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General Trend and Local Variations of Neutron Resonance
Cascade Gamma-Decay Radiative Strength Functions

A new hypothesis on dependence of the form of the radiative strength functions
of electric and magnetic dipole gamma transitions in heated nucleus on the excited
level density was suggested and tested experimentally. For this purpose, the region of
possible values of random values of the level density and radiative strength functions
which precisely reproduced experimental intensity of two-step cascades for 41 nuclei
from 40K to 200Hg was determined. It was obtained that the suggested hypothesis
can provide the maximal increase of radiative strength functions values by order
of magnitude in comparison with existing notations as a result of collective effects
enhancement. This result points to the necessity to take into account this possibility
in existing and future models of radiative strength functions.

The investigation has been performed at the Frank Laboratory of Neutron Physics,
JINR.
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1. INTRODUCTION

The method for obtaining information about nuclear structure parameters by
measurement of two-step gamma cascade intensity following thermal neutron
captures was developed at FLNP JINR, Dubna [1, 2]. Experimental spectra in
this method were used for estimation values of the nucleus excited level density,
partial radiative width of the cascade gamma decay and the radiative strength
function of gamma transition. The basic idea of the Dubna method comes from
dependence of two-step gamma cascade intensity on partial radiative width Γ and
density ρ of excited levels:

Iγγ(E1) =
∑

λ,f

∑

i

Γλi

Γλ

Γif

Γi
=

∑

λ,f

Γλi

〈Γλi 〉 mλi

nλi

Γif

〈Γif 〉 mif
, (1)

where Γλi and Γif are partial radiative widths correspond to primary and sec-
ondary transition; nλi = ρλΔEi is a number of excited intermediate levels in a
certain interval of excitation energy ΔEi; 〈Γλi〉 and 〈Γif 〉 are average values on
corresponding intervals of nucleus excitation energy widths; mλi and mif are the
numbers of levels in the same intervals.

The main advantage of the Dubna method is the possibility to obtain directly
information about cascade gamma-decay parameters as well as expected their
dependences from nuclear structure without using any assumptions. So, the mea-
surement of two-step gamma cascade intensities is effective tools for checking
theoretical prediction. In the other existing methods for determination of ρ the
model calculated parameter Γ usually input not controlled, permanent and me-
thodically not removable error in the obtained level density data. As a result [3],
by using the Dubna method maximal systematic error of estimation of data on
the excited levels density and the partial radiative widths of gamma transitions Γ
(in nuclei with arbitrary spacing Dλ between neutron resonances) is 5Ä10 times
less than in other existing approaches [4Ä8].

The absence of noticeable cascades between the levels with spins |Jλ −
Jf | � 3 provides possibility of simultaneous determination of level density and
mean values of partial widths Γ sums of E1- and M1-transitions (for unambigu-
ously ˇxed spin window of levels) from detected Iγγ . The speciˇc of the Dubna
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method is that the parameters ρ and Γ are determined as the mean values for in-
ˇnite number of random functions (concentrated in ˇnite region of possible level
densities and strength function values) which precisely reproduce experimental
values of two-step cascade intensity. As a result, Dubna's values of ρ and Γ were
obtained with uncertainty which contained usual experimental error of determi-
nation of Iγγ as well as not removable, in principle, methodical uncertainty of
these parameters.

In this analysis, information about the validity of new hypothesis that predicts
functional dependence of radiative strength functions of electric and magnetic
dipole gamma transitions in heated nucleus on the excited levels density was
tested. For this purpose, ability for receiving data about this dependence from
obtained early Iγγ experimental values was analyzed and it is shown that the
most reliable results can be obtained only by measuring of the two-step gamma
cascade intensity. Method for practical estimation of nuclear structure in�uences
on cascade gamma-decay parameters from measurement of Iγγ are presented
in this work. Based on it, there is a possibility to obtain phenomenological
description on dependence of radiative strength functions and the excited levels
density on real structure of nucleus.

2. STATUS OF MODERN EXPERIMENT FOR DETERMINATION
OF RADIATIVE STRENGTH FUNCTIONS AND THE LEVEL DENSITY

The value of resolution parameter FWHM of modern spectrometers used for
charged particles and gamma-quanta detection is many times larger than the mean
spacing Di between excited levels in main part of excited levels energy region in
arbitrary nucleus. Therefore, the level density and penetrability T = 2πΓ/Dλ of
nucleus surface for reaction products can be found only by ˇtting the measured
spectra (cross sections) to their model set value. That is a major problem for
accurate and reliable determination of those parameters values.

Values of parameters ρ and Γ can be obtained by measurement of the reac-
tion products spectra by single detector (one-step reaction), or by coincidences
between two (or more) detectors (two-step reaction). There are several important
differences between these two techniques. In case of nuclear reaction products
registration without using of coincidence regime (the so-called one-step reaction),
the values of the measured cross sections and spectra intensity I1 are determined
by the product of the level density and penetrability coefˇcients (the partial ra-
diative widths) of nucleus surface for evaporation nucleons or gamma quanta:

I1 ∝ ρ Γ/
∑

(ρ Γ). (2)

As a consequence, the detected spectra of nuclear reaction products in one-
step regime depend only on shape of energy dependence of the level density
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and penetrability coefˇcients, but do not depend on their absolute values. It
means that the total probability of emission of given product per one decay of a
nucleus is equal to unity. Therefore, the precision of cross-section reproduction is
determined only by the product of these variables but not by absolute values [7]
of ρ and Γ.

Using of regime coincidences (for example, two-step reaction (nth, 2γ)) with
ˇxation of ˇnal nucleus level, the intensity of the registered cascades is qualita-
tively determined by the product I1 I2 of the primary I1 and the secondary I2

transition intensities, wherein coefˇcient I2 is determined by

I2 ∝ Γ/
∑

(ρ Γ). (3)

In this case detected cascade intensity depends on both, shapes of Γ and ρ
parameters energy dependence (the value I1) and absolute value of the level
density (the value I2). This is true only if gamma cascades of limited number of
ˇnal nucleus levels are registered. Dependence of I2 on ρ is nonlinear, ambiguous
and relatively weak. Nevertheless, just this connection (3) provides the maximal
reliability (at the present time) of ρ and Γ determination, but with their nonzero
asymptotical uncertainty.

Deviation of any parameter from the desired value in case of one-step re-
action is effectively compensated by deviation of the other one, practically for
inˇnite region of their possible values. In case of two-step gamma cascades such
a compensation is really possible only for relatively small deviations of both
level density and partial widths from experimental magnitudes. This conclusion
is completely conserved by using in approximation process the absolute values of
the low-lying level density, neutron resonances space and experimental penetra-
bility T or radiative strength function. The value of the last parameter is usually
known only for a few levels of reaction nucleus-product. This means that the
obtained region of the ρ and Γ values reproduced experimental data with the same
precision in the case of two-step reaction, is always many times less than in the
possible ones in one-step reaction.

Therefore, for determination of the level density from nucleon evaporation
spectra [4, 5, 7], it is absolutely necessary to set the values of nucleus surface
penetrability T (practically calculated up to now on the basis of primitive op-
tical model of nucleus). Accordingly, the authors of [6] used primitive models
of the level density for determination of radiative strength functions of dipole
transitions k from the total gamma spectra. Approach of authors [8], using the
same experimental data, requires a very small total experimental uncertainty in
®the ˇrst generation spectra¯ for all intermediate i levels of nucleus. These un-
certainty [9] must have values less (or much less) than ∼ 1% for every points of
every such gamma spectra measured by NaI(Tl) detectors. Besides, in analysis of
the data of one-step reactions, the hypothesis of independence of both, ρ and Γ,
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on structure of wave function of nucleus excited levels [4, 10, 11] must be used.
At present, this hypothesis contradicts the main notions of quasi-particleÄphonon
model (QPMN) of nucleus [12] and the experimental results of two-step reac-
tion (nth, 2γ) investigation [1, 2]. For example, reanalysis [13] of the data of
reaction 59Co (p, 2γ) 60Ni [14] allowed one, in particular, to reveal very signif-
icant increase in mean intensity of the primary E1-transition from p-resonances
to two-phonon level of 2.5 MeV (qualitatively corresponding to predictions of
QPMN and completely contradicting to the AxelÄBrink hypothesis [10, 11]). And
exactly determined rather signiˇcant increase of cascade population of levels in
region around 0.5Bn for ∼ 20 nuclei in mass region from 40 to 200 [2] can be
explained at present time only by increase of strength functions values of any
cascade gamma transitions to intermediate levels of, probably, vibration-type ex-
citation in energy region of the second (and, possibly, following) nucleons Cooper
pairs breakup threshold.

The fact about the effect of nuclear structure on ρ and Γ cannot be obtained
from analysis of spectra of the one-step reactions because of unknown systematic
errors of parameters Γ (or T ) calculated with the used model. For any two-step
reaction another situation is characteristic. As in the case of one-step reaction, the
system of equations (1) connecting intensity of two-step cascades with parame-
ters ρ and Γ is undoubtedly degenerated. Therefore, unambiguous determination
of ρ and Γ from measured spectra Iγγ is impossible. However, the form (1) of
functional relation of parameters with the measured spectra strongly limits the
region of their possible values. That is why N values of experimental cascade
intensities always can be converted in ∼ 2N values of ρ and Γ, which satisfy
the conditions:

ρ1 � ρ � ρ2, Γ1 � Γ � Γ2. (4)

The boundary values of ρ and Γ cannot be simply determined and they correspond
to some distribution with the width which depends on χ2. By this, all the ρ and Γ
values belonging to intervals (4) provide reproduction of the experimental intensi-
ties with practically the same precision (χ2 � 1) and relatively small differences
between minimal and maximal values of parameters. It allows one to reveal main
peculiarities of change in the level density and radiative widths Γ for any values of
excitation energy. This means, there are impossibility (even in principle) to obtain
the unique values of decay parameters ρ and Γ of highly-excited nucleus level with
negligibly acceptable uncertainty. However, the problem reduced to determination
of size of limited region of inˇnite number of their possible values. It is evident
that the experimental errors of cascade intensities transform to additional �uctua-
tions of random functions ρ and Γ and increasing differences ρ2−ρ1 and Γ2−Γ1.

Discovery [2] of radiative strength functions dependence on structure of the
levels excited by gamma transition allowed one to the ˇrst approach and only
partially (but experimentally) to take into account this dependence. This was done
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by inclusion of experimental values of cascade population P = i1i2/iγγ of some
tens of intermediate levels below excitation energy ∼ 0.5Bn in approximation
process. Insufˇciency of experimental data on absolute intensities of primary
i1 and secondary i2 gamma transitions of cascades with high enough excitation
energy of decaying level i did not allow one to apply this method for a half
of nuclei in which intensity iγγ of resolved two-step cascades following thermal
neutron capture was determined. There are mainly oddÄodd compound nuclei and
isotopes with small thermal neutron capture cross sections.

Up to now, the presence of regions of strong in�uence of nucleus structure
on reaction product emission probability was experimentally conˇrmed in [2].
Respectively, there was necessity to develop the method for study the in�uence
of this effect on gamma-decay parameters.

3. POSSIBILITIES OF DEVELOPMENT OF THE EFFECTIVE METHOD
FOR DETERMINATION OF ρ AND Γ FROM Iγγ

The main defect of the existing methods for determination of ρ and Γ is
absolute lack of model ideas on form of functional relation of these parameters
with each other and with real structure of nucleus. Perspective models of ρ and
Γ, as it follows from the Dubna data on these parameters [15Ä17], must take
into account both, coexistence of levels of phonon and quasi-particle types and
inevitable difference between radiative strength functions of gamma transitions
between them (as coefˇcients T of nucleons or light nucleus evaporation emis-
sion). Modern models of a nucleus (like QPMN or IBMF) to more or less extent
take this difference into account (but, unfortunately, in form which is unˇt for
practical analysis of the experimental data). Therefore, it is necessary to develop
phenomenological models for description of experimental set values of nuclear
structure parameters. At present, this can be partially performed for radiative
strength functions of cascade gamma transitions.

The level density determined from reaction (nth, 2γ) is described most pre-
cisely by the Strutinsky model [18]. This means, as a superposition of density of
n-quasi-particle excitations (which number n increases with increase of excitation
energy number of broken Cooper pairs) and variable coefˇcient of their enhance-
ment owing to nucleus excitations of collective type. The use of this model [19]
for description of evaporation nucleons spectra in reaction 181Ta(p, n)181W [20]
showed that the excellent reproduction of the Obninsk experimental data can be
achieved at accounting of local signiˇcant increase of parameter T for excitation
energy which does not practically depend on beam protons energy. And this en-
hancement of neutron emission probability in the experiment under consideration
completely corresponds to rather narrow region of excitation energy of nucleus
with minimal level density ρ. Practically, as a minimum, the lowest ρ value
is observed in region of break threshold of the second nucleons Cooper pair in
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evenÄeven compound nucleus (or threshold of appearance of four- and ˇve-quasi-
particle excitations in oddÄodd and evenÄodd compound nuclei). The effect must
appear itself in any nuclei and any nuclear reactions, only if level density in them
corresponds to predictions of the Strutinsky model with correlation function of
nucleon pair approximately equal to nucleon pairing energy.

Moreover, the observed shape of energy dependence of evaporation nucleon
spectrum as in 181W and, for example, in 60Ni can be reproduced by obtained
from (n, 2γ) reaction ρcas = ψ(Eex) and Γcas = φ(E1) functions, which satisfy
functional dependence:

Tom ρev = Tcas ρcas or Γom/Dev = Γcas/Dcas (5)

for the model calculated penetrability Tom and level density ρev, obtained from
spectrum of evaporation nucleons for chosen by the authors of corresponding
experiment optical potential. Usually the ρev was close to level density of Fermi-
gas model ρfg [21].

Corresponding hypothesis of the modiˇed usual strength function Kmodif

of dipole transitions in case of gamma-quantum emission is determined from
equation (5) by the relation

Kmodif = kstandard · Dfg

Di
=

Γλi

E3
γA2/3Dλ

· Dfg

Di
(6)

instead of standard presentation

kstandard = Γλi/(E3
γA2/3Dλ). (7)

Thus, the modiˇed radiative function (6) is used for redetermination of existed
strength function k(E1) and k(M1) of dipole gamma transitions. Expression (6)
includes dependence of K of density of initial as well as ˇnal nuclear level on
gamma transition energy.

Equation (6) can be rewritten in the form:

Kmodif = kstandard
ρexp

ρfg
. (8)

Function ρfg in this presentation corresponds to level density of Fermi-gas model
with parameters from [21] in case of absence of collective type excitations;
function ρexp is its ˇtted value. At their equality to ρfg expression (6) has a
standard form.

In our analysis we chose Fermi-gas model with the ®back-shift¯ for calcu-
lating of level density ρfg. The approximated values of the level density ρexp in
this variant of analysis must not exceed the model values and coincide with them
under condition that the model notions on Γ coincide with experimental data, at
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Compound nucleus mass A, maximal energy Ef of measured cascade ˇnal levels and
their sum intensities Iγγ (percent per decay)

A Ef , MeV Iγγ A Ef , MeV Iγγ

40K 1.64 67(23) 60Co 1.005 71(3)
71Ge 0.000 32(2) 74Ge 2.165 36(2)
80Br 0.288 23(7) 114Cd 0.558 26(1)
118Sn 1.230 31(1) 124Te 0.603 20(2)
125Te 0.671 31(1) 128I 0.434 33(2)
137Ba 0.279 59(4) 138Ba 1.436 26(5)
139Ba 1.082 81(6) 140La 0.322 48(2)
150Sm 0.773 12(1) 156Gd 0.288 23(5)
158Gd 0.261 19(2) 160Tb 0.279 23(3)
163Dy 0.250 22(1) 164Dy 0.242 29(1)
165Dy 0.184 53(1) 166Ho 0.522 31(1)
168Er 0.995 27(4) 170Tm 0.648 23(2)
174Yb 0.253 22(1) 176Lu 0.595 44(1)
177Lu 0.637 16(1) 181Hf 0.332 52(4)
182Ta 0.360 19(1) 183W 0.209 28(1)
184W 0.364 35(1) 185W 1.068 62(1)
187W 0.303 34(1) 188Os 0.633 59(3)
190Os 0.756 49(3) 191Os 0.815 76(2)
192Ir 0.415 27(6) 193Os 0.889 80(1)
196Pt 0.688 37(5) 198Au 0.495 42(1)
200Hg 0.368 59(2)

least, in corresponding interval of excitation energy. Practical approximation of
the intensity distributions obtained in Dubna was performed in the framework of
this condition. The values of two-step cascades ˇnal levels maximal energy and
their total intensity are given in the Table. Their experimental dependence on
cascade primary transition energy is presented in the works published earlier.

4. SOME PECULIARITIES OF PRACTICAL APPROXIMATION
OF TWO-STEP CASCADES INTENSITY FOR SUGGESTING MODEL

As in the previous variants of determination of the level density and the ra-
diative strength functions from two-step reaction [1, 2], the unbiased estimation of
region of possible values of these parameters can be obtained only by using com-
pletely random determination process of possible functions ρexp = ψ(Eex) and
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kexp = φ(E1) in all energy intervals of excitation and gamma-quanta emission.
Parameters of Gauss functions [1] in this case are chosen to ˇnd a compromise
between necessity of detailed reproduction of energy parameters and acceptable
time for realization of calculation of each variant. The width of random solution
regions ρ2−ρ1 and Γ2 − Γ1 in given variant of analysis considerably increases
as compared with the data obtained earlier [1, 2], because expression (5) corre-
sponds to inˇnite number of possible functions ρexp and Γexp. Besides, here
also increase a number of iterations which are necessary for achievement of
value χ2 � 1. Usual required number of interaction is several thousands to
several tens of thousands [1, 2]. So, here the largest permissible value of para-
meter χ2 is unambiguous, when it is possible to interrupt iteration determination
process of ρexp = ψ(Eex) and kexp = φ(E1). The found functions must pro-
vide reproduction of the experimental intensity in limits of its total experimental
error, ˇrst of all, in region of small energies of the cascade primary transitions
(E1 ≈ 0.5−2 MeV). The examples of the obtained results for nuclei of differ-
ent type are given in Fig. 1. The obtained level density and radiative strength
functions are presented in Figs. 2Ä8.

The results presented here have considerable difference relative to the data
of [1, 2]. Condition (5) increases very strongly the values ρ2−ρ1 and Γ2−Γ1

in case of using practically unrealistic initial values of these parameters. It re-
sulted to increasing the minimum χ2 values for each of the 42 studying nuclei.
Therefore, in performed analyses, only model radiative widths [10, 11] and level
density [18, 21] were used as the set of initial values of ρ and Γ. In this case,
discrepancy between the input data and the mean values of set of the obtained
random functions ρ = Ψ(Eex) and k = φ(E1) is quite large. From this follows
that the models mentioned above cannot give a satisfactory description of the
modern experiment results.

Value of the correlation coefˇcient between the searching level density of
positive and negative parities varied from 10 to 90% for different variants of
ˇtting process.

The unsolved problem is the question on position of points of minimal density
(break threshold Un of the next Cooper pair of nucleons) for levels with parity
π+ and π−. These levels can be excited by primary transitions of unambiguously
ˇxed multipolarity as well as by cascades of two and more transitions. This
means that multipolarities of primary and any next gamma transitions ending at
given nucleus level can be different.

Dipole E1 or M1 gamma transitions between states of vibration type, ac-
cording to selection rule, are possible only by condition that the structure of wave
functions of levels with different parity contains phonons of suitable multipolar-
ity. Taking into account the different energy of quadrupole and octupole phonons
(which excited by the E1 or M1 transitions), in region around Un, suggests the
existence of possibility for local �uctuations of the level density for different
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Fig. 1. The examples of experimental distributions of cascade intensities approximation by
random functions ρ = ψ(Eex) and k = φ(E1). Upper row: histogram Å experimental
data, ˇlled circles Å typical approximation, triangles Å initial spectra for models [21, 22]
and k(M1) = const. The second and third rows Å sum of strength functions E1 and
M1 transitions (dotted curves Å random functions; dark and dashed lines correspond
to (6) and (7); lines Å model data from [10, 11, 22]). Bottom row Å the most probable
density of intermediate levels of two-step cascades (dotted curves Å random functions,
dark points Å their mean value, solid line Å data from [22]). The very strong change of
Iγγ in the function of nucleus mass is in�uenced by the structure of levels connected to
cascade gamma transitions

parities excited by these transitions, correspondingly. In practice, it is impossible
to reproduce this very complicated picture of gamma-decay process because of
lack of necessary experimental data. Therefore, the condition (5) was used for
transitions of any type ending at levels near Un.
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The examples of the obtained sets of functions ρ and K , providing typical
quality of approximation of the experimental intensity are given in Fig. 1. The
scatter of random values ρexp and Kexp is large and brings to obvious shift of level
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Fig. 3. The same as in Fig. 2, for 139Ba, 140La, 150Sm, 156,158Gd, 160Tb, 163,164Dy,
166Ho, 168Er, 170Tm and 174Yb

density in direction of maximal values at determination of their mean values as
the average values of functions ρexp = ψ(Eex) and kexp = φ(E1). Therefore, in
given variant of analysis, logarithms of the level density (practically Å entropy
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of nucleus) and strength functions were averaged. It is seen from Fig. 1 that
the number of deviations from mean value is approximately equal at such an
averaging. Besides, the difference between values of ρexp and Kexp obtained
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Fig. 5. Dark points Å mean value of sum of radiative strength functions according to (6).
Dashed lines Å the same for determination (7) for 40K, 60Co, 71,74Ge, 80Br, 114Cd, 118Sn,
124,125Te, 128I and 137,138Ba. Thin solid lines Å model values according to [10, 11] in
sum with k(M1) = const

by such a variant of their determination with the one variant is minimal as well.
Moreover, in region of neutron binding energy, for some nuclei above model value
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ρfg is the very strong exceeding of ρexp disappeared or considerably decreased as
compared with the data from [1, 2].

The appearance of disagreement between ρexp and ρfg below and near Bn

for the same nucleus can be related also with difference in the process of energy
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Fig. 7. The same as in Fig. 5, for 177Lu, 181Hf, 182Ta, 183,184,185,187W, 188,190,191,193Os
and 192Ir

exchange between quasi-particles and phonons in different isotopes of the same
element, or with close appearance probabilities in different variants of calculation
of very strong step-like structures. In such an assumption Å at different excitation
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Fig. 8. The same as in Figs. 2 and 5, for 196Pt and 198Au

energies of a nucleus, or with omission of large amount of very small neutron
resonances and corresponding potential ambiguity of estimation of spacing [23]
of omitted resonances and so on.

5. CONCLUSION

1. The use of hypothesis (5) does not remove step-like structure in level
density below neutron binding energy. In other words, there is a fact of obvious
presence of sharp change in structure of nuclei levels of different type, which
at present can be interpreted as break of the Cooper pair of nucleons in heated
nucleus.

2. Radiative strength functions of gamma transitions between excited levels
of heated nucleus also conˇrm very strong in�uence of nucleus structure on their
partial widths.

3. Intensity of two-step cascades followed thermal neutron capture can be pre-
cisely reproduced under condition that the radiative strength functions of cascade
transitions are considerably increased because of presence of gamma transitions
between levels with large vibration components of wave functions. Respectively,
such a possibility must be taken into account at both, planning of new experiments
and creation of new phenomenological models of radiative strength functions and
penetrability coefˇcients for gamma-quanta or evaporation nucleons and light
nuclei.
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The remaining unsolved problems require complex study of parameters of de-
excitation process in two-step reactions with registration of evaporated nucleon at
the ˇrst step, as well as in the experiments with registration of cascades with three
and more gamma transitions. There are no technical obstacles for this [20, 24].
The expected maximally reliable data on the level density of nuclei in the range of
excitation energy up to the neutron binding energy, is that they can give complete
enough and reliable picture of dynamics of nucleus transition from super�uid to
usual state.
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