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ŠÊ¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´ Ö  ¶¶·μ±¸¨³ Í¨Ö Ï¥¸Éμ£μ ¶μ·Ö¤± 
¸  ¢Éμ³ É¨Î¥¸±¨³ μ¡´ ·Ê¦¥´¨¥³ Ê§²μ¢

ŠμÔËË¨Í¨¥´ÉÒ ³μ¤¥²¨ ²μ± ²Ó´μ£μ ¸¥£³¥´É  ¤²Ö ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´μ°
 ¶¶·μ±¸¨³ Í¨¨ Ï¥¸Éμ£μ ¶μ·Ö¤±  μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ §´ Î¥´¨Ö³ ËÊ´±Í¨¨ ¨ ¥¥ ¶¥·-
¢μ° ¶·μ¨§¢μ¤´μ° ¢ É·¥Ì Ê§² Ì ´μ¸¨É¥²Ö. ‚ · ³± Ì ´¥¤ ¢´μ ¶·¥¤²μ¦¥´´μ£μ ³¥-
Éμ¤  ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢ ¶μ²ÊÎ¥´Ò Ëμ·³Ê²Ò ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ ¢ · §²μ¦¥´¨¨
ËÊ´±Í¨¨ ¶μ ¸É¥¶¥´Ö³ (x − x0) ´  É·¥ÌÉμÎ¥Î´μ° ¸¥É±¥. � §· ¡μÉ ´  ²£μ·¨É³  ¢-
Éμ³ É¨Î¥¸±μ£μ μ¡´ ·Ê¦¥´¨Ö Ê§²μ¢. —¨¸²¥´´Ò¥ · ¸Î¥ÉÒ ´  ¤μ¸É ÉμÎ´μ É·Ê¤´ÒÌ
É¥¸É Ì ¶μ± § ²¨ ¢Ò¸μ±ÊÕ ÔËË¥±É¨¢´μ¸ÉÓ ³μ¤¥²¨ ¢ ¶² ´¥ Ê¸Éμ°Î¨¢μ¸É¨ ¢ÒÎ¨¸²¥-
´¨°, ÉμÎ´μ¸É¨ ¨ £² ¤±μ¸É¨  ¶¶·μ±¸¨³ Í¨¨.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.
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Piecewise Polynomial Approximation
of the Sixth Order with Automatic Knots Detection

Coefˇcients of a local segment model for piecewise polynomial approximation
of the sixth order are evaluated using values of the function and of its ˇrst derivative
at three knots of the support. Formulae for coefˇcients of the function expansion in
degrees of (x − x0) on a three-point grid are obtained within the framework of the
recently proposed basic element method. An algorithm for automatic knot detection
is developed. Numerical calculations applying quite complicated tests have shown
high efˇciency of the model with respect to the calculation stability, accuracy and
smoothness of approximation.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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‚‚…„…�ˆ…

�μ ¢¥¸Ó³  Î ¸Éμ ¡Ò¢ ¥É ¢ ¦´μ, ÎÉμ¡Ò ¶μ-
£·¥Ï´μ¸ÉÓ ¶·¨¢μ¤¨² ¸Ó ± ´Ê²Õ ¤²Ö ¶·¥¤¥²μ¢
¶·μ³¥¦ÊÉ± .

�.‹. —¥¡ÒÏ¥¢ [1]

‚ ³ É¥³ É¨±¥ ¨ ¶·¨±² ¤´ÒÌ ´ Ê± Ì ¸²μ¦´ÊÕ ËÊ´±Í¨μ´ ²Ó´ÊÕ § ¢¨¸¨-
³μ¸ÉÓ, § ¤ ´´ÊÕ Ëμ·³Ê²μ° ¨²¨ ¤¨¸±·¥É´Ò³ ´ ¡μ·μ³ ÉμÎ¥±, ¶·¨¡²¨¦ ÕÉ ¶μ-
²¨´μ³ ³¨ ´¥¡μ²ÓÏμ° ¸É¥¶¥´¨ Î ¸Éμ ¢ ¢¨¤¥ ²μ± ²Ó´ÒÌ ¸¥£³¥´Éμ¢. �¡ÒÎ´μ ¤²Ö
ÔÉμ£μ ¨¸¶μ²Ó§ÊÕÉ ±Ê¡¨Î¥¸±¨¥ ¸¶² °´Ò, ¨²¨ ±Ê¸μÎ´μ-±Ê¡¨Î¥¸±ÊÕ  ¶¶·μ±¸¨³ -
Í¨Õ [2Ä6]. �μ¢ÒÏ¥´¨¥ ÔËË¥±É¨¢´μ¸É¨ ³¥Éμ¤μ¢ ¨  ²£μ·¨É³μ¢  ¶¶·μ±¸¨³ Í¨¨
¸²μ¦´ÒÌ ËÊ´±Í¨° ¨ ¸£² ¦¨¢ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ  ±ÉÊ ²Ó´μ ¢ · §-
²¨Î´ÒÌ μ¡² ¸ÉÖÌ ´ ÊÎ´ÒÌ ¨¸¸²¥¤μ¢ ´¨°.

	ËË¥±É¨¢´μ¸ÉÓ ³¥Éμ¤μ¢ ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨ (Š��)
§ ¢¨¸¨É μÉ ¸É¥¶¥´¨ ³´μ£μÎ²¥´μ¢,  ¶¶·μ±¸¨³¨·ÊÕÐ¨Ì ¸¥£³¥´ÉÒ, μÉ ´¥¶·¥-
·Ò¢´μ¸É¨ ¨ ¶μ·Ö¤±  £² ¤±μ¸É¨ ¢ Ê§² Ì ¨ μ¶É¨³ ²Ó´μ£μ · §¡¨¥´¨Ö μ¡² ¸É¨
§ ¤ ´¨Ö ËÊ´±Í¨¨. ƒ² ¤±μ¸ÉÓ ¸¢Ö§ ´  ¸ ± Î¥¸É¢μ³  ¶¶·μ±¸¨³ Í¨¨ ¨ μ¡¥¸¶¥Î¨-
¢ ¥É¸Ö ¸¶² °´-³¥Éμ¤ ³¨,   ¢Ò¡μ· Î¨¸²  Ê§²μ¢ ¨ ¨Ì · ¸¶μ²μ¦¥´¨Ö Ö¢²Ö¥É¸Ö
´¥É·¨¢¨ ²Ó´μ° § ¤ Î¥°, ¢ ±μÉμ·μ° ¨Ð¥É¸Ö ±μ³¶·μ³¨¸¸ ³¥¦¤Ê ÉμÎ´μ¸ÉÓÕ
¶·¨¡²¨¦¥´¨Ö ¨ ¤²¨´μ° ¶·μ³¥¦ÊÉ±  (´μ¸¨É¥²Ö)  ¶¶·μ±¸¨³ Í¨¨. �¡Ð Ö ÔË-
Ë¥±É¨¢´μ¸ÉÓ Š�� § ¢¨¸¨É μÉ ¢Ò¡μ·  Ëμ·³Ò ¶μ²¨´μ³¨ ²Ó´μ° ³μ¤¥²¨. ‘ ÉμÎ±¨
§·¥´¨Ö ÉμÎ´μ¸É¨ ¢ÒÎ¨¸²¥´¨° ¨¸¶μ²Ó§μ¢ ´¨¥ ¢Ò¸μ±¨Ì ¸É¥¶¥´¥° ¡μ²¥¥ ¢Ò£μ¤´μ,
ÌμÉÖ ¢ÒÎ¨¸²¨É¥²Ó´ Ö ¸²μ¦´μ¸ÉÓ ¶·¨ ÔÉμ³ ¢μ§· ¸É ¥É [6].

‘ÊÐ¥¸É¢ÊÕÉ · §²¨Î´Ò¥ Ëμ·³Ò ¶·¥¤¸É ¢²¥´¨Ö ³´μ£μÎ²¥´μ¢, ±μÔËË¨Í¨-
¥´ÉÒ ±μÉμ·ÒÌ μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ-· §´μ³Ê. � ¶·¨³¥·, ¤²Ö ²μ± ²Ó´μ°  ¶¶·μ±¸¨-
³ Í¨¨ f(x) ∈ C(n) ´ ¨¡μ²¥¥ Î ¸Éμ ¨¸¶μ²Ó§ÊÕÉ ³´μ£μÎ²¥´ ’¥°²μ·  Tn(x−x0)
¸ ±μÔËË¨Í¨¥´É ³¨ f (i)(x0)/i!, i = 0, n, ±μÉμ·Ò° Ö¢²Ö¥É¸Ö ³´μ£μÎ²¥´μ³ ´ ¨-
²ÊÎÏ¥£μ ¶·¨¡²¨¦¥´¨Ö ¢ ³ ²μ° μ±·¥¸É´μ¸É¨ μ¤´μ° ÉμÎ±¨ x = x0. ‚ ¨´É¥·¶μ²Ö-
Í¨μ´´ÒÌ Ëμ·³Ê² Ì ‹ £· ´¦ , �ÓÕÉμ´ , ƒ Ê¸¸ , 	·³¨É  ¨ ¤·. ±μÔËË¨Í¨¥´ÉÒ

· ¢´Ò ¨²¨ § ¢¨¸ÖÉ μÉ f
(i)
∗ = f (i)(x∗). ‚ ¸²ÊÎ ¥ ¸·¥¤´¥±¢ ¤· É¨Î´μ°  ¶¶·μ±¸¨-

³ Í¨¨ ¤ ´´ÒÌ ¸ μÏ¨¡± ³¨ ¨¸¶μ²Ó§ÊÕÉ ³¥Éμ¤ ´ ¨³¥´ÓÏ¨Ì ±¢ ¤· Éμ¢ (Œ�Š).
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‚ ¤ ´´μ° · ¡μÉ¥ ¶·¥¤² £ ¥É¸Ö ³¥Éμ¤ Š�� Ï¥¸Éμ£μ ¶μ·Ö¤± , μ¸´μ¢ ´´Ò°
´  ³´μ£μÎ²¥´ Ì ¶ÖÉμ° ¸É¥¶¥´¨, ¶·¥¤¸É ¢²¥´´ÒÌ ¢ Ëμ·³¥ ¡ §¨¸´ÒÌ Ô²¥³¥´-
Éμ¢ (Œ�	) [7, 8]. �·¨³¥´¥´¨¥ Œ�	 ¶ÖÉμ° ¸É¥¶¥´¨ ¢ § ¤ Î Ì Š�� ¶·¨´μ¸¨É
¢Ò£μ¤Ê ± ± ¶μ ÉμÎ´μ¸É¨ μÍ¥´μ±, É ± ¨ ¶μ ¤²¨´¥ ²μ± ²Ó´ÒÌ ´μ¸¨É¥²¥°. ‚ [8]
¶μ± § ´Ò ¶·¥¨³ÊÐ¥¸É¢  ¨¸¶μ²Ó§μ¢ ´¨Ö Œ�	 ¶·¨ ·¥Ï¥´¨¨ § ¤ Î  ¶¶·μ±¸¨-
³ Í¨¨ ËÊ´±Í¨° ¨ ¸£² ¦¨¢ ´¨Ö ¤ ´´ÒÌ ¢ ¶² ´¥ ¶μ¢ÒÏ¥´¨Ö Ê¸Éμ°Î¨¢μ¸É¨
¢ÒÎ¨¸²¥´¨° ¨ ¶μ´¨¦¥´¨Ö ¢ÒÎ¨¸²¨É¥²Ó´μ° ¸²μ¦´μ¸É¨.

Œ É¥·¨ ² ¸É ÉÓ¨ ¨§² £ ¥É¸Ö ¢ Ï¥¸É¨ · §¤¥² Ì. ‚ · §¤. 1 ¶·¥¤¸É ¢²¥´ 
±μ´¸É·Ê±Í¨Ö ³´μ£μÎ²¥´μ¢ ¢ Ëμ·³¥ ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢ ¨ ¶·¨¢¥¤¥´Ò Ëμ·-
³Ê²Ò Œ�	-±μÔËË¨Í¨¥´Éμ¢ ¶ÖÉμ° ¸É¥¶¥´¨. ‚ · §¤. 2 ¢ · ³± Ì ²μ± ²Ó´μ°
Œ�	- ¶¶·μ±¸¨³ Í¨¨ ´  É·¥ÌÉμÎ¥Î´μ° ¸¥É±¥ ¶μ²ÊÎ¥´Ò Ëμ·³Ê²Ò ¤²Ö ±μÔË-
Ë¨Í¨¥´Éμ¢ ¢ · §²μ¦¥´¨¨ f(x) ¶μ ¸É¥¶¥´Ö³ (x− x0). � §¤. 3 ¶μ¸¢ÖÐ¥´ § ¤ Î¥
Œ�	-Ô±¸É· ¶μ²ÖÍ¨¨,   ¢ · §¤. 4 ¶·¨¢μ¤¨É¸Ö  ²£μ·¨É³ ¤¥É¥±Éμ·  Ê§²μ¢. Œ�	-
 ¶¶·μ±¸¨³ Í¨Ö ¨ ¸£² ¦¨¢ ´¨Ö Ï¥¸Éμ£μ ¶μ·Ö¤±  μ¡¸Ê¦¤ ÕÉ¸Ö ¢ · §¤. 5 ¨ 6
¸μμÉ¢¥É¸É¢¥´´μ.

1. Œ��

‚ · ¡μÉ¥ [8] ¤μ± § ´  É¥μ·¥³  μ ¶·¥¤¸É ¢²¥´¨¨ ³´μ£μÎ²¥´  Pn(x) =
a0 + a1x+ . . .+ anxn ¢ Ëμ·³¥ ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢ (μ¤´μ° ±Ê¡¨Î¥¸±μ° ¨ É·¥Ì
±¢ ¤· É¨Î´ÒÌ ¶ · ¡μ²), ¶μ¸É·μ¥´´ÒÌ ´  É·¥ÌÉμÎ¥Î´μ° ¸¥É±¥ xα < x0 < xβ :

f(x) ≈ Pn↓k(Q,w, r) =
k∑

i=0

QiwT ri =
k∑

i=0

bT
i ri, k = �n/3� , (1)

£¤¥ Q ¨ w = [w1, w2, w3]T Å ¡ §¨¸´Ò¥ Ô²¥³¥´ÉÒ, bi = QiwT ,   ri = [rαi,
rβi, r0i]T Å ±μÔËË¨Í¨¥´ÉÒ.

�·¨ n = 5 ³μ¤¥²Ó ²μ± ²Ó´μ£μ ¸¥£³¥´É  S(x) ≈ f(x), x ∈ [xαxβ ] ⊂ [a, b],
¶·¨´¨³ ¥É ¢¨¤

S(x) ≈ wT f + bT r = fαw1 + fβw2 + f0w3 + rαb1 + rβb2 + r0b3, (2)

£¤¥

Q = τ(τ − α)(τ − β), w1 =
−τ(τ − β)

αγ
,

w2 =
τ(τ − α)

βγ
, w3 =

(τ − α)(τ − β)
αβ

;
3∑

j=1

wj = 1,
(3)

τ = x − x0, α = xα − x0, β = xβ − x0,

γ = β − α, x, α, β ∈ R, αβγ �= 0.
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ŠμÔËË¨Í¨¥´ÉÒ f = [fα, fβ, f0]T ¨ r = [rα, rβ , r0]T  ¸¸μÍ¨¨·μ¢ ´Ò ¸ Ê§² ³¨
¸¥É±¨ xα < x0 < xβ ,   ¶ · ³¥É·Ò α ¨ β μ£· ´¨Î¥´Ò ¶μ  ¡¸μ²ÕÉ´μ° ¢¥-
²¨Î¨´¥ ¨ ËÊ´±Í¨μ´ ²Ó´μ ¸¢Ö§ ´Ò ¸ ´¥§ ¢¨¸¨³μ° ¶¥·¥³¥´´μ° x ¡ §¨¸´Ò³¨
Ô²¥³¥´É ³¨ wj ¨ Q. Š¢ ¤· É¨Î´ Ö ¸μ¸É ¢²ÖÕÐ Ö wT f ¢ (2) μ¶·¥¤¥²Ö¥É¸Ö
±μÔËË¨Í¨¥´É ³¨ fν = f(xν), ν = α, β, 0. ŠμÔËË¨Í¨¥´ÉÒ rν ¶·¨ ¸É ·Ï¨Ì
¸É¥¶¥´ÖÌ x μ¶·¥¤¥²ÖÕÉ¸Ö ¢ ¢¨¤¥ [8]

rν = cνf
′

ν + kT
ν f , ν = α, β, 0, (4)

£¤¥
kα = [(γ − α)/(α2γ2), 1/(γ2β),−1/(βα2)]T ,

kβ = [1/(αγ2),−(β + γ)/(γ2β2),−1/(β2α)]T ,
(5)

k0 = [−1/(α2γ), 1/(γβ2), (α + β)/(β2α2)]T ,

cα = −1/(αγ), cβ = 1/(γβ), c0 = 1/(βα), γ = β − α; j = 1, 2, 3.

�·¨ α = −β = h = const ÔÉ¨ Ëμ·³Ê²Ò Ê¶·μÐ ÕÉ¸Ö:

r−h =
f

′

−h

2h2
+

3f−h + fh − 4f0

4h3
,

rh =
f

′

h

2h2
− f−h + 3fh − 4f0

4h3
,

r0 =
−f

′

0

h2
− f−h − f0

2h3
.

(6)

”μ·³Ê²Ò (2)Ä(6) ¶μ§¢μ²ÖÕÉ ²¥£±μ ´ °É¨ ±μÔËË¨Í¨¥´ÉÒ ³´μ£μÎ²¥´  ¢ · §²μ-
¦¥´¨¨ f(x) ¶μ ¸É¥¶¥´Ö³ (x − x0), ±μ£¤  x ¨§³¥´Ö¥É¸Ö ¢ ¶·μ³¥¦ÊÉ±¥ [x0 +
α, x0 + β], α < β, αβ < 0.

2. Œ��-�����Š‘ˆŒ�–ˆŸ �� ’�…•’�—…—��‰ ‘…’Š…

ˆ§¢¥¸É´μ, ÎÉμ ¢ ´¥¡μ²ÓÏμ° μ±·¥¸É´μ¸É¨ ÉμÎ±¨ x0 ³´μ£μÎ²¥´ ’¥°²μ· 
¸ ±μÔËË¨Í¨¥´É ³¨ f (i)(x0)/i!, i = 0,5, ¤ ¥É ´ ¨²ÊÎÏ¥¥ ¶·¨¡²¨¦¥´¨¥ ± f(x).
‚ §´ ³¥´¨Éμ° ³μ´μ£· Ë¨¨ 1853 £. ®’¥μ·¨Ö ³¥Ì ´¨§³μ¢, ¨§¢¥¸É´ÒÌ ¶μ¤ ´ -
§¢ ´¨¥³ ¶ · ²²¥²μ£· ³³μ¢¯ [1] �. ‹. —¥¡ÒÏ¥¢ § ³¥É¨², ÎÉμ ¤ ¦¥ ¢ ³ ²μ³,
Ë¨±¸¨·μ¢ ´´μ³ ¨´É¥·¢ ²¥ [x0 − h, x0 + h] ¶μ²¨´μ³ ’¥°²μ·  ¸²¥¤Ê¥É § ³¥-
´¨ÉÓ ¤·Ê£¨³ ¶μ²¨´μ³μ³. ’ ±μ° ¶μ²¨´μ³ —¥¡ÒÏ¥¢ ´ Ï¥² ± ± ·¥Ï¥´¨¥ § ¤ Î¨
¢ ¸²¥¤ÊÕÐ¥° Ëμ·³Ê²¨·μ¢±¥: ®�¶·¥¤¥²¨ÉÓ ¨§³¥´¥´¨Ö, ±μÉμ·Ò¥ ´ ¤μ ¶·μ¨§-
¢¥¸É¨ ¢ ¶·¨¡²¨¦¥´´μ³ ¢Ò· ¦¥´¨¨ ËÊ´±Í¨¨ f(x), ¤ ´´μ³ ¥¥ · §²μ¦¥´¨¥³
¶μ ¸É¥¶¥´Ö³ (x − x0), ¥¸²¨ É·¥¡Ê¥É¸Ö ¸¤¥² ÉÓ ´ ¨³¥´ÓÏ¨³ ¶·¥¤¥² ¥£μ ¶μ-
£·¥Ï´μ¸É¥° ³¥¦¤Ê x = x0 − h ¨ x = x0 + h, £¤¥ h Å ¢¥²¨Î¨´  ´¥ μÎ¥´Ó
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§´ Î¨É¥²Ó´ Ö¯. 	É¨³ ¶μ²¨´μ³μ³ ¸É ² Ï¨·μ±μ ¨§¢¥¸É´Ò° ¶μ²¨´μ³ ´ ¨²ÊÎ-
Ï¥£μ ¶·¨¡²¨¦¥´¨Ö —¥¡ÒÏ¥¢ . ‘ ¥£μ ¶μ³μÐÓÕ ¨ ¡Ò²¨ ¶μ²ÊÎ¥´Ò ¶μ¶· ¢±¨ ±
±μÔËË¨Í¨¥´É ³ ¶μ²¨´μ³  ’¥°²μ· .

‘ £¥μ³¥É·¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ±μÔËË¨Í¨¥´ÉÒ f ¨ r ¢ (1), (2), ± ±
¨ ±μÔËË¨Í¨¥´ÉÒ ³´μ£μÎ²¥´  ’¥°²μ· , · ¸¶μ² £ ÕÉ¸Ö ´  ¢¥·É¨± ²ÖÌ x =
xν , ν = α, 0, β (·¨¸. 1,  ). �·¨ § ³¥´¥ Q ¢ Ëμ·³Ê²¥ (2) ¥£μ ¢Ò· ¦¥´¨¥³ ¢
x-±μμ·¤¨´ É Ì

S(x) ≈ wT f +

Q︷ ︸︸ ︷
(x − xα)(x − x0)(x − xβ)wT r (7)

¶· ¢ Ö Î ¸ÉÓ (7)  ´ ²μ£¨Î´  Ëμ·³¥ ³´μ£μÎ²¥´  ’¥°²μ·  ¤²Ö μ±·¥¸É´μ¸É¥°
ÉμÎ¥± xα, x0, xβ .

� ¸¸³μÉ·¨³ Ëμ·³Ê²Ê (2) ¸ ÉμÎ±¨ §·¥´¨Ö μ¶·¥¤¥²¥´¨Ö ¨§³¥´¥´¨° ¢ ±μ-
ÔËË¨Í¨¥´É Ì ³´μ£μÎ²¥´  ’¥°²μ· , ¥¸²¨ f(x)  ¶¶·μ±¸¨³¨·μ¢ ÉÓ Œ�	 ¶ÖÉμ°
¸É¥¶¥´¨ (2)Ä(5).

�·¥¤¸É ¢²Ö¥É ¨´É¥·¥¸ ¸²¥¤ÊÕÐ Ö
‡ ¤ Î . ˆ¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ò (2)Ä(5), ¤²Ö § ¤ ´´ÒÌ α, β, f = [fα, fβ, f0]T

¨ r = [rα, rβ , r0]T ´ °É¨ ±μÔËË¨Í¨¥´ÉÒ di ³´μ£μÎ²¥´  f(x) ≈
5∑

i=0

di(x − x0)i

¸ ´Ê²¥¢Ò³¨ ¶μ£·¥Ï´μ¸ÉÖ³¨ ¢ Ê§² Ì ¸¥É±¨ xα < x0 < xβ , ±μ£¤  x ¨§³¥´Ö¥É¸Ö
¢ ¶·¥¤¥² Ì μÉ x = x0 + α ¤μ x = x0 + β, α < β, αβ < 0.

�¥Ï¥´¨¥ § ¤ Î¨ ¤ ¥É
’¥μ·¥³ . ŠμÔËË¨Í¨¥´ÉÒ di ³´μ£μÎ²¥´  ¶ÖÉμ° ¸É¥¶¥´¨, ¶·¥¤¸É ¢²ÖÕ-

Ð¥£μ f(x) ¥¥ · §²μ¦¥´¨¥³ ¶μ ¸É¥¶¥´Ö³ (x− x0) ´  μÉ·¥§±¥ [x0 + α, x0 + β],
α < β, αβ < 0,

f(x) ≈
5∑

i=0

di(x − x0)i (8)

¢Ò· ¦ ÕÉ¸Ö ¸²¥¤ÊÕÐ¨³¨ Ëμ·³Ê² ³¨:

d5 = [αrβ + γr0 − βrα]/(αβγ),

d4 = [αβ(rα − rβ) − 2γ(α + β)r0 + 2(β2rα − α2rβ)]/(αβγ),

d3 = [2αβ(αrβ − βrα) + α3rβ + γ(α2 + β2)r0 − β3rα]/(αβγ) + 4r0,

d2 = [αfβ + γf0 − βfα]/(αβγ) + [β2rα − α2rβ ]/γ − 2(α + β)r0,

d1 = [β2fα − γ(α + β)f0 − α2fβ]/(αβγ) + αβr0,

d0 = f0,

(9)

£¤¥ fν = f(xν), γ = β −α, rν ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³ (4), (5), ν = α, β, 0.
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„μ± § É¥²Ó¸É¢μ. ”μ·³Ê²Ò (9) ¢ÒÉ¥± ÕÉ ¨§ · ¢¥´¸É¢  ¶· ¢ÒÌ Î ¸É¥° Ê· ¢-
´¥´¨° (7) ¨ (8). �´¨ ¶μ²ÊÎ ÕÉ¸Ö ¸ ÊÎ¥Éμ³ (3)Ä(5) ¶μ¸²¥ § ¶¨¸¨ wT f , QwT r ¢
±μμ·¤¨´ É´μ° Ëμ·³¥ ¨ £·Ê¶¶¨·μ¢±¨ ³´μ¦¨É¥²¥° ¶·¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¸É¥-
¶¥´ÖÌ (x − x0). �

‘²¥¤¸É¢¨¥ 1. �·¨ α = −h0 ¨ β = kh0, h0 > 0, k = 1, 2, . . ., ¨§ (9)
¶μ²ÊÎ¨³ d0 = f0, d1 = f

′

0, ¨ ±μÔËË¨Í¨¥´ÉÒ d2, . . . , d5 ¢ ¢¥±Éμ·´μ° Ëμ·³¥

di(k, h0; fh0 , f
′

h0
) =

1
h5

0

uT
i fh0 +

1
h4

0

vT
i f

′

h0
, i = 2, 5, k = 1, 2, . . . , (9a)

£¤¥ fh0 = [f−h0 , fkh0 , f0] ¨ f
′

h0
= [f

′

−h0
, f

′

kh0
, f

′

0],   ui ¨ vi § ¢¨¸ÖÉ μÉ k =
1, 2, . . .:

u2 =
[
k2(3k + 5)
(k + 1)3

,
5k + 3

k2(k + 1)3
,
−3k2 + 4k − 3

k2

]
,

u3 =
[
2k(k2 − k − 5)

(k + 1)3
,
2(5k2 + k − 1)

k3(k + 1)3
,
−2(k3 − 4k2 + 4k − 1)

k3

]
,

u4 =
[
−4k2 + 5k − 5

(k + 1)3
,
5k2 − 5k − 4
k3(k + 1)3

,
4k2 − 7k + 4

k3

]
,

u5 =
[
2(k + 2)
(k + 1)3

,
−2(2k + 1)
k3(k + 1)3

,
−2(k − 1)

k3

]
;

v2 =
[

k2

(k + 1)2
,

−1
k(k + 1)2

,
2(k − 1)

k

]
,

v3 =
[
k(k − 2)
(k + 1)2

,
−2k − 1

k2(k + 1)2
,
k2 − 4k + 1

k2

]
,

v4 =
[
−(2k − 1)
(k + 1)2

,
−(k − 2)

k2(k + 1)2
,
−2(k − 1)

k2

]
,

v5 =
[

1
(k + 1)2

,
1

k2(k + 1)2
,

1
k2

]
.

‘²¥¤Ê¥É ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ ¸É¥¶¥´Ó §´ ³¥´ É¥²¥° ¢ ±μμ·¤¨´ É Ì ui ¨ vi ´¥
³¥´ÓÏ¥ ¸É¥¶¥´¨ Î¨¸²¨É¥²¥°, ÎÉμ Ê± §Ò¢ ¥É ´  Ê¸Éμ°Î¨¢μ¸ÉÓ ± μÏ¨¡± ³ ¢ f ¨
f
′
¶·¨ ·μ¸É¥ k.

‡ ³¥Î ´¨¥ 1. ‚¥²¨Î¨´  h, ¨²¨ §´ Î¥´¨Ö ¶ · ³¥É·μ¢ α ¨ β, ¢ μ¡Ð¥³
¸²ÊÎ ¥ μ¶·¥¤¥²ÖÕÉ¸Ö ¶μ²μ¦¥´¨¥³ ÉμÎ±¨ x0 ´  μÉ·¥§±¥ [x0 + α, x0 + β],  
¤²¨´  ¸ ³μ£μ μÉ·¥§±  § ¢¨¸¨É μÉ ¸²μ¦´μ¸É¨ f(x) ¨ ¥¥ ¶·μ¨§¢μ¤´ÒÌ.
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‚ ¸²ÊÎ ¥ · ¢´μ³¥·´μ° ¸¥É±¨ (h0 = h, k = 1) Ëμ·³Ê²Ò d2, . . . , d5 (9a)
Ê¶·μÐ ÕÉ¸Ö:

d5 = [3(f−h − fh) + h(f
′

−h + 4f
′

0 + f
′

h)]/(4h5),

d4 = [2(−f−h + 2f0 − fh) − h(f
′

−h − f
′

h)]/(4h4),

d3 = [5(f−h − fh) + h(f
′

−h + 8f
′

0 + f
′

h)]/(4h3),

d2 = [4(f−h − 2f0 + fh) + h(f
′

−h − f
′

h)]/(4h2),

d1 = f
′

0, d0 = f0,

(10)

É. ¥. ±μÔËË¨Í¨¥´ÉÒ di, i = 0, 5, § ¢¨¸ÖÉ μÉ h ¨ §´ Î¥´¨° f , f
′

¢ É·¥Ì Ê§² Ì
x0 − h, x0, x0 + h.

‘²¥¤¸É¢¨¥ 2. ‚ ¦´μ μÉ³¥É¨ÉÓ, ÎÉμ μÏ¨¡±¨ εD(x) = |f(x)−D5(x−x0)| ¨
εT (x) = |f(x)−T5(x−x0)| ¢¥¤ÊÉ ¸¥¡Ö ¶μ-· §´μ³Ê. ‚¡²¨§¨ x0 εT (x) < εD(x),
 , ´ Î¨´ Ö ¸ h ≈ 0,7, εT (x0 + h) � εD(x0 + h), Éμ£¤  ± ± lim

x→x0+ν
εD(x) = 0,

ν = −h, 0, h, μÉ±Ê¤  ¸²¥¤Ê¥É max εD(x) < max εT (x), x ∈ [x0 − h, x0 + h].

�·¨³¥· 1. � ¸¸³μÉ·¨³ ËÊ´±Í¨Õ f(x) = exp [−5(x − 1)2], x ∈ [−2, 2].
„²Ö x0 = 1, x−h = 0,5, xh = 1,5, f = [0,2865, 0,2865, 1]T ¨ f

′
= [1,4325,

−1,4325, 0]T ´ °¤¥³ di ¶μ Ëμ·³Ê² ³ (10). ƒ· Ë¨±¨ T5(x− x0), D5(x− x0) ¨
μÏ¨¡μ± εT = |f − T5|, εD = |f − D5| ¶μ± § ´Ò ´  ·¨¸. 1, ¡. ’¥ ¦¥ £· Ë¨±¨,
´μ ¢ ²μ£ ·¨Ë³¨Î¥¸±μ³ ³ ¸ÏÉ ¡¥, ¶·¨¢¥¤¥´Ò ´  ·¨¸. 1, ¢. ‚¨¤´μ, ÎÉμ εT � εD

¤²Ö x � mh, m ≈ 0,7. ‚¡²¨§¨ ÉμÎ±¨ x0 + h = 1,5 μÏ¨¡±  εT ´  ´¥¸±μ²Ó±μ
¶μ·Ö¤±μ¢ ¡μ²ÓÏ¥ εD.

f x( )

f�
r� r0

J0

r�

f�

w1 w3 w2

1

Q

��0��

а

h

T x5( )

D x5( )

�T

�D
f x( )

1

0,5

0
1 1,5 2

x

б

h

�T �D

�0,7h x

100

10�1

10�3

10�4

10�5

10�2

1 1,5 2

в
f�

�¨¸. 1. Šμ´¸É·Ê±Í¨Ö Œ�	 ¶ÖÉμ° ¸É¥¶¥´¨ ( ). ƒ· Ë¨±¨ f(x), T5(x), D5(x) (¡) ¨
μÏ¨¡μ± εT , εD (¢)
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3. Œ��-�Š‘’����‹Ÿ–ˆŸ

Œ¥Éμ¤Ò ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨ ¢ Éμ° ¨²¨ ¨´μ° ¸É¥-
¶¥´¨ ¸¢Ö§ ´Ò ¸ § ¤ Î¥° Ô±¸É· ¶μ²ÖÍ¨¨. ‚ ¸²ÊÎ ¥ Œ�	 ¶μ § ¤ ´´Ò³ §´ Î¥´¨Ö³

f
(i)
α , f

(i)
0 , i = 0,1, ³μ¦´μ μÍ¥´¨ÉÓ fβ ¨ f

′

β
¢ ÉμÎ±¥ x = x0 + β. � ¸¸³μÉ·¨³

±μ´¸É·Ê±Í¨Õ Œ�	 (·¨¸. 1,  ).
‘ £¥μ³¥É·¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¸É¥¶¥´Ó Œ�	 μ¶·¥¤¥²Ö¥É¸Ö ¢§ ¨³´Ò³

· ¸¶μ²μ¦¥´¨¥³ ÉμÎ¥± (xν , rν), ν = α, β, 0, ´  ±μμ·¤¨´ É´μ° ¶²μ¸±μ¸É¨ [7, 8].
� ¶·¨³¥·, · ¸¶μ²μ¦¥´¨¥ rν ´  ´ ±²μ´´μ° ¶·Ö³μ° ¨²¨ ´  ±¢ ¤· É¨Î´μ° ¶ -
· ¡μ²¥ ¸μμÉ¢¥É¸É¢Ê¥É ³´μ£μÎ²¥´ ³ Î¥É¢¥·Éμ° ¨²¨ ¶ÖÉμ° ¸É¥¶¥´¨,   Ê ±Ê-
¡¨Î¥¸±μ£μ ³´μ£μÎ²¥´  rν ²¥¦ É ´  £μ·¨§μ´É ²Ó´μ° ¶·Ö³μ°. Œ�	 É·¥ÉÓ¥°
¸É¥¶¥´¨ μ¶·¥¤¥²ÖÉ¸Ö ±μÔËË¨Í¨¥´É ³¨ f ¨ θ, É. ¥. f(x) ≈ wT f + θQ. ˆ§
· ¢¥´¸É¢ rα = r0 ¨ rα = rβ ¸ ÊÎ¥Éμ³ (4) ¨ (5) ¶μ²ÊÎ¨³

f̂β = [(α + 2β)γ2f0 + (α − 2γ)β2fα + αβγ(βf
′

α + γf
′

0)]/α3,

f̂
′

β = [(2α + β)γ2f0 − (α + γ)β2fα + (β + 2γ)α2fβ]/(α2βγ) + γf
′

0/α.
(11)

�·¨ α = −h ¨ β = kh, k = 2, 3, . . ., Ëμ·³Ê²Ò (11) ¶·¨´¨³ ÕÉ ¢¨¤

f̂kh = [k(k + 1)(kf
′

−h + (k + 1)f
′

0)]h−
− (k + 1)2(2k − 1)f0 + k2(2k + 3)f−h,

f̂
′

kh = [(3k + 2)f̂kh + (k − 2)(k + 1)2f0 − k3f−h]/

(k(k + 1)h) − (k + 1)f
′

0.

(12)

„²Ö k = 1 (¸²ÊÎ ° · ¢´μ³¥·´μ° ¸¥É±¨) Ëμ·³Ê²Ò (12) Ê¶·μÐ ÕÉ¸Ö:

f̂h = 2h(f
′

−h + 2f
′

0) + 5f−h − 4f0, f̂
′

h = 5f
′

−h + 8f
′

0 + 12(f−h − f0)/h. (13)

�·¨³¥· 2. �  ·¨¸. 2,   ¶μ± § ´ £· Ë¨± ±Ê¡¨Î¥¸±μ° Ô±¸É· ¶μ²ÖÍ¨¨ ¤²Ö
ËÊ´±Í¨¨ f(x) = sin x + cos 7x ´  μÉ·¥§±¥ μÉ x = 0,85 ¤μ x = 1,05. ‡´ Î¥´¨Ö
f̂β ¨ f̂

′

β ¶μ²ÊÎ¥´Ò ¶μ (12) ¤²Ö h = 0,001 ¨ k = 1, 200. ƒ· Ë¨±¨ μÏ¨¡μ±

f x( )

f f�, 0

f�
�

0,5 1 1,5

1,5

1

0,5

0

�0,5

а

�kh

10�2

10�4

10�6

10�8

1 5 10 50 100

б

в

��kh

10�2

100

10�4

10�6

10�8

1 5 10 50 100

h

h3

h2

�¨¸. 2. ŠÊ¡¨Î¥¸± Ö Œ�	-Ô±¸É· ¶μ²ÖÍ¨Ö ( ). ƒ· Ë¨±¨ εkh(kh) (¡) ¨ ε′kh(kh) (¤²Ö
¸· ¢´¥´¨Ö ¶Ê´±É¨·μ³ ¶μ± § ´Ò £· Ë¨±¨ ¤²Ö hi, i = 1, 2, 3) (¢)
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εkh =
∣∣∣fkh − f̂kh

∣∣∣ ¨ ε
′

kh =
∣∣∣f ′

kh − f̂
′

kh

∣∣∣ ¶μ± § ´Ò ¢ ¤¢μ°´μ³ ²μ£ ·¨Ë³¨Î¥¸±μ³

³ ¸ÏÉ ¡¥ ´  ·¨¸. 2, ¡ ¨ ¢. ‚¨¤´μ, ÎÉμ εkh ≈ O(h3) ¤²Ö x ∈ [x0, x0 + 10h] ¨
εkh ≈ O(h2) ¤²Ö x ∈ [x0 + 10h, x0 + 100h] (·¨¸. 2, ¡).

4. „…’…Š’�� “‡‹�‚

‚ É¥μ·¥É¨Î¥¸±μ³ ¶² ´¥ μ¶É¨³ ²Ó´ Ö · ¸¸É ´μ¢±  Ê§²μ¢ Ö¢²Ö¥É¸Ö ¢¥¸Ó³ 
É·Ê¤´μ° § ¤ Î¥°. ‚ ¸²ÊÎ ¥ Œ�	-³μ¤¥²¨ ¨ÐÊÉ¸Ö £· ´¨ÍÒ μÉ·¥§±  [x̄0 − h,
x̄0 + h], ´  ±μÉμ·μ³ ¸¥£³¥´É S ´  ±·¨¢μ° f ¶·¨¡²¨¦ ¥É¸Ö ³´μ£μÎ²¥´μ³
D5(x− x0;d), £¤¥ d Å ±μÔËË¨Í¨¥´ÉÒ. ’μÎ´μ¸ÉÓ ¨ ¶μ·Ö¤μ± £² ¤±μ¸É¨ ¸ÊÐ¥-
¸É¢¥´´μ § ¢¨¸ÖÉ μÉ Ï £  h.

‚ ¶·μÍ¥¤Ê·¥ ¶μ¨¸±  ¶· ¢μ° £· ´¨ÍÒ x̄0 + h ¸¥£³¥´É  S(x) ≈ f(x) ¢
± Î¥¸É¢¥ ±·¨É¥·¨Ö ¨¸¶μ²Ó§Ê¥É¸Ö ¶·¥¤¥² lim

x→x0+h
εD(x) = 0, ±μÉμ·Ò° ´ ·Ö¤Ê

¸ Ëμ·³Ê² ³¨ (9 ) μ¡· §Ê¥É Ö¤·μ  ²£μ·¨É³  ¤¥É¥±Éμ·  Ê§²μ¢, ¸ÊÉÓ ±μÉμ·μ£μ
¸μ¸Éμ¨É ¢ ¸²¥¤ÊÕÐ¥³.

‚ ·¥¦¨³¥ ®¸± ´¨·μ¢ ´¨Ö¯ ±·¨¢μ° f ¸ ³¥²±¨³ Ï £μ³ h0 	 h  ²£μ·¨É³
´ Ìμ¤¨É ¶ · ³¥É·Ò x̄0 ¨ h. ‡´ Î¥´¨Ö f(x0 + kh0) ¨ f

′
(x0 + kh0) ¢ÒÎ¨-

¸²ÖÕÉ¸Ö ´  ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ¢²μ¦¥´´ÒÌ ¨´É¥·¢ ²μ¢ [x0 − h0, x0 + h0] ⊆
[x0 − h0, x0 + 2h0] ⊆ . . . ⊆ [x0 − h0, x0 + kh0] ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ x0 ¨
h0. �μ¸²¥ ÔÉμ£μ ´  ¸¥É±¥ x0 − h0 < x0 < x0 + hk ¶μ (8), (9 ) ¢ÒÎ¨¸²ÖÕÉ¸Ö
D5(hk;dk), £¤¥ hk = kh0, k = 1, 2, . . .

�·¨ k > 2 ¶μ · §´μ¸ÉÖ³ Δk−1 = D5(hk;dk)−D5(hk−1;dk−1) ¨ Δk−2 =
D5(hk;dk) − D5(hk−2;dk−2) μ¶·¥¤¥²ÖÕÉ¸Ö λk = Δk−1/Δk−2. �μ±  hk <
x0 + h, |Δk−1| ≈ |Δk−2|, μ¤´ ±μ ¶·¨ ¶¥·¥Ìμ¤¥ Î¥·¥§ ÉμÎ±Ê x0 + h, ¸ ÊÎ¥Éμ³

lim
x→x0+hk

εD(x) = 0, |Δk−2| 	 |Δk−1|, ¢ ·¥§Ê²ÓÉ É¥ Î¥£μ ¶·μ¨¸Ìμ¤¨É ¸± Îμ±

λk = λ∗ (¶¥·¥Ìμ¤ Î¥·¥§ ÉμÎ±Ê, £¤¥ εD = 0). �·¨ |λ∗| � Tλ (Tλ Å § ¤ ´´Ò°
¶μ·μ£), ´ Ìμ¤¨É¸Ö ¤²¨´  ¨´É¥·¢ ²  H = h0 + hk. �μ §´ Î¥´¨Ö³ h = H/2,
x̄0 = x0−h0 +h ¨ Ëμ·³Ê² ³ (10) ´  ¸¥É±¥ x̄0−h < x̄0 < x̄0 +h μ¶·¥¤¥²Ö¥É¸Ö
¸¥£³¥´É S(x; x̄0, h) = D5(x − x̄0;d), £¤¥ d = d(h, fh, f

′

h). ˜ £ h0 ¨ ¶μ·μ£ Tλ

Ö¢²ÖÕÉ¸Ö ¶ · ³¥É· ³¨ ´ ¸É·μ°±¨ ¤¥É¥±Éμ·  ¨ § ¢¨¸ÖÉ μÉ Ê·μ¢´Ö ¸²μ¦´μ¸É¨
 ¶¶·μ±¸¨³¨·Ê¥³μ° ±·¨¢μ°.

�·¨³¥· 3. „¥É¥±Éμ· ¸ ¶ · ³¥É· ³¨ x0 = 0,7, h0 = 0,0024, Tλ = 0,65
¨ ¸É ·Éμ¢μ° ÉμÎ±μ° x0 − h0 = 0,6976 ´  ±·¨¢μ° f(x) = exp (−35(x − 1)2)
μ¡´ ·Ê¦¨² Ê§¥² x̄0 + h = 1,0096, £¤¥ h = 0,156, x̄0 = 0,8536. ƒ· Ë¨±¨ λk ,
djk, j = 2, 5 ¨ ®¸± Îμ±¯ k∗ = 129 ¶μ± § ´Ò ´  ·¨¸. 3,  .

�  ·¨¸. 3, ¡ Å £· Ë¨±¨ f(x), D5(x−x̄0), D5(hk) ¨ μÏ¨¡μ± ¢ ¶ÖÉ¨±· É´μ³
³ ¸ÏÉ ¡¥. ŠμÔËË¨Í¨¥´ÉÒ D5(x − x̄0) ≈ f(x), x ∈ [0,825, 1,095], · ¸¸Î¨É ´-
´Ò¥ ¶μ Ëμ·³Ê² ³ (10), ¸μμÉ¢¥É¸É¢¥´´μ · ¢´Ò d0 = 0,472294, d1 = 4,840069,
d2 = 6,273996, d3 = −84,963451, d4 = −179,35155, d5 = 492,76991. Œ ±¸¨-
³ ²Ó´ Ö μÏ¨¡±  εmax = max

x∈[x̄0−h,x̄0+h]
|f(x) − D5(x − x̄0)| ¸μ¸É ¢¨²  ∼ 0,8 %.
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�¨¸. 3. �¡´ ·Ê¦¥´¨¥ ¶· ¢μ£μ Ê§²  ´  ±·¨¢μ° f(x) ¨ £· Ë¨±¨ ±μÔËË¨Í¨¥´Éμ¢ dk ( ).
ƒ· Ë¨±¨ f(x), D5(hk) ≈ f(x0+hk) (ÉμÎ±¨), [D5(x−x̄0)], 5x[fk−D5(hk)] ¨ 5x[f(x)−
D5(x − x̄0)] (¡)

‡ ³¥Î ´¨¥ 2. �·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ ¤¥É¥±Éμ·  Ê§²μ¢ Î¨¸²μ ¸¥£³¥´Éμ¢ NS § -
· ´¥¥ ´¥¨§¢¥¸É´μ. NS μ¶·¥¤¥²Ö¥É¸Ö ¶·¨ ¤μ¸É¨¦¥´¨¨ ¶· ¢μ° £· ´¨ÍÒ μ¡² ¸É¨
§ ¤ ´¨Ö f(x), ÎÉμ ¶μ§¢μ²Ö¥É  ¶¶·μ±¸¨³¨·μ¢ ÉÓ ¸²μ¦´Ò¥ ±·¨¢Ò¥ ¶μ²¨´μ³¨-
 ²Ó´Ò³¨ ¸¥£³¥´É ³¨ Ï¥¸Éμ£μ ¶μ·Ö¤±  ´  μÉ·¥§± Ì ¶·μ¨§¢μ²Ó´μ° ¤²¨´Ò.

5. Š“‘�—��-��‹ˆ��Œˆ�‹œ��Ÿ �����Š‘ˆŒ�–ˆŸ (Š��)

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ÉμÎ´μ¸ÉÓ  ¶¶·μ±¸¨³ Í¨¨ ¨ £² ¤±μ¸ÉÓ ®¸±²¥°±¨¯ ¸¥£³¥´-
Éμ¢ Sn ¨ Sn+1, n = 1, NS, ·¥£Ê²¨·ÊÕÉ¸Ö ¶ · ³¥É· ³¨ α ¨ β (¤²¨´  ´μ¸¨É¥²Ö
γ = β − α),   É ±¦¥ § ¢¨¸ÖÉ μÉ ¸²μ¦´μ¸É¨  ¶¶·μ±¸¨³¨·Ê¥³μ° ËÊ´±Í¨¨, ¢Ò-
¡μ·  Ê§²μ¢ ¨ Ï £ . ‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ Œ�	 ¶ÖÉμ° ¸É¥¶¥´¨ ¸ ÊÎ¥Éμ³ ¥£μ
±μ´¸É·Ê±Í¨¨ ¨ Ëμ·³Ê² (9) μ¡¥¸¶¥Î¨¢ ¥É ´¥¶·¥·Ò¢´μ¸ÉÓ ¨ £² ¤±μ¸ÉÓ ¤μ É·¥-
ÉÓ¥£μ ¶μ·Ö¤± , ¢ § ¢¨¸¨³μ¸É¨ μÉ h. ‚ ÔÉμ³ ¶² ´¥ ³μ¤¥²Ó (2) ¢ ± ±μ³-Éμ
¸³Ò¸²¥ ´ ¶μ³¨´ ¥É ±μ´¸É·Ê±Í¨Õ ¨´É¥·¶μ²ÖÍ¨μ´´μ£μ ¸¶² °´  ¶ÖÉμ° ¸É¥¶¥´¨
¤¥Ë¥±Éμ¢ 2 ¨ 3 ¸ ¶ · ¡μ²¨Î¥¸±μ° ¨´É¥·¶μ²ÖÍ¨¥° [2].

� ¤¥¦´μ¸ÉÓ μ¡´ ·Ê¦¥´¨Ö Ê§²μ¢ § ¢¨¸¨É μÉ ¢Ò¡μ·  h0 ¨ Tλ. —¥³ ³¥´ÓÏ¥
h0, É¥³ ¡μ²ÓÏ¥  ·¨Ë³¥É¨Î¥¸±¨Ì μ¶¥· Í¨° § É· Î¨¢ ¥É¸Ö ´  ¢ÒÎ¨¸²¥´¨¥ dk.
ˆÌ ³μ¦´μ ¸μ±· É¨ÉÓ É ¡Ê²¨·μ¢ ´¨¥³ ui(k) ¨ vi(k), i=2, 5, k=1, 2, . . . , kmax,
¢ Ëμ·³Ê² Ì (9 ), £¤¥ kmax Å ³ ±¸¨³ ²Ó´μ¥ Î¨¸²μ Ï £μ¢ h0 ´  ³ ±¸¨³ ²Ó-
´μ° ¤²¨´¥ H . �É³¥É¨³, ÎÉμ ¤¥É¥±Éμ· Ê§²μ¢ ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ É ±¦¥ ¤²Ö
 ¶¶·μ±¸¨³ Í¨¨ ¨´É¥·¶μ²ÖÍ¨μ´´Ò³¨ ¸¶² °´ ³¨.

�¥¶·¥·Ò¢´μ¸ÉÓ ¨ £² ¤±μ¸ÉÓ ¸ÉÒ±μ¢±¨ Sn ¨ Sn+1 μ¡¥¸¶¥Î¨¢ ÕÉ¸Ö Ê¸²μ-
¢¨Ö³¨ f (i)(x̄0n + hn) ≡ f (i)(x̄0(n+1) − h(n+1)), i = 0,1; n = 1, NS . ƒ² ¤±μ¸ÉÓ
¡μ²¥¥ ¢Ò¸μ±μ£μ ¶μ·Ö¤±  ¢μ ³´μ£μ³ μ¶·¥¤¥²Ö¥É¸Ö Ï £μ³ ¨ ¶μ¢¥¤¥´¨¥³ ¶·μ-
¨§¢μ¤´ÒÌ. �·¨ Ê³¥´ÓÏ¥´¨¨ Ï £  · §·Ò¢Ò S

′′

n(x) ¨ S
′′′

n (x) ¢ Ê§² Ì ¸ÉÒ±μ¢±¨
Ê³¥´ÓÏ ÕÉ¸Ö,   ¶·μ¨§¢μ¤´Ò¥ ¸¥£³¥´Éμ¢ ¶·¨¡²¨¦ ÕÉ¸Ö ± ¶·μ¨§¢μ¤´Ò³  ¶-
¶·μ±¸¨³¨·Ê¥³μ° ËÊ´±Í¨¨ ¤²Ö x ∈ [x̄0n − hn, x̄0n + hn].
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�¨¦¥ ´  ¶·¨³¥· Ì ¶μ± § ´Ò ·¥§Ê²ÓÉ ÉÒ Š�� Ï¥¸Éμ£μ ¶μ·Ö¤±  ËÊ´±Í¨°,
¨¸¶μ²Ó§Ê¥³ÒÌ ¶·¨ É¥¸É¨·μ¢ ´¨¨ ³¥Éμ¤μ¢ ¨´É¥·¶μ²ÖÍ¨μ´´ÒÌ ¨ ¸£² ¦¨¢ ÕÐ¨Ì
¸¶² °´μ¢.

�·¨³¥· 4. ‚ · ¡μÉ¥ [6] ¢ ± Î¥¸É¢¥ É¥¸É  ¤²Ö μÍ¥´±¨  ¶¶·μ±¸¨³ Í¨¨
¸²μ¦´ÒÌ ËÊ´±Í¨° ‚-¸¶² °´ ³¨ ¢Ò¸μ±¨Ì ¸É¥¶¥´¥° ¶·¥¤²μ¦¥´  ËÊ´±Í¨Ö

ϕ(x; ε) =

√
ε(2 + ε)

2π(1 + ε − cosx)
, x ∈ [−π, π], ε > 0. (14)

ˆ¸¶μ²Ó§ÊÖ ¤¥É¥±Éμ· Ê§²μ¢, ¸¤¥² ¥³ ϕ(x, ε)-¸¥£³¥´É Í¨Õ ¤²Ö ε = 0,21. ”Ê´±-
Í¨Ö (14) ¸± ´¨·μ¢ ² ¸Ó ¶·¨ h0 = 0,0041, x0 = −3,14 ¨ Tλ = 0,65. �  ·¨¸. 4
¶·¨¢¥¤¥´Ò £· Ë¨±¨ λk,n, n = 1, 7, μ¡´ ·Ê¦¥´´Ò¥ ¤¥É¥±Éμ·μ³ ( ), Sn(x) ¨
S

′

n(x) ¸ Ê§² ³¨ ¸ÉÒ±μ¢±¨ (¡) ¨ £· Ë¨±¨ S
′′

n(x) (¢), £¤¥ n Å ¨´¤¥±¸ ¸¥£³¥´É .
� ¡²Õ¤ ¥É¸Ö ´¥¶·¥·Ò¢´μ¸ÉÓ ¨ £² ¤±μ¸ÉÓ ¶¥·¢μ° ¶·μ¨§¢μ¤´μ°, ¶μÎÉ¨ £² ¤-

± Ö ¢Éμ· Ö ¶·μ¨§¢μ¤´ Ö ¸ · §·Ò¢ ³¨ ¢ Ê§² Ì (·¨¸. 5, ¢). ƒ· Ë¨±¨ μÏ¨¡μ± ε
(i)
n

¤²Ö ¸¥£³¥´Éμ¢ Sn(x), S
′

n(x) ¨ S
′′

n(x), i = 0, 1, 2, ¶μ± § ´Ò ´  ·¨¸. 5, £¤¥

ε
(i)
n = log |ϕ(i)(x; 0,21) − D

(i)
5 (x − x0n)|.

‚¸¥ · ¸Î¥ÉÒ ¢ ¶·¨¢¥¤¥´´ÒÌ ¶·¨³¥· Ì ¢¥²¨¸Ó ¸ ÉμÎ´μ¸ÉÓÕ ¤μ ¤¥¸ÖÉμ£μ
§´ ± ,   ¶·μ¨§¢μ¤´Ò¥ ´ Ìμ¤¨²¨¸Ó Î¨¸²¥´´μ ¶μ Ëμ·³Ê²¥ f̂

′

νn = [f(xνn + ρ) −
f(xνn)]/ρ, ν = −h, 0, h, £¤¥ ρ = 10−5. � ¸Î¥ÉÒ ¤ ´Ò ¢ É ¡². 1. �μ± § ´Ò
±μÔËË¨Í¨¥´ÉÒ ²¨ÏÓ ¶·¨ x3, x4 ¨ x5.

0,5

� �( ; )x

��� 0,21

�3 �2 �1 0 1 2 3
1

0

T


a
0,4

0,3

0,2

0,1

S

S�

x

�3 �2 �1 0 1 2 3

б

x

S �

0

�1

�2

�3

�3 �2 �1 0 1 2 3

в

�¨¸. 4. ‘± ´¨·μ¢ ´¨¥ ËÊ´±Í¨¨ ϕ(x, ε) ( ). “§²Ò ¨ ¸¥£³¥´ÉÒ Sn(x), S
′
n(x) (¡) ¨

S
′′
n (x) (¢)

10�4

10�6

10�8

�3 �2 �1 0 1 2 3

a
10�2

10�4

10�6

10�8

�3 �2 �1 0 1 2 3

б

10�2

10�4

10�6

10�8

�3 �2 �1 0 1 2 3

в

�¨¸. 5. ƒ· Ë¨±¨ ²μ£ ·¨Ë³μ¢ ³μ¤Ê²¥° μÏ¨¡μ± εn, ε
′
n ¨ ε

′′
n ¤²Ö ¸¥£³¥´Éμ¢ Sn, S

′
n ¨ S

′′
n
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’ ¡²¨Í  1.

k∗ h x̄0 + h d3 d4 d5

160 0,6519 Ä2,488 0,002210078852 0,001955482703 0,000408956349
308 1,2587 Ä1,229 0,02017365274 0,01263787540 0,00556063124
294 1,2013 Ä0,028 Ä0,07798676832 Ä0,4541606788 Ä0,3238439375
204 0,8323 0,8042 0,8878975418 Ä0,6337884515 Ä0,4386260570
202 0,8241 1,6283 Ä0,08426001952 0,03909126085 Ä0,0047884727
186 0,7585 2,386 Ä0,01470730410 0,008266380715 Ä0,0037648384
138 0,5617 2,948 Ä0,00341839266 0,002303214895 Ä0,0006302299
58 0,2337 3,14 Ä0,00037764951 0,001756091848 Ä0,0037882789

�·¨ Ê³¥´ÓÏ¥´¨¨ ¶ · ³¥É·  ε = 0,05 ËÊ´±Í¨Ö ϕ(x; ε) ¸É ´μ¢¨É¸Ö ¡μ-
²¥¥ É·Ê¤´μ° ¤²Ö  ¶¶·μ±¸¨³ Í¨¨. ‚ ÔÉμ³ ¸²ÊÎ ¥ ´¥μ¡Ìμ¤¨³μ Ê³¥´ÓÏ ÉÓ Ï £
²μ± ²Ó´μ° ¸¥É±¨.

�  ·¨¸. 6 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ Š�� ϕ(x; 0,05), x ∈ [−3,14, 3,14], ¤¥¸Ö-
ÉÓÕ ¸¥£³¥´É ³¨ ´  · ¢´μ³¥·´μ° ¸¥É±¥ ¸ Ï £μ³ h = 0,3. �Í¥´±  ¸·¥¤´¥±¢ -
¤· É¨Î´μ£μ μÉ±²μ´¥´¨Ö (¸. ±. μ.), ¶μ²ÊÎ¥´´ Ö ¶μ ¢Ò¡μ·±¥ ¨§ 300 ÉμÎ¥± (¶μ 30
ÉμÎ¥± ´  ± ¦¤μ³ ¸¥£³¥´É¥), ¸μ¸É ¢¨²  σ̂εD = 0,0013.

‚ ¸²¥¤ÊÕÐ¥³ ¶·¨³¥·¥ ³´μ£μÎ²¥´Ò D5(x − x0) ¨ T5(x − x0) ¨¸¶μ²Ó§μ-
¢ ´Ò ¤²Ö ¸¥£³¥´É Í¨¨ ±·¨¢μ°, ¢§ÖÉμ° ´  ¶μ¢¥·Ì´μ¸É¨ ”· ´±¥ [10], ¨¸¶μ²Ó§Ê-
¥³μ° ¤²Ö É¥¸É¨·μ¢ ´¨Ö ³¥Éμ¤μ¢ ¨  ²£μ·¨É³μ¢ ¸£² ¦¨¢ ´¨Ö · ¸¸¥Ö´´ÒÌ ¤ ´-
´ÒÌ (·¨¸. 7,  ):

F (x, y) = 0,75 exp (−[(9x − 2)2 + (9y − 2)2]/4)+

+0,75 exp [−(9x+1)2/49−(9y+1)2/10]+0,5 exp [−(9x−7)2+(9y−3)2]/4−
− 0,2 exp [−(9x − 4)2 − (9y − 7)2], x, y ∈ [−0,25, 1].

�·¨³¥· 5. �  ±·¨¢μ° f(x) = F (x, 0,2), x ∈ [−1,5, 1,5] ¢ Ê§² Ì · ¢´μ³¥·-
´μ° ¸¥É±¨ ¸ Ï £μ³ h = 0,5 § Ë¨±¸¨·Ê¥³ É·¨´ ¤Í ÉÓ ÉμÎ¥± {fm = f(xm)}13

m=1

1

0,5

0

�3 �2 �1 0 1 2 3

Sn
а

S�k

�3 �2 �1 0 1 2 3

б2

0

�2

S �k

�3 �2 �1 0 1 2 3

в

0

�10

�20

�¨¸. 6. Š�� Ï¥¸Éμ£μ ¶μ·Ö¤±  ´  ¤¥¸ÖÉ¨ μÉ·¥§± Ì ¸ · ¢´μ³¥·´Ò³ Ï £μ³ h = 0,3
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1

0,5

�0,25
0,25
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0,25
�0,25

xy

а
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Узлы
150

50

0
0,005

N 300�
�
��� 0,00435

S

�D

1

0,5

0
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x

в

2

0

�2

�1 0 1
x

S�

�¨¸. 7. ”· £³¥´É ¶μ¢¥·Ì´μ¸É¨ F (x, y) ( ); Sn = D5n ¨ εD (¡); S
′
n = D

′
5n ¨ S

′
n = [T

′
5 ]n

(ÉμÎ±¨) (¢)

(·¨¸. 7, ¡ ¢¢¥·ÌÊ, ¸²¥¢ ). ‘ ÊÎ¥Éμ³ ¸ÉÒ±μ¢μÎ´ÒÌ Ê§²μ¢ ¶μ²ÊÎ¨³ Ï¥¸ÉÓ ²μ± ²Ó-

´ÒÌ · ¢´μ³¥·´ÒÌ ¸¥Éμ± x
(n)
−h < x

(n)
0 < x

(n)
h , n = 1, 6. ‡´ Î¥´¨Ö djn(h; fn, f

′

n),

j = 0, 5 (10), μ¶·¥¤¥²Ö²¨¸Ó ¶·¨ Ê¸²μ¢¨ÖÌ [f (i)
h ]n ≡ [f (i)

−h]n+1, n = 1, 5, i = 0,1.

ŠμÔËË¨Í¨¥´ÉÒ ³μ¤¥²¨ S = T5(x − x0) · ¢´Ò f (i)(x(n)
0 )/i!, i = 0, 5.

�  £· Ë¨± Ì S
′

n = [T
′

5]n (¶μ± § ´Ò ÉμÎ± ³¨ ´  ·¨¸. 7, ¢) ´ ¡²Õ¤ ÕÉ¸Ö
· §·Ò¢Ò ¢ Ê§² Ì ¸ÉÒ±μ¢±¨. max εT � max εD, É. ¥. ¶·μ¨§¢μ¤´Ò¥ ¤μ ¶ÖÉμ£μ ¶μ-
·Ö¤±  ¢±²ÕÎ¨É¥²Ó´μ, ´¥ ±μ³¶¥´¸¨·ÊÕÉ Ê¸²μ¢¨° £² ¤±μ¸É¨ ´  ±μ´Í Ì ¸¥£³¥´-
Éμ¢ ¶·¨ h = 0,5. Œ�	-³μ¤¥²Ó μ¡¥¸¶¥Î¨¢ ¥É £² ¤±μ¸ÉÓ Sn ¨ S

′

n (·¨¸. 7, ¡ ¨ ¢),  
S

′′

n É¥·¶¨É · §·Ò¢Ò. �·¨ Ê¢¥²¨Î¥´¨¨ Î¨¸²  ¸¥£³¥´Éμ¢ ÉμÎ´μ¸ÉÓ ¨ ± Î¥¸É¢μ  ¶-

¶·μ±¸¨³ Í¨¨ Ê²ÊÎÏ ÕÉ¸Ö. ƒ¨¸Éμ£· ³³  μÏ¨¡μ± εD = |f(xk)−D5(xk−x
(n)
0 )|,

n = 1, 6, k = 1, 50 (¢¸¥£μ 300 ÉμÎ¥±), ¨ μÍ¥´±  ¸. ±. μ. σ̂ = 0,00435 (·¨¸. 7, ¡).

�Í¥´±¨ ³ ±¸¨³ ²Ó´ÒÌ μÏ¨¡μ± ε
(i)
max = max |f (i)−S

(i)
n |, i = 0, 3, £¤¥ Sn =

D5(x−x
(n)
0 ), n = 1, NS, ¤²Ö f(x) = F (x, 0,2), x ∈ [−1,5, 1,5], ´  · ¢´μ³¥·´μ°

¸¥É±¥ ¶·¨ · §²¨Î´ÒÌ h ¶·¨¢¥¤¥´Ò ¢ É ¡². 2. Œ ±¸¨³ ²Ó´Ò¥ §´ Î¥´¨Ö μÏ¨¡μ±
¶μ¶ ¤ ÕÉ ¢ ¨´É¥·¢ ², £¤¥ ¶·μ¨§¢μ¤´ Ö ËÊ´±Í¨¨ ¡Ò¸É·μ ³¥´Ö¥É¸Ö (·¨¸. 7, ¡).
�·¨ Ï £¥ h = 0,1, 0,12 ¨ 0,15 £· Ë¨±¨ ¢¸¥Ì É·¥Ì ¶·μ¨§¢μ¤´ÒÌ ¸¥£³¥´Éμ¢
¢Ò£²Ö¤ÖÉ £² ¤±¨³¨.

’ ¡²¨Í  2.

NS h εmax ε′max ε′′max ε′′′max

5 0,60 3,34 · 10−4 3,16 · 10−2 1,29 · 100 3,13 · 101

10 0,30 5,65 · 10−7 1,01 · 10−4 8,35 · 10−3 2,41 · 10−1

15 0,20 1,14 · 10−7 3,80 · 10−5 4,79 · 10−3 6,04 · 10−1

20 0,15 3,82 · 10−8 1,20 · 10−5 1,30 · 10−3 2,41 · 10−1

25 0,12 1,72 · 10−8 3,32 · 10−6 4,99 · 10−4 6,80 · 10−3

30 0,10 6,84 · 10−9 7,33 · 10−7 6,68 · 10−4 9,95 · 10−2
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6. ‘�…„�…Š‚�„��’ˆ—��Ÿ Š“‘�—��-��‹ˆ��Œˆ�‹œ��Ÿ
�����Š‘ˆŒ�–ˆŸ (‘Š��)

‚ · ¡μÉ¥ [8] ¡Ò²μ ¶μ± § ´μ, ÎÉμ ¨¸¶μ²Ó§μ¢ ´¨¥ Œ�	 ¤²Ö ¸·¥¤´¥±¢ ¤· -
É¨Î´μ°  ¶¶·μ±¸¨³ Í¨¨ (¸£² ¦¨¢ ´¨Ö) ¶μ¢ÒÏ ¥É ÔËË¥±É¨¢´μ¸ÉÓ  ²£μ·¨É³μ¢
¢ ¶² ´¥ Ê¸Éμ°Î¨¢μ¸É¨ ¨ ¶μ´¨¦¥´¨Ö ¸²μ¦´μ¸É¨ ¢ÒÎ¨¸²¥´¨°. ‚ ¸²ÊÎ ¥ ¸£² -
¦¨¢ ´¨Ö Ï¥¸Éμ£μ ¶μ·Ö¤±  ³μ¤¥²Ó ²μ± ²Ó´μ£μ ¸¥£³¥´É  ¶·¥¤¸É ¢²Ö¥É¸Ö ³´μ£μ-
Î²¥´μ³ ¢ Ëμ·³¥ ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢

S(x) ≈ wT f + QwT r = wT f + bT r, (15)

£¤¥ ¢¥±Éμ· f Ë¨±¸¨·μ¢ ´,   r Å ¸¢μ¡μ¤¥´. �·¨ ¨§¢¥¸É´μ° μÍ¥´±¥ f̂ Œ�Š-
μÍ¥´±  r̂ μ¶·¥¤¥²Ö¥É¸Ö ´  μ¸´μ¢¥ Ê¸Éμ°Î¨¢μ° ¶μ μÉ´μÏ¥´¨Õ ± ¢Ìμ¤´Ò³ μÏ¨¡-
± ³ É· ´¸Ëμ·³¨·μ¢ ´´μ° ³μ¤¥²¨ ũ = bT r̂, ¶μ²ÊÎ¥´´μ° ³μ¤¨Ë¨± Í¨¥° ¢Ìμ¤-
´ÒÌ ¤ ´´ÒÌ ũ = S̃ − wT f̂ . ‚ ·¥§Ê²ÓÉ É¥ · §³¥·´μ¸ÉÓ ´μ·³ ²Ó´μ° ³ É·¨ÍÒ
¸μ±· Ð ¥É¸Ö ´  É·¨, ÎÉμ ¶μ´¨¦ ¥É ¢ÒÎ¨¸²¨É¥²Ó´ÊÕ ¸²μ¦´μ¸ÉÓ.

�Ê¸ÉÓ ´ ³ § ¤ ´  ¢Ò¡μ·±  μ¡Ñ¥³  N{S̃i = f(xi) + ei}N
i=1, xi ∈ [a, b], £¤¥

ei ∼ N(0, σ). ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ § ¤ Î¥° ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´μ£μ ¸£² ¦¨-
¢ ´¨Ö ¶μ ¤ ´´Ò³ ¢Ò¡μ·±¨ {S̃i}N

i=1 É·¥¡Ê¥É¸Ö ´ °É¨ μÍ¥´±ÊŜ(x) ≈ f(x), x ∈

[a, b], ¢ ¢¨¤¥ ´ ¡μ·  ¨§ K 	 N ²μ± ²Ó´ÒÌ ¸¥£³¥´Éμ¢ Sk(x) =
5∑

i=0

di(αk, βk;

fk, rk)(x − x0k)i, x, x0k
∈ [xαk

, xβk
], ¶·¨ Ê¸²μ¢¨ÖÌ Ŝk−1(xβ(k−1)) ≡ Ŝk(xαk

),
k = 1, K. ‚ É¥·³¨´ Ì ³μ¤¥²¨ ¢ ¢¨¤¥ (8) ¨ (15), ¶·¨ § ¤ ´´ÒÌ x0k

, αk, βk

§ ¤ Î  ¸¢μ¤¨É¸Ö ± ¢ÒÎ¨¸²¥´¨Õ Œ�Š-μÍ¥´μ± f̂k ¨ r̂k ¨ ±μÔËË¨Í¨¥´Éμ¢

d
(k)
i (αk, βk; f̂k, r̂k) ¶μ (9).

6.1. �²£μ·¨É³ ‘Š��. �²£μ·¨É³ ‘Š�� ¸μ¸Éμ¨É ¨§ ¶ÖÉ¨ ÔÉ ¶μ¢.
I. � §¡¨¥´¨¥ μÉ·¥§±  [a, b] ´  K ¸¥£³¥´Éμ¢ [a, b] =

⋃K
k=1 [xαk

, xβk
] ¶·¨

xβ(k−1) ≡ xαk
¨ · §¤¥²¥´¨¥ {S̃i}N

i=1 ´  K ²μ± ²Ó´ÒÌ ¢Ò¡μ·μ± {S̃i}N
i=1 =⋃K

k=1 {S̃k
j }Nk

j=1, £¤¥ Nk = �N/K�.
II. ‚ÒÎ¨¸²¥´¨¥ ¸·¥¤´¨Ì f̄k = [f̄αk

, f̄βk
, f̄0k

]T ¶μ 2M + 1 ¡²¨¦ °Ï¨³

ÉμÎ± ³ ¢ μ±·¥¸É´μ¸ÉÖÌ Ê§²μ¢ xαk
< x0k

< xβk
: f̄νk

= 1
2M+1

M∑
m=−M

S̃k
m, ν =

α, β, 0, k = 1, K, 1 � M � Mmax, ¨ μ¡¥¸¶¥Î¥´¨¥ ®¸±²¥°±¨¯ ¸¥£³¥´Éμ¢ Ŝk−1

¨ Ŝk Ê¸²μ¢¨Ö³¨ f̄β(k−1) ≡ f̄αk
.

III. �·¥μ¡· §μ¢ ´¨¥ ¤ ´´ÒÌ S̃k
j

f̄k−→ ũk
j : ũk

j = S̃k
j − wT

j f̄k, j = 1, Nk.

IV. ‚ÒÎ¨¸²¥´¨¥ r̂k ¨§ Ê¸²μ¢¨Ö
Nk∑
j

[ũk
j−bT

k (τj)rk]2 → min
rk

, τj ∈ [αk, βk]:

r̂k = [BTB]−1BT ũk, £¤¥ ũk = [ũk
1 , ũ

k
2 , . . . ũ

k
Nk

]T ,   BTB Å ´μ·³ ²Ó´ Ö ³ -
É·¨Í  · §³¥·´μ¸É¨ 3 × 3.

V. ‚ÒÎ¨¸²¥´¨¥ dk
i (αk, βk; f̄k, r̂k) ¶μ Ëμ·³Ê² ³ (9)Ä(10).
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‡ ³¥É¨³, ÎÉμ ¶μ²μ¦¥´¨¥ ÉμÎ±¨ x0k
∈ [xαk

, xβk
] μ¶·¥¤¥²Ö¥É §´ Î¥´¨Ö ¶ -

· ³¥É·μ¢ αk ¨ βk.
‡ ³¥Î ´¨¥ 3. �·¥μ¡· §μ¢ ´¨¥ ¢Ìμ¤´ÒÌ ¤ ´´ÒÌ (II, III) ¶·¨ Ê¤ Î´μ³ ¢Ò-

¡μ·¥ ¶ · ³¥É·μ¢ αk ¨ βk Ê¸Éμ°Î¨¢μ ± μÏ¨¡± ³ [8],   ¨¸¶μ²Ó§μ¢ ´¨¥ ¡ §¨¸´ÒÌ
ËÊ´±Í¨° bk = b(τ ; αk, βk) (2) Ê³¥´ÓÏ ¥É ´  É·¨ · §³¥·´μ¸ÉÓ ´μ·³ ²Ó´μ°
³ É·¨ÍÒ, ÎÉμ ¤ ¥É ¢Ò¨£·ÒÏ ± ± ¶μ Ê¸Éμ°Î¨¢μ¸É¨ ¢ÒÎ¨¸²¥´¨°, É ± ¨ ¶μ Î¨¸²Ê
 ·¨Ë³¥É¨Î¥¸±¨Ì μ¶¥· Í¨° ¶μ ¸· ¢´¥´¨Õ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ³ É·¨Í · §³¥·´μ-
¸É¨ 6 × 6.

�·μ¢¥·±Ê  ²£μ·¨É³  ¸¤¥² ¥³ ´  ±·¨¢μ° ¨§ ¶·¨³¥·  5 (·¨¸. 7, ¡),  ¤¤¨É¨¢´μ
¨¸± ¦¥´´μ° ¸²ÊÎ °´Ò³¨ ´¥§ ¢¨¸¨³Ò³¨ μÏ¨¡± ³¨ ei ∼ N(0, σ) ¤²Ö σ = 0,01.

�·¨³¥· 6. � §μ¡Ó¥³ ±·¨¢ÊÕ f(x) = F (x, 0,2), x ∈ [−1,5, 1,725], ´  ¸¥³Ó
· ¢´ÒÌ ¶μ ¤²¨´¥ ¸¥£³¥´Éμ¢ ¨ § ¤ ¤¨³ M = 5. �·¨ ®μÍ¨Ë·μ¢±¥¯ ¸ h = 0,01
¶μ²ÊÎ¨³ ¸¥³Ó ²μ± ²Ó´ÒÌ ¢Ò¡μ·μ± {S̃i}350

i=1 =
⋃7

k=1 {S̃k
j }50

j=1. �¥§Ê²ÓÉ ÉÒ μ¡· -
¡μÉ±¨ ÔÉ¨Ì ¤ ´´ÒÌ ¶μ  ²£μ·¨É³Ê ‘Š�� ¶·¨¢¥¤¥´Ò ´  ·¨¸. 8,  , £¤¥ ¶μ± § ´Ò
{S̃k

i }50
i=1 (I), f̄k (Ê¸·¥¤´¥´´Ò¥ ¶μ 11 ¸μ¸¥¤´¨³ ÉμÎ± ³) (II), ²μ± ²Ó´Ò¥ ¢Ò¡μ·±¨

{ũk
j }Nk

j=1 (III) ¨ £¨¸Éμ£· ³³  ¢Ìμ¤´ÒÌ μÏ¨¡μ±. � ¸Î¥ÉÒ ¶μ IV ¨ V ¶μ± § ´Ò

´  ·¨¸. 8, ¡, £¤¥ εk = f(x) − Ŝk(x).
� §·Ò¢Ò ´  £· Ë¨±¥ Ŝ

′
(x) ¢ Ê§² Ì ¸ÉÒ±μ¢±¨ ¶μ± §Ò¢ ÕÉ, ÎÉμ ¸·¥¤´¥-

±¢ ¤· É¨Î´ Ö  ¶¶·μ±¸¨³ Í¨Ö ¶²μÌμ ¢μ¸¶·μ¨§¢μ¤¨É ¶·μ¨§¢μ¤´Ò¥. „²Ö ¢μ¸¸É -
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’ ¡²¨Í  3.

k x < xβ x0 d0 d1 d2 d3 d4 d5

1 Ä0,975 Ä1,20 0,04812 0,27617 0,31188 Ä5,63704 Ä1,62168 72,93120
2 Ä0,525 Ä0,75 0,17403 0,51210 0,60806 Ä9,78713 Ä10,1454 130,6495
3 Ä0,075 Ä0,30 0,32546 0,10081 0,40855 14,11515 6,05154 Ä138,214
4 0,375 0,15 0,97098 1,76484 Ä10,6056 Ä36,5489 59,93527 245,3499
5 0,825 0,60 0,37336 0,22123 5,53694 Ä20,0846 Ä35,6049 54,60831
6 1,275 1,05 0,11510 Ä0,94026 2,60646 Ä2,86932 Ä12,2112 78,19547
7 1,725 1,50 0,00471 0,00638 Ä0,21658 Ä1,69013 5,93237 17,62483

´μ¢²¥´¨Ö Ŝk(x) ¶μ Ëμ·³Ê² ³ (8) ¶μ²ÊÎ¥´ ³ ¸¸¨¢ ¨§ ¶·¨³¥·´μ 50 Î¨¸¥²,
ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ¡μ²¥¥ Î¥³ ¸¥³¨±· É´μ³Ê ¸¦ É¨Õ μ¡Ñ¥³  ¢Ìμ¤´ÒÌ ¤ ´-
´ÒÌ. �¡ Ê¸Éμ°Î¨¢μ¸É¨  ²£μ·¨É³  ¶μ μÉ´μÏ¥´¨Õ ± μÏ¨¡± ³ ¢Ìμ¤´ÒÌ ¤ ´´ÒÌ
(σ = 0,05, N = 2000) ³μ¦´μ ¸Ê¤¨ÉÓ ¶μ £· Ë¨± ³ ·¨¸. 9.

ŠμÔËË¨Í¨¥´É ¸¦ É¨Ö ¤ ´´ÒÌ ¢ ÔÉμ³ ¸²ÊÎ ¥ ∼ 40. —¨¸²¥´´Ò¥ §´ Î¥-
´¨Ö ±μÔËË¨Í¨¥´Éμ¢ ¨ Ê§²μ¢ ¤²Ö ¸¥£³¥´Éμ¢ Ŝk(xk), x(k−1) < xk, k = 1, 7,
¶·¨¢¥¤¥´Ò ¢ É ¡². 3.

‡�Š‹
—…�ˆ…

‚ · ³± Ì ³¥Éμ¤  ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢ ¶·¥¤²μ¦¥´  ³¥Éμ¤¨±  ¨  ²£μ·¨É³Ò
·¥Ï¥´¨Ö § ¤ Î¨ ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨ ¨ ¸£² ¦¨¢ ´¨Ö Ï¥-
¸Éμ£μ ¶μ·Ö¤± . ‚ ³μ¤¥²¨ ²μ± ²Ó´μ£μ ¸¥£³¥´É  ¨¸¶μ²Ó§ÊÕÉ¸Ö §´ Î¥´¨Ö f(x) ¨
f

′
(x) ¢ É·¥Ì Ê§² Ì, ¢±²ÕÎ Ö £· ´¨ÍÒ ¶·μ³¥¦ÊÉ±μ¢. „²Ö Œ�	 ¶ÖÉμ° ¸É¥¶¥´¨

¶μ²ÊÎ¥´Ò Ëμ·³Ê²Ò ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ di, i = 0, 5, ¢ · §²μ¦¥´¨¨ ËÊ´±Í¨¨
¶μ ¸É¥¶¥´Ö³ x − x0 ´  μÉ·¥§±¥ [x0 + α, x0 + β], α < β, αβ < 0, § ¢¨¸ÖÐ¨¥
μÉ ¶ · ³¥É·μ¢ α, β, f ¨ f

′
¢ Ê§² Ì ²μ± ²Ó´μ° ¸¥É±¨, ±μÉμ·Ò¥ μ¡¥¸¶¥Î¨¢ ÕÉ

´Ê²¥¢ÊÕ ¶μ£·¥Ï´μ¸ÉÓ ¤²Ö ËÊ´±Í¨¨ ¨ ¶¥·¢μ° ¶·μ¨§¢μ¤´μ° ´  £· ´¨Í Ì ¨´-
É¥·¢ ² . �μ²ÊÎ¥´´Ò¥ Ëμ·³Ê²Ò ¶·¥¤¸É ¢²ÖÕÉ ¸ ³μ¸ÉμÖÉ¥²Ó´Ò° ¨´É¥·¥¸. ˆÌ
³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ·¥Ï¥´¨Ö Ï¨·μ±μ£μ ±·Ê£  ¶· ±É¨Î¥¸±¨Ì § ¤ Î ¨ ¢
É¥μ·¥É¨Î¥¸±¨Ì ¨¸¸²¥¤μ¢ ´¨ÖÌ.

� §· ¡μÉ ´  ²£μ·¨É³  ¢Éμ³ É¨Î¥¸±μ£μ μ¡´ ·Ê¦¥´¨Ö Ê§²μ¢, ¶μ§¢μ²ÖÕÐ¨°
μ¶·¥¤¥²ÖÉÓ £· ´¨ÍÒ ¶ · ³¥É·μ¢ ¸¥É±¨, ´  ±μÉμ·μ° μ¶·¥¤¥²Ö¥É¸Ö ²μ± ²Ó´Ò°
¸¥£³¥´É. Šμ´¸É·Ê±Í¨Ö ¨ ¸¢μ°¸É¢  Œ�	 ¢ § ¢¨¸¨³μ¸É¨ μÉ Ï £  ¸¥É±¨ μ¡¥¸¶¥-
Î¨¢ ÕÉ ´¥¶·¥·Ò¢´μ¸ÉÓ ¸ÉÒ±μ¢±¨ ¸¥£³¥´Éμ¢ ¨ £² ¤±μ¸ÉÓ ¶·μ¨§¢μ¤´ÒÌ ¢¶²μÉÓ
¤μ É·¥ÉÓ¥£μ ¶μ·Ö¤± . —¨¸²¥´´Ò¥ · ¸Î¥ÉÒ ´  ¤μ¸É ÉμÎ´μ É·Ê¤´ÒÌ É¥¸É Ì ¶μ-
± § ²¨ ¢Ò¸μ±ÊÕ ÔËË¥±É¨¢´μ¸ÉÓ ³μ¤¥²¨ ¢ ¶² ´¥ Ê¸Éμ°Î¨¢μ¸É¨ ¢ÒÎ¨¸²¥´¨°,
ÉμÎ´μ¸É¨ ¨ £² ¤±μ¸É¨  ¶¶·μ±¸¨³ Í¨¨.

‚¸¥ Ëμ·³Ê²Ò ¤²Ö · ¸Î¥Éμ¢ ¶·μ¸ÉÒ. —¨¸²μ  ·¨Ë³¥É¨Î¥¸±¨Ì μ¶¥· Í¨° ¢
´¨Ì ³μ¦´μ ¸μ±· É¨ÉÓ É ¡Ê²¨·μ¢ ´¨¥³ �	 ¨ ³´μ¦¨É¥²¥° ui ¨ vi ¶·¨ ¢ÒÎ¨-
¸²¥´¨¨ di, i = 0, 5.
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“¸Éμ°Î¨¢μ¸ÉÓ ± μÏ¨¡± ³ ¶·¥μ¡· §μ¢ ´¨Ö ¢Ìμ¤´ÒÌ ¤ ´´ÒÌ ¢  ²£μ·¨É³¥
‘Š�� Ê³¥´ÓÏ ¥É · §³¥·´μ¸ÉÓ ´μ·³ ²Ó´μ° ³ É·¨ÍÒ ´  É·¨, ÎÉμ ¶μ§¢μ²Ö¥É ¢
´¥¸±μ²Ó±μ · § ¸μ±· É¨ÉÓ ¢ÒÎ¨¸²¨É¥²Ó´ÊÕ ¸²μ¦´μ¸ÉÓ Éμ²Ó±μ ´  μ¶¥· Í¨ÖÌ ¸
´μ·³ ²Ó´μ° ³ É·¨Í¥°. �μ²ÓÏμ¥ Î¨¸²μ  ·¨Ë³¥É¨Î¥¸±¨Ì μ¶¥· Í¨° Ô±μ´μ³¨É¸Ö
§  ¸Î¥É ¶μ´¨¦¥´¨Ö ³ ±¸¨³ ²Ó´μ£μ ¶μ·Ö¤±  ¶·μ¨§¢μ¤´ÒÌ, ¨¸¶μ²Ó§Ê¥³ÒÌ ¶·¨
¢ÒÎ¨¸²¥´¨¨ ±μÔËË¨Í¨¥´Éμ¢.

�·¥¤²μ¦¥´´Ò¥  ²£μ·¨É³Ò Ö¢²ÖÕÉ¸Ö ÔËË¥±É¨¢´Ò³ ³ É¥³ É¨Î¥¸±¨³ ¨´-
¸É·Ê³¥´Éμ³ ¤²Ö ·¥Ï¥´¨Ö § ¤ Î  ¶¶·μ±¸¨³ Í¨¨ ¸²μ¦´ÒÌ ËÊ´±Í¨μ´ ²Ó´ÒÌ
§ ¢¨¸¨³μ¸É¥° ¨ ËÊ´±Í¨°, § ¤ ´´ÒÌ ³ ¸¸¨¢ ³¨ ¤¨¸±·¥É´ÒÌ ÉμÎ¥±, ¤²Ö μ¡-
· ¡μÉ±¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ, ¢ § ¤ Î Ì Ë¨²ÓÉ· Í¨¨, ¶·μ³ÒÏ²¥´´μ³
¤¨§ °´¥, ¢  ²£μ·¨É³ Ì μ¶É¨³¨§ Í¨¨, ¶·¨ ·¥Ï¥´¨¨ § ¤ Î ³¥Éμ¤ ³¨ £· ´¨Î´ÒÌ
Ô²¥³¥´Éμ¢ ¨ É. ¶.
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