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�¤¨ ¡ É¨Î¥¸±¨¥ ³μ¤Ò ¶² ¢´μ-´¥·¥£Ê²Ö·´μ£μ μ¶É¨Î¥¸±μ£μ
¢μ²´μ¢μ¤ : ´Ê²¥¢μ¥ ¶·¨¡²¨¦¥´¨¥ ¢¥±Éμ·´μ° É¥μ·¨¨

�  μ¸´μ¢¥  ¤¨ ¡ É¨Î¥¸±μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¸μ¡¸É¢¥´´ÒÌ ³μ¤ ¨´É¥£· ²Ó´μ-
μ¶É¨Î¥¸±μ£μ ³´μ£μ¸²μ°´μ£μ ¢μ²´μ¢μ¤  ¤²Ö ¢¥·É¨± ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö Ô²¥±-
É·μ³ £´¨É´μ£μ ¶μ²Ö ¢ ¢μ²´μ¢μ¤¥ ¶μ²ÊÎ¥´Ò μ¡Ò±´μ¢¥´´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥
Ê· ¢´¥´¨Ö ¨ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö. „²Ö ¶² ¢´μ-´¥·¥£Ê²Ö·´ÒÌ ¢μ²´μ¢μ¤μ¢ ¶·¨³¥-
´¥´  ¸¨³¶ÉμÉ¨Î¥¸±¨° ³¥Éμ¤ ¨ ¢Ò¤¥²¥´Ò ¢±² ¤Ò ´Ê²¥¢μ£μ ¶μ·Ö¤±  ³ ²μ¸É¨ ¢ ¤¨Ë-
Ë¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨ÖÌ ¨ £· ´¨Î´ÒÌ Ê¸²μ¢¨ÖÌ. �μ²ÊÎ¥´Ò Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö
¤²Ö ¢¥·É¨± ²Ó´μ£μ · ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¢ ¢μ²´μ¢μ¤¥ ¨ £· ´¨Î-
´ÒÌ Ê¸²μ¢¨° ´  £· ´¨Í Ì ¸²μ¥¢. ‚ ¨Éμ£¥ § ¤ Î  ¸¢¥¤¥´  ± ·¥Ï¥´¨Õ μ¤´μ·μ¤´μ°
¸¨¸É¥³Ò ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°, § ¢¨¸ÖÐ¥° μÉ ¸¶¥±É· ²Ó´μ£μ ¶ -
· ³¥É· , ¨ ± ¶μ¨¸±Ê §´ Î¥´¨° ¶ · ³¥É· , ¶·¨ ±μÉμ·ÒÌ ¸¨¸É¥³  ´¥É·¨¢¨ ²Ó´μ
· §·¥Ï¨³ . ‚ § ±²ÕÎ¥´¨¥ ¶·¨¢¥¤¥´Ò ³¥Éμ¤Ò ¨  ²£μ·¨É³Ò ·¥Ï¥´¨Ö μ¡¥¨Ì § ¤ Î.

	 ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2009

Ayrjan E.A. et al. P11-2009-120
Zero Approximation of Vector Model
for Smoothly Irregular Optical Waveguide

On the basis of the adiabatic representation for eigenmodes of the integrated
optical multilayer waveguide, differential equations and boundary conditions to ver-
tical distribution of the electromagnetic ˇeld in the waveguide are presented. An
asymptotic method is applied to smoothly irregular waveguides, and zero approxi-
mation parts of differential equations and boundary conditions are determined. Exact
expressions are considered for the vertical distribution of the electromagnetic ˇeld
in a waveguide and for boundary conditions. Finally, the problem is reduced to
the solution of a homogeneous system of linear algebraic equations depending on a
spectral parameter and to the search for the parameter values.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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‚‚…„…�ˆ…

‚ · ¡μÉ Ì [1Ä4] μ¶¨¸ ´   ¤¨ ¡ É¨Î¥¸± Ö ³μ¤¥²Ó ¸μ¡¸É¢¥´´ÒÌ ³μ¤ ¶² ¢´μ-
´¥·¥£Ê²Ö·´μ£μ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ ¢μ²´μ¢μ¤ . �·¨³¥·μ³ É ±μ£μ ¢μ²´μ-
¢μ¤  Ö¢²Ö¥É¸Ö Éμ´±μ¶²¥´μÎ´ Ö ¢μ²´μ¢μ¤´ Ö ²¨´§  (’‚‹) ‹Õ´¥¡¥·£  [5]. �´ -
²¨§ É· ´¸Ëμ·³ Í¨¨  ¤¨ ¡ É¨Î¥¸±¨Ì ³μ¤ ¶·¨ ¶·μÌμ¦¤¥´¨¨ Î¥·¥§ μ¡² ¸ÉÓ ´¥-
·¥£Ê²Ö·´μ¸É¨ ’‚‹ ‹Õ´¥¡¥·£  ¶μ± § ² [3], ÎÉμ ¨³¥¥É¸Ö ³ ²Ò° ¡¥§· §³¥·´Ò°
¶ · ³¥É· δ, ¶μ ¸É¥¶¥´Ö³ ±μÉμ·μ£μ ³μ¦´μ · §²μ¦¨ÉÓ ´ ¶·Ö¦¥´´μ¸É¨ Ô²¥±É·μ-
³ £´¨É´μ£μ ¶μ²Ö ¢  ¸¨³¶ÉμÉ¨Î¥¸±μ³ ³¥Éμ¤¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ¤²Ö  ¤¨ ¡ -
É¨Î¥¸±¨Ì ³μ¤.

“· ¢´¥´¨Ö Œ ±¸¢¥²²  ¤²Ö ´¥¶μ£²μÐ ÕÐ¥° ´¥μ¤´μ·μ¤´μ° ¨§μÉ·μ¶´μ°
¸·¥¤Ò ¢ ¸¨¸É¥³¥ ‘ˆ ¢ μÉ¸ÊÉ¸É¢¨¥ ¨¸ÉμÎ´¨±μ¢ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¸²¥¤ÊÕÐ¥³
¢¨¤¥:

rot H̃ = ε∂ Ẽ/∂t, rot Ẽ = −μ∂ H̃/∂t, (1)

£¤¥ ε = εrε0 Å ¤¨Ô²¥±É·¨Î¥¸± Ö ¶·μ´¨Í ¥³μ¸ÉÓ ¸·¥¤Ò; μ = μrμ0 Å ³ £-
´¨É´ Ö ¶·μ´¨Í ¥³μ¸ÉÓ ¸·¥¤Ò; εr, μr Å μÉ´μ¸¨É¥²Ó´Ò¥ ¤¨Ô²¥±É·¨Î¥¸± Ö ¨
³ £´¨É´ Ö ¶·μ´¨Í ¥³μ¸É¨ ¸μμÉ¢¥É¸É¢¥´´μ; ε0 ¨ μ0 Å ÔÉμ Ô²¥±É·¨Î¥¸± Ö ¨
³ £´¨É´ Ö ¶μ¸ÉμÖ´´Ò¥ ¸μμÉ¢¥É¸É¢¥´´μ; ω

√
με = nk0, n Å ¶μ± § É¥²Ó ¶·¥-

²μ³²¥´¨Ö ¸·¥¤Ò (¸²μÖ), k0 = 2π/λ = ω/c Å ³μ¤Ê²Ó ¢μ²´μ¢μ£μ ¢¥±Éμ·  k0,
λ0 Å ¤²¨´  ¢μ²´Ò ³μ´μÌ·μ³ É¨Î¥¸±μ£μ ¸¢¥É  ¢ ¢ ±ÊÊ³¥, c Å ¸±μ·μ¸ÉÓ ¸¢¥É 
¢ ¢ ±ÊÊ³¥, ω = 2πf , f Å Î ¸ÉμÉ  Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö; E, H Å ¢¥±Éμ·Ò
´ ¶·Ö¦¥´´μ¸É¥° Ô²¥±É·¨Î¥¸±μ£μ ¨ ³ £´¨É´μ£μ ¶μ²¥°; ¸¨³¢μ² É¨²Ó¤  ´ ¤ ¢¥±-
Éμ· ³¨ ¶μ²¥° μÉ· ¦ ¥É ¨Ì ±μ³¶²¥±¸´Ò° Ì · ±É¥·.

‚ ³´μ£μ¸²μ°´μ³ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ³ ¢μ²´μ¢μ¤¥ Ô²¥±É·μ³ £´¨É´μ¥
¶μ²¥, Ö¢²ÖÕÐ¥¥¸Ö ·¥Ï¥´¨¥³ ¸¨¸É¥³Ò (1), ´  £· ´¨Í Ì · §¤¥²  ¸²μ¥¢ ¤μ²¦´μ
Ê¤μ¢²¥É¢μ·ÖÉÓ É ´£¥´Í¨ ²Ó´Ò³ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³

Eτ
∣∣∣
1
= Eτ

∣∣∣
2
, Hτ

∣∣∣= Hτ
∣∣∣
2
. (2)

	¥Ï¥´¨Ö Ê· ¢´¥´¨° Œ ±¸¢¥²²  (1) ¨Ð¥³ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

E (x, y, z, t)
H (x, y, z, t)

}
=

{
E (x; y, z)
H (x; y, z)

}
exp {iωt − iϕ(y, z)}√

β(y, z)
, (3)

1



£¤¥ βy(y, z) =
1
k0

∂ϕ

∂y
, βz(y, z) =

1
k0

∂ϕ

∂z
, β(y, z) =

1
k0

√(
∂ϕ

∂y

)2

+
(

∂ϕ

∂z

)2

.

�μ¤¸É ´μ¢±  (3) ¢ (1) ¶·¨¢μ¤¨É ¶μ¸²¥ ´¥¸²μ¦´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ± ¸²¥¤Ê-
ÕÐ¨³ ·¥§Ê²ÓÉ É ³. „²Ö ±μ³¶μ´¥´É ¶μ²Ö Ex(x; y, z), Ey(x; y, z), Hy(x; y, z),
Hx(x; y, z) ¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨Ö Î¥·¥§ ¶·μ¤μ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ Ez(x; y, z),
Hz(x; y, z) ¨ ¨Ì ¶·μ¨§¢μ¤´Ò¥:

χ2
zHy =

(
pypz +

∂pz

∂y

)
Hz − ik0ε

dEz

dx
, χ2

zHx = pz
dHz

dx
+ ik0εpyEz, (4)

χ2
zEy = ik0μ

dHz

dx
+

(
pypz +

∂pz

∂y

)
Ez , χ2

zEx = pz
dEz

dx
− ik0μpyHz . (5)

„²Ö ¶·μ¤μ²Ó´ÒÌ ±μ³¶μ´¥´É Ez(x; y, z), Hz(x; y, z) ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥
Ê· ¢´¥´¨Ö ¢Éμ·μ£μ ¶μ·Ö¤± :

∂2Ez

∂x2
+ χ2Ez = −pyχ

2
z

∂

∂y

(
1
χ2

z

)
Ez − c

iωε

(
χ2

zpz
∂

∂y

(
1
χ2

z

))
∂Hz

∂x
, (6)

∂2Hz

∂x2
+ χ2Hz = −pyχ

2
z

∂

∂y

(
1
χ2

z

)
Hz +

c

iωμ

(
χ2

zpz
∂

∂y

(
1
χ2

z

))
∂Ez

∂x
. (7)

‚ ¸μμÉ´μÏ¥´¨ÖÌ (4)Ä(7) ¨¸¶μ²Ó§μ¢ ´Ò μ¡μ§´ Î¥´¨Ö χ2
z = k2

0εμ + pzpz +
∂pz/∂z, χ2 = χ2

z+pypy+∂py/∂y, py = −ik0βy−(2β)−1∂β/∂y, pz = −ik0βz−
(2β)−1∂β/∂z, ¸ ¶μ³μÐÓÕ ±μÉμ·ÒÌ ¶·μ¨§¢μ¤´Ò¥ μÉ ´ ¶·Ö¦¥´´μ¸É¥° Ei ¢Ò· -
¦ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ∂Ei/∂y = pyEi, ∂2Ei/∂y2 = (pypy+∂py/∂y)Ei,
∂Ei/∂z = pzEi, ∂2Ei/∂z2 = (pzpz + ∂pz/∂z)Ei. �·μ¨§¢μ¤´Ò¥ μÉ ´ ¶·Ö¦¥´-
´μ¸É¥° Hi ¢Ò· ¦ ÕÉ¸Ö  ´ ²μ£¨Î´Ò³ μ¡· §μ³.

‚ · ¡μÉ¥ · ¸¸³ É·¨¢ ¥É¸Ö É·¥Ì-, Î¥ÉÒ·¥Ì¸²μ°´Ò° ¤¨Ô²¥±É·¨Î¥¸±¨° ¢μ²-
´μ¢μ¤ ¸²¥¤ÊÕÐ¥° ¸É·Ê±ÉÊ·Ò. �  ¶μ¤²μ¦±Ê ¡¥¸±μ´¥Î´μ° ¢´¨§ Éμ²Ð¨´Ò ¨§
³ É¥·¨ ²  ¸ μ¶É¨Î¥¸±¨³ ¶μ± § É¥²¥³ ¶·¥²μ³²¥´¨Ö ns, · §³¥Ð¥´´ÊÕ ¢ μ¡² -
¸É¨ Is = {(x, y, z) : x ∈ (−∞, −d] ; y, z ∈ (−∞, +∞)}, ´ ´¥¸¥´ μ¸´μ¢´μ°
¢μ²´μ¢μ¤´Ò° ¸²μ° Éμ²Ð¨´μ° d ¨§ ³ É¥·¨ ²  ¸ μ¶É¨Î¥¸±¨³ ¶μ± § É¥²¥³ ¶·¥-
²μ³²¥´¨Ö nf � ns, · §³¥Ð¥´´Ò° ¢ μ¡² ¸É¨ If =

{
(x, y, z) : x ∈ [−d, 0];

y, z ∈ (−∞, +∞)
}
. ‘¢¥·ÌÊ ´  μ¸´μ¢´μ° ¢μ²´μ¢μ¤´Ò° ¸²μ° ´ ´¥¸¥´ ¤μ-

¶μ²´¨É¥²Ó´Ò° ¢μ²´μ¢μ¤´Ò° ¸²μ° ¨§ ³ É¥·¨ ²  ¸ μ¶É¨Î¥¸±¨³ ¶μ± § É¥²¥³
¶·¥²μ³²¥´¨Ö nl � ns ¶¥·¥³¥´´μ° Éμ²Ð¨´Ò x = h (y, z) (μ¡² ¸ÉÓ ´¥´Ê²¥-
¢μ° Éμ²Ð¨´Ò μ£· ´¨Î¥´  ¢ ¶²μ¸±μ¸É¨ yOz), · §³¥Ð¥´´Ò° ¢ μ¡² ¸É¨ Il =
{(x, y, z) : x ∈ [0, h (y, z)] ; y, z ∈ (−∞, +∞)}. …Ð¥ ¢ÒÏ¥ · ¸¶μ²μ¦¥´ ¶μ-
±·μ¢´Ò° ¸²μ° ¡¥¸±μ´¥Î´μ° ¢¢¥·Ì Éμ²Ð¨´Ò ¨§ ³ É¥·¨ ²  ¸ μ¶É¨Î¥¸±¨³ ¶μ± -
§ É¥²¥³ ¶·¥²μ³²¥´¨Ö nc � ns, · §³¥Ð¥´´Ò° ¢ μ¡² ¸É¨ I =

2



{(x, y, z) : x ∈ [h(y, z), +∞) y, z ∈ (−∞, +∞)}. �  ± ¦¤μ° ¨§ £· ´¨Í · §-
¤¥²  ¤¢ÊÌ ¸·¥¤ (£· ´¨Í ³¥¦¤Ê μ¡² ¸ÉÖ³¨ Ij ) ¢Ò¶μ²´ÖÕÉ¸Ö É ´£¥´Í¨ ²Ó´Ò¥
£· ´¨Î´Ò¥ Ê¸²μ¢¨Ö

Eτ
∣∣∣
−d−0

= Eτ
∣∣∣
−d+0

, Hτ
∣∣∣
−d−0

= Hτ
∣∣∣
−d+0

, (8)

Eτ
∣∣∣
−0

= Eτ
∣∣∣
+0

, Hτ
∣∣∣
−0

= Hτ
∣∣∣
+0

, (9)

Eτ
∣∣∣
h(y, z)−0

= Eτ
∣∣∣
h(y, z)+0

, Hτ
∣∣∣
h(y, z)−0

= Hτ
∣∣∣
h(y, z)+0

. (10)

Š·μ³¥ Éμ£μ, ¢Ò¶μ²´ÖÕÉ¸Ö £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ( ¸¨³¶ÉμÉ¨Î¥¸±¨¥) ´  ¡¥¸-
±μ´¥Î´μ¸É¨ ∣∣∣Eτ

∣∣∣
x→±∞

∣∣∣ < +∞,
∣∣∣Hτ

∣∣∣
x→±∞

∣∣∣ < +∞.

Š ¸ É¥²Ó´Ò¥ ¶²μ¸±μ¸É¨ ± £· ´¨Í ³ · §¤¥²  ¤²Ö Ê¸²μ¢¨° (8), (9) Ö¢²Ö-
ÕÉ¸Ö £μ·¨§μ´É ²Ó´Ò³¨, ¶μÔÉμ³Ê ¸¨¸É¥³  (8), (9) · §¤¥²Ö¥É¸Ö ´  ´¥§ ¢¨¸¨³Ò¥
¶μ¤¸¨¸É¥³Ò ¤²Ö ’…- ¨ ’Œ-³μ¤ [6Ä8]. Š ¸ É¥²Ó´Ò¥ ¶²μ¸±μ¸É¨ ± £· ´¨Í ³ · §-
¤¥²  ¤²Ö Ê¸²μ¢¨° (10) ´¥ Ö¢²ÖÕÉ¸Ö £μ·¨§μ´É ²Ó´Ò³¨, ¶μÔÉμ³Ê É ´£¥´Í¨ ²Ó´Ò¥
±μ³¶μ´¥´ÉÒ ¶μ²¥° Ö¢²ÖÕÉ¸Ö ²¨´¥°´Ò³¨ ±μ³¡¨´ Í¨Ö³¨ ¢¸¥Ì É·¥Ì ¤¥± ·Éμ¢ÒÌ
±μ³¶μ´¥´É ¶μ²¥° ¸ ´¥É·¨¢¨ ²Ó´Ò³¨ ±μÔËË¨Í¨¥´É ³¨. �Éμ ´¥ ¶μ§¢μ²Ö¥É · §-
¤¥²¨ÉÓ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (10) ´  ¤¢¥ ´¥§ ¢¨¸¨³Ò¥ ¶μ¤¸¨¸É¥³Ò ¤²Ö ’…- ¨
’Œ-³μ¤, ÎÉμ ¶·¨¢μ¤¨É ± £¨¡·¨¤¨§ Í¨¨ · ¸¶·μ¸É· ´ÖÕÐ¨Ì¸Ö ¢ ´¥·¥£Ê²Ö·´μ³
¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ³ ¢μ²´μ¢μ¤¥ ¸μ¡¸É¢¥´´ÒÌ (¨ ¢ÒÉ¥± ÕÐ¨Ì) ³μ¤ [3].

1. ���‹ˆ‡ ���Ÿ„Š� Œ�‹�‘’ˆ ‘‹�ƒ�…Œ›•
‚ Š��””ˆ–ˆ…�’�• Š‚�‡ˆ‚�‹��‚›• “��‚�…�ˆ‰

“· ¢´¥´¨Ö (6), (7) ¨ ¢Ò· ¦¥´¨Ö (4), (5) Ö¢²ÖÕÉ¸Ö ÉμÎ´Ò³¨ ¨ ¸¶· ¢¥¤-
²¨¢Ò ¤²Ö ²Õ¡μ£μ ´¥·¥£Ê²Ö·´μ£μ ¢μ²´μ¢μ¤  ¸ ¤¨ËË¥·¥´Í¨·Ê¥³μ° ´¥·¥£Ê²Ö·-
´μ¸ÉÓÕ Éμ²Ð¨´ ³´μ£μ¸²μ°´μ£μ ¢μ²´μ¢μ¤ . „²Ö ·Ö¤  ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±¨Ì
Ê¸É·μ°¸É¢ ±μÔËË¨Í¨¥´É Ë §μ¢μ£μ § ³¥¤²¥´¨Ö β (y, z) ¨§³¥´Ö¥É¸Ö ³ ²μ ´  · ¸-
¸ÉμÖ´¨ÖÌ ¶μ·Ö¤±  ¤²¨´Ò ¢μ²´Ò λ0. �Éμ ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¨¸¶μ²Ó§μ¢ ÉÓ  ¸¨³-
¶ÉμÉ¨Î¥¸±¨° ³¥Éμ¤ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (4)Ä(7). „μ¸É ÉμÎ´Ò³ Ê¸²μ¢¨¥³ ¶·¨-
³¥´¨³μ¸É¨  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ³¥Éμ¤  Ö¢²Ö¥É¸Ö μÍ¥´±  |Δϕ| � |∇ϕ|2 (¸³.,
´ ¶·¨³¥·, [9, 10]). „²Ö É¥Ì ¸²ÊÎ ¥¢, ±μ£¤  ´¥·¥£Ê²Ö·´μ¸ÉÓ ¢μ²´μ¢μ¤  Ê¤μ-
¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ ³ ²μ¸É¨ ¨§³¥´¥´¨Ö ±μÔËË¨Í¨¥´É  Ë §μ¢μ£μ § ³¥¤²¥´¨Ö
´  £μ·¨§μ´É ²Ó´ÒÌ · ¸¸ÉμÖ´¨ÖÌ ¶μ·Ö¤±  ¤²¨´Ò ¢μ²´Ò, ¢¢¥¤¥³ ¡¥§· §³¥·´Ò°
³ ²Ò° ¶ · ³¥É·

δ ≡ max
y,z

∣∣∣Δϕ
∣∣∣∣∣∣∇ϕ
∣∣∣2 ≡ max

y,z

∣∣∣(∇, β)
∣∣∣

k0β2
.

3



	 §²μ¦¨³ Ê· ¢´¥´¨Ö (6), (7) ¨ ¢Ò· ¦¥´¨Ö (4), (5) ¢  ¸¨³¶ÉμÉ¨Î¥¸±¨°
·Ö¤ ¶μ ³ ²μ³Ê ¶ · ³¥É·Ê δ. �μ¸²¥ ÔÉμ£μ ³μ¦´μ ¢Ò¶¨¸ ÉÓ ¸μμÉ´μÏ¥-
´¨Ö (4)Ä(7) ¢ ´Ê²¥¢μ³, ¶¥·¢μ³ ¨ ¡μ²¥¥ ¢Ò¸μ±¨Ì ¶μ·Ö¤± Ì ³ ²μ¸É¨ ¶μ ¶ -
· ³¥É·Ê δ. „²Ö ÔÉμ£μ · §²μ¦¥´¨Ö μÍ¥´¨³ ¶μ·Ö¤±¨ ³ ²μ¸É¨ ¢±² ¤μ¢ ¢ μ¸´μ¢μ-
¶μ² £ ÕÐ¨¥ Ì · ±É¥·¨¸É¨±¨:

py, pz, χ2
z , p2

z +
∂pz

∂z
, p2

y +
∂py

∂y
,

∂pz

∂y
,

∂py

∂z
,

py

χ2
z

∂

∂y

(
1
χ2

z

)
,

pz

χ2
z

∂

∂z

(
1
χ2

z

)
.

�μ¸²¥ ¶μ¤¸É ´μ¢±¨ · §²μ¦¥´¨° ¤²Ö Ê± § ´´ÒÌ Ì · ±É¥·¨¸É¨± ¢ ¸μμÉ´μ-
Ï¥´¨Ö (4), (5) ¨ Ê· ¢´¥´¨Ö (6), (7) ¶μ²ÊÎ¨³ £·μ³μ§¤±¨¥ ¢Ò· ¦¥´¨Ö. ‘£·Ê¶-
¶¨·Ê¥³ ¨Ì ¶μ ¶μ·Ö¤±Ê ³ ²μ¸É¨ μÉ´μ¸¨É¥²Ó´μ δ ¨ ¢Ò¤¥²¨³ ¨§ ´¨Ì ¸² £ ¥³Ò¥
´Ê²¥¢μ£μ ¶μ·Ö¤±  ³ ²μ¸É¨.

‚ ± ¦¤μ° ¨§ μ¡² ¸É¥° Ij ¸ ¶μ¸ÉμÖ´´Ò³¨ ε ¨ μ: ε1μ1 = n2
s, ε2μ2 = n2

f ,

ε3μ3 = n2
f , ε4μ4 = n2

c ¤²Ö ´Ê²¥¢ÒÌ ¶·¨¡²¨¦¥´¨° ¢¥²¨Î¨´ Ex, Ey, Hy, Hx

¸¶· ¢¥¤²¨¢Ò ¢Ò· ¦¥´¨Ö

E0
y =

1
k2
0 (εμ − β2

z )

(
ik0μ

dH0
z

dx
+ k2

0βyβzE
0
z

)
, (11)

E0
x =

1
k2
0 (εμ − β2

z )

(
−ik0βz

dE0
z

dx
− k2

0μβyH0
z

)
, (12)

H0
y =

1
k2
0 (εμ − β2

z )

(
−k2

0βyβzH
0
z − ik0ε

dE0
z

dx

)
, (13)

H0
x =

1
k2
0 (εμ − β2

z )

(
−ik0βz

dH0
z

dx
+ k2

0εβyE
0
z

)
. (14)

“· ¢´¥´¨Ö (6), (7) ¶·¨´¨³ ÕÉ ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ (¶μ ¶μ·Ö¤±Ê ³ -
²μ¸É¨ δ) ¶·μ¸Éμ° ¢¨¤ Ê· ¢´¥´¨Ö ²¨´¥°´μ£μ μ¸Í¨²²ÖÉμ·  (¢ É¥±¸É Ì ¶μ ¶² -
´ ·´Ò³ ¨ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±¨³ ¢μ²´μ¢μ¤ ³ μ´¨ ´ §Ò¢ ÕÉ¸Ö ¢μ²´μ¢Ò³¨
Ê· ¢´¥´¨Ö³¨):

d2E
(0)
z

dx2
+ k2

0

(
εjμj − β2

)
E(0)

z = 0, (15)

d2H
(0)
z

dx2
+ k2

0

(
εjμj − β2

)
H(0)

z = 0. (16)

’ ´£¥´Í¨ ²Ó´Ò¥ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ¨³¥ÕÉ ¢¨¤

Eτ(0)
∣∣∣
−d−0

= Eτ(0)
∣∣∣
−d+0

, Hτ(0)
∣∣∣
−d−0

= Hτ(0)
∣∣∣
−d+0

, (17)

Eτ(0)
∣∣∣
−0

= Eτ(0)
∣∣∣
+0

, Hτ(0)
∣∣∣
−0

= Hτ(0)
∣∣∣
+0

, (18)

Eτ(0)
∣∣∣
h(y,z)−0

= Eτ(0)
∣∣∣
h(y,z)+0

, Hτ(0)
∣∣∣
h(y,z)−0

= Hτ(0)
∣∣∣
h(y,z)+0

. (19)
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Š·μ³¥ Éμ£μ, ¢Ò¶μ²´ÖÕÉ¸Ö £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ( ¸¨³¶ÉμÉ¨Î¥¸±¨¥) ´  ¡¥¸-
±μ´¥Î´μ¸É¨ ∣∣∣Eτ(0)

∣∣∣
x→±∞

∣∣∣ < +∞,
∣∣∣Hτ(0)

∣∣∣
x→±∞

∣∣∣ < +∞.

	 ¸¸³μÉ·¨³ ¡μ²¥¥ ¶μ¤·μ¡´μ Ê¸²μ¢¨Ö (19). ‚ ÉμÎ±¥ (h(y, z), y, z)′

£· ´¨ÍÒ · §¤¥²  x = h(y, z) ± ¸ É¥²Ó´ Ö ¶²μ¸±μ¸ÉÓ § ¤ ¥É¸Ö Ê· ¢´¥´¨¥³
dx − (∂h/∂y)dy − (∂h/∂z)dz = 0. ƒ· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ´  £· ´¨Í¥ · §¤¥²  ¢
´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ É ´£¥´Í¨ ²Ó´Ò¥ ¸μ¸É ¢²ÖÕÐ¨¥ ´ -
¶·Ö¦¥´´μ¸É¥° Ô²¥±É·¨Î¥¸±μ£μ Eτ(0) ¨ ³ £´¨É´μ£μ Hτ(0) ¶μ²¥°, ±μÉμ·Ò¥ ¶μ²-

´μ¸ÉÓÕ § ¤ ÕÉ¸Ö [1] ¶ · ³¨ ´¥§ ¢¨¸¨³ÒÌ ±μ³¶μ´¥´É E
τ(0)
y , E

τ(0)
z ¨ H

τ(0)
y ,

H
τ(0)
z :

Eτ(0)
y =

∂h

∂y
E(0)

x +

[
1 +

(
∂h

∂z

)2
]

E(0)
y − ∂h

∂y

∂h

∂z
E(0)

z

1 +
(

∂h

∂y

)2

+
(

∂h

∂z

)2 ,

Eτ(0)
z =

∂h

∂z
E(0)

x − ∂h

∂y

∂h

∂z
E(0)

y +

[
1 +

(
∂h

∂y

)2
]

E(0)
z

1 +
(

∂h

∂y

)2

+
(

∂h

∂z

)2 ,

Hτ(0)
y =

∂h

∂y
H(0)

x +

[
1 +

(
∂h

∂z

)2
]

H(0)
y − ∂h

∂y

∂h

∂z
H(0)

z

1 +
(

∂h

∂y

)2

+
(

∂h

∂z

)2 ,

Hτ(0)
z =

∂h

∂z
H(0)

x − ∂h

∂y

∂h

∂z
H(0)

y +

[
1 +

(
∂h

∂y

)2
]

H(0)
z

1 +
(

∂h

∂y

)2

+
(

∂h

∂z

)2 .

ˆ§ É·¥Ì ±μ³¶μ´¥´É É ´£¥´Í¨ ²Ó´μ£μ ¶μ²Ö Eτ(0) ²¨ÏÓ ¤¢¥ ²¨´¥°´μ ´¥§ -
¢¨¸¨³Ò. ‘²¥¤μ¢ É¥²Ó´μ, ¤μ¸É ÉμÎ´μ ¢Ò¶¨¸ ÉÓ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ²¨ÏÓ ¤²Ö

E
τ(0)
y , E

τ(0)
z :

Eτ(0)
y (x; y, z)

∣∣∣
x=h(y,z)−0

= Eτ(0)
y (x; y, z)

∣∣∣
x=h(y,z)+0

, (20)

Eτ(0)
z (x; y, z)

∣∣∣
x=h(y,z)−0

= Eτ(0)
z (x; y, z)

∣∣∣
x=h(y,z)+0

. (21)
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�´ ²μ£¨Î´μ ¨§ É·¥Ì ±μ³¶μ´¥´É ³ £´¨É´μ£μ ¶μ²Ö ²¨ÏÓ ¤¢¥
(
H

τ(0)
y ¨ H

τ(0)
z

)
Ö¢²ÖÕÉ¸Ö ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò³¨. ‘²¥¤μ¢ É¥²Ó´μ, £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¤μ¸É -
ÉμÎ´μ ¢Ò¶¨¸ ÉÓ ²¨ÏÓ ¤²Ö ´¨Ì:

Hτ(0)
y (x; y, z)

∣∣∣
x=h(y,z)−0

= Hτ(0)
y (x; y, z)

∣∣∣
x=h(y,z)+0

, (22)

Hτ(0)
z (x; y, z)

∣∣∣
x=h(y,z)−0

= Hτ(0)
z (x; y, z)

∣∣∣
x=h(y,z)+0

. (23)

2. �…˜…�ˆ… �„ˆ���’ˆ—…‘Šˆ• Œ�„
‚ �“‹…‚�Œ ‚…Š’����Œ ��ˆ�‹ˆ†…�ˆˆ

“· ¢´¥´¨Ö (15), (16) ¤²Ö ¶·μ¤μ²Ó´ÒÌ ¤¥± ·Éμ¢ÒÌ ±μ³¶μ´¥´É Ô²¥±É·μ-
³ £´¨É´μ£μ ¶μ²Ö Ö¢²ÖÕÉ¸Ö μ¡Ò±´μ¢¥´´Ò³¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨ Ê· ¢´¥´¨-
Ö³¨ ¢Éμ·μ£μ ¶μ·Ö¤± , ËÊ´¤ ³¥´É ²Ó´Ò¥ ¸¨¸É¥³Ò ·¥Ï¥´¨° ±μÉμ·ÒÌ ¸μ¸ÉμÖÉ
¨§ ¤¢ÊÌ ´¥§ ¢¨¸¨³ÒÌ ·¥Ï¥´¨°, Ö¢´Ò° ¢¨¤ ±μÉμ·ÒÌ § ¢¨¸¨É μÉ §´ ±  ¢¥Ð¥-
¸É¢¥´´μ£μ ¸μ³´μ¦¨É¥²Ö k2

0

(
εjμj − β2

)
¶¥·¥¤ ¨¸±μ³μ° ËÊ´±Í¨¥°. …¸²¨ ¸μ-

³´μ¦¨É¥²Ó ¶μ²μ¦¨É¥²¥´, Ê· ¢´¥´¨¥ Ö¢²Ö¥É¸Ö Ê· ¢´¥´¨¥³ ²¨´¥°´μ£μ μ¸Í¨²²Ö-
Éμ·  ¸ Î ¸ÉμÉμ°, · ¢´μ° ±μ·´Õ ±¢ ¤· É´μ³Ê ¨§ μ¡¸Ê¦¤ ¥³μ£μ ¸μ³´μ¦¨É¥²Ö,  
ËÊ´¤ ³¥´É ²Ó´ Ö ¸¨¸É¥³  ¸μ¸Éμ¨É ¨§ ±μ¸¨´Ê¸  ¨ ¸¨´Ê¸  Ê¶μ³Ö´ÊÉμ° Î ¸ÉμÉÒ.
…¸²¨ ¸μ³´μ¦¨É¥²Ó μÉ·¨Í É¥²¥´, Éμ ËÊ´¤ ³¥´É ²Ó´ Ö ¸¨¸É¥³  ¸μ¸Éμ¨É ¨§ Ô±¸-
¶μ´¥´É ¸ ¶μ²μ¦¨É¥²Ó´Ò³ ¨ μÉ·¨Í É¥²Ó´Ò³ ¶μ± § É¥²¥³, ¢¥²¨Î¨´  ±μÉμ·μ£μ
· ¢´  ±μ·´Õ ±¢ ¤· É´μ³Ê ¨§  ¡¸μ²ÕÉ´μ° ¢¥²¨Î¨´Ò μ¡¸Ê¦¤ ¥³μ£μ ¸μ³´μ¦¨-
É¥²Ö [11].

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ±μÔËË¨Í¨¥´É Ë §μ¢μ£μ § ³¥¤²¥´¨Ö β(y, z), ¢Ìμ-
¤ÖÐ¨° ¢ μ¡¸Ê¦¤ ¥³Ò° ¸μ³´μ¦¨É¥²Ó, μ¸É ¥É¸Ö ¶μ±  ´¥μ¶·¥¤¥²¥´´Ò³. �´ ¡Ê-
¤¥É ´ °¤¥´ ¨§ Ê¸²μ¢¨Ö · §·¥Ï¨³μ¸É¨ ¸¨¸É¥³Ò £· ´¨Î´ÒÌ Ê· ¢´¥´¨° (Ê¸²μ-
¢¨°). �·¨ ÔÉμ³ (¢ ¸²ÊÎ ¥ ¸μ¡¸É¢¥´´ÒÌ ³μ¤ ¨§ÊÎ ¥³μ£μ ³´μ£μ¸²μ°´μ£μ ¢μ²-
´μ¢μ¤ ) ¸ÊÐ¥¸É¢Ê¥É [12] ·Ö¤ μ£· ´¨Î¥´¨° ´  β(y, z). ‚ ¸²ÊÎ ¥ nc � ns �
β � max (nf , nl) ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (15) ¨ (16) μ¸Í¨²²¨·ÊÕÉ ¶μ ¶¥·¥³¥´-
´μ° x ¨ Ö¢²ÖÕÉ¸Ö ¸ÉμÖÎ¨³¨ ¢μ²´ ³¨ ¢ ¢¥·É¨± ²Ó´μ³ ´ ¶· ¢²¥´¨¨, ¢ ¸²ÊÎ ¥
β � max (nf , nl) Ê· ¢´¥´¨Ö (15) ¨ (16) ¨³¥ÕÉ ²¨ÏÓ É·¨¢¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö, ¢
¸²ÊÎ ¥ β � nc, ns ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (15) ¨ (16) Ö¢²ÖÕÉ¸Ö Ô±¸¶μ´¥´É ³¨ ¸
¢¥Ð¥¸É¢¥´´Ò³¨ ¶μ± § É¥²Ö³¨, ¨§ ±μÉμ·ÒÌ  ¸¨³¶ÉμÉ¨Î¥¸±¨³ £· ´¨Î´Ò³ Ê¸²μ-
¢¨Ö³ ´  ¡¥¸±μ´¥Î´μ¸É¨ Ê¤μ¢²¥É¢μ·ÖÕÉ ²¨ÏÓ É¥, ÎÉμ Ê¡Ò¢ ÕÉ ¶·¨ Ê¤ ²¥´¨¨ μÉ
¢μ²´μ¢μ¤  ¢ ¢¥·É¨± ²Ó´μ³ ´ ¶· ¢²¥´¨¨.

‚ ¤ ²Ó´¥°Ï¥³ ¡Ê¤¥³ · ¸¸³ É·¨¢ ÉÓ ¤²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¸²ÊÎ ° nc � ns �
β � nf � nl, ¤²Ö ±μÉμ·μ£μ ¢¢¥¤¥³ ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:(

χ(0)
s

)2

= k2
0

(
n2

s − β2
)

= −
(
γ(0)

s

)2

< 0,
(
χ

(0)
f

)2

= k2
0

(
n2

f − β2
)

> 0,(
χ

(0)
l

)2

= k2
0

(
n2

l − β2
)

> 0,
(
χ(0)

c

)2

= k2
0

(
n2

c − β2
)

= −
(
γ(0)

c

)2

< 0.
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’μ£¤  μ¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (15) ¨³¥¥É ¢¨¤

E(0)
zs = As exp

(
γ(0)

s x
)

,

E
(0)
zf = A+

f cos
(
χ

(0)
f x

)
+ A−

f sin
(
χ

(0)
f x

)
, ¥¸²¨ β � nf � nl, ¨

E
(0)
zf = A+

f exp
(
γ

(0)
f x

)
+ A−

f exp
(
−γ

(0)
f x

)
, ¥¸²¨ nf � β � nl,

E
(0)
zl = A+

l cos
(
χ

(0)
l x

)
+ A−

l sin
(
χ

(0)
l x

)
,

E(0)
zc = Ac exp

(
−γ(0)

c x
)

.

‘μμÉ¢¥É¸É¢¥´´μ, μ¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (16) ¨³¥¥É ¢¨¤

H(0)
zs = Bs exp

(
γ(0)

s x
)

,

H
(0)
zf = B+

f cos
(
χ

(0)
f x

)
+ B−

f sin
(
χ

(0)
f x

)
, ¥¸²¨ β � nf � nl, ¨

H
(0)
zf = B+

f exp
(
γ

(0)
f x

)
+ B−

f exp
(
−γ

(0)
f x

)
, ¥¸²¨ nf � β � nl,

H
(0)
zl = B+

l cos
(
χ

(0)
l x

)
+ B−

l sin
(
χ

(0)
l x

)
,

H(0)
zc = Bc exp

(
−γ(0)

c x
)

.

‚Ò· ¦¥´¨Ö ¤²Ö ´Ê²¥¢ÒÌ ¶·¨¡²¨¦¥´¨° ¶μ¶¥·¥Î´ÒÌ ¨ ¢¥·É¨± ²Ó´ÒÌ ¤¥-
± ·Éμ¢ÒÌ ±μ³¶μ´¥´É Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¸μ£² ¸´μ ¢Ò· ¦¥´¨Ö³ (11)Ä(14)
¶·¨´¨³ ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤.

„²Ö ¶μ¶¥·¥Î´μ° ±μ³¶μ´¥´ÉÒ ´ ¶·Ö¦¥´´μ¸É¨ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö

E(0)
ys =

1(
χ

(0)
zs

)2

(
k2
0βyβzAs exp

(
γ(0)

s x
)

+ ik0μγ(0)
s Bs exp

(
γ(0)

s x
))

,

E
(0)
yf =

1(
χ

(0)
zf

)2

⎛
⎜⎝ k2

0βyβz

(
A+

f cos
(
χ

(0)
f x

)
+ A−

f sin
(
χ

(0)
f x

))
+

+ik0μχ
(0)
f

(
−B+

f sin
(
χ

(0)
f x

)
+ B−

f cos
(
χ

(0)
f x

))
⎞
⎟⎠ ,

¥¸²¨ β � nf � nl, ¨

E
(0)
yf =

1(
χ

(0)
zf

)2

⎛
⎜⎝ k2

0βyβz

(
A+

f exp
(
γ

(0)
f x

)
+ A−

f exp
(
−γ

(0)
f x

))
+

+ik0μγ
(0)
f

(
B+

f exp
(
γ

(0)
f x

)
− B−

f exp
(
−γ

(0)
f x

))
⎞
⎟⎠ ,

¥¸²¨ nf � β � nl,
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E
(0)
yl =

1(
χ

(0)
zl

)2

⎛
⎜⎝ k2

0βyβz

(
A+

l cos
(
χ

(0)
l x

)
+ A−

l sin
(
χ

(0)
l x

))
+

+ik0μχ
(0)
l

(
−B+

l sin
(
χ

(0)
l x

)
+ B−

l cos
(
χ

(0)
l x

))
⎞
⎟⎠ ,

E(0)
yc =

1(
χ

(0)
zc

)2

(
k2
0βyβzAc exp

(
−γ(0)

c x
)
− ik0μγ(0)

c Bc exp
(
−γ(0)

c x
))

.

„²Ö ¢¥·É¨± ²Ó´μ° ±μ³¶μ´¥´ÉÒ ´ ¶·Ö¦¥´´μ¸É¨ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö

E(0)
xs =

1(
χ

(0)
zs

)2

(
−k2

0μβyBs exp
(
γ(0)

s x
)
− ik0βzγ

(0)
s As exp

(
γ(0)

s x
))

,

E
(0)
xf =

1(
χ

(0)
zf

)2

⎛
⎜⎝ −k2

0μβy

(
B+

f cos
(
χ

(0)
f x

)
+ B−

f sin
(
χ

(0)
f x

))
+

+ik0βzχ
(0)
f

(
A+

f sin
(
χ

(0)
f x

)
− A−

f cos
(
χ

(0)
f x

))
⎞
⎟⎠ ,

¥¸²¨ β � nf � nl, ¨

E
(0)
xf =

1(
χ

(0)
zf

)2

⎛
⎜⎝ −k2

0μβy

(
B+

f exp
(
γ

(0)
f x

)
+ B−

f exp
(
−γ

(0)
f x

))
+

−ik0βzγ
(0)
f

(
A+

f exp
(
γ

(0)
f x

)
− A−

f exp
(
−γ

(0)
f x

))
⎞
⎟⎠ ,

¥¸²¨ nf � β � nl,

E
(0)
xl =

1(
χ

(0)
zl

)2

⎛
⎜⎝ −k2

0μβy

(
B+

l cos
(
χ

(0)
l x

)
+ B−

l sin
(
χ

(0)
l x

))
+

+ik0βzχ
(0)
l

(
A+

l sin
(
χ

(0)
l x

)
− A−

l cos
(
χ

(0)
l x

))
⎞
⎟⎠ ,

E(0)
xc =

1(
χ

(0)
zc

)2

(
−k2

0μβyBc exp
(
−γ(0)

c x
)

+ ik0βzγ
(0)
c Ac exp

(
−γ(0)

c x
))

.

„²Ö ¢¥·É¨± ²Ó´μ° ±μ³¶μ´¥´ÉÒ ´ ¶·Ö¦¥´´μ¸É¨ ³ £´¨É´μ£μ ¶μ²Ö

H(0)
xs =

1(
χ

(0)
zs

)2

(
k2
0εβyAs exp

(
γ(0)

s x
)
− ik0βzγ

(0)
s Bs exp

(
γ(0)

s x
))

,

H
(0)
xf =

1(
χ

(0)
zf

)2

⎛
⎜⎝ k2

0εβy

(
A+

f cos
(
χ

(0)
f x

)
+ A−

f sin
(
χ

(0)
f x

))
+

+ik0βzχ
(0)
f

(
B+

f sin
(
χ

(0)
f x

)
− B−

f cos
(
χ

(0)
f x

))
⎞
⎟⎠ ,

¥¸²¨ β � nf � nl, ¨
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H
(0)
xf =

1(
χ

(0)
zf

)2

⎛
⎜⎝ k2

0εβy

(
A+

f exp
(
γ

(0)
f x

)
+ A−

f exp
(
−γ

(0)
f x

))
+

−ik0βzγ
(0)
f

(
B+

f exp
(
γ

(0)
f x

)
− B−

f exp
(
−γ

(0)
f x

))
⎞
⎟⎠ ,

¥¸²¨ nf � β � nl,

H
(0)
xl =

1(
χ

(0)
zl

)2

⎛
⎜⎝ k2

0εβy

(
A+

l cos
(
χ

(0)
l x

)
+ A−

l sin
(
χ

(0)
l x

))
+

+ik0βzχ
(0)
l

(
B+

l sin
(
χ

(0)
l x

)
− B−

l cos
(
χ

(0)
l x

))
⎞
⎟⎠ ,

H(0)
xc =

1(
χ

(0)
zc

)2

(
k2
0εβyAc exp

(
−γ(0)

c x
)

+ ik0βzγ
(0)
c Bc exp

(
−γ(0)

c x
))

.

„²Ö ¶μ¶¥·¥Î´μ° ±μ³¶μ´¥´ÉÒ ´ ¶·Ö¦¥´´μ¸É¨ ³ £´¨É´μ£μ ¶μ²Ö

H(0)
ys =

1(
χ

(0)
zs

)2

(
−k2

0βyβzBs exp
(
γ(0)

s x
)
− ik0εγ

(0)
s As exp

(
γ(0)

s x
))

,

H
(0)
yf =

1(
χ

(0)
zf

)2

⎛
⎜⎝ −k2

0βyβz

(
B+

f cos
(
χ

(0)
f x

)
+ B−

f sin
(
χ

(0)
f x

))
+

+ik0εχ
(0)
f

(
A+

f sin
(
χ

(0)
f x

)
− A−

f cos
(
χ

(0)
f x

))
⎞
⎟⎠ ,

¥¸²¨ β � nf � nl, ¨

H
(0)
yf =

1(
χ

(0)
zf

)2

⎛
⎜⎝ −k2

0βyβz

(
B+

f exp
(
γ

(0)
f x

)
+ B−

f exp
(
−γ

(0)
f x

))
−

−ik0εγ
(0)
f

(
A+

f exp
(
γ

(0)
f x

)
− A−

f exp
(
−γ

(0)
f x

))
⎞
⎟⎠ ,

¥¸²¨ nf � β � nl,

H
(0)
yl =

1(
χ

(0)
zl

)2

⎛
⎜⎝ −k2

0βyβz

(
B+

l cos
(
χ

(0)
l x

)
+ B−

l sin
(
χ

(0)
l x

))
+

+ik0εχ
(0)
l

(
A+

l sin
(
χ

(0)
l x

)
− A−

l cos
(
χ

(0)
l x

))
⎞
⎟⎠ ,

H(0)
yc =

1(
χ

(0)
zc

)2

(
−k2

0βyβzBc exp
(
−γ(0)

c x
)

+ ik0εγ
(0)
c Ac exp

(
−γ(0)

c x
))

.

‡¤¥¸Ó ¨¸¶μ²Ó§μ¢ ´Ò μ¡μ§´ Î¥´¨Ö(
χ(0)

zs

)2

= k2
0

(
n2

s − β2
z

)
= −

(
γ(0)

zs

)2

< 0,
(
χ

(0)
zf

)2

= k2
0

(
n2

f − β2
z

)
> 0,(

χ
(0)
zl

)2

= k2
0

(
n2

l − β2
z

)
> 0,

(
χ(0)

zc

)2

= k2
0

(
n2

c − β2
z

)
= −

(
γ(0)

zc

)2

< 0.
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3. ƒ���ˆ—�›… “‘‹�‚ˆŸ �� �…ƒ“‹Ÿ��›• ƒ���ˆ–�•
‚ �“‹…‚�Œ ‚…Š’����Œ ��ˆ�‹ˆ†…�ˆˆ

	 ¸¸³μÉ·¨³ ¸´ Î ²  Ê· ¢´¥´¨Ö (17) £· ´¨Î´ÒÌ Ê¸²μ¢¨° ´  £μ·¨§μ´É ²Ó-
´μ° £· ´¨Í¥ · §¤¥²  ¶μ¤²μ¦±¨ ¨ ¶¥·¢μ£μ ¢μ²´μ¢μ¤´μ£μ ¸²μÖ, ¶¥·¥¸¥± ÕÐ¥°
μ¸Ó Ox ¢ ÉμÎ±¥ x1:

E(0)
zs = E

(0)
zf ⇔ As exp

(
γ(0)

s x1

)
= A+

f cos
(
χ

(0)
f x1

)
+A−

f sin
(
χ

(0)
f x1

)
, (24 )

¥¸²¨ β � nf � nl, ¨

E(0)
zs = E

(0)
zf ⇔ As exp

(
γ(0)

s x1

)
= A+

f exp
(
γ

(0)
f x1

)
+ A−

f exp
(
−γ

(0)
f x1

)
,

(24¡)
¥¸²¨ nf � β � nl;

H(0)
ys = H

(0)
yf ⇔ 1(

χ
(0)
zs

)2

(
−k2

0βyβzBs exp
(
γ(0)

s x1

)
−

− ik0εγ
(0)
s As exp

(
γ(0)

s x1

))
=

=
1(

χ
(0)
zf

)2

⎛
⎜⎝ −k2

0βyβz

(
B+

f cos
(
χ

(0)
f x1

)
+ B−

f sin
(
χ

(0)
f x1

))
+

+ik0εχ
(0)
f

(
A+

f sin
(
χ

(0)
f x1

)
− A−

f cos
(
χ

(0)
f x1

))
⎞
⎟⎠ ,

(25 )

¥¸²¨ β � nf � nl, ¨

H(0)
ys = H

(0)
yf ⇔ 1(

χ
(0)
zs

)2

(
−k2

0βyβzBs exp
(
γ(0)

s x1

)
−

− ik0εγ
(0)
s As exp

(
γ(0)

s x1

))
=

=
1(

χ
(0)
zf

)2

⎛
⎜⎝ −k2

0βyβz

(
B+

f exp
(
γ

(0)
f x1

)
+ B−

f exp
(
−γ

(0)
f x1

))
−

−ik0εγ
(0)
f

(
A+

f exp
(
γ

(0)
f x1

)
− A−

f exp
(
−γ

(0)
f x1

))
⎞
⎟⎠ ,

(25¡)

¥¸²¨ nf � β � nl;

H(0)
zs = H

(0)
zf ⇔ Bs exp

(
γ(0)

s x1

)
= B+

f cos
(
χ

(0)
f x1

)
+ B−

f sin
(
χ

(0)
f x1

)
,

(26 )

10



¥¸²¨ β � nf � nl, ¨

H(0)
zs = H

(0)
zf ⇔ Bs exp

(
γ(0)

s x1

)
= B+

f exp
(
γ

(0)
f x1

)
+ B−

f exp
(
−γ

(0)
f x1

)
,

(26¡)
¥¸²¨ nf � β � nl;

E(0)
ys = E

(0)
yf ⇔ 1(

χ
(0)
zs

)2

(
k2
0βyβzAs exp

(
γ(0)

s x1

)
+

+ ik0μγ(0)
s Bs exp

(
γ(0)

s x1

))
=

=
1(

χ
(0)
zf

)2

⎛
⎜⎝ k2

0βyβz

(
A+

f cos
(
χ

(0)
f x1

)
+ A−

f sin
(
χ

(0)
f x1

))
+

+ik0μχ
(0)
f

(
−B+

f sin
(
χ

(0)
f x1

)
+ B−

f cos
(
χ

(0)
f x1

))
⎞
⎟⎠ ,

(27 )

¥¸²¨ β � nf � nl, ¨

E(0)
ys = E

(0)
yf ⇔ 1(

χ
(0)
zs

)2

(
k2
0βyβzAs exp

(
γ(0)

s x1

)
+

+ ik0μγ(0)
s Bs exp

(
γ(0)

s x1

))
=

=
1(

χ
(0)
zf

)2

⎛
⎜⎝ k2

0βyβz

(
A+

f exp
(
γ

(0)
f x1

)
+ A−

f exp
(
−γ

(0)
f x1

))
+

+ik0μγ
(0)
f

(
B+

f exp
(
γ

(0)
f x1

)
− B−

f exp
(
−γ

(0)
f x1

))
⎞
⎟⎠ ,

(27¡)

¥¸²¨ nf � β � nl.

„ ²¥¥ · ¸¸³μÉ·¨³ Ê· ¢´¥´¨Ö (18) £· ´¨Î´ÒÌ Ê¸²μ¢¨° ´  £μ·¨§μ´É ²Ó´μ°
£· ´¨Í¥ · §¤¥²  ¶¥·¢μ£μ ¢μ²´μ¢μ¤´μ£μ ¸²μÖ ¨ ¢Éμ·μ£μ ¢μ²´μ¢μ¤´μ£μ ¸²μÖ,
¶¥·¥¸¥± ÕÐ¥° μ¸Ó Ox ¢ ÉμÎ±¥ x2.

E
(0)
zf = E

(0)
zl ⇔

A+
f cos

(
χ

(0)
f x2

)
+ A−

f sin
(
χ

(0)
f x2

)
= A+

l cos
(
χ

(0)
l x2

)
+ A−

l sin
(
χ

(0)
l x2

)
,

(28 )

11



¥¸²¨ β � nf � nl, ¨

E
(0)
zf = E

(0)
zl ⇔

A+
f exp

(
γ

(0)
f x2

)
+A−

f exp
(
−γ

(0)
f x2

)
= A+

l cos
(
χ

(0)
l x2

)
+A−

l sin
(
χ

(0)
l x2

)
,

(28¡)

¥¸²¨ nf � β � nl;

H
(0)
yf = H

(0)
yl ⇔

1(
χ

(0)
zf

)2

⎛
⎜⎝ −k2

0βyβz

(
B+

f cos
(
χ

(0)
f x2

)
+ B−

f sin
(
χ

(0)
f x2

))
+

+ik0εχ
(0)
f

(
A+

f sin
(
χ

(0)
f x2

)
− A−

f cos
(
χ

(0)
f x2

))
⎞
⎟⎠ =

=
1(

χ
(0)
zl

)2

⎛
⎜⎝ −k2

0βyβz

(
B+

l cos
(
χ

(0)
l x2

)
+ B−

l sin
(
χ

(0)
l x2

))
+

+ik0εχ
(0)
l

(
A+

l sin
(
χ

(0)
l x2

)
− A−

l cos
(
χ

(0)
l x2

))
⎞
⎟⎠ , (29 )

¥¸²¨ β � nf � nl, ¨

H
(0)
yf = H

(0)
yl ⇔

1(
χ

(0)
zf

)2

⎛
⎝ −k2

0βyβz

(
B+

f exp
(
γ

(0)
f x2

)
+ B−

f exp
(
−γ

(0)
f x2

))
−

−ik0εγ
(0)
f

(
A+

f exp
(
γ

(0)
f x2

)
− A−

f exp
(
−γ

(0)
f x2

))
⎞
⎠ =

=
1(

χ
(0)
zl

)2

⎛
⎝ −k2

0βyβz

(
B+

l cos
(
χ

(0)
l x2

)
+ B−

l sin
(
χ

(0)
l x2

))
+

+ik0εχ
(0)
l

(
A+

l sin
(
χ

(0)
l x2

)
− A−

l cos
(
χ

(0)
l x2

))
⎞
⎠ , (29¡)

¥¸²¨ nf � β � nl;

H
(0)
zf = H

(0)
zl ⇔

B+
f cos

(
χ

(0)
f x2

)
+ B−

f sin
(
χ

(0)
f x2

)
= B+

l cos
(
χ

(0)
l x2

)
+ B−

l sin
(
χ

(0)
l x2

)
,

(30 )

¥¸²¨ β � nf � nl, ¨

H
(0)
zf = H

(0)
zl ⇔

B+
f exp

(
γ

(0)
f x2

)
+ B−

f exp
(
−γ

(0)
f x2

)
=

= B+
l cos

(
χ

(0)
l x2

)
+ B−

l sin
(
χ

(0)
l x2

)
, (30¡)

12



¥¸²¨ nf � β � nl;

E
(0)
yf = E

(0)
yl ⇔

1(
χ

(0)
zf

)2

⎛
⎜⎝ k2

0βyβz

(
A+

f cos
(
χ

(0)
f x2

)
+ A−

f sin
(
χ

(0)
f x2

))
+

+ik0μχ
(0)
f

(
−B+

f sin
(
χ

(0)
f x2

)
+ B−

f cos
(
χ

(0)
f x2

))
⎞
⎟⎠ =

=
1(

χ
(0)
zl

)2

⎛
⎜⎝ k2

0βyβz

(
A+

l cos
(
χ

(0)
l x2

)
+ A−

l sin
(
χ

(0)
l x2

))
+

+ik0μχ
(0)
l

(
−B+

l sin
(
χ

(0)
l x2

)
+ B−

l cos
(
χ

(0)
l x2

))
⎞
⎟⎠ , (31 )

¥¸²¨ β � nf � nl, ¨

E
(0)
yf = E

(0)
yl ⇔

1(
χ

(0)
zf

)2

⎛
⎝ k2

0βyβz

(
A+

f exp
(
γ

(0)
f x2

)
+ A−

f exp
(
−γ

(0)
f x2

))
+

+ik0μγ
(0)
f

(
B+

f exp
(
γ

(0)
f x2

)
− B−

f exp
(
−γ

(0)
f x2

))
⎞
⎠ =

=
1(

χ
(0)
zl

)2

⎛
⎝ k2

0βyβz

(
A+

l cos
(
χ

(0)
l x2

)
+ A−

l sin
(
χ

(0)
l x2

))
+

+ik0μχ
(0)
l

(
−B+

l sin
(
χ

(0)
l x2

)
+ B−

l cos
(
χ

(0)
l x2

))
⎞
⎠ , (31¡)

¥¸²¨ nf � β � nl.

4. ƒ���ˆ—�›… “‘‹�‚ˆŸ �� �…�…ƒ“‹Ÿ��›• ƒ���ˆ–�•
‚ �“‹…‚�Œ ‚…Š’����Œ ��ˆ�‹ˆ†…�ˆˆ

	 ¸¸³μÉ·¨³ Ê· ¢´¥´¨Ö (19) £· ´¨Î´ÒÌ Ê¸²μ¢¨° ´  ´¥£μ·¨§μ´É ²Ó´μ° £· -
´¨Í¥ · §¤¥²  ¶¥·¢μ£μ ¢μ²´μ¢μ¤´μ£μ ¸²μÖ ¨ ¢Éμ·μ£μ ¢μ²´μ¢μ¤´μ£μ ¸²μÖ, ¶¥·¥-
¸¥± ÕÐ¥° μ¸Ó Ox ¢ ÉμÎ±¥ x3. ‡ ³¥É¨³, ÎÉμ ²¥¢ÊÕ ¨ ¶· ¢ÊÕ Î ¸É¨ Ê· ¢´¥´¨°

³μ¦´μ · §¤¥²¨ÉÓ ´  μ¡Ð¨° ´¥´Ê²¥¢μ° ³´μ¦¨É¥²Ó

(
1 +

(
∂h

∂y

)2

+
(

∂h

∂z

)2
)

,

¶μ¸²¥ Î¥£μ Ê· ¢´¥´¨Ö (20)Ä(23) ¤²Ö ¢¥²¨Î¨´

Ẽτ(0)
y =

∂h

∂y
E(0)

x +

[
1 +

(
∂h

∂z

)2
]

E(0)
y − ∂h

∂y

∂h

∂z
E(0)

z ,

Ẽτ(0)
z =

∂h

∂z
E(0)

x − ∂h

∂y

∂h

∂z
E(0)

y +

[
1 +

(
∂h

∂y

)2
]

E(0)
z ,

13



H̃τ(0)
y =

∂h

∂y
H(0)

x +

[
1 +

(
∂h

∂z

)2
]

H(0)
y − ∂h

∂y

∂h

∂z
H(0)

z ,

H̃τ(0)
z =

∂h

∂z
H(0)

x − ∂h

∂y

∂h

∂z
H(0)

y +

[
1 +

(
∂h

∂y

)2
]

H(0)
z

¶·¨´¨³ ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤ (§´ Î¥´¨Ö ¸²¥¢  ¡¥·ÊÉ¸Ö ¶·¨ x3 − 0, ¸¶· ¢  ¶·¨
x3 + 0).

‘μμÉ´μÏ¥´¨¥

Ẽ
τ(0)
zl = Ẽτ(0)

zc ⇔ ∂h

∂z
E

(0)
xl − ∂h

∂y

∂h

∂z
E

(0)
yl +

[
1 +

(
∂h

∂y

)2
]

E
(0)
zl =

=
∂h

∂z
E(0)

xc − ∂h

∂y

∂h

∂z
E(0)

yc +

[
1 +

(
∂h

∂y

)2
]

E(0)
zc

§ ¶¨¸Ò¢ ¥³, ¨¸¶μ²Ó§ÊÖ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö E
(0)
z , H

(0)
z , E

(0)
y , H

(0)
y , E

(0)
x ,

H
(0)
x , ¢ ¢¨¤¥

(
∂h

∂z

)
1(

χ
(0)
zl

)2

⎛
⎜⎝ −k2

0μβy

(
B+

l cos
(
χ

(0)
l x

)
+ B−

l sin
(
χ

(0)
l x

))
+

+ik0βzχ
(0)
l

(
A+

l sin
(
χ

(0)
l x

)
− A−

l cos
(
χ

(0)
l x

))
⎞
⎟⎠−

−
(

∂h

∂y

∂h

∂z

)
1(

χ
(0)
zl

)2

⎛
⎜⎝ k2

0βyβz

(
A+

l cos
(
χ

(0)
l x

)
+ A−

l sin
(
χ

(0)
l x

))
+

+ik0μχ
(0)
l

(
−B+

l sin
(
χ

(0)
l x

)
+ B−

l cos
(
χ

(0)
l x

))
⎞
⎟⎠+

+

[
1 +

(
∂h

∂y

)2
](

A+
l cos

(
χ

(0)
l x

)
+ A−

l sin
(
χ

(0)
l x

))
=

=
(

∂h

∂z

)
1(

χ
(0)
zc

)2

(
−k2

0μβyBc exp
(
−γ(0)

c x
)

+ ik0βzγ
(0)
c Ac exp

(
−γ(0)

c x
))

−

−
(

∂h

∂y

∂h

∂z

)
1(

χ
(0)
zc

)2

(
k2
0βyβzAc exp

(
−γ(0)

c x
)
− ik0μγ(0)

c Bc exp
(
−γ(0)

c x
))

+

+

[
1 +

(
∂h

∂y

)2
]

Ac exp
(
−γ(0)

c x
)

. (32)
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‘μμÉ´μÏ¥´¨¥

Ẽ
τ(0)
yl = Ẽτ(0)

yc ⇔ ∂h

∂y
E

(0)
xl +

[
1 +

(
∂h

∂z

)2
]

E
(0)
yl − ∂h

∂y

∂h

∂z
E

(0)
zl =

=
∂h

∂y
E(0)

xc +

[
1 +

(
∂h

∂z

)2
]

E(0)
yc − ∂h

∂y

∂h

∂z
E(0)

zc

§ ¶¨¸Ò¢ ¥³, ¨¸¶μ²Ó§ÊÖ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö E
(0)
z , H

(0)
z , E

(0)
y , H

(0)
y , E

(0)
x ,

H
(0)
x , ¢ ¢¨¤¥

(
∂h

∂y

)
1(

χ
(0)
zl

)2

⎛
⎝ −k2

0μβy

(
B+

l cos
(
χ

(0)
l x

)
+ B−

l sin
(
χ

(0)
l x

))
+

+ik0βzχ
(0)
l

(
A+

l sin
(
χ

(0)
l x

)
− A−

l cos
(
χ

(0)
l x

))
⎞
⎠ +

+

[
1 +

(
∂h

∂z

)2
]

1(
χ

(0)
zl

)2×

×

⎛
⎝ k2

0βyβz

(
A+

l cos
(
χ

(0)
l x

)
+ A−

l sin
(
χ

(0)
l x

))
+

+ik0μχ
(0)
l

(
−B+

l sin
(
χ

(0)
l x

)
+ B−

l cos
(
χ

(0)
l x

))
⎞
⎠−

−
(

∂h

∂y

∂h

∂z

) (
A+

l cos
(
χ

(0)
l x

)
+ A−

l sin
(
χ

(0)
l x

))
=

=
(

∂h

∂y

)
1(

χ
(0)
zc

)2

(
−k2

0μβyBc exp
(
−γ(0)

c x
)

+ ik0βzγ
(0)
c Ac exp

(
−γ(0)

c x
))

+

+

[
1 +

(
∂h

∂z

)2
]

1(
χ

(0)
zc

)2

(
k2
0βyβzAc exp

(
−γ(0)

c x
)
−

− ik0μγ(0)
c Bc exp

(
−γ(0)

c x
))

−
(

∂h

∂y

∂h

∂z

)
Ac exp

(
−γ(0)

c x
)

; (33)

∂h

∂y
E

(0)
xl +

[
1 +

(
∂h

∂z

)2
]

E
(0)
yl − ∂h

∂y

∂h

∂z
E

(0)
zl =

=
∂h

∂y
E(0)

xc +

[
1 +

(
∂h

∂z

)2
]

E(0)
yc − ∂h

∂y

∂h

∂z
E(0)

zc .
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‘μμÉ´μÏ¥´¨¥

H̃
τ(0)
zl = H̃τ(0)

zc ⇔ ∂h

∂z
H

(0)
xl − ∂h

∂y

∂h

∂z
H

(0)
yl +

[
1 +

(
∂h

∂y

)2
]

H
(0)
zl =

=
∂h

∂z
H(0)

xc − ∂h

∂y

∂h

∂z
H(0)

yc +

[
1 +

(
∂h

∂y

)2
]

H(0)
zc

§ ¶¨¸Ò¢ ¥³, ¨¸¶μ²Ó§ÊÖ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö E
(0)
z , H

(0)
z , E

(0)
y , H

(0)
y , E

(0)
x ,

H
(0)
x , ¢ ¢¨¤¥

(
∂h

∂z

)
1(

χ
(0)
zl

)2

⎛
⎝ k2

0εβy

(
A+

l cos
(
χ

(0)
l x

)
+ A−

l sin
(
χ

(0)
l x

))
+

+ik0βzχ
(0)
l

(
B+

l sin
(
χ

(0)
l x

)
− B−

l cos
(
χ

(0)
l x

))
⎞
⎠−

−
(

∂h

∂y

∂h

∂z

)
1(

χ
(0)
zl

)2

⎛
⎝ −k2

0βyβz

(
B+

l cos
(
χ

(0)
l x

)
+ B−

l sin
(
χ

(0)
l x

))
+

+ik0εχ
(0)
l

(
A+

l sin
(
χ

(0)
l x

)
− A−

l cos
(
χ

(0)
l x

))
⎞
⎠+

+

[
1 +

(
∂h

∂y

)2
](

B+
l cos

(
χ

(0)
l x

)
+ B−

l sin
(
χ

(0)
l x

))
=

=
(

∂h

∂z

)
1(

χ
(0)
zc

)2

(
k2
0εβyAc exp

(
−γ(0)

c x
)

+ ik0βzγ
(0)
c Bc exp

(
−γ(0)

c x
))

−

−
(

∂h

∂y

∂h

∂z

)
1(

χ
(0)
zc

)2

(
−k2

0βyβzBc exp
(
−γ(0)

c x
)

+

+ ik0εγ
(0)
c Ac exp

(
−γ(0)

c x
))

+

[
1 +

(
∂h

∂y

)2
]

Bc exp
(
−γ(0)

c x
)

. (34)

‘μμÉ´μÏ¥´¨¥

H̃
τ(0)
yl = H̃τ(0)

yc ⇔ ∂h

∂y
H

(0)
xl +

[
1 +

(
∂h

∂z

)2
]

H
(0)
yl − ∂h

∂y

∂h

∂z
H

(0)
zl =

=
∂h

∂y
H(0)

xc +

[
1 +

(
∂h

∂z

)2
]

H(0)
yc − ∂h

∂y

∂h

∂z
H(0)

zc

§ ¶¨¸Ò¢ ¥³, ¨¸¶μ²Ó§ÊÖ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö E
(0)
z , H

(0)
z , E

(0)
y , H

(0)
y , E

(0)
x ,
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H
(0)
x , ¢ ¢¨¤¥

(
∂h

∂y

)
1(

χ
(0)
zl

)2

⎛
⎝ k2

0εβy

(
A+

l cos
(
χ

(0)
l x

)
+ A−

l sin
(
χ

(0)
l x

))
+

+ik0βzχ
(0)
l

(
B+

l sin
(
χ

(0)
l x

)
− B−

l cos
(
χ

(0)
l x

))
⎞
⎠ +

+

[
1 +

(
∂h

∂z

)2
]

1(
χ

(0)
zl

)2×

×

⎛
⎝ −k2

0βyβz

(
B+

l cos
(
χ

(0)
l x

)
+ B−

l sin
(
χ

(0)
l x

))
+

+ik0εχ
(0)
l

(
A+

l sin
(
χ

(0)
l x

)
− A−

l cos
(
χ

(0)
l x

))
⎞
⎠−

−
(

∂h

∂y

∂h

∂z

) (
B+

l cos
(
χ

(0)
l x

)
+ B−

l sin
(
χ

(0)
l x

))
=

=
(

∂h

∂y

)
1(

χ
(0)
zc

)2

(
k2
0εβyAc exp

(
−γ(0)

c x
)

+ ik0βzγ
(0)
c Bc exp

(
−γ(0)

c x
))

+

+

[
1 +

(
∂h

∂z

)2
]

1(
χ

(0)
zc

)2

(
−k2

0βyβzBc exp
(
−γ(0)

c x
)

+

+ ik0εγ
(0)
c Ac exp

(
−γ(0)

c x
))

−
(

∂h

∂y

∂h

∂z

)
Bc exp

(
−γ(0)

c x
)

. (35)

�μ¸²¥ ¶·¨¢¥¤¥´¨Ö ¶μ¤μ¡´ÒÌ Î²¥´μ¢ ¢ Ê· ¢´¥´¨ÖÌ £· ´¨Î´ÒÌ Ê¸²μ-
¢¨° (32)Ä(35) ¶μ²ÊÎ ¥³ μ¤´μ·μ¤´Ò¥ ²¨´¥°´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ´¥μ¶·¥¤¥²¥´-
´ÒÌ  ³¶²¨ÉÊ¤´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ As, Bs, A±

f , B±
f , A±

l , B±
l , Ac, Bc.

5. Œ…’�„ ˆ �‹ƒ��ˆ’Œ› ‚›—ˆ‘‹…�ˆŸ ‚…�’ˆŠ�‹œ��ƒ�
��‘��…„…‹…�ˆŸ �„ˆ���’ˆ—…‘Šˆ• Œ�„
‚ �“‹…‚�Œ ‚…Š’����Œ ��ˆ�‹ˆ†…�ˆˆ

5.1. Œ¥Éμ¤ ·¥Ï¥´¨Ö ¨¸Ìμ¤´μ° § ¤ Î¨. ŒÒ ¶μ²ÊÎ¨²¨ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò
Ê· ¢´¥´¨° Œ ±¸¢¥²²  (1) ¢ ¢¨¤¥ (3) ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ¢ Î¥ÉÒ·¥Ì μ¡² -
¸ÉÖÌ Ij , ¶·¨Î¥³ μ¡Ð¨° ¢¨¤ ·¥Ï¥´¨° ¢ μ¡² ¸ÉÖÌ Is ¨ Ic ¶μ²ÊÎ¥´ ¸ ÊÎ¥Éμ³
£· ´¨Î´ÒÌ Ê¸²μ¢¨° ´  ¡¥¸±μ´¥Î´μ¸É¨. 	¥Ï¥´¨Ö Ej , Hj ¢ μ¡² ¸ÉÖÌ Ij § ¢¨¸ÖÉ
μÉ ¤¢¥´ ¤Í É¨  ³¶²¨ÉÊ¤´ÒÌ ±μÔËË¨Í¨¥´Éμ¢ As, Bs, A±

f , B±
f , A±

l , B±
l , Ac,

Bc ¨ μÉ ±μÔËË¨Í¨¥´É  Ë §μ¢μ£μ § ³¥¤²¥´¨Ö β (y, z). — ¸É¨Î´Ò¥ ·¥Ï¥´¨Ö Ej ,
Hj § ¤ ÕÉ ·¥Ï¥´¨¥ ¢μ ¢¸¥³ ¶·μ¸É· ´¸É¢¥, ¥¸²¨ μ´¨ Ê¤μ¢²¥É¢μ·ÖÕÉ ¤¢¥´ ¤Í É¨
Ê· ¢´¥´¨Ö³ (24)Ä(35) £· ´¨Î´ÒÌ Ê¸²μ¢¨°. “· ¢´¥´¨Ö (24)Ä(35) μ¡· §ÊÕÉ μ¤-
´μ·μ¤´ÊÕ ¸¨¸É¥³Ê ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°

M̂(β) (A, B)t = �0 (36)
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μÉ´μ¸¨É¥²Ó´μ ¤¢¥´ ¤Í É¨³¥·´μ£μ ¢¥±Éμ·  (A, B)t, ±μÉμ· Ö μ¡² ¤ ¥É ´¥É·¨-
¢¨ ²Ó´Ò³ ·¥Ï¥´¨¥³ ¢ ¸²ÊÎ ¥, ¥¸²¨ μ¶·¥¤¥²¨É¥²Ó ¸¨¸É¥³Ò · ¢¥´ ´Ê²Õ:

det(M̂(β)) = 0. (37)

	 ¢¥´¸É¢μ ´Ê²Õ μ¶·¥¤¥²¨É¥²Ö (37) Ö¢²Ö¥É¸Ö Ê¸²μ¢¨¥³ · §·¥Ï¨³μ¸É¨ ¸¨¸-
É¥³Ò (36). ˆ ¸ ³  ³ É·¨Í  M̂(β), ¨ ¥¥ μ¶·¥¤¥²¨É¥²Ó det(M̂(β)) § ¢¨¸ÖÉ
μÉ ¢¥Ð¥¸É¢¥´´μ£μ ¶ · ³¥É·  β ∈ [ns, nl]. ‡´ Î¥´¨Ö βk(y, z), ¶·¨ ±μÉμ·ÒÌ
¢Ò¶μ²´Ö¥É¸Ö (37), É. ¥. · §·¥Ï¨³  (36), Ö¢²ÖÕÉ¸Ö ¨¸±μ³Ò³¨ §´ Î¥´¨Ö³¨ ±μ-
ÔËË¨Í¨¥´É  Ë §μ¢μ£μ § ³¥¤²¥´¨Ö βk(y, z). ‚ ¸¢μÕ μÎ¥·¥¤Ó, ±μ·´¨ βk(y, z)
Ê· ¢´¥´¨Ö (37) ¶ · ³¥É·¨Î¥¸±¨ § ¢¨¸ÖÉ μÉ d ¨ h(y, z), ÔÉ  § ¢¨¸¨³μ¸ÉÓ ´ §Ò-
¢ ¥É¸Ö ¢ ¨´É¥£· ²Ó´μ° μ¶É¨±¥ ¤¨¸¶¥·¸¨μ´´μ° § ¢¨¸¨³μ¸ÉÓÕ β(d, h).

5.2. �²£μ·¨É³Ò ·¥Ï¥´¨Ö ¨¸Ìμ¤´μ° § ¤ Î¨. 	¥Ï ¥³ Ê· ¢´¥´¨¥ (37) ³μ¤¨-
Ë¨Í¨·μ¢ ´´Ò³ ³¥Éμ¤μ³ ¤¥Ëμ·³¨·Ê¥³μ£μ ³´μ£μ£· ´´¨±  [13]. ‚ÒÎ¨¸²¥´´Ò¥
§´ Î¥´¨Ö βk(y, z) ¶μ¤¸É ¢²Ö¥³ ¢ ¸¨¸É¥³Ê (36).

�μ²ÊÎ¥´´ÊÕ ±μ´±·¥É´ÊÕ μ¤´μ·μ¤´ÊÕ ¸¨¸É¥³Ê ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì
Ê· ¢´¥´¨° ·¥Ï ¥³ ³¥Éμ¤μ³ É¨Ìμ´μ¢¸±μ° ·¥£Ê²Ö·¨§ Í¨¨ [14]

(
M̂ (βk)T

M̂ (βk) + αÎ
)

(A, B)t = M̂ (βk)T (A0, B0)
t
,

ÎÉμ Ô±¢¨¢ ²¥´É´μ ³¨´¨³¨§ Í¨¨ É¨Ìμ´μ¢¸±μ£μ ËÊ´±Í¨μ´ ²  [13, 14]

∥∥∥M̂ (βk) (A, B)t
∥∥∥2

+ α
∥∥∥(A, B)t − (A0,B0)

t
∥∥∥2

−−−−→
(A,B)t

min .

‚ÒÎ¨¸²¥´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ As, Bs, A±
f , B±

f , A±
l , B±

l , Ac, Bc ¢³¥¸É¥
¸ ¢ÒÎ¨¸²¥´´Ò³ §´ Î¥´¨¥³ βk(y, z) ¶μ¤¸É ¢²Ö¥³ ¢ Ëμ·³Ê²Ò ¤²Ö ±μ³¶μ´¥´É
Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¨§ ¶. 2, ÔÉμ § ¢¥·Ï ¥É ÔÉ ¶ ¢ÒÎ¨¸²¥´¨Ö ¢¥·É¨± ²Ó´μ£μ
· ¸¶·¥¤¥²¥´¨Ö Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¢ ¢Ò· ¦¥´¨ÖÌ (3).

‚μ¶·μ¸ ¢ÒÎ¨¸²¥´¨Ö Ë §Ò φ(y, z) Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¢ ¢Ò· ¦¥-
´¨ÖÌ (3) ¡Ê¤¥É · ¸¸³μÉ·¥´ ¢ μ¤´μ° ¨§ ¸²¥¤ÊÕÐ¨Ì ¶Ê¡²¨± Í¨°.

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¢ÒÎ¨¸²¥´´Ò¥ ¤¨¸¶¥·¸¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö βk(d, h)
Ö¢²ÖÕÉ¸Ö ´¥μ¡Ìμ¤¨³μ° ¸μ¸É ¢´μ° Î ¸ÉÓÕ Éμ° ¨´Ëμ·³ Í¨¨, ±μÉμ· Ö ´Ê¦´  ¤²Ö
¶·μ¥±É¨·μ¢ ´¨Ö ¨ É¥¸É¨·μ¢ ´¨Ö ¶² ¢´μ-´¥·¥£Ê²Ö·´ÒÌ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸-
±¨Ì Ê¸É·μ°¸É¢, μ¡¥¸¶¥Î¨¢ ÕÐ¨Ì  ¤¥±¢ É´μ¥ ¢¥±Éμ·´μ¥ Ô²¥±É·μ¤¨´ ³¨Î¥¸±μ¥
μ¶¨¸ ´¨¥ É· ´¸Ëμ·³ Í¨¨ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö, · ¸¶·μ¸É· ´ÖÕÐ¥£μ¸Ö ¢
¨§ÊÎ ¥³ÒÌ Ê¸É·μ°¸É¢ Ì.

	 ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ 	””ˆ (£· ´ÉÒ º07-01-00738 
¨ 08-01-00800 ) ¨ ¶·¨ Î ¸É¨Î´μ° ¶μ¤¤¥·¦±¥ 	””ˆ (£· ´É º07-02-00778 ).
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