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ˆ¸¸²¥¤μ¢ ´¨¥ ·¥Ï¥´¨° ±· ¥¢ÒÌ § ¤ Î
¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¢Ò¸μ±μ£μ ¶μ·Ö¤± 
¢ ¶μ²¥ ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ² 

�·¥¤²μ¦¥´  ²£μ·¨É³ ´ Ìμ¦¤¥´¨Ö ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¨ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±-
Í¨° μ¤´μ° ±· ¥¢μ° § ¤ Î¨ ¤²Ö Ê· ¢´¥´¨Ö ¢Ò¸μ±μ£μ ¶μ·Ö¤±  (6-£μ, 8-£μ, 10-£μ ¨
12-£μ ¶μ·Ö¤±μ¢) ¸ ¶·μ¨§¢μ²Ó´Ò³ ¶ · ³¥É·μ³ ε ¶·¨ ¸É ·Ï¨Ì ¶·μ¨§¢μ¤´ÒÌ ¢ ¶μ²¥
±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ² . �·¨ ε → 0 ´¥±μÉμ·Ò¥ ·¥Ï¥´¨Ö ÔÉ¨Ì Ê· ¢´¥´¨° ¸μ-
¢¶ ¤ ÕÉ ¸ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥· . �·μ¢¥¤¥´Ò ¨¸¸²¥¤μ¢ ´¨Ö ¸¢μ°¸É¢
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¨ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ε. �²-
£μ·¨É³ ·¥ ²¨§μ¢ ´ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¸¨¸É¥³Ò ¸¨³¢μ²Ó´ÒÌ ¢ÒÎ¨¸²¥´¨° MAPLE.
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Investigation of Solutions of Boundary Problems
for the Differential Equation of High Order
in a Field of Coulomb Potential

An algorithm to ˇnd eigenvalues and eigenfunctions of one boundary problem for
the equation of high order (6th, 8th, 10th and 12th orders) with an arbitrary parameter
ε at higher derivatives in the Coulomb potential ˇeld is proposed. At ε → 0, some
solutions of these equations coincide with the solution of the Schréodinger equation.
Investigations of the properties of eigenvalues and eigenfunctions with different
values of ε have been conducted. The algorithm is implemented using the MAPLE
system of symbolic calculations.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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�¤´μ° ¨§  ±ÉÊ ²Ó´ÒÌ § ¤ Î É¥μ·¨¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í Ö¢²Ö¥É¸Ö ¶μ¸É·μ-
¥´¨¥ ³μ¤¥²¨ ¤²Ö ¥¤¨´μμ¡· §´μ£μ μ¶¨¸ ´¨Ö ¸¶¥±É·  ¨ Ëμ·³Ë ±Éμ·μ¢ ¢§ ¨³μ-
¤¥°¸É¢¨Ö ²¥£±¨Ì ¨ ÉÖ¦¥²ÒÌ ³¥§μ´μ¢, É ± ´ §Ò¢ ¥³ÒÌ ±¢ ·±μ´¨¥¢, · ¸¸³ É·¨-
¢ ¥³ÒÌ ± ± ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö ±¢ ·±  ¨  ´É¨±¢ ·± . ’Ö¦¥²Ò¥ ±¢ ·±μ´¨¨ ¢
´¥±μÉμ·μ³ ¶·¨¡²¨¦¥´¨¨ Ê¸¶¥Ï´μ μ¶¨¸Ò¢ ÕÉ¸Ö ´¥·¥²ÖÉ¨¢¨¸É¸±μ° ±¢ ´Éμ¢μ°
³¥Ì ´¨±μ° Å ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥·  ´  ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö [1].
�·¨ μ¶¨¸ ´¨¨ ²¥£±¨Ì ³¥§μ´μ¢ ¢μ§´¨± ¥É ´¥μ¡Ìμ¤¨³μ¸ÉÓ ÊÎ¥É  ·¥²ÖÉ¨¢¨¸É¸±¨Ì
ÔËË¥±Éμ¢.

�¥²ÖÉ¨¢¨¸É¸±μ¥ μ¡μ¡Ð¥´¨¥ ¶μÉ¥´Í¨ ²Ó´μ° ³μ¤¥²¨ ±¢ ·±μ´¨Ö ¶·¨¢μ¤¨É ±
·¥Ï¥´¨Õ ¸¶¥±É· ²Ó´μ° § ¤ Î¨ ¤²Ö Ê· ¢´¥´¨Ö �¥É¥Ä‘μ²¶¨É¥·  ¨ · §²¨Î´ÒÌ
¢ ·¨ ´Éμ¢ ±¢ §¨¶μÉ¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [2Ä6].

‚ ¤ ´´μ° · ¡μÉ¥ É ± ¦¥, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¨Ì · ¡μÉ Ì [7Ä14], ³Ò · ¸¸³ -
É·¨¢ ¥³ ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ [3, 4]. ‚ Î ¸É´μ³ ¸²ÊÎ ¥ ¤²Ö S-¢μ²´Ò
μ´μ ¨³¥¥É ¢¨¤

[Eε − Hε − V (r)] ψ (r) = 0, (1)

£¤¥

Eε =
2
ε2

[√
1 + ε2q2 − 1

]
=

2q2√
1 + ε2q2 + 1

, Hε =
2
ε2

[
ch

(
iε

d

dr

)
− 1

]
,

V (r) Å ±Ê²μ´μ¢¸±¨° ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö, ε Å ¡¥§· §³¥·´Ò° ¶ · ³¥É·.

�·¨ ε → 0, Eε → q2, Hε → d2

dr2
, Ê· ¢´¥´¨¥ (1) ¶¥·¥Ìμ¤¨É ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ¥

Ê· ¢´¥´¨¥ ˜·ß¤¨´£¥·  [
d2

dr2
− V (r) + q2

]
ψ (r) = 0. (2)

‚ Ê· ¢´¥´¨¨ (1), · §² £ Ö μ¶¥· Éμ· ch
(

iε
d

dr

)
¢ ·Ö¤, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ

¸²¥¤ÊÕÐ¥¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ¡¥¸±μ´¥Î´μ£μ ¶μ·Ö¤±  [15]:[
Eε +

(
d2

dr2
− 2ε2

4!
d4

dr4
+

2ε4

6!
d6

dr6
− . . .

)
− V (r)

]
ψ (r) = 0. (3)
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…¸²¨ ¢ Ê· ¢´¥´¨¨ (3) μÉ¡·μ¸¨ÉÓ Î²¥´Ò ¢Ò¸Ï¨Ì ¶μ·Ö¤±μ¢, Éμ ¢ ·¥§Ê²ÓÉ É¥
³Ò ¶μ²ÊÎ¨³ μ¡Ò±´μ¢¥´´μ¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ±μ´¥Î´μ£μ ¶μ·Ö¤± 

[
Eε +

(
d2

dr2
− 2ε2

4!
d4

dr4
+

2ε4

6!
d6

dr6
− . . . +

+
2 (−1)m−1

ε2(m−1)

(2m) !
d2m

dr2m

)
− V (r)

]
ψ (r) = 0, (4)

£¤¥ 2m Å ¶μ·Ö¤μ± Ê· ¢´¥´¨° (m = 1, 2 . . .M).
�¤´μ° ¨§ ¢ ¦´ÒÌ μ¸μ¡¥´´μ¸É¥° Ê· ¢´¥´¨° (3), (4) Ö¢²Ö¥É¸Ö ´ ²¨Î¨¥ ¶ -

· ³¥É·  ε ¶·¨ ¸É ·Ï¨Ì ¶·μ¨§¢μ¤´ÒÌ, ¨ ¶·¨ ε → 0 Å ÔÉμ ¥¸ÉÓ ¸¨´£Ê²Ö·´μ-
¢μ§³ÊÐ¥´´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö. �·¨ ¨¸¸²¥¤μ¢ ´¨¨ ÔÉ¨Ì Ê· ¢-
´¥´¨° ¢μ§´¨±²  ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¨¸¸²¥¤μ¢ ´¨Ö ±· ¥¢ÒÌ § ¤ Î. �¸μ¡ÊÕ  ±ÉÊ-
 ²Ó´μ¸ÉÓ ¶·¨μ¡·¥É ÕÉ ³¥Éμ¤Ò ¶μ¨¸±  É ±¨Ì ·¥Ï¥´¨° {ψn, λn} (¸μ¡¸É¢¥´´Ò¥
ËÊ´±Í¨¨ ¨ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö), ±μÉμ·Ò¥ ¸μÌ· ´ÖÕÉ ¸¢μ¨ ¸¢μ°¸É¢  ± ± ¤²Ö
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ±μ´¥Î´μ£μ ¶μ·Ö¤± , É ± ¨ ¤²Ö ¤¨ËË¥·¥´Í¨-
 ²Ó´ÒÌ Ê· ¢´¥´¨° ¡¥¸±μ´¥Î´μ£μ ¶μ·Ö¤±  ¶·¨ Ê¸²μ¢¨¨ ¢μ§³μ¦´μ¸É¨ § ¤ ´¨Ö
±· ¥¢ÒÌ Ê¸²μ¢¨° ¨ ¥¸²¨ ·¥Ï¥´¨¥ ¶μ¸É ¢²¥´´μ° § ¤ Î¨ ¸ÊÐ¥¸É¢Ê¥É. �¤´ 
¨§ μ¸μ¡¥´´μ¸É¥° ±· ¥¢ÒÌ § ¤ Î ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢Ò¸μ±μ£μ
¶μ·Ö¤±  2m (m = 1, 2 . . .M) § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ´¥μ¡Ìμ¤¨³μ ´ ±² ¤Ò-
¢ ÉÓ 2m ±· ¥¢ÒÌ Ê¸²μ¢¨° ´  ·¥Ï¥´¨Ö § ¤ Î¨. ’ ± ± ± ÔÉ¨ Ê¸²μ¢¨Ö, ± ± ¶· -
¢¨²μ, ´ ² £ ÕÉ¸Ö ¢ ¤¢ÊÌ ÉμÎ± Ì (¤²Ö Ê· ¢´¥´¨° (3), (4)) r = 0 ¨ r = r0

(¨²¨ r → ∞), Éμ ±μ²¨Î¥¸É¢μ ¢μ§³μ¦´ÒÌ ±· ¥¢ÒÌ § ¤ Î {ψn, λn}2m ¸ Ê¢¥-
²¨Î¥´¨¥³ ¶μ·Ö¤±  Ê· ¢´¥´¨Ö 2m ¸¨²Ó´μ · ¸É¥É. �μÔÉμ³Ê ¡Ò²¨ ¨¸¸²¥¤μ¢ ´Ò
±· ¥¢Ò¥ § ¤ Î¨, ·¥Ï¥´¨Ö ±μÉμ·ÒÌ ¶·¨ ε → 0 ¶¥·¥Ìμ¤ÖÉ ¢ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö
2-£μ ¶μ·Ö¤±  (Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥· ), É. ¥.

{ψn, λn}2m −→
ε→0

{ψn, λn}2

¤²Ö ²Õ¡μ£μ Ë¨±¸¨·μ¢ ´´μ£μ n.
’μ£¤  · §´μ¸ÉÓ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° Δ = |λn,2m − λn,2| ³μ¦´μ ¨´É¥·-

¶·¥É¨·μ¢ ÉÓ ± ± ¶μ¶· ¢±¨ (·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶μ¶· ¢±¨) ± ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö
˜·ß¤¨´£¥· . Š·μ³¥ Éμ£μ, ¢ ¦´μ ¨¸¸²¥¤μ¢ ÉÓ ¶μ¢¥¤¥´¨¥ ·¥Ï¥´¨° ±· ¥¢ÒÌ § -
¤ Î {ψn, λn}2m ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ §´ Î¥´¨¨ ε, ´μ ¶·¨ ¢μ§· ¸É ´¨¨ ¶μ·Ö¤± 
Ê· ¢´¥´¨° 2m.

Šμ²¨Î¥¸É¢μ ¢μ§³μ¦´ÒÌ ±· ¥¢ÒÌ § ¤ Î {ψn, λn}2m ¸ Ê¢¥²¨Î¥´¨¥³ ¶μ·Ö¤± 
Ê· ¢´¥´¨Ö 2m ¸¨²Ó´μ · ¸É¥É. �μÔÉμ³Ê ³Ò ¨¸¸²¥¤Ê¥³ É¥ ±· ¥¢Ò¥ § ¤ Î¨, ·¥Ï¥-
´¨Ö ±μÉμ·ÒÌ ¶·¨ ε → 0 ¶¥·¥Ìμ¤ÖÉ ¢ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥·  ¨ ¨³¥ÕÉ
Î¥É±¨° Ë¨§¨Î¥¸±¨° ¸³Ò¸². �¤´ ±μ ¨³¥ÕÉ¸Ö ¤·Ê£¨¥ ·¥Ï¥´¨Ö (É ± ´ §Ò¢ ¥³Ò¥
¶μ£· ´¸²μ°´Ò¥ ·¥Ï¥´¨Ö), ±μÉμ·Ò¥ É·¥¡ÊÕÉ ¤ ²Ó´¥°Ï¥£μ Ë¨§¨Î¥¸±μ£μ μ¸³Ò-
¸²¥´¨Ö (Ë¨§¨Î¥¸±¨¥ ¨´É¥·¶·¥É Í¨¨ ÔÉ¨Ì ·¥Ï¥´¨°).
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‡ ¤ Î  ŠμÏ¨ ¤²Ö É ±¨Ì ¸¨¸É¥³ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¡Ò²  · ¸-
¸³μÉ·¥´  ¢ · ¡μÉ Ì [16, 17]. Š· ¥¢Ò¥ § ¤ Î¨ ¤²Ö ¸¨´£Ê²Ö·´μ-¢μ§³ÊÐ¥´´ÒÌ
Ê· ¢´¥´¨° Ö¢²ÖÕÉ¸Ö ¶·¥¤³¥Éμ³ ¨§ÊÎ¥´¨Ö Ï¨·μ±μ£μ ±·Ê£  · ¡μÉ [18, 19].

��‘’���‚Š� ‡�„�—ˆ

‚ ¶·¥¤Ò¤ÊÐ¥° · ¡μÉ¥ [14] ¡Ò²  ¶μ¤·μ¡´μ ¨¸¸²¥¤μ¢ ´  ±· ¥¢ Ö § ¤ Î  ¤²Ö
¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö 4-£μ ¶μ·Ö¤±  (m = 2). ‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥
¶·μ¢μ¤¨É¸Ö ¨¸¸²¥¤μ¢ ´¨¥ ·¥Ï¥´¨° ±· ¥¢μ° § ¤ Î¨ ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ
Ê· ¢´¥´¨Ö (4) ¶·¨ m = 3, 4, 5, 6:[

2 (−1)m−1 ε2(m−1)

(2m) !
d2m

dr2m
+ . . . +

2ε4

6!
d6

dr6
−

− 2ε2

4!
d4

dr4
+

d2

dr2
− α2 +

2Z

r

]
ψ (r) = 0 (5)

¸μ ¸²¥¤ÊÕÐ¨³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨:

ψ (0) = 0, ψ (r → ∞) = 0,

ψ′ (0) = 1, ψ′ (r → ∞) = 0,

−−−−−−−−−−−−−−− (6)

ψ2(m−1) (r → ∞) = 0,

£¤¥ α2 = −Eε Å ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥
(
α2 > 0

)
.

�‹ƒ��ˆ’Œ �…˜…�ˆŸ ‡�„�—ˆ

�¥Ï¥´¨¥ ¸ n Ê§² ³¨ ¨Ð¥³ ¢ ¢¨¤¥

ψ (r) = r (1 − c1r) (1 − c2r) (1 − c3r) . . . (1 − cnr) exp (−κr), (7)

£¤¥ κ, c1, c2, c3 . . . cn Å ´¥¨§¢¥¸É´Ò¥ ¶μ¸ÉμÖ´´Ò¥.
�μ¤¸É ¢²ÖÖ ÔÉμ ¢Ò· ¦¥´¨¥ ¢ Ê· ¢´¥´¨¥ (5) ¨ ¶·¨· ¢´¨¢ Ö ¸² £ ¥³Ò¥ ¶·¨

μ¤¨´ ±μ¢ÒÌ ¸É¥¶¥´ÖÌ r, ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö ¶ · ³¥É·  κ:

(−1)m−1
ε2(m−1)

(2m − 1)!
κ2m−1 + · · · + ε4

5!
κ5 − ε2

3!
κ3 + κ − Z

(n + 1)
= 0, (8)

Ê· ¢´¥´¨¥ ¤²Ö ´ Ìμ¦¤¥´¨Ö ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° α2:

2 (−1)m−1
ε2(m−1)

(2m)!
κ2m + . . . +

2ε4

6!
κ6 − 2ε2

4!
κ4 + κ2 − α2 = 0 (9)
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¨ ¸¨¸É¥³Ê n Ê· ¢´¥´¨° ¤²Ö ´ Ìμ¦¤¥´¨Ö ci, i = 1, 2, 3 . . . n. � ¶·¨³¥·, ¤²Ö
´ Ìμ¦¤¥´¨Ö μ¤´μÊ§²μ¢μ£μ ·¥Ï¥´¨Ö (É. ¥. c1, c2 = 0, c3 = 0 . . . cn = 0) ¨³¥¥³

c1 =
Z

2
[
(−1)m−1 ε2m−2κ2m−2

(2m− 2)!
+ . . . +

ε4κ4

4!
− ε2κ2

2!
+ 1

] . (10)

�·¨ n = 0 Å ÔÉμ ¡¥§Ê§²μ¢μ¥ ·¥Ï¥´¨¥, n = 1 Å ·¥Ï¥´¨¥ ¸ μ¤´¨³ Ê§²μ³,
n = 2 Å ·¥Ï¥´¨¥ ¸ ¤¢Ê³Ö Ê§² ³¨ ¨ É. ¤.

’ ±¨³ μ¡· §μ³,  ²£μ·¨É³ ´ Ìμ¦¤¥´¨Ö ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° ¨ ¸μ¡¸É¢¥´-
´ÒÌ §´ Î¥´¨° ±· ¥¢μ° § ¤ Î¨ (5), (6) ¸¢μ¤¨É¸Ö ± ¸²¥¤ÊÕÐ¥³Ê.

1. „²Ö § ¤ ´´ÒÌ §´ Î¥´¨° ε ¨ n ¨Ð¥³ ¤¥°¸É¢¨É¥²Ó´Ò¥ ¨ ¶μ²μ¦¨É¥²Ó´Ò¥
(¤²Ö Ê¤μ¢²¥É¢μ·¥´¨Ö £· ´¨Î´μ³Ê Ê¸²μ¢¨Õ ¶·¨ r → ∞ ´¥μ¡Ìμ¤¨³μ, ÎÉμ¡Ò
κ > 0) ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (8).

2. �μ¤¸É ¢²ÖÖ ´ °¤¥´´Ò¥ ·¥Ï¥´¨Ö κ ¢ Ê· ¢´¥´¨¥ (9), ´ Ìμ¤¨³ ¸μ¡¸É¢¥´-
´Ò¥ §´ Î¥´¨Ö α2.

3. �¥Ï Ö ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¤²Ö ci, i = 1, 2, 3 . . . n, ´ Ìμ¤¨³ ´¥´μ·³¨·μ-
¢ ´´μ¥ ·¥Ï¥´¨¥ (7), ±μÉμ·μ¥ Ê¤μ¢²¥É¢μ·¨É £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³ ψ′ (0) = 1.

4. „ ²¥¥ ³Ò ¡Ê¤¥³ ¨§ÊÎ ÉÓ ¸¢μ°¸É¢  ´μ·³¨·μ¢ ´´ÒÌ ·¥Ï¥´¨°. „²Ö ÔÉμ£μ
Ê³´μ¦ ¥³ ËÊ´±Í¨Õ ψ ´  ±μ´¸É ´ÉÊ A, ±μÉμ· Ö ´ Ìμ¤¨É¸Ö ¨§ Ê¸²μ¢¨Ö

A

√
∞∫
0

ψ2dr = 1. �·¨ ÔÉμ³ £· ´¨Î´μ¥ Ê¸²μ¢¨¥ ψ′ (0) = 1 ¶¥·¥Ìμ¤¨É

¢ ψ′ (0) = A.
„¥°¸É¢¨É¥²Ó´Ò¥ ¨ ¶μ²μ¦¨É¥²Ó´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (8) ¸ÊÐ¥¸É¢ÊÕÉ

Éμ²Ó±μ ¶·¨ μ¶·¥¤¥²¥´´ÒÌ μ£· ´¨Î¥´¨ÖÌ, ´ ±² ¤Ò¢ ¥³ÒÌ ´  ¶ · ³¥É· § -
¤ Î¨ ε. ’ ± ± ± ´¥ ¤²Ö ²Õ¡μ£μ ε Ê· ¢´¥´¨¥ (8) ¨³¥¥É ¤¥°¸É¢¨É¥²Ó´Ò¥ ¨
¶μ²μ¦¨É¥²Ó´Ò¥ ·¥Ï¥´¨Ö, ¸´ Î ²  ´ °¤¥³ μ£· ´¨Î¥´¨¥ ´  ¶ · ³¥É· ε. „²Ö
ÔÉμ£μ Ê³´μ¦ ¥³ Ê· ¢´¥´¨¥ (8) ´  ε ¨ § ¶¨¸Ò¢ ¥³ ¢ ¢¨¤¥

f (m, y) =
Zε

n + 1
, (11)

£¤¥ y = εκ ¨

f (m, y) =
(−1)m−1

(2m − 1)!
y2m−1 + . . . +

1
5!

y5 − 1
3!

y3 + y. (12)

ˆ¸¸²¥¤Ê¥³ ·¥Ï¥´¨¥ (11) £· Ë¨Î¥¸±¨.
�  ·¨¸. 1 ¶·¥¤¸É ¢²¥´Ò £· Ë¨±¨ ËÊ´±Í¨¨ f(m, y) ¤²Ö §´ Î¥´¨°

m = 3, 4, 5, 6.
„²Ö § ¤ ´´ÒÌ §´ Î¥´¨°  ·£Ê³¥´Éμ¢ m, y ¨§ (11) ´ Ìμ¤¨³ §´ Î¥´¨¥ ε;

´ ¶·¨³¥·,

ε1 =
n + 1

Z
fmin (m, ymin) , ε2 =

n + 1
Z

fmax (m, ymax) . (13)
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�¨¸. 1.

ˆ§ (13) ¸²¥¤Ê¥É, ÎÉμ ε1 ¨ ε2 § ¢¨¸ÖÉ μÉ n, m, Z. „²Ö ±· É´μ¸É¨ μ¡μ§´ -
Î¥´¨Ö ÔÉ¨ ¶ · ³¥É·Ò Ö¢´μ ¢ μ¡μ§´ Î¥´¨ÖÌ ε1 ¨ ε2 ´¥ Ê± § ´Ò.

ˆ§ ·¨¸. 1 ¤²Ö ¸²ÊÎ Ö m = 3 ¸²¥¤Ê¥É, ÎÉμ ¶·¨ 0 < ε < ε1 Ê· ¢´¥´¨¥ (8)
¨³¥¥É μ¤´μ ¤¥°¸É¢¨É¥²Ó´μ¥ ¨ ¶μ²μ¦¨É¥²Ó´μ¥ ·¥Ï¥´¨¥, ¶·¨ ε1 < ε < ε2 Å
É·¨ É ±¨Ì ·¥Ï¥´¨Ö ¨, ´ ±μ´¥Í, ¶·¨ ε2 < ε < ∞ Å μ¶ÖÉÓ μ¤´μ É ±μ¥ ·¥Ï¥-
´¨¥. „²Ö ¸²ÊÎ Ö m = 5 ¶·¨ 0 < y < y1 (0 < ε < ε2) Ê· ¢´¥´¨¥ (8) ¨³¥¥É ¤¢ 
¤¥°¸É¢¨É¥²Ó´ÒÌ ¨ ¶μ²μ¦¨É¥²Ó´ÒÌ ·¥Ï¥´¨Ö,   ¶·¨ y2 < y < ∞ (0 < ε < ∞)
¨³¥¥É Éμ²Ó±μ μ¤´μ É ±μ¥ ·¥Ï¥´¨¥. „²Ö ¸²ÊÎ Ö m = 4 ¨ m = 6 ¤²Ö 0 < y < y1

(0 < ε < ε2) Ê· ¢´¥´¨¥ (8) ¨³¥¥É ¤¢  ¤¥°¸É¢¨É¥²Ó´ÒÌ ¨ ¶μ²μ¦¨É¥²Ó´ÒÌ
·¥Ï¥´¨Ö.

�¸μ¡μ ¸²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¤²Ö m = 3, 4, 5, 6, ±μ£¤   ·£Ê³¥´É y ËÊ´±-
Í¨¨ f(m, y) ¶·¨´¨³ ¥É · §´Ò¥ §´ Î¥´¨Ö ¢ μ±·¥¸É´μ¸ÉÖÌ y = ymax ± 0 ¨
y = ymin± 0, ¸¢μ°¸É¢  ·¥Ï¥´¨° § ¤ Î¨ (5), (6) ³¥´ÖÕÉ¸Ö,   ¨³¥´´μ ¤²Ö m = 3
ÔÉμ ¸²¥¤ÊÕÐ¨¥ ¨´É¥·¢ ²Ò: 0 < y < ymax (0 < ε < ε2), ymax < y < ymin

(ε1 < ε < ε2) ¨ ymin < y < ∞ (ε1 < ε < ∞); ¤²Ö m = 5 Å ¨´É¥·¢ ²Ò:
0 < y < ymax (0 < ε < ε2), ymax < y < y1 (0 < ε < ε2) ¨ y2 < y < ∞
(0 < ε < ∞);   ¤²Ö m = 4 ¨ m = 6 Å Éμ²Ó±μ ¤¢  ¨´É¥·¢ ²  0 < y < ymax

(0 < ε < ε2) ¨ ymax < y < y1 (0 < ε < ε2). �É³¥É¨³, ÎÉμ ¤²Ö m > 6 £· -
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Ë¨±¨ ËÊ´±Í¨¨ f(m, y) ¸¨²Ó´μ ´¥ Ê¸²μ¦´ÖÕÉ¸Ö, ¶μÔÉμ³Ê ³μ¦´μ ´¥ ¶·μ¢μ¤¨ÉÓ
 ´ ²¨§  É¨¶μ¢ ·¥Ï¥´¨° ¢ÒÏ¥Ê± § ´´Ò³ ¸¶μ¸μ¡μ³.

„ ²¥¥, ¨¸¶μ²Ó§ÊÖ ¶μ²ÊÎ¥´´Ò¥ μ£· ´¨Î¥´¨Ö ´  ¶ · ³¥É· ε ¤²Ö · §²¨Î´ÒÌ
§´ Î¥´¨° m (m = 3, 4, 5, 6), ¶μ¤·μ¡´μ · ¸¸³μÉ·¨³ ¸²¥¤ÊÕÐ¨¥ Î ¸É´Ò¥ ¸²Ê-
Î ¨ (n = 0 Å ¡¥§Ê§²μ¢μ¥ ·¥Ï¥´¨¥, n = 1 Å ·¥Ï¥´¨¥ ¸ μ¤´¨³ Ê§²μ³) ¨
¶·μ¤¥³μ´¸É·¨·Ê¥³ ¸¢μ°¸É¢  ¶μ²ÊÎ¥´´ÒÌ ·¥Ï¥´¨°. �μ ¸´ Î ²  μÉ³¥É¨³ μÎ¥´Ó
¢ ¦´μ¥ ¸¢μ°¸É¢μ ·¥Ï¥´¨° ±· ¥¢μ° § ¤ Î¨ (5), (6). �·¨ ε → 0 (y → 0) ¤²Ö
¢¸¥Ì m (m = 3, 4, 5, 6 . . .) ·¥Ï¥´¨Ö ÔÉμ° § ¤ Î¨ ¶· ±É¨Î¥¸±¨ ¸μ¢¶ ¤ ÕÉ ¸
·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥· . „¥°¸É¢¨É¥²Ó´μ, ¶·¨ ε → 0 (y → 0), ´ ¶·¨-
³¥·, m = 3 ¨³¥¥³:

• ¤²Ö ¸²ÊÎ Ö ·¥Ï¥´¨° ¡¥§ Ê§²μ¢:

κ = 1, 000000002, α2 = 1, 000000003, A = 2, 000000006 ¨

• ¤²Ö ¸²ÊÎ Ö ·¥Ï¥´¨° ¸ μ¤´¨³ Ê§²μ³:

κ = 0, 5000000002, α2 = 0, 2500000001,

c1 = 0, 5000000008, A = 0, 7071067794.

�  ·¨¸. 2 ¶·¨¢¥¤¥´Ò ÔÉ¨ ´μ·³¨·μ¢ ´´Ò¥ ·¥Ï¥´¨Ö (¸²¥¢ ) ¨ ·¥Ï¥´¨Ö Ê· ¢-
´¥´¨Ö ˜·ß¤¨´£¥·  (¸¶· ¢ ) ¤²Ö ¸· ¢´¥´¨Ö.

„²Ö ¤·Ê£¨Ì m = 4, 5, 6 ÔÉ¨ ·¥Ï¥´¨Ö É ±¦¥ ¶· ±É¨Î¥¸±¨ ´¥ μÉ²¨Î ÕÉ¸Ö
μÉ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥· . �μÔÉμ³Ê §¤¥¸Ó ³Ò ¨Ì ´¥ ¶·¨¢μ¤¨³.

�¨¸. 2.
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�¥§Ê§²μ¢Ò¥ ·¥Ï¥´¨Ö. �¥Ï¥´¨¥ ¨Ð¥³ ¢ ¢¨¤¥ ψ (r) = r exp (−κr). �Ê¸ÉÓ
m = 3. �·¨ ³ ²ÒÌ ε ·¥Ï¥´¨¥ ±· ¥¢μ° § ¤ Î¨ ³Ò ¶·¥¤¸É ¢¨²¨ ´  ·¨¸. 2.
�·¨ ´¥¶·¥·Ò¢´μ³ Ê¢¥²¨Î¥´¨¨ ε (É ±¦¥ ¨ ¶·¨ Ê¢¥²¨Î¥´¨¨ y) ¶ · ³¥É·Ò § -
¤ Î¨

(
κ, α2, A

)
³¥´ÖÕÉ¸Ö ´¥ ¸¨²Ó´μ, ± ± ¸²¥¤¸É¢¨¥ ´μ·³¨·μ¢ ´´Ò¥ ·¥Ï¥-

´¨Ö Éμ¦¥ ´¥ ¸¨²Ó´μ μÉ²¨Î ÕÉ¸Ö μÉ ·¥Ï¥´¨°, ¶·¨¢¥¤¥´´ÒÌ ´  ·¨¸. 2. �¤-
´ ±μ ¶·¨ ε → ∞ (y → ∞) ¸¨ÉÊ Í¨Ö ³¥´Ö¥É¸Ö. � ¶·¨³¥·, ¶·¨ ε = 10
(y = 4,985560235) κ = 0,4985560235, α2 = 0,1602764876, A = 0,7040458571;
¶·¨ ε = 100 (y = 7,126697625) κ = 0,07126697625, α2 = 0,01997607525,
A = 0,03805068634.

�  ·¨¸. 3 ¶·¨¢¥¤¥´Ò ÔÉ¨ ´μ·³¨·μ¢ ´´Ò¥ ·¥Ï¥´¨Ö, £¤¥ r1 max =
2,005792635, ψ1 max = 0,5195083086 ¨ r2 max = 14,03174447, ψ2 max =
0,1964172744. ‚¨¤´μ, ÎÉμ ¶·¨ ε → ∞ (rmax → ∞) ψmax → 0.

�¨¸. 3.

�¨¸. 4.

�Ê¸ÉÓ m = 5. ƒ² ¢´μ¥ μÉ²¨Î¨¥ μÉ m = 3 ¢ ÔÉμ³ ¸²ÊÎ ¥ § ±²ÕÎ ¥É¸Ö
¢ ¸²¥¤ÊÕÐ¥³. �·¨ ε → 0, y → y1 − 0 ¨ y → y2 + 0 ±· ¥¢ Ö § ¤ Î  ¨³¥¥É
·¥Ï¥´¨Ö ¸ μÎ¥´Ó ´¥μ¡ÒÎ´Ò³¨ ¸¢μ°¸É¢ ³¨,   ¨³¥´´μ ·¥Ï¥´¨Ö μÉ²¨Î´Ò μÉ ´Ê²Ö
¢ ´ Î ²¥ ±μμ·¤¨´ É (¤ ²¥¥ ÔÉ¨ ·¥Ï¥´¨Ö ³Ò ¡Ê¤¥³ ´ §Ò¢ ÉÓ ¶μ£· ´¸²μ°´Ò³¨
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·¥Ï¥´¨Ö³¨). „¥°¸É¢¨É¥²Ó´μ, ¶·¨ ε = 10−4, y = 2,622883287 < y1

κ2 = 2622,883287, α2
2 = 2,780351305 · 106, A2 = 2,6865717541 · 105 ¨

¶·¨ ε = 10−4, y = 4,136,388177 > y2

κ3 = 4136,388177, α2
3 = 1,61266271 · 106, A3 = 5,320616144 · 105.

�  ·¨¸. 4 ¶·¨¢¥¤¥´Ò ÔÉ¨ ´μ·³¨·μ¢ ´´Ò¥ ·¥Ï¥´¨Ö.
�´ ²¨§ ¸¢μ°¸É¢  ·¥Ï¥´¨° ±· ¥¢μ° § ¤ Î¨ (5), (6) ¶·¨ m = 4, m = 6

¶·μ¢μ¤¨³  ´ ²μ£¨Î´μ, ¨¸¶μ²Ó§ÊÖ ·¨¸. 1. ‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ, ±μ£¤  ε ³¥´Ö¥É¸Ö
¢ ¨´É¥·¢ ²¥ 0 < ε < ε2, ±· ¥¢ Ö § ¤ Î  ¨³¥¥É ¤¢  ·¥Ï¥´¨Ö,   ¶·¨ ε → 0 ¨
y → y1 − 0 ¶μÖ¢²ÖÕÉ¸Ö ¶μ£· ´¸²μ°´Ò¥ ·¥Ï¥´¨Ö É ±¨¥ ¦¥, ± ± ´  ·¨¸. 4.

’¥¶¥·Ó ¶¥·¥Ìμ¤¨³ ±  ´ ²¨§Ê ¸¢μ°¸É¢ ·¥Ï¥´¨° ±· ¥¢μ° § ¤ Î¨ (5), (6) ¸
μ¤´¨³ Ê§²μ³.

�¥Ï¥´¨¥ ¸ μ¤´¨³ Ê§²μ³. �¥Ï¥´¨¥ ¨Ð¥³ ¢ ¢¨¤¥ ψ (r) = r(1 − c1r) ×
exp (−κr). �Ê¸ÉÓ m = 3. Š ± μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, ¶·¨ ε → 0 (y → 0) ·¥Ï¥´¨¥
¶· ±É¨Î¥¸±¨ ´¥ μÉ²¨Î ¥É¸Ö μÉ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥·  (¸³. ·¨¸. 2).

…¸²¨ ¶ · ³¥É· ε ³¥´Ö¥É¸Ö ¢ ¨´É¥·¢ ²¥ ε1 < ε < ε2 (0 < y < ymax ¨
ymin < y < ∞), Éμ § ¤ Î  ¨³¥¥É μ¤´μÊ§²μ¢μ¥ ·¥Ï¥´¨¥ (É. ¥. c1 > 0). �·¨
ymax < y < ymin ·¥Ï¥´¨¥ ¶·¥¢· Ð ¥É¸Ö ¢ ¡¥§Ê§²μ¢μ¥ (É. ¥. c1 < 0). —Éμ¡Ò
ÔÉμ ¶·μ¤¥³μ´¸É·¨·μ¢ ÉÓ, · ¸¸³μÉ·¨³ ¤¢  ¢ ·¨ ´É  ¢Ò¡μ·  ε.

�¨¸. 5.
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1. �·¨ ε → ε2 − 0 (y → ymax − 0 ¨ y → ymax + 0), ´ ¶·¨³¥·, ¶·¨
ε = 2,009481696

κ = 0,7924597750, α2 = 0,5065024284, c1 = 31950,31088,
A = 0,00002020424997;
κ = 0,7924767159, α2 = 0,5065193692, c1 = −31950,92338,
A = 0,00002020444131.
�  ·¨¸. 5 ¶·¨¢¥¤¥´Ò ÔÉ¨ ´μ·³¨·μ¢ ´´Ò¥ ·¥Ï¥´¨Ö. ƒ² ¢´ Ö μ¸μ¡¥´´μ¸ÉÓ

·¥Ï¥´¨Ö, ¶μ± § ´´μ£μ ¸²¥¢ , § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ¶·¨ ε → ε2 − 0, y →
ymax − 0 ¶ · ³¥É· c1 → ∞. Š ± ¸²¥¤¸É¢¨¥, ÉμÎ±  ¶¥·¥¸¥Î¥´¨Ö ·¥Ï¥´¨Ö μ¸¨

r1 =
1
c1

¸É·¥³¨É¸Ö ± ´Ê²Õ,   ¢ ¡¥§Ê§²μ¢μ³ ·¥Ï¥´¨¨, ¶·¨¢¥¤¥´´μ³ ¸¶· ¢ , ¶·¨

ε → ε2 − 0, y → ymax + 0 ¶ · ³¥É· c1 → −∞. �μ¢¥¤¥´¨¥ ËÊ´±Í¨¨ Ψ(r) ¶·¨
r → 0 ¶μ± § ´μ ´  ·¨¸. 5 ¢´¨§Ê.

2. �·¨ ε → ε1 + 0 (y → ymin − 0 ¨ y → ymin + 0), ´ ¶·¨³¥·, ¶·¨
ε = 1,040184269

κ = 2,957514135, α2 = 4, 024721473, c1 = −15364,28725,
A = 0,001130400197;
κ = 2,957549364, α2 = 4,024756701, c1 = 15364,05119,
A = 0,001130668856.

�¨¸. 6.
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�  ·¨¸. 6 ¶·¨¢¥¤¥´Ò ÔÉ¨ ´μ·³¨·μ¢ ´´Ò¥ ·¥Ï¥´¨Ö. �¸μ¡¥´´μ¸ÉÓ ·¥Ï¥´¨Ö,
¶·¨¢¥¤¥´´μ£μ ¸¶· ¢ , § ±²ÕÎ ¥É¸Ö ¢ Éμ³, ÎÉμ ¶·¨ ε → ε1 + 0 ¨ y → ymin + 0

r1 =
1
c1

¸É·¥³¨É¸Ö ± ´Ê²Õ (·¨¸. 6 ¢´¨§Ê).

’¥¶¥·Ó ¶·¨¢¥¤¥³ ·¥Ï¥´¨Ö ¶·¨ ε → ∞ ¨ y → ∞. � ¶·¨³¥·, ¶·¨
ε = 10 κ = 0,4537980941, α2 = 0,0951207082, c1 = 0,05971231826, A =
0,7541847999; r1 max = 1,918516605, ψ1 max = 0,5364111838; ¶·¨ ε = 100 κ =
0,06355898824, α2 = 0,008753122606, c1 = 0,01024603673, A =
0,04156960011; r2 max = 13,25980129, ψ2max = 0,2050606146.

�μ·³¨·μ¢ ´´Ò¥ ·¥Ï¥´¨Ö ¶·¨¢¥¤¥´Ò ´¨¦¥ ´  ·¨¸. 7. �·¨ ε → 0 ¨§ ·¨-
¸Ê´±  ¢¨¤´μ, ÎÉμ c1 É ±¦¥ ¸É·¥³¨É¸Ö ± ´Ê²Õ ¨, ± ± ¸²¥¤¸É¢¨¥, ÉμÎ±  ¶¥·¥¸¥-

Î¥´¨Ö ·¥Ï¥´¨Ö μ¸¨ r1 =
1
c1

¸É·¥³¨É¸Ö ± ¡¥¸±μ´¥Î´μ¸É¨.

�Ê¸ÉÓ m = 5. ƒ² ¢´μ¥ μÉ²¨Î¨¥ ¶·¨  ´ ²¨§¥ ¸¢μ°¸É¢  ·¥Ï¥´¨° μÉ m = 3
§ ±²ÕÎ ¥É¸Ö ¢ ¶μÖ¢²¥´¨¨ ¶μ£· ´¸²μ°´ÒÌ ·¥Ï¥´¨° ¶·¨ ε → 0 y → y1 − 0
(¡¥§Ê§²μ¢μ¥), y → y2 + 0 (μ¤´μÊ§²μ¢μ¥).

�¨¸. 7.
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�¨¸. 8.

�¨¸. 9.

� ¶·¨³¥·, ¶·¨ ε = 10−4

κ2 = 31486, 38813, κ3 = 49631, 74251,

α2
2 = 4, 003707352 · 108, α2

3 = 2, 32223371 · 108,

c1 = −0, 5125775800, c1 = 0, 2138339808,

A2 = 1, 117387111 · 107. A3 = 2, 211424348 · 107.

�  ·¨¸. 8 ¶·¨¢¥¤¥´Ò ÔÉ¨ ´μ·³¨·μ¢ ´´Ò¥ ·¥Ï¥´¨Ö. ‘¶· ¢  ¶·¨¢¥¤¥´μ

·¥Ï¥´¨¥ ¸ μ¤´¨³ Ê§²μ³. ’μÎ±  ¶¥·¥¸¥Î¥´¨Ö ·¥Ï¥´¨Ö μ¸¨ r1 =
1
c1

≈ 5. ’ ±

± ± ÔÉμ ·¥Ï¥´¨¥ ¡Ò¸É·μ § ÉÊÌ ÕÐ¥¥ (e−κ3r1), ´  ·¨¸Ê´±¥ ´¥ ¢¨¤´μ ÔÉμÉ Ê§¥².
�·¨ ε2 < ε < ∞ ¨ y2 < y → ∞ ·¥Ï¥´¨¥ ¢¥¤¥É ¸¥¡Ö É ± ¦¥, ± ± ¨

¤²Ö m = 3.
�¥·¥Ìμ¤¨³ ±  ´ ²¨§Ê ¸¢μ°¸É¢ ·¥Ï¥´¨° ¶·¨ m = 4 ¨ 6.
�·¨ 0 < ε < ε2 ¢ ¨´É¥·¢ ²¥ 0 < y < ymax ¸ÊÐ¥¸É¢Ê¥É μ¤´μÊ§²μ¢μ¥ ·¥Ï¥-

´¨¥,   ¢ ¨´É¥·¢ ²¥ ymax < y < y1 Å ¡¥§Ê§²μ¢μ¥. ƒ² ¢´ Ö μ¸μ¡¥´´μ¸ÉÓ ¢ ÔÉμ³
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¸²ÊÎ ¥ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¶·¨ ε → 0 ¨ y → y1−0 § ¤ Î  ¨³¥¥É ¶μ£· ´¸²μ°´Ò¥
·¥Ï¥´¨Ö. � ¶·¨³¥·, ¶·¨ ε = 10−4

m = 4 m = 6
κ2 = 30785, 99878, κ2 = 31410, 98396,

α2
2 = 3, 956757913 · 108, α2

2 = 3, 999799254 · 108,

c1 = −0, 4242660305, c1 = −0, 4990888826,

A2 = 1, 080316203 · 107. A2 = 1, 113376259 · 107.

�  ·¨¸. 9 ¶·¨¢¥¤¥´Ò ÔÉ¨ ´μ·³¨·μ¢ ´´Ò¥ ·¥Ï¥´¨Ö.

‡�Š‹�—…�ˆ…

‚ · ¡μÉ¥ ¶·¥¤²μ¦¥´  ²£μ·¨É³ ¨§ÊÎ¥´¨Ö ¸¢μ°¸É¢ ·¥Ï¥´¨° ±· ¥¢ÒÌ § ¤ Î
¤²Ö Ê· ¢´¥´¨° ¢Ò¸μ±μ£μ ¶μ·Ö¤± , ¸μ¤¥·¦ Ð¨Ì ¶·μ¨§¢μ²Ó´Ò° ¶ · ³¥É· ε ¶·¨
¸É ·Ï¨Ì ¶·μ¨§¢μ¤´ÒÌ. �²£μ·¨É³ ·¥ ²¨§μ¢ ´ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¸¨¸É¥³Ò ¸¨³-
¢μ²Ó´ÒÌ ¢ÒÎ¨¸²¥´¨° MAPLE. “¸É ´μ¢²¥´μ, ÎÉμ ¶·¨ ε → 0 ´¥±μÉμ·Ò¥ ·¥Ï¥-
´¨Ö ¸μ¢¶ ¤ ÕÉ ¸ ·¥Ï¥´¨¥³ ´¥·¥²ÖÉ¨¢¨¸É¸±μ£μ Ê· ¢´¥´¨Ö ˜·ß¤¨´£¥· . Š·μ³¥
ÔÉμ£μ, μ¡´ ·Ê¦¥´Ò É ± ´ §Ò¢ ¥³Ò¥ ¶μ£· ´¸²μ°´Ò¥ ·¥Ï¥´¨Ö: ¶¥·¥Ìμ¤ μ¤´μ£μ
É¨¶  ·¥Ï¥´¨Ö (´ ¶·¨³¥·, ·¥Ï¥´¨¥ ¸ μ¤´¨³ Ê§²μ³) ¢ ¤·Ê£μ° (·¥Ï¥´¨¥ ¡¥§
Ê§²μ¢). 	É¨ ·¥Ï¥´¨Ö É·¥¡ÊÕÉ £²Ê¡μ±μ£μ  ´ ²¨§  ¨ ¤ ²Ó´¥°Ï¥£μ Ë¨§¨Î¥¸±μ£μ
μ¸³Ò¸²¥´¨Ö (Ë¨§¨Î¥¸±μ° ¨´É¥·¶·¥É Í¨¨), É ± ± ± ·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶μ¶· ¢±¨
¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° Δ = |λn,2m − λn,2| ¸É ´μ¢ÖÉ¸Ö ¡μ²ÓÏ¨³¨.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ £· ´Éμ¢ �””ˆ º07-01-
00738- , 08-01-00800- .
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