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‡ ¤ Î  · ¸¸¥Ö´¨Ö ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö
Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  ¸ ³ ²Ò³ ¶ · ³¥É·μ³ ¶·¨ ¸É ·Ï¥° ¶·μ¨§¢μ¤´μ°

�·¥¤²μ¦¥´  ²£μ·¨É³ ·¥Ï¥´¨Ö § ¤ Î¨ · ¸¸¥Ö´¨Ö ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢-
´¥´¨Ö Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  ¸ ³ ²Ò³ ¶ · ³¥É·μ³ ε ¶·¨ ¸É ·Ï¥° ¶·μ¨§¢μ¤´μ° ¢
¸Ë¥·¨Î¥¸±μ° ¶·Ö³μÊ£μ²Ó´μ° ¶μÉ¥´Í¨ ²Ó´μ° Ö³¥. �·μ¢¥¤¥´ ¸· ¢´¨É¥²Ó´Ò°  ´ -
²¨§ ·¥Ï¥´¨° ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  ¸ ·¥Ï¥´¨Ö³¨
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¶·¨ ε → 0. �²£μ·¨É³ ·¥ ²¨§μ¢ ´ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³
¸¨¸É¥³Ò ¸¨³¢μ²Ó´ÒÌ ¢ÒÎ¨¸²¥´¨° MAPLE.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.
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Scattering Problem for the Differential Equation
of Fourth Order with Small Parameter at the Higher Derivative

The algorithm of the solution of scattering problem on a spherical rectangular
potential well for the differential equation of fourth order with small parameter ε at
the higher derivative is offered. At ε → 0 the comparative analysis of the solutions
of the differential equation of fourth order with the Schréodinger equation solutions
is carried out. The algorithm is realized with the use of the system of symbolical
evaluations MAPLE.
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‚‚…„…�ˆ…

‚ ¤ ´´μ° · ¡μÉ¥, É ± ¦¥ ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¨Ì · ¡μÉ Ì [3Ä11], ³Ò · ¸¸³ -
É·¨¢ ¥³ ±¢ §¨¶μÉ¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ [1, 2]. ‚ Î ¸É´μ³ ¸²ÊÎ ¥ ¤²Ö S-¢μ²´Ò
μ´μ ¨³¥¥É ¢¨¤

[Eε − Hε − V (r)] ψ(r) = 0, (1)
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,

V (r) Å ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö, ε Å ³ ²Ò° ¶ · ³¥É·. �·¨ ε → 0, Eε →
q2, Hε → d2/dr2, Ê· ¢´¥´¨¥ (1) ¶¥·¥Ìμ¤¨É ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±μ¥ Ê· ¢´¥´¨¥
˜·¥¤¨´£¥·  [

d2

dr2
− V (r) + q2

]
ψ(r) = 0. (2)

‚ Ê· ¢´¥´¨¨ (1), · §² £ Ö μ¶¥· Éμ· ch
(
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)
¢ ·Ö¤, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ

¸²¥¤ÊÕÐ¥¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ¡¥¸±μ´¥Î´μ£μ ¶μ·Ö¤±  [12]:
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ψ(r) = 0. (3)

…¸²¨ ¢ Ê· ¢´¥´¨¨ (3) μÉ¡·μ¸¨ÉÓ Î²¥´Ò ¢Ò¸Ï¨Ì ¶μ·Ö¤±μ¢, Éμ ¢ ·¥§Ê²ÓÉ É¥ ³Ò
¶μ²ÊÎ¨³ μ¡Ò±´μ¢¥´´μ¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ±μ´¥Î´μ£μ ¶μ·Ö¤± 
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]
ψ(r) = 0, (4)

£¤¥ 2m Å ¶μ·Ö¤μ± Ê· ¢´¥´¨° (m = 1, 2 . . .M).
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1. ��‘’���‚Š� ‡�„�—ˆ

‚ · ¡μÉ¥ ¶·μ¢μ¤¨É¸Ö ¨¸¸²¥¤μ¢ ´¨¥ § ¤ Î¨ · ¸¸¥Ö´¨Ö ´  ¸Ë¥·¨Î¥¸±μ° ¶·Ö-
³μÊ£μ²Ó´μ° ¶μÉ¥´Í¨ ²Ó´μ° Ö³¥:

V (r) =

{
−V0, ¥¸²¨ r < rm,

0, ¥¸²¨ r > rm,

¤²Ö Ê· ¢´¥´¨Ö Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  (m = 2)[
−2ε2

4!
d4

dr4
+

d2

dr2
− V (r) + E

]
ψ(r) = 0 (5)

¸ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨
ψ(0) = 0,
ψ′′(0) = 0 (6)

¶·¨ r = 0 ¨
ψ(r) = sin (γ1r) + T cos (γ1r) + b e−γ2r (7)

¶·¨ r > rm, £¤¥ T = tg (δ), δ Å Ë §  · ¸¸¥Ö´¨Ö (γ1, γ2 μ¶·¥¤¥²ÖÕÉ¸Ö ´¨¦¥).
‡ ¤ Î  § ±²ÕÎ ¥É¸Ö ¢ ¢ÒÎ¨¸²¥´¨¨ Ë §Ò · ¸¸¥Ö´¨Ö δ.

’ ± ± ± Ê· ¢´¥´¨¥ (5) ¨³¥¥É ¶μ¸ÉμÖ´´Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¢ μ¡² ¸ÉÖÌ
0 < r < rm ¨ rm < r < ∞, μ¡Ð¥¥ ·¥Ï¥´¨¥ ¢ ± ¦¤μ° μ¡² ¸É¨ ¶·¨´¨³ ¥É ¢¨¤:

ψI(r) = c1 sin (α1r) + c2 cos (α1r) + c3 sh (α2r) + c4 ch (α2r)

¢ μ¡² ¸É¨ 0 < r < rm, £¤¥
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, κ2

1 = E + V0;

ψII(r) = d1 sin (γ1r) + d2 cos (γ1r) + d3 e−γ2r + d4 eγ2r
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¢ μ¡² ¸É¨ rm < r < ∞, £¤¥
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“Î¨ÉÒ¢ Ö £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö (6), (7), ¨³¥¥³

ψI(r) = c1 sin (α1r) + c3 sh (α2r) ¢ μ¡² ¸É¨ 0 < r < rm, (8)

ψII(r) = sin (γ1r) + T cos (γ1r) + b e−γ2r) ¢ μ¡² ¸É¨ rm < r < ∞. (9)

�¥¨§¢¥¸É´Ò¥ ¶ · ³¥É·Ò c1, c3, T , b ´ Ìμ¤¨³ ¨§ Ê¸²μ¢¨° ¸Ï¨¢ ´¨Ö ¶·¨ r = rm:

ψI(rm) = ψII(rm),
ψ′

I(rm) = ψ′
II(rm),

ψ′′
I (rm) = ψ′′

II(rm),
ψ′′′

I (rm) = ψ′′′
II (rm).

(10)

“Î¨ÉÒ¢ Ö Ê¸²μ¢¨Ö (10) ¤²Ö ·¥Ï¥´¨° (8), (9), ¶μ²ÊÎ ¥³ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¤²Ö
´ Ìμ¦¤¥´¨Ö c1, c3, T , b:

WX = B, (11)
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0

⎞
⎟⎟⎟⎟⎠,

φ1 = sin (α1rm); φ2 = sh (α2rm); φ0 = sin (γ1rm);

φ3 = cos (γ1rm); φ4 = e−γ1rm .

2. —ˆ‘‹…��›… �…‡“‹œ’�’›

”¨§¨Î¥¸±¨¥ ¶ · ³¥É·Ò § ¤ Î¨ ¢Ò¡¨· ÕÉ¸Ö ¢ ¢¨¤¥

V0 = 2, rm = π, 0 < E < 20, ΔE = 2.

�¥Ï Ö ¸¨¸É¥³Ê Ê· ¢´¥´¨° (11) ¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° E = 2, 4, 6 . . .20 ¨
¤²Ö · §²¨Î´ÒÌ §´ Î¥´¨° ε, ´ Ï²¨ Ë §Ê · ¸¸¥Ö´¨Ö δ. ’ ± Ö ¦¥ § ¤ Î  ·¥Ï¥´ 
¤²Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· .

‚ É ¡²¨Í¥ ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ μ¡¥¨Ì § ¤ Î.
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E
δ1 δ2 δ3

δ˜· δ1 − δ˜· δ2 − δ˜· δ3 − δ˜·¶·¨ ε = 1 ¶·¨ ε = 0,1 ¶·¨ ε = 0,01

2 Ä1,56128 Ä1,30497 Ä1,30135 Ä1,30129 Ä2,5999E-1 Ä3,67684E-3 Ä6,0E-5

4 0,95108 1,36483 1,37714 1,37725 Ä4,2617E-1 Ä1,24224E-2 Ä1,1E-4

6 0,73007 1,24306 1,25150 1,25156 Ä5,2149E-1 Ä8,50258E-3 Ä6,0E-5

8 0,65730 0,99413 1,00262 1,00272 Ä3,4542E-1 Ä8,58871E-3 Ä1,0E-4

10 0,58564 0,92015 0,93736 0,93754 Ä3,5190E-1 Ä1,73916E-2 Ä1,8E-4

12 0,50458 0,89595 0,91034 0,91049 Ä4,0591E-1 Ä1,45374E-2 Ä1,5E-4

14 0,43270 0,80814 0,81150 0,81166 Ä3,7896E-1 Ä3,52083E-3 Ä1,6E-4

16 0,37942 0,71874 0,73277 0,73292 Ä3,5350E-1 Ä1,41842E-2 Ä1,5E-4

18 0,34470 0,69421 0,71604 0,71627 Ä3,7157E-1 Ä2,20552E-2 Ä2,3E-4

20 0,32350 0,68774 0,70788 0,70811 Ä3,8461E-1 Ä2,03742E-2 Ä2,3E-4

‡�Š‹�—…�ˆ…

‚ · ¡μÉ¥ ¶·¥¤¸É ¢²¥´  ²£μ·¨É³ ·¥Ï¥´¨Ö § ¤ Î¨ · ¸¸¥Ö´¨Ö ¢ ¸Ë¥·¨Î¥-
¸±μ° ¶·Ö³μÊ£μ²Ó´μ° ¶μÉ¥´Í¨ ²Ó´μ° Ö³¥ ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö
Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  ¸ ³ ²Ò³ ¶ · ³¥É·μ³ ε ¶·¨ ¸É ·Ï¥° ¶·μ¨§¢μ¤´μ°. �·μ-
¢¥¤¥´ ¸· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ·¥Ï¥´¨° ¤²Ö Ê· ¢´¥´¨Ö Î¥É¢¥·Éμ£μ ¶μ·Ö¤±  ¸
·¥Ï¥´¨Ö³¨ ¤²Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· .
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