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� Ìμ¦¤¥´¨¥ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¨ ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢ § ¤ ´´μ° ³ -
É·¨ÍÒ Ö¢²Ö¥É¸Ö μ¤´μ° ¨§ ¸²μ¦´ÒÌ § ¤ Î ²¨´¥°´μ°  ²£¥¡·Ò. ‚ ´ ¸ÉμÖÐ¥¥
¢·¥³Ö ¸ÊÐ¥¸É¢Ê¥É ³´μ¦¥¸É¢μ ¶·Ö³ÒÌ ¨ ¨É¥· Í¨μ´´ÒÌ ³¥Éμ¤μ¢ ·¥Ï¥´¨Ö ÔÉμ°
¶·μ¡²¥³Ò [1Ä5]. ‘·¥¤¨ ´¨Ì ¸ÊÐ¥¸É¢¥´´ÊÕ ·μ²Ó ¨£· ÕÉ ³¥Éμ¤Ò μ¡· É´μ°
¨É¥· Í¨¨ ¸μ ¸¤¢¨£μ³ ¨ ±μ³¡¨´¨·μ¢ ´´Ò¥ ³¥Éμ¤Ò (¨¸¶μ²Ó§ÊÕÐ¨¥ μ¡· É´Ò¥
¨É¥· Í¨¨ ¨ ¸μμÉ´μÏ¥´¨¥ �Ô²¥Ö), ¨³¥ÕÐ¨¥ ¢Ò¸μ±ÊÕ ¸±μ·μ¸ÉÓ ¸Ìμ¤¨³μ¸É¨.
�¤´ ±μ μ´¨ É·¥¡ÊÕÉ ¤μ¸É ÉμÎ´μ Ìμ·μÏ¨Ì ´ Î ²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° ¤²Ö ¢Ò-
Î¨¸²¥´¨Ö ¨¸±μ³μ£μ ¸μ¡¸É¢¥´´μ£μ §´ Î¥´¨Ö ¨ ¸μ¡¸É¢¥´´μ£μ ¢¥±Éμ· . �μÔÉμ³Ê
μ¡ÒÎ´μ μ´¨ ¶·¨³¥´ÖÕÉ¸Ö ¢ É¥Ì ¸²ÊÎ ÖÌ, ±μ£¤  ´¥μ¡Ìμ¤¨³μ ÊÉμÎ´¨ÉÓ ¶μ²ÊÎ¥´-
´μ¥ ± ±¨³-Éμ ¤·Ê£¨³ ³¥Éμ¤μ³ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ¥³Ê
¸μ¡¸É¢¥´´Ò° ¢¥±Éμ·.

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ · ¸¸³ É·¨¢ ¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ ¨¸¶μ²Ó§μ¢ ´¨Ö ´¥¶·¥-
·Ò¢´μ£μ  ´ ²μ£  ³¥Éμ¤  �ÓÕÉμ´  (��Œ�) [6,7] ¤²Ö ´ Ìμ¦¤¥´¨Ö ¨§μ²¨·μ¢ ´-
´μ£μ ¨ ¶·μ¸Éμ£μ ¸μ¡¸É¢¥´´μ£μ §´ Î¥´¨Ö ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¥³Ê ¸μ¡¸É¢¥´´μ£μ
¢¥±Éμ·  ¢¥Ð¥¸É¢¥´´μ° ±¢ ¤· É´μ° ³ É·¨ÍÒ. ‚ ¶. 1 ¤ ´  ¶μ¸É ´μ¢±  § ¤ Î¨
¨ μ¶¨¸Ò¢ ¥É¸Ö ��Œ�. ‚ ¶. 2 ¶·¥¤² £ ÕÉ¸Ö ¤¢  ¢ ·¨ ´É  ¢Ò¡μ·  ¨É¥· Í¨μ´-
´μ£μ ¶ · ³¥É· , μ¡¥¸¶¥Î¨¢ ÕÐ¥£μ ¸Ìμ¤¨³μ¸ÉÓ ³¥Éμ¤ . ‚ ¶. 3 ¶μ± § ´μ, ÎÉμ
¶·¥¤² £ ¥³Ò° ³¥Éμ¤ ¶·¨³¥´¨³ É ±¦¥ ¤²Ö ´¥²¨´¥°´ÒÌ § ¤ Î ´  ¸μ¡¸É¢¥´´Ò¥
§´ Î¥´¨Ö. ‚ ¶. 4 ¶·¨¢¥¤¥´Ò Î¨¸²¥´´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ ¨ ¤ ´μ ¸· ¢´¥´¨¥ · §-
²¨Î´ÒÌ ¨É¥· Í¨μ´´ÒÌ ³¥Éμ¤μ¢.

1. ��‘’���‚Š� ‡�„�—ˆ ˆ ��Œ�

�Ê¸ÉÓ Rm Å ¶·μ¸É· ´¸É¢μ m-³¥·´ÒÌ ¢¥Ð¥¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢. ‚¢¥¤¥³ ¢
´¥³ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¢¥±Éμ·μ¢ ¨ ´μ·³Ê ¢¥±Éμ·  ¶μ Ëμ·³Ê² ³

(u, v) =
m∑

i=1

uivi, ‖u‖ =
√

(u, u).

� ¸¸³μÉ·¨³ ¢ Rm § ¤ ÎÊ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö

(A − λE)x = 0, (1.1)
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£¤¥ A Å ¢¥Ð¥¸É¢¥´´ Ö ³ É·¨Í  · §³¥·´μ¸ÉÓÕ m × m ¨ E Å ¥¤¨´¨Î´ Ö
³ É·¨Í . �μ¸±μ²Ó±Ê ¸μ¡¸É¢¥´´Ò° ¢¥±Éμ·, μÉ¢¥Î ÕÐ¨° ¸μ¡¸É¢¥´´μ³Ê §´ Î¥-
´¨Õ λ, ´ Ìμ¤¨É¸Ö ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¶μ¸ÉμÖ´´μ£μ ³´μ¦¨É¥²Ö, ¢¢¥¤¥³ Ê¸²μ¢¨¥
´μ·³¨·μ¢±¨

(x, x) = 1. (1.2)

� Ï  Í¥²Ó ¸μ¸Éμ¨É ¢ ´ Ìμ¦¤¥´¨¨ ¨§μ²¨·μ¢ ´´μ£μ ¨ ¶·μ¸Éμ£μ ¸μ¡¸É¢¥´-
´μ£μ §´ Î¥´¨Ö ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¥³Ê ¸μ¡¸É¢¥´´μ£μ ¢¥±Éμ·  (λ, x) ¢¥Ð¥-
¸É¢¥´´μ° ³ É·¨ÍÒ A. Š ± ¨§¢¥¸É´μ [6], § ¤ ÎÊ (1.1), (1.2) ³μ¦´μ · ¸¸³ -
É·¨¢ ÉÓ ± ± ´¥²¨´¥°´ÊÕ § ¤ ÎÊ μÉ´μ¸¨É¥²Ó´μ ´¥¨§¢¥¸É´ÒÌ (λ, x), ¨ ¤²Ö ´¥¥
¶·¨³¥´¨³ ��Œ�:

(A − λE)
dx

dt
− x

dλ

dt
= −(A − λE)x, (1.3)

2
(

x,
dx

dt

)
= 1 − (x, x). (1.4)

„¨¸±·¥É¨§ Í¨Ö Ê· ¢´¥´¨° (1.3) ¨ (1.4) μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ³¥Éμ¤μ³ 
°²¥· :

dx

dt

∣∣∣
tn

≈ xn+1 − xn

τn
= vn,

dλ

dt

∣∣∣
tn

≈ λn+1 − λn

τn
= μn. (1.5)

‚ ·¥§Ê²ÓÉ É¥ ¨³¥¥³ Ê· ¢´¥´¨Ö ¸ ´¥¨§¢¥¸É´Ò³¨ vn ¨ μn:

(A − λnE)vn − μnxn = −rn, (1.6)

2(vn, xn) = 1 − (xn, xn), (1.7)

£¤¥ rn Å ´¥¢Ö§±  Ê· ¢´¥´¨Ö (1.1), É. ¥.

rn = (A − λnE)xn. (1.8)

…¸²¨ ¨Ð¥³ vn ¢ ¢¨¤¥
vn = −xn + μnθn, (1.9)

Éμ ¶μ¤¸É ´μ¢±  (1.9) ¢ (1.6) ¨ (1.7) ¤ ¥É

(A − λnE)θn = xn, (1.10)

2μn(θn, xn) = 1 + (xn, xn). (1.11)

�μ¸±μ²Ó±Ê ¶· ¢ Ö Î ¸ÉÓ Ê· ¢´¥´¨Ö (1.11) ¡μ²ÓÏ¥ ¥¤¨´¨ÍÒ, Éμ (θn, xn) �= 0 ¨
É¥³ ¸ ³Ò³ ¨§ (1.11) ¨³¥¥³

μn =
1 + (xn, xn)
2(θn, xn)

. (1.12)
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‘¨¸É¥³  ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° (1.10) ·¥Ï ¥É¸Ö μÉ´μ¸¨É¥²Ó´μ
θn μ¤´¨³ ¨§ ¸É ´¤ ·É´ÒÌ ³¥Éμ¤μ¢. �μ¸²¥ ¢ÒÎ¨¸²¥´¨Ö θn ¢¥²¨Î¨´  μn μ¶·¥-
¤¥²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥ (1.12). ‘μ£² ¸´μ (1.5) ¸²¥¤ÊÕÐ¨¥ ¶·¨¡²¨¦¥´¨Ö xn+1,
λn+1 ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³

xn+1 = xn + τnvn = (1 − τn)xn + τnμnθn,
λn+1 = λn + τnμn, n = 0, 1, ...,

(1.13)

£¤¥ n Å ´μ³¥· ¨É¥· Í¨¨, τn > 0 Å ¨É¥· Í¨μ´´Ò° ¶ · ³¥É· ¨ (λ0, x0) Å
´ Î ²Ó´μ¥ ¶·¨¡²¨¦¥´¨¥ ¨§ μ±·¥¸É´μ¸É¨ ¨¸±μ³μ£μ ·¥Ï¥´¨Ö. Š ± ¢¨¤´μ ¨§
Ëμ·³Ê² (1.13), ¶·¨ τn = 1 ¶·¥¤² £ ¥³Ò°  ²£μ·¨É³ ¸μ¢¶ ¤ ¥É ¸ μ¡ÒÎ´Ò³
³¥Éμ¤μ³ �ÓÕÉμ´  ¤²Ö § ¤ Î¨ (1.1), (1.2). �·¨Î¥³ μ´ É·¥¡Ê¥É, ± ± ¨ ³¥Éμ¤
μ¡· É´μ° ¨É¥· Í¨¨ ¸ ¸μμÉ´μÏ¥´¨¥³ �Ô²¥Ö, ¤μ¸É ÉμÎ´μ Ìμ·μÏ¥£μ ´ Î ²Ó´μ£μ
¶·¨¡²¨¦¥´¨Ö. ‚μμ¡Ð¥, ± ± ¸Ìμ¤¨³μ¸ÉÓ ¨É¥· Í¨μ´´μ£μ ¶·μÍ¥¸¸  (1.13), É ±
¨ ¸±μ·μ¸ÉÓ ¸Ìμ¤¨³μ¸É¨ § ¢¨¸ÖÉ μÉ ¢Ò¡μ·  ¨É¥· Í¨μ´´μ£μ ¶ · ³¥É·  τn > 0.

2. ‘•�„ˆŒ�‘’œ Œ…’�„�
ˆ ‚›��� ˆ’…��–ˆ����ƒ� ����Œ…’��

ˆ¸¸²¥¤Ê¥³ ¸Ìμ¤¨³μ¸ÉÓ ¶·¥¤² £ ¥³μ£μ ¨É¥· Í¨μ´´μ£μ ¶·μÍ¥¸¸  (1.13). ˆ§
Ëμ·³Ê²Ò ´¥¢Ö§±¨ (1.8) Ê· ¢´¥´¨Ö (1.1) ´  n-³ Ï £¥ ¸ ÊÎ¥Éμ³ (1.6), (1.7)
¸²¥¤Ê¥É ¢Ò· ¦¥´¨¥ ¤²Ö ´¥¢Ö§±¨ ´  n + 1-³ Ï £¥

rn+1 = (1 − τn)rn − τ2
nμnvn. (2.1)

‘²¥¤μ¢ É¥²Ó´μ, ¨³¥¥³

‖rn+1‖2 = (1 − τn)2‖rn‖2 − 2(1 − τn)τ2
nμn(rn, vn) + τ4

nμ2
n‖vn‖2. (2.2)

’μ£¤  ¸¶· ¢¥¤²¨¢  ¸²¥¤ÊÕÐ Ö É¥μ·¥³ .
’¥μ·¥³  1. �¥μ¡Ìμ¤¨³Ò³ ¨ ¤μ¸É ÉμÎ´Ò³ Ê¸²μ¢¨¥³ Ê¡Ò¢ ´¨Ö ´μ·³Ò ´¥-

¢Ö§±¨ μÉ ¨É¥· Í¨¨ ± ¨É¥· Í¨¨ Ö¢²Ö¥É¸Ö ¢Ò¶μ²´¥´¨¥ ´¥· ¢¥´¸É¢ 

ϕ(τn) = (τn − 2)‖rn‖2 − 2(1 − τn)τnμn(rn, vn) + τ3
nμ2

n‖vn‖2 < 0. (2.3a)

„μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò ¸²¥¤Ê¥É ¨§ ¸μμÉ´μÏ¥´¨Ö

‖rn+1‖2 = ‖rn‖2 + τnϕ(τn), (2.3b)

±μÉμ·μ¥ ¢ÒÉ¥± ¥É ¨§ (2.2).
�É¸Õ¤  Ö¸´μ, ÎÉμ ¨É¥· Í¨μ´´Ò° ¶ · ³¥É· τn ´Ê¦´μ ¢Ò¡· ÉÓ É ±, ÎÉμ¡Ò

¢Ò¶μ²´Ö²μ¸Ó Ê¸²μ¢¨¥ (2.3a). �¤´ ±μ ´ °É¨ É ±¨¥ §´ Î¥´¨Ö ¨É¥· Í¨μ´´μ£μ
¶ · ³¥É·  τn, ¤²Ö ±μÉμ·ÒÌ ¢Ò¶μ²´Ö¥É¸Ö ´¥· ¢¥´¸É¢μ (2.3a), ¢ μ¡Ð¥³ ¸²ÊÎ ¥
§ É·Ê¤´¨É¥²Ó´μ.
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‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¶· ¢ Ö Î ¸ÉÓ ¸μμÉ´μÏ¥´¨Ö (2.2), ¥¸ÉÓ ¶μ²μ¦¨É¥²Ó´ Ö
±¢ ¤· É¨Î´ Ö ËÊ´±Í¨Ö μÉ αn = μnτ2

n ¨ μ´  ¤μ¸É¨£ ¥É ³¨´¨³ ²Ó´μ£μ §´ Î¥´¨Ö

min
αn

‖rn+1‖2 = ‖rn+1(α∗
n)‖2 = (1 − τn)2

(
1 − (rn, vn)2

‖rn‖2‖vn‖2

)
‖rn‖2 (2.4)

¶·¨ §´ Î¥´¨¨ αn = α∗
n

α∗
n =

(1 − τn)(rn, vn)
‖vn‖2

. (2.5)

‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ (2.5) Ô±¢¨¢ ²¥´É´μ Ê· ¢´¥´¨Õ

D(τn) ≡ μnτ2
n‖vn‖2 − (1 − τn)(rn, vn) = 0, (2.6)

±μ·´¨ ±μÉμ·μ£μ ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ëμ·³Ê²¥

τ̃n =
−(rn, vn) ±

√
Δn

2μn‖vn‖2
, (2.7)

£¤¥
Δn = (rn, vn)2 + 4μn(rn, vn)‖vn‖2. (2.8)

ŒÒ ¸Ëμ·³Ê²¨·Ê¥³ μ¸´μ¢´μ° ·¥§Ê²ÓÉ É · ¡μÉÒ ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¥° É¥μ·¥³Ò.
’¥μ·¥³  2. �Ê¸ÉÓ ¨É¥· Í¨μ´´Ò° ¶ · ³¥É· τn ¢Ò¡· ´ ¶μ Ëμ·³Ê²¥

τn =

⎧⎪⎨⎪⎩
max {0,1; τ̃n} ¨²¨ min {τ̃n; 1,9}, ¥¸²¨ Δn � 0, (2.9a)

1, ¥¸²¨ μ2
n‖vn‖2 < ‖rn‖2 ¨ Δn < 0, (2.9b)

τn, ¥¸²¨ μ2
n‖vn‖2 � ‖rn‖2 ¨ Δn < 0, (2.9c)

£¤¥ τ̃n Å ±μ·¥´Ó Ê· ¢´¥´¨Ö (2.6) ´  ¨´É¥·¢ ²¥ (0,2),   τn Å ±μ·¥´Ó Ê· ¢´¥´¨Ö
g(τn) = 0 ´  ¨´É¥·¢ ²¥ (0,1), £¤¥

g(τn) = (τn − 2)‖rn‖2 − 2(1 − τn)τnμn(rn, vn) + τ2
nμ2

n‖vn‖2. (2.10)

’μ£¤  ¸¶· ¢¥¤²¨¢μ · ¢¥´¸É¢μ

‖rn+1‖ = qn‖rn‖, qn < 1, n = 0, 1, . . . , (2.11)

¶·¨Î¥³ ¶·¨ Δn > 0

qn = |1 − τn|
√

1 − (rn, vn)2

‖rn‖2‖vn‖2
. (2.12)

„μ± § É¥²Ó¸É¢μ. �Ê¸ÉÓ Δn > 0. ’μ£¤  μ¤¨´ ±μ·¥´Ó Ê· ¢´¥´¨Ö (2.6) ²¥¦¨É
¢ ¨´É¥·¢ ²¥ (0,2), ¶μ¸±μ²Ó±Ê D(0)D(2) = −Δn < 0. 	μ²¥¥ ÉμÎ´μ, ÔÉμÉ
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±μ·¥´Ó ¶·¨´ ¤²¥¦¨É ¨´É¥·¢ ²Ê (0,1) ¶·¨ μn(rn, vn) > 0 ¨ ¨´É¥·¢ ²Ê (1,2)
¶·¨ μn(rn, vn) < 0. ‘²ÊÎ ° μn(rn, vn) = 0 ¨¸±²ÕÎ ¥É¸Ö, ¨¡μ τ∗

n = 0. ’μ£¤ 
¨§ (2.4) ¸²¥¤Ê¥É (2.11).

�Ê¸ÉÓ Δn < 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¤¥°¸É¢¨É¥²Ó´ÒÌ ±μ·´¥° Ê· ¢´¥´¨Ö (2.6) ´¥
¸ÊÐ¥¸É¢Ê¥É ¨ ´¥²Ó§Ö ´ °É¨ ³¨´¨³ ²Ó´μ¥ §´ Î¥´¨¥ ‖rn+1‖ ¶μ ¢¸¶μ³μ£ É¥²Ó-
´μ³Ê ¶ · ³¥É·Ê αn. �¤´ ±μ ³Ò ³μ¦¥³ ´ °É¨ τn, ¤²Ö ±μÉμ·ÒÌ Ê¤μ¢²¥É¢μ·Ö¥É¸Ö
´¥· ¢¥´¸É¢μ (2.3a). ‚ ¸ ³μ³ ¤¥²¥, ¨¸¶μ²Ó§Ê¥³ ÉμÉ Ë ±É, ÎÉμ

ϕ(0) = −2‖rn‖2 < 0,

ϕ(1) = −‖rn‖2 + μ2
n‖vn‖2.

(2.13)

…¸²¨ μ2
n‖vn‖2 < ‖rn‖2, Éμ ϕ(1) < 0, ¨, ¸²¥¤μ¢ É¥²Ó´μ, ³μ¦¥³ ¢Ò¡· ÉÓ

τn = 1. ’μ£¤  ¨§ (2.3b) ¸²¥¤Ê¥É ´¥· ¢¥´¸É¢μ ‖rn+1‖ < ‖rn‖. 
Éμ μ§´ -
Î ¥É, ÎÉμ ¢Ò¶μ²´Ö¥É¸Ö Ê¸²μ¢¨¥ (2.11). …¸²¨ μ2

n‖vn‖2 � ‖rn‖2, Éμ ϕ(1) � 0 ¨
g(1) � 0. ’μ£¤  ¨§ (2.13) ¨ (2.10) ¨³¥ÕÉ ³¥¸Éμ ¸μμÉ´μÏ¥´¨Ö ϕ(0)ϕ(1) < 0 ¨
g(0)g(1) < 0, ¨ ¢Ò¶μ²´Ö¥É¸Ö ´¥· ¢¥´¸É¢μ ´  ¨´É¥·¢ ²¥ (0,1)

ϕ(τn) < g(τn).


Éμ μ§´ Î ¥É, ÎÉμ ¥¸²¨ ³Ò ¢Ò¡¨· ¥³ g(τ̄n) = 0, Éμ ϕ(τ̄n) < 0. ‚ ÔÉμ³ ¸²ÊÎ ¥
¨§ · ¢¥´¸É¢  (2.3c) ¢ÒÉ¥± ¥É · ¢¥´¸É¢μ (2.11) ¸ ±μ´¸É ´Éμ° qn < 1. ’ ±¨³
μ¡· §μ³, ¢Ò¡μ· ¶μ Ëμ·³Ê²¥ (2.9) μ¡¥¸¶¥Î¨¢ ¥É ³μ´μÉμ´´μ Ê¡Ò¢ ´¨¥ ´μ·³Ò
´¥¢Ö§±¨.

�Ê¸ÉÓ Δn = 0, ÎÉμ Ô±¢¨¢ ²¥´É´μ τn = 0 ¨²¨ τn = 2. ‚ ÔÉμ³ ¸²ÊÎ ¥
¸±μ·μ¸ÉÓ ¸Ìμ¤¨³μ¸É¨ ¨É¥· Í¨¨ ³μ¦¥É § ³¥¤²ÖÉÓ¸Ö. ‚ÒÌμ¤ ¨§ ÔÉμ° ¸¨ÉÊ -
Í¨¨ ¸μ¸Éμ¨É ¢ μ£· ´¨Î¥´¨¨ ¸´¨§Ê ¨ ¸¢¥·ÌÊ ¢ ¢Ò¡μ·¥ §´ Î¥´¨Ö τn, ´ ¶·¨³¥·,
0,1 � τn � 1,9. ’¥μ·¥³  ¤μ± § ´  ¶μ²´μ¸ÉÓÕ. �

‡ ³¥Î ´¨¥ 1. ‚ ¸²ÊÎ ¥ ¸Ìμ¤¨³μ¸É¨ ¨É¥· Í¨μ´´μ£μ ¶·μÍ¥¸¸  (1.13) ¸ÊÐ¥-
¸É¢Ê¥É É ±μ¥ Î¨¸²μ N , ÎÉμ ¶·¨ ¢¸¥Ì n � N ¢¥²¨Î¨´  εn = μn‖vn‖2 ¸É ´μ¢¨É¸Ö
¸±μ²Ó Ê£μ¤´μ ³ ²μ° ¨ É¥³ ¸ ³Ò³ ¨³¥¥³

√
Δn = |(rn, vn)|

√
1 +

4εn

(rn, vn)
≈ |(rn, vn)|

(
1 +

2εn

(rn, vn)

)
.

’μ£¤  ¢ ¸¨²Ê Ëμ·³Ê²Ò (2.7) ¸¶· ¢¥¤²¨¢   ¸¨³¶ÉμÉ¨± 

τ̃n =
−(rn, vn) ±

√
Δn

2μn‖vn‖2
→ 1 ¶·¨ n → ∞. (2.14)

‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ± ± ¡Ò²μ μÉ³¥Î¥´μ ¢ÒÏ¥, ¨É¥· Í¨μ´´Ò° ¶·μÍ¥¸¸ (1.13)
¶·¥¢· Ð ¥É¸Ö ¶·¨ τn → 1 ¢ ³¥Éμ¤ �ÓÕÉμ´ , ¨³¥ÕÐ¨° ±¢ ¤· É¨Î´ÊÕ ¸±μ·μ¸ÉÓ
¸Ìμ¤¨³μ¸É¨. �μÔÉμ³Ê ³μ¦´μ μ¦¨¤ ÉÓ, ÎÉμ ¨É¥· Í¨μ´´Ò° ¶·μÍ¥¸¸ (1.13) ¸Ìμ-
¤¨É¸Ö ±¢ ¤· É¨Î´μ ¢ ¤μ¸É ÉμÎ´μ ³ ²μ° μ±·¥¸É´μ¸É¨ ¨¸±μ³μ£μ ·¥Ï¥´¨Ö (λ, x).
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‡ ³¥Î ´¨¥ 2. �Í¥´±  (2.11) Ö¢²Ö¥É¸Ö ¶μÎÉ¨  ¶μ¸É¥·¨μ·´μ° ¶·¨ Δn > 0,
¶μ¸±μ²Ó±Ê ³Ò ³μ¦¥³ ÉμÎ´μ ¢ÒÎ¨¸²ÖÉÓ ¢¥²¨Î¨´Ê qn ¶μ Ëμ·³Ê²¥ (2.12).

‡ ³¥Î ´¨¥ 3. �¡μ§´ Î¨³ f(τn) = ‖rn+1‖2 ¨ · ¸¸³μÉ·¨³ ¥¥ ¶·μ¨§¢μ¤´ÊÕ

f ′(τn) = 2(τn − 1)‖rn‖2 − 2(2τn − 3τ2
n)μn(rn, vn) + 4τ3

nμ2
n‖vn‖2. (2.15)

‚¨¤´μ, ÎÉμ f ′(0) = −2‖rn‖2 < 0 ¨ f ′(2) = 2f(2) > 0. �É¸Õ¤  ¸²¥¤Ê¥É,
ÎÉμ ËÊ´±Í¨Ö f(τn) ¨³¥¥É ÌμÉÖ ¡Ò μ¤¨´ ³¨´¨³Ê³ ´  ¨´É¥·¢ ²¥ (0,2). ’ ±¨³
μ¡· §μ³ ³μ¦´μ ´ °É¨ μ¶É¨³ ²Ó´μ¥ §´ Î¥´¨¥ ¨É¥· Í¨μ´´μ£μ ¶ · ³¥É·  τn =
τ∗
n , ¢ÒÎ¨¸²ÖÖ ±μ·´¨ ±Ê¡¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö f ′(τ∗

n) = 0.
ŒÒ · ¸¸³μÉ·¨³ ¥Ð¥ μ¤¨´ ¢ ·¨ ´É ¢Ò¡μ·  ¶ · ³¥É·  τn, ¤²Ö Î¥£μ ¶¥·¥-

¶¨Ï¥³ ¸μμÉ´μÏ¥´¨¥ (2.2) ¢ ¢¨¤¥

‖rn+1‖2 = (1 − τn)2‖rn‖2 + τ2
nψ(τn), (2.16)

£¤¥

ψ(τn) = μ2
n‖vn‖2τ2

n − 2μn(1 − τn)(rn, vn). (2.17)

�Ê¸ÉÓ

Δ̃n = (rn, vn)2 + 2μn‖vn‖2(rn, vn) > 0. (2.18)

’μ£¤  ±¢ ¤· É¨Î¥¸± Ö μÉ´μ¸¨É¥²Ó´μ τn ËÊ´±Í¨Ö ψ(τn) ¨³¥¥É ¤¢  ¢¥Ð¥¸É¢¥´-
´ÒÌ ±μ·´Ö τ−

n , τ+
n (τ−

n < τ+
n ). �Î¥¢¨¤´μ, ÎÉμ

ψ(τn) < 0, ¥¸²¨ τ−
n < τn < τ+

n . (2.19)

‚Ò¡μ· ¨É¥· Í¨μ´´μ£μ ¶ · ³¥É·  τn § ¢¨¸¨É μÉ ¢Ò· ¦¥´¨Ö μn(rn, vn).
(i) �Ê¸ÉÓ μn(rn, vn) > 0. ’μ£¤  τ−

n < 0, 0 < τ+
n < 1 ¨ ¶μÔÉμ³Ê

ψ(τn) < 0, ¥¸²¨ τn ∈ (0, τ+
n ). (2.20)

(ii) �Ê¸ÉÓ μn(rn, vn) < 0. ’μ£¤  1 < τ−
n < 2 < τ+

n ¨ ¶μÔÉμ³Ê

ψ(τn) < 0, ¥¸²¨ τn ∈ (τ−
n , 2). (2.21)

‘²ÊÎ ° μn(rn, vn) = 0 ¨¸±²ÕÎ ¥É¸Ö, ¨¡μ τ−
n = τ+

n = 0 ¨ ψ(τ±
n ) = 0. ˆ§

(2.16), (2.20) ¨ (2.21) ¸²¥¤Ê¥É

‖rn+1‖ < qn‖rn‖, qn = |1 − τn| < 1, n = 0, 1, ... (2.22)

¶·¨ Ê¸²μ¢¨¨ τn ∈ (0, 2)
⋂

(τ−
n , τ+

n ). ˆÉ¥· Í¨μ´´Ò° ¶ · ³¥É· τn ¡Ê¤¥³ ¢Ò¡¨-
· ÉÓ ¨§ Ê¸²μ¢¨Ö

qn < qn−1. (2.23)
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‹¥³³  1. „μ¸É ÉμÎ´Ò³ Ê¸²μ¢¨¥³ ¢Ò¶μ²´¥´¨Ö ´¥· ¢¥´¸É¢  (2.23) Ö¢²Ö¥É¸Ö
¢Ò¡μ· ¨É¥· Í¨μ´´μ£μ ¶ · ³¥É·  τn ¶μ Ëμ·³Ê²¥

τn =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
min

[
‖rn−1‖
‖rn‖

τn−1; 1
]

¢ ¸²ÊÎ ¥ (i), τ0 ≈ 0,1,

max
[

‖rn‖
‖rn−1‖

τn−1; 1
]

¢ ¸²ÊÎ ¥ (ii), τ0 ≈ 1,9.

(2.24)

„μ± § É¥²Ó¸É¢μ. � ¸¸³μÉ·¨³ ¸²ÊÎ ° (i). ’μ£¤  τn−1 ∈ (0, τ+
n−1) ⊂ (0,1)

¨, ¸²¥¤μ¢ É¥²Ó´μ, ‖rn‖ < ‖rn−1‖. �Ê¸ÉÓ τn =
‖rn−1‖
‖rn‖

τn−1. ’μ£¤  ¨³¥¥³

1 > τn > τn−1, ¸²¥¤μ¢ É¥²Ó´μ, ¡Ê¤¥É ¢Ò¶μ²´¥´μ Ê¸²μ¢¨¥ (2.23). �Ê¸ÉÓ τn ≡ 1.
’μ£¤  qn = |1 − τn| = 0, ¢ Éμ ¦¥ ¢·¥³Ö qn−1 = |1 − τn−1| > 0, ¨ É ± ¦¥ ¢Ò-
¶μ²´Ö¥É¸Ö (2.23). �´ ²μ£¨Î´Ò³ μ¡· §μ³ ¤μ± §Ò¢ ¥É¸Ö (2.23) ¢ ¸²ÊÎ ¥ (ii). �

�Ê¸ÉÓ Δ̃n < 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ ËÊ´±Í¨Ö ψ(τn) ´¥ ¨³¥¥É ¤¥°¸É¢¨É¥²Ó-
´ÒÌ ±μ·´¥° ¨ ¶μÔÉμ³Ê, ± ± ¨ · ´ÓÏ¥, ´ ³ ´Ê¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ´¥· ¢¥´¸É¢μ
(2.3a) ¤²Ö Éμ£μ, ÎÉμ¡Ò ¢Ò¡¨· ÉÓ ¨É¥· Í¨μ´´Ò° ¶ · ³¥É·, μ¡¥¸¶¥Î¨¢ ÕÐ¨°
Ê³¥´ÓÏ¥´¨¥ ´μ·³Ò ‖rn‖ μÉ ¨É¥· Í¨¨ ± ¨É¥· Í¨¨. ’ ± ± ± ¨§ ´¥· ¢¥´¸É¢ 
Δ̃n < 0 ¢ÒÉ¥± ¥É, ÎÉμ μn(rn, vn) < 0 ¨ Δn < 0, Éμ ¸¶· ¢¥¤²¨¢  ¸²¥¤ÊÕÐ Ö
É¥μ·¥³ .

’¥μ·¥³  3. �Ê¸ÉÓ ¨É¥· Í¨μ´´Ò° ¶ · ³¥É· τn ¢Ò¡· ´ ¢ ¢¨¤¥

τn =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

min
(

1;
‖rn−1‖
‖rn‖

τn−1

)
, ¥¸²¨ Δ̃n > 0 ¨ μn(rn, vn) > 0, τ0 ≈ 0,1,

max
(

1;
‖rn‖

‖rn−1‖
τn−1

)
, ¥¸²¨ Δ̃n > 0 ¨ μn(rn, vn) < 0, τ0 ≈ 1,9,

1, ¥¸²¨ μ2
n‖vn‖2 < ‖rn‖2 ¨ Δ̃n < 0,

τn, ¥¸²¨ μ2
n‖vn‖2 � ‖rn‖2 ¨ Δ̃n < 0,

(2.25)
£¤¥ τn Å ±μ·¥´Ó Ê· ¢´¥´¨Ö g(τn) = 0, ¶·¨´ ¤²¥¦ Ð¨° ¨´É¥·¢ ²Ê (0,1). ’μ£¤ 
¸¶· ¢¥¤²¨¢μ ´¥· ¢¥´¸É¢μ

‖rn+1‖ � qn‖rn‖, q < 1, n = 0, 1, ..., (2.26)

¶·¨Î¥³ ¶·¨ Δ̃n > 0

qn = |1 − τn|. (2.27)

„μ± § É¥²Ó¸É¢μ  ´ ²μ£¨Î´μ ¤μ± § É¥²Ó¸É¢Ê É¥μ·¥³Ò 2.
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3. �…‹ˆ�…‰��Ÿ ‡�„�—� �� ‘��‘’‚…��›… ‡��—…�ˆŸ

� ¸¸³μÉ·¨³ ´¥²¨´¥°´ÊÕ § ¤ ÎÊ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö

A(λ)x = 0, (3.1)

(x, x) − 1 = 0, (3.2)

£¤¥ A Å ³ É·¨Í , ´¥²¨´¥°´μ § ¢¨¸ÖÐ Ö μÉ ¸¶¥±É· ²Ó´μ£μ ¶ · ³¥É·  λ.
��Œ� ¶·¨³¥´Ö¥É¸Ö É ±¦¥ ¤²Ö § ¤ Î¨ (3.1), (3.2), ±μÉμ· Ö ¸¢μ¤¨É¸Ö ± Ê· -
¢´¥´¨Õ

A(λn)θn = −A
′
(λn)xn. (3.3)

‡¤¥¸Ó A′(λn) Å ¶·μ¨§¢μ¤´ Ö ³ É·¨ÍÒ A(λ) ¶μ ¸¶¥±É· ²Ó´μ³Ê ¶ · ³¥É·Ê λ.
�Ê¸ÉÓ ¶μ¶· ¢±  μn ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥ (1.12) ¨ ¸²¥¤ÊÕÐ¨¥ ¶·¨¡²¨¦¥-
´¨Ö ¤²Ö xn+1, λn+1 ´ Ìμ¤ÖÉ¸Ö ¶μ Ëμ·³Ê²¥ (1.13),   ´¥¢Ö§±  μ¶·¥¤¥²Ö¥É¸Ö
¢Ò· ¦¥´¨¥³ rn = A(λn)xn. ’μ£¤  ²¥£±μ ¶μ± § ÉÓ, ÎÉμ

rn+1 = (1 − τn)rn + τ2
nμnA′(λn)vn + O(τ2

nμ2
n). (3.4)

‘· ¢´¥´¨¥ (3.4) ¸ (2.1) ¶μ± §Ò¢ ¥É, ÎÉμ ´¥¢Ö§±¨ rn+1, rn+1 ¨³¥ÕÉ μ¤¨´ ±μ¢ÊÕ
£² ¢´ÊÕ Î ¸ÉÓ. �μÔÉμ³Ê ¸¶· ¢¥¤²¨¢Ò É¥μ·¥³Ò 2 ¨ 3, ¥¸²¨ μ¡μ§´ Î¨ÉÓ vn Î¥·¥§
−A′(λn)vn.

4. —ˆ‘‹…��›‰ 	Š‘�…�ˆŒ…�’

Š Î¥¸É¢μ ¶·¥¤² £ ¥³μ£μ  ²£μ·¨É³  ¶·μ¢¥·¥´μ ´  · §²¨Î´ÒÌ É¥¸Éμ¢ÒÌ § -
¤ Î Ì. ‡¤¥¸Ó ¶·¨¢¥¤¥³ ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ Ô±¸¶¥·¨³¥´É . �É³¥É¨³, ÎÉμ ¢μ
¢¸¥Ì · ¸Î¥É Ì ¨É¥· Í¨μ´´Ò° ¶·μÍ¥¸¸ ¶·¥±· Ð ¥É¸Ö, ±μ£¤  ‖rn‖ � ε, £¤¥ ε Å
§ ¤ ´´μ¥ ¶μ²μ¦¨É¥²Ó´μ¥ ³ ²μ¥ Î¨¸²μ.

�·¨³¥· 1. Š ± ¨§¢¥¸É´μ, ³ ¸ÏÉ ¡¨·ÊÕÐ Ö ËÊ´±Í¨Ö ¸ ±μ³¶ ±É´Ò³ ´μ-
¸¨É¥²¥³ ¢ ¢¥°¢²¥É- ´ ²¨§¥ Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ

ϕ(x) =
∑
k∈Z

ckϕ(2x − k), (4.1)

£¤¥ ck ´ §Ò¢ ÕÉ¸Ö Ë¨²ÓÉ· ³¨-±μÔËË¨Í¨¥´É ³¨, ±μÉμ·Ò¥ μ¡ÒÎ´μ § É ¡Ê²¨·μ-
¢ ´Ò. „²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¸Î¨É ¥³, ÎÉμ ϕ(x) Å ³ ¸ÏÉ ¡¨·ÊÕÐ Ö ËÊ´±Í¨Ö
„μ¡ÒÏ  ¸ ´μ¸¨É¥²¥³ [0,2N − 1]. ˆ§ Ê· ¢´¥´¨Ö ³ ¸ÏÉ ¡¨·μ¢ ´¨Ö (4.1) ¸²¥-
¤Ê¥É, ÎÉμ §´ Î¥´¨Ö ¶·μ¨§¢μ¤´ÒÌ ³ ¸ÏÉ ¡¨·ÊÕÐ¥° ËÊ´±Í¨¨ Ê¤μ¢²¥É¢μ·ÖÕÉ
Ê· ¢´¥´¨Õ

ϕ(m)(i) = 2m
2N−1∑
k=0

ckϕ(m)(2i − k), 1 � i � 2N − 2,
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±μÉμ·μ¥ § ¶¨¸Ò¢ ¥É¸Ö ¢ ³ É·¨Î´μ° Ëμ·³¥

HΦ(m) = 2−mΦ(m), (4.2)

£¤¥ Φ(m) = (ϕ(m)
1 , ϕ

(m)
2 , ..., ϕ

(m)
2N−2)

T ¨

H =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c1 c0 0 0 . . . 0 0
c3 c2 c1 c0 . . . 0 0
...

...
...

...
. . .

...
...

c2N−1 c2N−2 c2N−3 c2N−4 . . . 0 0
0 0 c2N−1 c2N−2 . . . c1 c0

...
...

...
...

. . .
...

...
0 0 0 0 . . . c2N−1 c2N−2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(2N−2)×(2N−2).

’ ±¨³ μ¡· §μ³, ¢ÒÎ¨¸²¥´¨¥ §´ Î¥´¨° ¶·μ¨§¢μ¤´ÒÌ ϕ(m) ¢ ÉμÎ± Ì i ¸¢μ-
¤¨É¸Ö ± ´ Ìμ¦¤¥´¨Õ ¸μ¡¸É¢¥´´μ£μ ¢¥±Éμ·  Φ(m) ³ É·¨ÍÒ H , ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¥£μ ¨§¢¥¸É´μ³Ê ¸μ¡¸É¢¥´´μ³Ê §´ Î¥´¨Õ λ = 2−m. „²Ö ·¥Ï¥´¨Ö § ¤ Î¨
(4.2) ¶·¨³¥´¨²¨ ��Œ�, μ¶¨¸ ´´Ò° ¢ ¶. 2 ¨ 3. �·¨ · §²¨Î´ÒÌ N μÉ 3 ¤μ

10 ¡Ò²¨ ¢ÒÎ¨¸²¥´Ò ¢¥±Éμ·Ò Φ(m) = (ϕ(m)
1 , ϕ

(m)
2 , ..., ϕ

(m)
2N−2), m = 0, 1, 2, ¨

¢¸¥ ·¥§Ê²ÓÉ ÉÒ ¸ ÉμÎ´μ¸ÉÓÕ ¤μ 10−13 ¸μ¢¶ ¤ ÕÉ ¸ ·¥§Ê²ÓÉ É ³¨ · ¡μÉÒ [8].
„²Ö ±· É±μ¸É¨ ¢ É ¡². 1 ¶·¨¢¥¤¥³ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¤²Ö ¸²ÊÎ Ö m = 1 ¨
N = 3. ‡¤¥¸Ó §´ Î¥´¨Ö ¨É¥· Í¨μ´´μ£μ ¶ · ³¥É·  τn μ¶·¥¤¥²ÖÕÉ¸Ö ¸ ¶μ³μÐÓÕ
Ëμ·³Ê²Ò (2.9).

’ ¡²¨Í  1.

� Î ²Ó´Ò¥ ¶·¨¡²¨¦¥´¨Ö: λ0 = 17,

(ϕ
(1)
1 , ϕ

(1)
2 , ϕ

(1)
3 , ϕ

(1)
4 ) = (4;−7; 0; 0), ε = 10−12

n τn ‖rn‖ λn

1 1,899999999 32,97480575414 8,693003630775

3 0,98407827 0,032910488850 0,504528138910

6 1,000003806 0,000000005951 0,500000008922

7 1 0,000000000000 0,500000000000

ϕ
(1)
1 = 1,63845234088564 ϕ

(1)
2 = −2,23275819046264

ϕ
(1)
3 = 0,5501593582749 ϕ

(1)
4 = 0,0441464913050
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�·¨³¥· 2. � ¸¸³μÉ·¨³ § ¤ ÎÊ ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¤²Ö É·¥Ì¤¨ £μ-
´ ²Ó´μ° ³ É·¨ÍÒ

A =
1
h2

⎛⎜⎜⎜⎜⎜⎜⎜⎝

2 −1 0 . . . 0 0
−1 2 −1 . . . 0 0
0 −1 2 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 2 −1
0 0 0 . . . −1 2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(N−1)×(N−1).

Š ± ¨§¢¥¸É´μ, ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ³ É·¨ÍÒ A μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ Ëμ·³Ê²¥

λk =
4
h2

sin2 πk

2N
, k = 1, 2, . . . , N − 1, h =

1
N

.

‚¸¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ³ É·¨ÍÒ A · §³¥·´μ¸ÉÓÕ 9 × 9 ¢ÒÎ¨¸²¥´Ò ¸
¢Ò¡μ·μ³ ¨É¥· Í¨μ´´ÒÌ ¶ · ³¥É·μ¢ τn ¨§ (2.9) ¨ τ∗

n. �  ·¨¸Ê´±¥ Ê± § ´μ
Î¨¸²μ ¨É¥· Í¨° ¶·¨ ´ Î ²Ó´μ³ ¶·¨¡²¨¦¥´¨¨ λk,0 ∈ [ak, bk], k = 1, ..., 9, ¤²Ö
¨É¥· Í¨μ´´ÒÌ ¶ · ³¥É·μ¢ τn ( ) ¨ τ∗

n (¡) ¸μμÉ¢¥É¸É¢¥´´μ.

—¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¸ ¢Ò¡μ·μ³ ¨É¥· Í¨μ´´ÒÌ ¶ · ³¥É·μ¢ τn ¨§ (2.9) ( ) ¨ τ∗
n (¡)

�·¨³¥· 3. � ¸¸³μÉ·¨³ ³ É·¨ÍÊ ¸ ¶μ²¨´o³¨ ²Ó´μ° § ¢¨¸¨³μ¸ÉÓÕ μÉ ¸¶¥±-
É· ²Ó´μ£μ ¶ · ³¥É·  λ

A(λ) = E4λ
2 + A1λ + A2, β ≡ 1 + α,

£¤¥

A1 =

⎛⎜⎜⎝
3α −(1 + α2 + 2β2) α(1 + 2β2) −β2(α2 + β2)
2 0 0 0
0 2 0 0
0 0 2 0

⎞⎟⎟⎠ ,
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’ ¡²¨Í  2. ε = 10−8

(2.9) �¶É¨³ ²Ó´Ò° ¢Ò¡μ· (2.25)

n τn ‖rn‖ λn + α τ∗
n ‖rn‖ λn + α τn ‖rn‖ λn + α

0 1,0000000 1,88(Ä00) Ä5,00(Ä01) 1,0451513 1,88(Ä00) Ä5,00(Ä01) 1,8131649 1,88(Ä00) Ä5,00(Ä01)

1 1,0164918 8,50(Ä01) Ä8,10(Ä03) 0,9926652 8,48(Ä01) 1,41(Ä02) 1,3611315 1,41(Ä00) 3,92(Ä01)

2 0,9772184 1,16(Ä02) 2,44(Ä03) 0,9997205 1,11(Ä02) Ä4,06(Ä03) 1,0000000 2,05(Ä00) Ä4,89(Ä01)

3 1,0082243 2,51(Ä04) 1,29(Ä04) 1,0006307 1,56(Ä04) Ä1,65(Ä04) 1,0000000 4,82(Ä01) Ä2,05(Ä01)

4 1,0004115 2,05(Ä06) Ä8,76(Ä07) 1,0000001 3,39(Ä08) 4,48(Ä08) 1,0000000 1,18(Ä01) Ä1,27(Ä02)

5 1,0000020 8,46(Ä10) 3,70(Ä10) 1,0000000 1,18(Ä14) Ä1,39(Ä14) 1,0000000 1,60(Ä03) 5,87(Ä04)

6 1,0000000 1,72(Ä06) Ä3,03(Ä07)

7 1,0000000 8,85(Ä13) 2,94(Ä14)

A2 =

⎛⎜⎜⎝
−1 + 2α2 α(1 − α2 − 2β2) 2α2β2 −αβ2(α2 + β2)

2α −(α2 + 2β2) 2αβ2 −β2(α2 + β2)
1 0 0 0
0 1 0 0

⎞⎟⎟⎠ .

Š ± ¨§¢¥¸É´μ ¨§ [9], μ´  ¶·¨ α �= 0 ¨³¥¥É ¢μ¸¥³Ó ¨§μ²¨·μ¢ ´´ÒÌ ¶·μ¸ÉÒÌ
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°: −α, −α± (1 + α)i, ± (1 + α)i, ± i, 0. Šμ£¤  α = 0,
¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ λ = 0 ¨³¥¥É ±· É´μ¸ÉÓ 2,   λ = ±i ¨³¥¥É ±· É´μ¸ÉÓ 3.

	Ò²μ ¢ÒÎ¨¸²¥´μ ¢¥Ð¥¸É¢¥´´μ¥ ¶·μ¸Éμ¥ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ λ = −α
(α = 1) ¸ Ï £μ³ τn, ¢Ò¡· ´´Ò³ ¶μ Ëμ·³Ê² ³ (2.9), (2.25) ¨ τ∗

n . ‚ É ¡². 2
¶·¨¢¥¤¥´Ò § ¢¨¸¨³μ¸É¨ ¢¥²¨Î¨´ τn, τ∗

n ¨ ‖rn‖ μÉ ´μ³¥·  ¨É¥· Í¨¨. ‚ ´¥°
¶μ± § ´μ ¶·¥¨³ÊÐ¥¸É¢μ ¶·¥¤²μ¦¥´´μ£μ ¢ ¤ ´´μ° · ¡μÉ¥ ³¥Éμ¤  μ¶É¨³ ²Ó´μ£μ
¢Ò¡μ·  ¨É¥· Í¨μ´´μ£μ ¶ · ³¥É·  τ∗

n ��Œ�.
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