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‘μ¢³¥¸É´Ò°  ´ ²¨§ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¤²Ö ËÊ´±Í¨¨ ‚¥°¥·-
ÏÉ· ¸¸  ¨ ¥¥ ¶·¥¤¸É ¢²¥´¨Ö ¢ ¢¨¤¥ ¤¢μ°´μ£μ ·Ö¤  ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ ´ -
¡μ· ¸μμÉ´μÏ¥´¨° (¢ ¶·¨´Í¨¶¥ ¡¥¸±μ´¥Î´Ò°) ³¥¦¤Ê ¢Ò¸Ï¨³¨ ¨´¢ ·¨ ´É ³¨
ËÊ´±Í¨¨ ‚¥°¥·ÏÉ· ¸¸ . ‚ ± Î¥¸É¢¥ ¶·μ¢¥·±¨ · ¸¸³μÉ·¥´ ¸²ÊÎ °, ±μ£¤  μ¤¨´
¨§ ¶¥·¨μ¤μ¢ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó. �·¨ ÔÉμ³ ¢μ§´¨± ÕÉ ´¥±μÉμ·Ò¥ ´¥²¨´¥°´Ò¥
¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê Î¨¸² ³¨ 	¥·´Ê²²¨.

”Ê´±Í¨Ö ‚¥°¥·ÏÉ· ¸¸  ± ± ËÊ´±Í¨Ö ±μ³¶²¥±¸´μ° ¶¥·¥³¥´´μ° u, μ¶·¥-
¤¥²¥´´ Ö ¢ ¢¨¤¥ ¤¢μ°´μ£μ ·Ö¤ :

�(u) =
1
u2

+

′∑
m,n

[
1

(u − 2mω1 − 2nω2)2
− 1

(2mω1 + 2nω2)2

]
(1)

(§¤¥¸Ó ÏÉ·¨Ì ¢ §´ ±¥ ¤¢μ°´μ° ¸Ê³³Ò ¶μ Í¥²Ò³ Î¨¸² ³ m, n μ§´ Î ¥É ¨¸-
±²ÕÎ¥´¨¥ ¸² £ ¥³μ£μ, μÉ¢¥Î ÕÐ¥£μ ¸²ÊÎ Õ, ±μ£¤  μ¡  ÔÉ¨ Î¨¸²  μ¡· Ð ÕÉ¸Ö
¢ ´Ê²Ó, n = m = 0), Ö¢²Ö¥É¸Ö ¤¢μÖ±μ¶¥·¨μ¤¨Î¥¸±μ° ËÊ´±Í¨¥°:

� (u + 2mω1 + 2nω2) = �(u), Im
(

ω1

ω2

)
�= 0, (2)

Ê¤μ¢²¥É¢μ·ÖÕÐ¥° ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê Ê· ¢´¥´¨Õ [1]

[
d

du
�(u)

]2

= 4�(u)3 − g2�(u) − g3(u), (3)
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£¤¥ ¨´¢ ·¨ ´ÉÒ ´¨§Ï¥£μ ¶μ·Ö¤±  ¨³¥ÕÉ ¢¨¤

g2 = 60

′∑
m,n

1
(2mω1 + 2nω2)4

, (4)

g3 = 140

′∑
m,n

1
(2mω1 + 2nω2)6

. (5)

�¨¦¥ ³Ò, ´¥ É¥·ÖÖ μ¡Ð´μ¸É¨, ¶μ²μ¦¨³ 2ω1 = 1, 2ω2 = τ , Im τ �= 0 ¨ ¢¢¥¤¥³
μ¡μ§´ Î¥´¨¥ ¤²Ö ¨´¢ ·¨ ´Éμ¢:

C2k(τ) =

′∑
m,n

1
(m + nτ)2k

. (6)

�·¥¤¸É ¢²ÖÖ ËÊ´±Í¨Õ ‚¥°¥·ÏÉ· ¸¸  ¢ ¢¨¤¥ ·Ö¤  ‹μ· ´  ¶μ ¸É¥¶¥´Ö³ u ¨
¨¸¶μ²Ó§ÊÖ ÉμÉ Ë ±É, ÎÉμ ¢¸¥ ¸² £ ¥³Ò¥ ´¥Î¥É´ÒÌ ¸É¥¶¥´¥° ¨¸Î¥§ ÕÉ ¶·¨ ¸Ê³-
³¨·μ¢ ´¨¨ ¶μ ¶μ²μ¦¨É¥²Ó´Ò³ ¨ μÉ·¨Í É¥²Ó´Ò³ Í¥²Ò³ Î¨¸² ³, ¶μ²ÊÎ¨³

�(u) =
1
u2

+
∞∑

k=1

(2k + 1)u2kC2k+2(τ) =

=
1
u2

+ 3u2C4 + 5u4C6 + 7u6C8 + . . . , (7)

�′(u) = − 2
u3

+ 6uC4 + 20u6 + 42u5C8 + . . .

�μ¤¸É ¢²ÖÖ ÔÉμ · §²μ¦¥´¨¥ ¢ ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ¤²Ö ËÊ´±Í¨¨ ‚¥°-
¥·ÏÉ· ¸¸  ¨ ¶·¨· ¢´¨¢ Ö ´Ê²Õ ±μÔËË¨Í¨¥´ÉÒ ¶·¨ Î¥É´ÒÌ ¸É¥¶¥´ÖÌ ±μ³-
¶²¥±¸´μ° ¶¥·¥³¥´´μ° u, ¶μ²ÊÎ¨³ ¸μμÉ´μÏ¥´¨Ö ¤²Ö C2k(τ) = C2k .
„²Ö ´¨§Ï¨Ì §´ Î¥´¨° ¨´¤¥±¸μ¢ 2k ¨³¥¥³ ¤²Ö ËÊ´±Í¨¨ F (u) = (�′)2 − 4�3 +
60�C4 + 140C6:

F (u) =
1
u6

[4 − 4 = 0] +
C4

u2
[−24 + 60 − 36 = 0]+

+ C6[−80 − 60 + 140 = 0] + u2[252C8 − 108C2
4 ] + ... = 0; (8)

C8 =
3
7
C2

4 , C10 =
5
11

C4C6,

C12 =
1

143
[
18C3

4 + 25C2
6

]
, C14 =

30
143

C2
4C6,
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C16 =
9

221

[
C4

4 +
100
33

C4C
2
6

]
,

C18 =
1

4199

[
125C3

6 +
3915
11

C3
4C6

]
,

C20 =
1

4199

[
54C5

4 +
36375
121

C2
4C2

6

]
, (9)

C22 =
1

1062347
[
35010C4

4C6 + 30750C1
4C3

6

]
,

C24 =
1

151915621
[
5400000C3

4C
2
6 + 620730C6

4 + 771375C4
6

]
, . . .

� Î¨´ Ö ¸ 2k = 24 ¨´¢ ·¨ ´ÉÒ ¸μ¤¥·¦ É É·¨ ¨ ¡μ²¥¥ ¸² £ ¥³ÒÌ. �·¨ ÔÉμ³
³Ò ·¥Ï ¥³ ¶·μ¸ÉÊÕ § ¤ ÎÊ É¥μ·¨¨ Î¨¸¥²:

2k = 4n + 6m. (10)

‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³

C12k =
m=k∑
m=0

DmC3m
4 C

2(k−m)
6 ,

C12k+2 =
m=k∑
m=1

EmC3m−1
4 C

2(k−m)+1
6 ,

C12k+4 =
m=k∑
m=0

FmC3m+1
4 C

2(k−m)
6 , (11)

C12k+6 =
m=k∑
m=0

GmC3m
4 C

2(k−m)+1
6 ,

C12k+8 =
m=k∑
m=0

HmC3m+2
4 C

2(k−m)
6 ,

C12k+10 =
m=k∑
m=0

LmC3m+1
4 C

2(k−m)+1
6 , k > 1,

£¤¥ · Í¨μ´ ²Ó´Ò¥ Î¨¸²  Dm, Em, Fm, Gm, Hm, Lm ¨³¥ÕÉ ¤μ¢μ²Ó´μ £·μ-
³μ§¤±¨° ¢¨¤.

‘ ¶μ³μÐÓÕ ¶·μ£· ³³Ò  ´ ²¨É¨Î¥¸±¨Ì ¢ÒÎ¨¸²¥´¨° ®Mathematica¯ μ´¨
³μ£ÊÉ ¡ÒÉÓ ¶μ¸É·μ¥´Ò ¤²Ö ²Õ¡μ£μ ±μ´¥Î´μ£μ §´ Î¥´¨Ö ¨´¤¥±¸ .
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ˆ¸¶μ²Ó§ÊÖ ¤·Ê£μ° ¢¨¤ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¤²Ö ËÊ´±Í¨¨ ‚¥°-
¥·ÏÉ· ¸¸ 

�(u)
′′′

= 12�(u)�
′
(u), (12)

³μ¦´μ ¶μ²ÊÎ¨ÉÓ ·¥±Ê··¥´É´μ¥ ¸μμÉ´μÏ¥´¨¥ ¤²Ö ¨´¢ ·¨ ´Éμ¢ [2]:

1
3
(m − 3)(4m2 − 1)C2m =

m−2∑
i=2

(2i − 1)(2m − 2i − 1)C2iC2m−2i, m � 4.

(13)

‚ÒÎ¨¸²¥´¨Ö ¶μ μ¡μ¨³  ²£μ·¨É³ ³ ¶·¨¢μ¤ÖÉ ± μ¤¨´ ±μ¢Ò³ ·¥§Ê²ÓÉ É ³.
‚ ± Î¥¸É¢¥ ±μ´É·μ²Ö · ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  μ¤¨´ ¨§ ¶¥·¨μ¤μ¢ μ¡· -

Ð ¥É¸Ö ¢ ´Ê²Ó: τ = 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¨´¢ ·¨ ´ÉÒ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ËÊ´±Í¨¨
�¨³ ´  C2k(τ = 0) = 2ξ2k, ±μÉμ·Ò¥, ¢ ¸¢μÕ μÎ¥·¥¤Ó, ³μ£ÊÉ ¡ÒÉÓ § ¶¨¸ ´Ò ¢
É¥·³¨´ Ì Î¨¸¥² 	¥·´Ê²²¨:

ξ(2m) =
22m−1π2m|B2m|

(2m)!
. (14)

�μ²Ó§ÊÖ¸Ó ¶·μ£· ³³μ° ®Mathematica¯ ¨ ¨§¢¥¸É´Ò³¨ §´ Î¥´¨Ö³¨ Î¨¸¥² 	¥·-
´Ê²²¨, ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö ¢ ¸¶· ¢¥¤²¨¢μ¸É¨ ¶·¨¢¥¤¥´´ÒÌ ¢ÒÏ¥ ¸μμÉ´μÏ¥´¨°
¤²Ö ¨´¢ ·¨ ´Éμ¢ ËÊ´±Í¨¨ ‚¥°¥·ÏÉ· ¸¸ .

ˆÉ ±, ³Ò Ê¡¥¤¨²¨¸Ó, ÎÉμ ¢¸¥ ¨´¢ ·¨ ´ÉÒ ËÊ´±Í¨¨ ‚¥°¥·ÏÉ· ¸¸  ¢Ò· -
¦ ÕÉ¸Ö Î¥·¥§ ¤¢  ¨´¢ ·¨ ´É  ´¨§Ï¨Ì ¨´¤¥±¸μ¢ ¨, ¸²¥¤μ¢ É¥²Ó´μ, μ¡· §ÊÕÉ
±μ²ÓÍμ.

Œμ¦´μ ¶μ¸É·μ¨ÉÓ Î¥ÉÒ·¥Ì- ¨ ¢μ¸Ó³¨¶¥·¨μ¤¨Î¥¸±¨¥ ËÊ´±Í¨¨, μÉ¶· ¢²Ö-
Ö¸Ó μÉ ±¢ É¥·´¨μ´μ¢ ¨ μ±É ¢ Å μ¡μ¡Ð¥´¨° ±μ³¶²¥±¸´ÒÌ Î¨¸¥². ‚μ¶·μ¸ ¦¥ μ
¸ÊÐ¥¸É¢μ¢ ´¨¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ±μ²¥Í μÉ±·ÒÉ.

’ ±, ¤²Ö μ¡μ¡Ð¥´¨Ö ´  ¸²ÊÎ ° ±¢ É¥·´¨μ´μ¢ ´ ¤μ · ¸¸³μÉ·¥ÉÓ ±· É´Ò¥
¸Ê³³Ò:

F (z) =
′∑

(
1

z − Qmnpr
)4, Qmnpr = m + nσ1λ1 + pσ2λ2 + rσ3λ3, (15)

σi Å ³ É·¨ÍÒ � Ê²¨; λi Å ¶·μ¨§¢μ²Ó´Ò¥ ¢¥Ð¥¸É¢¥´´Ò¥ ¶ · ³¥É·Ò. —¥ÉÒ·¥Ì-
¶¥·¨μ¤¨Î¥¸± Ö ËÊ´±Í¨Ö F (z) (¤μ²¦´Ò³ μ¡· §μ³ ·¥£Ê²Ö·¨§μ¢ ´´ Ö) μ¡² ¤ ¥É
¶ÖÉ´ ¤Í ÉÓÕ ´¥§ ¢¨¸¨³Ò³¨ ¸¢μ°¸É¢ ³¨ ¸¨³³¥É·¨¨. ‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ μ¡μ¡-
Ð¥´¨¥ Ê· ¢´¥´¨Ö ¤²Ö ´¥¥ ¨³¥¥É ¢¨¤

F ′(z)2 = P15(F (z)), (16)

£¤¥ P15(z) Å ¶μ²¨´μ³ ¶ÖÉ´ ¤Í Éμ° ¸É¥¶¥´¨.
‡ ³¥É¨³, ÎÉμ ¢μ§³μ¦´μ ¶μ¸É·μ¥´¨¥ ¶¥·¨μ¤¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò ¢ É·¥Ì³¥·-

´μ³ ¶·μ¸É· ´¸É¢¥, μ¤´ ±μ  ´ ²¨É¨Î¥¸±μ¥ ¥¥ μ¶¨¸ ´¨¥ ´¥¢μ§³μ¦´μ, ¶μ¸±μ²Ó±Ê
μ¡μ¡Ð¥´¨Ö ±μ³¶²¥±¸´ÒÌ Î¨¸¥² ´  É·¥Ì³¥·´Ò° ¸²ÊÎ ° ´¥ ¸ÊÐ¥¸É¢Ê¥É.
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�´ ²¨§¨·Ê¥É¸Ö  ´ ²¨É¨Î¥¸±¨° ¸¶μ¸μ¡ ¢ÒÎ¨¸²¥´¨Ö ¨´É¥£· ²μ¢ Ô²²¨¶É¨Î¥-
¸±μ£μ É¨¶  ¶¥·¢μ£μ ·μ¤ .

� ¸¸³ É·¨¢ Ö Ô²²¨¶É¨Î¥¸±¨¥ ¨´É¥£· ²Ò ¶¥·¢μ£μ ·μ¤ 

G(a, b) =

π/2∫
0

dφ[
a2 cos2 φ + b2 sin2 φ

]1/2
, a > b > 0, (17)

¶·¨³¥´Ö¥³ ¸²¥¤ÊÕÐ¥¥ ¶·¥μ¡· §μ¢ ´¨¥ (¶·¥μ¡· §μ¢ ´¨¥ ‹ ´¤¥´ ) [3]:

sin φ =
2a sin θ

a + b + (a − b) sin2 θ
,

(18)
dφ = 2a

a + b − (a − b) sin2 θ

a + b + (a − b) sin2 θ

dθ√
(a + b)2 − (a − b)2 sin2 θ

,

¶·¨ ÔÉμ³ √
a2 cos2 φ + b2 sin2 φ = a

a + b − (a − b) sin2 θ

a + b + (a − b) sin2 θ
, (19)

¶μ²ÊÎ¨³ Ëμ·³Ê²Ê ƒ Ê¸¸ :

G(a, b) = G(a1, b1) =

π/2∫
0

dθ[
a2
1 cos2 θ + b2

1 sin2 θ
]1/2

, (20)

£¤¥ a1 = (a+ b)/2; b1 =
√

ab Å ¸·¥¤´¥¥  ·¨Ë³¥É¨Î¥¸±μ¥ ¨ ¸·¥¤´¥¥ £¥μ³¥É·¨-
Î¥¸±μ¥ ¢¥²¨Î¨´ a, b. ˆ¸¶μ²Ó§ÊÖ ¨§¢¥¸É´μ¥ ´¥· ¢¥´¸É¢μ

b < b1 =
√

ab < a1 =
a + b

2
< a, (21)

¢¨¤¨³, ÎÉμ ¢¥²¨Î¨´Ò a1 ¨ b1 ¸¡²¨¦ ÕÉ¸Ö. �·¨³¥´¨¢ ÔÉÊ ¶·μÍ¥¤Ê·Ê ´¥¸±μ²Ó±μ
· §, ³Ò ¶μ²ÊÎ¨³, ÎÉμ

b < b1 < b2 < . . . < bn < an < an−1 < . . . < a1 < a. (22)

�·¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ³ n Î¨¸²  an ¨ bn ¸É ´μ¢ÖÉ¸Ö ¡²¨§±¨ ¤·Ê£ ¤·Ê£Ê:
an ≈ bn ≈ a∗ (¢¥²¨Î¨´  ´ §Ò¢ ¥É¸Ö ¸·¥¤´¨³  ·¨Ë³¥É¨±μ-£¥μ³¥É·¨Î¥¸±¨³). ‚
ÔÉμ³ ¸²ÊÎ ¥ ¨´É¥£· ² (17) ¢ÒÎ¨¸²Ö¥É¸Ö Ê¦¥ É·¨¢¨ ²Ó´μ:

G(a∗, a∗) =
π

2a∗ . (23)
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�· ±É¨Î¥¸±μ¥ ´ Ìμ¦¤¥´¨¥ a∗ ¸ ²Õ¡μ° § ¤ ´´μ° ÉμÎ´μ¸ÉÓÕ ¤μ¸É¨£ ¥É¸Ö § 
±μ´¥Î´μ¥ ±μ²¨Î¥¸É¢μ Ï £μ¢. � ¶·¨³¥·, ¥¸²¨ a = 5 ¨ b = 1, ¶¥·¢Ò¥ ´¥¸±μ²Ó±μ
¨É¥· Í¨° ¤ ÕÉ

a = 5 b = 1
a1 = 3, b1 = 2,2360,

a2 = 2,6180, b2 = 2,5900,
a3 = 2,6040, b3 = 2,6039.

(24)

’ ±¨³ μ¡· §μ³, ¸ ÉμÎ´μ¸ÉÓÕ ¤μ 10−4 ¨´É¥£· ²

G(5, 1) ≈ G(2,6040, 2,6040) ≈ π

2 · 2,6040
= 0,6032. (25)

Œμ¦´μ · ¸¸³ É·¨¢ ÉÓ ´ Î ²Ó´Ò¥ §´ Î¥´¨Ö a ¨ b ± ± ·¥§Ê²ÓÉ É ¶·¨³¥´¥-
´¨Ö ¶·μÍ¥¤Ê·Ò ƒ Ê¸¸  ± ´¥±μÉμ·Ò³ ¢¥²¨Î¨´ ³ a−1 ¨ b−1, Ê¤μ¢²¥É¢μ·ÖÕÐ¨³
Ê· ¢´¥´¨Ö³

a−1 + b−1

2
= a,

√
a−1b−1 = b.

‡ ³¥Î ¥³ ¶·¨ ÔÉμ³, ÎÉμ a−1 > a ¨ b−1 < b. �μ¢Éμ·ÖÖ ÔÉÊ ¶·μÍ¥¤Ê·Ê ´¥-
¸±μ²Ó±μ · §, Ê¢¨¤¨³, ÎÉμ b−n ¡Ê¤¥É ¸É·¥³¨ÉÓ¸Ö ± ´Ê²Õ, a−n ¡Ê¤¥É ¸É·¥³¨ÉÓ¸Ö
± ¡¥¸±μ´¥Î´μ¸É¨. �·¨ ÔÉμ³ ¨´É¥£· ² (17) Éμ¦¥ ³μ¦¥É ¡ÒÉÓ ¢ÒÎ¨¸²¥´:

π/2∫
0

dφ(
a2
−n sin2 φ + b2

−n cos2 φ
)1/2

∣∣∣∣∣
b�a

≈

≈
σ∫

0

dφ(
a2
−nφ2 + b2

−n

)1/2
+

π/2∫
σ

dφ

a−n sin φ
=

=
1

a−n
ln

⎛
⎝a−nσ

b−n
+

√(
a−nσ

b−n

)2

+ 1

⎞
⎠ +

1
2a−n

σ∫
0

dc

(
1

1 − c
+

1
1 + c

)
=

=
1

a−n
ln

(
4a−n

b−n

)
, (26)

£¤¥ σ � 1 Å ¢¸¶μ³μ£ É¥²Ó´Ò° ³ ²Ò° ¶ · ³¥É·, ±μÉμ·Ò° ¸μ±· Ð ¥É¸Ö ¢
±μ´¥Î´μ³ μÉ¢¥É¥.

Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ ÔÉμÉ ¨É¥· É¨¢´Ò° ¶·μÍ¥¸¸ (a, b) → (a−1, b−1) →
. . . → (a−n, b−n) → . . . ¤μ¢μ²Ó´μ ¡Ò¸É·μ ¶·¨¢μ¤¨É ± Éμ³Ê, ÎÉμ a−n ¸É·¥³¨É¸Ö
´  ¡¥¸±μ´¥Î´μ¸ÉÓ,   b−n Å ± ´Ê²Õ, ¶·¨Î¥³ ±¢ ¤· É¨Î´μ:

a−n = 2a−(n−1), b−n =
b2
−(n−1)

2a−(n−1)
. (27)
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�É¸Õ¤  ¤²Ö ¶¥·¢ÒÌ ´¥¸±μ²Ó±¨Ì ¨É¥· Í¨° ¨³¥¥³

a−1 = 2a, b−1 =
b2

2a
,

a−2 = 2a−1 = 4a, b−2 =
b2
−1

2a−1
=

b22

24a3
,

a−3 = 2a−2 = 23a, b−3 =
b2
−2

2a−2
=

b23

211a7
,

a−4 = 2a−3 = 24a, b−4 =
b2
−3

2a−3
=

b24

226a15
.

(28)

‘²¥¤Ê¥É, μ¤´ ±μ, § ³¥É¨ÉÓ, ÎÉμ ¶·¨ ÔÉμ³ §´ Î¥´¨¥ ¨´É¥£· ²  (17) ¶·¨
b � a ¸É·¥³¨É¸Ö ± ´¥±μÉμ·μ³Ê ¸·¥¤´¥³Ê §´ Î¥´¨Õ:

lim
n→∞

1
a−n

ln
(

4a−n

b−n

)
→ 1

2na
ln

(
22n+1

(a

b

)2n)
=

1
a

ln
(

4a

b

)
, b � a.

(29)

3. ‹ˆ�ˆˆ ˆ ��‚…�•��‘’ˆ “‡‹�‚
��ˆ Š�‹…���ˆŸ• Œ…Œ���� ˆ Š“��‚

�¥Ï¥´¨¥ ±· ¥¢μ° § ¤ Î¨ ¤²Ö μ¶¨¸ ´¨Ö ±μ²¥¡ ´¨° ±¢ ¤· É´μ° ³¥³¡· ´Ò
¸μ ¸Éμ·μ´ ³¨ ¥¤¨´¨Î´μ° ¤²¨´Ò ¨ § ±·¥¶²¥´´Ò³¨ ±· Ö³¨:

uxx + uyy − utt = 0, 0 � x, y � 1, t > 0;
(30)

u(x = 0, y = 0) = u(x = 0, y = 1) = u(x = 1, y = 0) = u(x = 1, y = 1) = 0,

£¤¥ u(x, y, t) Å μÉ±²μ´¥´¨¥ ÉμÎ±¨ ´  ¶μ¢¥·Ì´μ¸É¨ ³¥³¡· ´Ò ¸ ±μμ·¤¨´ É ³¨
x, y ¢ ³μ³¥´É ¢·¥³¥´¨ t μÉ ¶μ²μ¦¥´¨Ö · ¢´μ¢¥¸¨Ö u = 0, ¨³¥¥É ¢¨¤

u(x, y, t) =
∑
m,n

Zmn(x, y)Tmn(t) =

=
∑
m,n

amn cos(ωmnt + φmn) sin(πnx) sin(πmy), (31)

£¤¥ ωmn = π
√

n2 + m2.
�´ ²μ£¨Î´ Ö § ¤ Î  ¤²Ö ±Ê¡  ¸ ¥¤¨´¨Î´μ° ¤²¨´μ° £· ´¨ ¨ ´¥¶μ¤¢¨¦´Ò³¨

ÉμÎ± ³¨ ´  £· ´¨Í¥ ±Ê¡ :

uxx + uyy + uzz − utt = 0, 0 � x, y, z � 1, t > 0;
(32)

u(x = 0, y = 0, z = 0) = u(x = 0, y = 1, z = 0) = . . . = 0
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¨³¥¥É ·¥Ï¥´¨¥

u(x, y, z, t) =
∑

m,n,k

Zmnk(x, y, z)Tmnk(t) =

=
∑

m,n,k

amnk cos(ωmnkt + φmnk) sin(πnx) sin(πmy) sin(πkz), (33)

£¤¥ ωmnk = π
√

n2 + m2 + k2 Å Î ¸ÉμÉ  ±μ²¥¡ ´¨Ö.
Zmn(x, y) = a sin(πmx) sin(πny) + b sin(πmy) sin(πnx) + c sin(πm1x) ×

sin(πn1x) + d sin(πm1y) sin(πn1x) = 0. „²Ö ±μ²¥¡ ´¨° ¸ μ¤¨´ ±μ¢μ° Î ¸Éμ-
Éμ° ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ § ¤ Î  ¨¸¸²¥¤μ¢ ´¨Ö É ± ´ §Ò¢ ¥³ÒÌ ®§μ´ ³μ²Î -
´¨Ö¯ ¨²¨ ²¨´¨° Ê§²μ¢, μ¶¨¸Ò¢ ¥³ÒÌ Ê· ¢´¥´¨¥³ Zmn(x, y) = 0 [5].

�Éμ Ê· ¢´¥´¨¥, ± ± ÔÉμ ¡Ò²μ ¶μ± § ´μ ¢ É¥μ·¨¨ Î¨¸¥² [4], ¤²Ö ´ ¨³¥´Ó-
Ï¨Ì §´ Î¥´¨° (n, m) ¨ (n1, m1) ¨³¥¥É ·¥Ï¥´¨¥ 65 = 12 + 82 = 72 + 42. �¥-
±μÉμ·Ò¥ ·¥Ï¥´¨Ö ¤²Ö ¡μ²ÓÏ¨Ì §´ Î¥´¨° (n, m) ¨ (n1, m1) ¶·¨¢¥¤¥´Ò ´¨¦¥:

85 =22 + 92 = 62 + 72,

170 =12 + 132 = 72 + 112, (34)

365 =22 + 192 = 132 + 142,

. . .

‘ÊÐ¥¸É¢ÊÕÉ É ±¦¥ ¸²ÊÎ ¨ ¸ É·¥³Ö ·¥Ï¥´¨Ö³¨:

325 = 12 + 182 = 62 + 172 = 102 + 152,

425 = 52 + 202 = 82 + 192 = 132 + 162, (35)

925 = 52 + 302 = 142 + 272 = 212 + 222,

. . .

Î¥ÉÒ·Ó³Ö:

1105 = 42 + 332 = 92 + 322 = 122 + 312 = 232 + 242,
(36)

1625 = 52 + 402 = 162 + 372 = 202 + 352 = 282 + 292,

. . .

¨ ¡μ²ÓÏ¨³ ±μ²¨Î¥¸É¢μ³ ·¥Ï¥´¨°.
’ ±¨³ μ¡· §μ³, ·¥Ï¥´¨¥, μÉ¢¥Î ÕÐ¥¥ μ¤´μ° ¨ Éμ° ¦¥ Î ¸ÉμÉ¥ ωmn =

π
√

n2 + m2 = π
√

n2
1 + m2

1, ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

u(x, y, t) = cos(ωmnt + φmn)×

×
∑

i

(ai sin(πnix) sin(πmiy) + bi sin(πmix) sin(πniy)). (37)
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�´ ²μ£¨Î´μ¥ ·¥Ï¥´¨¥ ¤²Ö ±μ²¥¡ ´¨° ¢´ÊÉ·¨ ¥¤¨´¨Î´μ£μ ±Ê¡  ¸ Î ¸ÉμÉμ°
ωmnk = π

√
n2 + m2 + k2 = π

√
n2

1 + m2
1 + k2

1 = . . . ¨³¥¥É ¢¨¤

u(x, y, z, t) = cos(ωmnkt + φmnk)×

×
∑

i

[ai sin(πnix) sin(πmiy) sin(πkiz)+

+ bi sin(πnix) sin(πkiy) sin(πmiz)+
+ ci sin(πmix) sin(πniy) sin(πkiz)+
+ di sin(πmix) sin(πkiy) sin(πniz)+
+ ei sin(πkix) sin(πmiy) sin(πniz)+

+ fi sin(πkix) sin(πniy) sin(πmiz)] . (38)

�·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¨¸¸²¥¤μ¢ ´¨¥ ²¨´¨° Ê§²μ¢, É. ¥. ³´μ¦¥¸É¢ (x, y) ¨²¨
(x, y, z), ¶·¨ ±μÉμ·ÒÌ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (3) μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó. ˆ¸¸²¥¤μ-
¢ ´¨¥ Ì · ±É¥·  ²¨´¨° Zmn(x, y) = 0 ¨³¥¥É μ¶·¥¤¥²¥´´Ò° ¶· ±É¨Î¥¸±¨°
¨´É¥·¥¸. �´¨ μÉ¢¥Î ÕÉ ®§μ´ ³ ³μ²Î ´¨Ö¯. „²Ö ¸²ÊÎ Ö ±μ²¥¡ ´¨° ¢ ¥¤¨-
´¨Î´μ³ ±Ê¡¥ Zmnk(x, y, z) = 0 ·¥ÎÓ ¨¤¥É Ê¦¥ μ ¶μ¢¥·Ì´μ¸ÉÖÌ ¢ É·¥Ì³¥·´μ³
¶·μ¸É· ´¸É¢¥.

� ¸¸³μÉ·¥´¨¥ ÔÉμ° § ¤ Î¨ ³μ¦´μ ´ °É¨ É ±¦¥ ¢ · ¡μÉ¥ [5, ¸. 258]. ‚ É·¥Ì-
³¥·´μ³ ¸²ÊÎ ¥ ¢μ¶·μ¸ ¸¢μ¤¨É¸Ö ± Éμ¶μ²μ£¨¨ ¶μ¢¥·Ì´μ¸É¥°.

4. � ��‹Ÿ•, ‘�‡„�‚�…Œ›• „‚ˆ†“™ˆŒ‘Ÿ
Œ�ƒ�ˆ’�›Œ „ˆ��‹…Œ

� ³ £´¨Î¥´´Ò° Ï · ¸μ§¤ ¥É ³ £´¨É´μ¥ ¶μ²¥ (μ¸Ó z ´ ¶· ¢¨³ ¢¤μ²Ó ²¨´¨¨
NÄS ³ ±¸¨³ ²Ó´μ° ´ ³ £´¨Î¥´´μ¸É¨ Ï · ) ¸ ±μ³¶μ´¥´É ³¨ ¢ ¸Ë¥·¨Î¥¸±μ°
¸¨¸É¥³¥ ±μμ·¤¨´ É:

Br =
2b

r3
cos θ, Bθ =

b

r3
sin θ, Bφ = 0. (39)

‡¤¥¸Ó ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ · ¸¸ÉμÖ´¨¥ μÉ Í¥´É·  Ï ·  ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ¥ ¶μ
¸· ¢´¥´¨Õ ¸ ¤¨ ³¥É·μ³ Ï ·  R, r � R. θ ¥¸ÉÓ Ê£μ², μÉ¸Î¨ÉÒ¢ ¥³Ò° μÉ μ¸¨
z; φ Å ¸μμÉ¢¥É¸É¢ÊÕÐ¨°  §¨³ÊÉ ²Ó´Ò° Ê£μ².

�Ê¸ÉÓ ÔÉμÉ Ï · ¢· Ð ¥É¸Ö ¸ Ê£²μ¢μ° ¸±μ·μ¸ÉÓÕ ω. �²¥±É·¨Î¥¸±μ¥ ¶μ²¥,
¢μ§´¨± ÕÐ¥¥ ¶·¨ ÔÉμ³, �E = [ �B,�v], �v = [�ω,�r], ± ± ²¥£±μ Ê¡¥¤¨ÉÓ¸Ö, μ¡² ¤ ¥É
¸¢μ°¸É¢μ³ div �E �= 0. �ÉμÉ Ë ±É ¶·μÉ¨¢μ·¥Î¨É ÊÉ¢¥·¦¤¥´¨Ö³ ±² ¸¸¨Î¥¸±μ°
É¥μ·¨¨ Ô²¥±É·μ³ £´¨É´ÒÌ ¶μ²¥°: ¤¨¢¥·£¥´Í¨Ö ´ ¶·Ö¦¥´´μ¸É¨ Ô²¥±É·μ³ £´¨É-
´μ£μ ¶μ²Ö ¶·¨ μÉ¸ÊÉ¸É¢¨¨ § ·Ö¤μ¢ ¤μ²¦´  μ¡· Ð ÉÓ¸Ö ¢ ´Ê²Ó [6].

�´ ²μ£¨Î´Ò¥ ¶·μ¡²¥³Ò ¢μ§´¨± ÕÉ ¶·¨ · ¸¸³μÉ·¥´¨¨ Ô²¥±É·μ³ £´¨É´ÒÌ
¶μ²¥°, ¸μ§¤ ¢ ¥³ÒÌ ¶·¨ · ¢´μ³¥·´μ³ ¶·Ö³μ²¨´¥°´μ³ ¤¢¨¦¥´¨¨ ³ £´¨É´μ£μ
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¤¨¶μ²Ö. �·¨ ÔÉμ³ μ± §Ò¢ ¥É¸Ö, ÎÉμ ¤¨¢¥·£¥´Í¨Ö ´ ¶·Ö¦¥´´μ¸É¨ Ô²¥±É·¨-
Î¥¸±μ£μ ¶μ²Ö μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, Éμ£¤  ± ± ·μÉμ· ¢¥±Éμ·  ´ ¶·Ö¦¥´´μ¸É¨
Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö μÉ²¨Î¥´ μÉ ´Ê²Ö [6].

‚¸¥ ÔÉ¨ ´ ¡²Õ¤¥´¨Ö ´ Ìμ¤ÖÉ¸Ö ¢ ¶·μÉ¨¢μ·¥Î¨¨ ¸ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¶·¥¤-
¸± § ´¨Ö³¨ ±² ¸¸¨Î¥¸±¨Ì Ê· ¢´¥´¨° Œ ±¸¢¥²² .

„¥°¸É¢¨É¥²Ó´μ, ¶μ¸±μ²Ó±Ê ³ £´¨É´Ò° ¤¨¶μ²Ó Ô²¥±É·¨Î¥¸±¨ ´¥°É· ²¥´, Éμ
¤¨¢¥·£¥´Í¨Ö Ô²¥±É·¨Î¥¸±μ° ´ ¶·Ö¦¥´´μ¸É¨, ¸μ£² ¸´μ Ê· ¢´¥´¨Ö³ Œ ±¸¢¥²² ,
¤μ²¦´  μ¡· Ð ÉÓ¸Ö ¢ ´Ê²Ó. ’μ ¦¥ ¸ ³μ¥ ¸¶· ¢¥¤²¨¢μ ¤²Ö ¸²ÊÎ Ö ¤¢¨¦ÊÐ¥£μ¸Ö
¶·Ö³μ²¨´¥°´μ ³ £´¨É´μ£μ ¤¨¶μ²Ö. ‚ ÔÉμ³ ¸²ÊÎ ¥ ·μÉμ· ¢¥±Éμ·  Ô²¥±É·μ³ £-
´¨É´μ£μ ¶μ²Ö μÉ²¨Î¥´ μÉ ´Ê²Ö ¢ μÉ¸ÊÉ¸É¢¨¥ ¨¸ÉμÎ´¨±μ¢ Éμ±  [7].

’ ±¨³ μ¡· §μ³, ´¥μ¡Ìμ¤¨³μ ¶·¨§´ ÉÓ, ÎÉμ Ô²¥±É·μ³ £´¨É´Ò¥ ¶μ²Ö, ¢μ§-
´¨± ÕÐ¨¥ ¶·¨ ¤¢¨¦¥´¨¨ ³ £´¨É´μ£μ ¤¨¶μ²Ö, ´¥ ¶μ¤Î¨´ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³
Œ ±¸¢¥²² . ‘²¥¤Ê¥É § ³¥É¨ÉÓ, ÎÉμ É ±¨¥ ¶μ²Ö ¨³¥ÕÉ Ï¨·μ±μ¥ ¶·¨³¥´¥´¨¥ ¢
¦¨§´¨ (£¥´¥· Éμ·Ò Ô²¥±É·μ³ £´¨É´μ£μ Éμ± ).

‚ § ±²ÕÎ¥´¨¥ μÉ³¥É¨³, ÎÉμ Ê  ¢Éμ·  ´¥É ¸μ³´¥´¨° ¢ ¸¶· ¢¥¤²¨¢μ¸É¨
Ê· ¢´¥´¨° Œ ±¸¢¥²² , μ¶¨¸Ò¢ ÕÐ¨Ì ¶μ²Ö ¶·¨ ¢§ ¨³μ¤¥°¸É¢¨¨ § ·Ö¦¥´´ÒÌ
Î ¸É¨Í ¢ ¢ ±ÊÊ³¥.

•μÉ¥²μ¸Ó ¡Ò μ¡· É¨ÉÓ ¢´¨³ ´¨¥ ´  ¸ÊÐ¥¸É¢μ¢ ´¨¥ ´¥ ¶μ¤Î¨´ÖÕÐ¨Ì¸Ö
Ê· ¢´¥´¨Ö³ Œ ±¸¢¥²²  Ô²¥±É·μ³ £´¨É´ÒÌ ¶μ²¥°, ¢μ§´¨± ÕÐ¨Ì ¶·¨ ´¥¸É ´-
¤ ·É´ÒÌ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨ÖÌ.

‚ ¶¥·¸¶¥±É¨¢¥ ¶·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¨¸¸²¥¤μ¢ ÉÓ Ë ±É ¸ÊÉμÎ´μ° ¢ ·¨ Í¨¨
Ô²¥±É·¨Î¥¸±μ£μ ¶μ²Ö ‡¥³²¨. ’¥¸´μ ¸¢Ö§ ´  ¸ ÔÉ¨³¨ ¢μ¶·μ¸ ³¨ ¶·¨·μ¤  Ð¨É 
‡¥³²¨ μÉ ¸μ²´¥Î´μ£μ ¢¥É· .

�¢Éμ· ¡² £μ¤ ·¥´ ‚ ²¥´É¨´Ê �Ë ´ ¸Ó¥¢¨ÎÊ 	μ£ ÎÊ §  ¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥-
´¨Ö ¢μ¶·μ¸μ¢, § É·μ´ÊÉÒÌ ¢ ÔÉμ° £² ¢¥.

5. �…�ˆ�„› �„��Œ…���ƒ� „‚ˆ†…�ˆŸ
‚ ��‹ˆ��Œˆ�‹œ��Œ ��’…�–ˆ�‹…

„²Ö ¶μÉ¥´Í¨ ²μ¢ ¶μ²¨´μ³¨ ²Ó´μ£μ ¢¨¤  ¸ n ÉμÎ± ³¨ ¶μ¢μ·μÉ  ¢Ò¢¥¤¥´μ
¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê ¶¥·¨μ¤ ³¨ Ë¨´¨É´μ£μ ¤¢¨¦¥´¨Ö. � §¢¨É  É¥μ·¨Ö ¢μ§³Ê-
Ð¥´¨Ö ¤²Ö ¶μÉ¥´Í¨ ²μ¢, ¶·¨¡²¨¦¥´´μ μ¶¨¸Ò¢ ¥³ÒÌ ¶μ²¨´μ³ ³¨.

‚ ¨§¢¥¸É´μ° ³μ´μ£· Ë¨¨ ‚.ˆ. �·´μ²Ó¤  [8] ¤²Ö ¶μÉ¥´Í¨ ²  Î¥É¢¥·Éμ°
¸É¥¶¥´¨, ¨³¥ÕÐ¥£μ ¢¨¤

E − U(x) = a4x
4 + a3x

3 + a2x
2 + a1x + a0 =

= a4(x − α1)(α2 − x)(x − α3)(α4 − x), a4 > 0, (40)

£¤¥ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ ¶·¥¤¶μ² £ ÕÉ¸Ö ¢¥Ð¥¸É¢¥´´Ò³¨ ¨ ¸Î¨É ¥³, ÎÉμ
α2 < α3, ¶μ± § ´μ, ÎÉμ ¶¥·¨μ¤Ò μ¤´μ³¥·´μ£μ ¤¢¨¦¥´¨Ö T1 ¤²Ö ¤¢¨¦¥´¨Ö
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α1 < x < α2 ¨ T2 ¤²Ö ¤¢¨¦¥´¨Ö α3 < x < α4, μÉ¢¥Î ÕÐ¨¥ μ¤´μ° ¨ Éμ° ¦¥

Ô´¥·£¨¨ E =
m

2

(
dx

dt

)2

+ U(x), ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ¸Ö ¢Ò· ¦¥´¨Ö³¨

T12 =

α2∫
α1

dx√
2
m

(E − U(x))
, T34 =

α4∫
α3

dx√
2
m

(E − U(x))
, (41)

· ¢´Ò ¤·Ê£ ¤·Ê£Ê, É. ¥. T12 = T34. „²Ö ¤μ± § É¥²Ó¸É¢  ÔÉμ£μ ¸μμÉ´μÏ¥´¨Ö
· ¸¸³μÉ·¨³ ±μ´ÉÊ·´Ò° ¨´É¥£· ² [9]

∮
C

dx√
2
m

(E − U(x))
, (42)

£¤¥ ±μ´ÉÊ· C ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¤¢  § ³±´ÊÉÒÌ ±μ´ÉÊ·  ¢ ±μ³¶²¥±¸´μ° ¶²μ¸-
±μ¸É¨ ¶μ x, μÌ¢ ÉÒ¢ ÕÐ¨¥ ¤¢  · §·¥§  ¶μ¤Ò´É¥£· ²Ó´μ° ËÊ´±Í¨¨ (μÉ α1 ¤μ
α2 ¨ μÉ α3 ¤μ α4) ¨ § ³±´ÊÉÒ¥ ´  ¡¥¸±μ´¥Î´μ¸É¨. ‚ μ¡² ¸É¨, μÌ¢ ÉÒ¢ ¥-
³μ° ±μ´ÉÊ·μ³ C, ¶μ¤Ò´É¥£· ²Ó´ Ö ËÊ´±Í¨Ö ´¥ ¨³¥¥É μ¸μ¡¥´´μ¸É¥°, ¨ ¢ ¸¨²Ê
É¥μ·¥³Ò ŠμÏ¨ ¨´É¥£· ² (42) · ¢¥´ ´Ê²Õ:

2

α2∫
α1

dx√
(x − α1)(α2 − x)(x − α3)(x − α4)

−

− 2

α4∫
α3

dx√
(x − α1)(x − α2)(x − α3)(α4 − x)

= 0. (43)

�·¨  ´ ²¨É¨Î¥¸±μ³ ¶·μ¤μ²¦¥´¨¨ ±¢ ¤· É´μ£μ ±μ·´Ö ¢μ ¢Éμ·μ³ ¸² £ ¥³μ³
´ ¤μ ¢Ò¡· ÉÓ §´ ± ³¨´Ê¸. �É¸Õ¤  ¸²¥¤Ê¥É ÊÉ¢¥·¦¤¥´¨¥ T12 = T34. �Éμ ¦¥
ÊÉ¢¥·¦¤¥´¨¥ ¸¶· ¢¥¤²¨¢μ ¨ ¤²Ö ¶μ²¨´μ³  É·¥ÉÓ¥° ¸É¥¶¥´¨:

E−U(x) = a3x
3+a2x

2+a1x+a0 = −a3(x−α1)(α2−x)(x−α3), a3 > 0,
(44)

£¤¥ ¨³¥¥É¸Ö ¨ Ë¨´¨É´μ¥, ¨ ¨´Ë¨´¨É´μ¥ ¤¢¨¦¥´¨¥. �·¨ ÔÉμ³ μ± §Ò¢ ¥É¸Ö, ÎÉμ
¶¥·¨μ¤ Ë¨´¨É´μ£μ ¤¢¨¦¥´¨Ö · ¢¥´ ¢·¥³¥´¨ ÊÌμ¤  Î ¸É¨ÍÒ ´  ¡¥¸±μ´¥Î´μ¸ÉÓ
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¶·¨ ¨´Ë¨´¨É´μ³ ¤¢¨¦¥´¨¨:

Tinˇnite =

α1∫
−∞

dx√
(x − α1)(α2 − x)(x − α3)

=

=

α3∫
α2

dx√
(x − α1)(α2 − x)(α3 − x)

= Tˇnite. (45)

’¥μ·¥³  ¤μ¶Ê¸± ¥É μ¡μ¡Ð¥´¨¥ É ±¦¥ ´  ¸²ÊÎ ° ¶μ²¨´μ³¨ ²Ó´μ£μ ¶μÉ¥´-
Í¨ ²  ¡μ²¥¥ ¢Ò¸μ±μ° ¸É¥¶¥´¨ (n > 4). ’ ±, ¤²Ö ¤¢¨¦¥´¨Ö ¢ ¶μÉ¥´Í¨ ²¥ ¸
Î¥É´Ò³ ±μ²¨Î¥¸É¢μ ³¨´¨³Ê³μ¢ ¡Ê¤¥³ ¨³¥ÉÓ

T12 + T56 + . . . + T2n−3,2n−2 = T34 + T78 . . . + T2n−1,2n; (46)

¢ ¸²ÊÎ ¥ ´¥Î¥É´μ° ¸É¥¶¥´¨ ¶μÉ¥´Í¨ ² , £¤¥ ¨³¥¥É¸Ö μ¤´  μ¡² ¸ÉÓ ¸ ¨´Ë¨´¨É-
´Ò³ ¤¢¨¦¥´¨¥³, ¨³¥¥³

T−∞,1 + T45 + . . . + T2n−4,2n−3 = T23 + T67 . . . + T2n−2,2n−1. (47)

�´ ²μ£¨Î´Ò¥ ¸μμÉ´μÏ¥´¨Ö ³μ£ÊÉ ¡ÒÉÓ ¶μ²ÊÎ¥´Ò ¨ ¤²Ö ¶μÉ¥´Í¨ ²μ¢ ¸ an < 0.
‚ ±² ¸¸¨Î¥¸±μ° ³¥Ì ´¨±¥ ¸±μ·μ¸ÉÓ ³μ¦¥É ¡ÒÉÓ ¡¥¸±μ´¥Î´μ°, ¶μÔÉμ³Ê

¢·¥³Ö ÊÌμ¤  Î ¸É¨ÍÒ ´  ¡¥¸±μ´¥Î´μ¸ÉÓ ¨²¨ ¢·¥³Ö ¶·¨Ìμ¤  ¨§ ¡¥¸±μ´¥Î´μ¸É¨
³μ¦¥É ¡ÒÉÓ ±μ´¥Î´Ò³.

�μ²ÊÎ¥´´Ò¥ ¢ÒÏ¥ ¸μμÉ´μÏ¥´¨Ö ¤²Ö ¸²ÊÎ ¥¢ n = 3 ¨ n = 4 ¢Ò· ¦ ÕÉ¸Ö
¢ É¥·³¨´ Ì Ô²²¨¶É¨Î¥¸±¨Ì ËÊ´±Í¨° ¨ ¨Ì μ¡μ¡Ð¥´¨° ¤²Ö ¸²ÊÎ Ö n > 4.

� ¸¸³μÉ·¨³ ¸²ÊÎ °, ±μ£¤  ¶μÉ¥´Í¨ ² ³μ¦¥É ¡ÒÉÓ ²¨ÏÓ ¶·¨¡²¨¦¥´´μ μ¶¨-
¸ ´ ¶μ²¨´μ³¨ ²Ó´μ° Ëμ·³μ°

E − U(x) = Pn(x) + δU(x), (48)

£¤¥ Pn(x) Å ¶μ²¨´μ³ n-£μ ¶μ·Ö¤± , ¨³¥ÕÐ¨° n ¤¥°¸É¢¨É¥²Ó´ÒÌ ±μ·´¥°;
δU(x) Å Î¨¸²¥´´μ ´¥¡μ²ÓÏμ¥ μÉ±²μ´¥´¨¥ ¸ ¶·μ¨§¢μ²Ó´Ò³¨  ´ ²¨É¨Î¥¸±¨³¨
¸¢μ°¸É¢ ³¨ (|δU | � |Pn|, x ∈ D, £¤¥ μ¡² ¸ÉÓ D Å ÔÉμ ³´μ¦¥¸É¢μ §´ Î¥´¨°
x, ¸ÊÐ¥¸É¢¥´´ÒÌ ¤²Ö ¤ ´´μ° § ¤ Î¨). 	Ê¤¥³ É ±¦¥ ¶·¥¤¶μ² £ ÉÓ, ÎÉμ δU(x)
μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ´  ³´μ¦¥¸É¢¥ ±μ·´¥° ¶μ²¨´μ³  Pn(x). ‘μμÉ´μÏ¥´¨Ö
³¥¦¤Ê ¶¥·¨μ¤ ³¨ ¶·¨ ÔÉμ³ ¸μÌ· ´ÖÉ ¸¢μ° ¢¨¤, ´μ ¸ ³¨ ¶¥·¨μ¤Ò ¶μ²ÊÎ É
´¥¡μ²ÓÏ¨¥ ¤μ¡ ¢±¨: Ti → Ti + δTi, £¤¥

δTi =
1
2

α2i+2∫
α2i+1

dx√
2
mPn(x)3/2

δU(x). (49)
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’ ±¨³ μ¡· §μ³, ³μ¦¥É ¡ÒÉÓ · §¢¨É  É¥μ·¨Ö ¢μ§³ÊÐ¥´¨° ¶μ μÉ±²μ´¥´¨Ö³
δU(x) ¢ ¶μÉ¥´Í¨ ²¥ μÉ ¶μ²¨´μ³¨ ²Ó´μ° Ëμ·³Ò.

‘¶μ¸μ¡ ¢ÒÎ¨¸²¥´¨Ö É ±¨Ì ¨´É¥£· ²μ¢ ¢ É¥·³¨´ Ì £¨¶¥·£¥μ³¥É·¨Î¥¸±¨Ì
ËÊ´±Í¨° ¢ ¤¥É ²ÖÌ ¨§ÊÎ ²¸Ö ¢ · ¡μÉ¥ [11].

6. ��‘’��…�ˆ… ”“�Š–ˆ‰ ‘‹�†��ƒ� ��ƒ“Œ…�’�

�¶¨¸ ´  ¶·μÍ¥¤Ê·  ¶μ¸É·μ¥´¨Ö ¸ ¶μ³μÐÓÕ ²¨´¥°±¨ £· Ë¨±μ¢ ËÊ´±Í¨°
¸²μ¦´μ£μ  ·£Ê³¥´É  ´  ¡ §¥ ËÊ´±Í¨° ¶·μ¸Éμ£μ  ·£Ê³¥´É . „ ´Ò ´¥±μÉμ·Ò¥
¨²²Õ¸É· Í¨¨ μ¡Ð¥£μ ³¥Éμ¤ . �¡¸Ê¦¤ ¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ ¸μ§¤ ´¨Ö ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨Ì ±μ³¶ÓÕÉ¥·´ÒÌ ¶·μ£· ³³.

‚¢¥¤¥³ ´  ¶²μ¸±μ¸É¨ xy ¸¨¸É¥³Ê ±μμ·¤¨´ É ¨ ¶μ¸É·μ¨³ ¶·Ö³ÊÕ y = x.
�μ¸É·μ¨³ ´  ÔÉμ° ¶²μ¸±μ¸É¨ £· Ë¨± ËÊ´±Í¨¨ f(x). ‚Ò¶μ²´¨³ É¥¶¥·Ó ¸²¥-
¤ÊÕÐ¥¥ ¶μ¸É·μ¥´¨¥. �  ¶·Ö³μ° y = x ¢Ò¡¥·¥³ ÉμÎ±Ê O ¸ ±μμ·¤¨´ É ³¨
O(x, y = x) ¨ ¶·μ¢¥¤¥³ Î¥·¥§ ´¥¥ ¶·Ö³Ò¥, ¶ · ²²¥²Ó´Ò¥ μ¸Ö³ ±μμ·¤¨´ É,
¤μ ¶¥·¥¸¥Î¥´¨Ö ¸ £· Ë¨±μ³ ËÊ´±Í¨¨ f(x) ¢ ÉμÎ± Ì C, A ¸ ±μμ·¤¨´ É ³¨
C(x1, x), A(x, f(x)). �·μ¢¥¤Ö ¶·Ö³Ò¥, ¶ · ²²¥²Ó´Ò¥ μ¸Ö³ ±μμ·¤¨´ É, ¶·μ-
Ìμ¤ÖÐ¨¥ Î¥·¥§ ÉμÎ±¨ C, A, ¶μ¸É·μ¨³ ÉμÎ±Ê B(x1, f(x)) ¶·¨ ¨Ì ¶¥·¥¸¥Î¥´¨¨.
‚ ¸¨²Ê ¶μ¸É·μ¥´¨Ö ¨³¥¥³ ¸μμÉ´μÏ¥´¨¥ f(x1) = x. ‚Ò· ¦ Ö ±μμ·¤¨´ ÉÒ
ÉμÎ±¨ Î¥·¥§ x1, § ±²ÕÎ ¥³, ÎÉμ ¶·¨ ¶¥·¥³¥Ð¥´¨¨ ´¥¸ÊÐ¥° ÉμÎ±¨ O ¢¤μ²Ó
¶·Ö³μ° y = x (³Ò ¡Ê¤¥³ ¥¥ ´ §Ò¢ ÉÓ ´¥¸ÊÐ¥° ¶·Ö³μ°) ¶μ¸É·μ¥´´ Ö μ¶¨¸ ´-
´Ò³ ¢ÒÏ¥ ¸¶μ¸μ¡μ³ ÉμÎ±  B μ¶¨¸Ò¢ ¥É £· Ë¨± ¸²μ¦´μ° ËÊ´±Í¨¨ f(f(x)).
‘μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¶μ¸É·μ¥´¨¥ ¶·¨¢¥¤¥´μ ´  ·¨¸. 1.

‚³¥¸Éμ ´¥¸ÊÐ¥° ¶·Ö³μ° y = x ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¶·Ö³ÊÕ ¸ ¶·μ¨§¢μ²Ó-
´Ò³ ´ ±²μ´μ³ y = nx. �·¨ ÔÉμ³ ³μ¦¥É ¡ÒÉÓ ¶μ¸É·μ¥´ £· Ë¨± ËÊ´±Í¨¨
f((1/n)f(x)).

�´ ²μ£¨Î´Ò³ ¸¶μ¸μ¡μ³ ³μ¦´μ, § ¤ ¢ ¤¢¥ ËÊ´±Í¨¨ f(x) ¨ φ(x), ¶μ¸É·μ¨ÉÓ
ËÊ´±Í¨¨ f(φ(x)), φ(f(x)). ‘Ì¥³  ¶μ¸É·μ¥´¨Ö ¶·¥¤¸É ¢²¥´  ´  ·¨¸. 3.

�¨¸. 1 �¨¸. 2
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�¨¸. 3.

�  ·¨¸. 2 ¶·¥¤¸É ¢²¥´Ò ¸Ì¥³Ò ¶μ-
¸É·μ¥´¨Ö ËÊ´±Í¨° y = x4, y = x1/4

´  μ¸´μ¢¥ £· Ë¨±μ¢ ËÊ´±Í¨° y = x2,
y = x1/2.

‚ ± Î¥¸É¢¥ ´¥¸ÊÐ¥° ±·¨¢μ° ³μ¦´μ
¢Ò¡· ÉÓ μ¤´Ê ¨§ ËÊ´±Í¨°, ¸± ¦¥³,
φ(x). �·¨ ÔÉμ³, ± ± ¸²¥¤Ê¥É
¨§ ·¨¸. 3, ³μ¦´μ ¶μ¸É·μ¨ÉÓ ËÊ´±-
Í¨Õ f(φ−1(f(x))), £¤¥ φ−1(z) μ¡μ-
§´ Î ¥É ËÊ´±Í¨Õ, μ¡· É´ÊÕ φ(z):
φ(φ−1(z)) = z.

ŒÒ μ¸É ¢²Ö¥³ ¢μ¶·μ¸ μ¡ μ¡μ¡Ð¥´¨¨ ¶·¥¤¸É ¢²¥´´μ£μ ¢ÒÏ¥ ¶μ¸É·μ¥´¨Ö
´  ¸²ÊÎ ° É·¥Ì³¥·´μ£μ ¶·μ¸É· ´¸É¢  μÉ±·ÒÉÒ³ ¤²Ö ¸ ³μ¸ÉμÖÉ¥²Ó´μ£μ ¨¸¸²¥-
¤μ¢ ´¨Ö.

�¢Éμ· ¡² £μ¤ ·¥´ ‚¨±Éμ·Ê ˆ¢ ´μ¢¨ÎÊ Š· ¸´μ¶μ²Ó¸±μ³Ê §  ¶μ²¥§´μ¥ μ¡-
¸Ê¦¤¥´¨¥ § É·μ´ÊÉÒÌ §¤¥¸Ó ¢μ¶·μ¸μ¢.

7. � ��ˆ‹�†…�ˆŸ• ’…��…Œ› �‚�—…‚�

� ¸¸³ É·¨¢ ÕÉ¸Ö ¢μ§³μ¦´Ò¥ μ¡μ¡Ð¥´¨Ö ²μ£¨±μ-³ É¥³ É¨Î¥¸±μ° É¥μ·¥³Ò
�¢ Î¥¢  μ ¶μ¸É·μ¥´¨¨  ´ ²¨É¨Î¥¸±μ° ËÊ´±Í¨¨, μ¶·¥¤¥²ÖÕÐ¥° £· ´¨ÍÊ μ¡Ñ-
¥¤¨´¥´¨Ö ³´μ¦¥¸É¢.

� ¸¸³μÉ·¨³ ¶·μ¸É¥°Ï¥¥ ¶·¨²μ¦¥´¨¥ É¥μ·¥³Ò �¢ Î¥¢  ± ¸²ÊÎ Õ ¤¢ÊÌ ±·Ê-
£μ¢. „²Ö ± ¦¤μ£μ ¨§ ´¨Ì ¶μ¸É·μ¨³ ËÊ´±Í¨Õ:

R1(x, y) = −(x − x1)2 − (y − y1)2 + r2
1 ,

R2(x, y) = −(x − x2)2 − (y − y2)2 + r2
2 ,

£¤¥ (x1,2, y1,2) ¨ r1,2 Å ¶μ²μ¦¥´¨Ö Í¥´É·μ¢ ÔÉ¨Ì ±·Ê£μ¢ ¨ ¨Ì · ¤¨Ê¸Ò. ”Ê´±-
Í¨¨ R1,2(x, y) ¶μ²μ¦¨É¥²Ó´Ò, ¥¸²¨ (x, y) μÉ¢¥Î ÕÉ ÉμÎ± ³ ¢´ÊÉ·¨ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¥£μ ±·Ê£ , μÉ·¨Í É¥²Ó´Ò ¤²Ö ÉμÎ¥± ¢´¥ ±·Ê£  ¨ μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó ¤²Ö
ÉμÎ¥± ´  £· ´¨Í¥ ±·Ê£ .

�¢ Î¥¢Ò³ ¡Ò²  ¶·¥¤²μ¦¥´  ËÊ´±Í¨Ö

R(x, y) = R1(x, y) + R2(x, y) −
√

R2
1(x, y) + R2

2(x, y), (50)

μ¡² ¤ ÕÐ Ö É¥³ ¸¢μ°¸É¢μ³, ÎÉμ μ´  μÉ·¨Í É¥²Ó´  ¢μ ¢¸¥Ì ÉμÎ± Ì ¶²μ¸±μ-
¸É¨ ±·μ³¥ ³´μ¦¥¸É¢ , Ö¢²ÖÕÐ¥£μ¸Ö ¶¥·¥¸¥Î¥´¨¥³ ³´μ¦¥¸É¢ ÉμÎ¥± ±·Ê£μ¢. � 
³´μ¦¥¸É¢¥ ÔÉ¨Ì ÉμÎ¥± μ´  ¶·¨´¨³ ¥É ¶μ²μ¦¨É¥²Ó´Ò¥ §´ Î¥´¨Ö. �  £· ´¨Í¥
ÔÉμ£μ ³´μ¦¥¸É¢  ËÊ´±Í¨Ö �¢ Î¥¢  μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó.
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‚ ± Î¥¸É¢¥ ÔÉ¨Ì ³´μ¦¥¸É¢ ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ²Õ¡Ò¥ § ³±´ÊÉÒ¥ Ë¨-
£Ê·Ò. �·¨ ¶μ¸É·μ¥´¨¨ ËÊ´±Í¨¨ �¢ Î¥¢  ´¥μ¡Ìμ¤¨³μ μ¡¥¸¶¥Î¨ÉÓ μ¤¨´ ±μ¢ÊÕ
· §³¥·´μ¸ÉÓ R1 ¨ R2.

�É  É¥μ·¥³  ¤μ¶Ê¸± ¥É μ¡μ¡Ð¥´¨¥ ´  ¸²ÊÎ ° É·¥Ì³¥·´μ£μ ¶·μ¸É· ´¸É¢ ,
  É ±¦¥ ³´μ£μ³¥·´μ£μ ¶·μ¸É· ´¸É¢ .

Œμ¦´μ ¢¢¥¸É¨ ¤μ¶μ²´¨É¥²Ó´Ò° ¶ · ³¥É·, ´ ¶·¨³¥· ¢·¥³Ö, ¨ · ¸¸³ É·¨-
¢ ÉÓ § ¤ ÎÊ μ ¸Éμ²±´μ¢¥´¨¨ ¤¢¨¦ÊÐ¨Ì¸Ö É¥². �·¨ μ¶¨¸ ´¨¨ ¤¢¨¦¥´¨Ö Í¥´É·μ¢
¤¢ÊÌ ±·Ê£μ¢

xi(t) = xi0 + vixt; yi(t) = yi0 + viyt; i = 1, 2, (51)

¸μ ¸±μ·μ¸ÉÖ³¨ vi =
√

v2
ix + v2

iy ¢ ´ ¶· ¢²¥´¨ÖÌ, μ¶·¥¤¥²Ö¥³ÒÌ Ê£² ³¨ ´ -

±²μ´  ± μ¸¨ x θi, tan θi = vix/viy, §´ ± ËÊ´±Í¨¨ �¢ Î¥¢  ¡Ê¤¥É § ¢¨¸¥ÉÓ μÉ
¢·¥³¥´¨. �μ²μ¦¨É¥²Ó´μ¸ÉÓ ËÊ´±Í¨¨ �¢ Î¥¢  ¥¸ÉÓ ¸¨£´ ² μ ¨Ì ¶¥·¥±·ÒÉ¨¨
(¸Éμ²±´μ¢¥´¨¨).

�É  ËÊ´±Í¨Ö ³μ¦¥É ¡ÒÉÓ ¶μ²¥§´  ¶·¨  ´ ²¨§¥ · §²¨Î´ÒÌ § ¤ Î Ô²¥±É·μ-
¸É É¨±¨, ³¥Ì ´¨±¨ ¨, ¢μ§³μ¦´μ, ¢ ¤·Ê£¨Ì ¶·¨²μ¦¥´¨ÖÌ [20].

8. � ‘‚�‰‘’‚�• �…�œ	�ˆ’�‚.
��‡‹�†…�ˆ… �� ���‘’›… „���ˆ

�¥¶ÓÕ´¨ÉÒ, É. ¥. Î¨¸² , ¸μ¸ÉμÖÐ¨¥ ¨§ μ¤¨´ ±μ¢ÒÌ ¶μ¢Éμ·ÖÕÐ¨Ì¸Ö Í¨Ë·,
´ ¶·¨³¥· ¨§ ¥¤¨´¨Í, ± ± ¶· ¢¨²μ, ´¥ Ö¢²ÖÕÉ¸Ö ¶·μ¸ÉÒ³¨ ´¨ ¢ ± ±μ° ¸¨¸É¥³¥
¸Î¨¸²¥´¨Ö.

�¤¨´ ¸ÉÊ¤¥´É ¨§ ±μ²²¥¤¦  ’·¨´¨É¨
ˆ¸± ² ¤¥²¨É¥²¨ ¢¸¥Ì Î¨¸¥² ·¥¶ÓÕ´¨Éμ¢,
—Éμ ¢μ§¡Ê¤¨²μ ¢ ´¥³ ¡μ²ÓÏμ¥ ¡¥¸¶μ±μ°¸É¢μ,
�¡¨²Ó¥ Í¨Ë· ¶μ¢¥·£²μ Ê³ ¥£μ ¢ · ¸¸É·μ°¸É¢μ,
ˆ ³ É¥³ É¨±Ê ¸³¥´¨² μ´ ´  ³μ²¨É¢Ò [21].
ˆ¸¸²¥¤μ¢ ´¨Õ ¸¢μ°¸É¢ ·¥¶ÓÕ´¨Éμ¢ Ê¤¥²Ö²μ¸Ó §´ Î¨É¥²Ó´μ¥ ¢´¨³ ´¨¥ ¢

²¨É¥· ÉÊ·¥ [12,13]. ‡¤¥¸Ó ³Ò · ¸¸³μÉ·¨³ ´¥±μÉμ·Ò¥ ¨§ ´¨Ì.
Š ± ¶·μÐ¥ ¢¸¥£μ ¶μ²ÊÎ¨ÉÓ ·¥¶ÓÕ´¨É? � ¸¸³μÉ·¨³, ± ¶·¨³¥·Ê, ¡¥¸±μ-

´¥Î´ÊÕ ¶¥·¨μ¤¨Î¥¸±ÊÕ ¤·μ¡Ó 1/7 = 0,14285714285 . . . —¨¸²μ ¨§ Ï¥¸É¨ Í¨Ë·,
μ¡· §ÊÕÐ¥¥ ¶¥·¨μ¤, μ¡² ¤ ¥É ·Ö¤μ³ § ³¥Î É¥²Ó´ÒÌ ¸¢μ°¸É¢. Œ ±¸¨³ ²Ó´ Ö
¤²¨´  ¶¥·¨μ¤  (¶μ²´Ò° ¶¥·¨μ¤) ¤²Ö ¶·μ¸Éμ£μ Î¨¸²  p ¥¸ÉÓ Î¥É´μ¥ Î¨¸²μ p−1;
¥¸²¨ ¶¥·¨μ¤ ´¥¶μ²´Ò°, Éμ ¥£μ ¤²¨´  ¥¸ÉÓ μ¤¨´ ¨§ ¤¥²¨É¥²¥° Î¨¸²  p−1. ‚ ¸²Ê-
Î ¥ Î¥É´μ° ¤²¨´Ò ¶¥·¨μ¤  ¨³¥¥É ³¥¸Éμ ³ £¤¨-¸¢μ°¸É¢μ. „²Ö ¤·μ¡¨ 1/7 μ´μ
Ëμ·³Ê²¨·Ê¥É¸Ö É ±: 142+857 = 999. „·Ê£¨³ Ö¢²Ö¥É¸Ö ¸¢μ°¸É¢μ Í¨±²¨Î´μ¸É¨.
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„²Ö ¶¥·¨μ¤  1/7 μ´μ ¢Ò£²Ö¤¨É ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

142857 · 2 = 285714; 142857 · 3 = 428571; 142857 · 4 = 571428;
(52)

142857 · 5 = 714285; 142857 · 6 = 857142.

�·¨ Ê³´μ¦¥´¨¨ ¥£μ ´  ²Õ¡μ¥ Î¨¸²μ ³¥´ÓÏ¥ ¸¥³¨ (¤ ²¥¥ ¶μ¤· §Ê³¥¢ ¥³
Í¥²μ¥) ·¥§Ê²ÓÉ É ¶μ²ÊÎ ¥É¸Ö ¨§ ¨¸Ìμ¤´μ£μ ´¥±μÉμ·μ° Í¨±²¨Î¥¸±μ° ¶¥·¥¸É -
´μ¢±μ° Í¨Ë·. �·¨ Ê³´μ¦¥´¨¨ ¦¥ ´  ¸¥³Ó ¶μ²ÊÎ ¥É¸Ö ·¥¶ÓÕ´¨É ¨§ Ï¥-
¸É¨ ¤¥¢ÖÉμ±: 142857 · 7 = 999999. �ÉμÉ ·¥§Ê²ÓÉ É μÎ¥¢¨¤¥´, ¶μ¸±μ²Ó±Ê
1/7 · 7 = 0,99999999 . . . �´ ²μ£¨Î´Ò° ·¥§Ê²ÓÉ É ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¨ ¤²Ö ²Õ¡μ°
¶¥·¨μ¤¨Î¥¸±μ° ¤·μ¡¨ 1/p.

�¥·¨μ¤Ò ¤·μ¡¥°

1, 10, 16, 18, 37
41

;
2, 20, 32, 33, 36

41
;

3, 7, 13, 29, 30
41

;
4, 23, 25, 31, 40

41
;

(53)

5, 8, 9, 21, 39
41

;
6, 14, 17, 19, 25

41
;

11, 12, 28, 34, 38
41

;
15, 22, 24, 27, 35

41

¶μ²ÊÎ É¸Ö Í¨±²¨Î¥¸±μ° ¶¥·¥¸É ´μ¢±μ° ¸μμÉ¢¥É¸É¢¥´´μ ´ ¡μ·μ¢ ¶ÖÉ¨§´ Î´ÒÌ
Î¨¸¥²

(02439); (04878); (07317); (09756); (12195); (14634); (29268); (58536).
(54)

„ ²¥¥ ³Ò μ£· ´¨Î¨³¸Ö · ¸¸³μÉ·¥´¨¥³ ·¥¶ÓÕ´¨Éμ¢, ¸μ¸ÉμÖÐ¨Ì ¨§ ¥¤¨´¨Í, ¨
¡Ê¤¥³ ¶μ¤· §Ê³¥¢ ÉÓ ¤¥¸ÖÉ¨Î´ÊÕ ¸¨¸É¥³Ê ¸Î¨¸²¥´¨Ö.

�¥ ¶·¥¤¸É ¢²Ö¥É É·Ê¤  · §²μ¦¨ÉÓ ·¥¶ÓÕ´¨É, ¸μ¸ÉμÖÐ¨° ¨§ Ï¥¸É¨ ¥¤¨´¨Í,
´  ³´μ¦¨É¥²¨: 111111 = 111 · 1001 = 3 · 37 · 7 · 11 · 13. ‡´ Î¨É¥²Ó´μ ¸²μ¦´¥¥
·¥Ï¨ÉÓ § ¤ ÎÊ · §²μ¦¥´¨Ö ´  ³´μ¦¨É¥²¨ ·¥¶ÓÕ´¨É , ¸μ¸ÉμÖÐ¥£μ ¨§ Î¨¸² 
¥¤¨´¨Í, · ¢´μ£μ ¶·μ¸Éμ³Ê Î¨¸²Ê p. �·¨¢¥¤¥³, ± ¶·¨³¥·Ê, ¨§¢¥¸É´ÊÕ É ¡²¨ÍÊ
ˆ. 	¥·´Ê²²¨:

N3 = 111 = 3 · 37;
N5 = 11111 = 41 · 271;

N7 = 1111111 = 239 · 4649; (55)

N11 = 11111111111 = 513239 · 21649;
N13 = 1111111111111 = 53 · 79 · 265371653;

N17 = 11111111111111111 = 2071723 · 5363222357.

�± § ²μ¸Ó, ÎÉμ ¸²¥¤ÊÕÐ¨¥ ¤¢  Î¨¸²  ¸ 19 ¨ 23 ¥¤¨´¨Í ³¨ Ö¢²ÖÕÉ¸Ö ¶·μ¸ÉÒ³¨
Î¨¸² ³¨. �·¨¢¥¤¥³ É ±¦¥ Î¨¸² , ¸¢Ö§ ´´Ò¥ ¸ ·¥¶ÓÕ´¨É ³¨,
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¸ Î¥É´Ò³ Î¨¸²μ³ ¥¤¨´¨Í:

103 + 1 = 7 · 11 · 13; 104 + 1 = 73 · 137; 108 + 1 = 17 · 5882353;
(56)

1016 + 1 = 353 · 449 · 641 · 1409 · 69857; 1032 + 1 = 19841 · I,

£¤¥ I μ§´ Î ¥É ´¥±μÉμ·μ¥ Í¥²μ¥ Î¨¸²μ. �¥·¨μ¤Ò Î¨¸¥², μ¡· É´Ò¥ ¸μ³´μ¦¨É¥-
²Ö³ ¢ ¶· ¢ÒÌ Î ¸ÉÖÌ, ¥¸ÉÓ ¸μμÉ¢¥É¸É¢¥´´μ 6-, 8-, 16-, 32-, 64-§´ Î´Ò¥ Î¨¸² .

‘Ëμ·³Ê²¨·Ê¥³ É¥¶¥·Ó ÊÉ¢¥·¦¤¥´¨Ö (μ´¨ ³μ£ÊÉ ¡ÒÉÓ É¥³ ³¨ ¤²Ö ¸ ³μ¸Éμ-
ÖÉ¥²Ó´μ£μ  ´ ²¨§ ).

1. „¥²¨É¥²¨ ·¥¶ÓÕ´¨É  Np = a
(p)
1 a

(p)
2 . . . ¤²¨´Ò p ¨³¥ÕÉ ¢¨¤ a

(p)
i = 2pk+1

¨ ¢Ìμ¤ÖÉ ¢ ¸É¥¶¥´ÖÌ ´¥ ¢ÒÏ¥ ¶¥·¢μ°.

2. �¥·¨μ¤Ò ¤·μ¡¥°, μ¡· É´ÒÌ a
(p)
i , · ¢´Ò p.

3. ‚¸¥ Î¨¸²  a
(p)
i ¢ · §²μ¦¥´¨ÖÌ ·¥¶ÓÕ´¨Éμ¢ Np ¢¸É·¥Î ÕÉ¸Ö Éμ²Ó±μ μ¤¨´

· § ¤²Ö ²Õ¡μ£μ ¶·μ¸Éμ£μ Î¨¸²  p.
‚ § ±²ÕÎ¥´¨¥ ¶·¨¢¥¤¥³ ´¥¸±μ²Ó±μ ±μ´±·¥É´ÒÌ ¶·¨³¥·μ¢ [13].
Œ £¤¨-¸¢μ°¸É¢μ ¶¥·¨μ¤μ¢, μ¡· É´ÒÌ ¶·μ¸ÉÒ³, ¤²Ö ¸²ÊÎ Ö,

±μ£¤  ¶¥·¨μ¤ ´¥¶μ²´Ò°, ³Ò ¶·μ¤¥³μ´¸É·¨·Ê¥³ ¤²Ö ¶¥·¨μ¤  ¤·μ¡¨ 1/31 =
0.(032258064516129): 03225 + 80645 + 16129 = 99999.

�¥·¨μ¤ ¤·μ¡¨ Î¨¸² , μ¡· É´μ£μ μ¤´μ³Ê ¨§ ¸μ³´μ¦¨É¥²¥° ·¥¶ÓÕ´¨É 

Np a
(p)
i , ¸μ¤¥·¦¨É ¨´Ëμ·³ Í¨Õ μ¡ μ¸É ²Ó´ÒÌ ¤¥²¨É¥²ÖÌ:

1
239

= 0.(0041841); 41841 = 9 · 4649;

(57)1
4649

= 0.(0002151); 2151 = 9 · 239.

�¡· É¨³ ¢´¨³ ´¨¥ ´  ¸μ¢¶ ¤¥´¨¥ É·¥Ì ¶μ¸²¥¤´¨Ì Í¨Ë· ¢ ¤¥²¨É¥²ÖÌ ·¥-
¶ÓÕ´¨Éμ¢ N7 ¨ N11. ˆ³¥ÕÉ ²¨ ³¥¸Éμ É ±¨¥ ¶μ¢Éμ·¥´¨Ö ¤²Ö ¤·Ê£¨Ì ·¥¶ÓÕ-
´¨Éμ¢? Œμ¦´μ ²¨ ¸É·μ¨ÉÓ ·¥¶ÓÕ´¨ÉÒ ®¸ ±μ´Í ¯? �É¨ ¢μ¶·μ¸Ò ³μ£ÊÉ ¡ÒÉÓ
É¥³μ° ¤ ²Ó´¥°Ï¨Ì ¨¸¸²¥¤μ¢ ´¨°.

ˆ´¤¨°¸±¨³ ³ É¥³ É¨±μ³ Š ¶·¥± ·μ³ ¢ 1930 £. ¡Ò²μ μÉ±·ÒÉμ ¥Ð¥ μ¤´μ
§ ³¥Î É¥²Ó´μ¥ ¸¢μ°¸É¢μ ¶¥·¨μ¤μ¢ ¤¥¸ÖÉ¨Î´ÒÌ ¤·μ¡¥°, μ¡· É´ÒÌ ¶·μ¸Éμ³Ê Î¨-
¸²Ê. ’ ±, ¤²Ö Î¨¸²  142857, ±μÉμ·μ¥ Ö¢²Ö¥É¸Ö ¶¥·¨μ¤μ³ 1/7, ¨³¥¥³

(142857)2 = 20408122449; 20408 + 122449 = 142857. (58)

„ ²¥¥,

1
17

→ N17 = 0588235294117647; N2
17 = 0034602076124567 · 1016+

+4741280276816609 = 1016R1 + R2; R1 + R2 = 4705882352941176,
(59)
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¢¨¤¨³, ÎÉμ ÔÉ  ¶·μÍ¥¤Ê·  ¶·¨¢μ¤¨É ± ´¥±μÉμ·μ° Í¨±²¨Î¥¸±μ° ¶¥·¥¸É ´μ¢±¥
¨¸Ìμ¤´μ£μ ¶¥·¨μ¤ .

�¥·¨μ¤ ± ¦¤μ° ¶· ¢¨²Ó´μ° ¤·μ¡¨, §´ ³¥´ É¥²Ó ±μÉμ·μ° Å ¶μ²´μ¶¥·¨-
μ¤´μ¥ ¶·μ¸Éμ¥, Ö¢²Ö¥É¸Ö ±·Ê£μ¢μ° ¶¥·¥¸É ´μ¢±μ° ¨ ±· É¥´ ´ ¨³¥´ÓÏ¥³Ê ¨§
ÔÉ¨Ì ¶¥·¨μ¤μ¢.

�  ¸¢μ°¸É¢ Ì ¶¥·¨μ¤¨Î¥¸±¨Ì ¤¥¸ÖÉ¨Î´ÒÌ ¤·μ¡¥° μ¸´μ¢ ´ Í¨±² § ¤ Î ¶μ²Ó-
¸±μ£μ ³ É¥³ É¨±  Š· °Î¨± . � ¸¸³μÉ·¨³ μ¤´Ê ¨§ ´¨Ì.

—¨¸²μ μ± ´Î¨¢ ¥É¸Ö Í¨Ë·μ° 2. …¸²¨ ¥¥ ¶¥·¥¸É ¢¨ÉÓ ¢ ´ Î ²μ, Éμ ´μ¢μ¥
Î¨¸²μ ¡Ê¤¥É ¢ ¤¢  · §  ¡μ²ÓÏ¥ ¶¥·¢μ´ Î ²Ó´μ£μ. � °É¨ ÔÉμ Î¨¸²μ.

ˆ³¥¥³ · ¢¥´¸É¢μ, ¢ ±μÉμ·μ³ N Å ¨¸±μ³μ¥ Î¨¸²μ, n Å Î¨¸²μ Í¨Ë· ¢ ´¥³:

N − 2
10

+ 2 · 10n−1 = 2N.19N = 2(10n − 1), (60)

¶· ¢ Ö Î ¸ÉÓ ¤μ²¦´  ¤¥²¨ÉÓ¸Ö ¡¥§ μ¸É É±  ´  19. �É±Ê¤  ¸²¥¤Ê¥É
n = 18, 36, . . . � ¨³¥´ÓÏ¥³Ê Î¨¸²Ê É ±μ£μ ¢¨¤  μÉ¢¥Î ¥É n = 18. �É¢¥É:
N = 105263157894736842.

‡¤¥¸Ó ³Ò ¢μ¸¶μ²Ó§μ¢ ²¨¸Ó ³ ²μ° É¥μ·¥³μ° ”¥·³ :

aφ(p) = 1(mod p), (a, p) = 1, (61)

£¤¥ ËÊ´±Í¨Ö �°²¥·  φ(p) ¥¸ÉÓ Î¨¸²μ Í¥²ÒÌ ¶μ²μ¦¨É¥²Ó´ÒÌ Î¨¸¥², ³¥´ÓÏ¨Ì
p ¨ ¢§ ¨³´μ ¶·μ¸ÉÒÌ ¸ ´¨³. „²Ö ¶·μ¸Éμ£μ Î¨¸²  p ¨³¥¥³ φ(p) = p − 1.
�μ¸±μ²Ó±Ê ¢ ÔÉμ³ ¸²ÊÎ ¥ Î¨¸²μ p − 1 Î¥É´μ¥, Éμ μ¤¨´ ¨§ ¸μ³´μ¦¨É¥²¥°
(a(p−1)/2 − 1)(a(p−1)/2 + 1) ¤μ²¦¥´ ¤¥²¨ÉÓ¸Ö ´  p ¡¥§ μ¸É É± . ‚μ¶·μ¸ μ Éμ³,
±μÉμ·Ò° ¨§ ´¨Ì, ·¥Ï ¥É ±·¨É¥·¨° �°²¥·  μ ¸¨³¢μ²¥ ‹¥¦ ´¤· :

a(p−1)/2 =
(

a

p

)
(mod p). (62)

‘¨³¢μ² ‹¥¦ ´¤·  (a/p) ¶·¨´¨³ ¥É §´ Î¥´¨Ö ±1 (¥£μ ¸¢μ°¸É¢  ¤ ´Ò ´¨¦¥).

‚Ò¡¨· Ö a = 10, ¶μ²Ó§ÊÖ¸Ó ¥£μ Î ¸É´Ò³¨ §´ Î¥´¨Ö³¨

(
±1

5

)
= 1,

(
±2

5

)
=

−1,   É ±¦¥ § ±μ´μ³ ¢§ ¨³´μ¸É¨, ¶μ²ÊÎ¨³, ¢ Î ¸É´μ¸É¨, ÎÉμ Î¨¸² 

103 + 1
7

;
105 + 1

11
;

106 − 1
13

;
108 + 1

17
;

109 + 1
19

;

(63)1011 + 1
23

;
1014 + 1

29
;

10113 + 1
227

Ö¢²ÖÕÉ¸Ö Í¥²Ò³¨.
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C¢μ°¸É¢  ¸¨³¢μ²  ‹¥¦ ´¤·  É ±μ¢Ò [22]:(
1
p

)
= 1;

(
−1
p

)
= (−1)(p−1)/2 ;

(
ab

p

)
=

(
a

p

) (
b

p

)
;(

ab2

p

)
=

(
a

p

)
;

(
2
p

)
= (−1)(p2−1)/8 ; (64)

a = a1 (mod p) ,

(
a

p

)
=

(
a1

p

)
.

‡ ±μ´ ¢§ ¨³´μ¸É¨ Ëμ·³Ê²¨·Ê¥É¸Ö É ±:

(q/p) = (p/q) (−1)
p−1
2

q−1
2 . (65)

‚ Î ¸É´μ¸É¨,(
10
3

)
= 1;

(
10
7

)
= −1;

(
10
11

)
= −1;

(
10
13

)
= 1;

(
10
17

)
= −1;

(66)(
10
19

)
= −1;

(
10
23

)
= −1;

(
10
29

)
= −1.

�μ  ´ ²μ£¨¨ ¸ ¶·μÍ¥¤Ê·μ° �¸É·μ£· ¤¸±μ£μ · §²μ¦¥´¨Ö · Í¨μ´ ²Ó´ÒÌ
ËÊ´±Í¨°, ´ ¶·¨³¥·

x

(x + 1)(x2 + 3)
=

x + 3
4(x2 + 3)

− 1
4(x + 1)

, (67)

¶μ¸É ¢¨³ § ¤ ÎÊ μ ¶·¥¤¸É ¢²¥´¨¨  ·¨Ë³¥É¨Î¥¸±μ° ¤·μ¡¨

1
Πn

i pi
, (68)

£¤¥ pi Å ¶·μ¸ÉÒ¥ Î¨¸² , ¢ ¢¨¤¥ ¸Ê³³Ò

1
Πn

i pi
=

i=n∑
i=1

ai

pi
, |ai| < pi. (69)

ŠμÔËË¨Í¨¥´ÉÒ ai ³μ¦´μ ´ °É¨ ¨§ ¸¨¸É¥³Ò ¤¨μË ´Éμ¢ÒÌ Ê· ¢´¥´¨°:

ai

pi
Πn

i pi = 1(mod(pi)). (70)

�Éμ ¶·¥¤¸É ¢²¥´¨¥ μ± §Ò¢ ¥É¸Ö ´¥μ¤´μ§´ Î´Ò³. „¥°¸É¢¨É¥²Ó´μ, · ¸¸³μÉ·¨³
¤¢  ¶·¨³¥· :

1
7 · 13

=
2
13

− 1
7
;

(71)1
7 · 11 · 13

= −2
7
− 7

11
+

12
13

= −2
7

+
4
11

− 1
13

.
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9. ƒ��‚ˆ’�–ˆ���›… ’���…‹ˆ. �‘’�Š�„›

˜μ¸¸¥ �μ¸¸¨Õ É ³ ¨ ÉÊÉ,
‘μ¥¤¨´¨¢, ¶¥·¥¸¥±ÊÉ.

�. ‘. �ÊÏ±¨´

‘μ£² ¸´μ ¶·¨´Í¨¶Ê ´¥§ ¢¨¸¨³μ¸É¨ ¤¢¨¦¥´¨° ¢·¥³Ö ¤¢¨¦¥´¨Ö É¥²  ¶μ
Éμ´´¥²Õ ¢¤μ²Ó Ìμ·¤Ò ¶² ´¥ÉÒ ¨ ¢¤μ²Ó ±·Ê£μ¢μ° μ·¡¨ÉÒ ¢μ±·Ê£ ‡¥³²¨ ¸μ¢¶ -
¤¥É. � ¶·¨³¥·, ¤²Ö ¶² ´¥ÉÒ ‡¥³²Ö ¢·¥³Ö ¤¢¨¦¥´¨Ö ¶μ Ìμ·¤¥ (ÉÊ¤  ¨ μ¡· É´μ)
¡Ê¤¥É · ¢´μ ¢·¥³¥´¨ μ¡· Ð¥´¨Ö ¸¶ÊÉ´¨±  ¶μ ±·Ê£μ¢μ° μ·¡¨É¥ ¢μ±·Ê£ ´¥¥ Å
μ±μ²μ ¶μ²ÊÉμ·  Î ¸μ¢:

T = 2π

√
R

g
= 2 · 3,14

√
6,4 · 106 ³

10 ³/¸2 = 4/3 Î. (72)

�μ± ¦¥³ ÔÉμ ¶·Ö³Ò³ ¢ÒÎ¨¸²¥´¨¥³. �ÓÕÉμ´μ³ ¡Ò²μ ¶μ± § ´μ, ÎÉμ ´ 
É¥²μ, · ¸¶μ²μ¦¥´´μ¥ ´  · ¸¸ÉμÖ´¨¨ r μÉ Í¥´É·  ‡¥³²¨, ¤¥°¸É¢Ê¥É Éμ²Ó±μ
³ ¸¸ , ¸μ¸·¥¤μÉμÎ¥´´ Ö ¢ ¸Ë¥·¥ · ¤¨Ê¸  r,   ¢§ ¨³´μ¥ ¢²¨Ö´¨¥ Ï ·μ¢μ£μ ¸²μÖ
¢´¥ ÔÉμ° ¸Ë¥·Ò ¢§ ¨³´μ ±μ³¶¥´¸¨·Ê¥É¸Ö. �É´μÏ¥´¨¥ ³ ¸¸ ¢´ÊÉ·¨ ¸Ë¥·Ò
¨ ³ ¸¸Ò ‡¥³²¨ ¡Ê¤¥É M(r)/M(R) = r3/R3, £¤¥ R Å · ¤¨Ê¸ ‡¥³²¨. 	Ê¤¥³
μÉ¸Î¨ÉÒ¢ ÉÓ · ¸¸ÉμÖ´¨¥ ¢¤μ²Ó Ìμ·¤Ò x μÉ ÉμÎ±¨ ³¨´¨³ ²Ó´μ£μ · ¸¸ÉμÖ´¨Ö
Ìμ·¤Ò ¤μ Í¥´É·  ‡¥³²¨ (μ¸´μ¢ ´¨Ö ¶¥·¶¥´¤¨±Ê²Ö· , μ¶ÊÐ¥´´μ£μ ´  Ìμ·¤Ê
¨§ Í¥´É· ). ‘μ£² ¸´μ § ±μ´ ³ �ÓÕÉμ´  Ê¸±μ·¥´¨¥ É¥²  ³ ¸¸Ò m (³ ²μ° ¶μ
¸· ¢´¥´¨Õ ¸ ³ ¸¸μ° ‡¥³²¨) μ¡Ê¸²μ¢²¨¢ ¥É¸Ö ¶·¨ÉÖ¦¥´¨¥³ ³ É¥·¨¨ ¢´ÊÉ·¨
¸Ë¥·Ò:

m
d2

dt2
x = −γM(r)m

r2
cos θ = −γr3MEm

r2R3

x

r
= − g

R
xm, (73)

£¤¥ θ ¥¸ÉÓ Ê£μ² ³¥¦¤Ê ´ ¶· ¢²¥´¨¥³ ¢¤μ²Ó Ìμ·¤Ò ¨ ´ ¶· ¢²¥´¨¥³ ·¥§Ê²ÓÉ¨-
·ÊÕÐ¥° ¸¨²Ò ¶·¨ÉÖ¦¥´¨Ö ³ ¸¸Ò ¢´ÊÉ·¨ ¸Ë¥·Ò, É. ¥. ´ ¶· ¢²¥´¨¥³ ± Í¥´É·Ê
‡¥³²¨ ¢ ÉμÎ±¥, £¤¥ · ¸¶μ²μ¦¥´μ É¥²μ. Š·μ³¥ Éμ£μ, ³Ò ¢μ¸¶μ²Ó§μ¢ ²¨¸Ó ¨§¢¥¸É-
´Ò³ ¸μμÉ´μÏ¥´¨¥³ ³¥¦¤Ê ¶μ¸ÉμÖ´´μ° �ÓÕÉμ´  γ, Ê¸±μ·¥´¨¥³ ¸¨²Ò ÉÖ¦¥¸É¨
´  ¶μ¢¥·Ì´μ¸É¨ ‡¥³²¨ g, · ¤¨Ê¸μ³ R ¨ ³ ¸¸μ° ME ‡¥³²¨:

g =
γME

R
. (74)

‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥ £ ·³μ´¨Î¥¸±¨Ì ±μ²¥¡ ´¨°

d2x

dt2
+ ν2x = 0, ν2 =

g

R
, (75)

¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³ x(t = 0) = x0 (2x0 ¥¸ÉÓ ¤²¨´  Ìμ·¤Ò). �¥Ï¥´¨¥ ÔÉμ£μ
Ê· ¢´¥´¨Ö

x(t) = x0 cos(νt), (76)

20



μÉ±Ê¤  ¨ ¸²¥¤Ê¥É ¶·¨¢¥¤¥´´μ¥ ¢ÒÏ¥ ÊÉ¢¥·¦¤¥´¨¥. � ¸¸ÉμÖ´¨Ö ¶μ ¶μ¢¥·Ì´μ¸É¨
¶² ´¥ÉÒ L ³¥¦¤Ê ±μ´Í ³¨ Ìμ·¤Ò ¨ ³ ±¸¨³ ²Ó´μ° £²Ê¡¨´μ° ¥¥ h ¸¢Ö§ ´Ò
¸μμÉ´μÏ¥´¨¥³

L = 2R arccos (1 − h

R
) ≈ 2

√
2Rh. (77)

�·¨¢¥¤¥³ ´¥¸±μ²Ó±μ ±μ´±·¥É´ÒÌ Í¨Ë·:

h1 = 0,5 ±³, L1 = 160 ±³,
h2 = 1 ±³, L2 = 220 ±³,
h3 = 2 ±³, L3 = 320 ±³,
h4 = 6 ±³, L4 = 560 ±³,
h5 = 50 ±³, L5 = 1600 ±³.

(78)

Šμ´¥Î´μ, ¨³¥Ö ¢ ¢¨¤Ê ¶· ±É¨Î¥¸±¨¥ ¶·¨³¥´¥´¨Ö ¤²Ö ´ Ï¥° ¶² ´¥ÉÒ, £²Ê-
¡¨´Ò ¡μ²¥¥ ¶ÖÉ¨¤¥¸ÖÉ¨ ±¨²μ³¥É·μ¢ ´¥¤μ¶Ê¸É¨³Ò ¨§-§  ´ ²¨Î¨Ö ³ £³Ò. � ¤μ
¶·¨´¨³ ÉÓ ¢μ ¢´¨³ ´¨¥ É ±¦¥ É¥±Éμ´¨Î¥¸±¨¥ ¶μ¤¢¨¦±¨ ¶² ÉËμ·³ ‡¥³²¨ ¨
μ£·μ³´Ò¥ § É· ÉÒ ´  ¸É·μ¨É¥²Ó¸É¢μ Éμ´´¥²¥°. �μ ´¥¸μ³´¥´´Ò³ ¢Ò¨£·ÒÏ¥³
Ö¢²Ö¥É¸Ö ¶· ±É¨Î¥¸±μ¥ μÉ¸ÊÉ¸É¢¨¥ § É· É Ô´¥·£¨¨ ¨ Ê´¨¢¥·¸ ²Ó´μ¸ÉÓ ¢·¥³¥´¨
¶¥·¥¤¢¨¦¥´¨Ö. � É ±¦¥ ·¥Ï¥´¨¥ ¶·μ¡²¥³Ò § ´ÖÉμ¸É¨ ³¨²²¨μ´μ¢ É·Ê¤ÖÐ¨Ì¸Ö.

„·Ê£μ° ¢μ§³μ¦´Ò° ¶ÊÉÓ Ô´¥·£¥É¨Î¥¸±¨ ¡¥§§ É· É´ÒÌ ¶¥·¥³¥Ð¥´¨° Å ¶μ-
¸É·μ¥´¨¥ Ô¸É ± ¤ ´ ¤ ¶μ¢¥·Ì´μ¸ÉÓÕ ‡¥³²¨. ˆ§ ¡ ² ´¸  Ô´¥·£¨° ¶μ²ÊÎ¨³ Ê· ¢-
´¥´¨¥ (

dx

Rhdt

)2

= 2ν2
h

(
Rh

Rx
− Rh

RL

)
, (79)

£¤¥

Rh = R + h, Rx =
√

R2
h + x2, RL =

√
R2

h + L2, νh =
√

γME

Rh
, (80)

2L Å ¶μ²´ Ö ¤²¨´  Ô¸É ± ¤Ò; h Å ³¨´¨³ ²Ó´μ¥ · ¸¸ÉμÖ´¨¥ Ô¸É ± ¤Ò μÉ
¶μ¢¥·Ì´μ¸É¨ ‡¥³²¨; x Å · ¸¸ÉμÖ´¨¥ μÉ ¶μ²μ¦¥´¨Ö ¢ £μ´  ¤μ Í¥´É·  Ô¸É ± ¤Ò.
„²Ö · ¸¸ÉμÖ´¨Ö μÉ ÉμÎ±¨, £¤¥ ´ Ìμ¤¨É¸Ö ¢ £μ´, ¤μ ¡²¨¦´¥£μ ±· Ö Ô¸É ± ¤Ò,
´ Ìμ¤¨³ L − x.

�·¥¤¶μ²μ¦¨³, ÎÉμ ´  ±· Õ Ô¸É ± ¤Ò ¢ £μ´ ¶μ±μ¨É¸Ö. ‚¢μ¤Ö ¶¥·¥³¥´´ÊÕ
y = x/Rh = tan θ, ¨³¥¥³

dθ

dt
=

√
2νh cos θ

√
cos θ − cos θL, tan θL =

L

Rh
. (81)

ˆ´É¥£·¨·ÊÖ, ¶μ²ÊÎ¨³ ¤²Ö ¢·¥³¥´¨ ¤¢¨¦¥´¨Ö ¢¤μ²Ó ¢¸¥° Ô¸É ± ¤Ò:

T =
√

2
νh

θL∫
0

dθ

cos θ
√

cos θ − cos θL

, tan θL =
L

Rh
. (82)
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ŒÒ ´¥ ¶·¨´¨³ ²¨ ¢μ ¢´¨³ ´¨¥ ÔËË¥±É ¸ÊÉμÎ´μ£μ ¢· Ð¥´¨Ö ‡¥³²¨. �·μ-
¸É Ö μÍ¥´±  ¸μ§¤ ¢ ¥³μ£μ ¢¸²¥¤¸É¢¨¥ ¢· Ð¥´¨Ö ¤μ¶μ²´¨É¥²Ó´μ£μ Ê¸±μ·¥´¨Ö
gr ∼ V 2

r /RE ∼ 0,02 ³/¸2 � g ∼ 10 ³/¸2 ¶μ± §Ò¢ ¥É, ÎÉμ ÔÉμÉ ÔËË¥±É ³ ².
�± §Ò¢ ¥É¸Ö, ÎÉμ ¢·¥³Ö ¤¢¨¦¥´¨Ö ¶μ Ô¸É ± ¤¥ ³¥´ÓÏ¥ ¢·¥³¥´¨ ¤¢¨¦¥´¨Ö

´  Éμ ¦¥ · ¸¸ÉμÖ´¨¥ ¢¤μ²Ó Éμ´´¥²Ö.

10. ˆ�’…ƒ��‹›

1. ‚Ò¶μ²´ÖÖ ¨´É¥£·¨·μ¢ ´¨¥ ¶μ ´ ¶· ¢²¥´¨Ö³ ´¥±μÉμ·μ£μ ¢¥±Éμ·  �n ¢
É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥ ¶·¨ ¤¢ÊÌ Ë¨±¸¨·μ¢ ´´ÒÌ ´ ¶· ¢²¥´¨ÖÌ �n1 ¨ �n2,
Ê¤μ¡´μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨° Ê£²μ¢μ° Ô²¥³¥´É ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

dΩn = dφ sin θdθ,

∫
dΩn = 2π, (83)

£¤¥ ¶μ²Ö·´Ò° ¨  §¨³ÊÉ ²Ó´Ò° Ê£²Ò μÉ¸Î¨ÉÒ¢ ÕÉ¸Ö μÉ μ¤´μ£μ ¨§ ´ ¶· ¢²¥´¨°:

dΩn = 2
dc1dc2√

D
, D = 1 − c2

1 − c2
2 − c2 + 2c1c2c, D > 0, (84)

£¤¥ c = cos θ12, c1,2 = cos θ1,2,   θ, θ1,2 ¥¸ÉÓ ¸μμÉ¢¥É¸É¢¥´´μ Ê£²Ò ³¥¦¤Ê
´ ¶· ¢²¥´¨Ö³¨ �n1, �n2, �n, �n1,2. �·¥¤¸É ¢²ÖÖ ¢¥²¨Î¨´Ê D ¢ ¢¨¤¥

D = (c1 − c−)(c+ − c1), c± = cc2 ±
√

(1 − c2)(1 − c2
2), (85)

¨ ¨¸¶μ²Ó§ÊÖ ¶μ¤¸É ´μ¢±Ê �°²¥·  t2 = (c+ − c1)/(c1 − c−), ¶μ²ÊÎ¨³

1
π

c+∫
c−

dc1√
D

[
1; c1; c2

1;
1

1 − bc1
;

1
(1 − bc1)2

]
=

=
[
1, cc2;

1
2
(1 − c2)(1 − c2

2) + c2c2
2;

1
R

;
1 − bcc2

R3

]
, (86)

£¤¥

R =
√

(1 − bc−)(1 − bc+) =
√

(c − bc2)2 + (1 − b2)(1 − c2)2, b2 < 1. (87)

�·¨¢¥¤¥³ É ±¦¥ ¤¢Ê±· É´Ò¥ ¨´É¥£· ²Ò:

1
π

∫
D>0

dc1dc2√
D

1
(1 − bc1)

=
1
b

ln
1 + b

1 − b
;

1
π

∫
D>0

dc1dc2√
D

1
(1 − b1c1)(1 − b2c2)

=
2√
d

ln
1 − b1b2c +

√
d√

(1 − b2
1)(1 − b2

2)
; (88)

b2
1,2 < 1, d = (1 − b1b2c)2 − (1 − b2

1)(1 − b2
2).
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2. ˆ´É¥£· ²Ò, ¢μ§´¨± ÕÐ¨¥ ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ Ëμ·³Ê² ŠμÏ¨:
¨´É¥£· ² ‘μ²μ¢Íμ¢ÒÌ

∞∫
0

dt

(x + t)2
arctg (

2π ln t

a2 − π2 + ln2 t
) =

ln x

x(a2 + ln2 x)
, a2 > 0; (89)

¨´É¥£· ² ‚ ´ÖÏ¨´ 

I(x) =

∞∫
0

dt

x + t

1
π2 + ln2 t

=
1

1 − x
+

1
ln x

, x > 0; I(0) = 1; I(1) = 1/2;

(90)

¨´É¥£· ² 	 ·¡¨¥·¨ [23]

F (r, a) =
r

2a

∞∫
1

dx

x(x − r − i0)
ln

a − β

a + β
=

=

1∫
0

dx

a2 − x2
ln(1 − i0 − r(1 − x2)), β =

√
1 − 1

x
. (91)

�·¨ a = 1

Re F (r, 1) = −2 + b ln2 b + 1
b − 1

, Im F (r, 1) = −π arccos
√

r, b =

√
1 − 1

r
. (92)

3. �·¨ μ¶¨¸ ´¨¨ ¤¢ÊÌÍ¥´É·μ¢ÒÌ ¸¨¸É¥³ ¶μ²¥§´Ò Ëμ·³Ê²Ò [24]

1
4π

∫
d3r1

1
r13r12

e−cr13 =

=
1

c2r23
(1 − e−cr23), c > 0, rij = |�ri − �rj |, (93)

1
16π2

∫
d3r1

∫
d3r2

1
r1r2r12

e−ar1−br2−cr12 =

=
1

(a + b)(a + c)(b + c)
, a, b, c > 0, r1,2 = |�r1,2|, r12 = |�r1 − �r2|. (94)
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4. ”¥°´³ ´μ¢¸± Ö ¶ · ³¥É·¨§ Í¨Ö Å ¸μ¥¤¨´¥´¨¥ §´ ³¥´ É¥²¥°:

1
a1a2

=

1∫
0

dx

d2(x)
, d(x) = xa1 + x̄a2, x̄ = 1 − x;

1
an+1
1 am+1

2

=
(n + m + 1)!

n!m!

1∫
0

dxxnx̄m

dn+m+2(x)
; (95)

1
abc

= 2

1∫
0

dx

x∫
0

dy

(a + (b − a)x + (c − b)y)3
.

5. �¶·¥¤¥²¥´´Ò¥ μ¤´μ±· É´Ò¥ ¨´É¥£· ²Ò. �·¥¤¥²Ò 0,∞. �¶·¥¤¥²¥´¨¥

ËÊ´±Í¨¨ ‘¶¥´¸  Li(z) = −
z∫
0

dx

x
ln(1 − x):

∞∫
0

dx√
x2 + 1

1
x2 (1 − b2) + 1

=
1
2b

ln
1 + b

1 − b
, 0 < b < 1;

b

∞∫
0

dx√
x2 + 1

ln
(
x2 + 1

)
x2 (1 − b2) + 1

=
1
2
[Li

(
−1 − b

1 + b

)
−

− Li

(
−1 + b

1 − b

)
] − ln 2 ln

1 + b

1 − b
+ Li

(
1 + b

b

)
−

− Li

(
1 + b

2b

)
− Li

(
−1 − b

b

)
+ Li

(
−1 − b

2b

)
, (96)

2b

∞∫
0

dx√
x2 + 1

ln x

x2 (1 − b2) + 1
= − ln 2 ln

1 + b

1 − b
−

− 1
2
Li

(
−1 − b

1 + b

)
− 1

2
Li

(
−1 + b

1 − b

)
+ Li

(
1 − b

2

)
+ Li

(
1 + b

2

)
;

∞∫
0

xα−1

x2 − 2x cosβ + 1
dx =

π sin((1 − α)β)
sin(πα) sin β

, 0 < α < 1. (97)
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∞∫
0

dx√
(x2 + 1)3

ln
√

x2 + 1 + x√
x2 + 1 − x

= 2 ln 2,

∞∫
0

dx√
x2 + 1

1
x2 + a2

=
arccos a

a
√

a2 + 1
, 0 < a < 1, (98)

∞∫
0

dx√
x2 + 1

1
x2 + a2

=
ln

(
a +

√
a2 − 1

)
a
√

a2 − 1
, 1 < a.

6. ”Ê´±Í¨¨ ”¥·³¨ ¨³¥ÕÉ ¢¨¤ [10]

Fn(x) =

∞∫
0

tndt

1 + et−x
. (99)

ˆ§¢¥¸É´Ò ¸μμÉ´μÏ¥´¨Ö

F3(x) + F3(−x) = π2

[
7π2

60
+

1
2
x2 +

1
4π2

x4

]
. (100)

�¸¨³¶ÉμÉ¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö ¢Ò£²Ö¤ÖÉ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

Fn(x) = O(xne−|x|), x < 0, |x| � 1,
(101)

Fn(x) =
xn+1

n + 1
+

∞∫
0

dt

1 + et
[(t + x)n − (x − t)n] + O(xne−x), x > 0.

�·¥´¥¡·¥£ Ö ¶μ¶· ¢± ³¨ O(xne−x), ¶μ²ÊÎ¨³

F1(x) =
1
2
x2 + 2I1; F2(x) =

x3

3
+ 2xI1;

(102)
F3(x) =

1
4x4

+ 6x2I1 + 3I3,

£¤¥

In =

∞∫
0

dzzn

1 + ez
= (1 − 2−n)n!ξn+1;

(103)

ξ2 =
π2

6
; ξ2n =

22n−1π2n

(2n)!
B2n,
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¢ ±μÉμ·ÒÌ Bk Å Î¨¸²  	¥·´Ê²²¨

B2 =
1
6
; B4 = − 1

90
; B6 =

1
42

; B8 = − 1
30

, . . . (104)

7. �·¥¤¥²Ò 1,∞:

∞∫
1

dx√
x2 − 1

[
1

x2 − a2
;

1
x2 + a2

]
=

1
a

[
arcsina√

1 − a2

]
;

(105)
ln(a +

√
a2 + 1√

a2 + 1
, 0 < a < 1.

8. �·¥¤¥²Ò 0, 1:

1∫
0

dx

D(x)

[
1;

xx̄

D(x)
;

x2

D(x)

]
=

[
π

ab
;

1
2a2b2

;
π

4a3b

]
,

(106)
D(x) = a2x2 + b2x̄2, a, b > 0;

1∫
0

dx

X(x)

[
1;

x

X(x)
;

x2

X(x)

]
=

=
[

1√
R

L;−2A + B

RX(1)
+

B√
R3

L;
2C + B

RX(1)
− 2C√

R3
L

]
, (107)

X(x) = Ax2 + Bx + C, R = B2 − 4AC > 0; L = ln
(B + 2C +

√
R)2

4CX(1)
. (108)

9. �·¥¤¥²Ò −1, 1:

1∫
−1

dx√
1 − x2

1
a2 − x2

=
π

a
√

a2 − 1
, a > 1;

(109)
1∫

−1

dx√
1 − x2

1
a2 + x2

=
π

a
√

a2 + 1
, a > 0;

1∫
−1

dx√
(1 − 2ax + a2)(1 − 2bx + b2)

=
1√
ab

ln
1 +

√
ab

1 −
√

ab
, 0 < a, b < 1. (110)

10. �§¨³ÊÉ ²Ó´Ò¥ ¨´É¥£· ²Ò:

2π∫
0

dφ

1 − a cosφ
=

2π√
1 − a2

, |a| < 1;
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2π∫
0

dφ

(1 − a cosφ)2(1 − a cos(φ − φ1))
=

=
2π

(
√

1 − a2)3

1 − a2

2
(1 + a2 cos2(φ1/2))

(1 − a2 cos2(φ1/2))2
, |a| < 1;

2π∫
0

dφ
1

(1 − a cosφ)(1 − a cos(φ − φ1))(1 − a cos(φ − φ2))
=

=
π

2
√

1 − a2

1
sin(φ1/2) sin(φ2/2) sin((φ1 − φ2)/2)

=

=
[

sin φ1

1 − a2 cos2(φ1/2)
− sin φ2

1 − a2 cos2(φ2/2)
+

sin(φ2 − φ1)
1 − a2 cos2((φ2 − φ1)/2)

]
,

|a| < 1;
(111)2π∫

0

dφ
1

(a1 + b1 cosφ)(a2 + b2 cos(φ − φ1))
=

=
2π

(a1a2 − b1b2 cosφ1)2 − (a2
1 − b2

1)(a2
2 − b2

2)

[
b1√

a2
1 − b2

1

(a2b1 − a1b2 cosφ1)+

+
b2√

a2
2 − b2

2

(a1b2 − a2b1 cosφ1)

]
, |a1| > |b1|, |a2| > |b2|;

2π∫
0

dφ ln(a2 cos2 φ + b2 sin2 φ) = 4π ln
a + b

2
, a, b > 0;

2π∫
0

dφ ln2(a2 cos2 φ + b2 sin2 φ) = 2π

[
ln2

(
a2 + b2

2

)
+ (112)

2 ln
(

a2 + b2

2

)
ln

(a + b)2

2(a2 + b2)
− 2Li2

(
(a − b)2

2(a2 + b2)

)
+

+4Li2

(
(a − b)2

a2 + b2

)
− Li2

(
(a2 − b2)2

(a2 + b2)2

)]
;

2π∫
0

dφ

a + b cosφ
ln(a + b cosφ) = − 2π√

a2 − b2
ln

(
a +

√
a2 − b2

2(a2 − b2)

)
, a > b > 0,
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2π∫
0

dφ

a + b cosφ
ln2(a + b cosφ) =

2π√
a2 − b2

×

×
[
ln2

(
a +

√
a2 − b2

2(a2 − b2)

)
+ 2Li2

(
a −

√
a2 − b2

a +
√

a2 − b2

)]
. (113)

11. ‹�‡…� �� ‘‚���„�›• �‹…Š’����•

‡ ³¥Î É¥²Ó´μ¥ μÉ±·ÒÉ¨¥ ¢μ¸Ó³¨¤¥¸ÖÉÒÌ £μ¤μ¢ ¶·μÏ²μ£μ ¢¥±  Å ±μ£¥-
·¥´É´μ¥ ¨§²ÊÎ¥´¨¥ ¡Ò¸É·ÒÌ § ·Ö¦¥´´ÒÌ Î ¸É¨Í (Ô²¥±É·μ´μ¢), ¤¢¨¦ÊÐ¨Ì¸Ö ¢
μ´¤Ê²ÖÉμ·¥ Å Í¥¶μÎ±¥ ¸É·Ê±ÉÊ· ¸ ³ £´¨É´Ò³ ¶μ²¥³, ³¥´ÖÕÐ¨³ ´ ¶· ¢²¥-
´¨¥, ¶μ¶¥·¥Î´μ ¸±μ·μ¸É¨ Î ¸É¨ÍÒ, ¶μ²ÊÎ¨²μ ´ §¢ ´¨¥ ®² §¥· ´  ¸¢μ¡μ¤´ÒÌ
Ô²¥±É·μ´ Ì¯ [14, 15]. �Éμ Ê¸É·μ°¸É¢μ ¨³¥¥É ·Ö¤ ¶·¥¨³ÊÐ¥¸É¢ ¶μ ¸· ¢´¥´¨Õ
¸ μ¡ÒÎ´Ò³¨ ² §¥· ³¨. �Éμ Å ¢μ§³μ¦´μ¸ÉÓ ¶¥·¥¸É· ¨¢ ÉÓ Î ¸ÉμÉÊ, ³¥´ÖÖ
Ô´¥·£¨Õ Î ¸É¨ÍÒ; μÉ¸ÊÉ¸É¢¨¥ ¶¥·¥£·¥¢ ÕÐ¥£μ¸Ö · ¡μÎ¥£μ É¥² ; ¡μ²ÓÏ Ö ³μÐ-
´μ¸ÉÓ.

„μ¶Ê¸É¨³, ÎÉμ μ´¤Ê²ÖÉμ· ´ ¢Ö§Ò¢ ¥É Ô²¥±É·μ´Ê ±μ²¥¡ ´¨Ö ¢ ¶μ¶¥·¥Î´μ°
¶²μ¸±μ¸É¨ ¸ Î ¸ÉμÉμ° ω0. …¸²¨ Î ¸ÉμÉ  ¨§²ÊÎ ¥³μ£μ Ô²¥±É·μ´μ³ ËμÉμ´  É -
±μ¢ , ÎÉμ ¢Ò¶μ²´¥´μ ¸μμÉ´μÏ¥´¨¥

ω0 = ω
c − v

c
=

ω

2γ2
, γ =

E

mc2
, γ2 =

1

1 − v2

c2

, (114)

£¤¥ E Å Ô´¥·£¨Ö Ô²¥±É·μ´  (¢ ¸¨¸É¥³¥ ¶μ±μÖ μ´¤Ê²ÖÉμ· ), Éμ ¨§²ÊÎ¥´¨¥ Ô²¥±-
É·μ´  ¡Ê¤¥É ¨³¥ÉÓ ±μ£¥·¥´É´Ò° Ì · ±É¥·: ¨§²ÊÎ¥´¨Ö ¨§ ¤¢ÊÌ ¸μ¸¥¤´¨Ì £μ·¡μ¢
¶μ¶¥·¥Î´ÒÌ ±μ²¥¡ ´¨° ¡Ê¤ÊÉ ¸μ¢¶ ¤ ÉÓ ¶μ Ë §¥ ¨ Ê¸¨²¨¢ ÉÓ ¤·Ê£ ¤·Ê£ . „¥°-
¸É¢¨É¥²Ó´μ, ³Ò §¤¥¸Ó ÊÎ²¨ · §´μ¸ÉÓ ¸±μ·μ¸É¥° Ô²¥±É·μ´  ¨ ¨§²ÊÎ¥´´μ£μ ¨³
ËμÉμ´ .

	μ²¥¥ ÉμÎ´ÊÕ Ëμ·³Ê²Ê ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ¨¸¸²¥¤ÊÖ Ê· ¢´¥´¨¥ ¤¢¨¦¥´¨Ö
Ô²¥±É·μ´  ¢ ³ £´¨É´μ³ ¶μ²¥ [14]. �·¥´¥¡·¥£ Ö ¨§²ÊÎ¥´¨¥³ (ÔÉμ ÔËË¥±É ¢Ò¸-
Ï¥£μ ¶μ·Ö¤±  ¶μ ±μ´¸É ´É¥ Éμ´±μ° ¸É·Ê±ÉÊ·Ò: α = e2/(h̄c) = 1/137), Ê· ¢-
´¥´¨¥ ¤¢¨¦¥´¨Ö § ¶¨Ï¥³ ¢ ¢¨¤¥

γm
d�v

dt
=

e

c
[�v �B], (115)

£¤¥ m, e Å ³ ¸¸  ¨ § ·Ö¤ Ô²¥±É·μ´ ; c Å ¸±μ·μ¸ÉÓ ¸¢¥É ; �B Å ³ £´¨É´μ¥
¶μ²¥ μ´¤Ê²ÖÉμ· , ³Ò ¢Ò¡¥·¥³ ¥£μ ¢ ¢¨¤¥ �B =

√
2B⊥ey sin(k0z); ey Å μ·É ¢

´ ¶· ¢²¥´¨¨ μ¸¨ y, μ¸Ó z ¢Ò¡¥·¥³ ¢¤μ²Ó ´ ¶· ¢²¥´¨Ö ¶μ¸ÉÊ¶ É¥²Ó´μ£μ ¤¢¨¦¥-
´¨Ö Ô²¥±É·μ´ ; k0 = 2π/l0; l0 Å Ï¨·¨´  ÖÎ¥°±¨ μ´¤Ê²ÖÉμ· ; Nl0 Å ¶μ²´ Ö
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¤²¨´  μ´¤Ê²ÖÉμ· ; N Å Î¨¸²μ ÖÎ¥¥±. (‡ ³¥É¨³, ÎÉμ ÔÉμÉ ¢Ò¡μ· ´¥ ·¥ ²¨¸É¨-
Î¥´: ´ ¶·Ö¦¥´´μ¸ÉÓ ¶μ²Ö ´¥ Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ Œ ±¸¢¥²²  [∇, �B] = 0,
¢ ·¥ ²Ó´μ³ ¶μ²¥ ´ ¤μ ÊÎ¨ÉÒ¢ ÉÓ ±· ¥¢Ò¥ ÔËË¥±ÉÒ. ‚ ÔÉμ° § ¤ Î¥ μ´¨ ´¥ ¸Ê-
Ð¥¸É¢¥´´Ò.) �μ² £ Ö vx � vz ≈ c, ¨³¥¥³ z = vt = v||t. �¡μ§´ Î Ö ω0 = k0vz

¨ Ω⊥ = eB⊥/mc, § ¶¨Ï¥³ Ê· ¢´¥´¨Ö ¢ ¢¨¤¥

dvx

dt
= −

√
2
vzΩ⊥

γ
sin (k0z);

(116)dvz

dt
=

√
2
vxΩ⊥

γ
sin (k0z).

ˆÌ ·¥Ï¥´¨¥³ ¡Ê¤¥É

vx =
√

2
vzΩ⊥
ω0γ

cos (ω0t),

(117)
vz = v|| − 2

vzΩ2
⊥

4ω2
0γ

2
cos (2ω0t).

„²Ö ¸·¥¤´¥±¢ ¤· É¨Î´μ°  ³¶²¨ÉÊ¤Ò ¸±μ·μ¸É¨ ¶μ¶¥·¥Î´ÒÌ ±μ²¥¡ ´¨° ¶μ²ÊÎ¨³

v̄x

vz
=

Ω⊥
γω0

=
aw

γ
, aw =

eB⊥
mc2k0

, (118)

aw Å ´μ·³¨·μ¢ ´´Ò° ¸·¥¤´¥±¢ ¤· É¨Î´Ò° ¢¥±Éμ·´Ò° ¶μÉ¥´Í¨ ² (¤²Ö ¸¶· ¢-
±¨ mc2/e = 1700 ƒ¸ · ¸³). �μ¶¥·¥Î´Ò¥ ±μ²¥¡ ´¨Ö Ô²¥±É·μ´  ¶·¨¢μ¤ÖÉ ±
¶μÉ¥·¥ ¢ ¶μ¸ÉÊ¶ É¥²Ó´μ³ ¤¢¨¦¥´¨¨, ¶μ¸±μ²Ó±Ê ¶μ²´ Ö Ô´¥·£¨Ö ¶·¨ ¤¢¨¦¥´¨¨
¢ ³ £´¨É´μ³ ¶μ²¥ ¸μÌ· ´Ö¥É¸Ö. ’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ¨³

1
γ2

= 1 − v2
x

c2
− v2

z

c2
, γ2

|| =
1

1 − v2
z

c2

=
γ2

1 + a2
w

. (119)

‡ ³¥É¨³, ÎÉμ Î ¸É´Ò° ¢¨¤ μ´¤Ê²ÖÉμ· , ±μ£¤  aw � 1, ´ §Ò¢ ¥É¸Ö ¢¨££²¥·μ³.
� ¸¸³μÉ·¨³ ¸¨¸É¥³Ê μÉ¸Î¥É , ¢ ±μÉμ·μ° Ô²¥±É·μ´ ¶μ±μ¨É¸Ö. ‚ ÔÉμ° ¸¨-

¸É¥³¥ ¶¥·¨μ¤ (Ï¨·¨´  ÖÎ¥°±¨) Ê³¥´ÓÏ ¥É¸Ö ¢¸²¥¤¸É¢¨¥ ²μ·¥´Í¥¢  ¸μ±· Ð¥-
´¨Ö ¤²¨´Ò,   ¢μ²´μ¢μ¥ Î¨¸²μ Ê¢¥²¨Î¨¢ ¥É¸Ö: l′0 = l0/γ; k′

0 = k0γ. ‚ ÔÉμ°
¸¨¸É¥³¥ ¨³¥ÕÉ¸Ö Ô²¥±É·¨Î¥¸±μ¥ ¨ ³ £´¨É´μ¥ ¶μ²Ö: �B′ = γ �B⊥, �E′ = γ

c [�v, �B⊥].
�²¥±É·μ´ ¸μ¢¥·Ï ¥É ±μ²¥¡ ´¨Ö ¸ Î ¸ÉμÉμ° ω′

0 = γk0v||. �μ²¥ μ´¤Ê²ÖÉμ·  Å
Ô²¥±É·μ³ £´¨É´ Ö ¢μ²´  Å ¨¸¶ÒÉÒ¢ ¥É Éμ³¸μ´μ¢¸±μ¥ · ¸¸¥Ö´¨¥. � °¤¥³ Î -
¸ÉμÉÊ · ¸¸¥Ö´´μ£μ ¨§²ÊÎ¥´¨Ö (¶μ±μÖ μ´¤Ê²ÖÉμ· ) ¢ ² ¡μ· Éμ·´μ° ¸¨¸É¥³¥ ¸
¶μ³μÐÓÕ ¶·¥μ¡· §μ¢ ´¨° ‹μ·¥´Í :

ω′
0 = γ(ωs − �ks�v) = γωs(1 − β|| cos θ), (120)
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£¤¥ ks ¨ ωs Å ¢μ²´μ¢μ° ¢¥±Éμ· ¨ Î ¸ÉμÉ  · ¸¸¥Ö´´μ£μ ËμÉμ´ ; θ Å Ê£μ²
³¥¦¤Ê ´ ¶· ¢²¥´¨Ö³¨ ¤¢¨¦¥´¨Ö Ô²¥±É·μ´  ¨ ËμÉμ´ . „²Ö ³ ²ÒÌ §´ Î¥´¨°
ÔÉμ£μ Ê£²  ¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨° £ ³³ -Ë ±Éμ·  ¨³¥¥³

1 − β|| cos θ = 1 − (1 − (1 − β||))(1 − (1 − cos θ)) ≈

≈ (1 − β||) + (1 − cos θ) ≈ 1
2γ2

||
(1 + γ2

||θ
2). (121)

‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ¥³ ¡μ²¥¥ ÉμÎ´ÊÕ Ëμ·³Ê²Ê ¤²Ö ¤²¨´Ò ¢μ²´Ò ¢ ² ¡μ· Éμ·-
´μ° ¸¨¸É¥³¥:

λs =
l0

2γ2
(1 + a2

w + γ2θ2). (122)

� ¶·¨³¥·, ¤²Ö l0 = 1 ¸³ ¨ Ô´¥·£¨¨ ¶ÊÎ±  Ô²¥±É·μ´μ¢ 2 ŒÔ‚, γ = 4,
λs = 1/32 ¸³; ¤²Ö Ô´¥·£¨¨ 50 ŒÔ‚ ¤²¨´  ¢μ²´Ò Ê¦¥ ²¥¦¨É ¢ ¨´Ë· ±· ¸´μ³
¤¨ ¶ §μ´¥. �É³¥É¨³, ÎÉμ Éμ³¸μ´μ¢¸±μ¥ · ¸¸¥Ö´¨¥ ¨³¥¥É  ´¨§μÉ·μ¶´Ò° Ì · ±-
É¥· Å Ô²¥±É·μ´ ÔËË¥±É¨¢´μ · ¸¸¥¨¢ ¥É ¢ ´ ¶· ¢²¥´¨¨ ¸¢μ¥£μ ¤¢¨¦¥´¨Ö [16]:

dσeγ→eγ

dO2
=

r2
0

2
(1 + cos2 θ)

1
A2

[
1 +

(1 − A)2

(1 + cos2 θ)A2

]
,

(123)
A = 1 +

ω1

m
(1 − cos θ),

£¤¥ ω1 Å Î ¸ÉμÉ  ´ Î ²Ó´μ£μ ËμÉμ´ ; θ Å Ê£μ² ¢Ò²¥É  · ¸¸¥Ö´´μ£μ ËμÉμ´ ;
r0 = e2/mc2 = 2,810−13 ¸³ Å ±² ¸¸¨Î¥¸±¨° · ¤¨Ê¸ Ô²¥±É·μ´ ; σ Å ¸¥Î¥´¨¥
¶·μÍ¥¸¸ ; dO2 = 2πd cos θ Å Ô²¥³¥´É Ê£²μ¢μ£μ μ¡Ñ¥³  · ¸¸¥Ö´´μ£μ ËμÉμ´ .
�·¨ ³ ²ÒÌ Î ¸ÉμÉ Ì ¶μ²ÊÎ ¥³ ±² ¸¸¨Î¥¸±ÊÕ Ëμ·³Ê²Ê ’μ³¸μ´ 

dσ =
r2
0

2
(1 + cos2 θ)dO2. (124)

12. ’…�‹�‚›… ˜“Œ› ‚ �‹…Š’�ˆ—…‘Šˆ• –…�Ÿ•.
Œ…’�„ ‹��†…‚…��. ’…��…Œ� ��‰Š‚ˆ‘’�

Œ¥Éμ¤ ‹ ´¦¥¢¥´  § ±²ÕÎ ¥É¸Ö ¢ § ¶¨¸Ò¢ ´¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢-
´¥´¨Ö ¸¨¸É¥³Ò ¨ ¢¢¥¤¥´¨¨ ¢ ¶· ¢ÊÕ Î ¸ÉÓ ¸²ÊÎ °´μ° ¢μ§³ÊÐ ÕÐ¥° ËÊ´±-
Í¨¨, μ¶¨¸Ò¢ ÕÐ¥° Ë²Ê±ÉÊ Í¨¨ ¢ ¸¨¸É¥³¥. �·¨ ´¥±μÉμ·ÒÌ ¶·¥¤¶μ²μ¦¥´¨ÖÌ
μ¡ ÔÉμ° ËÊ´±Í¨¨ ³μ¦¥É ¡ÒÉÓ ¶μ²ÊÎ¥´  ¤μ¸É ÉμÎ´ Ö ¨´Ëμ·³ Í¨Ö μ ¸¨¸É¥³¥,
ÎÉμ¡Ò ¢ÒÎ¨¸²¨ÉÓ ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ Ë²Ê±ÉÊ Í¨°. �·¨¢¥¤¥³ ¢ ± Î¥¸É¢¥
¶·¨³¥·  Ö¢²¥´¨¥ É¥¶²μ¢μ£μ ÏÊ³  ¢ Ô²¥±É·¨Î¥¸±¨Ì Í¥¶ÖÌ. � ¸¸³μÉ·¨³ Í¥¶Ó ¸
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¶μ¸²¥¤μ¢ É¥²Ó´μ ¢±²ÕÎ¥´´Ò³¨ ¸μ¶·μÉ¨¢²¥´¨¥³ R, ¨´¤Ê±É¨¢´μ¸ÉÓÕ L ¨ ¨¸-
ÉμÎ´¨±μ³ É¥¶²μ¢μ£μ ÏÊ³  H(t). „¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ‹ ´¦¥¢¥´  ¢
ÔÉμ³ ¸²ÊÎ ¥ ¡Ê¤¥É

L
di

dt
+ Ri = H(t), 0 < t < T. (125)

� §² £ Ö ¢ ·Ö¤ ”Ê·Ó¥ Éμ± ¨ ¸²ÊÎ °´μ¥ ¢μ§³ÊÐ¥´¨¥:

i(t) =
∞∑
−∞

βneiωnt; H(t) =
∞∑
−∞

αneiωnt,

(126)ωn = 2π
n

T
, n = 0;±1;±2; . . . ,

¶μ²ÊÎ¨³, ¶μ¤¸É ¢²ÖÖ ωn ¢ Ê· ¢´¥´¨¥ ‹ ´¦¥¢¥´ :

βn =
αn

iωnL + R
. (127)

�¶·¥¤¥²ÖÖ ¸¶¥±É· ²Ó´Ò¥ ¶²μÉ´μ¸É¨ f = ω/(2π):

SH(f) = lim
T→∞

2Tαnα∗
n; Si(f) = lim

T→∞
2Tβnβ∗

n (128)

¨ ¶μ²Ó§ÊÖ¸Ó ¸¢μ°¸É¢μ³ ¡¥²μ£μ ÏÊ³  SH(f) = SH(0), ¶μ²ÊÎ¨³ ¤²Ö ËÊ´±Í¨μ-
´ ²Ó´μ° § ¢¨¸¨³μ¸É¨ ¸¶¥±É· ²Ó´μ° ¶²μÉ´μ¸É¨ Éμ± 

Si(f) =
SH(0)

R2 + ω2L2
. (129)

‡ ¤ Î  ¸¢¥² ¸Ó ± μ¶·¥¤¥²¥´¨Õ SH(0). „²Ö ÔÉμ£μ ´ °¤¥³ ¸·¥¤´¥¥ ±¢ ¤· É¨Î´μ¥
Éμ± 

ī2 =

∞∫
0

Si(f)df =
SH(0)
4RL

. (130)

ˆ§ É¥μ·¥³Ò μ · ¢´μ³¥·´μ³ · ¸¶·¥¤¥²¥´¨¨ Ô´¥·£¨¨ ¶μ ¸É¥¶¥´Ö³ ¸¢μ¡μ¤Ò ¨§-
¢¥¸É´μ:

1
2
Lī2 =

1
2
kT. (131)

‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³

SH(0) = 4kTR; Si(f) =
4RkT

R2 + 4L2π2f2
. (132)
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‘μμÉ´μÏ¥´¨¥ SH(0) = 4kTR ´ §Ò¢ ¥É¸Ö É¥μ·¥³μ° � °±¢¨¸É  [17].
’¥μ·¥³  � °±¢¨¸É  ³μ¦¥É ¡ÒÉÓ ¸Ëμ·³Ê²¨·μ¢ ´  ¢ · §´ÒÌ Ëμ·³ Ì. ˜Ê³

¢ ²Õ¡μ° Í¥¶¨, ¶μ¤¤¥·¦ ´´μ° ¶·¨ μ¶·¥¤¥²¥´´μ° É¥³¶¥· ÉÊ·¥ T , ³μ¦¥É ¡ÒÉÓ

μ¶¨¸ ´ ÏÊ³μ¢μ° �„‘
√

ē2, ¢±²ÕÎ¥´´μ° ¶μ¸²¥¤μ¢ É¥²Ó´μ ¸ ± ¦¤Ò³ ¸μ¶·μÉ¨-
¢²¥´¨¥³ R, É ±μ°, ÎÉμ ¨´É¥´¸¨¢´μ¸ÉÓ ē2 ¢ Î ¸ÉμÉ´μ³ ¨´É¥·¢ ²¥ df · ¢´ 

ē2 = 4kTp(f)df, (133)

´μ³¨´ ²Ó´ Ö ³μÐ´μ¸ÉÓ ÏÊ³  ¢ Î ¸ÉμÉ´μ³ ¨´É¥·¢ ²¥ Δf

PN =
1
4

ē2

R
= kTp(f)Δf, (134)

£¤¥ p(f) ¥¸ÉÓ Ë ±Éμ· �² ´± , ÊÎ¨ÉÒ¢ ÕÐ¨° ±¢ ´Éμ¢Ò¥ ¶μ¶· ¢±¨:

p(f) =
hf

kT
(ehf/(kT ) − 1)−1, (135)

£¤¥ h = 6,62·10−34 „¦·c Å ¶μ¸ÉμÖ´´ Ö �² ´± ; k = 1,38·10−23 „¦/£· ¤ Å ¶μ-
¸ÉμÖ´´ Ö 	μ²ÓÍ³ ´ . �μ¸ÉμÖ´´ Ö 	μ²ÓÍ³ ´  ¡Ò²  ¨§¢²¥Î¥´  ¸ ÉμÎ´μ¸ÉÓÕ ¤μ
¶·μÍ¥´É  ¨§ ¨§³¥·¥´¨° É¥¶²μ¢μ£μ ÏÊ³ , ÎÉμ ´ ¤μ · ¸¸³ É·¨¢ ÉÓ ± ± Ô±¸¶¥·¨-
³¥´É ²Ó´μ¥ ¶μ¤É¢¥·¦¤¥´¨¥ ¶·¨³¥´¨³μ¸É¨ § ±μ´  · ¢´μ· ¸¶·¥¤¥²¥´¨Ö Ô´¥·-
£¨¨ ± Ô²¥±É·¨Î¥¸±¨³ Í¥¶Ö³. Š¢ ´Éμ¢Ò° ÔËË¥±É ³ ². ’ ±, ¸· ¢´¥´¨¥ ´μ³¨-
´ ²Ó´μ° ³μÐ´μ¸É¨ ¸ ÊÎ¥Éμ³ ¨ ¡¥§ ÊÎ¥É  ±¢ ´Éμ¢ÒÌ ÔËË¥±Éμ¢

kT ′ =
hf

kT
(ehf/(kT ) − 1)−1 (136)

¤ ¥É ¤²Ö f = 3 · 1010/c · §´μ¸ÉÓ É¥³¶¥· ÉÊ· T − T ′ = hf/(2k) = 0,7 K,
ÎÉμ ¢ ¶·¥¤¥² Ì ÉμÎ´μ¸É¨ ¸μ¢·¥³¥´´ÒÌ μ¶ÒÉμ¢. �·μ ´ ²¨§¨·Ê¥³ ¶·¨³¥´¥´¨¥
É¥μ·¥³Ò � °±¢¨¸É  ¢ ¸²ÊÎ ¥, ±μ£¤  μÉ¤¥²Ó´Ò¥ ÊÎ ¸É±¨ Í¥¶¨ ¶μ¤¤¥·¦¨¢ ÕÉ¸Ö
¶·¨ · §´μ° É¥³¶¥· ÉÊ·¥. ‚§ ¨³μ¤¥°¸É¢¨¥ Ë²Ê±ÉÊ Í¨μ´´μ£μ Éμ±  ¸ ±μ´¤¥´¸ -
Éμ·μ³ ¨ ¨´¤Ê±É¨¢´μ¸ÉÓÕ ´¥ § ¢¨¸¨É μÉ É¥³¶¥· ÉÊ·Ò, ¶·¨ ±μÉμ·ÒÌ μ´¨ ¶μ¤-
¤¥·¦¨¢ ÕÉ¸Ö. �ÉμÉ Ë ±É ¶μ¤É¢¥·¦¤ ¥É¸Ö μ¶ÒÉμ³. �μ Ë²Ê±ÉÊ Í¨μ´´Ò° Éμ±
¶·μ¨§¢μ¤¨É É¥¶²μ¢μ° ÔËË¥±É ¢ ¸μ¶·μÉ¨¢²¥´¨¨. �μÔÉμ³Ê ³¥¦¤Ê É¥·³μ¸É Éμ³
¨ ÔÉ¨³ Éμ±μ³ ¤μ²¦´μ ¡ÒÉÓ É¥¶²μ¢μ¥ · ¢´μ¢¥¸¨¥.

„²Ö Í¥¶¨ ¨§ ¤¢ÊÌ ¶μ¸²¥¤μ¢ É¥²Ó´μ ¢±²ÕÎ¥´´ÒÌ ¸μ¶·μÉ¨¢²¥´¨° R1 ¨ R2,
´ Ìμ¤ÖÐ¨Ì¸Ö ¶·¨ É¥³¶¥· ÉÊ· Ì T1 ¨ T2, ÏÊ³μ¢ Ö �„‘ ¢ ¨´É¥·¢ ²¥ Î ¸ÉμÉ df

ē2 = 4kTN(R1 + R2)df = 4kT1R1df + 4kT2R2df, (137)

μÉ±Ê¤  ´ Ìμ¤¨³ Ô±¢¨¢ ²¥´É´ÊÕ ÏÊ³μ¢ÊÕ É¥³¶¥· ÉÊ·Ê

TN = T1
R1

R1 + R2
+ T2

R2

R1 + R2
. (138)
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�¤´μ ¨§ ¢ ¦´ÒÌ ´ ¶· ¢²¥´¨° Å ¨§³¥·¥´¨¥ ±μ¸³¨Î¥¸±μ£μ · ¤¨μÏÊ³ ,
¶·μ¨§¢μ¤¨³μ£μ  ´É¥´´ ³¨. ‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö É¢¥·¤μ Ê¸É ´μ¢²¥´μ, ÎÉμ · §-
´Ò¥ μ¡² ¸É¨ ƒ ² ±É¨±¨ ¨§²ÊÎ ÕÉ ÏÊ³ · §´μ° ¨´É¥´¸¨¢´μ¸É¨. ‚¥²¨Î¨´  ³μÐ-
´μ¸É¨ ÏÊ³  μ¶·¥¤¥²Ö¥É ´¨¦´ÕÕ £· ´¨ÍÊ ¸¨£´ ² , ³μ£ÊÐ¥£μ ¡ÒÉÓ ¶·¨´ÖÉÒ³
 ´É¥´´μ°. ’ ±, ¢ 1965 £. ¡Ò²μ μÉ±·ÒÉμ ·¥²¨±Éμ¢μ¥ ¨§²ÊÎ¥´¨¥, μÉ¢¥Î ÕÐ¥¥
É¥³¶¥· ÉÊ·¥ £ §  ËμÉμ´μ¢ μ±μ²μ 3 Š. �Éμ ¨§²ÊÎ¥´¨¥, § ¶μ²´ÖÕÐ¥¥ ¢¸¥ ¶·μ-
¸É· ´¸É¢μ, ¶·¥¤¸É ¢²Ö¥É Ëμ´ ¤²Ö · ¡μÉÒ · ¤¨μ ´É¥´´ ¢ ¤¥Í¨³¥É·μ¢μ³ ¤¨ -
¶ §μ´¥ ¤²¨´ ¢μ²´. ˆ¸¸²¥¤μ¢ ´¨¥ ÊÎ ¸É±μ¢ ¨´É¥´¸¨¢´μ£μ ¨§²ÊÎ¥´¨Ö ¶μ§¢μ²Ö¥É
μ¶·¥¤¥²¨ÉÓ ´¥μ¤´μ·μ¤´μ¸É¨ ·¥²¨±Éμ¢μ£μ ¨§²ÊÎ¥´¨Ö.

13. Š��”��Œ�›… �’����†…�ˆŸ.
„‚ˆ†…�ˆ… ‚„�‹œ ƒ���ˆ– ��‹�‘’…‰

Šμ´Ëμ·³´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ w = f(z) ¸μ¶μ¸É ¢²Ö¥É ´¥±μÉμ·μ° μ¡² -
¸É¨ G ¢ ¶²μ¸±μ¸É¨ ±μ³¶²¥±¸´μ° ¶¥·¥³¥´´μ° z = x+iy μ¶·¥¤¥²¥´´ÊÕ μ¡² ¸ÉÓ
Q ¢ ¶²μ¸±μ¸É¨ w = u(x, y) + iv(x, y). �μ ¶·¨´Í¨¶Ê ¸μμÉ¢¥É¸É¢¨Ö £· ´¨Í ± -
¦¤μ° ÉμÎ±¥ £· ´¨ÍÒ L μ¡² ¸É¨ G ¡Ê¤¥É ¸μμÉ¢¥É¸É¢μ¢ ÉÓ μ¶·¥¤¥²¥´´ Ö ÉμÎ± 
£· ´¨ÍÒ N μ¡² ¸É¨ Q. � ¢´μ³¥·´μ³Ê ¤¢¨¦¥´¨Õ ÉμÎ±¨ ¢¤μ²Ó £· ´¨ÍÒ L
μ¡² ¸É¨ G ¡Ê¤¥É μÉ¢¥Î ÉÓ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥· ¢´μ³¥·´μ¥ ¤¢¨¦¥´¨¥ ¸μμÉ-
¢¥É¸É¢ÊÕÐ¥£μ μ¡· §  ÔÉμ° ÉμÎ±¨ ¢¤μ²Ó £· ´¨ÍÒ N μ¡² ¸É¨ Q. �¶·¥¤¥²¨³
μÉ´μ¸¨É¥²Ó´ÊÕ ¸±μ·μ¸ÉÓ ¤¢¨¦¥´¨Ö μ¡· §  ÉμÎ±¨

v(x, y) =
dw

dz
, z ∈ L. (139)

�É  ¢¥²¨Î¨´  ´¥ § ¢¨¸¨É μÉ ´ ¶· ¢²¥´¨Ö ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö (ÔÉμ μ¡¥¸¶¥Î¨-
¢ ¥É¸Ö Ê¸²μ¢¨Ö³¨ ŠμÏ¨Ä�¨³ ´  ¤²Ö  ´ ²¨É¨Î¥¸±¨Ì ËÊ´±Í¨°), ¨ ¶μÔÉμ³Ê ³Ò
³μ¦¥³ ¸Î¨É ÉÓ ¸±μ·μ¸ÉÓ ´ ¶· ¢²¥´´μ° ¶μ ± ¸ É¥²Ó´μ° ± ÊÎ ¸É±Ê £· ´¨ÍÒ ¢
³μ³¥´É ¶·μÌμ¦¤¥´¨Ö ÉμÎ±¨. ‚ ¸²ÊÎ ¥ ±μ´¥Î´ÒÌ μ¡² ¸É¥° ¢·¥³¥´  ¶·μÌμ¦¤¥-
´¨Ö § ³±´ÊÉÒÌ £· ´¨Í μ¤¨´ ±μ¢Ò:∫

N

dw

v
=

∫
L

dz. (140)

�¨¦¥ ³Ò ¨²²Õ¸É·¨·Ê¥³ ÔÉμ ¸μμÉ´μÏ¥´¨¥ ´  ´¥¸±μ²Ó±¨Ì ¶·¨³¥· Ì.
1. � ¸¸³μÉ·¨³ ¶·¥μ¡· §μ¢ ´¨¥ μ±·Ê¦´μ¸É¨ |z| = 1 ¢ ¶²μ¸±μ¸É¨ z ¢ ¶·Ö-

³ÊÕ ¶·¨ ¶·¥μ¡· §μ¢ ´¨¨:

w =
z − 1
z + 1

. (141)

� · ³¥É·¨§ÊÖ ÉμÎ±Ê ´  £· ´¨Í¥ μ±·Ê¦´μ¸É¨ z = eiφ, 0 < φ < 2π, ¶μ²ÊÎ¨³

w = i tan
φ

2
. „²Ö ¸±μ·μ¸É¨ ¤¢¨¦¥´¨Ö μ¡· §  ÉμÎ±¨ (¢¤μ²Ó ³´¨³μ° μ¸¨) ¨³¥¥³
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v = i(1 + |w|2)/2. ˆ§ ¶·¨´Í¨¶  ¸μμÉ¢¥É¸É¢¨Ö £· ´¨Í ¶μ²ÊÎ¨³ ¢ ÔÉμ³ ¸²ÊÎ ¥

dφ =
2d|w|

1 + |w|2 . (142)

‚·¥³Ö ¶·μÌμ¦¤¥´¨Ö ¢¸¥° μ±·Ê¦´μ¸É¨ ¸μ¢¶ ¤ ¥É ¸μ ¢·¥³¥´¥³ ¤¢¨¦¥´¨Ö ¢¤μ²Ó
¶·Ö³μ°:

2π =

∞∫
−∞

2d|w|
1 + |w|2 . (143)

2. �·¥μ¡· §μ¢ ´¨¥ w =
z − z0

1 − zz̄0

1 − z̄0

1 − z0
, z0 = ρeiα, ρ < 1, μÉμ¡· ¦ ¥É

μ±·Ê¦´μ¸ÉÓ |z| = 1 ¢ μ±·Ê¦´μ¸ÉÓ |w| = 1.
�μ² £ Ö w = eiψ, ¶μ²ÊÎ¨³

ψ(φ) = −i

[
ln

eiφ − z0

1 − eiφz̄0
+ ln

1 − z̄0

1 − z0

]
, ψ(0) = 0, (144)

dψ

dφ
=

z

z − z0
+

z0

1 − zz̄0
, z = eiφ. (145)

� ¢¥´¸É¢μ ¢·¥³¥´ ¶·μÌμ¦¤¥´¨Ö μ±·Ê¦´μ¸É¥° μ¡¥¸¶¥Î¨¢ ¥É¸Ö ¸μμÉ´μÏ¥´¨¥³

1
2πi

2π∫
0

dφ
dψ

dφ
=

1
2πi

∫
|z|=1

dz

z − z0
= 1. (146)

3. �Éμ¡· ¦¥´¨¥ ¢¥·Ì´¥° ¶μ²Ê¶²μ¸±μ¸É¨ z, Im z > 0, ´  ¢Ò¶Ê±²Ò° ³´μ£μ-
Ê£μ²Ó´¨± ¸ Ê£² ³¨ παk ¶·¨ ¢¥·Ï¨´ Ì μ¸ÊÐ¥¸É¢²Ö¥É¸Ö ¸ ¶μ³μÐÓÕ ¨´É¥£· ² 
Š·¨¸ÉμËË¥²ÖÄ˜¢ ·Í  [18, 19]:

w(z) = c

z∫
z0

dz(z − a1)α1−1(z − a2)α2−1(z − an)αn−1 + c1, (147)

£¤¥ ¤¥°¸É¢¨É¥²Ó´Ò¥ Î¨¸²  ak, αk, k = 1, 2, . . . , n, Ê¤μ¢²¥É¢μ·ÖÕÉ ¸μμÉ´μÏ¥´¨Õ

−∞ < a1 < a2 < . . . < an < ∞, 0 < αi < 1,

n∑
k=1

αi = n − 2. (148)

„¥°¸É¢¨É¥²Ó´μ,  ·£Ê³¥´É ¶·μ¨§¢μ¤´μ° ¶μ¸ÉμÖ´¥´ ´  μÉ·¥§± Ì,   ¸ ³  ¶·μ-
¨§¢μ¤´ Ö (¸±μ·μ¸ÉÓ ¤¢¨¦¥´¨Ö μ¡· §  ´  ÔÉμ° ¸Éμ·μ´¥ ³´μ£μÊ£μ²Ó´¨± ) ´¥
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μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¢´ÊÉ·¨ É ±μ£μ μÉ·¥§±  ¤¥°¸É¢¨É¥²Ó´μ° μ¸¨. „²¨´  ÔÉμ°
¸Éμ·μ´Ò

AkAk+1 = c

ak+1∫
ak

dz(z − a1)α1−1(z − a2)α2−1...(z − an)αn−1. (149)

’ ±¨³ μ¡· §μ³, ËÊ´±Í¨Ö w(x) ¢ ¸¨²Ê ¶·¨´Í¨¶  ¸μμÉ¢¥É¸É¢¨Ö £· ´¨Í μ¸Ê-
Ð¥¸É¢²Ö¥É ¢§ ¨³´μ-μ¤´μ§´ Î´μ¥ ¸μμÉ¢¥É¸É¢¨¥ ¤¥°¸É¢¨É¥²Ó´μ° μ¸¨ ¨ ±μ´ÉÊ· 
³´μ£μÊ£μ²Ó´¨±  A1A2 . . . An,   ¸±μ·μ¸ÉÓ ¶·μÌμ¦¤¥´¨Ö ¸Éμ·μ´ ³´μ£μÊ£μ²Ó´¨± 
μ¡· §μ³ ÉμÎ±¨, · ¢´μ³¥·´μ ¤¢¨¦ÊÐ¥°¸Ö ¢¤μ²Ó ¤¥°¸É¢¨É¥²Ó´μ° μ¸¨ x, ¡Ê¤¥É

|v(x)| =
∣∣∣∣dw(x)

dx

∣∣∣∣ = c
∣∣(x − a1)α1−1(x − a2)α2−1(x − an)αn−1

∣∣ . (150)

„²Ö É·¥Ê£μ²Ó´¨±  Π ¸ ¥¤¨´¨Î´μ° ¸Éμ·μ´μ° ¨ Ê£² ³¨, ¸μ¸É ¢²¥´´Ò³¨ ¤·Ê£¨³¨
¸Éμ·μ´ ³¨ ¸ ´¥°, ¨³¥¥³ [19]

w(x) =
1

B(α1, α2)

x∫
0

dzzα1−1(1 − z)α2−1, −∞ < x < ∞, w ∈ Π. (151)

��ˆ‹�†…�ˆ…
…„ˆ�ˆ–› ˆ‡Œ…�…�ˆŸ,

ˆŒ…	™ˆ… ‘��‘’‚…��›… ��ˆŒ…��‚��ˆŸ,
ˆ ˆ• ��‡Œ…���‘’œ ‚ ‘ˆ‘’…Œ… ‘ˆ

— ¸ÉμÉ  £¥·Í ƒÍ ¸−1

‘¨²  ´ÓÕÉμ´ � ³±£ · c−2

„ ¢²¥´¨¥ ¶ ¸± ²Ó �  H · ³−2

�´¥·£¨Ö ¤¦μÊ²Ó „¦ H · ³
ŒμÐ´μ¸ÉÓ ¢ ÉÉ ‚É „¦ · ¸−1

�²¥±É·¨Î¥¸±¨° § ·Ö¤ ±Ê²μ´ Š² A · c
‘¨²  Éμ±   ³¶¥· � Š² · c−1

� ¶·Ö¦¥´¨¥ ¢μ²ÓÉ ‚ ‚É · A−1

�²¥±É·¨Î¥¸± Ö ¥³±μ¸ÉÓ Ë · ¤ ” Š² · B−1

�²¥±É·¨Î¥¸±μ¥ ¸μ¶·μÉ¨¢²¥´¨¥ μ³ �³ B · A−1

�μÉμ± ³ £´¨É´μ° ¨´¤Ê±Í¨¨ ¢¥¡¥· ‚¡ B · c
Œ £´¨É´ Ö ¨´¤Ê±Í¨Ö É¥¸²  ’² ‚¡ · ³−2

ˆ´¤Ê±É¨¢´μ¸ÉÓ £¥´·¨ ƒ´ ‚¡ · A−1

‡ ·Ö¤ Ô²¥±É·μ´  e = 4,8 · 10−10 CGSE = 1,6 · 10−19 Š², ¥£μ ³ ¸¸  me =
9,1 · 10−31 ±£, ³ ¸¸  ¶·μÉμ´  Mp = 1,67 · 10−27 ±£. �μ¸ÉμÖ´´ Ö 	μ²ÓÍ³ ´ 
k = 1,38 · 10−23 „¦/£· ¤. �·¨¢¥¤¥³ ¶μ²¥§´Ò¥ ¸μμÉ´μÏ¥´¨Ö:

” · �³ = ƒ´/�³ = ¸; ƒ´ · ” = ¸2; „¦ = Š² · ‚. (152)
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�·¨¢¥¤¥³ É ±¦¥ ¶·¨´ÖÉÒ¥ μ¡μ§´ Î¥´¨Ö ¤²Ö ³´μ¦¨É¥²¥°:

É¥·  (T) 1012 ¸ ´É¨ (¸) 10−2

£¨£  (ƒ) 109 ³¨²²¨ (³) 10−3

³¥£  (Œ) 106 ³¨±·μ (³±) 10−6

±¨²μ (±) 103 ´ ´μ (´) 10−9

£¥±Éμ (£) 102 ¶¨±μ (¶) 10−12

¤¥±  (¤ ) 10 Ë¥³Éμ (Ë) 10−15

¤¥Í¨ (¤) 10−1  ÉÉμ ( ) 10−18

„²Ö ¶·¨³¥· : 1) ¶·¨ T = 300 K ´ Ìμ¤¨³ kT/e = 0,025 ‚; 2) ¸μ¡¸É¢¥´´ Ö
Î ¸ÉμÉ  ±μ´ÉÊ· , ¸μ¸ÉμÖÐ¥£μ ¨§ ¨´¤Ê±É¨¢´μ¸É¨ L = 10−8 ƒ´ ¨ ¥³±μ¸É¨ C =
2 ¶”, ¡Ê¤¥É f = 1/(2π

√
LC) = 1200 ŒƒÍ.

�² £μ¤ ·´μ¸É¨. �¢Éμ· ¡² £μ¤ ·¨É �´¤·¥Ö �·¡Ê§μ¢ , �§ ¤  �Ì³¥¤μ¢ ,

·¨Ö 	Ò¸É·¨Í±μ£μ, ‚² ¤¨³¨·  ‚ ´ÖÏ¨´ , �²Ó£Ê ‘μ²μ¢Íμ¢Ê, ˆ´´Ê Š·¨´¨Î-
´ÊÕ ¨ ¤·. �´ É ±¦¥ ¡² £μ¤ ·¥´ ÊÎ ¸É´¨± ³ ¸¥³¨´ · , ¶·μÌμ¤¨¢Ï¥£μ 25  ¢-
£Ê¸É  2010 £. ¢ ‹’” �ˆŸˆ, §  ¢´¨³ ´¨¥ ¨ ·Ö¤ ±·¨É¨Î¥¸±¨Ì § ³¥Î ´¨°.
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