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�  ¡ §¥ ´¥¶·¥·Ò¢´μ£μ  ´ ²μ£  ³¥Éμ¤  �ÓÕÉμ´  ¨ ³¥Éμ¤  ¸¶² °´-±μ²²μ± Í¨¨
¸μ§¤ ´ ¶ ±¥É ¶·μ£· ³³ ¤²Ö ·¥Ï¥´¨Ö ±· ¥¢ÒÌ § ¤ Î ¤²Ö ´¥²¨´¥°´ÒÌ ¸¨¸É¥³ μ¡Ò±-
´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (�„“), § ¤ ´´ÒÌ ´  ¢²μ¦¥´´ÒÌ ¨´-
É¥·¢ ² Ì ¨§³¥´¥´¨Ö ´¥§ ¢¨¸¨³μ° ¶¥·¥³¥´´μ°. ‚ ± Î¥¸É¢¥ ±μ´±·¥É´μ£μ ¶·¨³¥· 
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¶μÉμ±μ¢ ¢ £¥μ³¥É·¨Î¥¸±¨ ¸¨³³¥É·¨Î´μ³ ¤¢ÊÌ¸²μ°´μ³ ¤¦μ§¥Ë¸μ´μ¢¸±μ³ ¸É¥±¥,
μÉ¤¥²Ó´Ò¥ ¸Ê¡±μ´É ±ÉÒ ±μÉμ·μ£μ ¨³¥ÕÉ · §´ÊÕ ¤²¨´Ê.
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1. ��‘’���‚Š� ‡�„�—ˆ

‡ ³¥É´μ¥ Î¨¸²μ ³μ¤¥²¥° Ë¨§¨±¨ ±μ´¤¥´¸¨·μ¢ ´´μ° ³ É¥·¨¨, Ë¨§¨±¨
§¢¥§¤ ¨ Î¥·´ÒÌ ¤Ò·, £¨¤·μ¤¨´ ³¨±¨ ¨ É¥¶²μ¶¥·¥¤ Î¨ ¨ É. ¤. ¶·¨¢μ¤ÖÉ ± ´¥μ¡-
Ìμ¤¨³μ¸É¨ ·¥Ï ÉÓ ±· ¥¢Ò¥ § ¤ Î¨ ¤²Ö ¸¨¸É¥³ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°,
§ ¤ ´´ÒÌ ´  ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö ¨²¨ ¢²μ¦¥´´ÒÌ μ¡² ¸ÉÖÌ ¨§³¥´¥´¨Ö ´¥§ ¢¨-
¸¨³ÒÌ ¶¥·¥³¥´´ÒÌ. �¡§μ· · ¡μÉ ¶μ ÔÉμ° É¥³ É¨±¥, ¢Ò¶μ²´¥´´ÒÌ ¢ �ˆŸˆ
§  ¶μ¸²¥¤´¨¥ £μ¤Ò, ¶·¨¢¥¤¥´ ¢ [1]. �²£μ·¨É³Ò ·¥Ï¥´¨Ö É ±¨Ì § ¤ Î, ± ±
¶· ¢¨²μ, ¨¸¶μ²Ó§ÊÕÉ ´ÓÕÉμ´μ¢¸±ÊÕ ¨É¥· Í¨μ´´ÊÕ ¶·μÍ¥¤Ê·Ê, ¸¢μ¤ÖÐÊÕ ¨¸-
Ìμ¤´ÊÕ § ¤ ÎÊ ± ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ²¨´¥°´ÒÌ ±· ¥¢ÒÌ § ¤ Î, ·¥Ï¥´¨¥ ±μÉμ-
·ÒÌ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¢μ§³μ¦´μ Éμ²Ó±μ Î¨¸²¥´´Ò³ ¶ÊÉ¥³. ‚ ¶·μ¸É· ´¸É¢¥´´μ-
μ¤´μ³¥·´μ³ ¸²ÊÎ ¥ ¤μ¸É ÉμÎ´μ μ¡Ð Ö ¶μ¸É ´μ¢±  ²¨´¥ ·¨§μ¢ ´´μ° § ¤ Î¨
¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³.

�Ê¸ÉÓ Î , Ǐ ¨ I Å É·¨ ±μ´¥Î´ÒÌ ¨´É¥·¢ ²  ´  ·¥ ²Ó´μ° ¶·Ö³μ°, É ±¨¥, ÎÉμ
Î = I\Ǐ . „²Ö Ê± § ´´μ° ¸¨¸É¥³Ò ¨´É¥·¢ ²μ¢ · ¸¸³μÉ·¨³ ²¨´¥°´ÊÕ ±· ¥¢ÊÕ
§ ¤ ÎÊ ¢¨¤ 

−Âŷxx + B̂ŷx + Ĉŷ = F̂ , x ∈ Î , (1.1a)

Ĝŷx + Ĥŷ = R̂, x ∈ ∂I, (1.1b)

−Ayxx + Byx + Cy = F, x ∈ Ǐ , (1.1c)

Gyx + Hy = R, x ∈ ∂Ǐ. (1.1d)

‡¤¥¸Ó y(x) = {ŷ(x), y̌(x)} Å ¨¸±μ³ Ö ¢¥±Éμ·-ËÊ´±Í¨Ö · §³¥·´μ¸É¨ dim y =
N , dim ŷ = M , N � M ; Â(x), B̂(x), Ĉ(x) Å § ¤ ´´Ò¥ ±¢ ¤· É´Ò¥ M -
³ É·¨ÍÒ, ¶·¨Î¥³ det Â(x) �= 0 ¤²Ö x ∈ Î; F̂ (x) Å § ¤ ´´ Ö M -¢¥±Éμ·-
ËÊ´±Í¨Ö; Ĝ ¨ Ĥ Å § ¤ ´´Ò¥ ¶μ¸ÉμÖ´´Ò¥ ±¢ ¤· É´Ò¥ M -³ É·¨ÍÒ; R̂ Å
§ ¤ ´´Ò° ¶μ¸ÉμÖ´´Ò° M -¢¥±Éμ·; A(x), B(x), C(x) Å § ¤ ´´Ò¥ ±¢ ¤· É´Ò¥
N -³ É·¨ÍÒ; detA(x) �= 0 ¤²Ö x ∈ Ǐ; F (x) Å § ¤ ´´ Ö N -¢¥±Éμ·-ËÊ´±Í¨Ö; G
¨ H Å § ¤ ´´Ò¥ ¶μ¸ÉμÖ´´Ò¥ (N−M)×N -³ É·¨ÍÒ; R Å § ¤ ´´Ò° (N−M)-
¶μ¸ÉμÖ´´Ò° ¢¥±Éμ·. Šμμ·¤¨´ ÉÒ ¢¥±Éμ·-ËÊ´±Í¨¨ ŷ(x) ´¥¶·¥·Ò¢´Ò ¢³¥¸É¥ ¸
¶¥·¢Ò³¨ ¶·μ¨§¢μ¤´Ò³¨ ´  £· ´¨Í¥ ∂Ǐ .

‚ μ¡Ð¥³ ¸²ÊÎ ¥ § ¤ ÎÊ (1.1) ³μ¦´μ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± Ê· ¢´¥´¨Ö ¤²Ö
´¥¨§¢¥¸É´ÒÌ ŷ(x) ¨ y̌(x), ±μÉμ·Ò¥ § ¤ ´Ò ´  ¢²μ¦¥´´ÒÌ ¨´É¥·¢ ² Ì ¨§³¥´¥-
´¨Ö ´¥§ ¢¨¸¨³μ° ¶¥·¥³¥´´μ° x.

…¸²¨ ¢ Î ¸É´μ³ ¸²ÊÎ ¥ I = [−L, L], Ǐ = [−l, l], l � L, Î = [−L,−l)∪(l, L],
N = 2, M = 1, Éμ ¶·¨ x ∈ (−L,−l) ¨ x ∈ (l, L) ¨³¥¥³ μ¤´μ μ¡Ò±´μ¢¥´´μ¥
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¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ (�„“) ¤²Ö ±μμ·¤¨´ ÉÒ y1(x),   ´  ¨´É¥·¢ ²¥
x ∈ (−l, l) Å ¸¨¸É¥³Ê ¤¢ÊÌ �„“ ¤²Ö ¸± ²Ö·´ÒÌ ËÊ´±Í¨° y1(x) ¨ y2(x).

�¨¸. 1. ‘Ì¥³  ¤¢ÊÌ¸²μ°´μ£μ ±μ´É ±É 
¸ ¸Ê¡±μ´É ±É ³¨ · §´μ° ¤²¨´Ò

Š É ±μ° ¸¨¸É¥³¥ ¸¢μ¤¨É¸Ö, ¢ Î ¸É-
´μ¸É¨, § ¤ Î  μ ¸É Í¨μ´ ·´ÒÌ ¸μ¸ÉμÖ-
´¨ÖÌ ¢ ¤¢ÊÌ¸²μ°´μ³ £¥μ³¥É·¨Î¥¸±¨ ¸¨³³¥-
É·¨Î´μ³ ¤¦μ§¥Ë¸μ´μ¢¸±μ³ ±μ´É ±É¥, μÉ-
¤¥²Ó´Ò¥ ¸Ê¡±μ´É ±ÉÒ ±μÉμ·μ£μ JJ1 ¨
JJ2 ¨³¥ÕÉ · §´ÊÕ ¤²¨´Ê. “¶·μÐ¥´´ Ö
¸Ì¥³  É ±μ£μ ¸É¥±  ¤¥³μ´¸É·¨·Ê¥É¸Ö ´ 
·¨¸. 1. ‘¢¥É²Ò¥ ¶·Ö³μÊ£μ²Ó´¨±¨ ¨§μ¡· -
¦ ÕÉ ¸¢¥·Ì¶·μ¢μ¤ÖÐ¨¥ Ô²¥±É·μ¤Ò,   § -

É¥³´¥´´Ò¥ Å ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¡ ·Ó¥·´Ò¥ ¸²μ¨. �·¨Î¨´μ° ´¥¸¨³³¥É·¨° ³μ-
£ÊÉ ¡ÒÉÓ, ´ ¶·¨³¥·, É¥Ì´μ²μ£¨Î¥¸±¨¥ É·Ê¤´μ¸É¨ ¶·¨ ¨§£μÉμ¢²¥´¨¨.

�¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ ³ £´¨É´Ò¥ ¶μÉμ±¨ ϕ1(x) ¨ ϕ2(x) ¢
¸²μÖÌ Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¥° ´¥²¨´¥°´μ° ±· ¥¢μ° § ¤ Î¥:

ϕ1,x(−L) = he, (1.2a)

−ϕ1,xx + sin ϕ1 − γ = 0, x ∈ (−L,−l), (1.2b)

ϕ2,x(−l + 0) − sϕ1,x(−l + 0) = (1 − s)he, (1.2c)

−Aϕxx + Jz(ϕ) + Γ = 0, x ∈ (−l, l), (1.2d)

ϕ2,x(l − 0) − sϕ1,x(l − 0) = (1 − s)he, (1.2e)

−ϕ1,xx + sin ϕ1 − γ = 0, x ∈ (l, L), (1.2f)

ϕ1,x(L) = he. (1.2g)

‡¤¥¸Ó he Å ¢´¥Ï´¥¥ ³ £´¨É´μ¥ ¶μ²¥; γ Å ¢´¥Ï´¨° Éμ± ¨ Γ = γ(1, 1)T

(¸¨³¢μ²μ³ T μ¡μ§´ Î¥´  μ¶¥· Í¨Ö É· ´¸¶μ´¨·μ¢ ´¨Ö). Š¢ ¤· É´ Ö ¸¨³³¥-
É·¨Î¥¸± Ö ³ É·¨Í 

A(s) =
1

1 − s2

(
1 −s
−s 1

)

§ ¢¨¸¨É Éμ²Ó±μ μÉ ±μÔËË¨Í¨¥´É  ¨´¤Ê±É¨¢´μ° ¸¢Ö§¨ ³¥¦¤Ê ¸²μÖ³¨ ±μ´É ±É 
s ∈ (−1, 0], ¢¥±Éμ· Éμ±μ¢ „¦μ§¥Ë¸μ´  Jz = (sin ϕ1, ρ sinϕ2)T , £¤¥ ¶ · ³¥É·
ρ = L/l � 1. ‚¸¥ ¢¥²¨Î¨´Ò § ¶¨¸ ´Ò ¢ ¡¥§· §³¥·´μ³ ¢¨¤¥ [2].

� ¢¥´¸É¢  (1.2a) ¨ (1.2g) Å ÔÉμ ±· ¥¢Ò¥ Ê¸²μ¢¨Ö ¤²Ö ËÊ´±Í¨¨ ϕ1(x) ´ 
¢´¥Ï´¨Ì £· ´¨Í Ì x = ±L ¨´É¥·¢ ²  I ,   (1.2c) ¨ (1.2e) Å ±· ¥¢Ò¥ Ê¸²μ¢¨Ö
¤²Ö ϕ2(x) ´  x = ±l = ∂Ǐ ¸ ÊÎ¥Éμ³ ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê ¸²μÖ³¨. �É³¥É¨³,
ÎÉμ ¢§ ¨³μ¤¥°¸É¢¨¥ ³¥¦¤Ê ¸²μÖ³¨ ¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ ¶·¨ he = 0 £· ´¨Î´μ¥
§´ Î¥´¨¥ ¶μ²Ö ¤²Ö ±μ·μÉ±μ£μ ±μ´É ±É  μÉ²¨Î´μ μÉ ´Ê²Ö, É. ¥. ϕ ′

2(±l) �= 0.
�  £· ´¨Í Ì x = ±l ¢Ò¶μ²´ÖÕÉ¸Ö É ±¦¥ μ¡ÒÎ´Ò¥ Ê¸²μ¢¨Ö £² ¤±μ¸É¨

¶μÉμ±  ϕ1(x), ´μ Éμ± ϕ1,xx(x) ¢ ÔÉ¨Ì ÉμÎ± Ì ³μ¦¥É É¥·¶¥ÉÓ · §·Ò¢Ò, ¶μ·μ-
¦¤¥´´Ò¥ Ê¸²μ¢¨Ö³¨ (1.3c) ¨ (1.3e).
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—¨¸²¥´´μ¥ ·¥Ï¥´¨¥ ´¥²¨´¥°´μ° ±· ¥¢μ° § ¤ Î¨ (1.2) μ¸´μ¢Ò¢ ¥É¸Ö ´ 
¶·¨³¥´¥´¨¨ ´¥¶·¥·Ò¢´μ£μ  ´ ²μ£  ³¥Éμ¤  �ÓÕÉμ´  [1]. ‘É ´¤ ·É´Ò³ μ¡· -
§μ³ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ´  ± ¦¤μ° ¨É¥· Í¨¨ ¶·¨Ìμ¤¨³ ± ²¨´¥°´μ°
±· ¥¢μ° § ¤ Î¥ ¢¨¤ 

w1,x(−L) = −ϕ1,x(−L) + he, (1.3a)

−w1,xx + cosϕ1w1 = ϕ1,xx − sinϕ1 + γ, (1.3b)

w2,x (−l + 0) − s w1,x (−l + 0) =
= −ϕ2,x (−l + 0) + sϕ1,x (−l − 0) + (1 − s)he, (1.3c)

−A(s)wxx + Q(x)w = A(s)ϕxx − Jz(ϕ) − Γ, (1.3d)

w2,x (l − 0) − s w1,x (l − 0) =
= −ϕ2,x (l − 0) + sϕ1,x (l − 0) + (1 − s)he, (1.3e)

−w1,xx + cosϕ1w1 = ϕ1,xx − sinϕ1 + γ, (1.3f)

w1,x (L) = −ϕ1,x(L) + he, (1.3g)

±μÉμ· Ö, μÎ¥¢¨¤´μ, μÉ´μ¸¨É¸Ö ± § ¤ Î ³ ¢¨¤  (1.1). �·¨ ÔÉμ³ 2-³ É·¨Í 

Q(x) = diag (cos ϕ1(x), ρ cos ϕ2(x)).

‚¸¥ ¢Ò±² ¤±¨ ´¨¦¥ ¶·μ¢μ¤ÖÉ¸Ö ¤²Ö Î ¸É´μ£μ ¸²ÊÎ Ö § ¤ Î¨ (1.3). �¡μ¡-
Ð¥´¨¥ ´  μ¡Ð¨° ¸²ÊÎ ° (1.1) ´¥ ¶·¥¤¸É ¢²Ö¥É § É·Ê¤´¥´¨°.

„²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö § ¤ Î¨ (1.3) ³μ¦´μ, ´ ¶·¨³¥·, ¶·μ¤μ²¦¨ÉÓ ËÊ´±-
Í¨Õ ϕ2(x) ± ±¨³-²¨¡μ £² ¤±¨³ μ¡· §μ³ ´  ¢¥¸Ó ¨´É¥·¢ ² [−L, L],   § É¥³
¶·¨³¥´¨ÉÓ ± ±μ°-´¨¡Ê¤Ó ³¥Éμ¤ ¤¨¸±·¥É¨§ Í¨¨ ¶μ²ÊÎ¥´´μ° ®· ¸Ï¨·¥´´μ°¯
±· ¥¢μ° § ¤ Î¨. �¤´ ±μ ¸· §Ê Ö¸´μ, ÎÉμ ¸μμÉ¢¥É¸É¢ÊÕÐ Ö ³ É·¨Í  ¸¨¸É¥³Ò
²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¡Ê¤¥É ¸μ¤¥·¦ ÉÓ ²¨Ï´¨¥ ´Ê²¨, ÎÉμ ± ±
³¨´¨³Ê³ Ê¢¥²¨Î¨¢ ¥É ¥¥ · §³¥·´μ¸ÉÓ.

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ Î¨¸²¥´´μ¥ ·¥Ï¥´¨¥ § ¤ Î¨ (1.3) ¶·μ¢μ¤¨É¸Ö ¶·¨ ¶μ-
³μÐ¨ ³¥Éμ¤  ¸¶² °´-±μ²²μ± Í¨¨ ¢ ¢¨¤¥, ¶·¥¤²μ¦¥´´μ³ ¢ · ¡μÉ¥ [3], ¡¥§
²¨Ï´¥£μ Ê¢¥²¨Î¥´¨Ö · §³¥·  ³ É·¨ÍÒ ¤¨¸±·¥É¨§ Í¨¨.

2. �‹ƒ��ˆ’Œ �…˜…�ˆŸ

‚¢¥¤¥³ ´  μÉ·¥§±¥ [−L, L] ¸¥É±Ê Δ ¨§ n Ê§²μ¢

{xi+1 = xi + hi, i = 1, 2, . . . , n − 1, x1 = −L, xn = L}

¸ ¶¥·¥³¥´´Ò³ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ Ï £μ³ hi, 1 � k � r < n. �É³¥É¨³, ÎÉμ ÉμÎ±¨
xk = −l ¨ xr = l ¶·¨ 1 � k < l � n É ±¦¥ ¢Ò¡· ´Ò ¡ÒÉÓ Ê§² ³¨ ¸¥É±¨.
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“Î¨ÉÒ¢ Ö ¢μ§³μ¦´Ò¥ · §·Ò¢Ò ¢Éμ·μ° ¶·μ¨§¢μ¤´μ° ËÊ´±Í¨¨ ϕ1(x) ¶·¨
x = ±l, ´  ± ¦¤μ³ ¶μ¤Ò´É¥·¢ ²¥ [xi, xi+1] ∈ Î ¶·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨¥ (1.3)
Í¥²¥¸μμ¡· §´μ ¨¸± ÉÓ ¢ ¢¨¤¥ ±Ê¡¨Î¥¸±μ£μ Ô·³¨Éμ¢  ¸¶² °´  [4]

S1(x) = Φ(t)ui + Ψ(t)hi mi + Φ̄(t)ui+1 + Ψ̄(t)himi+1, (2.1)

£¤¥ Î¥·¥§ t = (x − xi)/hi, t ∈ [0, 1], μ¡μ§´ Î¥´  ²μ± ²Ó´ Ö ±μμ·¤¨´ É ,
{ui, mi} Å §´ Î¥´¨Ö ¸¶² °´  S1(x) ¨ ¥£μ ¶·μ¨§¢μ¤´μ° m(x) ≡ S1,x(x)
¢ Ê§² Ì i = 1, 2, . . . , k − 1 ¨ i = r + 1, . . . , n ¸¥É±¨. � §¨¸´Ò¥ ËÊ´±Í¨¨
Φ(t) = (1− t)2(1+2t) ¨ Ψ(t) = t (1− t)2 Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Ö³ Φ(0) = 1 ¨
Ψ̇(0) = 1 (ÉμÎ±μ° ¸¢¥·ÌÊ μ¡μ§´ Î¥´μ ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¶μ ²μ± ²Ó´μ° ¶¥·¥-
³¥´´μ° t),   μ¸É ²Ó´Ò¥ §´ Î¥´¨Ö ËÊ´±Í¨° ¨ ¨Ì ¶·μ¨§¢μ¤´ÒÌ ¢ Ê§² Ì Ô²¥³¥´É 
· ¢´Ò ´Ê²Õ. „²Ö ËÊ´±Í¨° Φ̄(t) ¨ Ψ̄(t), ÊÎ ¸É¢ÊÕÐ¨Ì ¢ (2.1), ¢Ò¶μ²´¥´Ò
¸μμÉ´μÏ¥´¨Ö Φ̄(t) = Φ(1 − t), Ψ̄(t) = −Ψ(1 − t).

�´ ²μ£¨Î´μ ´  ²Õ¡μ³ ¶μ¤Ò´É¥·¢ ²¥ ¢´ÊÉ·¥´´¥£μ μÉ·¥§±  Ǐ = [−l, l] ¶·¨-
¡²¨¦¥´´μ¥ ·¥Ï¥´¨¥ ¨Ð¥³ ¢ ¢¨¤¥

S(x) =
(

S1(x)
S2(x)

)
= Φ(t)

(
u1,i

u2,i

)
+ Ψ(t)hi

(
m1,i

m2,i

)
+

+ Φ̄(t)
(

u1,i+1

u2,i+1

)
+ Ψ̄(t)hi

(
m1,i+1

m2,i+1

)
.

’μÎ± ³¨ ±μ²²μ± Í¨¨ Ö¢²ÖÕÉ¸Ö Ê§²Ò ƒ Ê¸¸  tj = (1 ±
√

3/3)/2, j = 1, 2,
´  μÉ·¥§±¥ [0, 1]. ‘μ¢³¥¸É´μ ¸ Ê¸²μ¢¨Ö³¨ £² ¤±μ¸É¨ ¨¸±μ³ÒÌ ËÊ´±Í¨°,  
É ±¦¥ ¸ ÊÎ¥Éμ³ ¢¸¥Ì ±· ¥¢ÒÌ Ê¸²μ¢¨° ³¥Éμ¤ ±μ²²μ± Í¨¨ ¶·¨¢μ¤¨É ± ¡²μÎ´μ-
¤¨ £μ´ ²Ó´μ° ¸¨¸É¥³¥  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¢¨¤ 

WU = P.

‡¤¥¸Ó U Å ¢¥±Éμ· Ê§²μ¢ÒÌ ´¥¨§¢¥¸É´ÒÌ,   ³ É·¨Í  W ¨³¥¥É ¸²¥¤ÊÕÐÊÕ
¸É·Ê±ÉÊ·Ê:

W =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

e0 0 0 . . . . . . .
A1 B1 0 . . . . . . .
. . . . . . . . . .
. . Ak−1 Bk−1 0 0 . . . .
. . 0 es e0 0 . . . .
. . . . . . . . . .
. . . . As Bs . . . .
. . . . . . . . . .
. . . . . es e0 0 0 .
. . . . . Ar 0 Br 0 .
. . . . . . . . . .
. . . . . . 0 0 An−1 Bn−1

. . . . . . 0 0 0 e0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,
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£¤¥ 2-¢¥±Éμ·Ò e0 = (0, 1), es = (0,−s) = −se0,   μ¸É ²Ó´Ò¥ Ô²¥³¥´ÉÒ W
¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° 2-³ É·¨ÍÒ ¸ Ô²¥³¥´É ³¨

Ai,j1 = − 1
h2

i

Φ̈j + Φjcij,

Ai,j2 = − 1
hi

Ψ̈j + Ψjhicij ,

Bi,j1 = − 1
h2

i

¨̄Φj + Φ̄jcij ,

Bi,j2 = − 1
hi

¨̄Ψjaij + Ψ̄jhicij

¤²Ö i = 1, . . . , k − 1 ¨ i = r, . . . , n − 1,   cij = cosϕ1(xij). 	²¥³¥´ÉÒ W ¶·¨
i = k, . . . , r − 1 ¸ÊÉÓ 4-³ É·¨ÍÒ ¸ Ô²¥³¥´É ³¨

[Ai,j1]mn = − 1
h2

i

Φ̈jamn + Φjqmn,ij ,

[Ai,j2]mn = − 1
hi

Ψ̈jamn + Ψjhiqmn,ij ,

[Bi,j1]mn = − 1
h2

i

¨̄Φjamn + Φ̄jqmn,ij ,

[Bi,j2]mn = − 1
hi

¨̄Ψjamn + Ψ̄jhiqmn,ij

¤²Ö i = k, . . . , r − 1, j = 1, 2. ‚¥²¨Î¨´Ò {amn}, m, n = 1, 2 Å Ô²¥³¥´ÉÒ ³ -
É·¨ÍÒ A ¨ {qmn,ij} Å §´ Î¥´¨Ö Ô²¥³¥´Éμ¢ ³ É·¨ÍÒ Q(x) ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì
£ Ê¸¸μ¢ÒÌ Ê§² Ì.

—¨¸²μ ¡²μ±μ¢ W ¸μμÉ¢¥É¸É¢Ê¥É Î¨¸²Ê n − 1 ¶μ¤Ò´É¥·¢ ²μ¢ ¸¥É±¨. —¨-
¸²μ ¸Éμ²¡Íμ¢ ± ¦¤μ£μ ¡²μ±  Ë¨±¸¨·μ¢ ´μ, Î¨¸²μ ¸É·μ± ¡²μ±μ¢ § ¢¨¸¨É μÉ
´μ³¥·  ¡²μ± . �  ¢´¥Ï´¨Ì ¨´É¥·¢ ² Ì Î ¡²μ±¨ ¨³¥ÕÉ ¶μ ¤¢¥ ¸É·μ±¨, § 
¨¸±²ÕÎ¥´¨¥³ ¶¥·¢μ£μ ¨ ¶μ¸²¥¤´¥£μ ¡²μ±μ¢. 	É¨ ¤¢  ¡²μ±  ¸μ¤¥·¦ É ¤μ¶μ²-
´¨É¥²Ó´Ò¥ ¸É·μ±¨, ±μÉμ·Ò¥ ÊÎ¨ÉÒ¢ ÕÉ ±· ¥¢Ò¥ Ê¸²μ¢¨Ö (1.3a) ¨ (1.3g) ¤²Ö
¤²¨´´μ£μ ¸Ê¡±μ´É ±É . ‚´ÊÉ·¥´´¨¥ ¡²μ±¨ ´  ¨´É¥·¢ ²¥ Ǐ ¨³¥ÕÉ ¶μ Î¥ÉÒ·¥
¸É·μ±¨. �²μ±¨ ´  £· ´¨Í Ì x = ±l ¨³¥ÕÉ ¶μ É·¨ ¸É·μ±¨: ¶μ ¤¢¥ ¸É·μ±¨
μÉ ¤¨¸±·¥É¨§ Í¨¨ (1.3b) ¨ (1.3f) ¨ ¶μ μ¤´μ° ¸É·μ±¥ μÉ ±· ¥¢ÒÌ Ê¸²μ¢¨°
(1.3c) ¨ (1.3e) ¤²Ö ËÊ´±Í¨¨ ϕ2(x). �¡Ð¥¥ Î¨¸²μ Ê§²μ¢ÒÌ ´¥¨§¢¥¸É´ÒÌ ¥¸ÉÓ
2(k − 1) + 4(r − k + 1) + 2(n − r).

„²Ö ·¥Ï¥´¨Ö É ±μ° ¸¨¸É¥³Ò  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¨¸¶μ²Ó§Ê¥É¸Ö ¸¶¥-
Í¨ ²¨§¨·μ¢ ´´ Ö ¶μ¤¶·μ£· ³³  CWIDTH, ±μÉμ· Ö ¶μ¤·μ¡´μ μ¶¨¸ ´  ¢ ±´¨-
£¥ [4]. 	É  ¶·μ£· ³³  ·¥ ²¨§Ê¥É ³μ¤¨Ë¨Í¨·μ¢ ´´Ò° ¤²Ö ¸¶¥Í¨ ²Ó´ÒÌ ¡²μÎ´μ-
¤¨ £μ´ ²Ó´ÒÌ ³ É·¨Í (  ¨³¥´´μ, ¸ μ¤¨´ ±μ¢Ò³ Î¨¸²μ³ ¸Éμ²¡Íμ¢ ¢ ± ¦¤μ³
¡²μ±¥) ³¥Éμ¤ ƒ Ê¸¸  ¸ ¢Ò¡μ·μ³ £² ¢´μ£μ Ô²¥³¥´É .
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‘ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¶·¥¤¸É ¢²¥´´μ£μ  ²£μ·¨É³  ¸μ§¤ ´  ¶·μ£· ³³  ¤²Ö ¨¸-
¸²¥¤μ¢ ´¨Ö ¸É É¨Î¥¸±¨Ì · ¸¶·¥¤¥²¥´¨° ³ £´¨É´μ£μ ¶μÉμ±  ¢ ¤¢ÊÌ¸²μ°´μ³
¤¦μ§¥Ë¸μ´μ¢¸±μ³ ¸É¥±¥, ¸Ê¡±μ´É ±ÉÒ ±μÉμ·μ£μ ¨³¥ÕÉ ´¥μ¤¨´ ±μ¢ÊÕ ¤²¨´Ê.

3. �…Š�’��›… —ˆ‘‹…��›… �…‡“‹œ’�’›

�¸´μ¢´Ò³¨ Î¨¸²¥´´Ò³¨ Ì · ±É¥·¨¸É¨± ³¨ ²Õ¡μ£μ ·¥Ï¥´¨Ö ´¥²¨´¥°´μ°
±· ¥¢μ° § ¤ Î¨ (1.2) Ö¢²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥.

1. �μ²´ Ö Ô´¥·£¨Ö ±μ´É ±É  F , ¶ ·Í¨ ²Ó´Ò¥ Ô´¥·£¨¨ ¸Ê¡±μ´É ±Éμ¢ F1 ¨
F2,   É ±¦¥ Ô´¥·£¨Ö ¸¢Ö§¨ F12 ³¥¦¤Ê ¸Ê¡±μ´É ±É ³¨

F = F1 + F2 + F12, (3.1)

F1[ϕ1] =

L∫
−L

(
1
2

ϕ2
1,x + 1 − cosϕ1 − γϕ1

)
dx − heΔϕ1, (3.2a)

F2[ϕ2] =

l∫
−l

[
1
2

ϕ2
2,x + ρ (1 − cosϕ2) − γϕ1

]
dx − heΔϕ2, (3.2b)

F12[ϕ1, ϕ2] =
s

1 − s2

l∫
−l

[s

2
(
ϕ2

1,x + ϕ2
2,x

)
− ϕ1,xϕ2,x

]
dx+

+
s

1 + s
he [ϕ1(l) − ϕ1(−l) + Δϕ2] . (3.2c)

2. �μ²´Ò¥ ³ £´¨É´Ò¥ ¶μÉμ±¨ Î¥·¥§ ±μ´É ±ÉÒ

Δϕ1 =

L∫
−L

ϕ1,x(x)dx = ϕ1(L) − ϕ1(−L), (3.3a)

Δϕ2 =

l∫
−l

ϕ2,x(x)dx = ϕ2(l) − ϕ2(−l). (3.3b)

3. ‘·¥¤´¨¥ ³ £´¨É´Ò¥ ¶μÉμ±¨ Î¥·¥§ ±μ´É ±ÉÒ (Î¨¸²  Ë²Õ±¸μ´μ¢ ¢
¸²μÖÌ) [1]

N1[ϕ1] =
1

2Lπ

L∫
−L

ϕ1(x)dx, (3.4a)
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N2[ϕ2] =
1

2lπ

l∫
−l

ϕ2(x)dx. (3.4b)

�É³¥É¨³, ÎÉμ Ê· ¢´¥´¨Ö (1.2) ´¥¶μ¸·¥¤¸É¢¥´´μ ¢ÒÉ¥± ÕÉ ¨§ ¢ ·¨ Í¨μ´-
´μ° § ¤ Î¨ μ¡ Ô±¸É·¥³Ê³¥ ËÊ´±Í¨μ´ ²  (3.1) ´  ³´μ¦¥¸É¢¥ £² ¤±¨Ì ´  ¸μμÉ-
¢¥É¸É¢ÊÕÐ¨Ì μÉ·¥§± Ì ËÊ´±Í¨° ϕ1(x) ¨ ϕ2(x). �·¨ ÔÉμ³ (1.2b), (1.2d) ¨ (1.2f)
¸ÊÉÓ Ê· ¢´¥´¨Ö 	°²¥· Ä‹ £· ´¦ , (1.2a) ¨ (1.2g) Å Ê¸²μ¢¨Ö ‚¥°¥·ÏÉ· ¸¸ Ä
	·¤³ ´  ´  ¢¥·É¨± ²Ó´ÒÌ ¶·Ö³ÒÌ x = ±L,   (1.2c) ¨ (1.2e) Å Ê¸²μ¢¨Ö
‚¥°¥·ÏÉ· ¸¸ Ä	·¤³ ´  ´  ¶·Ö³ÒÌ x = ±l ¸μμÉ¢¥É¸É¢¥´´μ.

�·¥¤¶μ²μ¦¨³ ¸´ Î ² , ÎÉμ ¸Ê¡±μ´É ±ÉÒ ¨³¥ÕÉ μ¤¨´ ±μ¢ÊÕ ¤²¨´Ê (l = L)
¨ s = 0, É. ¥. μÉ¸ÊÉ¸É¢Ê¥É ¢§ ¨³μ¤¥°¸É¢¨¥ ³¥¦¤Ê ¸²μÖ³¨ JJ1 ¨ JJ2 (¸³. ·¨¸. 1).
�Ê¸ÉÓ ¶·¨ § ¤ ´´μ³ ¶μ²¥ he ¨ Éμ±¥ γ ¢ μ¤¨´μÎ´μ³ ¸Ê¡±μ´É ±É¥ ¨³¥ÕÉ¸Ö m
· §²¨Î´ÒÌ · ¸¶·¥¤¥²¥´¨° ³ £´¨É´μ£μ ¶μÉμ±  ϕ1, ϕ2, . . . , ϕm. ’μ£¤  ¶·¨ Ê¸²μ-
¢¨¨, ÎÉμ ¤²Ö s �= 0 ´¥É ¡¨ËÊ·± Í¨¨ ¶μ ¶ · ³¥É·Ê s, ¢ ¸É¥±¥ ¢μ§³μ¦´Ò m2 ¶ ·
¸μ¸ÉμÖ´¨°. �μÔÉμ³Ê ¨¸¸²¥¤μ¢ ´¨¥ ±μ´É ±Éμ¢ ¤ ´´μ£μ ¢¨¤  ¶·¥¤¸É ¢²Ö¥É ¸μ-
¡μ° ¸²μ¦´ÊÕ § ¤ ÎÊ, É¥³ ¡μ²¥¥ ¶·¨ ÊÎ¥É¥ ´¥μ¤¨´ ±μ¢μ¸É¨ ¤²¨´ ¨ ¢μ§³μ¦´ÒÌ
¡¨ËÊ·± Í¨° ¶μ ¶ · ³¥É·Ê s.

�¨¦¥ ±μ·μÉ±μ · ¸¸³μÉ·¨³ ¢²¨Ö´¨¥ ´¥μ¤¨´ ±μ¢μ¸É¨ ¤²¨´ ¸Ê¡±μ´É ±Éμ¢ ´ 
´¥±μÉμ·Ò¥ ¨§ É¨¶¨Î´ÒÌ ¸μ¸ÉμÖ´¨° ¢ ¸É¥±¥, ´¥ ±μ³³¥´É¨·ÊÖ ¨Ì Ê¸Éμ°Î¨¢μ¸ÉÓ,
 ´ ²¨§ ±μÉμ·μ° ¡Ê¤¥É ¶·¥¤³¥Éμ³ ¤ ²Ó´¥°Ï¨Ì ¨¸¸²¥¤μ¢ ´¨°. ‚¸¥ Î¨¸²¥´´Ò¥
·¥§Ê²ÓÉ ÉÒ, ¶·¨¢¥¤¥´´Ò¥ ´¨¦¥, ¶μ²ÊÎ¥´Ò ¤²Ö ®¤μ¸É ÉμÎ´μ ¤²¨´´μ£μ¯ ±μ´-
É ±É  (2L = 10) ¨ ±μÔËË¨Í¨¥´É  ¨´¤Ê±É¨¢´μ° ¸¢Ö§¨ ³¥¦¤Ê ¸Ê¡±μ´É ±É ³¨
s = −0, 3.

‚ É ¡². 1 ¶·¨¢¥¤¥´Ò ¢ ¶μ·Ö¤±¥ Ê¡Ò¢ ´¨Ö §´ Î¥´¨Ö Ô´¥·£¨°, ¢ÒÎ¨¸²¥´´ÒÌ
¶μ Ëμ·³Ê² ³ (3.2). �´ ²μ£¨Î´μ ¢ É ¡². 2 ¤ ´Ò ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ®£¥μ³¥-
É·¨Î¥¸±¨¥¯ Ì · ±É¥·¨¸É¨±¨ (3.3) ¨ (3.4),   É ±¦¥ ¶μÉμ±¨ ¢ Í¥´É·¥ ±μ´É ±-
Éμ¢ ϕ(0). ‚¥²¨Î¨´Ò ¢ μ¡¥¨Ì É ¡²¨Í Ì ´μ·³¨·μ¢ ´Ò ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ §´ -
Î¥´¨Ö ¥¤¨´¨Î´μ£μ Ë² ±¸μ´  ϕ∞(x) = 4 arctan exp {x}, ±μÉμ·Ò° ¥¸ÉÓ ÉμÎ´μ¥
 ´ ²¨É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ ¢ ®¡¥¸±μ´¥Î´μ³¯ ¥¤¨´¨Î´μ³ ±μ´É ±É¥: F [ϕ∞] = 8,
Δϕ∞ = 2π, N [ϕ∞] = 1 ¨ ϕ∞(0) = π.

’ ¡²¨Í  1. �´¥·£¥É¨Î¥¸±¨¥ Ì · ±É¥·¨¸É¨±¨ ´¥±μÉμ·ÒÌ ·¥Ï¥´¨° ¢ ¤¢ÊÌ¸²μ°´μ³ JJ

’¨¶ F1 F2 F12 F(
B1, B−1

)
1,922 2,135 −0, 33 3,727(

Φ2, Φ−1
)

2,081 1,135 −0, 62 2,954(
Φ1, Φ1

)
1,022 1,132 0,371 2,525

(M, B1) 0,026 2,128 0,021 2,174(
Φ1, Φ−1

)
1,011 1,125 −0, 278 1,858(

M, Φ1
)

0,011 1,118 0,031 1,16
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� ¸¸³μÉ·¨³ ±μ´±·¥É´Ò¥ ¶ ·Ò · ¸¶·¥¤¥²¥´¨° ¶μ ³¥·¥ Ê¸²μ¦´¥´¨Ö ¨Ì
¸É·Ê±ÉÊ·Ò.

�·¨ he = 0 ¨ γ = 0 § ¤ Î  (1.2) ¨³¥¥É ³ É¥³ É¨Î¥¸±¨ É·¨¢¨ ²Ó´Ò¥, ´μ
Ë¨§¨Î¥¸±¨ ¢ ¦´Ò¥ ³¥°¸¸´¥·μ¢¸±¨¥ ·¥Ï¥´¨Ö ϕ1,2(x) = mπ, m = 0,±1,±2, . . .
‚ ¤ ²Ó´¥°Ï¥³ ¤²Ö ¸μ±· Ð¥´¨Ö § ¶¨¸¨ É ±¨¥ ·¥Ï¥´¨Ö ¶·¨ m = 0 ¡Ê¤¥³
μ¡μ§´ Î ÉÓ Î¥·¥§ M . �¥É·Ê¤´μ ¶μ± § ÉÓ [1], ÎÉμ ¢ ¥¤¨´¨Î´μ³ ±μ´É ±É¥
M -·¥Ï¥´¨Ö Ö¢²ÖÕÉ¸Ö Ê¸Éμ°Î¨¢Ò³¨ ´¥§ ¢¨¸¨³μ μÉ ¤²¨´Ò ±μ´É ±É . ‚ ¸²Ê-
Î ¥ ¶ ·Ò (M, M) Î¨¸²μ¢Ò¥ §´ Î¥´¨Ö ËÊ´±Í¨μ´ ²μ¢ (3.1)Ä(3.4) · ¢´Ò ´Ê²Õ
¤²Ö ²Õ¡μ£μ ¤μ¶Ê¸É¨³μ£μ s ∈ (−1, 0]. �¥Ï¥´¨Ö ¸ ´¥Î¥É´Ò³ m ¨, ¢ Î ¸É´μ¸É¨,
·¥Ï¥´¨Ö Mπ ¨ M−π ¶·¨ m = ±1 ¢ ¥¤¨´¨Î´μ³ ±μ´É ±É¥ ´¥Ê¸Éμ°Î¨¢Ò [1].

’ ¡²¨Í  2. —¨¸²¥´´Ò¥ Ì · ±É¥·¨¸É¨±¨ ´¥±μÉμ·ÒÌ ·¥Ï¥´¨° ¢ ¤¢ÊÌ¸²μ°´μ³ JJ

’¨¶ N1 N2 Δϕ1 Δϕ2 ϕ1(0) ϕ2(0)

(B1, B−1) 1,234 −0, 882 0 0 1,959 −1, 636(
Φ2, Φ−1

)
2 −1 2,881 −1, 054 2 1(

Φ1, Φ1
)

1 1 0, 967 0, 932 1 1

(M, B1) 10−4 1,002 0 0 −0, 08 1,673(
Φ1, Φ−1

)
1 −1 0, 99 −0, 987 1 −1(

M, Φ1
)

0 1 −0, 01 0, 961 0 1

ˆ§ É ¡². 1 Ìμ·μÏμ § ³¥É´μ, ÎÉμ M -· ¸¶·¥¤¥²¥´¨¥ ¶μÉμ±  ´ ¨¡μ²¥¥ ¨´-
¤¨ËË¥·¥´É´μ (¨³¥¥É ´ ¨³¥´ÓÏÊÕ Ô´¥·£¨Õ ¢§ ¨³μ¤¥°¸É¢¨Ö F12) ¢ μÉ´μÏ¥´¨¨
¶·¨¸ÊÉ¸É¢¨Ö ¨´ÒÌ É¨¶μ¢ · ¸¶·¥¤¥²¥´¨° ¢ ¸μ¸¥¤´¥³ ¸Ê¡±μ´É ±É¥.

ˆ´μ° ¢ ¦´Ò° ¢¨¤ · ¸¶·¥¤¥²¥´¨° ³ £´¨É´μ£μ ¶μÉμ±  Å ÔÉμ ®¡·¨§¥·-
´Ò¥¯ · ¸¶·¥¤¥²¥´¨Ö B±1 ¸ ´Ê²¥¢Ò³ ¶μ²´Ò³ ¶μÉμ±μ³ Δϕ ¨ ¸·¥¤´¨³ ¶μÉμ±μ³
N [B±1] = ±1 ¶·¨ s = 0.

�  ·¨¸. 2 ¶μ± § ´Ò ¶ ·Ò ¡·¨§¥·´ÒÌ · ¸¶·¥¤¥²¥´¨° (B1, B−1) ¨ ®¸μ¶·Ö-
¦¥´´Ò¥¯ ¸ ´¨³¨ (B−1, B1). ’ ±¨¥ ¶ ·Ò μ± §Ò¢ ÕÉ¸Ö ¸¨²Ó´μ ¢§ ¨³μ¤¥°¸É¢ÊÕ-

�¨¸. 2. Œ £´¨É´Ò° ¶μÉμ± ¤²Ö · ¸¶·¥¤¥²¥´¨° ¢¨¤  (B1, B−1)
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Ð¨³¨ (¸³. ¶¥·¢Ò¥ ¸É·μÎ±¨ ¢ É ¡²¨Í Ì). ‘μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸¢μ°¸É¢  ¸¨³³¥-
É·¨¨ ¨³¥ÕÉ ¢¨¤

B−1(x) = −B1(x), B±1(x) = B±1(−x),

B−1
x (x) = −B1

x(x), B±1
x (x) = −B±1

x (−x).

�  ·¨¸. 3 ¤¥³μ´¸É·¨·ÊÕÉ¸Ö ±μ´±·¥É´Ò¥ ¶·¨³¥·Ò ¢§ ¨³μ¤¥°¸É¢¨Ö ¡·¨§¥-
·μ¢ B±1 ¸ Ê¸Éμ°Î¨¢Ò³ ³¥°¸¸´¥·μ¢¸±¨³ · ¸¶·¥¤¥²¥´¨¥³ M ¢ ¤¢ÊÌ¸²μ°´μ³
±μ´É ±É¥ (¸³. ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Î¨¸²μ¢Ò¥ Ì · ±É¥·¨¸É¨±¨ ¢ Î¥É¢¥·ÉÒÌ ¸É·μ-
± Ì É ¡²¨Í).

�¨¸. 3. � ¸¶·¥¤¥²¥´¨Ö ¢¨¤ 
(
M, B±1

)

—¨¸²¥´´Ò° Ô±¸¶¥·¨³¥´É ¶μ± §Ò¢ ¥É, ÎÉμ ·¥Ï¥´¨Ö ¢¨¤  (M, B±1) ¨ ®¸μ-
¶·Ö¦¥´´Ò¥¯ ¨³ (B±1, M) Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¨³ ¸μμÉ´μÏ¥´¨Ö³:

Ni

[
(M, B1)

]
+ Ni

[
(M, B−1)

]
= 0,

Ni

[
(B1, M)

]
+ Ni

[
(B−1, M)

]
= 0, i = 1, 2.

�´ ²μ£¨Î´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¨³¥ÕÉ ³¥¸Éμ ¨ ¤²Ö ËÊ´±Í¨μ´ ²μ¢ ¢¨¤  ϕ(0).
‚ ¦´ÊÕ ·μ²Ó ¢ É¥μ·¨¨ ¨ ¶·¨²μ¦¥´¨ÖÌ ¨£· ÕÉ ¢¨Ì·¥¢Ò¥ (Ë² ±¸μ´´Ò¥)

· ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ ¶μÉμ± . •μ·μÏμ ¨§¢¥¸É´μ, ÎÉμ ¢ ®¡¥¸±μ´¥Î´μ³¯
¥¤¨´¨Î´μ³ ±μ´É ±É¥ (L → ∞), μ¶¨¸Ò¢ ¥³μ³ ®μ¡ÒÎ´Ò³¯ Ê· ¢´¥´¨¥³ sine-
Gordon, ³¥Éμ¤μ³ μ¡· É´μ° § ¤ Î¨ · ¸¸¥Ö´¨Ö [5] Ê¸É ´μ¢²¥´ ¸Î¥É´Ò° ´ ¡μ·
Ë² ±¸μ´´ÒÌ ·¥Ï¥´¨°. ‚ ±μ´É ±É Ì ±μ´¥Î´μ° ¤²¨´Ò É ±¨¥ ·¥Ï¥´¨Ö ¤¥Ëμ·³¨-
·ÊÕÉ¸Ö §  ¸Î¥É ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ £· ´¨Í ³¨,   É ±¦¥ ¶μ¤ ¢²¨Ö´¨¥³ ¢´¥Ï´¥£μ
¶μ²Ö he ¨ Éμ±  γ. �·¨ ÔÉμ³, ¥¸²¨ γ = 0, Éμ ¸·¥¤´¨° ³ £´¨É´Ò° ¶μÉμ± Î¥·¥§
±μ´É ±É (3.4) ¨ §´ Î¥´¨Ö ¶μÉμ±μ¢ ¢ Í¥´É·¥ ±μ´É ±É  ϕ(0) ´¥ § ¢¨¸ÖÉ μÉ ¤²¨´Ò
¶μ¸²¥¤´¥£μ [1]

N
[
Φ±n

]
= N

[
Φ±n

∞
]

= ±n, (3.5a)

Φ±n(0) = Φ±n
∞ (0) = ±n. (3.5b)
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‡¤¥¸Ó ¨ ¤ ²¥¥ ¢¨Ì·¥¢Ò¥ ·¥Ï¥´¨Ö μ¡μ§´ Î ¥³ Î¥·¥§ Φ±n, £¤¥ n = 1, 2, . . .,   Î¥-
·¥§ Φ±n

∞ μ¡μ§´ Î¥´Ò ®¸μμÉ¢¥É¸É¢ÊÕÐ¨¥¯ ·¥Ï¥´¨Ö ¢ ®¡¥¸±μ´¥Î´μ³¯ ±μ´É ±É¥.
‘μμÉ´μÏ¥´¨Ö (3.5a) ¶μ§¢μ²ÖÕÉ ¨´É¥·¶·¥É¨·μ¢ ÉÓ ËÊ´±Í¨μ´ ²Ò ¢¨¤  (3.4)

± ± Î¨¸²μ Ë² ±¸μ´μ¢, ¸μ¤¥·¦ ¢Ï¨Ì¸Ö ¢ ± ¦¤μ³ ±μ´±·¥É´μ³ · ¸¶·¥¤¥²¥´¨¨
³ £´¨É´μ£μ ¶μÉμ±  [1].

�¨¸. 4. Œ £´¨É´Ò¥ ¶μ²Ö · ¸¶·¥¤¥²¥´¨° ¢¨¤  (Φ±1, Φ±1)

‚¨Ì·¥¢Ò¥ ·¥Ï¥´¨Ö ¢¨¤  (Φ±1, Φ±1) ¨§ ¤¢ÊÌ Ë² ±¸μ´μ¢ μ¤¨´ ±μ¢μ° μ·¨-
¥´É Í¨¨, ¶μ μ¤´μ³Ê ¢ ± ¦¤μ³ ¸²μ¥, ¤¥³μ´¸É·¨·ÊÕÉ¸Ö ´  ·¨¸. 4. ˆ§ É ¡². 1
¢¨¤´μ, ÎÉμ Ê³¥´ÓÏ¥´¨¥ ¶μ²Ê¤²¨´Ò l ¶·¨¢μ¤¨É ± ¢μ§· ¸É ´¨Õ  ³¶²¨ÉÊ¤Ò ³ £-
´¨É´μ£μ ¶μ²Ö ¢ ±μ·μÉ±μ³ ¸Ê¡±μ´É ±É¥ ¨, ± ± ¸²¥¤¸É¢¨¥, Å ± ³μ´μÉμ´´μ³Ê
¢μ§· ¸É ´¨Õ ¶μ²´μ° Ô´¥·£¨¨ ¢ Ï¨·μ±μ³ ¨´É¥·¢ ²¥ ¨§³¥´¥´¨Ö l (¸³. ·¨¸. 5).
�·¨ ÔÉμ³ ± ± ¶ ·Í¨ ²Ó´ Ö, É ± ¨ ¶μ²´ Ö Ô´¥·£¨Ö ¸É¥±  ¢ÒÏ¥, Î¥³ ¢ ¸É¥±¥
¨§ ±μ´É ±Éμ¢ μ¤¨´ ±μ¢μ° ¤²¨´Ò. 	Éμ ¢ ¸¢μÕ μÎ¥·¥¤Ó μ§´ Î ¥É, ÎÉμ ¢¨Ì·¥¢Ò¥
· ¸¶·¥¤¥²¥´¨Ö ¢ ¸É¥±¥ ¨§ ±μ´É ±Éμ¢ · §´μ° ¤²¨´Ò ³¥´¥¥ Ê¸Éμ°Î¨¢Ò ¨, ¸²¥-
¤μ¢ É¥²Ó´μ, ¨³¥ÕÉ ³¥´ÓÏ¨¥ ±·¨É¨Î¥¸±¨¥ Éμ±¨, Î¥³  ´ ²μ£¨Î´Ò¥ ¢ ¸É¥±¥ ¨§
±μ´É ±Éμ¢ μ¤¨´ ±μ¢μ° ¤²¨´Ò.

�¨¸. 5. ‡ ¢¨¸¨³μ¸ÉÓ F (l)
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‘¢μ°¸É¢  ¸¨³³¥É·¨¨

π − Φ1(−x) = −π + Φ1(x), Φ1
x(x) = Φ1

x(−x).

‘μÌ· ´¥´¨¥ Í¥´É·μ¢ Ë² ±¸μ´μ¢ ¢¨¤  Φ1 ¶·¨ ¨§³¥´¥´¨¨ ¶ · ³¥É·  l ¤¥³μ´-
¸É·¨·Ê¥É¸Ö ´  ·¨¸. 6 ¨ 7.

�¨¸. 6. –¥´É· ϕ1(x) ¸μÌ· ´Ö¥É¸Ö ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ l

�¨¸. 7. –¥´É· ϕ2(x) ¸μÌ· ´Ö¥É¸Ö ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ l

�´ ²μ£¨Î´Ò¥ ¢Ò¢μ¤Ò ³μ¦´μ ¸¤¥² ÉÓ ¨ ¤²Ö ·¥Ï¥´¨° ¢ ¢¨¤¥ ¶ ·Ò · §´μ-
¶μ²Ö·´ÒÌ Ë² ±¸μ´μ¢ (¸³. ·¨¸. 8 ¨ ¶ÖÉÒ¥ ¸É·μÎ±¨ ¢ É ¡²¨Í Ì). �É³¥É¨³, ÎÉμ
¨§-§  · §´μ¸É¨ ¤²¨´ ®É· ¤¨Í¨μ´´ Ö¯ ¸¨³³¥É·¨Ö Ë² ±¸μ´  ¨  ´É¨Ë² ±¸μ´ 
μÉ´μ¸¨É¥²Ó´μ £μ·¨§μ´É ²Ó´μ° μ¸¨ x ¢ ÔÉμ³ ¸²ÊÎ ¥ μÉ¸ÊÉ¸É¢Ê¥É Å Ê³¥´ÓÏ¥´¨¥
¤²¨´Ò É·¥¡Ê¥É Ê¢¥²¨Î¥´¨Ö  ³¶²¨ÉÊ¤Ò ³ £´¨É´μ£μ ¶μ²Ö (£· ¤¨¥´É  ³ £´¨É-
´μ£μ ¶μÉμ± ) ¤²Ö Éμ£μ, ÎÉμ¡Ò ¢ ±μ´É ±É ¶μ³¥¸É¨²¸Ö μ¤¨´ ¨ ÉμÉ ¦¥ ³ £´¨É´Ò°
¶μÉμ±.

‘¢μ°¸É¢  ¸¨³³¥É·¨¨ ¤²Ö ¶ · ¢¨¤  (Φ−1, Φ1)

−π − Φ−1(−x) = +π + Φ−1(x), π − Φ1(−x) = −π + Φ1(x),

Φ±1
x (x) = Φ±1

x (−x).
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�¨¸. 8. � ¸¶·¥¤¥²¥´¨Ö ¢¨¤ 
(
Φ1, Φ−1

)

�É³¥É¨³, ÎÉμ ¶ · ³¥É·¨Î¥¸±¨¥ § ¢¨¸¨³μ¸É¨ ËÊ´±Í¨μ´ ²μ¢ (3.1) μÉ ¶μ-
²Ê¤²¨´Ò l (¸³. ·¨¸. 5) ¶·¥¤¸É ¢²ÖÕÉ ¸μ¡μ° ¶·¨³¥· ¡¨ËÊ·± Í¨¨ ·¥Ï¥´¨° ´¥-
²¨´¥°´μ° ±· ¥¢μ° § ¤ Î¨ (1.2) ¶·¨ ¨§³¥´¥´¨¨ ¤²¨´Ò l ±μ·μÉ±μ£μ ¸Ê¡±μ´-
É ±É . �¡² ¸ÉÓ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¶μ ¶ · ³¥É·Ê l μ¤´μ¶μ²Ö·´ÒÌ ¶ · ·¥Ï¥´¨°
¢¨¤ 

(
Φ±1, Φ±1

)
μ£· ´¨Î¥´  ¸´¨§Ê (¢ ±μ´±·¥É´μ³ ¶·¨³¥·¥ lmin ≈ 1, 55). „²Ö

· §´μ¶μ²Ö·´ÒÌ ¶ ·
(
Φ±1, Φ∓1

)
Î¨¸²¥´´Ò° Ô±¸¶¥·¨³¥´É ¶μ± §Ò¢ ¥É, ÎÉμ F (l)

μ¶·¥¤¥²¥´  ¢ ¤μ¸É ÉμÎ´μ ³ ²μ° μ±·¥¸É´μ¸É¨ ÉμÎ±¨ l = 0, ¢ ±μÉμ·μ° ³¥´Ö¥É¸Ö
Ê¦¥ ¢¨¤ ¸¨¸É¥³Ò (1.2).

�¨¸. 9.
(
M, Φ1

)
-· ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ ¶μ²Ö

�·¨³¥·Ò ¢§ ¨³μ¤¥°¸É¢¨Ö μ¤´μË² ±¸μ´´ÒÌ · ¸¶·¥¤¥²¥´¨° Φ±1 ¸ ³¥°¸-
¸´¥·μ¢¸±¨³ M ¶·¨¢¥¤¥´Ò ´  ·¨¸. 9. —¨¸²¥´´Ò° Ô±¸¶¥·¨³¥´É ¶μ± §Ò¢ ¥É, ÎÉμ
¶ ·Ò ¢¨¤  (M, Φ±1) ¨ (Φ±1, M) Å ´ ¨¡μ²¥¥ Ô´¥·£¥É¨Î¥¸±¨ ¢Ò£μ¤´Ò¥ ¸μ¸ÉμÖ-
´¨Ö ¢ ¸É¥±¥ ¶μ¸²¥ ®É·¨¢¨ ²Ó´μ°¯ ¶ ·Ò (M, M) (¸³. Ï¥¸ÉÒ¥ ¸É·μÎ±¨ ¢ É ¡²¨-
Í Ì). ‘μμÉ¢¥É¸É¢¥´´μ, ¢¥·μÖÉ´μ¸ÉÓ ·¥ ²¨§ Í¨¨ ¶ · (M, Φ±1) ¨²¨ (Φ±1, M)
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³¥´ÓÏ¥ ¢¥·μÖÉ´μ¸É¨ ¶ ·Ò (M, M), ´μ ¡μ²ÓÏ¥ ¢¥·μÖÉ´μ¸É¨ ¢¸¥Ì μ¸É ²Ó´ÒÌ
¢μ§³μ¦´ÒÌ ¶ · · ¸¶·¥¤¥²¥´¨° ¢ ¸É¥±¥.

4. ‡�Š‹	—ˆ’…‹œ�›… ‡�Œ…—��ˆŸ

� §· ¡μÉ ´ ¶ ±¥É ¶·μ£· ³³ ¤²Ö ·¥Ï¥´¨Ö ±² ¸¸  ´¥²¨´¥°´ÒÌ ±· ¥¢ÒÌ § -
¤ Î ¤²Ö ¸¨¸É¥³ �„“, § ¤ ´´ÒÌ ´  ¢²μ¦¥´´ÒÌ ¨´É¥·¢ ² Ì ¨§³¥´¥´¨Ö ´¥§ ¢¨-
¸¨³μ° ¶¥·¥³¥´´μ°. �²£μ·¨É³ ¨¸¶μ²Ó§Ê¥É ��Œ� ¨ ±μ²²μ± Í¨Õ ±Ê¡¨Î¥¸±¨³¨
Ô·³¨Éμ¢Ò³¨ ¸¶² °´ ³¨ ¤²Ö ¤¨¸±·¥É¨§ Í¨¨ ²¨´¥ ·¨§μ¢ ´´ÒÌ § ¤ Î.

‚ ± Î¥¸É¢¥ ±μ´±·¥É´μ£μ ¶·¨³¥·  · ¸¸³μÉ·¥´  § ¤ Î  μ ³μ¤¥²¨·μ¢ ´¨¨
¸É É¨Î¥¸±¨Ì ¢¨Ì·¥° ¢ ¤¢ÊÌ¸²μ°´μ³ £¥μ³¥É·¨Î¥¸±¨ ¸¨³³¥É·¨Î´μ³ ¤¦μ§¥Ë¸μ-
´μ¢¸±μ³ ±μ´É ±É¥, ¸Ê¡±μ´É ±ÉÒ ±μÉμ·μ£μ ¨³¥ÕÉ ´¥μ¤¨´ ±μ¢ÊÕ ¤²¨´Ê.

—¨¸²¥´´Ò° Ô±¸¶¥·¨³¥´É ¶μ± §Ò¢ ¥É, ÎÉμ · §²¨Î¨¥ ¢ ¤²¨´ Ì μ± §Ò¢ ¥É
§´ Î¨É¥²Ó´μ¥ ¢²¨Ö´¨¥ ´  ¸μ¸ÉμÖ´¨Ö ³ £´¨É´μ£μ ¶μÉμ±  ¢ ¸²μÖÌ. ‚ Î ¸É´μ¸É¨
μ¡´ ·Ê¦¥´μ, ÎÉμ ¤²Ö ´¥±μÉμ·ÒÌ ¶ · · ¸¶·¥¤¥²¥´¨° ¶μÉμ±  ¨³¥¥É¸Ö ¡¨ËÊ·-
± Í¨Ö ¶μ ¤²¨´¥ ±μ·μÉ±μ£μ ¸Ê¡±μ´É ±É  Å ¸ÊÐ¥¸É¢Ê¥É ³¨´¨³ ²Ó´ Ö ¤²¨´ ,
μ¡¥¸¶¥Î¨¢ ÕÐ Ö ¸ÊÐ¥¸É¢μ¢ ´¨¥ § ¤ ´´μ° ¶ ·Ò.


² £μ¤ ·´μ¸É¨. �¢Éμ·Ò ¢Ò· ¦ ÕÉ ¡² £μ¤ ·´μ¸ÉÓ ¶·μË. 
. Œ. ˜Ê±-
·¨´μ¢Ê (‹’” �ˆŸˆ) §  Ë¨§¨Î¥¸±ÊÕ ¶μ¸É ´μ¢±Ê § ¤ Î¨,   É ±¦¥ ¶·μË.
ˆ. ‚.�Ê§Ò´¨´Ê (‹ˆ’ �ˆŸˆ) §  ¢´¨³ ´¨¥ ± ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¨ Í¥´´Ò¥ μ¡-
¸Ê¦¤¥´¨Ö.

� ¸ÉμÖÐ Ö · ¡μÉ  Î ¸É¨Î´μ Ë¨´ ´¸¨·μ¢ ² ¸Ó ‘μË¨°¸±¨³ Ê´¨¢¥·¸¨É¥Éμ³,
£· ´É º 107/2007.
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