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…£μ·μ¢ �.�. ¨ ¤·. P11-2009-121
‘É·Ê±ÉÊ·  ³μ¤ ¶² ¢´μ-´¥·¥£Ê²Ö·´μ£μ É·¥Ì³¥·´μ£μ
¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ Î¥ÉÒ·¥Ì¸²μ°´μ£μ ¢μ²´μ¢μ¤ 

‚ ± Î¥¸É¢¥ ³¥Éμ¤  ¨¸¸²¥¤μ¢ ´¨Ö ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ ³´μ£μ¸²μ°´μ£μ
¢μ²´μ¢μ¤ , Ê¤μ¢²¥É¢μ·ÖÕÐ¥£μ Ê¸²μ¢¨Õ ¶² ¢´μ£μ ¨§³¥´¥´¨Ö ¶·μË¨²Ö ¨¸¸²¥¤Ê-
¥³μ° É·¥Ì³¥·´μ° ¸É·Ê±ÉÊ·Ò, ¨¸¶μ²Ó§μ¢ ´  ¸¨³¶ÉμÉ¨Î¥¸±¨° ³¥Éμ¤. �´ ²¨É¨Î¥-
¸±¨ μ¶¨¸ ´Ò É·¥Ì³¥·´Ò¥ ¶μ²Ö ¶² ¢´μ ¤¥Ëμ·³¨·ÊÕÐ¨Ì¸Ö ³μ¤ Î¥ÉÒ·¥Ì¸²μ°´μ£μ
¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ ¢μ²´μ¢μ¤ . �μ²ÊÎ¥´  Ö¢´ Ö § ¢¨¸¨³μ¸ÉÓ ¢±² ¤μ¢ ¶¥·-
¢μ£μ ¶μ·Ö¤±  ³ ²μ¸É¨ ¢  ³¶²¨ÉÊ¤Ò Ô²¥±É·¨Î¥¸±μ£μ ¨ ³ £´¨É´μ£μ ¶μ²¥° ±¢ §¨-
¢μ²´μ¢μ¤´ÒÌ ³μ¤. �·¥¤¸É ¢²¥´ ± ´μ´¨Î¥¸±¨° ¤²Ö  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ³¥Éμ¤  ¢¨¤
±¢ §¨¢μ²´μ¢ÒÌ Ê· ¢´¥´¨°, μ¶¨¸Ò¢ ÕÐ¨Ì · ¸¶·μ¸É· ´¥´¨¥ ±¢ §¨-’… ¨ ±¢ §¨-’Œ
³μ¤ ¢ ¶² ¢´μ-´¥·¥£Ê²Ö·´μ° Î ¸É¨ É·¥Ì³¥·´μ£μ Î¥ÉÒ·¥Ì¸²μ°´μ£μ ¨´É¥£· ²Ó´μ-
μ¶É¨Î¥¸±μ£μ ¢μ²´μ¢μ¤ . ‘ ¶μ³μÐÓÕ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¨ ³¥Éμ¤  ¸¢Ö§ ´´ÒÌ
¢μ²´ ¢ Ö¢´μ³ ¢¨¤¥ ¶μ²ÊÎ¥´Ò ¸¤¢¨£¨ ±μ³¶²¥±¸´ÒÌ ¶μ¸ÉμÖ´´ÒÌ · ¸¶·μ¸É· ´¥´¨Ö
¤²Ö ±¢ §¨-’… ¨ ±¢ §¨-’Œ ³μ¤. � §· ¡μÉ ´´ Ö É¥μ·¨Ö ¶·¨³¥´¨³  ¤²Ö  ´ ²¨§ 
 ´ ²μ£¨Î´ÒÌ ¸É·Ê±ÉÊ· ¨§ ¤¨Ô²¥±É·¨Î¥¸±¨Ì, ³ £´¨É´ÒÌ ¨ ³¥É ³ É¥·¨ ²μ¢ ¢ ¤μ-
¸É ÉμÎ´μ Ï¨·μ±μ³ ¤¨ ¶ §μ´¥ Ô²¥±É·μ³ £´¨É´ÒÌ ¤²¨´ ¢μ²´.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

‘μμ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2009

Egorov A.A. et al. P11-2009-121
Structure of Modes of Smoothly Irregular Three-Dimensional
Integrated Optical Four-Layer Waveguide

As a method of research of an integrated optical multilayer waveguide, satisfying
the condition of smooth modiˇcation of the shape of the studied three-dimensional
structure, an asymptotic method is used. Three-dimensional ˇelds of smoothly
deforming modes of the integrated optical waveguide are circumscribed analytically.
An evident dependence of the contributions of the ˇrst order of smallness in the
amplitudes of the electrical and magnetic ˇelds of the quasi-waveguide modes is
obtained. The canonical type of the equations circumscribing propagation of quasi-
TE and quasi-TM modes in the smoothly irregular part of a four-layer integrated
optical waveguide is represented for an asymptotic method. With the help of the
method of coupled waves and perturbation theory method, the shifts of complex
propagation constants for quasi-TE and quasi-TM modes are obtained in an explicit
form. The elaborated theory is applicable for the analysis of similar structures of
dielectric, magnetic and metamaterials in a sufˇciently broad band of electromagnetic
wavelengths.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.

Communication of the Joint Institute for Nuclear Research. Dubna, 2009



‚‚…„…�ˆ…

� ¶· ¢²Ö¥³Ò¥ ³μ¤Ò ¶·¨ · ¸¶·μ¸É· ´¥´¨¨ ¢¤μ²Ó ·¥£Ê²Ö·´μ£μ ÊÎ ¸É± 
¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ ¢μ²´μ¢μ¤  Ö¢²ÖÕÉ¸Ö ´¥§ ¢¨¸¨³Ò³¨, μ´¨ ´¥ μ¡³¥-
´¨¢ ÕÉ¸Ö Ô´¥·£¨¥° ³¥¦¤Ê ¸μ¡μ° ¨ ¸ μ±·Ê¦ ÕÐ¥° ¢μ²´μ¢μ¤ ¸·¥¤μ° [1, 2]. � 
ÊÎ ¸É±¥ ¢μ²´μ¢μ¤  ¸ ¶² ¢´Ò³¨ ´¥·¥£Ê²Ö·´μ¸ÉÖ³¨ ¶μ± § É¥²¥° ¶·¥²μ³²¥´¨Ö
¸²μ¥¢ ¨²¨ ¨Ì Éμ²Ð¨´ ´ ¶· ¢²Ö¥³ Ö ¢μ²´μ¢μ¤´ Ö ³μ¤  ¨¸¶ÒÉÒ¢ ¥É ¢μ§³ÊÐ¥-
´¨¥. �ÉÊ ¸² ¡μ¢μ§³ÊÐ¥´´ÊÕ ³μ¤Ê ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ®±¢ §¨¢μ²´μ¢μ¤-
´ÊÕ¯ ³μ¤Ê. �É  ³μ¤  Ì · ±É¥·¨§Ê¥É¸Ö É¥³, ÎÉμ ¢ ¶μ¶¥·¥Î´μ³ ¸¥Î¥´¨¨ ¢μ²-
´μ¢μ¤  ¢μ²´  Ö¢²Ö¥É¸Ö ¸ÉμÖÎ¥°, ¨ ±μ²¨Î¥¸É¢μ Ê§²μ¢ (´Ê²¥°) ´ ¶·Ö¦¥´´μ¸É¨
Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö μ¸É ¥É¸Ö ´¥¨§³¥´´Ò³ ¶·¨ ¢μ²´μ¢μ¤´μ³ · ¸¶·μ¸É· -
´¥´¨¨ ³μ¤Ò. Š¢ §¨¢μ²´μ¢μ¤´Ò¥ ³μ¤Ò ³μ£ÊÉ μ¡³¥´¨¢ ÉÓ¸Ö Ô´¥·£¨¥° ³¥¦¤Ê
¸μ¡μ° ¨ ¸ μ±·Ê¦ ÕÐ¥° ¸·¥¤μ° [2Ä17]. �É  Ô´¥·£¨Ö ¸μ¸É ¢²Ö¥É ³ ²ÊÕ Î ¸ÉÓ
³μÐ´μ¸É¨, ¶¥·¥´μ¸¨³μ° μÉ¤¥²Ó´Ò³¨ ³μ¤ ³¨, ÎÉμ ¶μ§¢μ²Ö¥É ¨¸¶μ²Ó§μ¢ ÉÓ
¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¶² ¢´μ-´¥·¥£Ê²Ö·´ÒÌ ¢μ²´μ¢μ¤μ¢ ¶·¨¡²¨¦¥´´Ò¥ ³¥Éμ¤Ò
(¸³., ´ ¶·¨³¥·, [3Ä10]).

Š ± ¶μ± §Ò¢ ¥É  ´ ²¨§ É ±¨Ì ¶·μÍ¥¸¸μ¢ [2Ä17, 19Ä21], ´ ¶· ¢²Ö¥³Ò¥
³μ¤Ò ¶² ¢´μ-´¥·¥£Ê²Ö·´μ£μ ÊÎ ¸É±  ¢μ²´μ¢μ¤  Ö¢²ÖÕÉ¸Ö ¸² ¡μ¸¢Ö§ ´´Ò³¨
±¢ §¨-’… ¨ ±¢ §¨-’Œ ³μ¤ ³¨ [9, 13, 16, 17, 21]. “¤¥·¦ ´¨¥ ¢ £· ´¨Î´ÒÌ Ê¸²μ-
¢¨ÖÌ ¨ ¢ ·¥Ï¥´¨¨ ±¢ §¨¢μ²´μ¢ÒÌ Ê· ¢´¥´¨° ¸² £ ¥³ÒÌ, ¶·μ¶μ·Í¨μ´ ²Ó´ÒÌ
£· ¤¨¥´ÉÊ ¤¨Ô²¥±É·¨Î¥¸±μ° ¶·μ´¨Í ¥³μ¸É¨, ¶μ§¢μ²Ö¥É ÊÎ¥¸ÉÓ ¢¥±Éμ·´Ò° Ì -
· ±É¥· · ¸¶·μ¸É· ´¥´¨Ö ³μ´μÌ·μ³ É¨Î¥¸±μ£μ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¢¤μ²Ó
¶² ¢´μ-´¥·¥£Ê²Ö·´ÒÌ ÊÎ ¸É±μ¢ ³´μ£μ¸²μ°´μ£μ ³´μ£μ³μ¤μ¢μ£μ ¨´É¥£· ²Ó´μ-
μ¶É¨Î¥¸±μ£μ ¢μ²´μ¢μ¤  [2, 8Ä10, 13, 16, 17, 21]. ‡ ³¥É¨³, ÎÉμ ¢¥±Éμ·´μ¥ · ¸-
¸¥Ö´¨¥ ¢μ²´μ¢μ¤´μ° ³μ¤Ò ¢ ¸É É¨¸É¨Î¥¸±¨ ´¥·¥£Ê²Ö·´μ³ ¢μ²´μ¢μ¤¥ · ¸¸³μ-
É·¥´μ ¤μ¸É ÉμÎ´μ ¶μ¤·μ¡´μ ¢ · ¡μÉ Ì [8Ä10, 13, 15, 21], ¢ Éμ³ Î¨¸²¥ ¨ ¶·¨
´ ²¨Î¨¨ ÏÊ³  [15]. �μÔÉμ³Ê ¶·μ¡²¥³  · ¸¸¥Ö´¨Ö ¸¢¥É  ¢ ¸É É¨¸É¨Î¥¸±¨ ´¥-
·¥£Ê²Ö·´μ³ ¢μ²´μ¢μ¤¥ ¢ ¤ ´´μ° · ¡μÉ¥ ´¥ § É· £¨¢ ¥É¸Ö.

‚ · §¤. 1 ´ ¸ÉμÖÐ¥° ¸É ÉÓ¨ μ¡¸Ê¦¤¥´Ò μ¸μ¡¥´´μ¸É¨ ¶·μÍ¥¸¸  · ¸¶·μ¸É· -
´¥´¨Ö ³μ´μÌ·μ³ É¨Î¥¸±¨Ì Ô²¥±É·μ³ £´¨É´ÒÌ ¢μ²´ ¢ ¶² ¢´μ-´¥·¥£Ê²Ö·´μ° Î -
¸É¨ Î¥ÉÒ·¥Ì¸²μ°´μ£μ É·¥Ì³¥·´μ£μ (3D) ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ ¢μ²´μ¢μ¤ .
�É³¥Î ¥É¸Ö, ÎÉμ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¢ ¶² ¢´μ-´¥·¥£Ê²Ö·´μ° Î ¸É¨ ¸¢Ö§Ò¢ ÕÉ
¤¢¥ ¢μ²´μ¢μ¤´Ò¥ ±¢ §¨-’… ¨ ±¢ §¨-’Œ ³μ¤Ò ¢ μ¤´Ê ¸² ¡μ¸¢Ö§ ´´ÊÕ £¨¡·¨¤-
´ÊÕ ³μ¤Ê. ‚ · §¤. 2 ¶μ± § ´μ, ÎÉμ ÊÎ¥É  ¤¨ ¡ É¨Î´μ¸É¨ ±¢ §¨¢μ²´μ¢μ¤´μ°
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³μ¤Ò ¶·¨¢μ¤¨É ± ±¢ §¨¢μ²´μ¢Ò³ Ê· ¢´¥´¨Ö³ ¢ § ¢¨¸¨³μ¸É¨ μÉ ¢¥·É¨± ²Ó´μ°
±μμ·¤¨´ ÉÒ x ¤²Ö ¶·μ¤μ²Ó´ÒÌ ±μ³¶μ´¥´É ¶μ²¥° (Ez ¢ ¸²ÊÎ ¥ ±¢ §¨-’Œ ³μ¤
¨ Hz ¢ ¸²ÊÎ ¥ ±¢ §¨-’… ³μ¤). �μ²ÊÎ¥´´Ò¥ ±¢ §¨¢μ²´μ¢Ò¥ Ê· ¢´¥´¨Ö ¢ ´Ê-
²¥¢μ³ ¨ ¶¥·¢μ³ ¶·¨¡²¨¦¥´¨ÖÌ ·¥Ï¥´Ò  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ³¥Éμ¤μ³. ‚ μ¡μ¨Ì
¸²ÊÎ ÖÌ ¶·¨¢¥¤¥´  É·¥Ì³¥·´ Ö ¸É·Ê±ÉÊ·  ±μ³¶μ´¥´É Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö
³μ¤. �·¥¤¸É ¢²¥´ ± ´μ´¨Î¥¸±¨° ¤²Ö  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ³¥Éμ¤  ¢¨¤ ±¢ §¨¢μ²-
´μ¢ÒÌ Ê· ¢´¥´¨°, μ¶¨¸Ò¢ ÕÐ¨Ì ¢¥·É¨± ²Ó´μ¥ · ¸¶·¥¤¥²¥´¨¥ ¶μ²¥° ±¢ §¨-’…
¨ ±¢ §¨-’Œ ³μ¤ ¢ ¶² ¢´μ-´¥·¥£Ê²Ö·´μ° Î ¸É¨ Î¥ÉÒ·¥Ì¸²μ°´μ£μ É·¥Ì³¥·´μ£μ
¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ ¢μ²´μ¢μ¤ .

‚ · §¤. 3 ¶·μ¢¥¤¥´  ´ ²¨§ ±¢ §¨-’Œ ¨ ±¢ §¨-’… ³μ¤ ¢ ¶² ¢´μ-´¥·¥£Ê²Ö·-
´μ³ ÊÎ ¸É±¥ Î¥ÉÒ·¥Ì¸²μ°´μ£μ É·¥Ì³¥·´μ£μ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ ¢μ²´μ-
¢μ¤ . ‘ ¶μ³μÐÓÕ ³¥Éμ¤  ¸¢Ö§ ´´ÒÌ ¢μ²´ ¨ É¥μ·¨¨ ¢μ§³ÊÐ¥´¨° ¢ Ö¢´μ³ ¢¨¤¥
¶μ²ÊÎ¥´Ò ¸¤¢¨£¨ ±μ³¶²¥±¸´ÒÌ ¶μ¸ÉμÖ´´ÒÌ · ¸¶·μ¸É· ´¥´¨Ö (¸¶¥±É· ²Ó´ÒÌ
Î¨¸¥²) ¤²Ö ±¢ §¨-’… ¨ ±¢ §¨-’Œ ³μ¤. “¸É ´μ¢²¥´μ, ÎÉμ ÔÉ¨ ¸¤¢¨£¨ Ö¢²ÖÕÉ¸Ö
³´¨³Ò³¨ ¨ · §²¨Î´Ò ¤²Ö · §²¨Î´ÒÌ ±¢ §¨-’… ¨ ±¢ §¨-’Œ ³μ¤.

1. ��‘’���‚Š� ‡�„�—ˆ. ��™ˆ‰ ���‹ˆ‡ ����‹…Œ›

�¡Ñ¥±É ³¨ ¨¸¸²¥¤μ¢ ´¨Ö ¤ ´´μ° · ¡μÉÒ Ö¢²ÖÕÉ¸Ö ¶² ¢´μ-´¥·¥£Ê²Ö·´Ò¥
3D ¨´É¥£· ²Ó´Ò¥ μ¶É¨Î¥¸±¨¥ ¸É·Ê±ÉÊ·Ò, ±μÉμ·Ò¥ ¸μ¤¥·¦ É ·¥£Ê²Ö·´Ò¥ (¢μ²-
´μ¢μ¤) ¨ ´¥·¥£Ê²Ö·´Ò¥ (É¨¶  μ¡μ¡Ð¥´´μ° ¢μ²´μ¢μ¤´μ° ²¨´§Ò ‹Õ´¥¡¥·£ )
ÊÎ ¸É±¨ (¸³. ·¨¸Ê´μ±). �·¨³¥· ³¨ ¶² ¢´ÒÌ ®´¥·¥£Ê²Ö·´μ¸É¥°¯ Ö¢²ÖÕÉ¸Ö Ï¨-
·μ±μ ¨¸¶μ²Ó§Ê¥³Ò¥ Ê¸É·μ°¸É¢  ¸μ¶·Ö¦¥´¨Ö, ¸¢Ö§Ò¢ ÕÐ¨¥ · §²¨Î´Ò¥ Ô²¥³¥´-
ÉÒ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ ¶·μÍ¥¸¸μ· ,   É ±¦¥ É ±¨¥ Ô²¥³¥´ÉÒ μ¶É¨Î¥¸±¨Ì
¨´É¥£· ²Ó´ÒÌ ¸Ì¥³, ± ± ¶·¨§³Ò ¨ ²¨´§Ò ´  μ¸´μ¢¥ ¶²¥´μ± [5, 11, 17, 18].
Š ¶μ¸²¥¤´¨³ μÉ´μ¸¨É¸Ö, ¢ Î ¸É´μ¸É¨, Éμ´±μ¶²¥´μÎ´ Ö ¢μ²´μ¢μ¤´ Ö μ¡μ¡-
Ð¥´´ Ö ²¨´§  ‹Õ´¥¡¥·£  [5, 17]. Š ± ¨§¢¥¸É´μ, ÔËË¥±É¨¢´μ¸ÉÓ ¸μ¶·Ö¦¥´¨Ö
¸¨²Ó´μ § ¢¨¸¨É μÉ ¸μ£² ¸μ¢ ´¨Ö ³¥¦¤Ê ¶μ²Ö³¨ ¤μ ¨ ¶μ¸²¥ Ô²¥³¥´É  ¸μ¶·Ö¦¥-
´¨Ö [2, 7Ä13, 16].

‚μ²´μ¢μ¤´ Ö ²¨´§  ‹Õ´¥¡¥·£  Ö¢²Ö¥É¸Ö ¢ ¦´¥°Ï¨³ ËÊ´±Í¨μ´ ²Ó´Ò³
Ô²¥³¥´Éμ³ ¢ É ±¨Ì ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±¨Ì Ê¸É·μ°¸É¢ Ì [11, 12, 16], ± ± ‚—-
¸¶¥±É·μ ´ ²¨§ Éμ·, · ¡μÉ ÕÐ¨° ¢ ·¥ ²Ó´μ³ ³ ¸ÏÉ ¡¥ ¢·¥³¥´¨ [12]. ’·¥¡μ-
¢ ´¨¥ ± ÉμÎ´μ¸É¨ · ¸Î¥É  ¶ · ³¥É·μ¢  ´ ²μ£¨Î´μ° ¢μ²´μ¢μ¤´μ° ²¨´§Ò ¶·¨
¶¥·¥Ìμ¤¥ ¢ ´ ´μ³¥É·μ¢Ò° ¤¨ ¶ §μ´ ¸¨²Ó´μ ¢μ§· ¸É ¥É ¢ ¸¢Ö§¨ ¸ ´ ²¨Î¨¥³
μ£· ´¨Î¥´¨°, μ¡Ê¸²μ¢²¥´´ÒÌ ¤¨Ë· ±Í¨μ´´Ò³¨ ÔËË¥±É ³¨. �μ¸²¥¤´¨¥ μ¶·¥-
¤¥²ÖÕÉ · §³¥· ¶ÖÉ´  ²¨´§Ò [2],   μÉ ´¥£μ ¢μ ³´μ£μ³ § ¢¨¸¨É · §·¥Ï¥´¨¥
¸¶¥±É·μ ´ ²¨§ Éμ· .

�μÌμ¦¨¥ ¶·μ¡²¥³Ò ¸ÊÐ¥¸É¢ÊÕÉ ¢ · §´μμ¡· §´ÒÌ Ê¸É·μ°¸É¢ Ì ¸μ¶·Ö¦¥-
´¨Ö, ¸¢Ö§Ò¢ ÕÐ¨Ì · §²¨Î´Ò¥ Ô²¥³¥´ÉÒ μ¤´μ° μ¶É¨Î¥¸±μ° ¨´É¥£· ²Ó´μ°
¸Ì¥³Ò. ‚ Î ¸É´μ¸É¨, ¢ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ³ ‚—-¸¶¥±É·μ ´ ²¨§ Éμ·¥ ¸Ê-
Ð¥¸É¢Ê¥É ¶·μ¡²¥³  ¸μ¶·Ö¦¥´¨Ö ² §¥·´μ£μ ¶ÊÎ±  ¸ ¢μ²´μ¢μ¤μ³. ‚ μ¶É¨Î¥¸±¨Ì
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�μ¶¥·¥Î´μ¥ ¸¥Î¥´¨¥ · ¸¸³ É·¨¢ ¥³μ° ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò. ˆ´É¥£· ²Ó-

´μ-μ¶É¨Î¥¸±¨° ¢μ²´μ¢μ¤ μ¡· §μ¢ ´ ¸·¥¤ ³¨ 1Ä3. 1 Å μ¡· ³²ÖÕÐ Ö ¸·¥¤  ¨²¨ ¶μ-

±·μ¢´Ò° ¸²μ° (¢μ§¤ÊÌ) ¸ ¶μ± § É¥²¥³ ¶·¥²μ³²¥´¨Ö nc; 2 Å ¢μ²´μ¢μ¤´Ò° ¸²μ° (·¥-
£Ê²Ö·´ Ö Î ¸ÉÓ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò) ¸ ¶μ± § É¥²¥³ ¶·¥²μ³²¥´¨Ö nf ;

3 Å¶μ¤²μ¦±  ¸ ¶μ± § É¥²¥³ ¶·¥²μ³²¥´¨Ö ns; 4 Å Éμ´±μ¶²¥´μÎ´ Ö ¢μ²´μ¢μ¤´ Ö
²¨´§  ‹Õ´¥¡¥·£  (´¥·¥£Ê²Ö·´ Ö Î ¸ÉÓ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò) ¸ ¶μ± § -

É¥²¥³ ¶·¥²μ³²¥´¨Ö nl; h(y, z) Å Éμ²Ð¨´  ¸²μÖ, μ¡· §ÊÕÐ¥£μ ²¨´§Ê ‹Õ´¥¡¥·£ ; R Å

· ¤¨Ê¸  ¶¥·ÉÊ·Ò ²¨´§Ò; d Å Éμ²Ð¨´  ·¥£Ê²Ö·´μ° Î ¸É¨ ¢μ²´μ¢μ¤´μ° ¨´É¥£· ²Ó´μ-
μ¶É¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò. � ¶· ¢²¥´¨¥ · ¸¶·μ¸É· ´¥´¨Ö ’…0-³μ¤Ò ¶μ± § ´μ ¦¨·´μ°

¸É·¥²±μ° ¢ ²¥¢μ° Î ¸É¨ ·¨¸Ê´± 

¸¨¸É¥³ Ì ¶¥·¥¤ Î¨ ¨´Ëμ·³ Í¨¨ ´¥μ¡Ìμ¤¨³μ ¸¢Ö§Ò¢ ÉÓ μ¶É¨Î¥¸±¨¥ ¢μ²μ±´ 
± ± ¸ ¨¸ÉμÎ´¨± ³¨ ¨§²ÊÎ¥´¨Ö, É ± ¨ ¸ ¤¥É¥±Éμ· ³¨ ¸¨£´ ²μ¢.

„²Ö Ê¸¶¥Ï´μ£μ ·¥Ï¥´¨Ö § ¤ Î¨ ÔËË¥±É¨¢´μ° ¶¥·¥¤ Î¨ Ô´¥·£¨¨ Î¥·¥§
É·¥Ì³¥·´Ò¥ ¶² ¢´μ-´¥·¥£Ê²Ö·´Ò¥ Ô²¥³¥´ÉÒ μ¶É¨Î¥¸±μ° ¨´É¥£· ²Ó´μ°
¸Ì¥³Ò ´¥μ¡Ìμ¤¨³μ ÊÎ¥¸ÉÓ ¢¥±Éμ·´Ò° Ì · ±É¥· ¶μ²¥° ´  ¢¸¥Ì ÔÉ ¶ Ì ·¥Ï¥-
´¨Ö Ô²¥±É·μ¤¨´ ³¨Î¥¸±μ° § ¤ Î¨ · ¸¶·μ¸É· ´¥´¨Ö ³μ´μÌ·μ³ É¨Î¥¸±μ° ¸¢¥-
Éμ¢μ° ¢μ²´Ò ¢ ¶² ´ ·´μ° ³´μ£μ¸²μ°´μ° ¨´É¥£· ²Ó´μ° μ¶É¨Î¥¸±μ° ¸É·Ê±-
ÉÊ·¥ [2, 8Ä10, 16, 17].

“· ¢´¥´¨Ö Œ ±¸¢¥²²  ¤²Ö ´¥¶μ£²μÐ ÕÐ¥° ´¥μ¤´μ·μ¤´μ° ¨§μÉ·μ¶´μ°
¸·¥¤Ò ¢ ¸¨¸É¥³¥ ‘ˆ ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

rot H̃ = ε
∂Ẽ
∂t

, rot Ẽ = −μ
∂H̃
∂t

, (1)

£¤¥ ε = εrε0 Å ¤¨Ô²¥±É·¨Î¥¸± Ö ¶·μ´¨Í ¥³μ¸ÉÓ ¸·¥¤Ò; μ = μrμ0 Å ³ £-
´¨É´ Ö ¶·μ´¨Í ¥³μ¸ÉÓ ¸·¥¤Ò; εr, μr Å μÉ´μ¸¨É¥²Ó´Ò¥ ¤¨Ô²¥±É·¨Î¥¸± Ö ¨
³ £´¨É´ Ö ¶·μ´¨Í ¥³μ¸É¨ ¸μμÉ¢¥É¸É¢¥´´μ; ε0 ¨ μ0 Å ÔÉμ Ô²¥±É·¨Î¥¸± Ö ¨
³ £´¨É´ Ö ¶μ¸ÉμÖ´´Ò¥ ¸μμÉ¢¥É¸É¢¥´´μ; ω

√
με = nk0, n Å ¶μ± § É¥²Ó ¶·¥-

²μ³²¥´¨Ö ¸·¥¤Ò (¸²μÖ), k0 = 2π/λ0 = ω/c Å ³μ¤Ê²Ó ¢μ²´μ¢μ£μ ¢¥±Éμ·  k0,
λ0 Å ¤²¨´  ¢μ²´Ò ³μ´μÌ·μ³ É¨Î¥¸±μ£μ ¨§²ÊÎ¥´¨Ö ¢ ¢ ±ÊÊ³¥ (¤²¨´  ¢μ²´Ò
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¨§²ÊÎ¥´¨Ö ¢ ¸·¥¤¥ λ = λ0/n), ω = 2πf , f Å Î ¸ÉμÉ  Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö,
c Å ¸±μ·μ¸ÉÓ ¸¢¥É  ¢ ¢ ±ÊÊ³¥; E, H Å ¢¥±Éμ·Ò ´ ¶·Ö¦¥´´μ¸É¥° Ô²¥±É·¨Î¥-
¸±μ£μ ¨ ³ £´¨É´μ£μ ¶μ²¥°; ¸¨³¢μ² É¨²Ó¤  ´ ¢¥·ÌÊ Ê ¢¥±Éμ·μ¢ ¶μ²¥° μÉ· ¦ ¥É
¨Ì ±μ³¶²¥±¸´Ò° Ì · ±É¥·.

‚ § ¶¨¸¨ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (1) ÊÎÉ¥´μ, ÎÉμ ¤²Ö ²¨´¥°´μ° ¨§μÉ·μ¶´μ°
¸·¥¤Ò ¸¶· ¢¥¤²¨¢Ò ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö: D = εE, B = μH, £¤¥ D Å
¢¥±Éμ· Ô²¥±É·¨Î¥¸±μ° ¨´¤Ê±Í¨¨, B Å ¢¥±Éμ· ³ £´¨É´μ° ¨´¤Ê±Í¨¨.

‚ ·¥£Ê²Ö·´μ³ Î¥ÉÒ·¥Ì¸²μ°´μ³ ¢μ²´μ¢μ¤¥ Éμ²Ð¨´  h (y, z) ¢Éμ·μ£μ ¢μ²-
´μ¢¥¤ÊÐ¥£μ ¸²μÖ ¶μ¸ÉμÖ´´  ¨ ¸μ¡¸É¢¥´´Ò¥ ³μ¤Ò, · ¸¶·μ¸É· ´ÖÕÐ¨¥¸Ö ¢¤μ²Ó
¶²μ¸±μ¸É¨ yOz ¢ ´ ¶· ¢²¥´¨¨ Oz, ¨³¥ÕÉ ¢¨¤ [1, 16]

Ẽ (x, y, z; t) = A exp (−iωt) exp (ikxx) exp (ikzz)
H̃ (x, y, z; t) = B exp (−iωt) exp (ikxx) exp (ikzz)

}
. (2)

�·¨Î¥³ ¤²Ö ’…-³μ¤ A = (0, Ay, 0)t ¨ B = (Bx, 0, Bz)
t,   ¤²Ö

’Œ-³μ¤ A = (Ax, 0, Az)
t ¨ B = (0, By, 0)t, £¤¥ (∗, ∗, ∗)t μ§´ Î ¥É ¸Éμ²-

¡¥Í, É· ´¸¶μ´¨·μ¢ ´´Ò° ± ¸É·μ±¥ (∗, ∗, ∗). Œ¥¦¤Ê ¶·μ¤μ²Ó´Ò³¨ ¨ ¶μ¶¥-
·¥Î´Ò³¨ ±μ³¶μ´¥´É ³¨ ¶μ²¥° ¢Ò¶μ²´ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö [1, 16] ¤²Ö ’…-
³μ¤ Bx =

(
−iβ/k2

0εμ
)
dBz/dx, Ay =

(
−iεω/k2

0εμ
)
dBz/dx, ¤²Ö ’Œ-³μ¤

Ax =
(
−iβ/k2

0εμ
)
dAz/dx, By =

(
−iεω/k2

0εμ
)
dAz/dx, £¤¥ β = kz/k0 Å

±μÔËË¨Í¨¥´É Ë §μ¢μ£μ § ³¥¤²¥´¨Ö, kz Å ¶·μ¥±Í¨Ö ¢¥±Éμ·  k ´  μ¸Ó z, ¢¤μ²Ó
±μÉμ·μ° · ¸¶·μ¸É· ´Ö¥É¸Ö ¶ ¤ ÕÐ Ö ¢μ²´μ¢μ¤´ Ö ³μ¤ .

‚ ¶² ¢´μ-´¥·¥£Ê²Ö·´μ³ É·¥Ì³¥·´μ³ Î¥ÉÒ·¥Ì¸²μ°´μ³ ¢μ²´μ¢μ¤¥ (¸³. ·¨-
¸Ê´μ±) Éμ²Ð¨´  ¢Éμ·μ£μ ¢μ²´μ¢¥¤ÊÐ¥£μ ¸²μÖ ´¥¶μ¸ÉμÖ´´  (h(y, z) �= const),
É ± ÎÉμ ∂h/∂y �= 0, ∂h/∂z �= 0, ´μ ¶·¨ ÔÉμ³ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ÔÉ¨ ¶·μ¨§-
¢μ¤´Ò¥ ³ ²Ò ¶μ  ¡¸μ²ÕÉ´μ° ¢¥²¨Î¨´¥: |∂h/∂y|, |∂h/∂z| � 1.

�  ·¥£Ê²Ö·´μ³ ÊÎ ¸É±¥ ¢μ²´μ¢μ¤  ¢¤μ²Ó μ¸¨ Oz · ¸¶·μ¸É· ´ÖÕÉ¸Ö T…- ¨
’Œ-³μ¤Ò (2). ƒ· ´¨Í  · §¤¥²  x = h(y, z) = const ¢μ²´μ¢μ¤´μ£μ ¸²μÖ ¨ ¢μ§-
¤ÊÌ  ´  ·¥£Ê²Ö·´μ³ ÊÎ ¸É±¥ £μ·¨§μ´É ²Ó´ , ¨ ¢ ²Õ¡μ° ÉμÎ±¥ (h(y, z), y, z)t

± ¸ É¥²Ó´ Ö ± ´¥° ¶²μ¸±μ¸ÉÓ ¸μ¢¶ ¤ ¥É ¸ ¶²μ¸±μ¸ÉÓÕ yOz. ’ ´£¥´Í¨ ²Ó-
´Ò¥ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¢Ò¶μ²´ÖÕÉ¸Ö ¶μ μÉ¤¥²Ó´μ¸É¨ ¤²Ö ’Œ-³μ¤Ò: Ez

∣∣
h−0

=
Ez

∣∣
h+0

, Hy

∣∣
h−0

= Hy

∣∣
h+0

; ¨ ¤²Ö ’…-³μ¤Ò: Hz

∣∣
h−0

= Hz

∣∣
h+0

, Ey

∣∣
h−0

=
Ey

∣∣
h+0

.

�  ¶μ¢¥·Ì´μ¸É¨ · §¤¥²  x = h(y, z) É·¥Ì³¥·´μ£μ ´¥·¥£Ê²Ö·´μ£μ ÊÎ ¸É± 
¢μ²´μ¢μ¤  ¢ ÉμÎ±¥ (h(y, z), y, z)t ± ¸ É¥²Ó´ Ö ¶²μ¸±μ¸ÉÓ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥
¸μ¢¶ ¤ ¥É ¸ £μ·¨§μ´É ²Ó´μ° ¶²μ¸±μ¸ÉÓÕ yOz. �·¨ ÔÉμ³ É ´£¥´Í¨ ²Ó´Ò¥ £· -
´¨Î´Ò¥ Ê¸²μ¢¨Ö Eτ

∣∣
h−0

= Eτ

∣∣
h+0

, Hτ

∣∣
h−0

= Hτ

∣∣
h+0

¢ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥ ¢Ò-
¶μ²´ÖÕÉ¸Ö · §¤¥²Ó´μ ¤²Ö T…- ¨ TŒ-³μ¤. ’ ±¨³ μ¡· §μ³, ¨³¥´´μ £· ´¨Î-
´Ò¥ Ê¸²μ¢¨Ö ¸¢Ö§Ò¢ ÕÉ ¤¢¥ ´¥§ ¢¨¸¨³Ò¥ ¢μ²´μ¢μ¤´Ò¥ ³μ¤Ò (É ± ´ §Ò¢ ¥³Ò¥
±¢ §¨-’… ¨ ±¢ §¨-’Œ ³μ¤Ò) ¢ μ¤´Ê ¸² ¡μ¸¢Ö§ ´´ÊÕ £¨¡·¨¤´ÊÕ ³μ¤Ê. ‘¢Ö§Ó
Ö¢²Ö¥É¸Ö ¸² ¡μ° ¢ ¸¨²Ê μÍ¥´±¨ |∂h/∂y| , |∂h/∂z| � 1.
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‚ · ¡μÉ¥ [5] ¤²Ö Éμ´±μ¶²¥´μÎ´μ° ¢μ²´μ¢μ¤´μ° ²¨´§Ò ‹Õ´¥¡¥·£ , Ö¢²Ö-
ÕÐ¥°¸Ö ¶·¨³¥·μ³ ¨§ÊÎ ¥³ÒÌ ´ ³¨ ¶² ¢´μ-´¥·¥£Ê²Ö·´ÒÌ ¨´É¥£· ²Ó´ÒÌ ¢μ²-
´μ¢μ¤´ÒÌ ¸É·Ê±ÉÊ·, ‘ ÊÉ¢¥²²μ³ ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¤¨¸¶¥·¸¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö
¢ ¶·¨¡²¨¦¥´¨¨, ±μ£¤  ´ ±²μ´´Ò¥ É ´£¥´Í¨ ²Ó´Ò¥ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¡Ò²¨
§ ³¥´¥´Ò ¨Ì ¶·μ¥±Í¨Ö³¨ ´  £μ·¨§μ´É ²Ó´ÊÕ ¶²μ¸±μ¸ÉÓ, É. ¥. ¶μ²ÊÎ¥´´μ¥ ·¥-
Ï¥´¨¥ ¡Ò²μ ¶μ ¸ÊÉ¨ ¤¢ÊÌ³¥·´Ò³ (2D). “Î¥É ´¥£μ·¨§μ´É ²Ó´μ¸É¨ É ´£¥´Í¨ ²Ó-
´ÒÌ £· ´¨Î´ÒÌ Ê¸²μ¢¨° ¢´μ¸¨É ¢ ¸μμÉ´μÏ¥´¨Ö ‘ ÊÉ¢¥²²  ³ ²ÊÕ ¶μ¶· ¢±Ê ¶μ

¶ · ³¥É·Ê δ, μ¶·¥¤¥²¥´´μ³Ê ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: δ = max |∇y, zβ|
(
k0β

2
)−1

(ÔÉμ ¤¢ÊÌ³¥·´Ò° ¢μ²´μ¢μ¤´Ò°  ´ ²μ£ ¢¥²¨Î¨´Ò |∇ε/ε|).
‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¥´Ò ±¢ §¨¢μ²´μ¢Ò¥ Ê· ¢´¥´¨Ö, ¨³¥ÕÐ¨¥ ¢¨¤ ¢μ²´μ-

¢μ£μ Ê· ¢´¥´¨Ö ¢ ²¥¢μ° Î ¸É¨ · ¢¥´¸É¢ , ¢ ¶· ¢μ° Î ¸É¨ ±μÉμ·μ£μ ¢³¥¸Éμ ´Ê²Ö
´ Ìμ¤¨É¸Ö ¢Ò· ¦¥´¨¥ μÉ ´¥¨§¢¥¸É´μ° ËÊ´±Í¨¨ ¶¥·¢μ£μ ¶μ·Ö¤±  ³ ²μ¸É¨ δ ¶μ
¸· ¢´¥´¨Õ ¸ ¢Ò· ¦¥´¨¥³ ¢ ²¥¢μ° Î ¸É¨. �ÉμÉ ¶μ¤Ìμ¤ μÉ· ¦ ¥É ¢μ§´¨±´μ¢¥-
´¨¥ ¢ ¢μ²´μ¢μ¤¥ ¸ É·¥Ì³¥·´Ò³¨ ¶² ¢´Ò³¨ ´¥·¥£Ê²Ö·´μ¸ÉÖ³¨ £¨¡·¨¤´ÒÌ ³μ¤,
¨³¥ÕÐ¨Ì Ï¥¸ÉÓ ±μ³¶μ´¥´É ¶μ²Ö (¸³. ¤ ²¥¥ · §¤. 2, 3),   ´¥ É·¨, ± ± ’…- ¨ ’Œ-
³μ¤Ò [1Ä13]. „²Ö £¨¡·¨¤´ÒÌ ³μ¤ ´¥ ¢Ò¶μ²´Ö¥É¸Ö Ê¸²μ¢¨¥ ∂E/∂y ≡ 0 [1, 2, 9],
É. ¥. ¸ÊÐ¥¸É¢ÊÕÉ ¢ ·¨ Í¨¨ ¶μ²¥° ¢ ´ ¶· ¢²¥´¨¨ μ¸¨ y.

2. Š‚�‡ˆ‚�‹��‚›… “��‚�…�ˆŸ „‹Ÿ �„ˆ���’ˆ—…‘Šˆ• Œ�„
�‹�‚��-�…�…ƒ“‹Ÿ���ƒ� —…’›�…•‘‹�‰��ƒ�

3D ˆ�’…ƒ��‹œ��-��’ˆ—…‘Š�ƒ� ‚�‹��‚�„�

2.1. �¸¨³¶ÉμÉ¨Î¥¸±¨° ³¥Éμ¤ ·¥Ï¥´¨Ö ±¢ §¨¢μ²´μ¢ÒÌ Ê· ¢´¥´¨°. �¥Ï¥-
´¨Ö Ê· ¢´¥´¨° Œ ±¸¢¥²²  (1) ¨Ð¥³ ¢ ¢¨¤¥

Ẽ (x, y, z; t) = exp (−iωt)
E (x; y, z)√

β (y, z)
exp

[
iky,z

0

∫
β (y′, z′) ds (y′, z′)

]
,

H̃ (x, y, z; t) = exp (−iωt)
H (x; y, z)√

β (y, z)
exp

[
iky,z

0

∫
β (y′, z′) ds (y′, z′)

]
,

(3)

£¤¥ ds =
√

dy2 + dz2 Å Ô²¥³¥´É ¤²¨´Ò ²ÊÎ .
‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¸ Í¥²ÓÕ ÊÎ¥É  É·¥Ì³¥·´μ¸É¨ ¨¸¸²¥¤Ê¥³μ£μ Î¥ÉÒ·¥Ì-

¸²μ°´μ£μ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ ¢μ²´μ¢μ¤  (¢ μÉ²¨Î¨¥ μÉ 2D-· ¸¸³μÉ·¥´¨Ö
‘ ÊÉ¢¥²² )  ´ ²¨§¨·Ê¥É¸Ö § ¢¨¸¨³μ¸ÉÓ ±μ³¶μ´¥´É Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö μÉ
¢¥·É¨± ²Ó´μ£μ  ·£Ê³¥´É  x. �μ¸²¥ ¤μ¶μ²´¨É¥²Ó´μ£μ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö (3)
¨ ¶μ¤¸É ´μ¢±¨ ¶μ²ÊÎ¥´´μ£μ ·¥§Ê²ÓÉ É  ¢ Ê· ¢´¥´¨Ö Œ ±¸¢¥²²  (1) ¶μ²ÊÎ ¥³
¢Ò· ¦¥´¨Ö ¤²Ö ±μ³¶μ´¥´É ¶μ²Ö Ex, Ey, Hy, Hx:

Hy = χ−2
z

{(
∂

∂z

(
−iβ

∂s

∂y

)
− β2 ∂s

∂z

∂s

∂y

)
Hz − iεω

dEz

dx

}
, (4)
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Hx = χ−2
z

{(
−iβ

∂s

∂z

)
dHz

dx
+ iεωβ

∂s

∂y
Ez

}
, (5)

Ey = χ−2
z

{(
∂

∂z

(
−iβ

∂s

∂y

)
− β2 ∂s

∂z

∂s

∂y

)
Ez + iμω

dHz

dx

}
, (6)

Ex = χ−2
z

{(
−iβ

∂s

∂z

)
dEz

dx
− iμωβ

∂s

∂y
Hz

}
. (7)

„²Ö ±μ³¶μ´¥´É ¶μ²Ö Ez , Hz ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥ ±¢ §¨¢μ²´μ¢Ò¥ Ê· ¢-
´¥´¨Ö:

d2Ez

dx2
+ χ2

zEz = −
(

pypy +
∂py

∂y
− pyχ2

z

∂χ−2
z

∂y

)
Ez−

− i

ωε

(
∂py

∂z
− ∂pz

∂y
+ pzχ

−2
z

∂χ2
z

∂y

)
dHz

dx
, (8)

d2Hz

dx2
+ χ2

zHz = −
(

pypy +
∂py

∂y
− pyχ

2
z

∂χ−2
z

∂y

)
Hz+

+
i

ωμ

(
∂py

∂z
− ∂pz

∂y
+ pzχ

−2
z

∂χ2
z

∂y

)
dEz

dx
. (9)

‚ ¸μμÉ´μÏ¥´¨ÖÌ (4)Ä(9) ¨¸¶μ²Ó§μ¢ ´Ò μ¡μ§´ Î¥´¨Ö χ2
z = k2

0εμ + pzpz +
∂pz/∂z, py = −ik0β∂s/∂y−(2β)−1∂β/∂y, pz = −ik0β∂s/∂z−(2β)−1∂β/∂z,
¸ ¶μ³μÐÓÕ ±μÉμ·ÒÌ ¶·μ¨§¢μ¤´Ò¥ μÉ ´ ¶·Ö¦¥´´μ¸É¥° Ei ¢Ò· ¦ ÕÉ¸Ö ¸²¥¤Ê-
ÕÐ¨³ μ¡· §μ³: ∂Ei/∂y = pyEi, ∂2Ei/∂y2 = (pypy + ∂py/∂y)Ei, ∂Ei/∂z =
pzEi, ∂2Ei/∂z2 = (pzpz + ∂pz/∂z)Ei. �·μ¨§¢μ¤´Ò¥ μÉ ´ ¶·Ö¦¥´´μ¸É¥° Hi

¢Ò· ¦ ÕÉ¸Ö  ´ ²μ£¨Î´Ò³ μ¡· §μ³.
‚ ± ¦¤μ° ¨§ μ¡² ¸É¥° Ij (j = 1, 2, 3, 4) ¸ ¶μ¸ÉμÖ´´Ò³¨ ¤¨Ô²¥±É·¨Î¥¸±μ°

¨ ³ £´¨É´μ° ¶·μ´¨Í ¥³μ¸ÉÖ³¨

I1 = { (x, y, z) : x ∈ (−∞,−d] ; y, z ∈ (−∞, +∞)} ,
I2 = { (x, y, z) : x ∈ [−d, 0] ; y, z ∈ (−∞, +∞)} ,
I3 = { (x, y, z) : x ∈ [0, h(y, z)] ; y, z ∈ (−∞, +∞)} ,
I4 = { (x, y, z) : x ∈ [h(y, z), +∞) ; y, z ∈ (−∞, +∞)} ,

⎫⎪⎪⎬⎪⎪⎭ , (10)

Ê· ¢´¥´¨Ö ¤²Ö § ¢¨¸¨³μ¸É¨ ¶·μ¤μ²Ó´ÒÌ ±μ³¶μ´¥´É Ez , Hz μÉ ¢¥·É¨± ²Ó´μ£μ
 ·£Ê³¥´É  x ¨³¥ÕÉ ¢¨¤

d2Ez

dx2
+ χ2

jEz =
i

ωεj

(
∂pz

∂y
− ∂py

∂z

)
dHz

dx
, (11)

d2Hz

dx2
+ χ2

jHz =
i

ωμj

(
∂py

∂z
− ∂pz

∂y

)
dEz

dx
. (12)
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‡¤¥¸Ó χ2
j = χ2

∣∣
Ij Å §´ Î¥´¨Ö χ2 ¢ μ¡² ¸É¨ Ij (¸³. (10)); χ2 = χ2

z + pypy +

∂py/∂z. ‚Ò· ¦¥´¨¥ χ2 ³μ¦´μ · §²μ¦¨ÉÓ ¢ ¸Ê³³Ê ¸² £ ¥³ÒÌ χ2 =
(
χ2

)(0) +(
χ2

)(1) +
(
χ2

)(2)
´Ê²¥¢μ£μ, ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ ¶μ·Ö¤±μ¢ ³ ²μ¸É¨ ¶μ δ:(

χ2
)(0)

= k2
0

(
εμ − β2

)
,(

χ2
)(1)

= ik0

(
∂s

∂y

∂β

∂z
+

∂s

∂z

∂β

∂y

)
− ik0

[
∂

∂y

(
β

∂s

∂y

)
+

∂

∂z

(
β

∂s

∂z

)]
,

(
χ2

)(2)
=

[(
∂β

∂y

)2

+
(

∂β

∂z

)2
]/

4β −
[

∂

∂y

(
∂β

∂y

/
2β

)
+

∂

∂z

(
∂β

∂z

/
2β

)]
.

(13)

�´ ²μ£¨Î´μ ¢Ò· ¦¥´¨¥ ¢ ¸±μ¡± Ì ¢ ¶· ¢ÒÌ Î ¸ÉÖÌ Ê· ¢´¥´¨° (11), (12)

É ±¦¥ ³μ¦´μ · §²μ¦¨ÉÓ ¢ ¸Ê³³Ê ¸² £ ¥³ÒÌ

(
∂py

∂z
− ∂pz

∂y

)
= C(1) + C(2)

¶¥·¢μ£μ, ¢Éμ·μ£μ ¶μ·Ö¤±  ³ ²μ¸É¨ ¶μ δ:

C(1) = ik0

[
∂

∂y

(
β

∂s

∂z

)
− ∂

∂z

(
β

∂s

∂y

)]
;

C(2) =
∂

∂y

(
∂β

∂z

/
2β

)
+

∂

∂z

(
∂β

∂y

/
2β

)
.

(14)

“· ¢´¥´¨Ö (11), (12) ¡Ê¤¥³ ·¥Ï ÉÓ  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ³¥Éμ¤μ³ [22], ¤²Ö
Î¥£μ ¶·¥¤¸É ¢¨³ ¶μ²Ö ¢ ¢¨¤¥  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ (¶μ δ) ·Ö¤ :

Ez (x) =
∞∑

m=0

Em
z (x)δm; Hj

z (x) =
∞∑

k=0

Hm
z (x)δm, (15)

£¤¥ m, ± ± ¶· ¢¨²μ, μ£· ´¨Î¥´μ ¸¢¥·ÌÊ: m � ∞.
2.2. �Ê²¥¢μ¥ ¶·¨¡²¨¦¥´¨¥ ±¢ §¨¢μ²´μ¢ÒÌ Ê· ¢´¥´¨°. ‚ ± ¦¤μ° ¨§ Ê± -

§ ´´ÒÌ ¢ (10) μ¤´μ·μ¤´ÒÌ μ¡² ¸É¥° I1ÄI4 ¶μ²ÊÎ¥´´Ò¥ ±¢ §¨¢μ²´μ¢Ò¥ Ê· ¢´¥-
´¨Ö (8), (9) ¶·¨´¨³ ÕÉ ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ (¶μ ¶μ·Ö¤±Ê ³ ²μ¸É¨ δ) ¡μ²¥¥
¶·μ¸Éμ° ¢¨¤ ¢μ²´μ¢ÒÌ Ê· ¢´¥´¨°:

d2E
(0)
z

dx2
+ k2

0

(
εjμj − β2

)
E(0)

z = 0, (16)

d2H
(0)
z

dx2
+ k2

0

(
εjμj − β2

)
H(0)

z = 0, (17)

£¤¥ ε1μ1 = n2
s, ε2μ2 = n2

f , ε3μ3 = n2
f , ε4μ4 = n2

c ¨, ¸²¥¤μ¢ É¥²Ó´μ,

χ2
s = k2

0

(
n2

s − β2
)

= −γ2
s < 0, χ2

f = k2
0

(
n2

f − β2
)

> 0,

χ2
l = k2

0

(
n2

l − β2
)

> 0, χ2
c = k2

0

(
n2

c − β2
)

= −γ2
c < 0.
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„²Ö ´Ê²¥¢ÒÌ ¶·¨¡²¨¦¥´¨° ¢¥²¨Î¨´ Ex, Ey, Hy, Hx ¸¶· ¢¥¤²¨¢Ò ¢Ò· -
¦¥´¨Ö

E(0)
x =

1

(χ2
z)

(0)

{
−iβ

∂s

∂z

dE
(0)
z

dx
− iωμβ

∂s

∂y
H(0)

z

}
,

H0
y =

1

(χ2
z)

(0)

{
−β2 ∂s

∂y

∂s

∂z
H(0)

z − iωε
dE

(0)
z

dx

}
,

(18)

H(0)
x =

1

(χ2
z)

(0)

{
−iβ

∂s

∂z

dH
(0)
z

dx
+ iωεβ

∂s

∂y
E(0)

z

}
,

E(0)
y =

1

(χ2
z)

(0)

{
−β2 ∂s

∂y

∂s

∂z
E(0)

z + iωμ
dH

(0)
z

dx

}
.

(19)

�¥Ï¥´¨Ö Ê· ¢´¥´¨° (16), (17) (¸ ÊÎ¥Éμ³ £· ´¨Î´ÒÌ Ê¸²μ¢¨° |Hz| ,
|Ez | < ∞ ¢ μ¡² ¸É¨ I1 ¶·¨ x → −∞, ¨ |Hz | , |Ez | < ∞ ¢ μ¡² ¸É¨ I4

¶·¨ x → ∞) ¨³¥ÕÉ ¢¨¤

E
(0)
s (x) = Ase

γsx, x ∈ (−∞,−d],
E

(0)
f (x) = A+

f eiχf x + A−
f e−iχf x, x ∈ [−d, 0],

E
(0)
l (x) = A+

l eiχlx + A−
l e−iχlx, x ∈ [0, h],

E
(0)
c (x) = Ace

−γcx, x ∈ [h,∞),

(20)

H
(0)
s (x) = Bse

γsx, x ∈ (−∞,−d],
H

(0)
f (x) = B+

f eiχf x + B−
f e−iχf x, x ∈ [−d, 0],

H
(0)
l (x) = B+

l eiχlx + B−
l e−iχlx, x ∈ [0, h],

H
(0)
c (x) = Bce

−γcx, x ∈ [h,∞).

(21)

’ ±¨³ μ¡· §μ³, ’…-³μ¤  ¨³¥¥É ¸²¥¤ÊÕÐÊÕ ¸É·Ê±ÉÊ·Ê ±μ³¶μ´¥´É Ô²¥±É·μ-

³ £´¨É´μ£μ ¶μ²Ö: E
(0)
z = 0, H

(0)
y = 0, E

(0)
x = 0, H

(0)
z �= 0, H

(0)
x �= 0, E

(0)
y �= 0

¸μ£² ¸´μ (2),   Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ´¨Ì ¤ ´Ò ¸μμÉ´μÏ¥´¨Ö³¨ (19), (21). ‚
¸¢μÕ μÎ¥·¥¤Ó ’Œ-³μ¤  ¨³¥¥É ¸²¥¤ÊÕÐÊÕ ¸É·Ê±ÉÊ·Ê ±μ³¶μ´¥´É Ô²¥±É·μ³ £-

´¨É´μ£μ ¶μ²Ö: H
(0)
z = 0, H

(0)
x = 0 E

(0)
y = 0, E

(0)
z �= 0, H

(0)
y �= 0, E

(0)
x �= 0

¸μ£² ¸´μ (2),   Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¤²Ö ´¨Ì ¤ ´Ò ¢ ¸μμÉ´μÏ¥´¨ÖÌ (18), (20).
2.3. �¥·¢μ¥ ¶·¨¡²¨¦¥´¨¥ ±¢ §¨¢μ²´μ¢ÒÌ Ê· ¢´¥´¨°. „²Ö ¢±² ¤μ¢ ¶¥·-

¢μ£μ ¶μ·Ö¤±  ³ ²μ¸É¨ ¶μ δ ¢  ³¶²¨ÉÊ¤Ò (15) ¶μ²ÊÎ ¥³ ¶μ ¶· ¢¨² ³  ¸¨³¶Éμ-
É¨Î¥¸±μ£μ ³¥Éμ¤  ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¸ ³ ²Ò³ ¶ · ³¥É·μ³ ¢ ¶· ¢μ° Î ¸É¨:

d2E
(1)
z

dx2
+ k2

0

(
εμ − β2

)
E(1)

z = f1E
(0)
z + (f2ε)

dH
(0)
z

dx
, (22)

d2H
(1)
z

dx2
+ k2

0

(
εμ − β2

)
H(1)

z = −f1H
(0)
z − (f2μ)

dE
(0)
z

dx
. (23)
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�μ¤¸É ¢¨³ ¢ (22), (23) ¢Ò· ¦¥´¨Ö  ³¶²¨ÉÊ¤ ¶μ²¥° ¨§ (20), (21), ¶μ¸²¥
Î¥£μ ÔÉ¨ Ê· ¢´¥´¨Ö ¶·¨´¨³ ÕÉ ¢¨¤

d2E
(1)
z

dx2
+ χ2

jE
(1)
z = f1

(
A+

j eiχjx + A−
j e−iχjx

)
+

+ (iχjf2ε)
(
B+

j eiχjx − B−
j e−iχjx

)
, (24)

d2H
(1)
z

dx2
+ χ2

jH
(1)
z = −f1

(
B+

j eiχjx + B−
j e−iχjx

)
−

− (iχjf2μ)
(
A+

j eiχjx − A−
j e−iχjx

)
. (25)

�μ¸²¥ £·Ê¶¶¨·μ¢±¨ ¶μ¤μ¡´ÒÌ Î²¥´μ¢ ¸¨¸É¥³  ¶·¨´¨³ ¥É ± ´μ´¨Î¥¸±¨°
¤²Ö  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ³¥Éμ¤  ¢¨¤

d2Ej
1

dx2
+ χ2

jE
j
1 = C+

j1e
iχjx + C−

j1e
−iχjx, (26)

d2Hj
1

dx2
+ χ2

jH
j
1 = D+

j1e
iχjx + D−

j1e
−iχjx. (27)

�μ¸±μ²Ó±Ê ²¥¢Ò¥ ¨ ¶· ¢Ò¥ Î ¸É¨ Ê· ¢´¥´¨° (26), (26) ¶¥·¨μ¤¨Î´Ò ¸ μ¤-
´μ° ®Î ¸ÉμÉμ°¯ χj , Éμ ÔÉ¨ Ê· ¢´¥´¨Ö μÉ· ¦ ÕÉ ¢μ§´¨±´μ¢¥´¨¥ ·¥§μ´ ´¸´ÒÌ
Ö¢²¥´¨° ¢ ¨¸¸²¥¤Ê¥³μ° ¸¨¸É¥³¥. Œ´μ¦¨É¥²Ó x ´¥ ´ ·ÊÏ ¥É ·¥£Ê²Ö·´μ¸É¨ ·¥-
Ï¥´¨Ö, É ± ± ± ¸μμÉ¢¥É¸É¢ÊÕÐ¨° ²¨´¥°´Ò° ·μ¸É ¶μ¤ ¢²Ö¥É¸Ö ¶·¨ x → ±∞
Ô±¸¶μ´¥´Í¨ ²Ó´μ Ê¡Ò¢ ÕÐ¨³ ³´μ¦¨É¥²¥³ (¸³. ¶μ¤·μ¡´¥¥ ¢ [22]).

�¥Ï¥´¨¥ Ê· ¢´¥´¨° (26), (27) ¨³¥¥É ¢¨¤

E(1)
z (x) =

x

2iχj

(
C+

j1e
iχjx − C−

j1e
−iχjx

)
, (28)

H(1)
z (x) =

x

2iχj

(
D+

j1e
iχjx − D−

j1e
−iχjx

)
. (29)

“Î¨ÉÒ¢ Ö, ÎÉμ (¸³. ¢Ò· ¦¥´¨Ö (26)Ä(29))

C+
j1 = A+

j f1 + B+
j ε

(iχjf2/ε) ,

C−
j1 = A−

j f1 − B−
j ε

(iχjf2/ε) ,

D+
1j = −B+

j f1 − A+
j (iχjf2/μ) ,

D−
1j = −B−

j f1 + A−
j (iχjf2/μ) ,

(30)

¶μ²ÊÎ ¥³ ¸μ£² ¸´μ (15) Ö¢´ÊÕ § ¢¨¸¨³μ¸ÉÓ ¢±² ¤μ¢ ¶¥·¢μ£μ ¶μ·Ö¤±  ³ ²μ¸É¨
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¶μ δ ¢  ³¶²¨ÉÊ¤Ò Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö:

E(1)
z (x) =

xf1

2iχj

(
A+

j eiχjx − A−
j e−iχjx

)
+

xf2

2ε

(
B+

j eiχjx + B−
j e−iχjx

)
⇒

⇒ E(1)
z (x) = −xf1

2χ2
j

dE
(0)
z (x)
dx

+
xf2

2ε
H(0)

z (x) . (31)

�´ ²μ£¨Î´μ ¤²Ö ¢±² ¤μ¢ ¶¥·¢μ£μ ¶μ·Ö¤±  ³ ²μ¸É¨ ¶μ δ ¢  ³¶²¨ÉÊ¤Ò ³ £-
´¨É´μ£μ ¶μ²Ö ¶μ²ÊÎ ¥³ ¸μ£² ¸´μ (15) ¢Ò· ¦¥´¨Ö

H(1)
z (x) = − xf1

2iχj

(
B+

j eiχjx − B−
j e−iχjx

)
− xf2

2μ

(
A+

j eiχjx + A−
j e−iχjx

)
⇒

⇒ H(1)
z (x) =

xf1

2χ2
j

dH
(0)
z (x)
dx

− xf2

2μ
E(0)

z (x) . (32)

�É³¥É¨³ ¥Ð¥, ÎÉμ ±μÔËË¨Í¨¥´ÉÒ C±
1j , D±

1j ¶·¨ μ¸Í¨²²¨·ÊÕÐ¨Ì Ô±¸-

¶μ´¥´Í¨ ²Ó´ÒÌ ³´μ¦¨É¥²ÖÌ e±iχjx ¢ ¶¥·¢μ³ (¶μ ³ ²μ³Ê ¶ · ³¥É·Ê δ) ¶·¨-

¡²¨¦¥´¨¨ ·¥Ï¥´¨° E
(1)
z (x), H

(1)
z (x) § ¢¨¸ÖÉ μÉ ±μÔËË¨Í¨¥´Éμ¢ A±

j , B±
j

´Ê²¥¢μ£μ ¶·¨¡²¨¦¥´¨Ö ¨ ±μÔËË¨Í¨¥´É  Ë §μ¢μ£μ § ³¥¤²¥´¨Ö β ¢ ´Ê²¥¢μ³
¶·¨¡²¨¦¥´¨¨.

‘ ³¨ ¦¥ ·¥Ï¥´¨Ö ¤²Ö  ³¶²¨ÉÊ¤ Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö Ez(x) ¨ ³ £´¨É´μ£μ
¶μ²Ö Hz(x) ¢ ¶¥·¢μ³ ¶·¨¡²¨¦¥´¨¨ ¶μ δ · ¢´Ò

Ez = E(0)
z + E(1)

z = E(0)
z (x) +

x

2

{
f2

ε
H(0)

z (x) − f1

χ2
j

dE
(0)
z (x)
dx

}
+ O

(
δ2

)
,

(33)

Hz = H(0)
z + H(1)

z = H(0)
z (x) − x

2

{
f2

μ
E(0)

z (x) − f1

χ2
j

dH
(0)
z (x)
dx

}
+ O

(
δ2

)
(34)

· ¢´μ³¥·´μ ¶μ ¢¸¥° μ¸¨ Ox ¶·¨ ¶·μ¨§¢μ²Ó´ÒÌ (y, z) ∈ yOz (¶·¨ ÔÉμ³ δ ´¥
§ ¢¨¸¨É μÉ y, z).

3. Š‚�‡ˆ-’… ˆ Š‚�‡ˆ-’Œ Œ�„› �‹�‚��-�…�…ƒ“‹Ÿ���ƒ�
—…’›�…•‘‹�‰��ƒ� 3D ˆ�’…ƒ��‹œ��-��’ˆ—…‘Š�ƒ�

‚�‹��‚�„�

� ¸¸³μÉ·¨³ ¶μ¸²¥¤μ¢ É¥²Ó´μ · ¸¶·μ¸É· ´¥´¨¥ ’…- ¨ ’Œ-³μ¤Ò ¨§ ·¥£Ê-
²Ö·´μ£μ É·¥Ì¸²μ°´μ£μ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ ¢μ²´μ¢μ¤  (²¥¢ Ö Î ¸ÉÓ ·¨-
¸Ê´± ) ¢ É·¥Ì³¥·´Ò° Î¥ÉÒ·¥Ì¸²μ°´Ò° ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±¨° ¢μ²´μ¢μ¤ (¶· -
¢ Ö Î ¸ÉÓ ·¨¸Ê´± ). ƒ² ¢´μ¥ ¢´¨³ ´¨¥ Ê¤¥²¨³ É· ´¸Ëμ·³ Í¨¨ ÔÉ¨Ì ³μ¤ ¢
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¶² ¢´μ-´¥·¥£Ê²Ö·´μ° Î ¸É¨ Î¥ÉÒ·¥Ì¸²μ°´μ£μ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ ¢μ²-
´μ¢μ¤ .

� Î´¥³ ´ Ï¥ · ¸¸³μÉ·¥´¨¥ ¸ ’…-³μ¤Ò (¸³. ¶¥·¢μ¥ ¢Ò· ¦¥´¨¥ ¢ (2)).
ŠμÔËË¨Í¨¥´É Ë §μ¢μ£μ § ³¥¤²¥´¨Ö β Ê¤μ¢²¥É¢μ·Ö¥É ¤¨¸¶¥·¸¨μ´´μ³Ê ¸μμÉ´μ-
Ï¥´¨Õ [17] det (B) = 0 ¤²Ö ¶·μ¤μ²Ó´μ° ±μ³¶μ´¥´ÉÒ ´ ¶·Ö¦¥´´μ¸É¨ ¶μ²Ö Hz .
„μ¶Ê¸É¨³Ò¥ §´ Î¥´¨Ö β § ¤ ÕÉ¸Ö ±μ·´Ö³¨ ¤¨¸¶¥·¸¨μ´´μ£μ ¸μμÉ´μÏ¥´¨Ö
βH

1 , βH
2 , . . . (μ´¨ ¦¥ Ö¢²ÖÕÉ¸Ö ±μ·´Ö³¨ ¤¨¸¶¥·¸¨μ´´μ£μ ¸μμÉ´μÏ¥´¨Ö ¢ μ¡-

Ð¥¶·¨´ÖÉμ° É·¨£μ´μ³¥É·¨Î¥¸±μ° Ëμ·³¥ § ¶¨¸¨ [2, 16]).
�  3D ´¥·¥£Ê²Ö·´μ³ ÊÎ ¸É±¥ § ¢¨¸ÖÐ¨¥ μÉ ¢¥·É¨± ²Ó´μ£μ ¶¥·¥³¥´´μ£μ

®Ë ±Éμ· ¯ Hz(x) ¨ Ez(x) ¢ ¶·μ¤μ²Ó´ÒÌ ±μ³¶μ´¥´É Ì ¶μ²¥° H̃ ¨ Ẽ Ê¤μ¢²¥É¢μ-
·ÖÕÉ Ê· ¢´¥´¨Ö³ (11), (12). ‚ ÔÉ¨ Ê· ¢´¥´¨Ö ¢Ìμ¤ÖÉ ±μμ·¤¨´ É´Ò¥ ËÊ´±Í¨¨
f1 ¨ f2, § ¢¨¸ÖÐ¨¥ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ μÉ βH

m ¶·¨ z = −R (´  £· ´¨Í¥ μ¡² ¸É¨
´¥·¥£Ê²Ö·´μ¸É¨, §¤¥¸Ó Å μ¡μ¡Ð¥´´μ° ¶² ´ ·´μ° ²¨´§Ò ‹Õ´¥¡¥·£ ). �¥Ï¥-
´¨¥ ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ ¤¨¸¶¥·¸¨μ´´μ£μ ¸μμÉ´μÏ¥´¨Ö det(A, B) = 0,
¢±²ÕÎ ÕÐ¥£μ ´¥ Ï¥¸ÉÓ,   ¢¸¥ ¤¢¥´ ¤Í ÉÓ  ³¶²¨ÉÊ¤ Aj , Bj [17], ¨ ¸μ¢¶ ¤ -
ÕÐ¨¥ ¸ βH

m ¶·¨ z = −R, y ∈ [−R, R] (¢ ¸²ÊÎ ¥ ²¨´§Ò ‹Õ´¥¡¥·£ ) ¡Ê¤¥³
μ¡μ§´ Î ÉÓ Î¥·¥§ βH

m(y, z). ’ ±μ¥ ·¥Ï¥´¨¥ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¨Ð¥É¸Ö ¸ ¶μ³μ-
ÐÓÕ Î¨¸²¥´´ÒÌ ³¥Éμ¤μ¢.

�¡μ§´ Î¨³ f1

(
βH

m(y, z)
)

Î¥·¥§ fH
1 ,   f2

(
βH

m(y, z)
)

Å Î¥·¥§ fH
2 . ‘ ÊÎ¥-

Éμ³ ÔÉ¨Ì μ¡μ§´ Î¥´¨° Ê· ¢´¥´¨Ö (11), (12) ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ Ö¢-
´μ³ ¢¨¤¥:

d2Ez

dx2
+ χ2

j

(
βH

m

)
Ez = fH

1 Ez +
fH
2

ε

dHz

dx
,

d2Hz

dx2
+ χ2

j

(
βH

m

)
Hz = −fH

1 Hz − fH
2

μ

dEz

dx
.

�¥Ï¥´¨Ö ÔÉ¨Ì Ê· ¢´¥´¨° ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨ (20), (21) ¨§³¥´ÖÕÉ
 ³¶²¨ÉÊ¤Ò, ±μÉμ·Ò¥ ´¥ ¡Ò²¨ · ¢´Ò ´Ê²Õ ¢ ·¥£Ê²Ö·´μ° Î ¸É¨, ¨ ¥¸É¥¸É¢¥´´μ
μ¸É ¢²ÖÕÉ · ¢´Ò³¨ ´Ê²Õ  ³¶²¨ÉÊ¤Ò, ±μÉμ·Ò¥ ¡Ò²¨ · ¢´Ò ´Ê²Õ ¢ ·¥£Ê²Ö·´μ°
Î ¸É¨ · ¸¸³ É·¨¢ ¥³μ° ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò.

�¥Ï¥´¨Ö ÔÉ¨Ì ¦¥ Ê· ¢´¥´¨° ¢ ¶¥·¢μ³ ¶·¨¡²¨¦¥´¨¨ § ¤ ÕÉ¸Ö ¢Ò· ¦¥-
´¨Ö³¨ (33), (34), ¢ ±μÉμ·ÒÌ ±μ´±·¥É¨§¨·μ¢ ´ ¢¨¤ ËÊ´±Í¨° f1

(
βH

m(y, z)
)
,

f2

(
βH

m(y, z)
)

¨ χj

(
βH

m(y, z)
)
.

’ ±¨³ μ¡· §μ³, ¸É·Ê±ÉÊ·  ±¢ §¨-’… ³μ¤Ò (¸² ¡μ£¨¡·¨¤´μ° ³μ¤Ò) ¢ ´¥·¥-
£Ê²Ö·´μ³ ÊÎ ¸É±¥ ¨§ÊÎ ¥³μ£μ Î¥ÉÒ·¥Ì¸²μ°´μ£μ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ ¢μ²-
´μ¢μ¤  ¨³¥¥É ¢¨¤

H
(1)
z = H

(0)
z + δHz , E

(1)
y = E

(0)
y + δEy , H

(1)
x = H

(0)
x + δHx,

E
(1)
z = δEz , E

(1)
x = δEx, H

(1)
y = δHy.

}
(35)

‚ ¸²ÊÎ ¥ ’Œ-³μ¤Ò (¸³. ¢Éμ·μ¥ ¢Ò· ¦¥´¨¥ ¢ (2)) ±μÔËË¨Í¨¥´É Ë §μ¢μ£μ
§ ³¥¤²¥´¨Ö β Ê¤μ¢²¥É¢μ·Ö¥É ¤¨¸¶¥·¸¨μ´´μ³Ê ¸μμÉ´μÏ¥´¨Õ [17] det(A) = 0
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¤²Ö ¶·μ¤μ²Ó´μ° ±μ³¶μ´¥´ÉÒ ´ ¶·Ö¦¥´´μ¸É¨ ¶μ²Ö Ez. „μ¶Ê¸É¨³Ò¥ §´ Î¥-
´¨Ö β § ¤ ÕÉ¸Ö ±μ·´Ö³¨ ¤¨¸¶¥·¸¨μ´´μ£μ ¸μμÉ´μÏ¥´¨Ö βE

1 , βE
2 , . . . (μ´¨ ¦¥

Ö¢²ÖÕÉ¸Ö ±μ·´Ö³¨ ¤¨¸¶¥·¸¨μ´´μ£μ ¸μμÉ´μÏ¥´¨Ö ¢ μ¡Ð¥¶·¨´ÖÉμ° É·¨£μ´μ³¥-
É·¨Î¥¸±μ° Ëμ·³¥ § ¶¨¸¨ [2, 16]).

�  ´¥·¥£Ê²Ö·´μ³ ÊÎ ¸É±¥ Ë ±Éμ·Ò Ez(x) ¨ Hz(x), ± ± ¨ ¢ ¸²ÊÎ ¥
’…-³μ¤Ò, Ê¤μ¢²¥É¢μ·ÖÕÉ Ê· ¢´¥´¨Ö³ (11), (12). ŠμÔËË¨Í¨¥´ÉÒ ÔÉ¨Ì Ê· ¢-
´¥´¨° f1 ¨ f2 § ¢¨¸ÖÉ μÉ ±μ´±·¥É´μ£μ ·¥Ï¥´¨Ö ¤¨¸¶¥·¸¨μ´´μ£μ ¸μμÉ´μÏ¥´¨Ö
det(A, B) = 0, ¢±²ÕÎ ÕÐ¥£μ ¢¸¥ ¤¢¥´ ¤Í ÉÓ  ³¶²¨ÉÊ¤ Aj , Bj ¶μ²ÊÎ ÕÐ¥-
£μ¸Ö ³ É·¨Î´μ£μ Ê· ¢´¥´¨Ö [17].

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¤ ´´μ¥ ·¥Ï¥´¨¥ ´ Ìμ¤¨É¸Ö Î¨¸²¥´´Ò³ ³¥Éμ¤μ³, ¶·¨ ÔÉμ³
¨§ · §²¨Î´ÒÌ ¢μ§³μ¦´ÒÌ ·¥Ï¥´¨° ¢Ò¡¨· ¥É¸Ö Éμ, ±μÉμ·μ¥ ´  £· ´¨Í¥ ·¥£Ê-
²Ö·´μ£μ ¨ ´¥·¥£Ê²Ö·´μ£μ ÊÎ ¸É±μ¢ ³´μ£μ¸²μ°´μ° 3D ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ°
¸É·Ê±ÉÊ·Ò ¸μ¢¶ ¤ ¥É ¸ βE

m ¶ ¤ ÕÐ¥° ¸²¥¢  ’Œ-³μ¤Ò, ¨ ±μÉμ·μ¥ μ¡μ§´ Î¥´μ
βE

m(y, z). “· ¢´¥´¨Ö (11), (12) ¢ ÔÉμ³ ¸²ÊÎ ¥ ¶·¨´¨³ ÕÉ ¢¨¤

d2Ez

dx2
+ χ2

j

(
βE

m (y, z)
)
Ez = f1

(
βE

m (y, z)
)
Ez +

f2

ε

(
βE

m (y, z)
) dHz

dx
,

d2Hz

dx2
+ χ2

j

(
βE

m (y, z)
)
Hz = −f1

(
βE

m (y, z)
)
Hz +

f2

μ

(
βE

m (y, z)
) dEz

dx
.

‚ ¸¨²Ê · ¸¸Ê¦¤¥´¨°,  ´ ²μ£¨Î´ÒÌ ¶·¨¢¥¤¥´´Ò³ ¶·¨  ´ ²¨§¥ ±¢ §¨-’…
³μ¤, ¶μ²ÊÎ ¥³ ±μ´±·¥É´Ò° ¢¨¤ ¸É·Ê±ÉÊ·Ò ±¢ §¨-’Œ ³μ¤ ¢ ´¥·¥£Ê²Ö·´μ° Î ¸É¨
¨§ÊÎ ¥³μ£μ ³´μ£μ¸²μ°´μ£μ É·¥Ì³¥·´μ£μ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ ¢μ²´μ¢μ¤ :

E1
z = E0

z + δEz, H1
y = H0

y + δHy, E1
x = E0

x + δEx,
H1

z = δHz, H1
x = δHx, E1

y = δEy.

}
(36)

�´ ²μ£¨Î´ Ö (35), (36) ¸É·Ê±ÉÊ·  (¸¢Ö§ ´´ÒÌ) ±¢ §¨-’… ¨ ±¢ §¨-’Œ ¢μ²´
¢μ§´¨± ¥É ¢ § ¤ Î¥, μ¶¨¸ ´´μ° ¢ · ¡μÉ¥ [21], £¤¥ ¨¸¸²¥¤ÊÕÉ¸Ö ¸μ¡¸É¢¥´´Ò¥
¢μ²´Ò ¸·¥¤´¥£μ ¶μ²Ö ¢ ¸É É¨¸É¨Î¥¸±¨ ´¥·¥£Ê²Ö·´μ³ ¢μ²´μ¢μ¤¥. �¤´ ±μ Ê ´ ¸
¢Ò· ¦¥´¨Ö ¤²Ö ¶μ²¥° ¶μ²ÊÎ¥´Ò ¢ Ö¢´μ³ ¢¨¤¥. ‚ Ö¢´μ³ ¦¥ ¢¨¤¥ ³μ¦´μ ¶μ-
²ÊÎ¨ÉÓ ¨ ¸¤¢¨£¨ ¸¶¥±É· ²Ó´ÒÌ (¸μ¡¸É¢¥´´ÒÌ ¢μ²´μ¢ÒÌ) Î¨¸¥² ¤²Ö ±¢ §¨-’…
¨ ¤²Ö ±¢ §¨-’Œ ³μ¤ βE,H

m , ¢ÒÎ¨¸²ÖÖ ¨Ì ¶μ ³¥Éμ¤Ê É¥μ·¨¨ ¢μ§³ÊÐ¥´¨°, ´ -
¶·¨³¥·, ± ± ¢ · ¡μÉ¥ [21]. �´ ²¨§ μ¸μ¡¥´´μ¸É¥° ±μ³¶²¥±¸´ÒÌ ¶μ¸ÉμÖ´´ÒÌ
· ¸¶·μ¸É· ´¥´¨Ö ¨ μ¸μ¡¥´´μ¸É¥° ¸É·Ê±ÉÊ·Ò ³μ¤ ´ ¤μ ¶·μ¢μ¤¨ÉÓ ´  ±μ³¶²¥±¸-
´μ° ¶²μ¸±μ¸É¨ [2, 7Ä10, 13, 15, 19].

“Î¥É ¸É·Ê±ÉÊ·Ò (35), (36) ¶·¨¢μ¤¨É Ê· ¢´¥´¨Ö (11), (12) ¤²Ö ±¢ §¨-’Œ
³μ¤Ò ± ¢¨¤Ê

d2Ez

dx2
+ χ2

j

(
βE

m (y, z)
)
Ez = f1

(
βE

m (y, z)
)
Ez,

d2Hz

dx2
+ χ2

j

(
βE

m (y, z)
)
Hz =

f2

μ

(
βE

m (y, z)
) dEz

dx
.

⎫⎪⎪⎬⎪⎪⎭ (37)
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ˆ§ ¶¥·¢μ£μ Ê· ¢´¥´¨Ö (37) ¢¨¤´μ, ÎÉμ ¤²Ö ±¢ §¨-’Œ ³μ¤Ò ¸μ¡¸É¢¥´´μ¥
§´ Î¥´¨¥, · ¢´μ¥ χj ¢ ´Ê²¥¢μ³ ¶·¨¡²¨¦¥´¨¨, ¢ ¶¥·¢μ³ ¶·¨¡²¨¦¥´¨¨ · ¢´μ

χ2
j

(
βE

m (y, z)
)

=
[
χ2

j − f1

(
βE

m (y, z)
)]

βE
m (y, z) . (38)

„²Ö ±¢ §¨-’… ³μ¤Ò Ê· ¢´¥´¨Ö (11), (12) ¶·¨´¨³ ÕÉ ¢¨¤

d2Hz

dx2
+ χ2

j

(
βH

m (y, z)
)
Hz = −f1

(
βH

m (y, z)
)
Hz ,

d2Ez

dx2
+ χ2

j

(
βH

m (y, z)
)
Ez = −f2

ε

(
βH

m (y, z)
) dHz

dx
.

⎫⎪⎪⎬⎪⎪⎭ (39)

’ ± ÎÉμ ¤²Ö ±¢ §¨-’… ³μ¤Ò ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ ¢ ¶¥·¢μ³ ¶·¨¡²¨¦¥´¨¨
· ¢´μ

χ2
j

(
βH

m (y, z)
)

=
[
χ2

j + f1

(
βH

m (y, z)
)]

βE
m (y, z) . (40)

‡ ³¥É¨³ É ±¦¥, ÎÉμ ¢ ¸¨²Ê (38) ¨ (40) ¤μ¡ ¢±  ¶¥·¢μ£μ ¶μ·Ö¤±  ± ¸μ¡¸É¢¥´-
´μ³Ê §´ Î¥´¨Õ χ2

0 Ö¢²Ö¥É¸Ö Î¨¸Éμ ³´¨³μ° ¨ ´¥ ¸μ¢¶ ¤ ¥É ¤²Ö · §²¨Î´ÒÌ
±¢ §¨¢μ²´μ¢μ¤´ÒÌ ³μ¤.

‘· ¢´¥´¨¥ ¢Ò· ¦¥´¨° (19), (21) ¸ ¢Ò· ¦¥´¨¥³ (35) ¶μ± §Ò¢ ¥É, ± ±
É· ´¸Ëμ·³¨·Ê¥É¸Ö ¸É·Ê±ÉÊ·  ’…-³μ¤Ò ¶·¨ ¶μ¶ ¤ ´¨¨ ¨§ ·¥£Ê²Ö·´μ£μ É·¥Ì-
¸²μ°´μ£μ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ ¢μ²´μ¢μ¤  ¢ ¸É·Ê±ÉÊ·Ê ±¢ §¨-’… ³μ¤Ò ¢
¶² ¢´μ-´¥·¥£Ê²Ö·´μ³ É·¥Ì³¥·´μ³ Î¥ÉÒ·¥Ì¸²μ°´μ³ ¢μ²´μ¢μ¤¥. � ¸· ¢´¥´¨¥
¢Ò· ¦¥´¨° (18), (20) ¸ ¢Ò· ¦¥´¨¥³ (36) ¶μ± §Ò¢ ¥É, ± ± ¸μμÉ¢¥É¸É¢¥´´μ
É· ´¸Ëμ·³¨·Ê¥É¸Ö ¸É·Ê±ÉÊ·  ’Œ-³μ¤Ò ¢ ¸É·Ê±ÉÊ·Ê ±¢ §¨-’Œ ³μ¤Ò.

‘μ¢³¥¸É´μ¥ ·¥Ï¥´¨¥, ´ ¶·¨³¥·, Ê· ¢´¥´¨° (37) ¨ (39) ¶μ§¢μ²Ö¥É, ¢ Î ¸É-
´μ¸É¨, ¶·μ ´ ²¨§¨·μ¢ ÉÓ μ¸μ¡¥´´μ¸É¨ μ¡³¥´  Ô´¥·£¨¥° ³¥¦¤Ê ¸¢Ö§ ´´Ò³¨
±¢ §¨-’… ¨ ±¢ §¨-’Œ ³μ¤ ³¨. �¸´μ¢´ Ö É·Ê¤´μ¸ÉÓ ¶μ¤μ¡´μ£μ  ´ ²¨§  ¸¢Ö-
§ ´  ¸ Î¨¸²¥´´Ò³ ·¥Ï¥´¨¥³ ¤¨¸¶¥·¸¨μ´´μ£μ ¸μμÉ´μÏ¥´¨Ö, ¶μ²ÊÎ ¥³μ£μ ¸
¶μ³μÐÓÕ ³ É·¨ÍÒ ¸¨¸É¥³Ò ¤¢¥´ ¤Í É¨ ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥-
´¨° [17]. „¨¸¶¥·¸¨μ´´μ¥ ¸μμÉ´μÏ¥´¨¥ ¸¢Ö§Ò¢ ¥É ³¥¦¤Ê ¸μ¡μ° · ¸¶·¥¤¥²¥-
´¨¥ ±μÔËË¨Í¨¥´É  Ë §μ¢μ£μ § ³¥¤²¥´¨Ö ¢μ²´μ¢μ¤´μ° ¸É·Ê±ÉÊ·Ò ¨ ¶·μË¨²Ó
¢Ò¸μÉÒ ¤μ¶μ²´¨É¥²Ó´μ£μ ¢μ²´μ¢μ¤´μ£μ ¸²μÖ (´ ¶·¨³¥·, μ¡μ¡Ð¥´´ Ö ¶² ´ ·-
´ Ö ²¨´§  ‹Õ´¥¡¥·£ ). �μ¤Î¥·±´¥³, ÎÉμ · §·¥Ï¨ÉÓ ¤¨¸¶¥·¸¨μ´´μ¥ ¸μμÉ´μ-
Ï¥´¨¥ ¤²Ö ¶² ¢´μ-´¥·¥£Ê²Ö·´μ£μ Î¥ÉÒ·¥Ì¸²μ°´μ£μ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸±μ£μ
É·¥Ì³¥·´μ£μ ¢μ²´μ¢μ¤  ¢  ´ ²¨É¨Î¥¸±μ³ ¢¨¤¥ ¨ Î¨¸²¥´´μ ¸ ÊÎ¥Éμ³ ¢±² ¤μ¢
¶¥·¢μ£μ ¶μ·Ö¤±  ³ ²μ¸É¨ ¶μ±  ´¥ Ê¤ ¥É¸Ö.

‡�Š‹	—…�ˆ…

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¢ ± Î¥¸É¢¥ ³¥Éμ¤  ¨¸¸²¥¤μ¢ ´¨Ö ³´μ£μ¸²μ°´μ£μ ¨´É¥£-
· ²Ó´μ-μ¶É¨Î¥¸±μ£μ É·¥Ì³¥·´μ£μ ¢μ²´μ¢μ¤  ¨¸¶μ²Ó§μ¢ ´  ¸¨³¶ÉμÉ¨Î¥¸±¨° ³¥-
Éμ¤. �μ²ÊÎ¥´Ò  ´ ²¨É¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¶μ²¥° ¤¥Ëμ·³¨·ÊÕÐ¨Ì¸Ö ³μ¤
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Î¥ÉÒ·¥Ì¸²μ°´μ£μ ¶² ¢´μ-´¥·¥£Ê²Ö·´μ£μ É·¥Ì³¥·´μ£μ ¨´É¥£· ²Ó´μ-μ¶É¨Î¥¸-
±μ£μ ¢μ²´μ¢μ¤  ± ± ¢ ´Ê²¥¢μ³, É ± ¨ ¢ ¶¥·¢μ³ ¶·¨¡²¨¦¥´¨ÖÌ É¥μ·¨¨ ¢μ§-
³ÊÐ¥´¨°. „ ´ ± ´μ´¨Î¥¸±¨° ¤²Ö  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ³¥Éμ¤  ¢¨¤ ±¢ §¨¢μ²´μ-
¢ÒÌ Ê· ¢´¥´¨°, μ¶¨¸Ò¢ ÕÐ¨Ì · ¸¶·μ¸É· ´¥´¨¥ ¨ ¸¢Ö§Ó ±¢ §¨-’… ¨ ±¢ §¨-’Œ
³μ¤ ¢ ¶² ¢´μ-´¥·¥£Ê²Ö·´μ° Î ¸É¨ Î¥ÉÒ·¥Ì¸²μ°´μ£μ É·¥Ì³¥·´μ£μ ¢μ²´μ¢μ¤ .
‚ Ö¢´μ³ ¢¨¤¥ ¶μ²ÊÎ¥´Ò ¸¤¢¨£¨ ¸μ¡¸É¢¥´´ÒÌ ¢μ²´μ¢ÒÌ Î¨¸¥², ¶μ§¢μ²ÖÕÐ¨¥
Ê¸É ´μ¢¨ÉÓ ¸É·Ê±ÉÊ·Ê ¨¸± ¦¥´´μ£μ ¸¶¥±É·  ¶μ¸ÉμÖ´´ÒÌ · ¸¶·μ¸É· ´¥´¨Ö ¤²Ö
±¢ §¨-’… ¨ ±¢ §¨-’Œ ³μ¤ ´  ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨.

� §· ¡μÉ ´´ Ö ´ ³¨ É¥μ·¨Ö ÊÎ¨ÉÒ¢ ¥É ¢¥±Éμ·´Ò° Ì · ±É¥· ¶μ²¥°, É. ¥.
¶μ§¢μ²Ö¥É ¢¶μ²´¥  ¤¥±¢ É´μ ¢ μÉ²¨Î¨¥ μÉ ¸± ²Ö·´μ£μ · ¸¸³μÉ·¥´¨Ö μ¶¨-
¸ ÉÓ ·¥ ²Ó´Ò¥ ¶² ¢´μ-´¥·¥£Ê²Ö·´Ò¥ ³´μ£μ¸²μ°´Ò¥ É·¥Ì³¥·´Ò¥ ¢μ²´μ¢¥¤ÊÐ¨¥
¸É·Ê±ÉÊ·Ò. �μ²ÊÎ¥´´μ¥ ·¥Ï¥´¨¥ ³μ¦¥É ¡ÒÉÓ ¶·¨³¥´¥´μ ¤²Ö  ´ ²¨§   ´ ²μ-
£¨Î´ÒÌ É·¥Ì³¥·´ÒÌ ¨´É¥£· ²Ó´ÒÌ ¸É·Ê±ÉÊ· (´ ¶·¨³¥·, μ¡μ¡Ð¥´´μ° ²¨´§Ò
‹Õ´¥¡¥·£ ) ¨§ ¤¨Ô²¥±É·¨Î¥¸±¨Ì, ³ £´¨É´ÒÌ ¨ ³¥É ³ É¥·¨ ²μ¢, ¢ Éμ³ Î¨¸²¥
¸μ¸ÉμÖÐ¨Ì ¨§ N ¸²μ¥¢, ¢ ¤μ¸É ÉμÎ´μ Ï¨·μ±μ³ ¤¨ ¶ §μ´¥ Ô²¥±É·μ³ £´¨É´ÒÌ
¤²¨´ ¢μ²´.
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