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Œ¥²¥³μ¢ •. ’., �μÖ¤¦¨¥¢ ’. ‹. P11-2008-142
‘¶² °´-±μ²²μ± Í¨μ´´ Ö ¸Ì¥³  ¶μ¢ÒÏ¥´´μ£μ ¶μ·Ö¤±  ÉμÎ´μ¸É¨
¤²Ö ¸¨¸É¥³ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¶μ¸É·μ¥´  ¸Ì¥³  ¸¶² °´-±μ²²μ± Í¨¨ ¤²Ö ·¥Ï¥´¨Ö ±· ¥¢ÒÌ § -
¤ Î ¤²Ö ²¨´¥°´ÒÌ ¸¨¸É¥³ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢Éμ·μ£μ ¶μ·Ö¤± .
� ¸¸³ É·¨¢ ¥É¸Ö É ±¦¥ ¸²ÊÎ °, ±μ£¤  Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò § ¤ ´Ò ´  ¢²μ¦¥´´ÒÌ ¨´É¥·¢ -
² Ì ¨§³¥´¥´¨Ö ´¥§ ¢¨¸¨³μ° ¶¥·¥³¥´´μ°. „²Ö ¤μ¸É ÉμÎ´μ £² ¤±¨Ì ·¥Ï¥´¨° ¸Ì¥³  ¨³¥¥É
ÉμÎ´μ¸ÉÓ O(h4) ´  · ¢´μ³¥·´μ° ¸¥É±¥ ¸ Ï £μ³ h. �¥ ²¨§ Í¨Ö ¸Ì¥³Ò ¸¢μ¤¨É¸Ö ± ¸¨¸É¥³¥
 ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¸ ¡²μÎ´μ-¤¨ £μ´ ²Ó´μ° ³ É·¨Í¥°, ¤²Ö ·¥Ï¥´¨Ö ±μÉμ·μ° ¶·¨³¥-
´Ö¥É¸Ö ³¥Éμ¤, Ö¢²ÖÕÐ¨°¸Ö ³μ¤¨Ë¨± Í¨¥° ±² ¸¸¨Î¥¸±μ£μ ³¥Éμ¤  ƒ Ê¸¸ . ‘Ì¥³  μÉ²¨Î ¥É¸Ö
¶·μ¸ÉμÉμ° ·¥ ²¨§ Í¨¨ ´  · ¢´μ³¥·´ÒÌ ¨ ´¥· ¢´μ³¥·´ÒÌ ¸¥É± Ì ¨ ²¥£±μ μ¡μ¡Ð ¥É¸Ö ´ 
§ ¤ Î Ì ¸ · §·Ò¢´Ò³¨ ±μÔËË¨Í¨¥´É ³¨ ¡¥§ ´ ·ÊÏ¥´¨Ö ¸É·Ê±ÉÊ·Ò  ²£¥¡· ¨Î¥¸±μ° ¸¨-
¸É¥³Ò. �´  ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´  ¶·¨ ·¥Ï¥´¨¨ Ï¨·μ±μ£μ ±² ¸¸  ´¥²¨´¥°´ÒÌ § ¤ Î
Ë¨§¨±¨. ‚ ± Î¥¸É¢¥ ±μ´±·¥É´μ£μ ¶·¨³¥·  ¶·¨²μ¦¥´¨Ö · ¸¸³ É·¨¢ ¥É¸Ö § ¤ Î  μ ¸É É¨-
Î¥¸±¨Ì · ¸¶·¥¤¥²¥´¨ÖÌ ³ £´¨É´ÒÌ ¶μÉμ±μ¢ ¢ £¥μ³¥É·¨Î¥¸±¨ ¸¨³³¥É·¨Î´μ³ ¤¢ÊÌ¸²μ°´μ³
¤¦μ§¥Ë¸μ´μ¢¸±μ³ ±μ´É ±É¥, μÉ¤¥²Ó´Ò¥ ¸Ê¡±μ´É ±ÉÒ ±μÉμ·μ£μ ¨³¥ÕÉ · §´ÊÕ ¤²¨´Ê.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

‘μμ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2008

Melemov H.T., Boyadjiev T. L. P11-2008-142
Spline-Collocation Scheme of High Order of Accuracy
for Systems of Ordinary Differential Equations

In this paper we propose spline-collocation scheme for solving linear boundary value
problems for systems of ODE's of the second order. We discuss the case when the system
is given on the embedded intervals too. For smooth enough solutions the scheme precision
on uniform grids is O(h4). The scheme can be easily generalized on discontinuous problems
without violation of the structure of the algebraic system. The scheme can be applied for
solving numerous nonlinear physical problems. As a concrete example we consider the
problem for static distributions of magnetic 	ux in a system of two magnetically coupled long
Josephson junctions with different layer lengths.

The investigation has been performed at the Laboratory of Information Technologies,
JINR.
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1. ��‘’���‚Š� ‡�„�—ˆ

‚μ¶·μ¸ ³ ¶μ¸É·μ¥´¨Ö · §´μ¸É´ÒÌ ¸Ì¥³ ¤²Ö ±· ¥¢ÒÌ § ¤ Î ¤²Ö μ¡Ò±´μ-
¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶μ¸¢ÖÐ¥´μ ¢´ÊÏ¨É¥²Ó´μ¥ ±μ²¨Î¥¸É¢μ
· ¡μÉ. ‡¤¥¸Ó ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ ¶·¥¦¤¥ ¢¸¥£μ ±² ¸¸¨Î¥¸±¨¥ ³μ´μ£· Ë¨¨ ‘ -
³ ·¸±μ£μ [1] ¨ Œ ·ÎÊ±  [2]. ‘·¥¤¨ ³´μ£μÎ¨¸²¥´´ÒÌ · ¡μÉ, ¢Ò¶μ²´¥´´ÒÌ ¢
�ˆŸˆ, μÉ³¥É¨³ ¸É ÉÓ¨ [3Ä6].

Œ¥Éμ¤ ±μ²²μ± Í¨¨ ¤²Ö ·¥Ï¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° μ¡μ¸´μ-
¢ ´ ¢ ±² ¸¸¨Î¥¸±μ° · ¡μÉ¥ Š ´Éμ·μ¢¨Î  [7]. ‚¢¨¤Ê ·Ö¤  ¶·¨Î¨´ ¶· ±É¨Î¥¸±μ¥
¶·¨³¥´¥´¨¥ É· ¤¨Í¨μ´´μ£μ ³¥Éμ¤  ±μ²²μ± Í¨¨ § É·Ê¤´¨É¥²Ó´μ. �¤´ ±μ ÔÉμÉ
³¥Éμ¤ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ Ë¨´¨É´ÒÌ ËÊ´±Í¨° ¨, ¢ Î ¸É´μ¸É¨, ¸¶² °´μ¢ [8Ä11]
¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¶μ¸É·μ¥´¨Ö Ï¨·μ±μ£μ ±² ¸¸  ¸Ì¥³, ·¥ ²¨§ Í¨Ö ±μÉμ·ÒÌ
´¥ ¸²μ¦´¥¥ ±² ¸¸¨Î¥¸±¨Ì · §´μ¸É´ÒÌ ¸Ì¥³ ¨ ¨³¥¥É ·Ö¤ ¸ÊÐ¥¸É¢¥´´ÒÌ ¶·¥-
¨³ÊÐ¥¸É¢. �¸´μ¢´μ¥ μÉ²¨Î¨¥ ³¥Éμ¤  ¸¶² °´-±μ²²μ± Í¨¨ μÉ É· ¤¨Í¨μ´´ÒÌ
· §´μ¸É´ÒÌ ³¥Éμ¤μ¢ § ±²ÕÎ ¥É¸Ö ¢ ¢μ§³μ¦´μ¸É¨ ´ °É¨ ¶·¨¡²¨¦¥´´μ¥  ´ ²¨-
É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ ¢ ¢¨¤¥ ¸¶² °´  ´  ¢¸¥³ ¨´É¥·¢ ²¥ ¨´É¥£·¨·μ¢ ´¨Ö.

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ Î¨¸²¥´´μ¥ ·¥Ï¥´¨¥ ±· ¥¢ÒÌ § ¤ Î ¤²Ö ²¨´¥°´ÒÌ
¸¨¸É¥³ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢Éμ·μ£μ ¶μ·Ö¤±  ¶·μ¢μ-
¤¨É¸Ö ¶·¨ ¶μ³μÐ¨ ³¥Éμ¤  ¸¶² °´-±μ²²μ± Í¨¨ ¢ ¢¨¤¥,  ´ ²μ£¨Î´μ³ ¶·¥¤²μ-
¦¥´´μ³Ê ¢ · ¡μÉ¥ [12].

� ¸¸³μÉ·¨³ ±· ¥¢ÊÕ § ¤ ÎÊ É·¥ÉÓ¥£μ ·μ¤  ¤²Ö ²¨´¥°´μ° ¸¨¸É¥³Ò ¨§ K
μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (�„“), § ¤ ´´μ° ´  ±μ´¥Î´μ³
¨´É¥·¢ ²¥ [−L, L],

Ayxx + B yx + C y = f , x ∈ (−L, L), (1.1a)

G± yx + H± y = r±, x = ±L, (1.1b)

£¤¥ y(x) = {yk(x)}, k = 1, 2, . . . , K , Å ¨¸±μ³ Ö ¢¥±Éμ·-ËÊ´±Í¨Ö · §³¥·´μ-
¸ÉÓÕ dimy = K; A(x) = {amk(x)}, B(x) = {bmk(x)}, C(x) = {cmk(x)},
m = 1, 2, . . . , K , Å § ¤ ´´Ò¥ ±¢ ¤· É´Ò¥ K-³ É·¨ÍÒ, ¶·¨Î¥³ detA(x) �= 0
¶·¨ x ∈ [−L, L]; f(x) = {fk(x)} Å § ¤ ´´ Ö K-¢¥±Éμ·-ËÊ´±Í¨Ö; G± ={
g±mk

}
¨ H± =

{
h±

mk

}
Å § ¤ ´´Ò¥ ¶μ¸ÉμÖ´´Ò¥ ±¢ ¤· É´Ò¥ K-³ É·¨ÍÒ;

r± =
{
r±k

}
Å § ¤ ´´Ò¥ ¶μ¸ÉμÖ´´Ò¥ K-¢¥±Éμ·Ò. ˆ´¤¥±¸Ò ± ¨¸¶μ²Ó§ÊÕÉ¸Ö

¤²Ö μ¡μ§´ Î¥´¨Ö ¢¥²¨Î¨´ ¢ £· ´¨Î´ÒÌ ÉμÎ± Ì ¨´É¥·¢ ²  ¨´É¥£·¨·μ¢ ´¨Ö.
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2. �‹ƒ��ˆ’Œ �…˜…�ˆŸ

‚¢¥¤¥³ ´  μÉ·¥§±¥ [−L, L] ¸¥É±Ê Ω ¨§ N Ê§²μ¢

Ω ≡ {xi+1 = xi + hi, i = 1, 2, . . . , N − 1, x1 = −L, xN = L}

¸ ¶¥·¥³¥´´Ò³ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ Ï £μ³ hi. �·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨¥ § ¤ Î¨ (1.1)
´  ± ¦¤μ³ Ô²¥³¥´É¥ [xi, xi+1] ¸¥É±¨ Ω ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ ¢¥±Éμ· 

s(x) = (s1(x), . . . , sK(x))T
, (2.1)

±μμ·¤¨´ ÉÒ ±μÉμ·μ£μ Ö¢²ÖÕÉ¸Ö ±Ê¡¨Î¥¸±¨³¨ ¸¶² °´ ³¨ [10]

sk(x) = φ(t)u+
k,i + ψ(t)hi m+

k,i + φ̄(t)u−
k,i+1 + ψ̄(t)hi m−

k,i+1. (2.2)

‡¤¥¸Ó ¨´¤¥±¸ T μ¡μ§´ Î ¥É É· ´¸¶μ´¨·μ¢ ´¨¥, ¨´¤¥±¸ k = 1, . . . , K . —¥·¥§
t = (x − xi)/hi, t ∈ [0, 1] μ¡μ§´ Î¥´  ²μ± ²Ó´ Ö ±μμ·¤¨´ É , {u±

k,i, m
±
k,i} Å

§´ Î¥´¨Ö ¸¶· ¢  ¨ ¸²¥¢  μÉ ¸¶² °´  sk(x) ¨ ¥£μ ¶·μ¨§¢μ¤´μ° mk(x) ≡ sk,x(x)
¢ Ê§² Ì i = 2, 3, . . . , N − 1 ¸¥É±¨ Ω. ‚ £· ´¨Î´ÒÌ Ê§² Ì Ω ¸ ´μ³¥· ³¨ 1 ¨
N μ¶·¥¤¥²¥´Ò ¸μμÉ¢¥É¸É¢¥´´μ ¶ ·Ò {u+

k,1, m
+
k,1} ¨ {u−

k,N , m−
k,N}. � §¨¸´Ò¥

ËÊ´±Í¨¨ φ(t) ¨ ψ(t) Ê¤μ¢²¥É¢μ·ÖÕÉ Ê¸²μ¢¨Ö³ φ(0) = 1, ψ̇(0) = 1,   μ¸É ²Ó´Ò¥
§´ Î¥´¨Ö ËÊ´±Í¨° ¨ ¨Ì ¶·μ¨§¢μ¤´ÒÌ ¢ Ê§² Ì Ô²¥³¥´É  · ¢´Ò ´Ê²Õ (ÉμÎ±μ°
¸¢¥·ÌÊ μ¡μ§´ Î¥´μ ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥ ¶μ ²μ± ²Ó´μ° ¶¥·¥³¥´´μ° t). Ÿ¢´Ò¥
¢Ò· ¦¥´¨Ö ¤²Ö ¢¥²¨Î¨´ φ(t) ¨ ψ(t) ¶·¨¢¥¤¥´Ò, ´ ¶·¨³¥·, ¢ ±´¨£¥ [10]:

φ(t) = (1 − t)2(1 + 2t), ψ(t) = t (1 − t)2.

„²Ö ËÊ´±Í¨° φ̄(t) ¨ ψ̄(t), ÊÎ ¸É¢ÊÕÐ¨Ì ¢ (2.2), ¢Ò¶μ²´¥´Ò ¸μμÉ´μÏ¥´¨Ö

φ̄(t) = φ(1 − t) , ψ̄(t) = −ψ(1 − t) . (2.3)

‚¢¥¤¥³ ´  ± ¦¤μ³ Ô²¥³¥´É¥ 1 � i � (N − 1) ¢¥±Éμ·-ËÊ´±Í¨Õ ´¥¢Ö§±¨

Δi(x) ≡ A(x)Sxx (x) + B(x)Sx (x) + C(x)S(x) − f(x). (2.4)

„²Ö μÉÒ¸± ´¨Ö 4K(N − 1) ´¥¨§¢¥¸É´ÒÌ {u±
k,i, m

±
k,i} μ¶·¥¤¥²¨³ 2N − 2

ÉμÎ¥± ±μ²²μ± Í¨¨ xij , j = 1, 2, ¶μ Ëμ·³Ê² ³

xij = xi + tjhi.

‡¤¥¸Ó t1 = (1−1/
√

3)/2 ¨ t2 = (1+1/
√

3)/2 Å Ê§²Ò ƒ Ê¸¸ ÄŠ·¨¸ÉμËË¥²Ö ´ 
¨´É¥·¢ ²¥ [0, 1]. „ ²¥¥ Î¥·¥§ uk,ij ¡Ê¤¥³ μ¡μ§´ Î ÉÓ §´ Î¥´¨¥ ËÊ´±Í¨¨ uk(x)
¢ ÉμÎ±¥ xij , É. ¥. uk,ij = uk(xij).
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–¥²¥¸μμ¡· §´μ Ê¶μ·Ö¤μÎ¨ÉÓ Ê§²μ¢Ò¥ ´¥¨§¢¥¸É´Ò¥ ¨ ¶· ¢Ò¥ Î ¸É¨ ¢ Ê§² Ì
Ω ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

ui = (u1,i, . . . , uK,i, m1,i, . . . , mK,i)T ,

fi = (f1,i1, . . . , fK,i1, f1,i2, . . . , fK,i2)T .

‚¢¥¤¥³ 2K × 2K-³ É·¨ÍÒ Ai = (Ai,js) ¨ Bi = (Bi,js)

Ai =
(

Ai,11 Ai,12

Ai,21 Ai,22

)
, Bi =

(
Bi,11 Bi,12

Bi,21 Bi,22

)
,

Ô²¥³¥´É ³¨ ±μÉμ·ÒÌ Ö¢²ÖÕÉ¸Ö ³ É·¨ÍÒ Ai,js ¨ Bi,js, j, s = 1, 2, · §³¥·´μ¸ÉÓÕ
K × K . ‚ ¸¢μÕ μÎ¥·¥¤Ó Ô²¥³¥´ÉÒ ¶μ¸²¥¤´¨Ì § ¤ ÕÉ¸Ö ¢Ò· ¦¥´¨Ö³¨

[Ai,j1]mk =
1
h2

i

φ̈jamk,ij +
1
hi

φ̇j bmk,ij + φjcmk,ij ,

[Ai,j2]mk =
1
hi

ψ̈jamk,ij +
1
hi

ψ̇j bmk,ij + ψjhicmk,ij ,

[Bi,j1]mk =
1
h2

i

¨̄φjamk,ij +
1
he

˙̄φj bmk,ij + φ̄jcmk,ij ,

[Bi,j2]mk =
1
hi

¨̄ψjamk,ij +
1
he

˙̄ψj bmk,ij + ψ̄jhicmk,ij ,

£¤¥ ¸ ÊÎ¥Éμ³ ¸¢μ°¸É¢ ¸¨³³¥É·¨¨ (2.3)

φ̄1 = φ2,
˙̄φ1 = φ̇2,

¨̄φ1 = φ̈2 , φ̄2 = φ1,
˙̄φ2 = −φ̇1,

¨̄φ2 = φ̈1,

ψ̄1 = −ψ2,
˙̄ψ1 = ψ̇2,

¨̄ψ1 = ψ̈2, ψ̄2 = −ψ1,
˙̄ψ2 = ψ̇1,

¨̄ψ2 = −ψ̈1.

‡´ Î¥´¨Ö ¡ §¨¸´ÒÌ ËÊ´±Í¨° φ(tj) ¨ ψ(tj) ¨ ¨Ì ¶·μ¨§¢μ¤´ÒÌ ¢ ÉμÎ± Ì ±μ²²μ-
± Í¨¨ ¶·¨¢¥¤¥´Ò ¢ É ¡². 1.

’ ¡²¨Í  1.

φ1 0,8849002 φ2 0,1150998 ψ1 0,1314458 ψ2 0,0352208
φ̇1 −1 φ̇2 −1 ψ̇1 0,2886751 ψ̇2 Ä0,2886751
φ̈1 Ä3,4641016 φ̈2 3,4641016 ψ̈1 Ä2,7320508 ψ̈2 0,7320508

„ ²¥¥ ¶μÉ·¥¡Ê¥³, ÎÉμ¡Ò ¢ ÉμÎ± Ì ±μ²²μ± Í¨¨ xij ´¥¢Ö§± , μ¶·¥¤¥²Ö¥³ Ö
Ëμ·³Ê²μ° (2.4), μ¡· Ð ² ¸Ó ¢ ´Ê²Ó, É. ¥. Δi(xij) = 0. 
Éμ ¶·¨¢μ¤¨É ± N − 1
¢¥±Éμ·´Ò³ Ê· ¢´¥´¨Ö³ ¢¨¤ 

Ai u+
i + Bi u−

i+1 = fi, (2.6)

i = 1, 2, . . . , N − 1, ¶μ μ¤´μ³Ê ´  ± ¦¤μ³ Ô²¥³¥´É¥ [xi, xi+1].

3



�  μÉ·¥§±¥ [−L, L] ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ Î¨¸²μ ¸± ²Ö·´ÒÌ Ê· ¢´¥´¨° ¥¸ÉÓ
2K(N − 1), ¨ μ´¨ ¸μ¤¥·¦ É 4K(N − 1) ´¥¨§¢¥¸É´ÒÌ. �μÉ·¥¡Ê¥³ ¤μ¶μ²´¨-
É¥²Ó´μ, ÎÉμ¡Ò ¢ ± ¦¤μ³ ¢´ÊÉ·¥´´¥³ Ê§²¥ i = 2, 3, . . . , N − 1 ¸¥É±¨ Ω ¸¶² °´-
¢¥±Éμ· s(x) ¨ ¥£μ ¶·μ¨§¢μ¤´ Ö ¡Ò²¨ ´¥¶·¥·Ò¢´Ò³¨. 
Éμ μ§´ Î ¥É, ÎÉμ

u−
i = u+

i = ui , i = 2, . . . , N − 1.

�·¨ ÔÉ¨Ì ¶·¥¤¶μ²μ¦¥´¨ÖÌ Ê¸²μ¢¨Ö ±μ²²μ± Í¨¨ ¸¢μ¤ÖÉ¸Ö ± 2K(N − 1)
²¨´¥°´Ò³  ²£¥¡· ¨Î¥¸±¨³ Ê· ¢´¥´¨Ö³ ¤²Ö 2NK ´¥¨§¢¥¸É´ÒÌ (u1,i, . . . , uK,i,
m1,i, . . . , mK,i). „²Ö § ³Ò± ´¨Ö ¸¨¸É¥³Ò ¨¸¶μ²Ó§ÊÕÉ¸Ö £· ´¨Î´Ò¥ Ê¸²μ-
¢¨Ö (1.1b).

‚¢¥¤¥³ 2KN -¢¥±Éμ· ´¥¨§¢¥¸É´ÒÌ U = (u1,u2, . . . ,uN )T ,   É ±¦¥ 2KN -

¢¥±Éμ· ¶· ¢ÒÌ Î ¸É¥° V = (r−, f1, f2, . . . , fN−1, r+)T . ‚ ¨Éμ£¥ ·¥ ²¨§ -
Í¨Ö ¸¶² °´-· §´μ¸É´μ° ¸Ì¥³Ò Ô±¢¨¢ ²¥´É´  ¸²¥¤ÊÕÐ¥° ¤¢ÊÌÉμÎ¥Î´μ° ¸¨¸É¥³¥
¢¥±Éμ·´ÒÌ ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°:

W U = V. (2.7)

Œ É·¨Í  W ¸¨¸É¥³Ò ¨³¥¥É ¡²μÎ´μ-¤¨ £μ´ ²Ó´ÊÕ ¸É·Ê±ÉÊ·Ê [9]. —¨¸²μ ¡²μ-
±μ¢ W ¸μμÉ¢¥É¸É¢Ê¥É Î¨¸²Ê (N − 1) ¶μ¤Ò´É¥·¢ ²μ¢ ¸¥É±¨. —¨¸²μ ¸Éμ²¡Íμ¢
± ¦¤μ£μ ¡²μ±  Ë¨±¸¨·μ¢ ´μ Å 4K , Î¨¸²μ ¸É·μ± ¡²μ±μ¢ § ¢¨¸¨É μÉ ´μ³¥· 
¡²μ± . �²μ±¨ ¸ ´μ³¥· ³¨ i = 2, 3, . . . , N −2 ¨³¥ÕÉ 2K ¸É·μ±. �¥·¢Ò° (i = 1)
¨ ¶μ¸²¥¤´¨° (i = N − 1) ¡²μ±¨ ¸μ¤¥·¦ É ¤μ¶μ²´¨É¥²Ó´Ò¥ ¸É·μ±¨, ±μÉμ·Ò¥
ÊÎ¨ÉÒ¢ ÕÉ ±· ¥¢Ò¥ Ê¸²μ¢¨Ö (1.1b):

D− u1 = r−, D+ uN = r+.

‡¤¥¸Ó D± =
{
d±kn

}
Å ¶·Ö³μÊ£μ²Ó´ Ö K × 2K-³ É·¨Í , ¢ ±μÉμ·μ° ¶¥·¢Ò¥ K

¸Éμ²¡Íμ¢ ¸μμÉ¢¥É¸É¢ÊÕÉ ³ É·¨Í¥ G,   ¢Éμ·Ò¥ K Å ³ É·¨Í¥ H , É. ¥. ¤²Ö k =
1, . . . , K ¨³¥¥³ d±kn = g±kn, n = 1, . . . , K , ¨ d±kn = h±

kn−K , n = K +1, . . . , 2K .
Š¢ ¤· É´ Ö ³ É·¨Í  W ¨³¥¥É ¸²¥¤ÊÕÐÊÕ ¸É·Ê±ÉÊ·Ê:

W =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

D− 0 0 . . . . . . .
A1 B1 0 . . . . . . .
0 A2 B2 0 . . . . . .
. . . . . . . . . .
. . . . . . . . . .
. . . . . . . . . .
. . . 0 As Bs 0 . . .
. . . . 0 As+1 Bs+1 0 . .
. . . . . . . . . .
. . . . . . . . . .
. . . . . . 0 AN−2 BN−2 0
. . . . . . . 0 AN−1 BN−1

. . . . . . . . 0 D+

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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„²Ö ·¥Ï¥´¨Ö ¸¨¸É¥³Ò  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° (2.7) ¨¸¶μ²Ó§Ê¥É¸Ö ¸¶¥-
Í¨ ²¨§¨·μ¢ ´´ Ö ¶μ¤¶·μ£· ³³  CWIDTH [9]. 
É  ¶·μ£· ³³  ·¥ ²¨§Ê¥É ³¥-
Éμ¤ ƒ Ê¸¸  ¸ ¢Ò¡μ·μ³ £² ¢´μ£μ Ô²¥³¥´É , ³μ¤¨Ë¨Í¨·μ¢ ´´Ò° ¤²Ö ¡²μÎ´μ-
¤¨ £μ´ ²Ó´ÒÌ ³ É·¨Í ¸ μ¤¨´ ±μ¢Ò³ Î¨¸²μ³ ¸Éμ²¡Íμ¢ ¢ ± ¦¤μ³ ¡²μ±¥.

� ¸¸³μÉ·¨³ É¥¶¥·Ó ¸²ÊÎ °, ±μ£¤  ¢ ´¥±μÉμ·μ° § ¤ ´´μ° ÉμÎ±¥ x = xd

·¥Ï¥´¨¥ y(x) = {y1(x), . . . , yK(x)} § ¤ Î¨ (1.1) Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´μ° ËÊ´±-
Í¨¥°

yk(xd − 0) = yk(xd + 0),

´μ ¶·μ¨§¢μ¤´ Ö yx (x) É¥·¶¨É · §·Ò¢ ¶¥·¢μ£μ ·μ¤  ¶μ Ëμ·³Ê² ³

yk,x (xd + 0) =
K∑

m=1

Dd,km ym,x (xd − 0) − pd,k, (2.8)

£¤¥ Dd = {Dd,mk} Å § ¤ ´´ Ö ¶μ¸ÉμÖ´´ Ö ±¢ ¤· É´ Ö K-³ É·¨Í  ¨ pd =
{pd,k} Å § ¤ ´´Ò° ¶μ¸ÉμÖ´´Ò° K-¢¥±Éμ·. ‡ ¤ Î¨ ¸ · §·Ò¢ ³¨ Ê± § ´´μ£μ
¢¨¤  Î ¸Éμ ¢¸É·¥Î ÕÉ¸Ö ¢ Ë¨§¨±¥.

„²Ö ±μ··¥±É´μ£μ ÊÎ¥É  μ£· ´¨Î¥´¨° (2.8) ¢Ò¡¥·¥³ ¸¥É±Ê Ω É ±, ÎÉμ¡Ò
ÉμÎ±  xd Ö¢²Ö² ¸Ó Ê§²μ³. �Ê¸ÉÓ 1 < r < N ¥¸ÉÓ ´μ³¥· ÔÉμ£μ Ê§² . ’μ£¤  ÊÎ¥É
· §·Ò¢  ¶·μ¨§¢μ¤´μ° ¸¢μ¤¨É¸Ö ± ¶¥·¥¶·¨¸¢μ¥´¨Õ Ô²¥³¥´É ³ Ar,j2 ¨ ¶· ¢Ò³
Î ¸ÉÖ³ rkj ¡²μ±  ¸ ´μ³¥·μ³ r §´ Î¥´¨°

A r,j 2 : = Ar,j 2Dd , rrj := rrj + Ar,j 2 pd.

�É³¥É¨³, ÎÉμ ¶·¨ ÔÉμ³ ¸É·Ê±ÉÊ·  ³ É·¨ÍÒ W ²¨´¥°´μ° ¸¨¸É¥³Ò (2.7)
¸μÌ· ´Ö¥É¸Ö ´¥¨§³¥´´μ°.

3. —ˆ‘‹…��›‰ ’…‘’

‚ ± Î¥¸É¢¥ É¥¸Éμ¢μ£μ ¶·¨³¥·  · ¸¸³μÉ·¨³ ²¨´¥°´ÊÕ ±· ¥¢ÊÕ § ¤ ÎÊ ¤²Ö
²¨´¥°´μ° ¸¨¸É¥³Ò μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°

y1,xx + 6y1 + 7 y2 = 0, (3.1a)

y2,xx + 3y1 + 2 y2 = 2x . (3.1b)

�¡Ð¥¥ ·¥Ï¥´¨¥ · ¸¸³ É·¨¢ ¥³μ° ¸¨¸É¥³Ò ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

y1(x) = c1 ex + c2 e−x + 7c3 cos 3x + 7c4 sin 3x + 14/9 x,

y2(x) = −c1 ex − c2 e−x + 3c3 cos 3x + 3c4 sin 3x − 4/3 x.

ŒÒ · ¸¸³μÉ·¨³ ²¨´¥°´ÊÕ ±· ¥¢ÊÕ § ¤ ÎÊ ¤²Ö ¸¨¸É¥³Ò (3.1) ´  ¨´É¥·¢ ²¥
x ∈ (0, 1) ¸ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨

y1,x(0) = 42/9 , y2,x(0) = 0, (3.2a)

y1,x(1) = 42/9 , y2,x(1) = 0. (3.2b)
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‚ ÔÉμ³ ¸²ÊÎ ¥ ÉμÎ´μ¥  ´ ²¨É¨Î¥¸±μ¥ ·¥Ï¥´¨¥ ¸²¥¤ÊÕÐ¥¥:

y1(x) =
28(cos 3 − 1)

27 sin 3
cos 3x +

28
27

sin 3x +
14
9

x, (3.3a)

y2(x) =
28(cos 3 − 1)

27 sin 3
cos 3x +

28
27

sin 3x − 4
3

x. (3.3b)

„²Ö Î¨¸²¥´´μ£μ ¨¸¸²¥¤μ¢ ´¨Ö ÉμÎ´μ¸É¨ § ¤ Î  (3.1), (3.2) ·¥Ï ² ¸Ó ´  ¶μ-
¸²¥¤μ¢ É¥²Ó´μ¸É¨ · ¢´μ³¥·´ÒÌ ¸¥Éμ± ¸ N = 33, 65 ¨ 129 Ê§² ³¨. ‚ É ¡². 2, 3
¶·¨¢¥¤¥´Ò §´ Î¥´¨Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ui,0 = si(0) ¢ ÉμÎ±¥ x = 0 ¨, ¸μμÉ-
¢¥É¸É¢¥´´μ, §´ Î¥´¨Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ui,1 = si(1) ¢ ÉμÎ±¥ x = 1.

’ ¡²¨Í  2.

N u1,0 u2,0

33 Ä14,623690513719204 Ä6,267295934450878
65 Ä14,623694494387587 Ä6,267297640451075
129 Ä14,623694743402968 Ä6,267297747168608

’ ¡²¨Í  3.

N u1,1 u2,1

33 16,179246069274665 4,933962601117548
65 16,179250049942340 4,933964307118434
129 16,179250298954461 4,933964413838836

�μ ÔÉ¨³ ¤ ´´Ò³ ¢ÒÎ¨¸²¥´´Ò¥ ¶μ± § É¥²¨ �Ê´£¥

ru =
uh − uh/2

uh/2 − uh/4
(3.4)

· ¢´Ò ru ≈ 15,985 ¢ μ¡μ¨Ì Ê§² Ì. 
Éμ μ§´ Î ¥É, ÎÉμ · ¸¸³ É·¨¢ ¥³ Ö ¸¶² °´-
±μ²²μ± Í¨μ´´ Ö ¸Ì¥³   ¶¶·μ±¸¨³¨·Ê¥É ·¥Ï¥´¨¥ (3.1) ¸ ÉμÎ´μ¸ÉÓÕ O(h4) ´ 
· ¢´μ³¥·´μ° ¸¥É±¥.

’ ± ± ± ®¶μ ¶μ¸É·μ¥´¨Õ¯ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö (3.2) ¢Ò¶μ²´¥´Ò ÉμÎ´μ,
Éμ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¶μ± § É¥²¥° �Ê´£¥ ¤²Ö ¶·μ¨§¢μ¤´ÒÌ ³Ò · ¸¸³μÉ·¨³ ¤μ-
¶μ²´¨É¥²Ó´μ §´ Î¥´¨Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ¢ ÉμÎ± Ì x = 0,25 ¨ x = 0,75.
‚ É ¡². 4, 5 ¶·¨¢¥¤¥´Ò §´ Î¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ ¸¶² °´  mi,0,25 ¢ ÉμÎ±¥
x = 0,25 ¨, ¸μμÉ¢¥É¸É¢¥´´μ, mi,0,75 ¢ ÉμÎ±¥ x = 0, 75.

‚ÒÎ¨¸²¥´´Ò¥ ¶μ ÔÉ¨³ ¤ ´´Ò³ ¶μ± § É¥²¨ �Ê´£¥ · ¢´Ò ru ≈ 15,986 ¨
rm ≈ 15,992 ¢ μ¡μ¨Ì Ê§² Ì Å ¶·μ¨§¢μ¤´Ò¥ ·¥Ï¥´¨Ö (3.1) ¢ Ê§² Ì ¸¥É±¨
É ±¦¥  ¶¶·μ±¸¨³¨·ÊÕÉ¸Ö ¸ ÉμÎ´μ¸ÉÓÕ O(h4). ’ ±¨³ μ¡· §μ³, ¶·¥¤²μ¦¥´´ Ö
¸¶² °´-· §´μ¸É´ Ö ¸Ì¥³  ¶·¨¡²¨¦ ¥É ¸ μ¤´μ° ¨ Éμ° ¦¥ ÉμÎ´μ¸ÉÓÕ O(h4) ± ±
·¥Ï¥´¨¥ ±· ¥¢μ° § ¤ Î¨ (3.1), É ± ¨ ¥£μ ¶·μ¨§¢μ¤´ÊÕ.

6



’ ¡²¨Í  4.

N m1;0,25 m2;0,25

33 33,736140653562330 12,458345994383420
65 33,736151679458757 12,458350719767523
129 33,736152368920784 12,458351015248555

’ ¡²¨Í  5.

N m1;0,75 m2;0,75

33 33,736140653562344 12,458345994383441
65 33,736151679458750 12,458350719767521
129 33,736152368920848 12,458351015248585

4. ‹ˆ�…‰�›… ‘ˆ‘’…Œ› �„“ �� ‚‹�†…��›• ˆ�’…�‚�‹�•

�¶¨¸ ´´Ò° ¢ÒÏ¥  ²£μ·¨É³ ´¥É·Ê¤´μ μ¡μ¡Ð¨ÉÓ ´  ±· ¥¢Ò¥ § ¤ Î¨ ¤²Ö
�„“ ´  ¢²μ¦¥´´ÒÌ ¨´É¥·¢ ² Ì ¨§³¥´¥´¨Ö ´¥§ ¢¨¸¨³μ° ¶¥·¥³¥´´μ° [13].

� ¸¸³μÉ·¨³ ²¨´¥°´ÊÕ ¸¨¸É¥³Ê �„“, § ¤ ´´ÊÕ ´  ¨´É¥·¢ ² Ì I = [−L, L],
Ǐ = [−l, l] ¨ Î = I\Ǐ = [−L,−l) ∪ (l, L] ¢¨¤ 

−Â ŷxx + B̂ ŷx + Ĉ ŷ = f̂ , x ∈ Î\∂Î, (4.1a)

Ĝ± ŷx + Ĥ± ŷ = r̂±, x ∈ ∂I, (4.1b)

−Ayxx + B yx + C y = f , x ∈ Ǐ\∂Ǐ, (4.1c)

G± yx + H± y = r±, x ∈ ∂Ǐ. (4.1d)

‡¤¥¸Ó y(x) = (ŷ(x), y̌(x))T Å ¨¸±μ³ Ö ¢¥±Éμ·-ËÊ´±Í¨Ö · §³¥·´μ¸ÉÓÕ dimy =
K , dim ŷ = M , K � M ; Â(x), B̂(x), Ĉ(x) Å § ¤ ´´Ò¥ ±¢ ¤· É´Ò¥ M -
³ É·¨ÍÒ, ¶·¨Î¥³ det Â(x) �= 0 ¤²Ö x ∈ Î; f̂ (x) Å § ¤ ´´ Ö M -¢¥±Éμ·-
ËÊ´±Í¨Ö; Ĝ± ¨ Ĥ± Å § ¤ ´´Ò¥ ¶μ¸ÉμÖ´´Ò¥ ±¢ ¤· É´Ò¥ M -³ É·¨ÍÒ; r̂± Å
§ ¤ ´´Ò¥ ¶μ¸ÉμÖ´´Ò¥ M -¢¥±Éμ·Ò; A(x), B(x), C(x) Å § ¤ ´´Ò¥ ±¢ ¤· É´Ò¥
K-³ É·¨ÍÒ; det A(x) �= 0 ¤²Ö x ∈ Ǐ , f(x) Å § ¤ ´´ Ö K-¢¥±Éμ·-ËÊ´±Í¨Ö;
G± ¨ H± Å § ¤ ´´Ò¥ ¶μ¸ÉμÖ´´Ò¥ (N − M) × N -³ É·¨ÍÒ, r± Å § ¤ ´´Ò¥
(K − M)-¶μ¸ÉμÖ´´Ò¥ ¢¥±Éμ·Ò. Šμμ·¤¨´ ÉÒ ¢¥±Éμ·-ËÊ´±Í¨¨ ŷ(x) ´¥¶·¥-
·Ò¢´Ò ¢³¥¸É¥ ¸ ¶¥·¢Ò³¨ ¶·μ¨§¢μ¤´Ò³¨ ´  £· ´¨Í¥ ∂Ǐ μ¡² ¸É¨ Ǐ .

„²Ö ±μ··¥±É´μ° ·¥ ²¨§ Í¨¨ ³¥Éμ¤  ¸¶² °´-±μ²²μ± Í¨¨ ¢Ò¡¥·¥³ ¸¥É±Ê Ω
É ±, ÎÉμ¡Ò £· ´¨Î´Ò¥ ÉμÎ±¨ xp = −l ¨ xr = l ¶·¨ 1 � p < r � N Ö¢²Ö²¨¸Ó
Ê§² ³¨ Ω. �·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò (4.1) ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥

s =
{

ŝ(x), x ∈ Î ,
š(x), x ∈ Ǐ .
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‡¤¥¸Ó ±μμ·¤¨´ ÉÒ M -¢¥±Éμ·  ŝ ¨ K-¢¥±Éμ·  š ¨³¥ÕÉ ¢¨¤,  ´ ²μ£¨Î´Ò° (2.2).
‘μμÉ¢¥É¸É¢¥´´μ, ¢¥±Éμ·Ò ´¥¨§¢¥¸É´ÒÌ ûi ¨ ¶· ¢ÒÌ Î ¸É¥° f̂i ¢ Ê§² Ì Ω ¨³¥ÕÉ
· §³¥·´μ¸ÉÓ 2M ¤²Ö i = 1, 2, . . . , p − 1 ¨ i = r + 1, 2, . . . , N ,   ¢¥±Éμ·Ò
ui ¨ fi, i = p, p + 1, . . . , r Å · §³¥·´μ¸ÉÓ 2K . ’μ£¤  £²μ¡ ²Ó´Ò¥ ¢¥±Éμ·Ò
´¥¨§¢¥¸É´ÒÌ U = (û1, . . . , ûp−1,up, . . . ,ur, ûp+1, . . . , ûN )T ¨ ¶· ¢ÒÌ Î ¸É¥°

V = (r̂−, f̂1, . . . , f̂p−1,r−, fp, . . . , fr,r+, f̂r+1, . . . , f̂N−1, r̂+)T ¡Ê¤ÊÉ ¨³¥ÉÓ · §-
³¥·´μ¸ÉÓ 2M(p − 1) + 2K(r − p + 1) + 2M(N − r).

‚ ·¥§Ê²ÓÉ É¥ ·¥ ²¨§ Í¨Ö ¸¶² °´-· §´μ¸É´μ° ¸Ì¥³Ò ¸´μ¢  ¶·¨¢μ¤¨É ± ¸¨-
¸É¥³¥ ¢¥±Éμ·´ÒÌ ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨° ¢¨¤  (2.7) ¸ ³ É·¨Í¥°
W ¡²μÎ´μ-¤¨ £μ´ ²Ó´μ° ¸É·Ê±ÉÊ·Ò. �·¨ ÔÉμ³ Î¨¸²μ ¸Éμ²¡Íμ¢ ± ¦¤μ£μ ¡²μ± 
Ë¨±¸¨·μ¢ ´μ ¨ · ¢´μ 4K ,   Î¨¸²μ ¸É·μ± § ¢¨¸¨É μÉ ´μ³¥·  ¡²μ± . �  ¶μ¤Ò´-
É¥·¢ ² Ì Î ¡²μ±¨ W ¨³¥ÕÉ 2M ¸É·μ±, §  ¨¸±²ÕÎ¥´¨¥³ ¶¥·¢μ£μ ¨ ¶μ¸²¥¤´¥£μ
¡²μ±μ¢. 
É¨ ¤¢  ¡²μ±  ¸μ¤¥·¦ É ¤μ¶μ²´¨É¥²Ó´Ò¥ M ¸É·μ±, ±μÉμ·Ò¥ ÊÎ¨ÉÒ-
¢ ÕÉ ±· ¥¢Ò¥ Ê¸²μ¢¨Ö (4.1b). �²μ±¨ ´  £· ´¨Í Ì x = ±l ¨³¥ÕÉ 2M ¸É·μ± μÉ
¤¨¸±·¥É¨§ Í¨¨ (4.1a) ¨ K − M ¸É·μ± μÉ ±· ¥¢ÒÌ Ê¸²μ¢¨° (4.1d). �²μ±¨ ´ 
¨´É¥·¢ ²¥ Ǐ ¨³¥ÕÉ 2K ¸É·μ±.

5. ��ˆ‹�†…�ˆŸ ‚ ”ˆ‡ˆŠ… „†�‡…”‘���‚‘Šˆ• Š��’�Š’�‚

‚ ± Î¥¸É¢¥ ±μ´±·¥É´μ£μ ¶·¨²μ¦¥´¨Ö · ¸¸³μÉ·¨³ § ¤ ÎÊ μ ¸É É¨Î¥¸±¨Ì
· ¸¶·¥¤¥²¥´¨ÖÌ ³ £´¨É´ÒÌ ¶μÉμ±μ¢ ¢ ¤¢ÊÌ¸²μ°´μ³ ¤¦μ§¥Ë¸μ´μ¢¸±μ³ ±μ´-
É ±É¥, μÉ¤¥²Ó´Ò¥ ¸Ê¡±μ´É ±ÉÒ ±μÉμ·μ£μ ¨³¥ÕÉ · §´ÊÕ ¤²¨´Ê. “¶·μÐ¥´´ Ö
¸Ì¥³  É ±μ£μ ¸É¥±  ¤¥³μ´¸É·¨·Ê¥É¸Ö ´  ·¨¸. 1. ‘¢¥É²Ò¥ ¶·Ö³μÊ£μ²Ó´¨±¨
¨§μ¡· ¦ ÕÉ ¸¢¥·Ì¶·μ¢μ¤ÖÐ¨¥ Ô²¥±É·μ¤Ò,   § É¥³´¥´´Ò¥ Å ¸μμÉ¢¥É¸É¢ÊÕ-
Ð¨¥ ¡ ·Ó¥·´Ò¥ ¸²μ¨. „²¨´  ¤²¨´´μ£μ ¸Ê¡±μ´É ±É  JJ1 ¥¸ÉÓ 2L, ¤²¨´  ±μ-
·μÉ±μ£μ JJ2 · ¢´  2l. …¸²¨ ¸·¥¤´¨¥ ÉμÎ±¨ ¸Ê¡±μ´É ±Éμ¢ ¸μ¢¶ ¤ ÕÉ, ÎÉμ
´¨¦¥ ¶·¥¤¶μ² £ ¥É¸Ö ¢Ò¶μ²´¥´´Ò³, ¸É¥± ¡Ê¤¥³ ´ §Ò¢ ÉÓ £¥μ³¥É·¨Î¥¸±¨ ¸¨³-
³¥É·¨Î´Ò³.

�¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ ³ £´¨É´Ò¥ ¶μÉμ±¨ ϕ1(x) ¨ ϕ2(x)
¢ ¤²¨´´μ³ ¨ ±μ·μÉ±μ³ ¸²μÖÌ Ê¤μ¢²¥É¢μ·ÖÕÉ ¸²¥¤ÊÕÐ¥° ´¥²¨´¥°´μ° ±· ¥¢μ°
§ ¤ Î¥ [13]:

ϕ1,x(−L) = he , (5.1a)

−ϕ1,xx + sin ϕ1 − γ = 0, x ∈ (−L,−l), (5.1b)

ϕ2,x(−l + 0) − sϕ1,x(−l + 0) = (1 − s)he , (5.1c)

−Aϕxx + Jz(ϕ) + Γ = 0 , x ∈ (−l, l), (5.1d)

ϕ2,x(l − 0) − sϕ1,x(l − 0) = (1 − s)he, (5.1e)

−ϕ1,xx + sin ϕ1 − γ = 0, x ∈ (l, L), (5.1f)

ϕ1,x(L) = he. (5.1g)
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�¨¸. 1. ‘Ì¥³  ¤¢ÊÌ¸²μ°´μ£μ ±μ´É ±É 

‚¥±Éμ· ϕ = (ϕ1, ϕ2)T μ¶·¥¤¥²¥´ ¶·¨ x ∈ [−l, l], ¢¥±Éμ· ¢´¥Ï´¥£μ Éμ± 
Γ = γ (1, 1)T , £¤¥ ¤²Ö ¶·μ¸ÉμÉÒ ¶²μÉ´μ¸ÉÓ γ = const. �´ ²μ£¨Î´μ, 2-¢¥±Éμ·
He = he(1, 1)T ,   ¶μ¸ÉμÖ´´ Ö he ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¢´¥Ï´¥¥ ³ £´¨É´μ¥ ¶μ²¥,
´ ¶· ¢²¥´´μ¥ ¢¤μ²Ó μ¸¨ y ¢ ¶²μ¸±μ¸É¨ ±μ´É ±É . Š¢ ¤· É´ Ö ¸¨³³¥É·¨Î¥¸± Ö
³ É·¨Í 

A(s) =
1

1 − s2

(
1 −s
−s 1

)

§ ¢¨¸¨É Éμ²Ó±μ μÉ ±μÔËË¨Í¨¥´É  ¨´¤Ê±É¨¢´μ° ¸¢Ö§¨ s ∈ (−1, 0] ³¥¦¤Ê ¸²μ-
Ö³¨ ±μ´É ±É  [14, 15]. ‚¥±Éμ· Éμ±μ¢ „¦μ§¥Ë¸μ´  § ¤ ¥É¸Ö ± ± Jz = (sin ϕ1,
1/ρ sinϕ2)T , £¤¥ ¶ · ³¥É· ρ = l/L ∈ (0, 1], ¶·¨Î¥³ ¢¥²¨Î¨´  1/ρ ¥¸ÉÓ  ³-
¶²¨ÉÊ¤  Éμ±  „¦μ§¥Ë¸μ´  ¢ ¸Ê¡±μ´É ±É¥ JJ2. ‚¸¥ ¢¥²¨Î¨´Ò § ¶¨¸ ´Ò ¢
¡¥§· §³¥·´μ³ ¢¨¤¥ [16].

�É³¥É¨³, ÎÉμ μ¡Ð¨¥ Ê· ¢´¥´¨Ö ¤²Ö ³´μ£μ¸²μ°´ÒÌ ¤¦μ§¥Ë¸μ´μ¢¸±¨Ì ±μ´-
É ±Éμ¢ ¸ ¸Ê¡±μ´É ±É ³¨ μ¤¨´ ±μ¢μ° ¤²¨´Ò ¸ ÊÎ¥Éμ³ ¨´¤Ê±É¨¢´μ£μ ¨ ¥³±μ¸É-
´μ£μ ¢§ ¨³μ¤¥°¸É¢¨° ¶μ²ÊÎ¥´Ò ¢ [14,15].

�¥Ï¥´¨Ö (5.1) § ¢¨¸ÖÉ ´¥ Éμ²Ó±μ μÉ Ë¨§¨Î¥¸±μ° ±μμ·¤¨´ ÉÒ x, ´μ ¨ μÉ
¶ · ³¥É·μ¢ l, s, he ¨ γ, É. ¥. ϕ = ϕ(x, p), £¤¥ Î¥·¥§ p ≡ {l, s, hB, γ}, p ∈
P ⊂ R

4 μ¡μ§´ Î¥´ 4-¢¥±Éμ· ¶ · ³¥É·μ¢ ³μ¤¥²¨. „ ²¥¥ § ¢¨¸¨³μ¸ÉÓ μÉ p
¢Ò¶¨¸Ò¢ ¥³ Éμ²Ó±μ ¶·¨ ´¥μ¡Ìμ¤¨³μ¸É¨.

� ¢¥´¸É¢  (5.1a) ¨ (5.1g) Å ÔÉμ ±· ¥¢Ò¥ Ê¸²μ¢¨Ö ¤²Ö ËÊ´±Í¨¨ ϕ1(x) ´ 
¢´¥Ï´¨Ì £· ´¨Í Ì x = ±L ¨´É¥·¢ ²  I ,   (5.1c) ¨ (5.1e) Å ±· ¥¢Ò¥ Ê¸²μ¢¨Ö
¤²Ö ϕ2(x) ´  x = ±l = ∂Ǐ ¸ ÊÎ¥Éμ³ ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê ¸²μÖ³¨.

�  £· ´¨Í Ì x = ±l ¢Ò¶μ²´ÖÕÉ¸Ö É ±¦¥ μ¡ÒÎ´Ò¥ Ê¸²μ¢¨Ö £² ¤±μ¸É¨ ¶μ-
Éμ±  ϕ1(x), ´μ Éμ± ϕ1,xx(x) ¢ ÔÉ¨Ì ÉμÎ± Ì ¶·¨ s < 0 ³μ¦¥É É¥·¶¥ÉÓ · §·Ò¢Ò,
¶μ·μ¦¤¥´´Ò¥ Ê¸²μ¢¨Ö³¨ (5.1c) ¨ (5.1e).

—¨¸²¥´´μ¥ ·¥Ï¥´¨¥ ´¥²¨´¥°´μ° ±· ¥¢μ° § ¤ Î¨ (5.1) μ¸´μ¢Ò¢ ¥É¸Ö ´ 
´¥¶·¥·Ò¢´μ³  ´ ²μ£¥ ³¥Éμ¤  �ÓÕÉμ´  [17Ä19]. ‘É ´¤ ·É´Ò³ μ¡· §μ³ ´ 
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± ¦¤μ° ¨É¥· Í¨¨ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ¶·¨Ìμ¤¨³ ± ²¨´¥°´μ° ±· ¥¢μ°
§ ¤ Î¥

w1,x(−L) = −ϕ1,x(−L) + he , (5.2a)

−w1,xx + cosϕ1w1 = ϕ1,xx − sinϕ1 + γ, (5.2b)

w2,x (−l + 0) − s w1,x (−l + 0) =
−ϕ2,x (−l + 0) + sϕ1,x (−l − 0) + (1 − s)he, (5.2c)

−Awxx + Q(x)w = Aϕxx − Jz(ϕ) − Γ, (5.2d)

w2,x (l − 0) − s w1,x (l − 0) =
−ϕ2,x (l − 0) + sϕ1,x (l − 0) + (1 − s)he, (5.2e)

−w1,xx + cosϕ1w1 = ϕ1,xx − sinϕ1 + γ, (5.2f)

w1,x (L) = −ϕ1,x(L) + he, (5.2g)

±μÉμ· Ö, μÎ¥¢¨¤´μ, μÉ´μ¸¨É¸Ö ± § ¤ Î ³ ¢¨¤  (4.1). �·¨ ÔÉμ³ 2-³ É·¨Í 
¶μÉ¥´Í¨ ²μ¢

Q(x) = diag

(
cosϕ1,

1
ρ

cosϕ2

)
.

�¨¦¥ ±μ·μÉ±μ · ¸¸³μÉ·¨³ ¢²¨Ö´¨¥ ´¥μ¤¨´ ±μ¢μ¸É¨ ¤²¨´ ¸Ê¡±μ´É ±Éμ¢
´  ´¥±μÉμ·Ò¥ ¸μ¸ÉμÖ´¨Ö ¢ ¸É¥±¥, ´¥ ±μ³³¥´É¨·ÊÖ ¨Ì Ê¸Éμ°Î¨¢μ¸ÉÓ. ‚¸¥ Î¨-
¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¶·¨¢¥¤¥´´Ò¥ ´¨¦¥, ¶μ²ÊÎ¥´Ò ¤²Ö ®¤μ¸É ÉμÎ´μ ¤²¨´´μ-
£μ¯ ±μ´É ±É  (2L = 10, 2l = 8) ¸ ±μÔËË¨Í¨¥´Éμ³ ¨´¤Ê±É¨¢´μ° ¸¢Ö§¨ ³¥¦¤Ê
¸Ê¡±μ´É ±É ³¨ s = −0, 3.

‚ ¦´ÊÕ ·μ²Ó ¢ É¥μ·¨¨ ¨ ¶·¨²μ¦¥´¨ÖÌ ¤¦μ§¥Ë¸μ´μ¢¸±¨Ì ±μ´É ±Éμ¢ ¨£· ÕÉ
¢¨Ì·¥¢Ò¥ (Ë² ±¸μ´´Ò¥) · ¸¶·¥¤¥²¥´¨Ö ³ £´¨É´μ£μ ¶μÉμ± . •μ·μÏμ ¨§¢¥¸É´μ,
ÎÉμ ¢ ®¡¥¸±μ´¥Î´μ³¯ ¥¤¨´¨Î´μ³ ±μ´É ±É¥ (L → ∞), μ¶¨¸Ò¢ ¥³μ³ ®μ¡ÒÎ-
´Ò³¯ Ê· ¢´¥´¨¥³ sine-Gordon, ³¥Éμ¤μ³ μ¡· É´μ° § ¤ Î¨ · ¸¸¥Ö´¨Ö [20] Ê¸É -
´μ¢²¥´ ¸Î¥É´Ò° ´ ¡μ· Ë² ±¸μ´´ÒÌ ·¥Ï¥´¨°. ‚ ±μ´É ±É Ì ±μ´¥Î´μ° ¤²¨´Ò
É ±¨¥ ·¥Ï¥´¨Ö ¤¥Ëμ·³¨·ÊÕÉ¸Ö §  ¸Î¥É ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ £· ´¨Í ³¨,   É ±¦¥
¶μ¤ ¢²¨Ö´¨¥³ ¢´¥Ï´¥£μ ¶μ²Ö he ¨ Éμ±  γ. „ ²¥¥ ¢¨Ì·¥¢Ò¥ ·¥Ï¥´¨Ö μ¡μ§´ -
Î ¥³ Î¥·¥§ Φ±n, £¤¥ n = 1, 2, . . .,   Î¥·¥§ Φ±n

∞ μ¡μ§´ Î¥´Ò ®¸μμÉ¢¥É¸É¢ÊÕÐ¨¥¯
·¥Ï¥´¨Ö ¢ ®¡¥¸±μ´¥Î´μ³¯ ±μ´É ±É¥. —¥·¥§ n μ¡μ§´ Î¥´μ Î¨¸²μ Ë² ±¸μ´μ¢,
¸μ¤¥·¦ ¢Ï¨Ì¸Ö ¢ ±μ´±·¥É´μ³ · ¸¶·¥¤¥²¥´¨¨ ³ £´¨É´μ£μ ¶μÉμ±  [22]. „²Ö
¤¢ÊÌ¸²μ°´μ£μ ±μ´É ±É  Î¨¸²  Ë² ±¸μ´μ¢ ¢ ± ¦¤μ³ ¨§ ¸Ê¡±μ´É ±Éμ¢ ¢ÒÎ¨¸²Ö-
ÕÉ¸Ö ¶μ Ëμ·³Ê² ³ [21]

N1[ϕ1] =
1

2Lπ

L∫
−L

ϕ1(x)dx, N2[ϕ2] =
1

2lπ

l∫
−l

ϕ2(x)dx. (5.3)

‚¨Ì·¥¢Ò¥ ·¥Ï¥´¨Ö ¢¨¤ 
(
Φ2, Φ−1

)
¨§ ¶ ·Ò · §´μ¶μ²Ö·´ÒÌ Ë² ±¸μ´μ¢

¶·¨ he = 0 ¨ γ = 0 ¤¥³μ´¸É·¨·ÊÕÉ¸Ö ´  ·¨¸. 2. ‚¨¤´μ, ÎÉμ ¢§ ¨³μ¤¥°¸É¢¨¥
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�¨¸. 2. Œ £´¨É´μ¥ ¶μ²¥ · ¸¶·¥¤¥²¥´¨°
¢¨¤  (Φ2, Φ−1)

�¨¸. 3. ‘μÌ· ´¥´¨¥ Í¥´É·  Φ−1 ¶·¨ ¨§-
³¥´¥´¨¨ ¤²¨´Ò JJ2

³¥¦¤Ê ¸²μÖ³¨ ¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ ¶·¨ he = 0 £· ´¨Î´μ¥ §´ Î¥´¨¥ ¶μ²Ö ¤²Ö
±μ·μÉ±μ£μ ±μ´É ±É  μÉ²¨Î´μ μÉ ´Ê²Ö, É. ¥. ϕ2,x(±l) �= 0.

�É³¥É¨³, ÎÉμ ¥¸²¨ γ = 0, Éμ §´ Î¥´¨Ö N2(p) ≡ N
[
Φ2

]
= 2 ¨ N−1(p) ≡

N
[
Φ−1

]
= −1. ‡¤¥¸Ó p Å ¢¥±Éμ· ¶ · ³¥É·μ¢. �·¨ ÔÉμ³ §´ Î¥´¨Ö ËÊ´±Í¨-

μ´ ²μ¢ (5.3) ¢ ¸²μÖÌ ´¥ ³¥´ÖÕÉ¸Ö ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ ¤²¨´ ¸Ê¡±μ´É ±Éμ¢, É. ¥.
¢Ò¶μ²´ÖÕÉ¸Ö § ±μ´Ò ¸μÌ· ´¥´¨Ö

∂N±1

∂l
= 0,

∂N±2

∂l
= 0.

�´ ²μ£¨Î´Ò¥ ÊÉ¢¥·¦¤¥´¨Ö ¨³¥ÕÉ ³¥¸Éμ ¨ ¤²Ö §´ Î¥´¨° ¶μÉμ±μ¢ ϕ1(0) ¨
ϕ2(0) ¢ Í¥´É·¥ x = 0 ±μ´É ±É . Šμ´±·¥É´Ò° ¶·¨³¥· ¸μÌ· ´¥´¨Ö Í¥´É·  ϕ2(0)
¤¥³μ´¸É·¨·Ê¥É¸Ö ´  ·¨¸. 3.

�É³¥É¨³, ÎÉμ ¸μÌ· ´¥´¨¥ Î¨¸²  Ë² ±¸μ´μ¢ ¶·¨ ¨§³¥´¥´¨¨ ¤²¨´Ò ¨³¥¥É
³¥¸Éμ ¤²Ö ²Õ¡ÒÌ μ¤´μ¶μ²Ö·´ÒÌ · ¸¶·¥¤¥²¥´¨° ³ £´¨É´μ£μ ¶μÉμ±  ¢ JJ [22].

”Ê´±Í¨μ´ ²Ò (5.3) ¨ Í¥´É·Ò · ¸¶·¥¤¥²¥´¨° μ¤´μ¶μ²Ö·´ÒÌ Ë² ±¸μ´μ¢
¸μÌ· ´ÖÕÉ¸Ö É ±¦¥ ¨ ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ ¢´¥Ï´¥£μ ³ £´¨É´μ£μ ¶μ²Ö he. Œ -
É¥³ É¨Î¥¸±¨ ÔÉμ μ§´ Î ¥É, ÎÉμ ¤²Ö ²Õ¡μ£μ μ¤´μ¶μ²Ö·´μ£μ · ¸¶·¥¤¥²¥´¨Ö Φn,
n = ±1, 2, . . . , ¨³¥¥É ³¥¸Éμ · ¢¥´¸É¢μ

∂N [Φn]
∂he

= 0.

Šμ´±·¥É´Ò° ¶·¨³¥· ¸μÌ· ´¥´¨Ö Í¥´É·μ¢ ¶ ·Ò
(
Φ1, Φ1

)
¤²Ö ±μ´É ±É  ¸

¶ · ³¥É· ³¨ 2L = 10, 2l = 3,8, s = −0,3 ¨ γ = 0 ¶·¨ ¨§³¥´¥´¨¨ ¶μ²Ö he

¶μ± § ´ ´  ·¨¸. 4 ¨ 5. ‡´ Î¥´¨Ö he ≈ −1 ¨ he ≈ 2,1 ¸μμÉ¢¥É¸É¢ÊÕÉ ´¨¦´¥° ¨
¢¥·Ì´¥° £· ´¨Í ³ μ¡² ¸É¨ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¶ ·Ò ¶·¨ § ¤ ´´μ³ Éμ±¥ γ.

�  ·¨¸. 6 ¨ 7 ¤¥³μ´¸É·¨·Ê¥É¸Ö ¸μÌ· ´¥´¨¥ Í¥´É·μ¢ ¶ ·Ò
(
Φ1, Φ−1

)
¤²Ö

±μ´É ±É  ¸ ¶ · ³¥É· ³¨ 2L = 10, 2l = 7, he = 0 ¨ γ = 0 ¶·¨ ¨§³¥´¥´¨¨
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�¨¸. 4. ‘μÌ· ´¥´¨¥ ϕ1(0) ¤²Ö
(
Φ1, Φ1

)
-

· ¸¶·¥¤¥²¥´¨Ö ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ he

�¨¸. 5. ‘μÌ· ´¥´¨¥ ϕ2(0) ¤²Ö
(
Φ1, Φ1

)
-

· ¸¶·¥¤¥²¥´¨Ö ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ he

�¨¸. 6. ‘μÌ· ´¥´¨¥ ϕ1(0) ¤²Ö
(
Φ1, Φ−1

)
-

· ¸¶·¥¤¥²¥´¨Ö ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ s
�¨¸. 7. ‘μÌ· ´¥´¨¥ ϕ2(0) ¤²Ö

(
Φ1, Φ−1

)
-

· ¸¶·¥¤¥²¥´¨Ö ¶·¨ ¢ ·Ó¨·μ¢ ´¨¨ s

±μÔËË¨Í¨¥´É  ¸¢Ö§¨ ³¥¦¤Ê ¸Ê¡±μ´É ±É ³¨ s. „²Ö ËÊ´±Í¨μ´ ²μ¢ (5.3) ¨³¥¥É
³¥¸Éμ § ±μ´ ¸μÌ· ´¥´¨Ö

∂N [Φn]
∂s

= 0.

�·¨ γ �= 0 ¢ ¸¨²Ê ´ ·ÊÏ¥´¨Ö ¸¨³³¥É·¨¨ · ¸¶·¥¤¥²¥´¨° Ê± § ´´Ò¥ § ±μ´Ò
¸μÌ· ´¥´¨Ö ´¥ ¢Ò¶μ²´ÖÕÉ¸Ö.

6. ‡�Š‹�—ˆ’…‹œ�›… ‡�Œ…—��ˆŸ

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ´  μ¸´μ¢¥ ³¥Éμ¤  ¸¶² °´-±μ²²μ± Í¨¨ ¶·¥¤²μ¦¥´  ²-
£μ·¨É³ ¤²Ö ·¥Ï¥´¨Ö ±· ¥¢ÒÌ § ¤ Î ¤²Ö ²¨´¥°´ÒÌ ¸¨¸É¥³ μ¡Ò±´μ¢¥´´ÒÌ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢Éμ·μ£μ ¶μ·Ö¤± . �²£μ·¨É³ ¨¸¶μ²Ó§Ê¥É ±Ê¡¨Î¥¸±¨¥
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Ô·³¨Éμ¢Ò ¸¶² °´Ò. Œ¥Éμ¤ μ¡μ¡Ð ¥É¸Ö ¡¥§ § É·Ê¤´¥´¨° ´  § ¤ Î¨ ¸ · §·Ò-
¢ ³¨ ´  ¨´É¥·¢ ²¥ ¨´É¥£·¨·μ¢ ´¨Ö,   É ±¦¥ ´  ±· ¥¢Ò¥ § ¤ Î¨ ¤²Ö ¸¨¸É¥³
�„“ ´  ¢²μ¦¥´´ÒÌ ¨´É¥·¢ ² Ì.

—¨¸²¥´´Ò° Ô±¸¶¥·¨³¥´É ¶μ± §Ò¢ ¥É, ÎÉμ ¶μ¸É·μ¥´´ Ö ¸¶² °´-±μ²²μ± -
Í¨μ´´ Ö · §´μ¸É´ Ö ¸Ì¥³  ¨³¥¥É ¶μ·Ö¤μ± ÉμÎ´μ¸É¨ O(h4) ´  · ¢´μ³¥·´μ°
¸¥É±¥. �·¨ ÔÉμ³ ÉμÎ´μ¸ÉÓ ¸μÌ· ´Ö¥É¸Ö ± ± ¤²Ö ·¥Ï¥´¨Ö ¸¨¸É¥³Ò, É ± ¨ ¤²Ö
¶¥·¢μ° ¶·μ¨§¢μ¤´μ° ·¥Ï¥´¨Ö.

�¥ ²¨§μ¢ ´ ¶ ±¥É ¶·μ£· ³³ ¤²Ö ·¥Ï¥´¨Ö § ¤ Î Ê± § ´´μ£μ ±² ¸¸ .
‚ ± Î¥¸É¢¥ ±μ´±·¥É´μ£μ ¶·¨³¥·  · ¸¸³μÉ·¥´  § ¤ Î  μ ³μ¤¥²¨·μ¢ ´¨¨

¸É É¨Î¥¸±¨Ì ¢¨Ì·¥° ¢ ¤¢ÊÌ¸²μ°´μ³ £¥μ³¥É·¨Î¥¸±¨ ¸¨³³¥É·¨Î´μ³ ¤¦μ§¥Ë¸μ-
´μ¢¸±μ³ ±μ´É ±É¥, ¸Ê¡±μ´É ±ÉÒ ±μÉμ·μ£μ ¨³¥ÕÉ ´¥μ¤¨´ ±μ¢ÊÕ ¤²¨´Ê. „²Ö
·¥Ï¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ´¥²¨´¥°´μ° ±· ¥¢μ° § ¤ Î¨ ¨¸¶μ²Ó§Ê¥É¸Ö ´¥¶·¥-
·Ò¢´Ò°  ´ ²μ£ ³¥Éμ¤  �ÓÕÉμ´ .

	² £μ¤ ·´μ¸É¨. �¢Éμ·Ò ¢Ò· ¦ ÕÉ ¡² £μ¤ ·´μ¸ÉÓ ¶·μË¥¸¸μ·Ê ˆ. ‚.�Ê§Ò-
´¨´Ê (‹ˆ’, �ˆŸˆ) §  ¢´¨³ ´¨¥ ± ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¨ Í¥´´Ò¥ μ¡¸Ê¦¤¥´¨Ö.

� ¡μÉ  Ë¨´ ´¸¨·μ¢ ² ¸Ó ‘μË¨°¸±¨³ Ê´¨¢¥·¸¨É¥Éμ³, £· ´É º 135/2008,  
É ±¦¥ �²μ¢¤¨¢¸±¨³ Ê´¨¢¥·¸¨É¥Éμ³, £· ´É º IC-M-4/2008.

‹ˆ’…��’“��

1. ‘ ³ ·¸±¨° �. �. ’¥μ·¨Ö · §´μ¸É´ÒÌ ¸Ì¥³. Œ.: � Ê± , 1977.

2. Œ ·ÎÊ± ƒ.ˆ. Œ¥Éμ¤Ò ¢ÒÎ¨¸²¨É¥²Ó´μ° ³ É¥³ É¨±¨. Œ.: � Ê± , 1977.

3. �Ê§Ò´¨´ ˆ. ‚., �Ê§Ò´¨´  ’.�., ‘É·¨¦ ’. �. SLIPH4 Å ¶·μ£· ³³  ¤²Ö Î¨¸²¥´´μ£μ
·¥Ï¥´¨Ö § ¤ Î¨ ˜ÉÊ·³ Ä‹¨Ê¢¨²²Ö. ‘μμ¡Ð¥´¨¥ �ˆŸˆ �11-87-332. „Ê¡´ , 1987.

4. † ´² ¢ ’. �¡  ¶¶·μ±¸¨³ Í¨¨ ·¥Ï¥´¨° ±· ¥¢ÒÌ § ¤ Î ±Ê¡¨Î¥¸±¨³¨ ¸¶² °´ ³¨.
�·¥¶·¨´É �ˆŸˆ �11-89-343. „Ê¡´ , 1989.

5. † ´² ¢ ’., �Ê§Ò´¨´ ˆ. ‚. 
¢μ²ÕÍ¨μ´´Ò° ´ÓÕÉμ´μ¢¸±¨° ¶·μÍ¥¸¸ ·¥Ï¥´¨Ö ´¥²¨-
´¥°´ÒÌ Ê· ¢´¥´¨° // †‚Œ¨Œ”. 1992. ’. 32, º 1. ‘. 3Ä12.

6. ‡¥³²Ö´ Ö …. ‚., �Ê§Ò´¨´ ˆ. ‚., �Ê§Ò´¨´  ’.�. PROGS2H4 Å ¶·μ£· ³³  ¤²Ö ·¥-
Ï¥´¨Ö ±· ¥¢μ° § ¤ Î¨ ¤²Ö ¸¨¸É¥³Ò ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. ‘μμ¡Ð¥´¨¥
�ˆŸˆ �11-97-414. „Ê¡´ , 1997.

7. Š ´Éμ·μ¢¨Î ‹. ‚. �¡ μ¤´μ³ ´μ¢μ³ ³¥Éμ¤¥ ¶·¨¡²¨¦¥´´μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ¢
Î ¸É´ÒÌ ¶·μ¨§¢μ¤´ÒÌ // „μ±². �� ‘‘‘�. 1934. ’. 2, º 8Ä9. ‘. 532Ä536.

8. �Ê¡¨´ ‘., •μ¸²  �. —¨¸²¥´´Ò¥ ·¥Ï¥´¨Ö ¶μ¢ÒÏ¥´´μ° ÉμÎ´μ¸É¨, ¨¸¶μ²Ó§ÊÕÐ¨¥
±Ê¡¨Î¥¸±¨¥ ¸¶² °´Ò // � ±¥É´ Ö É¥Ì´¨±  ¨ ±μ¸³μ´ ¢É¨± . 1976. ’. 14, º7.

9. ¤¥ �μμ· Š. �· ±É¨Î¥¸±μ¥ ·Ê±μ¢μ¤¸É¢μ ¶μ ¸¶² °´ ³. Œ., 1987.

13



10. ‡ ¢ÓÖ²μ¢ �. ‘., Š¢ ¸μ¢ �.ˆ., Œ¨·μÏ´¨Î¥´±μ ‚.‹. Œ¥Éμ¤Ò ¸¶² °´-ËÊ´±Í¨°. Œ.:
� Ê± , 1980.

11. ƒ·¥¡¥´´¨±μ¢ �.ˆ. Œ¥Éμ¤ ¸¶² °´μ¢ ¢ Î¨¸²¥´´μ³  ´ ²¨§¥. Œ.: ˆ§¤-¢μ Œμ¸±. Ê´-É ,
1997.

12. �μÖ¤¦¨¥¢ ’. ‹. ‘¶² °´-±μ²²μ± Í¨μ´´ Ö ¸Ì¥³  ¶μ¢ÒÏ¥´´μ£μ ¶μ·Ö¤±  ÉμÎ´μ¸É¨.
‘μμ¡Ð¥´¨¥ �ˆŸˆ �2-2002-101. „Ê¡´ , 2002.

13. Œ¥²¥³μ¢ •. ’., �μÖ¤¦¨¥¢ ’. ‹. —¨¸²¥´´μ¥ ·¥Ï¥´¨¥ ¸¨¸É¥³ �„“ ´  ¢²μ¦¥´´ÒÌ
¨´É¥·¢ ² Ì. ‘μμ¡Ð¥´¨¥ �ˆŸˆ P11-2008-31. „Ê¡´ , 2008.

14. Sakai S., Bodin P., Pedersen N. F. Fluxons in thin-ˇlm superconductor-insulator su-
perlattices // J. Appl. Phys. 1993. V. 73(5). P. 2411.

15. Machida M., Sakai S. Uniˇed theory for magnetic and electric ˇeld coupling in
multistacked Josephson junctions // Phys. Rev. B. 2004. V. 70. P. 144520.

16. Licharev K. K. Dynamics of Josephson Junctions and Circuits. N.Y.: Gordon and
Breach, 1986. P. 634.

17. †¨¤±μ¢ E. �., Œ ± ·¥´±μ ƒ.ˆ., �Ê§Ò´¨´ ˆ. ‚. �¥¶·¥·Ò¢´Ò°  ´ ²μ£ ³¥Éμ¤  �ÓÕ-
Éμ´  ¤²Ö ´¥²¨´¥°´ÒÌ § ¤ Î Ë¨§¨±¨ // 
—�Ÿ. 1973. ’. 4, ¢Ò¶. 1. ‘. 127.

18. �Ê§Ò´¨´ ˆ. ‚. ¨ ¤·. �¡μ¡Ð¥´´Ò° ´¥¶·¥·Ò¢´Ò°  ´ ²μ£ ³¥Éμ¤  �ÓÕÉμ´  ¤²Ö
Î¨¸²¥´´μ£μ ¨¸¸²¥¤μ¢ ´¨Ö ´¥±μÉμ·ÒÌ ´¥²¨´¥°´ÒÌ ±¢ ´Éμ¢μ-¶μ²¥¢ÒÌ ³μ¤¥²¥° //

—�Ÿ. 1999. ’. 30, ¢Ò¶. 1. P. 210Ä265.

19. �Ê§Ò´¨´ ˆ. ‚. ¨ ¤·. � ³¥Éμ¤ Ì ¢ÒÎ¨¸²¨É¥²Ó´μ° Ë¨§¨±¨ ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ³μ¤¥²¥°
¸²μ¦´ÒÌ Ë¨§¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ¢ // 
—�Ÿ. 2007. ’. 38, ¢Ò¶. 1. ‘. 70Ä116.

20. Iliev I. D., Khristov E. Kh., Kirchev K. P. Spectral methods in soliton equations. Wiley:
Longman Sci. & Techn., 1994.

21. �É ´ ¸μ¢  �. •., „¨³μ¢  ‘.�., �μÖ¤¦¨¥¢ ’. ‹. —¨¸²¥´´μ¥ ³μ¤¥²¨·μ¢ ´¨¥ ±·¨É¨-
Î¥¸±¨Ì § ¢¨¸¨³μ¸É¥° ¤²Ö ¤¢ÊÌ¸²μ°´ÒÌ ¤¦μ§¥Ë¸μ´μ¢¸±¨Ì ±μ´É ±Éμ¢. ‘μμ¡Ð¥´¨¥
�ˆŸˆ P11-2005-16. „Ê¡´ , 2005.

22. �μÖ¤¦¨¥¢ ’. ‹. —¨¸²¥´´μ¥ ¨¸¸²¥¤μ¢ ´¨¥ ±·¨É¨Î¥¸±¨Ì ·¥¦¨³μ¢ ¢ ´¥²¨´¥°´ÒÌ ¶μ-
²¥¢ÒÌ ³μ¤¥²ÖÌ Ë¨§¨±¨. „¨¸. ... ¤-·  Ë¨§.-³ É. ´ Ê±. „Ê¡´ , 2002.

�μ²ÊÎ¥´μ 20 μ±ÉÖ¡·Ö 2008 £.



P¥¤ ±Éμ· …. ‚. ‘ ¡ ¥¢ 

�μ¤¶¨¸ ´μ ¢ ¶¥Î ÉÓ 13.11.2008.
”μ·³ É 60× 90/16. �Ê³ £  μË¸¥É´ Ö. �¥Î ÉÓ μË¸¥É´ Ö.

“¸². ¶¥Î. ². 1,06. “Î.-¨§¤. ². 1,19. ’¨· ¦ 310 Ô±§. ‡ ± § º 56394.

ˆ§¤ É¥²Ó¸±¨° μÉ¤¥² �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°
141980, £. „Ê¡´ , Œμ¸±μ¢¸± Ö μ¡²., Ê².†μ²¨μ-ŠÕ·¨, 6.

E-mail: publish@jinr.ru
www.jinr.ru/publish/


