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‡ ¤ Î¨ · ¸¶μ§´ ¢ ´¨Ö ´¥±μÉμ·ÒÌ ±² ¸¸μ¢ · §¡¨¥´¨° Î¨¸¥²
¨ Î¨¸²μ¢ÒÌ ³Ê²ÓÉ¨³´μ¦¥¸É¢

‚ · ¡μÉ¥ ¶μ± § ´μ, ÎÉμ ±² ¸¸ · §¡¨¥´¨°, ´¥¶·¥¤¸É ¢¨³ÒÌ ¢ ¢¨¤¥ ¢Ò¶Ê±²μ°
±μ³¡¨´ Í¨¨ ¤¢ÊÌ · §¡¨¥´¨° Éμ£μ ¦¥ Î¨¸² , ¸μ¢¶ ¤ ¥É ¸ ±² ¸¸μ³ ·Õ±§ Î´ÒÌ · §-
¡¨¥´¨° ¨ ¸ ±² ¸¸μ³ ³Ê²ÓÉ¨³´μ¦¥¸É¢ ‘¨¤μ´ , ¢±²ÕÎ ÕÐ¨³ ³´μ¦¥¸É¢  ¡¥§ ¸Ê³³
¨ ¸É ´¤ ·É´Ò¥ ³´μ¦¥¸É¢  ‘¨¤μ´ . „μ± § ´μ, ÎÉμ § ¤ Î  · ¸¶μ§´ ¢ ´¨Ö ·Õ±§ Î-
´ÒÌ · §¡¨¥´¨° co-NP -¶μ²´  ¨, ¸²¥¤μ¢ É¥²Ó´μ, ´¥· §·¥Ï¨³  §  ¶μ²¨´μ³¨ ²Ó´μ¥
¢·¥³Ö, ¥¸²¨ ¢¥·´  £¨¶μÉ¥§  P �= NP .

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¨³. �.�. �μ£μ²Õ-
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Decision Problems for Some Classes of Integer Partitions
and Number Multisets

We show that the class of integer partitions that cannot be represented as convex
combinations of two partitions of the same numbers coincides with the class of
knapsack partitions and the class of Sidon multisets, which includes sum-free sets
and standard Sidon sets. The decision problem for knapsack partitions is proved
to be co-NP -complete and, therefore, cannot be solved in polynomial time unless
P = NP .
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’·Ê¤´μ ¶¥·¥Î¨¸²¨ÉÓ ³ É¥³ É¨±μ¢, ÊÎ ¸É¢μ¢ ¢Ï¨Ì ¢ ¶μ¸É·μ¥´¨¨ É¥μ·¨¨
· §¡¨¥´¨° ´ ÉÊ· ²Ó´ÒÌ Î¨¸¥² ¢ ¸Ê³³Ê ´ ÉÊ· ²Ó´ÒÌ ¸² £ ¥³ÒÌ ¶μ¸²¥ Éμ£μ,
± ± 	°²¥· ¤μ± § ² μ ´¨Ì ¶¥·¢Ò¥ É¥μ·¥³Ò. �μ²ÓÏ¨´¸É¢μ ¨¸¸²¥¤μ¢ ´¨° ¡Ò²¨
´ ¶· ¢²¥´Ò ´  ¢ÒÎ¨¸²¥´¨¥ Î¨¸¥² · §¡¨¥´¨° · §²¨Î´ÒÌ ¢¨¤μ¢ ¨ ¢Ò¢μ¤  ²-
£¥¡· ¨Î¥¸±¨Ì ¨ ±μ³¡¨´ Éμ·´ÒÌ ¸μμÉ´μÏ¥´¨° ³¥¦¤Ê ±² ¸¸ ³¨ · §¡¨¥´¨°.
‚ ¶μ¸²¥¤´¨¥ ¤¥¸ÖÉ¨²¥É¨Ö Ê¸¨²¨²¸Ö ¨´É¥·¥¸ ± · §¡¨¥´¨Ö³ Î¨¸¥² ¸μ ¸Éμ·μ´Ò
Ë¨§¨±μ¢ [10], ÌμÉÖ  ¸¨³¶ÉμÉ¨Î¥¸±ÊÕ Ëμ·³Ê²Ê • ·¤¨Ä� ³ ´Ê¤¦ ´  ¤²Ö Î¨-
¸²  · §¡¨¥´¨° ¢¶¥·¢Ò¥ ¶·¨³¥´¨²¨ ¢ Ö¤¥·´μ° Ë¨§¨±¥ Ê¦¥ �μ· ¨ Š ²± · [9].
‚ [12] ¶·¥¤²μ¦¥´ ´μ¢Ò° ¶μ¤Ìμ¤ ± ¨§ÊÎ¥´¨Õ · §¡¨¥´¨° Î¨¸¥², ¶·¨ ±μÉμ·μ³
± ¦¤μ¥ · §¡¨¥´¨¥ Î¨¸²  n μÉμ¦¤¥¸É¢²Ö¥É¸Ö ¸ ÉμÎ±μ° Rn,   ³´μ¦¥¸É¢μ ¢¸¥Ì
· §¡¨¥´¨° n · ¸¸³ É·¨¢ ¥É¸Ö ± ± ¶μ²¨Éμ¶ (μ£· ´¨Î¥´´Ò° ¢Ò¶Ê±²Ò° ³´μ£μ-
£· ´´¨±) Pn ⊂ Rn. �μ²¨Ô¤· ²Ó´Ò° ¶μ¤Ìμ¤ ¤ ² ¢μ§³μ¦´μ¸ÉÓ ¨¸¸²¥¤μ¢ ÉÓ
±μ³¡¨´ Éμ·´μ-£¥μ³¥É·¨Î¥¸±ÊÕ ¸É·Ê±ÉÊ·Ê ³´μ¦¥¸É¢  · §¡¨¥´¨°.

ˆ¸Ìμ¤´μ° ¤²Ö ¤ ´´μ° · ¡μÉÒ ¶μ¸²Ê¦¨²  § ¤ Î  · ¸¶μ§´ ¢ ´¨Ö ¢¥·Ï¨´
¶μ²¨Éμ¶  Pn ¸·¥¤¨ ¢¸¥Ì · §¡¨¥´¨° Î¨¸²  n. ŒÒ ¨¸¸²¥¤Ê¥³ ¢ÒÎ¨¸²¨É¥²Ó´ÊÕ
¸²μ¦´μ¸ÉÓ ¢ ·¨ ´É  ÔÉμ° § ¤ Î¨ Å · ¸¶μ§´ ¢ ´¨Ö · §¡¨¥´¨°, ´¥ ¶·¥¤¸É ¢¨-
³ÒÌ ¢ ¢¨¤¥ ¢Ò¶Ê±²μ° ±μ³¡¨´ Í¨¨ ¤¢ÊÌ · §¡¨¥´¨° Éμ£μ ¦¥ Î¨¸² . Š² ¸¸ É ±¨Ì
· §¡¨¥´¨° ¸μ¢¶ ¤ ¥É ¸ ±² ¸¸μ³ ·Õ±§ Î´ÒÌ · §¡¨¥´¨° [11] ¨ ¸ ±² ¸¸μ³ ¢¢¥-
¤¥´´ÒÌ ´ ³¨ ³Ê²ÓÉ¨³´μ¦¥¸É¢ ‘¨¤μ´ , ±μÉμ·Ò° ¢±²ÕÎ ¥É ¢ ¸¥¡Ö ¨§¢¥¸É´Ò¥
¸É·Ê±ÉÊ·Ò  ¤¤¨É¨¢´μ° ±μ³¡¨´ Éμ·¨±¨: ³´μ¦¥¸É¢  ¡¥§ ¸Ê³³, ¸É ´¤ ·É´Ò¥ ¨
μ¡μ¡Ð¥´´Ò¥ ³´μ¦¥¸É¢  ‘¨¤μ´  [14]. „μ± § ´μ, ÎÉμ § ¤ Î  · ¸¶μ§´ ¢ ´¨Ö
·Õ±§ Î´ÒÌ · §¡¨¥´¨° co-NP -¶μ²´  ¨, ¸²¥¤μ¢ É¥²Ó´μ, ´¥· §·¥Ï¨³  §  ¶μ²¨-
´μ³¨ ²Ó´μ¥ ¢·¥³Ö, ¥¸²¨ ¢¥·´  £¨¶μÉ¥§  P �= NP .

�μ²¨Éμ¶ · §¡¨¥´¨° Pn ¥¸ÉÓ Î ¸É´Ò° ¸²ÊÎ ° ¶μ²¨Éμ¶  ´  Î ¸É¨Î´μ°  ²£¥-
¡·¥ [4], ±μÉμ·Ò° Ö¢²Ö¥É¸Ö μ¡μ¡Ð¥´¨¥³ ³´μ£μ£· ´´¨±  ´  £·Ê¶¶¥, ¢μ§´¨± Õ-
Ð¥£μ ¶·¨ ¶·¨³¥´¥´¨¨ É¥μ·¥É¨±μ-£·Ê¶¶μ¢μ£μ ¶μ¤Ìμ¤  ± § ¤ Î¥ Í¥²μÎ¨¸²¥´´μ£μ
²¨´¥°´μ£μ ¶·μ£· ³³¨·μ¢ ´¨Ö [3]. ‚ [12] μ¶¨¸ ´Ò ¢¸¥ Ë ¸¥ÉÒ (£· ´¨ ³ ±¸¨-
³ ²Ó´μ° · §³¥·´μ¸É¨) ¶μ²¨Éμ¶μ¢ Pn ¢ ¢¨¤¥ μ¶·¥¤¥²¥´´ÒÌ ·¥Ï¥´¨° ¸¨¸É¥³Ò
Ê· ¢´¥´¨° ¨ ´¥· ¢¥´¸É¢. �¡Ñ¥±Éμ³ ¤ ²Ó´¥°Ï¨Ì ¨¸¸²¥¤μ¢ ´¨° ¸É ²¨ ¢¥·Ï¨´Ò
Pn, ¶μ¸±μ²Ó±Ê μ´¨ ¢¶¥·¢Ò¥ ¤ ÕÉ ¢μ§³μ¦´μ¸ÉÓ ¸¢¥¸É¨ ¢¸¥ ³´μ¦¥¸É¢μ · §-
¡¨¥´¨° Î¨¸²  n ± ¶μ¤³´μ¦¥¸É¢Ê: ± ¦¤μ¥ · §¡¨¥´¨¥ n Ö¢²Ö¥É¸Ö ¢Ò¶Ê±²μ°
±μ³¡¨´ Í¨¥° ¢¥·Ï¨´. ’ ±¨³ μ¡· §μ³, ¢¥·Ï¨´Ò Pn μ¡· §ÊÕÉ ¸¢μ¥μ¡· §´Ò°
¡ §¨¸ ³´μ¦¥¸É¢  ¢¸¥Ì · §¡¨¥´¨° n.
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�¥·¢Ò¥ · §¤¥²Ó´Ò¥ ¤μ¸É ÉμÎ´Ò¥ ¨ ´¥μ¡Ìμ¤¨³Ò¥ Ê¸²μ¢¨Ö ¤²Ö Éμ£μ, ÎÉμ¡Ò
· §¡¨¥´¨¥ Ö¢²Ö²μ¸Ó ¢¥·Ï¨´μ° ¶μ²¨Éμ¶  · §¡¨¥´¨°, ¶μ²ÊÎ¥´Ò ¢ [12].
‚ [5] ¤μ± § ´ ±·¨É¥·¨° ¶·¥¤¸É ¢²¥´¨Ö · §¡¨¥´¨Ö ¢ ¢¨¤¥ ¢Ò¶Ê±²μ° ±μ³¡¨-
´ Í¨¨ ¤¢ÊÌ · §¡¨¥´¨°: É ±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¢μ§³μ¦´μ Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ ,
±μ£¤  ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  · §²¨Î´ÒÌ ´ ¡μ·  ¢Ìμ¤ÖÐ¨Ì ¢ § ¤ ´´μ¥ · §¡¨¥´¨¥ ¸² -
£ ¥³ÒÌ, ¨³¥ÕÐ¨¥ · ¢´Ò¥ ¸Ê³³Ò. ˆ§ ±·¨É¥·¨Ö ¶μ¸²¥¤μ¢ ²¨ ´μ¢Ò¥ ´¥μ¡Ìμ¤¨-
³Ò¥ Ê¸²μ¢¨Ö ¤²Ö ¢¥·Ï¨´, ¢ Î ¸É´μ¸É¨ ÉμÎ´ Ö ¢¥·Ì´ÖÖ μÍ¥´±  Î¨¸²  · §²¨Î´ÒÌ
¸² £ ¥³ÒÌ ¢ · §¡¨¥´¨ÖÌ-¢¥·Ï¨´ Ì.

‚ [6, 12] ¢¢¥¤¥´Ò ¤¢¥ ±μ³¡¨´ Éμ·´Ò¥ μ¶¥· Í¨¨ ´  · §¡¨¥´¨ÖÌ ¨ ¶μ± -
§ ´μ, ÎÉμ ¨Ì ¶·¨³¥´¥´¨¥ ± ¢¥·Ï¨´ ³ Pn ¶·¨¢μ¤¨É ± ¥£μ ¢¥·Ï¨´ ³. ’ ±¨³
μ¡· §μ³, μ± § ²μ¸Ó, ÎÉμ ¢¸¥ ¢¥·Ï¨´Ò ¶μ²¨Éμ¶  · §¡¨¥´¨° ³μ¦´μ ¶μ¸É·μ¨ÉÓ ¸
¶μ³μÐÓÕ ¤¢ÊÌ μ¶¥· Í¨° ¨§ ¸ÊÐ¥¸É¢¥´´μ ³¥´ÓÏ¥£μ Î¨¸²  ¢¥·Ï¨´, ´ §¢ ´´ÒÌ
μ¶μ·´Ò³¨, Å É¥Ì, ±μÉμ·Ò¥ ´¥¢μ§³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨§ ¤·Ê£¨Ì ¢¥·Ï¨´, ¨¸¶μ²Ó-
§ÊÖ ÔÉ¨ μ¶¥· Í¨¨. 	Éμ μ§´ Î ¥É, ÎÉμ ¢¥·Ï¨´´Ò° ¡ §¨¸ ³´μ¦¥¸É¢  · §¡¨¥-
´¨° ³μ¦´μ ¸ÊÐ¥¸É¢¥´´μ Ê³¥´ÓÏ¨ÉÓ, μ£· ´¨Î¨¢Ï¨¸Ó μ¶μ·´Ò³¨ ¢¥·Ï¨´ ³¨
¶μ²¨Éμ¶ .

‚ [5] ¶·¥¤²μ¦¥´ ³¥Éμ¤ ²¨ËÉ¨´£  ¤²Ö ¶μ¸É·μ¥´¨Ö ¢¥·Ï¨´ ¢¸¥Ì ¶μ²¨Éμ¶μ¢
· §¡¨¥´¨°. �·¨ ¥£μ ¢Ò¶μ²´¥´¨¨ ³´μ¦¥¸É¢μ É¥Ì · §¡¨¥´¨° n, ¸·¥¤¨ ±μÉμ-
·ÒÌ ¨ÐÊÉ¸Ö ¢¥·Ï¨´Ò Pn, ¸ÊÐ¥¸É¢¥´´μ ¸Ê¦ ¥É¸Ö: ¢¸¥ ¢¥·Ï¨´Ò ¨´¤ÊÍ¨·ÊÕÉ¸Ö
μ¶·¥¤¥²¥´´Ò³¨ · §¡¨¥´¨Ö³¨ ´¥±μÉμ·ÒÌ Î¨¸¥² ³¥´ÓÏ¨Ì n. �·μ¢¥·± , Ö¢²Ö-
ÕÉ¸Ö ²¨ ¶μ²ÊÎ¥´´Ò¥ · §¡¨¥´¨Ö ¢¥·Ï¨´ ³¨ Pn, μ± § ² ¸Ó ´¥¶·μ¸Éμ° § ¤ Î¥°.

� ¸¸³ É·¨¢ ¥³Ò° ¢ · ¡μÉ¥ ¢ ·¨ ´É § ¤ Î¨ · ¸¶μ§´ ¢ ´¨Ö ¢¥·Ï¨´ ¶μ²¨-
Éμ¶  Pn ¢Ò£²Ö¤¨É ´ ¨¡μ²¥¥ ¶·μ¸ÉÒ³, ¶μ¸±μ²Ó±Ê ¤²Ö ³´μ£¨Ì Î¨¸¥² n � 15
¸ÊÐ¥¸É¢ÊÕÉ · §¡¨¥´¨Ö, É·¥¡ÊÕÐ¨¥ ¡μ²¥¥ ¤¢ÊÌ ¤·Ê£¨Ì ¤²Ö ¸¢μ¥£μ ¢Ò¶Ê±²μ£μ
¶·¥¤¸É ¢²¥´¨Ö [7], ¨, ¸²¥¤μ¢ É¥²Ó´μ, Ê¸É ´μ¢²¥´´Ò° ±·¨É¥·¨° Ì · ±É¥·¨§Ê¥É
´¥ ¢¸¥ ¢¥·Ï¨´Ò Pn. �¤´ ±μ ³Ò ¶μ± §Ò¢ ¥³, ÎÉμ ¨³¥´´μ ¢ ÔÉμ³ ¢ ·¨ ´É¥
· ¸¸³ É·¨¢ ¥³ Ö § ¤ Î  ¶μ²¨´μ³¨ ²Ó´μ ´¥· §·¥Ï¨³  ¶·¨ Ê¸²μ¢¨¨ P �= NP .
�·¨ ÔÉμ³ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¶μ²¨´μ³¨ ²Ó´μ£μ  ²£μ·¨É³  ·¥Ï¥´¨Ö μ¡Ð¥° § ¤ Î¨
· ¸¶μ§´ ¢ ´¨Ö ¢¥·Ï¨´ ¶μ²¨Éμ¶μ¢ · §¡¨¥´¨° μ¸É ¥É¸Ö ¢μ§³μ¦´Ò³, ´μ ³Ò ´¥
μÉ± §Ò¢ ¥³¸Ö μÉ ¢Ò¸± § ´´μ° ¢ [7] £¨¶μÉ¥§Ò, ÎÉμ ÔÉ  § ¤ Î  NP -É·Ê¤´ . „μ-
± § ´´ Ö co-NP -¶μ²´μÉ  § ¤ Î · ¸¶μ§´ ¢ ´¨Ö ·Õ±§ Î´ÒÌ · §¡¨¥´¨° ¨ ³Ê²Ó-
É¨³´μ¦¥¸É¢ ‘¨¤μ´  ¶·¥¤¸É ¢²Ö¥É, ´  ´ Ï ¢§£²Ö¤, ¸ ³μ¸ÉμÖÉ¥²Ó´Ò° ¨´É¥·¥¸.

„²Ö ¤μ± § É¥²Ó¸É¢  co-NP -¶μ²´μÉÒ μ¸´μ¢´μ° § ¤ Î¨ ³Ò Ê¸É ´ ¢²¨¢ ¥³
NP -¶μ²´μÉÊ § ¤ Î¨ · ¸¶μ§´ ¢ ´¨Ö · §¡¨¥´¨°, ¶·¥¤¸É ¢¨³ÒÌ ¢ ¢¨¤¥ ¢Ò¶Ê±²μ°
±μ³¡¨´ Í¨¨ ¤¢ÊÌ ¤·Ê£¨Ì · §¡¨¥´¨° Éμ£μ ¦¥ Î¨¸² , ¸¢μ¤Ö ± ´¥° μ¤´Ê ¨§ Ï¥¸É¨
μ¸´μ¢´ÒÌ NP -¶μ²´ÒÌ § ¤ Î Å ±μ³¡¨´ Éμ·´ÊÕ § ¤ ÎÊ � §¡¨¥´¨¥ [1]. �·¨
ÔÉμ³ ¸ÊÐ¥¸É¢¥´´μ ¨¸¶μ²Ó§Ê¥É¸Ö ±·¨É¥·¨° [5].

1. ��…„‚��ˆ’…‹œ�›… ‘‚…„…�ˆŸ
ˆ ��‘‘Œ�’�ˆ‚�…Œ›… ‡�„�—ˆ

� §¡¨¥´¨¥³ ´ ÉÊ· ²Ó´μ£μ Î¨¸²  n ´ §Ò¢ ¥É¸Ö ±μ´¥Î´ Ö ´¥¢μ§· ¸É ÕÐ Ö
¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ´ ÉÊ· ²Ó´ÒÌ Î¨¸¥² ρ = (ρ1, ρ2, . . . , ρr), ¤²Ö ±μÉμ·ÒÌ
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r∑
j=1

ρj = n [8]. —¨¸²  ρ1, ρ2, . . . , ρr ´ §Ò¢ ÕÉ Î ¸ÉÖ³¨ · §¡¨¥´¨Ö ρ.

Š ¦¤μ³Ê · §¡¨¥´¨Õ ρ Î¨¸²  n ³Ò ¸μ¶μ¸É ¢²Ö¥³ ´¥μÉ·¨Í É¥²Ó´ÊÕ Í¥²μÎ¨-
¸²¥´´ÊÕ ÉμÎ±Ê x = (x1, x2, . . . , xn) ∈ Rn. Šμμ·¤¨´ É  xi ÉμÎ±¨ x · ¢´ 
Î¨¸²Ê ¢Ìμ¦¤¥´¨° Î¨¸²  i ¢ · §¡¨¥´¨¥ ρ, i = 1, . . . , n, É. ¥. x Ö¢²Ö¥É¸Ö ·¥Ï¥-
´¨¥³ Ê· ¢´¥´¨Ö x1 + 2x2 + . . . + nxn = n ¢ ´¥μÉ·¨Í É¥²Ó´ÒÌ Í¥²ÒÌ Î¨¸² Ì.
‚ ¤ ²Ó´¥°Ï¥³ ³Ò μÉμ¦¤¥¸É¢²Ö¥³ · §¡¨¥´¨Ö ρ ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¨³ ÉμÎ-
± ³¨ x. ’μ, ÎÉμ ÉμÎ±  x Ö¢²Ö¥É¸Ö · §¡¨¥´¨¥³ Î¨¸²  n, ³Ò μ¡μ§´ Î ¥³ x � n.
Œ´μ¦¥¸É¢μ ¢¸¥Ì · §²¨Î´ÒÌ Î ¸É¥° · §¡¨¥´¨Ö x � n μ¡μ§´ Î ¥³ Î¥·¥§ Sx,
Sx = {i ∈ {1, . . . , n} |xi > 0}, Î¥·¥§ Z+ Å ³´μ¦¥¸É¢μ ´¥μÉ·¨Í É¥²Ó´ÒÌ Í¥-
²ÒÌ Î¨¸¥² ¨ Î¥·¥§ [n1, n2] Å μÉ·¥§μ± ´ ÉÊ· ²Ó´ÒÌ Î¨¸¥² {n1, n1 +1, . . . , n2}.

�μ²¨Éμ¶ · §¡¨¥´¨° Î¨¸²  n μ¶·¥¤¥²Ö¥É¸Ö ± ± ¢Ò¶Ê±² Ö μ¡μ²μÎ±  ³´μ¦¥-
¸É¢  ¢¸¥Ì · §¡¨¥´¨° n [12]:

Pn = conv.hull{x ∈ R
n
+|x � n}.

� ¶μ³´¨³, ÎÉμ ¤²Ö ¶·μ¨§¢μ²Ó´μ£μ ¶μ²¨Éμ¶  P ⊂ R
n ÉμÎ±  x ∈ P ´¥

Ö¢²Ö¥É¸Ö ¢¥·Ï¨´μ° P Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¸ÊÐ¥¸É¢Ê¥É ¥¥ ¶·¥¤¸É ¢²¥´¨¥
¢ ¢¨¤¥ ¢Ò¶Ê±²μ° ±μ³¡¨´ Í¨¨ ´¥±μÉμ·ÒÌ k, 2 � k � n+1, ÉμÎ¥± ¶μ²¨Éμ¶  P ,
¸³., ´ ¶·¨³¥·, [2]. ‚ Î ¸É´μ¸É¨, · §¡¨¥´¨¥ x � n ´¥ Ö¢²Ö¥É¸Ö ¢¥·Ï¨´μ° Pn,
¥¸²¨ x ¶·¥¤¸É ¢¨³μ ¢ ¢¨¤¥ ¢Ò¶Ê±²μ° ±μ³¡¨´ Í¨¨ ¤¢ÊÌ · §¡¨¥´¨° y, z � n:

x = λy + (1 − λ)z, £¤¥ 0 < λ < 1. (1)

‘²¥¤ÊÕÐ Ö É¥μ·¥³  μ¶¨¸Ò¢ ¥É · §¡¨¥´¨Ö, ¶·¥¤¸É ¢¨³Ò¥ ¢ ¢¨¤¥ (1).
’¥μ·¥³  � [5]. � §¡¨¥´¨¥ x = (x1, . . . , xn) � n Ö¢²Ö¥É¸Ö ¢Ò¶Ê±²μ° ±μ³-

¡¨´ Í¨¥° ¤¢ÊÌ · §¡¨¥´¨° Î¨¸²  n Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¸ÊÐ¥¸É¢ÊÕÉ
¤¢  ´¥¶¥·¥¸¥± ÕÐ¨Ì¸Ö ¶μ¤³´μ¦¥¸É¢  Î ¸É¥° · §¡¨¥´¨Ö x, S1, S2 ⊂ Sx, ¨
¤¢  Í¥²μÎ¨¸²¥´´ÒÌ ´ ¡μ·  u = 〈us ∈ Z+; s ∈ S1〉 ¨ v = 〈vs ∈ Z+; s ∈ S2〉,
Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö³

∑
s∈S1

uss =
∑
s∈S2

vss, 0 < us � xs, 0 < vs � xs. (2)

�¸´μ¢´ Ö · ¸¸³ É·¨¢ ¥³ Ö ¢ · ¡μÉ¥ § ¤ Î  · ¸¶μ§´ ¢ ´¨Ö ¸²¥¤ÊÕÐ Ö.
� §¡¨¥´¨¥, ´¥¶·¥¤¸É ¢¨³μ¥ ¢ ¢¨¤¥ ¢Ò¶Ê±²μ° ±μ³¡¨´ Í¨¨ ¤¢ÊÌ · §¡¨¥´¨°.

„²Ö § ¤ ´´μ£μ · §¡¨¥´¨Ö x = (x1, . . . , xn) � n μ¶·¥¤¥²¨ÉÓ, ¢¥·´μ ²¨, ÎÉμ ´¥
¸ÊÐ¥¸É¢Ê¥É ¤¢ÊÌ · §¡¨¥´¨° y, z � n ¨ Î¨¸²  λ, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì Ê¸²μ¢¨Ö³ (1).

�μ´ÖÉ´μ, ÎÉμ ¢¥·Ï¨´Ò ¶μ²¨Éμ¶μ¢ · §¡¨¥´¨° Î¨¸¥² ´ Ìμ¤ÖÉ¸Ö ¸·¥¤¨ É¥Ì
· §¡¨¥´¨°, ¤²Ö ±μÉμ·ÒÌ ÔÉ  § ¤ Î  ¨³¥¥É μÉ¢¥É ®¤ ¯. ‚¢¥¤¥´´Ò¥ ¢ [11] ·Õ±-
§ Î´Ò¥ · §¡¨¥´¨Ö Å ÔÉμ É¥, ¢¸¥ ´ ¡μ·Ò Î ¸É¥° ±μÉμ·ÒÌ ¤ ÕÉ · §²¨Î´Ò¥
¸Ê³³Ò. �μ É¥μ·¥³¥ � ±² ¸¸ ·Õ±§ Î´ÒÌ · §¡¨¥´¨° ¸μ¢¶ ¤ ¥É ¸ ±² ¸¸μ³ · §-
¡¨¥´¨°, ´¥¶·¥¤¸É ¢¨³ÒÌ ¢ ¢¨¤¥ ¢Ò¶Ê±²μ° ±μ³¡¨´ Í¨¨ ¤¢ÊÌ ¤·Ê£¨Ì. ‘²¥¤μ¢ -
É¥²Ó´μ, ±² ¸¸ ¢¥·Ï¨´ ¢¸¥Ì ¶μ²¨Éμ¶μ¢ · §¡¨¥´¨° Î¨¸¥² Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´Ò³
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¶μ¤±² ¸¸μ³ ±² ¸¸  ·Õ±§ Î´ÒÌ · §¡¨¥´¨°. ’ ±¨³ μ¡· §μ³, μ¸´μ¢´ÊÕ § ¤ ÎÊ
³μ¦´μ ¶¥·¥Ëμ·³Ê²¨·μ¢ ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥.

�Õ±§ Î´μ¥ · §¡¨¥´¨¥. Ÿ¢²Ö¥É¸Ö ²¨ § ¤ ´´μ¥ · §¡¨¥´¨¥ x = (x1, . . . , xn) �
n ·Õ±§ Î´Ò³?

‚ ¤ ²Ó´¥°Ï¥³ ¤²Ö ±· É±μ¸É¨ ³Ò ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ÔÉÊ ¶μ¸É ´μ¢±Ê. —¥-
·¥§ size(Z) μ¡μ§´ Î¨³ · §³¥· § ¤ Î¨ · ¸¶μ§´ ¢ ´¨Ö Z, · ¢´Ò° ¤²¨´¥ ¤¢μ¨Î-
´μ° § ¶¨¸¨ ¥¥ ¢Ìμ¤ . � ¢¥´¸É¢μ f(t) = O(g(t)), £¤¥ f(k) ¨ g(k) Å ´¥±μÉμ·Ò¥
Î¨¸²μ¢Ò¥ ËÊ´±Í¨¨, μ¡μ§´ Î ¥É, ÎÉμ f(t) � cg(t) ¤²Ö ¢¸¥Ì k � 0 ¶·¨ ´¥-
±μÉμ·μ° ±μ´¸É ´É¥ c. —¥·¥§ p(k) μ¡μ§´ Î ¥³ ´¥±μÉμ·ÊÕ ¶μ²¨´μ³¨ ²Ó´ÊÕ
ËÊ´±Í¨Õ ´  N.

‚Ìμ¤μ³ § ¤ Î¨ �Õ±§ Î´μ¥ · §¡¨¥´¨¥ Ö¢²Ö¥É¸Ö ´ ¡μ· ¨§ n Î¨¸¥² xi ∈ Z+,
xi � n, i = 1, . . . , n, ¶μÔÉμ³Ê ¥¥ · §³¥· · ¢¥´ O(n log n).

�Õ±§ Î´Ò¥ · §¡¨¥´¨Ö ´ ¶μ³¨´ ÕÉ ¨§¢¥¸É´Ò¥ ¢ ±μ³¡¨´ Éμ·´μ° É¥μ·¨¨
Î¨¸¥² ³´μ¦¥¸É¢  ¡¥§ ¸Ê³³ (sum-free sets) ¨ ³´μ¦¥¸É¢  ‘¨¤μ´  [14]. Œ´μ-
¦¥¸É¢ ³¨ ‘¨¤μ´  (¨²¨ B2-³´μ¦¥¸É¢ ³¨) ´ §Ò¢ ÕÉ É ±¨¥ ³´μ¦¥¸É¢  A ⊂ N,
¤²Ö ±μÉμ·ÒÌ a1 + a2 �= a3 + a4 ¤²Ö ¢¸¥Ì a1, a2, a3, a4 ∈ A. ‚ μ¶·¥¤¥²¥´¨¨
μ¡μ¡Ð¥´´ÒÌ ³´μ¦¥¸É¢ ‘¨¤μ´  ¶μ·Ö¤±  h > 2 (¨²¨ Bh-³´μ¦¥¸É¢) ¢³¥¸Éμ ¶ ·
Ô²¥³¥´Éμ¢ ¢ ²¥¢μ° ¨ ¶· ¢μ° ¸Ê³³ Ì Ë¨£Ê·¨·ÊÕÉ ²Õ¡Ò¥ ´ ¡μ·Ò ¶μ h Ô²¥³¥´-
Éμ¢ ¨§ A. ‚ ¸²ÊÎ ¥ ³´μ¦¥¸É¢ ¡¥§ ¸Ê³³ § ¶·¥Ð ÕÉ¸Ö · ¢¥´¸É¢  a1 + a2 = a3

¤²Ö ¢¸¥Ì a1, a2, a3 ∈ A.
‡ ³¥É¨³, ÎÉμ ¢ μ¶·¥¤¥²¥´¨ÖÌ ³´μ¦¥¸É¢ ¡¥§ ¸Ê³³ ¨ ³´μ¦¥¸É¢ ‘¨¤μ´ 

¸² £ ¥³Ò¥ · §·¥Ï ¥É¸Ö ¶μ¢Éμ·ÖÉÓ ¸±μ²Ó±μ Ê£μ¤´μ · §, ¢ Éμ ¢·¥³Ö ± ± ¢ ¸²ÊÎ ¥
·Õ±§ Î´ÒÌ · §¡¨¥´¨° Î¨¸²μ ¶μ¢Éμ·¥´¨° ± ¦¤μ° Î ¸É¨ s ∈ [1, n] · §¡¨¥´¨Ö
Î¨¸²  n ´¥ ¶·¥¢μ¸Ìμ¤¨É xs. ’¥³ ´¥ ³¥´¥¥ ¢¸¥ ¶¥·¥Î¨¸²¥´´Ò¥ ¸É·Ê±ÉÊ·Ò
³μ¦´μ μ¡Ñ¥¤¨´¨ÉÓ ± ± Î ¸É´Ò¥ ¸²ÊÎ ¨ μ¶·¥¤¥²¥´´ÒÌ ³Ê²ÓÉ¨³´μ¦¥¸É¢.

�μ¤ ³Ê²ÓÉ¨³´μ¦¥¸É¢μ³ A = 〈A, m〉 ¶μ´¨³ ¥É¸Ö ¶ · , ¸μ¸ÉμÖÐ Ö ¨§ ³´μ-
¦¥¸É¢  A ¨ ´¥μÉ·¨Í É¥²Ó´μ° Í¥²μÎ¨¸²¥´´μ§´ Î´μ° ËÊ´±Í¨¨ ±· É´μ¸É¨
m : A → N. ‚¸Õ¤Ê ¢ ¤ ²Ó´¥°Ï¥³ · ¸¸³ É·¨¢ ÕÉ¸Ö Éμ²Ó±μ ±μ´¥Î´Ò¥ ³Ê²Ó-
É¨³´μ¦¥¸É¢  ´ ÉÊ· ²Ó´ÒÌ Î¨¸¥². ŒÊ²ÓÉ¨³´μ¦¥¸É¢μ B = 〈B, mB〉 ¥¸ÉÓ ¶μ¤-
³Ê²ÓÉ¨³´μ¦¥¸É¢μ ³Ê²ÓÉ¨³´μ¦¥¸É¢  A (μ¡μ§´ Î ¥É¸Ö B ⊆ A), ¥¸²¨ B ⊆ A
¨ mB(b) � m(b) ¤²Ö ¢¸¥Ì b ∈ B. ŒÊ²ÓÉ¨³´μ¦¥¸É¢  B = 〈B, mB〉 ¨
C = 〈C, mC〉 ¸Î¨É ÕÉ¸Ö ´¥¶¥·¥¸¥± ÕÐ¨³¨¸Ö (B ∩ C = ∅), ¥¸²¨ B ∩ C = ∅.
„²Ö B ⊆ A Î¥·¥§ m′

B μ¡μ§´ Î ¥É¸Ö ¶·μ¤μ²¦¥´¨¥ ¥£μ ËÊ´±Í¨¨ ±· É´μ¸É¨ mB

´  ¢¸¥ ³´μ¦¥¸É¢μ A ´Ê²¥¢Ò³¨ §´ Î¥´¨Ö³¨: m′
B(a) = 0 ¤²Ö a ∈ A\B. ŒÊ²Ó-

É¨³´μ¦¥¸É¢μ C = 〈C, mC〉 ´ §μ¢¥³ ¤μ¶μ²´¥´¨¥³ ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢  B ⊆ A

(μ¡μ§´ Î ¥³ C = A\B), ¥¸²¨ B ∪ C = A ¨ m′
C(a) = m(a) − m′

B(a) ¤²Ö
¢¸¥Ì a ∈ A.

Š ¦¤μ¥ · §¡¨¥´¨¥ x � n ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ³Ê²ÓÉ¨³´μ¦¥¸É¢μ
Sx = 〈Sx, mx〉 É ±μ¥, ÎÉμ ¥£μ ËÊ´±Í¨Ö ±· É´μ¸É¨ mx ¨³¥¥É §´ Î¥´¨Ö mx(s) =
xs ¤²Ö ¢¸¥Ì s ∈ Sx ¨

∑
s∈Sx

mx(s)s = n. ‚¥·´μ ¨ μ¡· É´μ¥: ± ¦¤μ¥ ³Ê²ÓÉ¨³-

´μ¦¥¸É¢μ (´ ÉÊ· ²Ó´ÒÌ Î¨¸¥²) A = 〈A, m〉 μ¶·¥¤¥²Ö¥É · §¡¨¥´¨¥ x Î¨¸² 
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n =
∑

a∈A

m(a)a. �¥μ¡Ìμ¤¨³μ ¢§ÖÉÓ Sx = A ¨ ¶μ¸É·μ¨ÉÓ ÉμÎ±Ê x ¸ ±μμ·¤¨´ -

É ³¨ xa = m(a) ¤²Ö a ∈ Sx ¨ xa = 0 ¤²Ö a ∈ [1, n]\Sx.
’¥μ·¥³Ê � ²¥£±μ ¢Ò· §¨ÉÓ ´  Ö§Ò±¥ ³Ê²ÓÉ¨³´μ¦¥¸É¢. �μ¤³´μ¦¥¸É¢ 

S1, S2 ⊂ Sx ¨ ´ ¡μ·Ò u, v μ¶·¥¤¥²ÖÕÉ ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢  S1 = 〈S1, u〉
¨ S2 = 〈S2, v〉 ³Ê²ÓÉ¨³´μ¦¥¸É¢  Sx,   Ê¸²μ¢¨¥ (2) ¶·¨´¨³ ¥É ¢¨¤

∑
s∈S1

mS1(s)s =
∑
s∈S2

mS2(s)s.

�¶·¥¤¥²¥´¨¥. ŒÊ²ÓÉ¨³´μ¦¥¸É¢μ A = 〈A, m〉, A ⊂ N, ´ §μ¢¥³ ³Ê²ÓÉ¨³´μ-
¦¥¸É¢μ³ ‘¨¤μ´ , ¥¸²¨ ¤²Ö ²Õ¡ÒÌ ¤¢ÊÌ ¥£μ ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢ B = 〈B, mB〉
¨ C = 〈C, mC〉 · ¢¥´¸É¢μ

∑
a∈B

mB(a)a =
∑
a∈C

mC(a)a (3)

¢μ§³μ¦´μ Éμ²Ó±μ ¶·¨ · ¢¥´¸É¢¥ ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢ B ¨ C.
ˆ´Ò³¨ ¸²μ¢ ³¨, ¢ ³Ê²ÓÉ¨³´μ¦¥¸É¢¥ ‘¨¤μ´  ¢¸¥ ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢ 

¨³¥ÕÉ · §²¨Î´Ò¥ ¸Ê³³ ·´Ò¥ ¢¥¸  ¸¢μ¨Ì Ô²¥³¥´Éμ¢. �¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ
·Õ±§ Î´Ò³ · §¡¨¥´¨Ö³ x � n μ¤´μ§´ Î´μ ¸μμÉ¢¥É¸É¢ÊÕÉ ³Ê²ÓÉ¨³´μ¦¥¸É¢ 
‘¨¤μ´  Sx = 〈Sx, mx〉 ¨ ´ μ¡μ·μÉ.

‚ ³Ê²ÓÉ¨³´μ¦¥¸É¢ Ì ‘¨¤μ´  Î¨¸²μ ¶μ¢Éμ·¥´¨° ± ¦¤μ£μ ¸² £ ¥³μ£μ
s ∈ [1, n] ¢ ¸Ê³³ Ì (3) É ±¦¥ μ£· ´¨Î¥´μ ±· É´μ¸ÉÓÕ xs ¤ ´´μ£μ Ô²¥³¥´É 
s. �¤´ ±μ, ¢§Ö¢ ³Ê²ÓÉ¨³´μ¦¥¸É¢μ ‘¨¤μ´  〈A, m〉 ¸ m(a) � 2h ¤²Ö ¢¸¥Ì
a ∈ A ¨ ¤μ¡ ¢¨¢ ± (3) Ê¸²μ¢¨Ö

∑
a∈B

mB(a) =
∑

a∈C

mC(a) = h, ³Ò ¶μ²ÊÎ¨³

Bh-³´μ¦¥¸É¢μ A,   ¢ ¸²ÊÎ ¥ h = 2 Å μ¡ÒÎ´μ¥ ³´μ¦¥¸É¢μ ‘¨¤μ´ . � ²μ¦¨¢
Ê¸²μ¢¨Ö m(a) � 3,

∑
a∈B

mB(a) = 2,
∑

a∈C

mC(a) = 1, ¶μ²ÊÎ¨³, ÎÉμ ³´μ¦¥¸É¢μ

A Ö¢²Ö¥É¸Ö ³´μ¦¥¸É¢μ³ ¡¥§ ¸Ê³³. ’ ±¨³ μ¡· §μ³, ³Ê²ÓÉ¨³´μ¦¥¸É¢  ‘¨¤μ´ 
μ¡μ¡Ð ÕÉ · ¸¸³μÉ·¥´´Ò¥ ¢ÒÏ¥  ¤¤¨É¨¢´Ò¥ ¸É·Ê±ÉÊ·Ò ¨ ¨Ì ¢¢¥¤¥´¨¥ ¢¶μ²´¥
¥¸É¥¸É¢¥´´μ. ’ ± ¦¥ ¥¸É¥¸É¢¥´´μ ¢μ§´¨± ¥É ¨ § ¤ Î  ¨Ì · ¸¶μ§´ ¢ ´¨Ö.

ŒÊ²ÓÉ¨³´μ¦¥¸É¢μ ‘¨¤μ´ . „²Ö § ¤ ´´μ£μ ³Ê²ÓÉ¨³´μ¦¥¸É¢  A = 〈A, m〉
μ¶·¥¤¥²¨ÉÓ, Ö¢²Ö¥É¸Ö ²¨ μ´μ ³Ê²ÓÉ¨³´μ¦¥¸É¢μ³ ‘¨¤μ´ .

	É  § ¤ Î  ¨ § ¤ Î  · ¸¶μ§´ ¢ ´¨Ö ·Õ±§ Î´ÒÌ · §¡¨¥´¨° ¨³¥ÕÉ ´  ¢Ìμ¤¥
· §²¨Î´Ò¥ μ¡Ñ¥±ÉÒ: ³Ê²ÓÉ¨³´μ¦¥¸É¢μ ¨ ÉμÎ±Ê. �¤´ ±μ ¸²¥¤ÊÕÐ Ö ²¥³³ 
¶μ± §Ò¢ ¥É, ÎÉμ · §³¥· · §¡¨¥´¨Ö x � n, · ¸¸³ É·¨¢ ¥³μ£μ ± ± ÉμÎ±  Rn,
¶μ²¨´μ³¨ ²Ó´μ Ô±¢¨¢ ²¥´É¥´ · §³¥·Ê ÔÉμ£μ · §¡¨¥´¨Ö, · ¸¸³ É·¨¢ ¥³μ£μ ± ±
³Ê²ÓÉ¨³´μ¦¥¸É¢μ Sx = 〈Sx, mx〉.

‹¥³³  1. � §³¥· ³Ê²ÓÉ¨³´μ¦¥¸É¢  A = 〈A, m〉 · ¢¥´ O(n), £¤¥ n =∑
a∈A

m(a)a.

„μ± § É¥²Ó¸É¢μ. ŒÊ²ÓÉ¨³´μ¦¥¸É¢μ A § ¤ ¥É¸Ö ¤¢Ê³Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ-
¸ÉÖ³¨ ´ ÉÊ· ²Ó´ÒÌ Î¨¸¥² (a, a ∈ A) ¨ (m(a), a ∈ A) ¤²¨´Ò q = |A| < n.
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ˆÌ · §³¥·
∑

a∈A

log a +
∑

a∈A

log m(a) = log
∏

a∈A

m(a)a ¶·¨´¨³ ¥É ³ ±¸¨³ ²Ó´μ¥

§´ Î¥´¨¥, ±μ£¤  ¤μ¸É¨£ ¥É ³ ±¸¨³Ê³  ¶·μ¨§¢¥¤¥´¨¥. ˆ§ ´¥· ¢¥´¸É¢  ŠμÏ¨ μ
¸·¥¤´¥³  ·¨Ë³¥É¨Î¥¸±μ³ ¨ ¸·¥¤´¥³ £¥μ³¥É·¨Î¥¸±μ³ ¶μ²ÊÎ ¥³

∏
a∈A

m(a)a �
⎛
⎜⎜⎝

∑
a∈A

m(a)a

q

⎞
⎟⎟⎠

q

=
(

n

q

)q

. ˆ¸¸²¥¤ÊÖ ËÊ´±Í¨Õ y(x) =
(n

x

)x

´  ³ ±¸¨³Ê³ ´ 

¨´É¥·¢ ²¥ 1 � x < n, ¶μ²ÊÎ ¥³, ÎÉμ ¶·μ¨§¢μ¤´ Ö y′ =
(n

x

)x (
ln

n

x
− 1

)
= 0

¶·¨ x =
n

e
. ’ ± ± ± y′′

(n

e

)
< 0, Éμ x =

n

e
Å ÉμÎ±  ³ ±¸¨³Ê³  ËÊ´±Í¨¨(n

x

)x

, ¨ max
1�q�n

(
n

q

)q

¤μ¸É¨£ ¥É¸Ö ¶·¨ q =
[n

e

]
¨²¨ q =

[n

e

]
+ 1. ‚ ²Õ-

¡μ³ ¸²ÊÎ ¥ max log
∏

a∈A

m(a)a ≈ log
(

n

n/e

)n/e

=
n

e
= O(n). �μ¸±μ²Ó±Ê

¶·¨ m(a1)a1 = m(a2)a2 = . . . = m(aq)aq ´¥· ¢¥´¸É¢μ ŠμÏ¨ μ¡· Ð ¥É¸Ö ¢
· ¢¥´¸É¢μ, ¶μ²ÊÎ¥´´Ò° · §³¥· ¤μ¸É¨¦¨³. ‹¥³³  ¤μ± § ´ .

2. �‘��‚��‰ �…‡“‹œ’�’ ˆ ���Œ…†“’�—�›… ‡�„�—ˆ

‚ · ¡μÉ¥ ¤μ± § ´ 
’¥μ·¥³ . ‡ ¤ Î  �Õ±§ Î´μ¥ · §¡¨¥´¨¥ co-NP -¶μ²´ .
Co-NP -¶μ²´μÉ  ´¥±μÉμ·μ° § ¤ Î¨ · ¸¶μ§´ ¢ ´¨Ö μ§´ Î ¥É, ÎÉμ ¤μ¶μ²´¨-

É¥²Ó´ Ö ± ´¥° § ¤ Î  NP -¶μ²´  [1]. „μ¶μ²´¨É¥²Ó´μ° ± § ¤ Î¥ �Õ±§ Î´μ¥
· §¡¨¥´¨¥ Ö¢²Ö¥É¸Ö § ¤ Î 

‚Ò¶Ê±² Ö ±μ³¡¨´ Í¨Ö ¤¢ÊÌ · §¡¨¥´¨° Î¨¸¥². „²Ö § ¤ ´´μ£μ · §¡¨¥´¨Ö
x = (x1, . . . , xn) � n μ¶·¥¤¥²¨ÉÓ, ¢¥·´μ ²¨, ÎÉμ ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  · §¡¨¥´¨Ö
y, z � n ¨ Î¨¸²μ λ, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ (1).

� §³¥· ÔÉμ° § ¤ Î¨ ¶μ-¶·¥¦´¥³Ê · ¢¥´ O(n log n). …¥ NP -¶μ²´μÉÊ ³Ò
¤μ± §Ò¢ ¥³, ¸¢μ¤Ö ± ´¥° ±μ³¡¨´ Éμ·´ÊÕ § ¤ ÎÊ � §¡¨¥´¨¥, μ¤´Ê ¨§ Ï¥¸É¨
μ¸´μ¢´ÒÌ NP -¶μ²´ÒÌ § ¤ Î [1].

� §¡¨¥´¨¥. „²Ö § ¤ ´´μ£μ ±μ´¥Î´μ£μ ³´μ¦¥¸É¢  T ¸ ¢¥¸ ³¨ w(t) ∈ N

¸¢μ¨Ì Ô²¥³¥´Éμ¢ μ¶·¥¤¥²¨ÉÓ, ¸ÊÐ¥¸É¢Ê¥É ²¨ ¢ ´¥³ É ±μ¥ ¶μ¤³´μ¦¥¸É¢μ T1 ⊂
T , ÎÉμ

∑
t∈T1

w(t) =
∑

t∈T\T1

w(t).

‚Ìμ¤ § ¤ Î¨ � §¡¨¥´¨¥ ¸μ¸Éμ¨É ¨§ |T | ¢¥¸μ¢ w(t), ¨ ¥¥ · §³¥· · ¢¥´
O(|T | log wmax), £¤¥ wmax = max (w(t), t ∈ T ).

‚ ¶·μÍ¥¸¸¥ ¸¢¥¤¥´¨Ö · ¸¸³ É·¨¢ ÕÉ¸Ö ¥Ð¥ ´¥¸±μ²Ó±μ § ¤ Î · ¸¶μ§´ ¢ -
´¨Ö ¨ Ê¸É ´ ¢²¨¢ ¥É¸Ö ¨Ì NP -¶μ²´μÉ .
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�¥¶¥·¥¸¥± ÕÐ¨¥¸Ö ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢  · ¢´μ£μ ¢¥¸ . „²Ö § ¤ ´´μ£μ
³Ê²ÓÉ¨³´μ¦¥¸É¢  A = 〈A, m〉 μ¶·¥¤¥²¨ÉÓ, ¸ÊÐ¥¸É¢ÊÕÉ ²¨ ¢ ´¥³ ¤¢  ´¥¶¥-
·¥¸¥± ÕÐ¨Ì¸Ö ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢  B = 〈B, mB〉 ¨ C = 〈C, mC〉, Ê¤μ¢²¥É¢μ-
·ÖÕÐ¨¥ · ¢¥´¸É¢Ê (3).

�¥· ¢´Ò¥ ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢  · ¢´μ£μ ¢¥¸ . „²Ö § ¤ ´´μ£μ ±μ´¥Î´μ£μ
³Ê²ÓÉ¨³´μ¦¥¸É¢  A = 〈A, m〉 μ¶·¥¤¥²¨ÉÓ, ¸ÊÐ¥¸É¢ÊÕÉ ²¨ ¢ ´¥³ ¤¢  · §²¨Î´ÒÌ
¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢  B = 〈B, mB〉 ¨ C = 〈C, mC〉, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ (3).

� §¡¨¥´¨¥ ³Ê²ÓÉ¨³´μ¦¥¸É¢ . „²Ö § ¤ ´´μ£μ ³Ê²ÓÉ¨³´μ¦¥¸É¢  A =
〈A, m〉 μ¶·¥¤¥²¨ÉÓ, ¸ÊÐ¥¸É¢Ê¥É ²¨ ¢ ´¥³ ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢μ B = 〈B, mB〉
É ±μ¥, ÎÉμ B ¨ C = 〈C, mC〉 = A\B Ê¤μ¢²¥É¢μ·ÖÕÉ (3).

‚ ¤μ± § É¥²Ó¸É¢¥ É¥μ·¥³Ò ¨¸¶μ²Ó§ÊÕÉ¸Ö É·¨ ²¥³³Ò.
‹¥³³  2. ‡ ¤ Î  � §¡¨¥´¨¥ ¶μ²¨´μ³¨ ²Ó´μ ¸¢μ¤¨É¸Ö ± § ¤ Î¥ � §¡¨¥´¨¥

³Ê²ÓÉ¨³´μ¦¥¸É¢ .
‹¥³³  3. ‡ ¤ Î  �¥· ¢´Ò¥ ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢  · ¢´μ£μ ¢¥¸  ¶μ²¨-

´μ³¨ ²Ó´μ ¸¢μ¤¨É¸Ö ± § ¤ Î¥ �¥¶¥·¥¸¥± ÕÐ¨¥¸Ö ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢  · ¢-
´μ£μ ¢¥¸ .

‹¥³³  4. ‡ ¤ Î  �¥¶¥·¥¸¥± ÕÐ¨¥¸Ö ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢  · ¢´μ£μ ¢¥¸ 
¶μ²¨´μ³¨ ²Ó´μ ¸¢μ¤¨É¸Ö ± § ¤ Î¥ ‚Ò¶Ê±² Ö ±μ³¡¨´ Í¨Ö ¤¢ÊÌ · §¡¨¥´¨° Î¨¸¥².

3. „�Š�‡�’…‹œ‘’‚� �‘��‚��‰ ’…��…Œ›

�μ¸±μ²Ó±Ê ±² ¸¸ co-NP -¶μ²´ÒÌ § ¤ Î ¸μ¢¶ ¤ ¥É ¸ ±² ¸¸μ³ § ¤ Î, ¤μ¶μ²-
´¨É¥²Ó´ÒÌ ± NP -¶μ²´Ò³ [1], ¤²Ö ¤μ± § É¥²Ó¸É¢  É¥μ·¥³Ò ´Ê¦´μ ¶μ± § ÉÓ,
ÎÉμ § ¤ Î  ‚Ò¶Ê±² Ö ±μ³¡¨´ Í¨Ö ¤¢ÊÌ · §¡¨¥´¨° Î¨¸¥² NP -¶μ²´ .

�μ± ¦¥³, ÎÉμ ÔÉ  § ¤ Î  ¶·¨´ ¤²¥¦¨É ±² ¸¸Ê NP . �Ê¸ÉÓ Z Å ´¥±μ-
Éμ· Ö ¥¥ ¨´¤¨¢¨¤Ê ²Ó´ Ö § ¤ Î  ¸ · §¡¨¥´¨¥³ x � n ´  ¢Ìμ¤¥. …¥ · §³¥·
· ¢¥´ size(Z) = O(n log n). �Ê¦´μ ¶μ± § ÉÓ, ÎÉμ · §³¥· ®Ê£ ¤ ´´ÒÌ¯ · §-
¡¨¥´¨° y, z � n, ¢Ò¶Ê±²μ° ±μ³¡¨´ Í¨¥° (1) ±μÉμ·ÒÌ Ö¢²Ö¥É¸Ö · §¡¨¥´¨¥ x,
μ£· ´¨Î¥´ ¶μ²¨´μ³μ³ μÉ · §³¥·  Z ¨ ÎÉμ ¶·μ¢¥·±  Éμ£μ, ÎÉμ · §¡¨¥´¨Ö y ¨
z ¤¥°¸É¢¨É¥²Ó´μ ¤ ÕÉ ·¥Ï¥´¨¥ § ¤ Î¨, μ¸ÊÐ¥¸É¢¨³  §  ¢·¥³Ö O(p(size(Z))).
� §¡¨¥´¨Ö y, z � n · ¸¸³ É·¨¢ ÕÉ¸Ö ± ± ÉμÎ±¨ Rn, ¶μÔÉμ³Ê ¨Ì ¸μ¢μ±Ê¶´Ò°
· §³¥· · ¢¥´ O(n log n).

’μ, ÎÉμ y ¨ z Å · §¡¨¥´¨Ö n, ²¥£±μ ¶·μ¢¥·¨ÉÓ §  ¶μ²¨´μ³¨ ²Ó´μ¥ μÉ

size(Z) ¢·¥³Ö, ¢ÒÎ¨¸²¨¢ ¸Ê³³Ò
n∑

i=1

yii ¨
n∑

i=1

zii. �·μ¢¥·±Ê ¶·¥¤¸É ¢²¥´¨Ö (1)

· §¡¨¥´¨Ö x ³μ¦´μ ¢Ò¶μ²´¨ÉÓ §  ¢·¥³Ö O(p(n)): ¤μ¸É ÉμÎ´μ Ê¡¥¤¨ÉÓ¸Ö ¢ Éμ³,
ÎÉμ λ Ê¤μ¢²¥É¢μ·Ö¥É · ¢¥´¸É¢ ³ xi = λyi +(1−λ)zi, i = 1, . . . , n, ¨ Ê¸²μ¢¨Ö³
0 < λ < 1.

’¥¶¥·Ó ¤μ± ¦¥³, ÎÉμ NP -¶μ²´ Ö § ¤ Î  � §¡¨¥´¨¥ ¶μ²¨´μ³¨ ²Ó´μ ¸¢μ-
¤¨É¸Ö ± § ¤ Î¥ ‚Ò¶Ê±² Ö ±μ³¡¨´ Í¨Ö ¤¢ÊÌ · §¡¨¥´¨° Î¨¸¥². �·¨ ÔÉμ³ ³Ò
¡Ê¤¥³ £μ¢μ·¨ÉÓ, ÎÉμ ¶·μ³¥¦ÊÉμÎ´Ò¥ § ¤ Î¨ NP -¶μ²´Ò, μ¶Ê¸± Ö ¤μ± § É¥²Ó-
¸É¢  ¨Ì ¶·¨´ ¤²¥¦´μ¸É¨ ±² ¸¸Ê NP . 	Éμ ´¥É·Ê¤´μ ¤μ± § ÉÓ ´¥¶μ¸·¥¤¸É¢¥´´μ,
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´μ ¢ ±μ´¥Î´μ³ ¸Î¥É¥ ÔÉ¨ ÊÉ¢¥·¦¤¥´¨Ö ¸²¥¤ÊÕÉ ¨§ Éμ²Ó±μ ÎÉμ ¤μ± § ´´μ° ¶·¨-
´ ¤²¥¦´μ¸É¨ NP § ¤ Î¨ ‚Ò¶Ê±² Ö ±μ³¡¨´ Í¨Ö ¤¢ÊÌ · §¡¨¥´¨° Î¨¸¥².

ˆ§ ²¥³³Ò 2 ¶μ²ÊÎ ¥³, ÎÉμ § ¤ Î  � §¡¨¥´¨¥ ¶μ²¨´μ³¨ ²Ó´μ ¸¢μ¤¨É¸Ö
± § ¤ Î¥ � §¡¨¥´¨¥ ³Ê²ÓÉ¨³´μ¦¥¸É¢  ¨, §´ Î¨É, ¸ ÊÎ¥Éμ³ ¸¤¥² ´´μ£μ ¸μ-
£² Ï¥´¨Ö, ¶μ¸²¥¤´ÖÖ § ¤ Î  NP -¶μ²´ . �´  μ¸É ´¥É¸Ö NP -¶μ²´μ° ¨ ¶μ¸²¥
¤μ¡ ¢²¥´¨Ö Ê¸²μ¢¨Ö B �= A\B = C, ¶μ¸±μ²Ó±Ê ¸ÊÐ¥¸É¢μ¢ ´¨¥ · §¡¨¥´¨Ö ³Ê²Ó-
É¨³´μ¦¥¸É¢  A = 〈A, x〉 ´  · ¢´Ò¥ B ¨ C, μÎ¥¢¨¤´μ, ¶·μ¢¥·Ö¥É¸Ö §  ¶μ²¨´μ-
³¨ ²Ó´μ¥ μÉ · §³¥·  A ¢·¥³Ö, Å ¤μ¸É ÉμÎ´μ ¶·μ¢¥·¨ÉÓ Î¥É´μ¸ÉÓ ¢¸¥Ì x(a),
a ∈ A. ‡ ¤ Î  � §¡¨¥´¨¥ ³Ê²ÓÉ¨³´μ¦¥¸É¢  ¸ Ê¸²μ¢¨¥³ B �= A\B = C Ö¢²Ö-
¥É¸Ö Î ¸É´Ò³ ¸²ÊÎ ¥³ § ¤ Î¨ �¥· ¢´Ò¥ ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢  · ¢´μ£μ ¢¥¸ :
± ¶μ¸²¥¤´¥° § ¤ Î¥ ´Ê¦´μ ¤μ¡ ¢¨ÉÓ Ê¸²μ¢¨¥ C = A\B. ‘²¥¤μ¢ É¥²Ó´μ, ¨ ÔÉ 
§ ¤ Î  NP -¶μ²´ . ’¥¶¥·Ó ¶μ ²¥³³¥ 3 NP -¶μ²´μ° Ö¢²Ö¥É¸Ö § ¤ Î  �¥¶¥·¥¸¥-
± ÕÐ¨¥¸Ö ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢  · ¢´μ£μ ¢¥¸ . �·¨³¥´¨¢ ²¥³³Ê 4, § ±²ÕÎ ¥³,
ÎÉμ NP -¶μ²´  § ¤ Î  ‚Ò¶Ê±² Ö ±μ³¡¨´ Í¨Ö ¤¢ÊÌ · §¡¨¥´¨° Î¨¸¥². ’¥μ·¥³ 
¤μ± § ´ .

‘²¥¤¸É¢¨¥ 1. ‡ ¤ Î¨ · ¸¶μ§´ ¢ ´¨Ö � §¡¨¥´¨¥ ³Ê²ÓÉ¨³´μ¦¥¸É¢ , �¥-
· ¢´Ò¥ ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢  · ¢´μ£μ ¢¥¸  ¨ �¥¶¥·¥¸¥± ÕÐ¨¥¸Ö ¶μ¤³Ê²Ó-
É¨³´μ¦¥¸É¢  · ¢´μ£μ ¢¥¸  NP -¶μ²´Ò.

‘μ£² ¸´μ É¥μ·¨¨ ¸²μ¦´μ¸É¨ [1], ¨§ É¥μ·¥³Ò ´¥¶μ¸·¥¤¸É¢¥´´μ ¢ÒÉ¥± ¥É
‘²¥¤¸É¢¨¥ 2. ‡ ¤ Î¨ · ¸¶μ§´ ¢ ´¨Ö �Õ±§ Î´μ¥ · §¡¨¥´¨¥ ¨ ŒÊ²ÓÉ¨³´μ-

¦¥¸É¢μ ‘¨¤μ´  co-NP -¶μ²´Ò ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¥¸²¨ ¢¥·´  £¨¶μÉ¥§ 
P �= NP , ´¥· §·¥Ï¨³Ò §  ¶μ²¨´μ³¨ ²Ó´μ¥ ¢·¥³Ö.

4. „�Š�‡�’…‹œ‘’‚� ‹…ŒŒ

„μ± § É¥²Ó¸É¢μ ²¥³³Ò 2. �Ê¸ÉÓ Z1 Å ¨´¤¨¢¨¤Ê ²Ó´ Ö § ¤ Î  � §¡¨¥-
´¨¥ ´  ³´μ¦¥¸É¢¥ T ¸ ¢¥¸ ³¨ Ô²¥³¥´Éμ¢ w(t) ∈ N, t ∈ T . …¥ · §³¥· · ¢¥´
O(|T | log wmax). �μ¸É·μ¨³ ³´μ¦¥¸É¢μ A ¢¸¥Ì · §²¨Î´ÒÌ ¢¥¸μ¢ Ô²¥³¥´Éμ¢
¨§ T . „²Ö ± ¦¤μ£μ a ∈ A μ¶·¥¤¥²¨³ Ta = {t ∈ T |w(t) = a} ¨ m(a) = |Ta|.
�μ²ÊÎ¨³ ³Ê²ÓÉ¨³´μ¦¥¸É¢μ A = 〈A, m〉, ´  ±μÉμ·μ³ · ¸¸³μÉ·¨³ ¨´¤¨¢¨¤Ê ²Ó-
´ÊÕ § ¤ ÎÊ Z2 § ¤ Î¨ � §¡¨¥´¨¥ ³Ê²ÓÉ¨³´μ¦¥¸É¢ . �¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ
· §³¥· size(Z2) μ£· ´¨Î¥´ ¶μ²¨´μ³μ³ μÉ size(Z1) ¨ ÎÉμ § ¤ Î¨ Z1 ¨ Z2 ¨³¥ÕÉ
μÉ¢¥É ®¤ ¯ μ¤´μ¢·¥³¥´´μ. …¸²¨ T1 ⊂ T ¤μ¸É ¢²Ö¥É μÉ¢¥É ®¤ ¯ ¢ § ¤ Î¥ Z1,
Éμ ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢μ B = 〈B, mB〉 ⊂ A, £¤¥ B = {a ∈ A||T1 ∩ Ta| > 0}
¨ mB(a) = |T1 ∩ Ta| ¤²Ö ¢¸¥Ì a ∈ A, ¤μ¸É ¢²Ö¥É μÉ¢¥É ®¤ ¯ ¢ § ¤ Î¥ Z2.
�¡· É´μ, ¶Ê¸ÉÓ B = 〈B, mB〉 ⊂ A ¤μ¸É ¢²Ö¥É μÉ¢¥É ®¤ ¯ ¢ § ¤ Î¥ Z2 ¨
C = 〈C, mC〉 = A\B. ’μ£¤  m′

C(a) = m(a) − m′
B(a), a ∈ A. ‚±²ÕÎ¨³

¢ T1 ⊂ T ¶μ m′
B(a) Ô²¥³¥´Éμ¢ ¨§ ¶μ¤³´μ¦¥¸É¢ Ta, a ∈ A. �¥É·Ê¤´μ ¶·μ-

¢¥·¨ÉÓ, ÎÉμ
∑

t∈T1

w(t) =
∑

t∈T\T1

w(t), μÉ±Ê¤  ¸²¥¤Ê¥É, ÎÉμ T1 ¤μ¸É ¢²Ö¥É μÉ¢¥É

®¤ ¯ ¢ § ¤ Î¥ Z1. ‹¥³³  ¤μ± § ´ .
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„μ± § É¥²Ó¸É¢μ ²¥³³Ò 3. ’ ± ± ± μ¡¥ § ¤ Î¨ ¨³¥ÕÉ ´  ¢Ìμ¤¥ ³Ê²Ó-
É¨³´μ¦¥¸É¢μ A = 〈A, x〉, ¤μ¸É ÉμÎ´μ ¶μ± § ÉÓ, ÎÉμ μ´¨ μ¤´μ¢·¥³¥´´μ ¨³¥ÕÉ
¶μ²μ¦¨É¥²Ó´Ò° μÉ¢¥É.

�μ¸±μ²Ó±Ê ¨§ B ∩ C = ∅ ¸²¥¤Ê¥É B �= C, μÉ¢¥É ®¤ ¯ ¢μ ¢Éμ·μ° § ¤ Î¥
¢²¥Î¥É μÉ¢¥É ®¤ ¯ ¢ ¶¥·¢μ° § ¤ Î¥. �¡· É´μ, ¶Ê¸ÉÓ ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢  B =
〈B, mB〉 ⊂ A, C = 〈C, mC〉 ⊂ A, B �= C, ¤μ¸É ¢²ÖÕÉ μÉ¢¥É ®¤ ¯ ¢ ¶¥·¢μ°
§ ¤ Î¥. …¸²¨ B ∩ C = ∅, Éμ B ¨ C ¤μ¸É ¢²ÖÕÉ ¶μ²μ¦¨É¥²Ó´Ò° μÉ¢¥É ¨ ¢μ
¢Éμ·μ° § ¤ Î¥. ‚ ¸²ÊÎ ¥ B ∩ C �= ∅ ¶μ¸É·μ¨³ ´¥¶Ê¸ÉÒ¥ ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢ 
B∗ = 〈B∗, m∗

B〉 ¨ C∗ = 〈C∗, m∗
C〉 ³Ê²ÓÉ¨³´μ¦¥¸É¢  A, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥

Ê¸²μ¢¨Ö³ B∗ ∩ C∗ = ∅ ¨

∑
a∈B∗

m∗
B(a)a =

∑
a∈C∗

m∗
C(a)a. (4)

�¶·¥¤¥²¨³ B∗ = {a ∈ B|m′
B(a) > m′

C(a)} ¨ C∗ = {a ∈ B|m′
B(a) < m′

C(a)}.
”Ê´±Í¨¨ m∗

B : B∗ → N ¨ m∗
C : C∗ → N μ¶·¥¤¥²¨³ ± ± μ£· ´¨Î¥´¨Ö ËÊ´±-

Í¨° mB(a) − min (m′
B(a), m′

C(a)) ¨ mC(a) − min (m′
B(a), m′

C(a)) ´  B∗ ¨
C∗ ¸μμÉ¢¥É¸É¢¥´´μ. ‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ B∗, C∗ �= ∅ ¨ B∗ ∩ C∗ = ∅. ‘¶· ¢¥¤-
²¨¢μ¸ÉÓ (4) É ±¦¥ ´¥É·Ê¤´μ ¶·μ¢¥·¨ÉÓ: μ´  μ¡ÑÖ¸´Ö¥É¸Ö É¥³, ÎÉμ ³Ò Ê¤ ²¨²¨
¨§ (3) ¸μ¢¶ ¤ ÕÐ¨¥ ¸² £ ¥³Ò¥. ‹¥³³  ¤μ± § ´ .

„μ± § É¥²Ó¸É¢μ ²¥³³Ò 4. �Ê¸ÉÓ Z1 Å ¨´¤¨¢¨¤Ê ²Ó´ Ö § ¤ Î  �¥¶¥-
·¥¸¥± ÕÐ¨¥¸Ö ¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢  · ¢´μ£μ ¢¥¸  ¸ ³Ê²ÓÉ¨³´μ¦¥¸É¢μ³ A =
〈A, m〉 ´  ¢Ìμ¤¥. A μ¶·¥¤¥²Ö¥É · §¡¨¥´¨¥ x ∈ Rn

+ Î¨¸²  n =
∑

a∈A

m(a)a, § ¤ ´-

´μ¥ ¢ Ëμ·³¥ Sx = 〈Sx, mx〉, £¤¥ Sx = A, mx = m. �μ ²¥³³¥ 1 ÉμÎ±Ê x ³μ¦´μ
¶μ¸É·μ¨ÉÓ §  ¶μ²¨´μ³¨ ²Ó´μ¥ μÉ size(Z1) ¢·¥³Ö. „²Ö x � n · ¸¸³μÉ·¨³ ¨´¤¨-
¢¨¤Ê ²Ó´ÊÕ § ¤ ÎÊ Z2 § ¤ Î¨ ‚Ò¶Ê±² Ö ±μ³¡¨´ Í¨Ö ¤¢ÊÌ · §¡¨¥´¨° Î¨¸¥². �μ
É¥μ·¥³¥ � § ¤ Î¨ Z1 ¨ Z2 ¨³¥ÕÉ μÉ¢¥É ®¤ ¯ μ¤´μ¢·¥³¥´´μ, ¶μ¸±μ²Ó±Ê ´¥¶¥-
·¥¸¥± ÕÐ¨¥¸Ö ¶μ¤³´μ¦¥¸É¢  S1, S2 ⊂ Sx ¨ ´ ¡μ·Ò u = 〈u(a) ∈ N; a ∈ S1〉 ¨
v = 〈v(a) ∈ N; a ∈ S2〉, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ (2), μ¶·¥¤¥²ÖÕÉ ´¥¶¥·¥¸¥± ÕÐ¨¥¸Ö
¶μ¤³Ê²ÓÉ¨³´μ¦¥¸É¢  B = 〈S1, mS1 = u〉 ¨ C = 〈S2, mS2 = v〉 ¢ A ¨ ´ μ¡μ-
·μÉ. “¸²μ¢¨Ö (3) ¤²Ö ³Ê²ÓÉ¨³´μ¦¥¸É¢ ¨ (2) ¤²Ö S1, S2, u, v Ô±¢¨¢ ²¥´É´Ò ¤·Ê£
¤·Ê£Ê. ‹¥³³  ¤μ± § ´ .

�² £μ¤ ·´μ¸É¨. �¢Éμ· ¶·¨§´ É¥²¥´ ….�. � · ¡ ´μ¢Ê, ‚.Œ. „¥³¨¤¥´±μ,
Œ. Ÿ. Šμ¢ ²¥¢Ê ¨ ‘.ˆ. ’ · ¸μ¢Ê §  ¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥´¨Ö ¨ ¸μ¢¥ÉÒ.
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