´¨Ö, ¸¢Ö§Ò¢ ÕÐ¨¥
¨´¢ ·¨ ´ÉÒ (2) ¸ Ô²¥³¥´É ³¨ ³ É·¨ÍÒ (89) ¢ ± ´μ´¨Î¥¸±μ³ ¡ §¨¸¥, ¨³¥ÕÉ
¢¨¤

tr Iλ = Iλ
1 + Iλ

2 + Iλ
3 , λ = 1, 3;

tr Ω2 = −2(ω2
1 + ω2

2 + ω2
3) = −2ω2;

tr (IΩ2) = −ω2tr I +
∑3

k=1
Ikω2

k = 2Erot − ω2tr I;

tr (IΩI2Ω2) = ω1ω2ω3 det [I l−1
k ]k,l=1,3 = ω1ω2ω3(I3 − I2)(I3 − I1)(I2 − I1)

(90)

(¨´¤¥±¸ 0 ¢ ¤ ²Ó´¥°Ï¥³ ¤²Ö ±· É±μ¸É¨ μ¶Ê¸± ¥³). ‡¤¥¸Ó

Erot =
∑3

k=1
Ikω2

k/2 = 〈ωIω〉/2 = tr (Ω2I) + ω2tr I (91)

μ¡μ§´ Î ¥É ±¨´¥É¨Î¥¸±ÊÕ Ô´¥·£¨Õ ¢· Ð ÕÐ¥£μ¸Ö ¢μ²Î± .
Š¢ ¤· É ³μ³¥´É  ¨³¶Ê²Ó¸  (±¨´¥É¨Î¥¸±μ£μ ³μ³¥´É ) ¢μ²Î± 

L2 =
∑3

k=1
I2
kω2

k =
〈
ωI2 ω
〉

= tr(Ω2I2) + ω2tr I2 (92)

¸¢Ö§ ´ ¸ ¨´¢ ·¨ ´É ³¨ (90) ¶μ²¨´μ³¨ ²Ó´Ò³ ¸μμÉ´μÏ¥´¨¥³⎧⎨
⎩det

⎡
⎣ ω1 ω2 ω3

I1ω1 I2ω2 I3ω3

I2
1ω1 I2

2ω2 I2
3ω3

⎤
⎦
⎫⎬
⎭

2

= det

⎡
⎣ ω2 2Erot L2

2Erot L2 I3
kω2

k

L2 I3
kω2

k I4
kω2

k

⎤
⎦ =

= [tr (IΩI2Ω2)]2,
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£¤¥, ± ± ¨ ¢ (58), (59),

I3
kω2

k = tr (Ω2I3) + ω2tr I3, I4
kω2

k = tr (Ω2I4) + ω2tr I4.

�·¨³¥´ÖÖ Ëμ·³Ê²Ê ƒ ³¨²ÓÉμ´ ÄŠÔ²¨, ¶μ¸²¥ ´¥¸²μ¦´ÒÌ ¢ÒÎ¨¸²¥´¨° μÉ¸Õ¤ 
¶μ²ÊÎ ¥³

[tr (IΩI2Ω2)]2 = det

⎡
⎣ ω2 2Erot L2

2Erot L2 A + ω2 det I
L2 A + ω2 det I B + ω2tr I det I

⎤
⎦ , (93)

£¤¥

A = L2tr I − Erot (tr2I − tr I2),

B = L2(tr2I + trI2)/2 + 2Erot (trI3 − tr3I)/3.
(94)

“· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¤²Ö ¨´¢ ·¨ ´Éμ¢ (90) ²¥£±μ ¶μ²ÊÎ ÕÉ¸Ö ¨§ ¤¨´ ³¨Î¥¸±¨Ì
Ê· ¢´¥´¨° �°²¥·  ([16], ¸. 127Ä128)

I1∂tω1 + (I3 − I2)ω2ω3 = N1,

I2∂tω2 + (I1 − I3)ω1ω3 = N2,

I3∂tω3 + (I2 − I1)ω1ω2 = N3

(95)

(§¤¥¸Ó N1, N2, N3 μ¡μ§´ Î ÕÉ ¶·μ¥±Í¨¨ ¢¥±Éμ·  ³μ³¥´É  ¢´¥Ï´¥° ¸¨²Ò N
´  £² ¢´Ò¥ μ¸¨ ¨´¥·Í¨¨ ¢μ²Î± ). “³´μ¦ Ö k-¥ Ê· ¢´¥´¨¥ ¸¨¸É¥³Ò (95) ´ 
Iμ−1
k ωk, k = 1, 3, ¨ ¸Ê³³¨·ÊÖ ¶μ k, ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥

1
2

d

dt

(
Iμ
k ω2

k

)
+ ω1ω2ω3 det

⎡
⎣ 1 1 1

I1 I2 I3

Iμ−1
1 Iμ−1

2 Iμ−1
3

⎤
⎦ =
∑3

k=1
NkIμ−1

k ωk,

±μÉμ·μ¥, ÊÎ¨ÉÒ¢ Ö ¸μμÉ´μÏ¥´¨Ö (56) ¨ (28), ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¨´¢ ·¨ ´É-
´μ³ ¢¨¤¥

∂ttr (IμΩ2)/2 + tr Iμ∂tω
2/2 + tr (IΩIμ−1Ω2) =

〈
NIμ−1ω

〉
. (96)

‚ ÔÉμ³ ¢¨¤¥ ÔÉμ Ê· ¢´¥´¨¥ ¸¶· ¢¥¤²¨¢μ ¢ ¶·μ¨§¢μ²Ó´μ° μ·Éμ´μ·³¨·μ¢ ´´μ°
¸¨¸É¥³¥ ±μμ·¤¨´ É ¢ μÉ²¨Î¨¥ μÉ Ê· ¢´¥´¨° �°²¥·  (95), ¢Ò¶μ²´ÖÕÐ¨Ì¸Ö
Éμ²Ó±μ ¢ ¸¨¸É¥³¥ ±μμ·¤¨´ É, ¶μ¸É·μ¥´´μ° ´  £² ¢´ÒÌ μ¸ÖÌ ¨´¥·Í¨¨ ¢μ²Î± .

�·¨ μ = 1, 2 tr (IΩ3) = tr (IΩIΩ2) = 0 ¨ Ê· ¢´¥´¨¥ (96) ¤ ¥É ¸μμÉ´μ-
Ï¥´¨Ö

∂tErot = 〈Nω〉 , ∂tL
2 = 2 〈NIω〉 = 2 〈NL〉 , (97)

±μÉμ·Ò¥ ¤²Ö ¸¢μ¡μ¤´μ£μ ¢μ²Î±  ¸¢μ¤ÖÉ¸Ö ± § ±μ´ ³ ¸μÌ· ´¥´¨Ö Ô´¥·£¨¨ (91)
¨ ±¢ ¤· É  ±¨´¥É¨Î¥¸±μ£μ ³μ³¥´É  (92).
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�·¨ μ = 0 Ê· ¢´¥´¨¥ (96) ¶·¨´¨³ ¥É ¢¨¤

∂ttr Ω2/2 + 3∂tω
2/2 + tr (IΩI−1Ω2) =

〈
NI−1ω

〉
(μ¡· É´Ò° É¥´§μ· I−1 : E3 → E3 ¸ÊÐ¥¸É¢Ê¥É, É ± ± ± ¶μ Ê¸²μ¢¨Õ det I =
I1I2I3 > 0). ‚μ¸¶μ²Ó§Ê¥³¸Ö §¤¥¸Ó Ëμ·³Ê²μ° (28), ±μÉμ· Ö ¢ ¤ ´´μ³ ¸²ÊÎ ¥
¤ ¥É

tr (IΩI−1Ω2) = ω1ω2ω3 det

⎡
⎢⎣

1 1 1

I1 I2 I3

I−1
1 I−1

2 I−1
3

⎤
⎥⎦ =

=
ω1ω2ω3

I1I2I3
det

⎡
⎣ I1 I2 I3

I2
1 I2

2 I2
3

1 1 1

⎤
⎦ = det−1Itr (IΩI2Ω2).

“Î¨ÉÒ¢ Ö É ±¦¥, ÎÉμ tr Ω2 = −2ω2, ¶μ²ÊÎ¨³ Ê· ¢´¥´¨Ö, μ¶¨¸Ò¢ ÕÐ¨¥ Ô¢μ-
²ÕÍ¨Õ ±¢ ¤· É  Ê£²μ¢μ° ¸±μ·μ¸É¨ ¢μ²Î± :

∂tω
2/2 + det−1 Itr (IΩI2Ω2) =

〈
NI−1ω

〉
, (98)

−∂ttr Ω2/4 + det−1Itr (IΩI2Ω2) =
〈
NI−1ω

〉
, (98′)

¸¶· ¢¥¤²¨¢Ò¥, ± ± ¨ (96), ¢ ¶·μ¨§¢μ²Ó´μ° μ·Éμ´μ·³¨·μ¢ ´´μ° ¸¨¸É¥³¥ ±μμ·-
¤¨´ É.

�·¥¤²μ¦¥´¨¥ 5. „²Ö ¸¢μ¡μ¤´μ£μ ¢μ²Î±  (98), (98′) ¸¢μ¤ÖÉ¸Ö ± Ê· ¢´¥´¨Õ
¤²Ö Ô²²¨¶É¨Î¥¸±μ° ËÊ´±Í¨¨ ‚¥°¥·ÏÉ· ¸¸  P(t) = P(t; g2, g3) (¸³., ´ ¶·¨³¥·,
[17, 13.13.4Ä13.13.5]):

P′2(t) = 4(P(t) − e1)(P(t) − e2)(P(t) − e3) = 4P3(t) − g2P(t) − g3,

e1 + e2 + e3 = 0, g2 = −4(e1e2 + e1e3 + e2e3), g3 = 4e1e2e3.

„μ± § É¥²Ó¸É¢μ. ‘μ£² ¸´μ (93) ¨³¥¥³

[tr (IΩI2Ω2)]2 = −(ω2)3det2 I + (ω2)2c1 det I − ω2c2 + c3, (99)

£¤¥ ±μÔËË¨Í¨¥´ÉÒ c1, c2, c3 ´¥ § ¢¨¸ÖÉ μÉ ω2(t) ¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¨´¢ ·¨ ´É ³¨
tr Iλ, λ = 1, 3, Erot ¨ L2 (´¥ § ¢¨¸ÖÐ¨³¨ μÉ ¢·¥³¥´¨, ¥¸²¨ ¢μ²Îμ± ¸¢μ¡μ¤´Ò°):

c1 = 2Erot(tr2 I − tr I2) − L2tr I,

c2 = E2
rot[(tr

2I − trI2)2 + 4tr I det I] − 2ErotL
2(tr3 I − 2tr Itr I2 + tr I3)+

+L4(tr2 I − tr I2)/2,

c3 = 8E3
rot(tr

3 I − tr I3)/3 − 2E2
rotL

2(3tr2 I − tr I2) + 4ErotL
4tr I − L6,

det I = (2tr I3 − 3tr I2trI + tr3 I)/6.
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�μ¤¸É ´μ¢± 

ω2(t) = −P(t) + c1(3 det I)−1 =

= −P(t) + (3 det I)−1(2Erot(tr2 I − tr I2) − L2tr I) (100)

¶·¨¢μ¤¨É (99) ± ¢¨¤Ê

[tr (IΩI2Ω2)]2 =

= P3(t) − P(t)det−2 I

(
c2
1

3
− c2

)
− det−3 I

(
c1c2

3
− 2c3

1

27
− c3 det I

)
,

¨ ¨§ (98) ¶·¨ N = 0 (É. ¥. ¤²Ö ¸¢μ¡μ¤´μ£μ ¢μ²Î± ) ¶μ²ÊÎ ¥³

− ∂tP(t) + 2
[
P3(t) − P(t)det−2 I

(
c2
1

3
− c2

)
−

− det−3 I

(
c1c2

3
− 2c3

1

27
− c3 det I

)]1/2

= 0.

�μ¸²¥¤´¥¥ Ê· ¢´¥´¨¥ ¸μ¢¶ ¤¥É ¸ Ê· ¢´¥´¨¥³ ¤²Ö ËÊ´±Í¨¨ ‚¥°¥·ÏÉ· ¸¸ , ¥¸²¨
¶μ²μ¦¨ÉÓ

4
(

c2
1

3
− c2

)
det−2 I = g2, 4

(
c1c2

3
− 2c3

1

27
− c3 det I

)
det−3 I = g3.

�
’ ±¨³ μ¡· §μ³, Ê· ¢´¥´¨¥ (96), ¢¸¥ Î²¥´Ò ±μÉμ·μ£μ Ö¢²ÖÕÉ¸Ö μ·Éμ£μ´ ²Ó-

´Ò³¨ ¨´¢ ·¨ ´É ³¨, ¶·¨ μ = 0, 1, 2 ¶μ²´μ¸ÉÓÕ μ¶¨¸Ò¢ ¥É ¤¢¨¦¥´¨¥ ¢μ²Î± .
‡ ¢¨¸¨³μ¸ÉÓ μÉ ¢·¥³¥´¨ ±μ³¶μ´¥´É Ê£²μ¢μ° ¸±μ·μ¸É¨ ¢μ²Î±  ωj(t), j = 1, 3,
¢ÒÉ¥± ¥É ¨§ (100) (É. ¥. ¨§ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (98) ¨ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (¸·.
¸ (634−6))

ω2
1 + ω2

2 + ω2
3 = ω2(t),

I1ω
2
1 + I2ω

2
2 + I3ω

2
3 = 2Erot,

I2
1ω2

1 + I2
2ω2

2 + I2
3ω2

3 = L2.

(101)

Š ± ¨ (634−6), ·¥Ï¥´¨¥ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (101) ³μ¦´μ ´ °É¨ ¶μ Ëμ·-
³Ê² ³ (75), ¶μ¸±μ²Ó±Ê μ¶·¥¤¥²¨É¥²Ó ÔÉμ° ¸¨¸É¥³Ò

det[I l−1
k ]k,l=1,3 = (I3 − I1)(I3 − I2)(I2 − I1) �= 0.

�É²¨Î¨¥ § ±²ÕÎ ¥É¸Ö ²¨ÏÓ ¢ Éμ³, ÎÉμ ±μÔËË¨Í¨¥´ÉÒ ¸¨¸É¥³Ò Ê· ¢´¥´¨°
(101) Å £² ¢´Ò¥ ³μ³¥´ÉÒ ¨´¥·Í¨¨ I1, I2, I3 Å ¢¥²¨Î¨´Ò ¸É·μ£μ ¶μ²μ¦¨-
É¥²Ó´Ò¥, ¢ Éμ ¢·¥³Ö ± ± p1, p2, p3 ¢ Ê· ¢´¥´¨ÖÌ (63) ³μ£ÊÉ ¨³¥ÉÓ ¶·μ¨§¢μ²´Ò°
§´ ±.
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“Î¨ÉÒ¢ Ö (93) ¨ (94), ¤²Ö ± ¦¤μ£μ §´ Î¥´¨Ö j = 1, 3 ´ Ìμ¤¨³

ω2
j (t) det

⎡
⎢⎢⎢⎢⎣

ω2(t) 2Erot L2 1

2Erot L2 A + ω2 det I Ij

L2 A + ω2 det I B + ω2tr I det I I2
j

−1 −Ij −I2
j 0

⎤
⎥⎥⎥⎥⎦ = [tr (IΩI2Ω2)]2,

(102)
¶·¨Î¥³, ¶μ μ¶·¥¤¥²¥´¨Õ ± ´μ´¨Î¥¸±μ£μ ¡ §¨¸  [1], §¤¥¸Ó, ± ± ¨ ¢ Ëμ·³Ê²¥
(1),

I1 < I2 < I3, ω3 = Ω12 > 0, ω2 = −Ω13 < 0,

  §´ ± Ô²¥³¥´É  Ω23 = ω1 ¸μ¢¶ ¤ ¥É ¸μ §´ ±μ³ ¨´¢ ·¨ ´É  tr (IΩI2Ω2). ‘²¥-
¤μ¢ É¥²Ó´μ, Ëμ·³Ê²  (102) ¤²Ö ± ¦¤μ£μ ³μ³¥´É  ¢·¥³¥´¨ t ¶μ§¢μ²Ö¥É μ¤-
´μ§´ Î´μ ¢Ò· §¨ÉÓ ± ¦¤ÊÕ ¨§ É·¥Ì ¶·μ¥±Í¨° ¢¥±Éμ·  Ê£²μ¢μ° ¸±μ·μ¸É¨ ´ 
£² ¢´Ò¥ μ¸¨ ¨´¥·Í¨¨ ¢μ²Î±  ωj(t) Î¥·¥§ μ·Éμ£μ´ ²Ó´Ò¥ ¨´¢ ·¨ ´ÉÒ (90)Ä(92)
¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° £² ¢´Ò° ³μ³¥´É ¨´¥·Í¨¨ Ij , j = 1, 3.

6. ’ ±¨³ μ¡· §μ³, ¶μ²¨´μ³¨ ²Ó´Ò° ¡ §¨¸ μ·Éμ£μ´ ²Ó´ÒÌ ¨´¢ ·¨ ´Éμ¢,
¶μ¸É·μ¥´´Ò° ¤²Ö É¥´§μ·  ¢Éμ·μ£μ · ´£  μ¡Ð¥£μ ¢¨¤  Tkl �= Tlk (²¨¡μ ¤²Ö
¶ ·Ò ¸¨³³¥É·¨Î¥¸±μ£μ ¨  ´É¨¸¨³³¥É·¨Î¥¸±μ£μ É¥´§μ·μ¢ (Skl, Akl), Skl =
Slk, Akl = −Alk), ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ ¨ ¨¸¶μ²Ó§μ¢ ÉÓ ¤μ¶μ²´¨É¥²Ó´Ò¥ (¶μ
¸· ¢´¥´¨Õ ¸ ¶·¨³¥´Ö¢Ï¨³¨¸Ö · ´¥¥) Ê¸²μ¢¨Ö, ´ ² £ ¥³Ò¥ ´  μ¶¨¸Ò¢ ÕÐ¨¥
Ë¨§¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ¤¨´ ³¨Î¥¸±¨¥ ¶ · ³¥É·Ò É·¥¡μ¢ ´¨¥³ μ·Éμ£μ´ ²Ó´μ°
¨´¢ ·¨ ´É´μ¸É¨.

‚ ¸²ÊÎ ¥ ¡ ·μÌ·μ´´μ£μ É¥Î¥´¨Ö ¨¤¥ ²Ó´μ£μ £ §  ÔÉμÉ ¶μ¤Ìμ¤, ¢ Î ¸É´μ¸É¨,
¶·¨¢μ¤¨É ± ¶μ¸É·μ¥´¨Õ ¨´É¥£·¨·Ê¥³μ° ¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨°, Ô±¢¨¢ ²¥´É´μ° É·¥Ì³¥·´μ° ´¥²¨´¥°´μ° ¸¨¸É¥³¥ £¨¤·μ¤¨´ ³¨Î¥¸±¨Ì
Ê· ¢´¥´¨° �°²¥· , ±μÉμ· Ö ¶μ§¢μ²Ö¥É ´ °É¨ ¢¸¥ Ô²¥³¥´ÉÒ ³ É·¨ÍÒ Ÿ±μ¡¨
[∂luk] ¨ ¢ ·¥§Ê²ÓÉ É¥ ¶μ²´μ¸ÉÓÕ μ¶·¥¤¥²¨ÉÓ Ì · ±É¥· § ¢¨¸¨³μ¸É¨ ¶μ²Ö £¨-
¤·μ¤¨´ ³¨Î¥¸±μ° ¸±μ·μ¸É¨ μÉ ¢·¥³¥´¨. �μ²ÊÎ ÕÐ¨¥¸Ö ¶·¨ ÔÉμ³ ·¥§Ê²ÓÉ ÉÒ,
¶μ ´ Ï¥³Ê ³´¥´¨Õ, ¶·¥¤¸É ¢²ÖÕÉ ¨ μ¶·¥¤¥²¥´´Ò° ¸ ³μ¸ÉμÖÉ¥²Ó´Ò° ¨´É¥-
·¥¸. �¸μ¡¥´´μ ¨´É·¨£ÊÕÐ¨³ ¢Ò£²Ö¤¨É ¸μ¢¶ ¤¥´¨¥ ¤¨´ ³¨±¨ ¶μÉ¥´Í¨ ²Ó-
´μ£μ ¡ ·μÌ·μ´´μ£μ É¥Î¥´¨Ö ¸ § ±μ´μ³ (´¥·¥²ÖÉ¨¢¨¸É¸±¨³) ±μ¸³μ²μ£¨Î¥¸±μ£μ
· ¸Ï¨·¥´¨Ö, ¥¸²¨ ¶·¨´ÖÉÓ ¢μ ¢´¨³ ´¨¥ ¸μμÉ¢¥É¸É¢¨¥ ³μ¤¥²¨ ¡ ·μÌ·μ´´μ£μ
É¥Î¥´¨Ö ¤¨´ ³¨±¥ ¡¥¸±μ´¥Î´μ° μ¤´μ·μ¤´μ° ¸¶²μÏ´μ° ¸·¥¤Ò ¢ ¥¢±²¨¤μ¢μ³
¶·μ¸É· ´¸É¢¥. ‚¥¸Ó³  ¨´É¥·¥¸´Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö § ¤ Î  μ¡μ¡Ð¥´¨Ö ¶μ²Ê-
Î¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ´  ·¥²ÖÉ¨¢¨¸É¸±¨° ¸²ÊÎ ° ¨ ´  ´¥¥¢±²¨¤μ¢Ê £¥μ³¥É·¨Õ,
ÎÉμ, ¢μ§³μ¦´μ, ¶μ§¢μ²¨É ÊÎ¥¸ÉÓ ÔËË¥±ÉÒ £· ¢¨É Í¨¨.

�·¨³¥´¥´¨¥ · §¢¨Éμ£μ  ¶¶ · É  ± μ¶¨¸ ´¨Õ ¢· Ð¥´¨Ö É¢¥·¤μ£μ É¥²  ¤ ¥É
¥¤¨´μ¥ Ê· ¢´¥´¨¥, ¸μ¤¥·¦ Ð¥¥ § ±μ´ ¨§³¥´¥´¨Ö ±¨´¥É¨Î¥¸±μ° Ô´¥·£¨¨, ±¢ -
¤· É  ³μ³¥´É  ¨³¶Ê²Ó¸  ¨ ±¢ ¤· É  Ê£²μ¢μ° ¸±μ·μ¸É¨ ¢μ²Î± .
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’ ¡²¨Í  1. • · ±É¥· § ¢¨¸¨³μ¸É¨ μÉ ¢·¥³¥´¨ ³ É·¨ÍÒ Ÿ±μ¡¨, ¥¥ ¸¨³³¥É·¨Î¥¸±μ°
¨  ´É¨¸¨³³¥É·¨Î¥¸±μ° Î ¸É¥°, ¨´¢ ·¨ ´Éμ¢, £¨¤·μ¤¨´ ³¨Î¥¸±μ° ¸±μ·μ¸É¨ ¨ ¶²μÉ´μ-
¸É¨ ¨¤¥ ²Ó´μ£μ £ §  ¶·¨ ¶μÉ¥´Í¨ ²Ó´μ³ ¨ ¸μ²¥´μ¨¤ ²Ó´μ³ (¨§μ¡ ·¨Î¥¸±μ³) ·¥¦¨³ Ì
¡ ·μÌ·μ´´μ£μ É¥Î¥´¨Ö ¨¤¥ ²Ó´μ£μ £ § 

‚¨¤ É¥Î¥´¨Ö �μÉ¥´Í¨ ²Ó´μ¥, ‘μ²¥´μ¨¤ ²Ó´μ¥ (¨§μ¡ ·¨Î¥¸±μ¥),

”¨§¨Î¥¸± Ö ¢¥²¨Î¨´  rotu = 0 (t0 � 0) div u = 0 (b0, b2 � 0)

J(t, x) = [∂kul(t, x)] |t + t0|−1E3 (t0 > 0) J(0, 0) − tJ2(0, 0).

S(t, x) =
[
u(i,j)(t, x)

]
|t + t0|−1E3 S(0,0) − t(S2(0, 0) + A2(0, 0)).

A(t, x) =
[
u[i,j](t, x)

]
0 A(0, 0)−

t (S(0, 0)A(0, 0) + A(0, 0)S(0, 0)) .

trS2 3|t + t0|−2 γ(t) = b0 + b1t + b2t2

trSA2 0 γ′(t)/4 = b1/4 + b2t/2

trS3 3|t + t0|−3 −3γ′(t)/4 = −3b1/4 − 3b2t/2

tr(AS2A2S) 0 C7 =
{[

(4b0b2−b21)/16
]2−(b2/2)3

}1/2
=

= const

tr(S2A2) 0 b2/2 − γ2(t)/2 =

= b2/2 − (b0 + b1t + b2t2)2/2

k2 3|t + t0|−2 = S2 0

k3 |t + t0|−3 = S3 0

S2 3|t + t0|−2 −γ(t)/2 = −(b0 + b1t + b2t2)/2

S3 |t + t0|−3 tr S3/3 = −γ′(t)/4 = −b1/4 − b2t/2

uj(t, x), j = 1, 3 xk|t + t0|−1 uj(t, x) =
(
Jjk(0, 0) − tJ2

jk(0, 0)
)
×

×(xk − u0
kt) + u0

j

ρ(t)
ρ0|1 + t/t0|−3 (t0 �= 0)
ρ1t−3 (ρ0 = +∞, t0 = 0)

ρ0 = const > 0

’ ¡²¨Í  2. ‘μμÉ´μÏ¥´¨Ö ³¥¦¤Ê ´ Î ²Ó´Ò³¨ §´ Î¥´¨Ö³¨ ¨´¢ ·¨ ´Éμ¢ · §²¨Î´ÒÌ

¸É¥¶¥´¥° ¨ Ô²¥³¥´É ³¨ ¡ §¨¸  ¨´¢ ·¨ ´Éμ¢ (2) ¶·¨ ¸μ²¥´μ¨¤ ²Ó´μ³ ¡ ·μÌ·μ´´μ³

É¥Î¥´¨¨

tr (S2A2) = −b2
0/2 + b2/2, tr (ASAS) = tr (SASA) = b2

0/2 − b2;

tr (SAS2A) = −b0b1/8, tr (A2S3) = 3b0b1/8;

tr (SA2SA2) = b3
0/4 − b0b2/2 + b2

1/16, tr (S2AS2A) = b0b2/2 − b3
0/4 − b2

1/8;

tr (SA2S2A2) = −3b2
0b1/16 + b1b2/8, tr (SASASA2) = tr (SASA)tr(SA2) =

= b2
0b1/16 − b1b2/8;
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tr (SASAS2A2) = tr (ASASA2S2) = tr (ASAS)tr (A2S2)/2 =

= 3b2
0b2/8 − b4

0/8 − b2
2/4,

tr (SASASASA) = tr (SA)4 = (tr (SASA))2/2 = (b2
0/2 − b2)2/2.
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