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‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ²¨´¥°´ Ö ¢¥·¸¨Ö ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨° ¢ É¥μ·¨¨
¶μÉ¥´Í¨ ²Ó´μ£μ · ¸¸¥Ö´¨Ö ¤μ¶μ²´Ö¥É¸Ö ´μ¢Ò³  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ³¥Éμ¤μ³. 	ÉμÉ
³¥Éμ¤ ¶·¥¤´ §´ Î¥´ ¤²Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ£μ  ´ ²¨§  ¨ ¶μ¸É·μ¥´¨Ö Ö¢´ÒÌ
´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì ¶·¨¡²¨¦¥´¨° ¶ ·Í¨ ²Ó´ÒÌ Ë §,  ³¶²¨ÉÊ¤ ¨ ¸¥Î¥´¨°,  
É ±¦¥ · ¤¨ ²Ó´ÒÌ ±μ³¶μ´¥´É ¢μ²´μ¢μ° ËÊ´±Í¨¨ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ
 ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´Ò³ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ²μ³. �μ¸É·μ¥´¨¥ ¢¸¥Ì
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Ë¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢μ£μ ¶μ·Ö¤± .
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In the present work, the linear version of the variable phase approach to the po-
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‚‚…„…�ˆ…

� ¸ÉμÖÐ Ö · ¡μÉ  Ö¢²Ö¥É¸Ö ¥¸É¥¸É¢¥´´Ò³ · ¸Ï¨·¥´¨¥³ ¶·¥¤Ò¤ÊÐ¥£μ  ´ -
²¨§  [1] · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò³ ±μ·μÉ±μ-
¤¥°¸É¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ²μ³ ´  ¸²ÊÎ °  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´μ£μ ±μ·μÉ±μ¤¥°-
¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ² .

�¡Ñ¥±É ´ Ï¥£μ ¨¸¸²¥¤μ¢ ´¨Ö Ä Ê¶·Ê£μ¥ · ¸¸¥Ö´¨¥ ³¥¤²¥´´μ° ±¢ ´Éμ¢μ°
Î ¸É¨ÍÒ p1 ¢ ¥¥ É·¥Ì³¥·´μ³ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ R3 ´¥¶μ¤¢¨¦´μ°
¸¨²μ¢μ° ¶·Ö³μ° L, ¢μ§¤¥°¸É¢ÊÕÐ¨³ ´  ÔÉÊ Î ¸É¨ÍÊ ¶μ¸·¥¤¸É¢μ³ ¶μÉ¥´Í¨ ² 
Ṽ . �·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ÔÉμÉ ¶μÉ¥´Í¨ ² § ¢¨¸¨É Éμ²Ó±μ μÉ · ¸¸ÉμÖ´¨Ö r ³¥¦¤Ê
Î ¸É¨Í¥° p1 ¨ ¶·Ö³μ° L ¨ Ö¢²Ö¥É¸Ö ¸² ¡μ¸¨´£Ê²Ö·´Ò³, ´¥¶·¥·Ò¢´Ò³ ¨ ±μ-
·μÉ±μ¤¥°¸É¢ÊÕÐ¨³. ‚¸²¥¤¸É¢¨¥ ¶¥·¢μ£μ μ£· ´¨Î¥´¨Ö ¶μÉ¥´Í¨ ² ´¥ ³¥´Ö¥É¸Ö
¶·¨ ¶μ¢μ·μÉ¥ ´  ²Õ¡μ° Ê£μ² ϕ ∈ [0, 2π] ¢ ²Õ¡μ° ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ P , ¶¥·-
¶¥´¤¨±Ê²Ö·´μ° ¶·Ö³μ° L, ¨ ¶μÔÉμ³Ê ´ §Ò¢ ¥É¸Ö  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´Ò³ ¶μ
μÉ´μÏ¥´¨Õ ± ÔÉμ° ¶·Ö³μ°.

Š ± ¨§¢¥¸É´μ [2,3], ¡² £μ¤ ·Ö É ±μ° ¸¨³³¥É·¨¨ ±¢ ´Éμ¢ Ö Î ¸É¨Í  p1 ¤¢¨-
¦¥É¸Ö ¸¢μ¡μ¤´μ ¢¤μ²Ó ¶·Ö³μ° L,   ¤¢Ê³¥·´ÊÕ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ Ψ(r, ϕ; k) ¥¥
· ¸¸¥Ö´¨Ö ¶μÉ¥´Í¨ ²μ³ Ṽ ¢ ¶²μ¸±μ¸É¨ P ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ ¡¥¸±μ´¥Î-
´μ£μ ·Ö¤ , ¸μ¤¥·¦ Ð¥£μ ¨¸±μ³Ò¥ · ¤¨ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ um(r; k) ËÊ´±Í¨¨
Ψ ¨ ¨§¢¥¸É´Ò¥ ¸μ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ exp(ımϕ), m = 0,±1, . . ., ¶·μ¥±Í¨¨
−ı∂ϕ μ¶¥· Éμ·  Ê£²μ¢μ£μ ³μ³¥´É  Î ¸É¨ÍÒ ´  ¶·Ö³ÊÕ L. �¸¨³¶ÉμÉ¨±  ±μ³-
¶μ´¥´ÉÒ um ¶·¨ ¡μ²ÓÏμ³ §´ Î¥´¨¨ ¥¥  ·£Ê³¥´É  ¸μ¤¥·¦¨É ¶ ·Í¨ ²Ó´ÊÕ Ë §Ê
· ¸¸¥Ö´¨Ö δm. —¥·¥§ ´¥¥ ¨§¢¥¸É´Ò³ μ¡· §μ³ [3] ¢Ò· ¦ ÕÉ¸Ö ¶ ·Í¨ ²Ó´Ò¥  ³-
¶²¨ÉÊ¤  fm ¨ ¸¥Î¥´¨¥ σm · ¸¸¥Ö´¨Ö. ‚¸¥ Ë §Ò,  ³¶²¨ÉÊ¤Ò ¨ ¸¥Î¥´¨Ö § ¢¨¸ÖÉ
μÉ ¢μ²´μ¢μ£μ Î¨¸²  k, ±μÉμ·μ¥ ¸¢Ö§ ´μ ¸ ¶μ²´μ° Ô´¥·£¨¥° E ¤¢¨¦¥´¨Ö Î -
¸É¨ÍÒ p1 ¢ ¶²μ¸±μ¸É¨ P · ¢¥´¸É¢μ³ E = (�k)2/(2m1), £¤¥ � ¨ m1 Ä ±μ´¸É ´É 
�² ´±  ¨ ³ ¸¸  Î ¸É¨ÍÒ p1.

� Ï  £² ¢´ Ö Í¥²Ó Ä ¸μ§¤ ÉÓ ¨ ·¥ ²¨§μ¢ ÉÓ ´μ¢Ò° ³¥Éμ¤, ¶·¥¤´ §´ Î¥´-
´Ò° ¤²Ö ¶μ¸É·μ¥´¨Ö Ö¢´ÒÌ ¶·¨¡²¨¦¥´¨° ¢¸¥Ì · ¤¨ ²Ó´ÒÌ μ³¶μ´¥´É um ¢μ²-
´μ¢μ° ËÊ´±Í¨¨ Ψ, ¶ ·Í¨ ²Ó´ÒÌ Ë § δm,  ³¶²¨ÉÊ¤ fm ¨ ¸¥Î¥´¨° σm ¢ ¶·¥¤¥²¥
³ ²ÒÌ ¶μ²μ¦¨É¥²Ó´ÒÌ §´ Î¥´¨° ¢μ²´μ¢μ£μ Î¨¸²  k.


μ²¥¥ ¶μ¤·μ¡´ Ö ¶μ¸É ´μ¢±  § ¤ Î¨, ·¥Ï ¥³μ° ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥, ¤ -
¥É¸Ö ¢ · §¤. 1. Š²ÕÎ¥¢Ò³¨ ¤²Ö ·¥Ï¥´¨Ö ¶μ¸É ¢²¥´´μ° § ¤ Î¨ Ö¢²ÖÕÉ¸Ö ¸¢μ°-
¸É¢  ¢¸¶μ³μ£ É¥²Ó´ÒÌ ËÊ´±Í¨°, ¸¢Ö§ ´´ÒÌ ¸ ËÊ´±Í¨Ö³¨ 
¥¸¸¥²Ö Í¥²μ£μ ¶μ-
·Ö¤± . �μÔÉμ³Ê ¢ · §¤. 2 ¶·¨¢μ¤ÖÉ¸Ö ´¥μ¡Ìμ¤¨³Ò¥ ´ ³ ¶·¥¤¸É ¢²¥´¨Ö ÔÉ¨Ì
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ËÊ´±Í¨° ¢ ¢¨¤¥, ´ ¨¡μ²¥¥ Ê¤μ¡´μ³ ± ± ¤²Ö ± Î¥¸É¢¥´´μ£μ  ´ ²¨§ , É ± ¨ ¤²Ö
¢ÒÎ¨¸²¥´¨°. ’ ± ± ± ¶·¥¤² £ ¥³Ò° ¸¶μ¸μ¡ ·¥Ï¥´¨Ö μ¸´μ¢ ´ ´  ²¨´¥°´μ°
¢¥·¸¨¨ ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨°, Éμ ´¥μ¡Ìμ¤¨³μ ¸Ëμ·³Ê²¨·μ¢ ÉÓ ÔÉÊ ¢¥·¸¨Õ
¢ ¸²ÊÎ ¥  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´μ£μ ¶μÉ¥´Í¨ ² . ’ ±μ° Ëμ·³Ê²¨·μ¢±¥ ¶μ¸¢Ö-
Ð ¥É¸Ö · §¤. 3. �·¥¤²μ¦¥´´ Ö Ëμ·³Ê²¨·μ¢±  μ¸´μ¢ ´  ´  ¨¸¶μ²Ó§μ¢ ´¨¨  ³-
¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨°. �´ ²¨§ ¨Ì ¸É·μ¥´¨Ö ¤ ´ ¢ · §¤. 4. ‚ · §¤. 5 ¶μ¤·μ¡´μ
¨§² £ ¥É¸Ö ¶·¥¤² £ ¥³Ò° ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö ¨ · ¸Î¥É  ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì
¶·¨¡²¨¦¥´¨° ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ , ¶ ·Í¨ ²Ó´ÒÌ Ë §,  ³¶²¨ÉÊ¤,
¸¥Î¥´¨° ¨ · ¤¨ ²Ó´ÒÌ ±μ³¶μ´¥´É ¢μ²´μ¢μ° ËÊ´±Í¨¨ · ¸¸¥Ö´¨Ö. �¸´μ¢´Ò¥
·¥§Ê²ÓÉ ÉÒ ¢Ò¶μ²´¥´´ÒÌ ¨¸¸²¥¤μ¢ ´¨° ¸Ê³³¨·ÊÕÉ¸Ö ¢ § ±²ÕÎ¥´¨¨.

1. ��‘’���‚Š� ‡�„�—ˆ

‘¨³¢μ²μ³ d μ¡μ§´ Î¨³ ¸¢μ¡μ¤´Ò° ¶μ²μ¦¨É¥²Ó´Ò° ¶ · ³¥É·, ¨³¥ÕÐ¨°
· §³¥·´μ¸ÉÓ · ¸¸ÉμÖ´¨Ö. ‚³¥¸Éμ r ¨ k ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¡¥§· §³¥·´Ò¥  ·-
£Ê³¥´É x ≡ r/d ¨ ¶ · ³¥É· q ≡ kd. ‚¸Õ¤Ê ¤ ²¥¥ ¶ · ³¥É· q ¶·¨´¨³ ¥É ²Õ¡μ¥
¶μ²μ¦¨É¥²Ó´μ¥ §´ Î¥´¨¥; §´ Î¥´¨¥ −1/2, 1/2, . . . ¨´¤¥±¸  λ ¸Î¨É ¥É¸Ö Ë¨±¸¨-
·μ¢ ´´Ò³ ¨ ±μ´¥Î´Ò³, £¤¥ ¢μ§³μ¦´μ ÔÉμÉ ¨´¤¥±¸ μ¶Ê¸± ¥É¸Ö ¤²Ö ±· É±μ¸É¨
§ ¶¨¸¨; ¸ Éμ° ¦¥ Í¥²ÓÕ ¸¨³¢μ²Ò ρ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö μ¡μ§´ Î¥´¨Ö ¡¥§· §³¥·-
´μ£μ ¶·μ¨§¢¥¤¥´¨Ö kr = qx.

‘Ëμ·³Ê²¨·Ê¥³ ´ Ï¨ μ£· ´¨Î¥´¨Ö ´  ¡¥§· §³¥·´Ò° ¶μÉ¥´Í¨ ²

V (x) ≡ (2m1d
2/�

2)Ṽ (r = x/d)

¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¨Ì É·¥Ì Ê¸²μ¢¨°:

lim
x→0

x2|V (x)| = 0; V (x) ∈ C0(0,∞);

lim
x→∞

xn|V (x)| = 0, n = 0, 1, 2, . . .
(1)

‚ É¥μ·¨¨ · ¸¸¥Ö´¨Ö [4,5] ¶μÉ¥´Í¨ ² V (x), Ê¤μ¢²¥É¢μ·ÖÕÐ¨° É ±¨³ Ê¸²μ-
¢¨Ö³, ´ §Ò¢ ¥É¸Ö ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ²μ³, ¸² ¡μ¸¨´£Ê²Ö·´Ò³ ¢ ´ -
Î ²Ó´μ° ÉμÎ±¥.

� ·Í¨ ²Ó´Ò°  ´ ²¨§ ¤¢Ê³¥·´μ° § ¤ Î¨ · ¸¸¥Ö´¨Ö ¤²Ö ËÊ´±Í¨¨ Ψ ¢ ¶μ-
²Ö·´ÒÌ ±μμ·¤¨´ É Ì (r, ϕ) ¤ ´ ¢ ³μ´μ£· Ë¨¨ [3] ¨ ¢ · ¡μÉ¥ [6]. Š· É±μ
¨§²μ¦¨³ ÔÉμÉ  ´ ²¨§ ¨ ¶·¨¢¥¤¥³ ¶μ²ÊÎ¥´´Ò¥ ¢ ¥£μ ¨Éμ£¥ ¸μμÉ´μÏ¥´¨Ö, § -
³¥´¨¢ ¢ ´¨Ì ¨´¤¥±¸ m ´  ¨´¤¥±¸ λ = m − 1/2 ¨ ¨¸¶μ²Ó§ÊÖ ¡¥§· §³¥·´Ò¥
¶¥·¥³¥´´Ò¥ x, q ¨ ¶μ²Ö·´Ò¥ ±μμ·¤¨´ ÉÒ (x, ϕ).

‚μ²´μ¢ Ö ËÊ´±Í¨Ö Ψ(x, ϕ; q) μ¶·¥¤¥²Ö¥É¸Ö ± ± μ£· ´¨Î¥´´μ¥ ¢ ²Õ¡μ°
ÉμÎ±¥ ¶²μ¸±μ¸É¨ P ·¥Ï¥´¨¥ ¤¢Ê³¥·´μ£μ Ê· ¢´¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· [

∂2
x + x−1∂x + x−2 ∂2

ϕ + q2 − V (x)
]

Ψ(x, ϕ; q) = 0 (2)
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¸  ¸¨³¶ÉμÉ¨Î¥¸±¨³ £· ´¨Î´Ò³ Ê¸²μ¢¨¥³, ¸μ¤¥·¦ Ð¨³  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö
f(ϕ; q):

Ψ(x, ϕ; q) → exp (ıq x cosϕ) + f(ϕ; q)x−1/2 exp (ıqx), x → ∞. (3)

	Éμ Ê· ¢´¥´¨¥ ¶μ¤¸É ´μ¢±μ°

Ψ(x, ϕ; q) = x−1/2
∞∑

λ=−∞
uλ(x; q) yλ(ϕ),

yλ(ϕ) ≡ (2π)−1/2 exp [ ı(λ + 1/2)ϕ ]

(4)

¨ ¶μ¸²¥¤ÊÕÐ¨³ ¶·μ¥Í¨·μ¢ ´¨¥³ ´  ËÊ´±Í¨¨ yλ ¸¢μ¤¨É¸Ö ± ¡¥¸±μ´¥Î´μ° ¶μ
´μ³¥·Ê λ = −1/2, 1/2, . . . ¸μ¢μ±Ê¶´μ¸É¨ ´¥ ¸¢Ö§ ´´ÒÌ ¤·Ê£ ¸ ¤·Ê£μ³ μ¤´μ³¥·-
´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¤²Ö ¨¸±μ³ÒÌ · ¤¨ ²Ó´ÒÌ ±μ³¶μ´¥´É uλ:[

∂2
x + q2 − λ(λ + 1)x−2 − V (x)

]
uλ(x; q) = 0, x � 0. (5)

‚¸²¥¤¸É¢¨¥ Ê¸²μ¢¨° (1) ¨ (3) ±μ³¶μ´¥´É  uλ ¤μ²¦´  ¨³¥¥É  ¸¨³¶ÉμÉ¨±Ê

uλ(x; q) → N(q)
ρλ+1

(2λ + 1)!!
, x → 0, (6)

¨  ¸¨³¶ÉμÉ¨±Ê, ¸μ¤¥·¦ ÐÊÕ · §´μ¸ÉÓ xλ ≡ ρ − πλ/2:

uλ(x; q) → sin [xλ + δλ(q)] =
= sin (xλ) cos δλ(q) + cos (xλ) sin δλ(q), x → ∞. (7)

”Ê´±Í¨¨ N(q) ¨ δλ(q)  ·£Ê³¥´É  q ¶μ·μ¦¤ ÕÉ¸Ö ¶μÉ¥´Í¨ ²μ³ V ¨ ´ §Ò-
¢ ÕÉ¸Ö ¶ ·Í¨ ²Ó´Ò³¨ ´μ·³¨·μ¢μÎ´Ò³ ³´μ¦¨É¥²¥³ ¨ Ë §μ° · ¸¸¥Ö´¨Ö. � ·-
Í¨ ²Ó´Ò¥  ³¶²¨ÉÊ¤  fλ ¨ ¸¥Î¥´¨¥ σλ · ¸¸¥Ö´¨Ö μ¶·¥¤¥²ÖÕÉ¸Ö Î¥·¥§ Ë §Ê δλ

Ëμ·³Ê² ³¨

fλ(q) ≡
(

1
2ıπq

)1/2

(2−δ2λ,−1) {exp [2ıδλ(q)] − 1} =
(

2ı

πq

)1/2 2 − δ2λ,−1

ctgδλ(q) − ı
, (8)

£¤¥ δ2λ,−1 Å ¸¨³¢μ² Š·μ´¥±¥· , ¨ Ëμ·³Ê² ³¨

σλ(q) ≡ π(2 − δ2λ,−1)|fλ(q)|2 = (4/q)(2 − δ2λ,−1) [sin δλ(q)]2 . (9)

�³¶²¨ÉÊ¤  f(ϕ; q) ¨ ¶μ²´μ¥ ¸¥Î¥´¨¥ σ(q) · ¸¸¥Ö´¨Ö ¢ÒÎ¨¸²ÖÕÉ¸Ö ± ±
¸Ê³³Ò

f(ϕ; q) =
∞∑

λ=−1/2

fλ(q) cos [(λ + 1/2)ϕ] ,

σ(q) ≡
∫ 2π

0

|f(ϕ; q)|2dϕ =
∞∑

λ=−1/2

σλ(q).
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‚ § ¤ Î¥ (5)Ä(7) § ³¥´¨³ ¶μ²ÊÍ¥²Ò° ¨´¤¥±¸ λ ´  Í¥²Ò° ¨´¤¥±¸ 	 ¨ ¶μ²μ-
¦¨³ 	 = 0, 1, . . .. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨É¸Ö ¶μ²ÊÎ¨É¸Ö § ¤ Î  ˜·¥¤¨´£¥·  ¤²Ö
· ¤¨ ²Ó´μ° ±μ³¶μ´¥´ÉÒ u� ¢μ²´μ¢μ° ËÊ´±Í¨¨ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ
p1 ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥ R3. 	É  ±μ³¶μ´¥´É  μ¶·¥¤¥²Ö¥É · ¸¸¥Ö´¨¥
Í¥´É· ²Ó´Ò³ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ²μ³ V ¢ ±¢ ´Éμ¢μ³ ¸μ¸ÉμÖ´¨¨ ¸
§ ¤ ´´Ò³ §´ Î¥´¨¥³ 	 Ê£²μ¢μ£μ ³μ³¥´É . „²Ö É ±μ£μ ¸μ¸ÉμÖ´¨Ö ËÊ´±Í¨Ö ÔË-
Ë¥±É¨¢´μ£μ · ¤¨Ê¸  Ks(q) μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ¶ ·Í¨ ²Ó´ÊÕ Ë §Ê · ¸¸¥Ö´¨Ö
δ�(q) Ëμ·³Ê²μ° [3,5]

Ks(q) ≡ q2�+1 ctg δ�(q) (10)

¨ ¨³¥¥É ´¨§±μÔ´¥·£¥É¨Î¥¸±ÊÕ  ¸¨³¶ÉμÉ¨±Ê [3]

Ks(q) = −1/as + (1/2) rs
eff q2 − (rs

eff)3P sq4 + O(q6), q → 0, (11)

£¤¥ as, rs
eff ¨ P s Å ¤²¨´  · ¸¸¥Ö´¨Ö, ÔËË¥±É¨¢´Ò° · ¤¨Ê¸ ¨ ¶ · ³¥É· Ëμ·³Ò.

„ ²¥¥ ¶·¥¤¥²μ³ ´¨§±¨Ì Ô´¥·£¨° ´ §Ò¢ ¥É¸Ö ¶·¥¤¥² ³ ²ÒÌ ¶μ²μ¦¨É¥²Ó´ÒÌ
§´ Î¥´¨° ¢μ²´μ¢μ£μ Î¨¸²  q,   Ö¢´Ò³¨ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨³ ¶·¨¡²¨¦¥´¨¥³
¨¸¸²¥¤Ê¥³μ° ËÊ´±Í¨¨ ¸Î¨É ¥³ ¥¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¢ ÔÉμ³ ¶·¥¤¥²¥ ¶·¥¤¸É ¢²¥-
´¨¥ ¢ ¢¨¤¥ ±μ´¥Î´μ° ¸Ê³³Ò ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³  ·£Ê³¥´É  q ¨ Ô²¥³¥´É ·´Ò³
ËÊ´±Í¨Ö³ ¥£μ ²μ£ ·¨Ë³ .

�μ¸É ´μ¢±  ´ Ï¥° § ¤ Î¨ É ±μ¢ : ¶·¨ Ê¸²μ¢¨ÖÌ (1) ¤²Ö ²Õ¡μ£μ λ =
−1/2, 1/2, . . . ´ °É¨  ´ ²μ£ K(q) ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  (10),   § -
É¥³ ¶μ²ÊÎ¨ÉÓ ´¥Ö¢´Ò¥ ¨ Ö¢´Ò¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ ¶·¨¡²¨¦¥´¨Ö ËÊ´±Í¨°
K(q), δλ(q), fλ(q), σλ(q) ¨ uλ(x; q).

‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° · §¤¥² ¢ ¦´Ò³¨ § ³¥Î ´¨Ö³¨.
ˆ¸¸²¥¤Ê¥³ Ö § ¤ Î  · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´Ò³ ¶μÉ¥´-

Í¨ ²μ³ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢¶μ²´¥ ¶· ¢¤μ¶μ¤μ¡´μ° ± ± ³μ¤¥²Ó · ¸¸¥Ö´¨Ö  Éμ³μ¢
¤²¨´´Ò³¨ ²¨´¥°´Ò³¨ Í¥¶μÎ± ³¨ ³μ²¥±Ê².

� ¶μ³´¨³, ÎÉμ ± ´ ²¨·μ¢ ´¨¥³ ´ §Ò¢ ¥É¸Ö ¶·μÍ¥¸¸, ¶·¨ ±μÉμ·μ³ § ·Ö-
¦¥´´Ò¥ ¨ ¤ ¦¥ ´¥°É· ²Ó´Ò¥ Î ¸É¨ÍÒ ¶·μÌμ¤ÖÉ ¸±¢μ§Ó ±·¨¸É ²²¨Î¥¸±ÊÕ ¸·¥¤Ê
¸ ´ ¨³¥´ÓÏ¨³¨ ¶μÉ¥·Ö³¨ Ô´¥·£¨¨ ¢ ± ´ ² Ì, μ¡· §μ¢ ´´ÒÌ  Éμ³´Ò³¨ ·Ö¤ ³¨
¨²¨ ¶²μ¸±μ¸ÉÖ³¨ [7]. ‘Ê³³ ·´μ¥ ¢μ§¤¥°¸É¢¨¥  Éμ³μ¢ ´  ± ´ ²¨·Ê¥³ÊÕ Î -
¸É¨ÍÊ μ¶¨¸Ò¢ ¥É¸Ö ÔËË¥±É¨¢´Ò³ ¶μÉ¥´Í¨ ²μ³, μ¡² ¤ ÕÐ¨³  ±¸¨ ²Ó´μ° ¸¨³-
³¥É·¨¥° ¶μ μÉ´μÏ¥´¨Õ ± ±·¨¸É ²²μ£· Ë¨Î¥¸±μ° ¶²μ¸±μ¸É¨ ¨²¨ μ¸¨. —Éμ¡Ò
Ê¶·μ¸É¨ÉÓ  ´ ²¨§ ± ´ ²¨·μ¢ ´¨Ö, ¢ · ¡μÉ Ì [8,9] ÔËË¥±É¨¢´Ò° ¶μÉ¥´Í¨ ²  ¶-
¶·μ±¸¨³¨·μ¢ ²¸Ö ¶μÉ¥´Í¨ ²μ³ £ ·³μ´¨Î¥¸±μ£μ μ¸Í¨²²ÖÉμ· . ‚ÒÌμ¤ §  · ³±¨
ÔÉμ£μ ¶·¨¡²¨¦¥´¨Ö ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢μ§³μ¦´Ò³ ¡¥§ §´ ´¨Ö ¸É·μ¥´¨Ö ¢μ²´μ-
¢ÒÌ ËÊ´±Í¨° · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´Ò³ ±μ·μÉ±μ- ¨ ¤ ²Ó-
´μ¤¥°¸É¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ² ³¨.

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¨´É¥´¸¨¢´μ · §¢¨¢ ¥É¸Ö É¥μ·¥É¨Î¥¸± Ö ¨ Ô±¸¶¥·¨-
³¥´É ²Ó´ Ö Ë¨§¨±  Ê²ÓÉ· Ìμ²μ¤´ÒÌ £ §μ¢ ¢ ³ £´¨É´ÒÌ ¨ ² §¥·´ÒÌ ²μ¢ÊÏ-
± Ì [10, 11]. „²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¸Éμ²±´μ¢¥´¨Ö ¤¢ÊÌ  Éμ³μ¢ ¢ É ±¨Ì ²μ¢ÊÏ± Ì
Ï¨·μ±μ ¶·¨³¥´Ö¥É¸Ö ³μ¤¥²Ó · ¸¸¥Ö´¨Ö ¤¢ÊÌ ±¢ ´Éμ¢ÒÌ Î ¸É¨Í ¢ ¤¢Ê³¥·´μ°
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¶²μ¸±μ¸É¨ É·¥Ì³¥·´μ£μ ¶·μ¸É· ´¸É¢ . ‚ ÔÉμ° ³μ¤¥²¨, ¸Ê¤Ö ¶μ · ¡μÉ ³ [12Ä14]
¨ μ¡Ï¨·´μ³Ê ¸¶¨¸±Ê ¶·μÍ¨É¨·μ¢ ´´ÒÌ ¢ ´¨Ì ¨¸¸²¥¤μ¢ ´¨°, ¤μ ¸¨Ì ¶μ· ¨¸-
¶μ²Ó§Ê¥É¸Ö ¤ ¢´μ ¨§¢¥¸É´μ¥ ¶·¨¡²¨¦¥´¨¥  ³¶²¨ÉÊ¤Ò f−1/2 ¨ ¸¥Î¥´¨Ö σ−1/2

¸É ·Ï¨³¨ ¸² £ ¥³Ò³¨ ¨Ì ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì (q = kd → 0)  ¸¨³¶ÉμÉ¨± [2],
¸μ¤¥·¦ Ð¨Ì ±μ´¸É ´ÉÊ 	°²¥·  γ ¨ · ¤¨Ê¸ ¤¥°¸É¢¨Ö d ¶μÉ¥´Í¨ ² :

f−1/2(q) ≈ −
(

πı

2q

)1/2 1
ln (ı q0/q)

,

σ−1/2(q) ≈
π2

q

1
[ln (q/q0)]

2 + π2/4
;

q0 ≡ 2 exp(−γ).

(12)

	ÉμÉ Ë ±É Ê± §Ò¢ ¥É ´  Éμ, ÎÉμ ¡μ²¥¥ ²ÊÎÏ¨¥  ¶¶·μ±¸¨³ Í¨¨ ¸¥Î¥´¨Ö σ−1/2,
¸μ¤¥·¦ Ð¨¥ ¢ μÉ²¨Î¨¥ μÉ  ¸¨³¶ÉμÉ¨±¨ (12) ¡μ²¥¥ ¶μ¤·μ¡´ÊÕ ¨´Ëμ·³ Í¨Õ μ
¶μÉ¥´Í¨ ²¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê Î ¸É¨Í ³¨, ¶μ-¢¨¤¨³μ³Ê ´¥¨§¢¥¸É´Ò.

‚¢¨¤Ê ¢Ò¸± § ´´ÒÌ ¢ÒÏ¥ § ³¥Î ´¨° ´ Ï ¢Ò¢μ¤ ¨  ´ ²¨§ ´¨§±μÔ´¥·£¥-
É¨Î¥¸±¨Ì  ¸¨³¶ÉμÉ¨±, ¡μ²¥¥ ÉμÎ´ÒÌ, Î¥³ ¶·¨¡²¨¦¥´¨Ö (12), ¶·¥¤¸É ¢²ÖÕÉ¸Ö
 ±ÉÊ ²Ó´Ò³¨ ¨ ¨´É¥·¥¸´Ò³¨ ± ± ¸ É¥μ·¥É¨Î¥¸±μ°, É ± ¨ ¸ ¶·¨±² ¤´μ° ÉμÎ¥±
§·¥´¨Ö.

2. ‘‚�‰‘’‚� ‚‘��Œ�ƒ�’…‹œ�›• ”“�Š–ˆ‰

ˆ¸¸²¥¤Ê¥³ Ê· ¢´¥´¨¥ (5) ¢ ¸²ÊÎ ¥ ¢Ò±²ÕÎ¥´´μ£μ ¶μÉ¥´Í¨ ²  V . ‚ ÔÉμ³
¸²ÊÎ ¥ ËÊ´±Í¨Ö V Éμ¦¤¥¸É¢¥´´μ · ¢´  ´Ê²Õ,   Ê· ¢´¥´¨¥ (5) § ³¥´μ°

x → ρ = qx, uλ(x; q) → (πρ/2)1/2 Zm(ρ), m = λ + 1/2,

¸¢μ¤¨É¸Ö ± ¨§¢¥¸É´μ³Ê ¢ É¥μ·¨¨ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° [15] Ê· ¢´¥´¨Õ[
ρ2∂2

ρ + ρ∂ρ + 1 − m2
]

Zm(ρ) = 0, ρ � 0, (13)

²¨´¥°´μ ´¥§ ¢¨¸¨³Ò³¨ ·¥Ï¥´¨Ö³¨ ±μÉμ·μ£μ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨¨ 
¥¸¸¥²Ö Jm(ρ)
¨ Ym(ρ) Í¥²μ£μ ¶μ·Ö¤±  m = 0, 1, . . . ‘²¥¤μ¢ É¥²Ó´μ, ¢ ¸²ÊÎ ¥ ¢Ò±²ÕÎ¥´´μ£μ
¶μÉ¥´Í¨ ²  Ê· ¢´¥´¨Õ (5) Ê¤μ¢²¥É¢μ·ÖÕÉ ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò¥ ËÊ´±Í¨¨ jλ

¨ ñλ, ¸¢Ö§ ´´Ò¥ ¸ ËÊ´±Í¨Ö³¨ 
¥¸¸¥²Ö Jλ+1/2 ¨ Yλ+1/2 ¸μμÉ´μÏ¥´¨Ö³¨

jλ(ρ) = (πρ/2)1/2Jm(ρ), ñλ(ρ) = (πρ/2)1/2 Ym(ρ), m = λ + 1/2. (14)

�¥·¥Î¨¸²¨³ ´¥μ¡Ìμ¤¨³Ò¥ ´ ³ ¸¢μ°¸É¢  ¢¸¶μ³μ£ É¥²Ó´ÒÌ ËÊ´±Í¨° jλ ¨
ñλ, ¶μ·μ¦¤¥´´Ò¥ ¸¢Ö§Ö³¨ (14) ¨ ¨§¢¥¸É´Ò³¨ ¸¢μ°¸É¢ ³¨ ËÊ´±Í¨° 
¥¸¥²Ö [15].

‚·μ´¸±¨ ´ W (jλ, ñλ) ¸¨¸É¥³Ò {jλ, ñλ} Éμ¦¤¥¸É¢¥´´μ · ¢¥´ ¥¤¨´¨Í¥:

W (jλ, ñλ) ≡ ñλ(ρ)∂ρjλ(ρ) − jλ(ρ) ∂ρñλ(ρ) ≡ 1, ρ � 0. (15)
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”Ê´±Í¨Ö jλ Ö¢²Ö¥É¸Ö ·Ö¤μ³

jλ(ρ) =
(π

2

)1/2 ρλ+1

(2λ + 1 + δ2λ,−1)!!

∞∑
n=0

anρ2n, ρ > 0. (16)

ŠμÔËË¨Í¨¥´ÉÒ an Ê¤μ¡´μ ¢ÒÎ¨¸²ÖÉÓ ¶μ ·¥±Ê··¥´É´Ò³ ¸μμÉ´μÏ¥´¨Ö³

a0 = 1; an+1 = − an

2(n + 1)(2λ + 2n + 3)
, n = 0, 1, . . . (17)

”Ê´±Í¨Ö ñλ Ê¸É·μ¥´  ¡μ²¥¥ ¸²μ¦´μ, Î¥³ ËÊ´±Í¨Ö jλ, ¶μÉμ³Ê ÎÉμ ¨§-
¢¥¸É´μ¥ · §²μ¦¥´¨¥ ËÊ´±Í¨¨ Yλ+1/2 Í¥²μ£μ ¶μ·Ö¤±  ¸μ¤¥·¦¨É ¢ ± Î¥¸É¢¥
¸² £ ¥³μ£μ ËÊ´±Í¨Õ

(2/π) ln (ρ/2)Jλ+1/2(ρ),

  ¢ ± Î¥¸É¢¥ ±μÔËË¨Í¨¥´Éμ¢ Ä ²μ£ ·¨Ë³¨Î¥¸±ÊÕ ¶·μ¨§¢μ¤´ÊÕ ψ £ ³³ -ËÊ´±-
Í¨¨ Í¥²μ£μ  ·£Ê³¥´É  n ¨ ¶μ¸ÉμÖ´´ÊÕ 	°²¥·  γ:

ψ(n) = −γ +
n∑

p=1

1
p
, γ ≈ 0.5772156 . . .

ˆ¸¶μ²Ó§ÊÖ Ê¶μ³Ö´ÊÉμ¥ · §²μ¦¥´¨¥ ËÊ´±Í¨¨ Yλ+1/2, ¸¢Ö§¨ (14), ·Ö¤ (16) ¨
Éμ¦¤¥¸É¢μ

ln (ρ/2) = ln (qx/2) ≡ ln (q/2) + ln x,

¶μ²ÊÎ ¥³ ¶·¥¤¸É ¢²¥´¨¥

ñλ(ρ) = nλ(ρ) + h(q) jλ(ρ), (18)

¢ ±μÉμ·μ³ ³´μ¦¨É¥²Ó ln(q/2) ¨ ±μ´¸É ´É  	°²¥·  γ ¸μ¤¥·¦ É¸Ö Éμ²Ó±μ ¢
ËÊ´±Í¨¨

h(q) ≡ (2/π) [ln (q/2) + γ] = (2/π) ln (q/q0), q0 ≡ 2 exp (−γ), (19)

  ¸² £ ¥³μ¥ nλ(ρ) Ö¢²Ö¥É¸Ö ·Ö¤μ³

nλ(ρ) ≡ −
(

2
π

)1/2 (2λ − 1 + 2δ2λ,−1)!!
ρλ

×

×

⎡
⎣λ−1/2∑

n=0

bnρ2n − ρ2λ+1
∞∑

n=1

gn(x) ρ2n

⎤
⎦ . (20)

‚ ÔÉμ³ ·Ö¤Ê ¶·¨ λ = −1/2 ¸Ê³³  ¸² £ ¥³ÒÌ bnρ2n ¸Î¨É ¥É¸Ö · ¢´μ° ´Ê²Õ,
¶·¨ ²Õ¡μ³ λ � 1/2 ±μÔËË¨Í¨¥´ÉÒ bn μ¶·¥¤¥²ÖÕÉ¸Ö ·¥±Ê··¥´É´Ò³ μ¡· §μ³:

b0 = 1, bn+1 =
bn

2(n + 1)(2λ − 1 − 2n)
, n = 0, 1, . . . , (21)
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  ËÊ´±Í¨¨ gn(x) ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ëμ·³Ê² ³

g0(x) =
2
πτ

ln x;

gn(x) =
2
πτ

an

⎡
⎣ln x −

n∑
p=1

1
p
− 1

2

n+λ+1/2∑
p=n+1

1
p

⎤
⎦ ,

n = 1, 2, . . . ,

(22)

¢ ±μÉμ·ÒÌ an Å ±μÔËË¨Í¨¥´ÉÒ (17),   ±μÔËË¨Í¨¥´É τ § ¢¨¸¨É μÉ ¨´¤¥±¸  λ:

τ ≡ (2/π) (2λ − 1 + 2δ2λ,−1)!! (2λ + 1 + δ2λ,−1)!!. (23)

�¥·¥¶¨Ï¥³ ·Ö¤ (20) ¢ ¡μ²¥¥ ±μ³¶ ±É´μ³ ¢¨¤¥

nλ(ρ) = −
(

2
π

)1/2 (2λ − 1 + 2δ2λ,−1)!!
ρλ

∞∑
n=0

dn(x) ρ2n, (24)

£¤¥ ËÊ´±Í¨Ö dn(x) · ¢´  ±μÔËË¨Í¨¥´ÉÊ bn, ´Ê²Õ ¨²¨ ¦¥ ËÊ´±Í¨¨ gn(x):

dn(x) = bn, n = 0, 1, . . . , λ − 1/2; dλ+1/2(x) ≡ 0,

dn(x) = gn−λ−1/2(x), n = λ + 3/2, λ + 5/2, . . .
(25)

‚ ¸²ÊÎ ¥ ρ → 0 ·Ö¤ (16) ¨³¥¥É · ¢´μ³¥·´ÊÕ μÉ´μ¸¨É¥²Ó´μ ¶μ·Ö¤±  λ
 ¸¨³¶ÉμÉ¨±Ê

jλ(ρ) =
(π

2

)1/2 ρλ+1

(2λ + 1 + δ2λ−1)!!
×

×
[
1 − ρ2

4(2λ + 3)
+

ρ4

8(2λ + 3)(2λ + 5)
+ O(ρ6)

]
. (26)

�·¨ ρ → 0  ¸¨³¶ÉμÉ¨±  ·Ö¤  (24) § ¢¨¸¨É μÉ §´ Î¥´¨Ö ¨´¤¥±¸  λ: ¢ ¸²ÊÎ ¥
λ = −1/2

nλ(ρ) =
(

2ρ

π

)1/2 [
ln x − ρ2

4
(ln x − 1) +

ρ4

64
(ln x − 3

2
) + O(ρ6 ln x)

]
; (27)

¢ ¸²ÊÎ ¥ λ = 1/2

nλ(ρ) = −
(

2
πρ

)1/2 [
1 − ρ2

2
ln x +

ρ4

16
(ln x − 5

4
) + O(ρ6 ln x)

]
; (28)
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¥¸²¨ λ = 3/2, Éμ

nλ(ρ) = −
(

2
πρ

)1/2 2
ρ

[
1 − ρ2

4
− ρ4

16
ln x + O(ρ6 ln x)

]
, (29)

¥¸²¨ ¦¥ λ � 5/2, Éμ

nλ(ρ) = −
(

2
π

)1/2 (2λ − 1)!!
ρλ

×

×
[
1 +

ρ2

2(2λ − 1)
+

ρ4

8(2λ − 1)(2λ − 3)
+ O(ρ6)

]
. (30)

‚ ¶·¥¤¥²¥ ρ/|λ| → ∞  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨° (14) μ¸Í¨²²¨·ÊÕÉ:

jλ(ρ) ∼ sin xλ, ñλ(ρ) ∼ − cos xλ; xλ ≡ ρ − πλ/2. (31)

3. ‹ˆ�…‰��Ÿ ‚…�‘ˆŸ Œ…’�„� ”�‡�‚›• ”“�Š–ˆ‰

‘¢¥¤¥³ ¨¸Ìμ¤´ÊÕ § ¤ ÎÊ (5)Ä(7) ± ¸²¥¤ÊÕÐ¥° ¸¨¸É¥³¥ ¤¢ÊÌ ²¨´¥°´ÒÌ
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢μ£μ ¶μ·Ö¤± :

∂r c̃(x; q) = −q−1V (x) [c̃(x; q)jλ(ρ) − s(x; q)ñλ(ρ)] ñλ(ρ),

∂xs(x; q) = −q−1V (x) [c̃(x; q)jλ(ρ) − s(x; q)ñλ(ρ)] jλ(ρ), x > 0.
(32)

‡ É¥³ ¶μ± ¦¥³, ÎÉμ ¨¸±μ³Ò¥ ËÊ´±Í¨° c ¨ s ¶μ¤Î¨´ÖÕÉ¸Ö £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³

c̃(x; q) = 1, s(x; q) = 0, x = 0. (33)

‘¨¸É¥³Ê (32) ³μ¦´μ ¶μ²ÊÎ¨ÉÓ, ¶·¨³¥´¨¢ ²¨´¥°´ÊÕ ¢¥·¸¨Õ ³¥Éμ¤  Ë §μ-
¢ÒÌ ËÊ´±Í¨° ¤¢Ê³Ö ¸¶μ¸μ¡ ³¨. �¥·¢Ò° ¸¶μ¸μ¡ Ö¢²Ö¥É¸Ö  ´ ²μ£μ³ ¶μ¤Ìμ¤ ,
μ¶¨¸ ´´μ£μ ¢ ³μ´μ£· Ë¨¨ [16] ¤²Ö ¸²ÊÎ Ö Í¥´É· ²Ó´μ£μ ¶μÉ¥´Í¨ ² , ¨ μ¸´μ-
¢ ´ ´  ¨´É¥£· ²Ó´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ ËÊ´±Í¨° c̃ ¨ s Î¥·¥§ ËÊ´±Í¨¨ jλ, ñλ ¨
uλ. ‚Éμ·μ° ¸¶μ¸μ¡ ¨§¢¥¸É¥´ ¢ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [17] ± ±
³¥Éμ¤ ¢ ·¨ Í¨¨ ¶μ¸ÉμÖ´´ÒÌ ±μÔËË¨Í¨¥´Éμ¢. �¥ ²¨§Ê¥³ ÔÉμÉ ³¥Éμ¤ ¶μ Éμ° ¦¥
¸Ì¥³¥, ÎÉμ ¨ ¢ ¸²ÊÎ ¥ Í¥´É· ²Ó´μ£μ ¶μÉ¥´Í¨ ²  [1].

”Ê´±Í¨¨ jλ ¨ ñλ ¨¸¶μ²Ó§Ê¥³ ¢ ± Î¥¸É¢¥ ¨§¢¥¸É´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö (5)
¢ ¸²ÊÎ ¥ ¢Ò±²ÕÎ¥´´μ£μ ¶μÉ¥´Í¨ ²  V . ˆ¸±μ³Ò¥ ËÊ´±Í¨¨ c̃ ¨ s ¶μ¤Î¨´¨³
Éμ¦¤¥¸É¢Ê ‹ £· ´¦ 

jλ(ρ) ∂xc̃(x; q) − ñλ(ρ)∂xs(x; q) ≡ 0, x � 0. (34)
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‡ ³¥É¨³, ÎÉμ ¨§ ÔÉμ£μ Éμ¦¤¥¸É¢  ¸²¥¤ÊÕÉ ¤¢  ¶·¥¤¸É ¢²¥´¨Ö:

∂xs(x; q) =
jλ(ρ)
ñλ(ρ)

∂xc̃(x; q), ∂xc̃(x; q) =
ñλ(ρ)
jλ(ρ)

∂xs(x; q), x � 0. (35)

�¥Ï¥´¨¥ uλ § ¤ Î¨ (5)Ä(7) ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö ´μ·³¨·μ-
¢μÎ´μ£μ ³´μ¦¨É¥²Ö N ¨ ¢¸¶μ³μ£ É¥²Ó´μ° ËÊ´±Í¨¨ U :

uλ(x; q) = N(q)Ũ(x; q), Ũ(x; q) ≡ c̃(x; q) jλ(ρ) − s(x; q)ñλ(ρ). (36)

‚ Ê· ¢´¥´¨¨ (5) § ³¥´¨³ ËÊ´±Í¨Õ uλ É ±¨³ ¶·μ¨§¢¥¤¥´¨¥³. ˆ¸¶μ²Ó§ÊÖ Ê· ¢-
´¥´¨¥ 
¥¸¸¥²Ö (13) ¨ Éμ¦¤¥¸É¢μ (34), ¸¢¥¤¥³ ¶μ²ÊÎ¥´´μ¥ ¸μμÉ´μÏ¥´¨¥ ± Ê· ¢-
´¥´¨Õ

∂xc̃(x; q)∂ρjλ(ρ) − ∂xs(x; q)∂ρñλ(ρ) =

= q−1V (x) [c̃(x; q) jλ(ρ) − s(x; q)ñλ(ρ)] . (37)

ˆ¸±²ÕÎ¨³ ¨§ ÔÉμ£μ Ê· ¢´¥´¨Ö ¶·μ¨§¢μ¤´ÊÕ ∂xs. „²Ö ÔÉμ£μ ¶·¨³¥´¨³ ¶¥·¢μ¥
¨§ ¤¢ÊÌ · ¢¥´¸É¢ (35). �μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ Ê¶·μ¸É¨³, ¨¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥-
´¨¥ ‚·μ´¸±μ£μ (15). ‚ ·¥§Ê²ÓÉ É¥ ¢Ò¢¥¤¥³ ¶¥·¢μ¥ Ê· ¢´¥´¨¥ ¸¨¸É¥³Ò (32).
…¥ ¢Éμ·μ¥ Ê· ¢´¥´¨¥ ¢Ò¢μ¤¨É¸Ö  ´ ²μ£¨Î´Ò³ ¸¶μ¸μ¡μ³. ‘´ Î ²  ¸ ¶μ³μÐÓÕ
¢Éμ·μ£μ ¨§ ¤¢ÊÌ · ¢¥´¸É¢ (35) Ê· ¢´¥´¨¥ (37) ¸¢μ¤¨É¸Ö ± Ê· ¢´¥´¨Õ, ´¥ ¸μ-
¤¥·¦ Ð¥³Ê ¶·μ¨§¢μ¤´ÊÕ ∂xc. ‡ É¥³ ¶μ± §Ò¢ ¥É¸Ö, ÎÉμ, ¡² £μ¤ ·Ö ¸μμÉ´μ-
Ï¥´¨Õ ‚·μ´¸±μ£μ (15), ¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ Ö¢²Ö¥É¸Ö ¢Éμ·Ò³ Ê· ¢´¥´¨¥³
¸¨¸É¥³Ò (32).

‘¤¥² ¥³ ¤¢  ¢ ¦´ÒÌ § ³¥Î ´¨Ö. ‚μ-¶¥·¢ÒÌ, ¢Ò¡μ· £· ´¨Î´ÒÌ Ê¸²μ-
¢¨° (33) ¤²Ö ±μ³¶μ´¥´É c ¨ s ´¥ ¸²ÊÎ ¥´: Éμ²Ó±μ ¶·¨ É ±¨Ì Ê¸²μ¢¨ÖÌ ¶·μ-
¨§¢¥¤¥´¨¥ (36) ¨³¥¥É ´Ê¦´ÊÕ  ¸¨³¶ÉμÉ¨±Ê (6). ‚μ-¢Éμ·ÒÌ, ¶·¨ μ£· ´¨Î¥-
´¨ÖÌ (1), ´ ²μ¦¥´´ÒÌ ´  ËÊ´±Í¨Õ V , § ¤ Î  ŠμÏ¨ (32), (33) μ¤´μ§´ Î´μ
· §·¥Ï¨³ , ±μ³¶μ´¥´ÉÒ c̃ ¨ s ¥¥ ·¥Ï¥´¨Ö {c̃, s} Ö¢²ÖÕÉ¸Ö ¢¸Õ¤Ê (x � 0) ´¥-
¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê¥³Ò³¨ ¨, ¸²¥¤μ¢ É¥²Ó´μ, μ£· ´¨Î¥´´Ò³¨ ËÊ´±Í¨Ö³¨.
	Éμ ÊÉ¢¥·¦¤¥´¨¥ ¸²¥¤Ê¥É ¨§ Ê¶μ³Ö´ÊÉÒÌ ¢ÒÏ¥ ¨´É¥£· ²Ó´ÒÌ ¶·¥¤¸É ¢²¥´¨°
±μ³¶μ´¥´É c̃ ¨ s Î¥·¥§ ËÊ´±Í¨¨ jλ, ñλ ¨ uλ ¨ μ¤´μ§´ Î´μ° · §·¥Ï¨³μ¸É¨ [4]
§ ¤ Î¨ ˜·¥¤¨´£¥·  (5) Ä (7) c Ê¸²μ¢¨Ö³¨ (1).

„ ²¥¥ ¤²Ö ¸μ±· Ð¥´¨Ö § ¶¨¸¨ ¸¨³¢μ²μ³ z(q) μ¡μ§´ Î ¥³ ¶·¥¤¥²Ó´μ¥ ¶·¨
x → ∞ §´ Î¥´¨¥ z(∞; q) ¨¸¸²¥¤Ê¥³μ° ËÊ´±Í¨¨ z(x; q).

�¶·¥¤¥²¨³ ³´μ¦¨É¥²Ó N(q) ¨ Ë §Ê δλ(q) Î¥·¥§ ±μ³¶μ´¥´ÉÒ c̃ ¨ s. „²Ö
ÔÉμ£μ ¸´ Î ²  ´ °¤¥³  ¸¨³¶ÉμÉ¨±Ê ËÊ´±Í¨¨ (36) ¢ ¶·¥¤¥²¥ x → ∞. ‚ ÔÉμ³
¶·¥¤¥²¥ ËÊ´±Í¨¨ jλ ¨ ñλ ¨³¥ÕÉ  ¸¨³¶ÉμÉ¨±¨ (31),   ±μ³¶μ´¥´ÉÒ c̃ ¨ s
μ£· ´¨Î¥´Ò, ¶μÔÉμ³Ê

uλ(x; q) ∼ N(q)c̃(x; q) sin (xλ) + N(q) s(x; q) cos (xλ),
xλ = ρ − πλ/2, x → ∞.
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‡ ³¥É¨³, ÎÉμ ¶μ²ÊÎ¥´´ Ö  ¸¨³¶ÉμÉ¨±  ¸μ¢¶ ¤ ¥É ¸ É·¥¡Ê¥³μ°  ¸¨³¶ÉμÉ¨-
±μ° (7) Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¢Ò¶μ²´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¤¢  ¶·¥¤¥²Ó´ÒÌ
¸μμÉ´μÏ¥´¨Ö:

lim
x→∞

N(q) c̃(x; q) = cos δλ(q), lim
x→∞

N(q) s(x; q) = sin δλ(q).

‘²¥¤μ¢ É¥²Ó´μ, ´μ·³¨·μ¢μÎ´Ò° ³´μ¦¨É¥²Ó N(q) μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ê² ³¨

N(q) = lim
x→∞

N(x; q), N(x; q) ≡
[
c̃2(x; q) + s2(x; q)

]−1/2
, (38)

  É ´£¥´¸ Ë §Ò · ¸¸¥Ö´¨Ö δλ(q) Ä Ëμ·³Ê² ³¨

tg δλ(q) = lim
x→∞

tg δλ(x; q), tg δλ(x; q) ≡ s(x; q)/c̃(x; q). (39)

� ¶μ³´¨³, ÎÉμ ¸μ£² ¸´μ ¶·¥¤¸É ¢²¥´¨Õ (18) ËÊ´±Í¨Ö ñλ ¸μ¤¥·¦¨É ´¥ ´ -
²¨É¨Î¥¸±¨° ¶μ  ·£Ê³¥´ÉÊ q ³´μ¦¨É¥²Ó h(q), μ¶·¥¤¥²¥´´Ò° Ëμ·³Ê² ³¨ (19).
‘²¥¤μ¢ É¥²Ó´μ, ÔÉμÉ ¦¥ ³´μ¦¨É¥²Ó ¸μ¤¥·¦ É ¨ ËÊ´±Í¨¨ c̃, Uλ, uλ, N , tg δλ,
fλ ¨ σλ. � Ï  ¸²¥¤ÊÕÐ Ö § ¤ Î  Å ¶μ²ÊÎ¨ÉÓ ¤²Ö ÔÉ¨Ì ËÊ´±Í¨° ¶·¥¤¸É ¢²¥-
´¨Ö, ¢ ±μÉμ·ÒÌ ³´μ¦¨É¥²Ó h(q) ¢Ò¤¥²¥´ ¢ Ö¢´μ³ ¢¨¤¥.

�·¨¸ÉÊ¶¨³ ± ·¥Ï¥´¨Õ. �·¨³¥´¨³ ¨§¢¥¸É´Ò° ¸¶μ¸μ¡ [6, 18]: ¢ ¶·¥¤¸É -
¢²¥´¨¨ (36) ËÊ´±Í¨¨ uλ ¨ ¢ § ¤ Î¥ ŠμÏ¨ (32), (33) § ³¥´¨³ ËÊ´±Í¨Õ ñλ

¨§¢¥¸É´μ° ¸Ê³³μ° (18),   ËÊ´±Í¨Õ c̃ Å ¨¸±μ³μ° ¸Ê³³μ°

c̃(x; q) = c(x; q) + h(q)s(x; q). (40)

�·¨¢¥¤Ö ¶μ¤·μ¡´Ò¥ ¸² £ ¥³Ò¥, ¤²Ö ËÊ´±Í¨Ö uλ ¶μ²ÊÎ¨³ ¶·¥¤¸É ¢²¥´¨¥

uλ(x; q) = N(q)U(x; q), U(x; q) ≡ c(x; q) jλ(ρ) − s(x; q)nλ(ρ), (41)

¢ ±μÉμ·μ³ ËÊ´±Í¨¨ c ¨ s ¶μ¤Î¨´ÖÕÉ¸Ö ¸¨¸É¥³¥ ¤¢ÊÌ Ê· ¢´¥´¨°

∂rc(x; q) = −q−1V (x) [c(x; q) jλ(ρ) − s(x; q)nλ(ρ)] nλ(ρ),

∂xs(x; q) = −q−1V (x) [c(x; q) jλ(ρ) − s(x; q)nλ(ρ)] jλ(ρ), x > 0,
(42)

¸ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨

c(x; q) = 1, s(x; q) = 0, x = 0. (43)

„ ²¥¥, § ³¥´¨¢ ¢ · ¢¥´¸É¢ Ì (38) ¨ (39) ËÊ´±Í¨Õ c̃ ¸Ê³³μ° (40), Ê¡¥¤¨³¸Ö
¢ Éμ³, ÎÉμ É¥¶¥·Ó ´μ·³¨·μ¢μÎ´Ò° ³´μ¦¨É¥²Ó μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ê² ³¨

N(q) = lim
x→∞

N(x; q),

N(x; q) ≡ {[c(x; q)+h(q)s(x; q)]2 + s2(x; q)}−1/2,
(44)

10



  É ´£¥´¸ Ë §Ò · ¸¸¥Ö´¨Ö δλ(q) Å Ëμ·³Ê² ³¨

tg δλ(q) = lim
x→∞

tg δλ(x; q),

tg δλ(x; q) ≡ s(x; q)/ [c(x; q) + h(q)s(x; q)] .
(45)

ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ Ëμ·³Ê²Ò ¨ ¶·¥¤¸É ¢²¥´¨Ö (8) ¨ (9), ¢Ò· §¨³ Î¥·¥§ ËÊ´±Í¨¨ c,
s ¨ ³´μ¦¨É¥²Ó h ¶ ·Í¨ ²Ó´ÊÕ  ³¶²¨ÉÊ¤Ê

fλ(q) = lim
x→∞

fλ(x; q),

fλ(x; q) =
(

2ı

πq

)1/2 (2 − δ2λ,−1) s(x; q)
c(x; q) + [h(q) − ı] s(x; q)

,
(46)

  § É¥³ ¨ ¶ ·Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥

σλ(q) = lim
x→∞

σλ(x; q), σλ(x; q) ≡ (2 − δ2λ,−1) q−1 [2s(x; q)N(x; q)]2 . (47)

‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° · §¤¥² ¸²¥¤ÊÕÐ¨³¨ § ³¥Î ´¨Ö³¨.
�·¥¤¸É ¢²¥´¨¥ (41) μ§´ Î ¥É, ÎÉμ ¶·¨ ²Õ¡μ³ Ë¨±¸¨·μ¢ ´´μ³ §´ Î¥´¨¨

 ·£Ê³¥´É  x ±μ³¶μ´¥´ÉÒ c(x; q) ¨ s(x; q) Ö¢²ÖÕÉ¸Ö  ³¶²¨ÉÊ¤ ³¨, ¸ ±μÉμ·Ò³¨
¢¸¶μ³μ£ É¥²Ó´Ò¥ ËÊ´±Í¨¨ jλ ¨ nλ ¸μ¤¥·¦ É¸Ö ¢ ËÊ´±Í¨¨ uλ. �μÔÉμ³Ê ¤ ²¥¥
ÔÉ¨ ±μ³¶μ´¥´ÉÒ ´ §Ò¢ ÕÉ¸Ö  ³¶²¨ÉÊ¤´Ò³¨ ËÊ´±Í¨Ö³¨.

�¶·¥¤¥²¥´´Ò¥ Ëμ·³Ê² ³¨ (44)Ä(47) ËÊ´±Í¨¨ N , tgδλ, fλ ¨ σλ  ·£Ê³¥´É 
x ¨ ¶ · ³¥É·  q ¨³¥ÕÉ ¶·μ§· Î´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸²: ¨Ì §´ Î¥´¨Ö ¢ ²Õ¡μ°
ÉμÎ±¥ x = b · ¢´Ò ´μ·³¨·μ¢μÎ´μ³Ê ³´μ¦¨É¥²Õ, É ´£¥´¸Ê Ë §Ò,  ³¶²¨ÉÊ¤¥ ¨
¸¥Î¥´¨Õ ¢ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²  V (x), ®μ¡·¥§ ´´μ£μ¯ ¢ ÔÉμ° ÉμÎ±¥.

‚ ¶·¥¤¥²¥ q → 0 ¶ · ³¥É· 1/q ¸¨¸É¥³Ò (42) ¡¥¸±μ´¥Î´μ ¢μ§· ¸É¥É.
�μÔÉμ³Ê ¥¥ Î¨¸²¥´´μ¥ ¨´É¥£·¨·μ¢ ´¨¥ ¸ ¶·¨¥³²¥³μ° ÉμÎ´μ¸ÉÓÕ ¸É ´μ¢¨É¸Ö
¸²μ¦´μ° ¢ÒÎ¨¸²¨É¥²Ó´μ° ¶·μ¡²¥³μ°. ˆ¸¶μ²Ó§ÊÖ ·¥Ï¥´¨¥ {c, s} ÔÉμ° ¸¨¸É¥³Ò
¨ ¶·¥¤¸É ¢²¥´¨Ö (41) ¨ (45)Ä(47) ´¥²Ó§Ö ´ °É¨ Ö¢´Ò¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥
¶·¨¡²¨¦¥´¨Ö ËÊ´±Í¨° uλ, Ë § δλ,  ³¶²¨ÉÊ¤ fλ ¨ ¸¥Î¥´¨° σλ ´¨ ¶·¨ μ¤´μ³
§´ Î¥´¨¨ λ. �μ ÔÉ¨³ ¶·¨Î¨´ ³ ¤²Ö ¶μ¸É·μ¥´¨Ö ¶·¨¡²¨¦¥´¨° É ±μ£μ É¨¶  É·¥-
¡ÊÕÉ¸Ö ¸¶¥Í¨ ²Ó´Ò¥ ³¥Éμ¤Ò. ’ ±μ° ³¥Éμ¤ ¶·¥¤² £ ¥É¸Ö ´¨¦¥ ¨ ´ Î¨´ ¥É¸Ö c
 ´ ²¨§  ¸¢μ°¸É¢  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨°.

4. ‘‚�‰‘’‚� �Œ�‹ˆ’“„�›• ”“�Š–ˆ‰

�³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ ¨ s ¶μ¤Î¨´ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³ (42), ¢ ±μÉμ·ÒÌ
ËÊ´±Í¨¨ jλ, ¨ nλ ´¥ ¸μ¤¥·¦ É ³´μ¦¨É¥²Ö h(q) ¨ Ö¢²ÖÕÉ¸Ö ¸Ìμ¤ÖÐ¨³¨¸Ö
·Ö¤ ³¨ (16) ¨ (24) ¶μ ¶μ²μ¦¨É¥²Ó´Ò³ ¸É¥¶¥´Ö³ ¶ · ³¥É·  q. ‘²¥¤μ¢ É¥²Ó´μ,
 ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ ¤μ²¦´Ò ¡ÒÉÓ ·Ö¤ ³¨ É ±μ£μ ¦¥ É¨¶ . „μ± ¦¥³ ÔÉμ
ÊÉ¢¥·¦¤¥´¨¥, ¸²¥¤ÊÖ · ¡μÉ ³ [6,18].
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‚ ¸¨¸É¥³¥ Ê· ¢´¥´¨° (42) ¨ ¢ ¥¥ £· ´¨Î´ÒÌ Ê¸²μ¢¨ÖÌ (43) § ³¥´¨³ ËÊ´±-
Í¨¨ jλ, ¨ nλ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ·Ö¤ ³¨ (16) ¨ (24),    ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c
¨ s ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥ ¨¸±μ³ÒÌ · §²μ¦¥´¨°

c(x; q) = (2λ − 1 + 2δ2λ,−1)!!
∞∑

n=0

q2ncn(x),

s(x; q) = q2λ+1s̄(x, q), s̄(x, q) ≡ π

2
1

(2λ + 1 + δ2λ,−1)!!

∞∑
n=0

q2nsn(x).

(48)

�μ²ÊÎ¨¢Ï¨¥¸Ö · ¢¥´¸É¢  § ¶¨Ï¥³ ¢ ¢¨¤¥ ¡¥¸±μ´¥Î´ÒÌ ¶μ²¨´μ³μ¢ ¶μ Î¥É´Ò³
¸É¥¶¥´Ö³ ¶ · ³¥É·  q. 
² £μ¤ ·Ö ²¨´¥°´μ° ´¥§ ¢¨¸¨³μ¸É¨ ¸¨¸É¥³Ò {q2n}∞n=0

¸É¥¶¥´´ÒÌ ËÊ´±Í¨° q2n ÔÉ¨ ¶μ²¨´μ³Ò Éμ¦¤¥¸É¢¥´´μ · ¢´Ò ´Ê²Õ Éμ£¤  ¨
Éμ²Ó±μ Éμ£¤ , ±μ£¤  · ¢´Ò ´Ê²Õ ¢¸¥ ¨Ì ®±μÔËË¨Í¨¥´ÉÒ¯, § ¢¨¸ÖÐ¨¥ ²¨ÏÓ
μÉ ¶¥·¥³¥´´μ° x. �·¨³¥´¨¢ ÔÉμ ¶· ¢¨²μ, ¶μ²ÊÎ ¥³ ·¥±Ê··¥´É´ÊÕ Í¥¶μÎ±Ê
Ê· ¢´¥´¨° ¤²Ö ±μ³¶μ´¥´É cn ¨ sn:

∂xcn(x) =
xV (x)

2λ + 1 + δ2λ,−1
×

×
∑

p+i+j=n

x2(p+i) dp(x)
[
ai cj(x) + x−2λ−1 di(x) sj(x)

]
,

∂xsn(x) = − x2λ+2V (x)
2λ + 1 + δ2λ,−1

×

×
∑

p+i+j=n

x2(p+i) ap

[
ai cj(x) + x−2λ−1 di(x) sj(x)

]
, x > 0,

(49)

¨ ´ Ìμ¤¨³ ¤²Ö ÔÉ¨Ì ±μ³¶μ´¥´É ¸²¥¤ÊÕÐ¨¥ £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö:

c0(x) = 1, cn+1(x) = 0, sn(x) = 0, n = 0, 1, . . . , x = 0. (50)

�¡¸Ê¤¨³ ¸É·μ¥´¨¥ Í¥¶μÎ±¨ ±· ¥¢ÒÌ § ¤ Î ŠμÏ¨ (49), (50). ‚ μÉ²¨-
Î¨¥ μÉ ¨¸Ìμ¤´μ° § ¤ Î¨ (42), (43) ÔÉ  Í¥¶μÎ±  ´¥ ¸μ¤¥·¦¨É ¢μ²´μ¢μ¥ Î¨-
¸²μ q ¨ ¶μÔÉμ³Ê ´ §Ò¢ ¥É¸Ö Ô´¥·£μ´¥§ ¢¨¸¨³μ°. �¥·¢ Ö ¸¨¸É¥³  (49) ¨³¥¥É
´μ³¥· n = 0 ¨ Ö¢²Ö¥É¸Ö μ¤´μ·μ¤´μ°. Š ¦¤ Ö ¶μ¸²¥¤ÊÕÐ Ö ¸¨¸É¥³  (49) ¸
¤ ´´Ò³ ´μ³¥·μ³ n > 0 Ö¢²Ö¥É¸Ö ´¥μ¤´μ·μ¤´μ°, ¶μÉμ³Ê ÎÉμ ¶· ¢Ò¥ Î ¸É¨
μ¡μ¨Ì ¥¥ Ê· ¢´¥´¨° ¸μ¤¥·¦ É μ¡¥ ±μ³¶μ´¥´ÉÒ cm ¨ sm ·¥Ï¥´¨° {cm, sm}
¢¸¥Ì ¶·¥¤Ò¤ÊÐ¨Ì ¸¨¸É¥³ ¸ ´μ³¥·μ³ m = 0, 1, . . . , n − 1. ‘μ£² ¸´μ Ëμ·³Ê-
² ³ (27)Ä(30) ¸² £ ¥³μ¥ · §²μ¦¥´¨Ö ËÊ´±Í¨¨ nλ, ¸μ¤¥·¦ Ð¥¥ ²μ£ ·¨Ë³¨Î¥-
¸±ÊÕ ËÊ´±Í¨Õ y(x) ≡ ln x, ¶·μ¶μ·Í¨μ´ ²Ó´μ ¶·μ¨§¢¥¤¥´¨Õ (qx)2n y(x), ¢
±μÉμ·μ³ n = λ + 1/2. �μÔÉμ³Ê ¶· ¢Ò¥ Î ¸É¨ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (49) ¤²Ö
ËÊ´±Í¨° cn ¨ sn ¸μ¤¥·¦ É ËÊ´±Í¨Õ y(x), ¥¸²¨ n � λ + 1/2, ¨ ´¥ ¸μ¤¥·¦ É ¢
¶·μÉ¨¢´μ³ ¸²ÊÎ ¥.
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�μÖ¸´¨³ ¶¥·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥ μ¸μ¡¥´´μ¸É¨ ¸É·μ¥´¨Ö Í¥¶μÎ±¨ Ê· ¢´¥-
´¨° (49) ´  ¶·¨³¥·¥ ¥¥ É·¥Ì ¸¨¸É¥³ ¸ ´μ³¥·μ³ n = 0, 1, 2. „²Ö ±· É±μ¸É¨
§ ¶¨¸¨  ·£Ê³¥´É x ËÊ´±Í¨° V (x), cn(x), sn(x) ¨ y(x) ´¥ Ê± §Ò¢ ¥³.

‚ ¸²ÊÎ ¥ λ = −1/2 ¶· ¢Ò¥ Î ¸É¨ ¸¨¸É¥³ n = 0, 1, 2 ¸μ¤¥·¦ É ²μ£ ·¨Ë³
y, ¶¥·¢ Ö ¸¨¸É¥³  (n = 0) Ö¢²Ö¥É¸Ö μ¤´μ·μ¤´μ°:

∂xc0 = −V xy (c0 − ys0 ) , ∂xs0 = −V x (c0 − ys0 ) ; (51)

¢Éμ· Ö ¸¨¸É¥³  (n = 1) ¸μ¤¥·¦¨É ±μ³¶μ´¥´ÉÒ c0 ¨ s0 ·¥Ï¥´¨Ö {c0, s0} ¶¥·¢μ°
¸¨¸É¥³Ò:

∂xc1 = V

{
[−xy (c1 − ys1)] +

x3

4
[(2y − 1)c0 + 2(1 − y)ys0]

}
,

∂xs1 = −V

{
x (c1 − ys1) −

x3

4
[2c0 + (1 − 2y)s0]

}
,

  É·¥ÉÓÖ ¸¨¸É¥³  (n = 2) ¸μ¸Éμ¨É ¨§ Ê· ¢´¥´¨Ö

∂xc2 = V

{
[−xy (c2 − ys2) ] +

x3

4
[(2y − 1)c1 + 2(1 − y)ys1]−

− x5

128
[
(3y − 11)c0 + (4y2 − 22y + 8)s0

]}
¨ Ê· ¢´¥´¨Ö

∂xs2 = −V

{
x(c2 − ys2) −

x3

4
[2c1 + (1 − 2y)s1] +

x5

128
[12c0 + (11 − 4y)s0]

}
.

� Î¨´ Ö ¸ λ = 1/2, μ¡  Ê· ¢´¥´¨Ö ¶¥·¢μ° ¸¨¸É¥³Ò ´¥ ¸μ¤¥·¦ É ²μ£ -
·¨Ë³ y:

∂xc0 =
V

2λ + 1
(
xc0 + x−2λs0

)
,

∂xs0 = − V

2λ + 1
x2λ+1

(
xc0 + x−2λs0

)
, λ � 1

2
.

(52)

�·¨ λ = 1/2 ¢Éμ· Ö ¸¨¸É¥³  ¨³¥¥É ¢¨¤

∂xc1 = (V/16)
[
8(xc1 + s1/x) − x3(4y + 1)c0 − 8xys0

]
∂xs1 = −(V x2/16)

[
8(xc1 + s1/x) − 2x3c0 − x(4y + 1)s0

]
,

  É·¥ÉÓÕ ¸¨¸É¥³Ê ¸μ¸É ¢²ÖÕÉ Ê· ¢´¥´¨¥

∂xc2 = (V/16)
[
8(xc2 + s2/x) − x3(4y + 1)c1 − 8xys1+

+(x5/12) (12y − 7)c0 + (x3/4) (8y2 + 4y − 5)s0

]
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¨ Ê· ¢´¥´¨¥

∂xs2 = −(V x2/16)
[
8(xc2 + s2/x) − 2x3c1 − x(4y + 1)s1+

+(x5/24)c0 + (x3/12)(12y − 7)s0

]
� Î¨´ Ö ¸ λ = 3/2, μ¡  Ê· ¢´¥´¨Ö ¢Éμ·μ° ¸¨¸É¥³Ò ¸μ¤¥·¦ É ²¨ÏÓ Í¥²Ò¥

¸É¥¶¥´¨  ·£Ê³¥´É  x ¨ § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¢¨¤¥

∂xc1 =
V

2λ + 1

[
xc1 + x−2λs1 +

x2

2λ − 1

(
2

2λ + 3
xc0 + x−2λs0

)]
,

∂rs1 = − V

2λ + 1
x2λ+1

[
xc1 + x−2λs1 −

x2

2λ + 3

(
xc0 −

2
2λ − 1

x−2λs0

)]
,

λ � 3
2
.

‚ ¸²ÊÎ ¥ λ = 3/2 ¶¥·¢Ò³ Ê· ¢´¥´¨¥³ É·¥ÉÓ¥° ¸¨¸É¥³Ò Ö¢²Ö¥É¸Ö Ê· ¢´¥´¨¥

∂xc2 = (V/24)
[
6(xc2 + s2/x3) + x3c1 + 3s1/x−

−(x5/64) (7 + 24y)c0 + (3x/8) (1 − 2y)s0

]
  ¢Éμ·Ò³ Å Ê· ¢´¥´¨¥

∂xs2 = −(V x4/6)
[
6(xc2 + s2/x3) − x3c1 + s1/x+

+(7x5/96)c0 − (3x/182)(24y + 7)s0

]
.

‚ μ¸É ¢Ï¥³¸Ö ¸²ÊÎ ¥ λ � 5/2 ¢Éμ·ÊÕ ¸¨¸É¥³Ê μ¡· §ÊÕÉ Ê· ¢´¥´¨¥

∂xc2 =
V

2λ + 1

{
xc2 + x−2λs2 +

x2

2λ − 1

(
2

2λ + 3
xc1 + x−2λs1

)
+

+
x4

(2λ − 1)(2λ − 3)

[
6

(2λ + 3)(2λ + 5)
xc0 +

λ − 1
2λ − 1

x−2λs0

]}
,

¨ Ê· ¢´¥´¨¥

∂xs2 = − V

2λ + 1
x2λ+1

{
xc2 + x−2λs2 −

x2

2λ + 3

(
xc1 −

2
2λ − 1

x−2λs1

)
+

+
x4

(2λ + 3)(2λ + 5)

[
λ + 2
2λ + 3

xc0 +
6

(2λ − 1)(2λ − 3)
x−2λs0

]}
.

‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ¶·¨ Ê¸²μ¢¨ÖÌ (1) μ¡¸Ê¦¤ ¥³ Ö § ¤ Î  ŠμÏ¨ (49), (50)
μ¤´μ§´ Î´μ · §·¥Ï¨³ , ¢¸¥ ±μ³¶μ´¥´ÉÒ ¥¥ ·¥Ï¥´¨Ö {cn, sn}∞n=0 Ö¢²ÖÕÉ¸Ö
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¢¸Õ¤Ê (x � 0) ´¥¶·¥·Ò¢´μ ¤¨ËË¥·¥´Í¨·Ê¥³Ò³¨ ¨, ¸²¥¤μ¢ É¥²Ó´μ, μ£· ´¨-
Î¥´´Ò³¨ ËÊ´±Í¨Ö³¨:

|cn(x)| < ∞, |sn(x)| < ∞, n = 0, 1, . . . , x � 0. (53)

	É¨ ÊÉ¢¥·¦¤¥´¨Ö ´¥¸²μ¦´μ ¤μ± § ÉÓ ¶μ ¨´¤Ê±Í¨¨, ¨¸¶μ²Ó§μ¢ ¢ ¶·¨ ³ ²ÒÌ ¨
¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ  ·£Ê³¥´É  0 � x � x1 ¨ x2 � x < ∞ ³¥Éμ¤ ¶μ¸²¥¤μ¢ É¥²Ó-
´ÒÌ ¶·¨¡²¨¦¥´¨° [19] ¨ ¶·¨³¥´¨¢ ¢ ¶·μ³¥¦ÊÉμÎ´μ° μ¡² ¸É¨ x1 � x � x2

¨§¢¥¸É´ÊÕ É¥μ·¥³Ê �¥ ´μ [17]. „μ± § É¥²Ó¸É¢μ, ¢Ò¶μ²´¥´´μ¥ ¶μ É ±μ° ¸Ì¥³¥
¤²Ö ¸¨¸É¥³Ò Éμ£μ ¦¥ É¨¶ , ÎÉμ ¨ ¸¨¸É¥³  (52), ¤ ´μ ¢ · ¡μÉ¥ [20].

�¥Ï¥´¨¥ {c0, s0} ¸¨¸É¥³Ò (51) ¨²¨ (52) μ¡² ¤ ¥É ¢ ¦´Ò³ ¸¢μ°¸É¢μ³

c2
0(x; q) + s2

0(x; q) �= 0, x � 0. (54)

�´μ μ§´ Î ¥É, ÎÉμ ´¥ ¸ÊÐ¥¸É¢Ê¥É ÉμÎ±¨ x = b, ¢ ±μÉμ·μ° μ¡¥ ±μ³¶μ´¥´ÉÒ
c0 ¨ s0 · ¢´Ò ´Ê²Õ. „μ± ¦¥³ ÔÉμ ÊÉ¢¥·¦¤¥´¨¥ μÉ ¶·μÉ¨¢´μ£μ. �Ê¸ÉÓ ¶·¨
´¥±μÉμ·μ³ §´ Î¥´¨¨ b  ·£Ê³¥´É  x ¢Ò¶μ²´ÖÕÉ¸Ö μ¡  · ¢¥´¸É¢  c0(b) = 0 ¨
s0(b) = 0. ˆ¸¶μ²Ó§Ê¥³ ¨Ì ± ± £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö ¤²Ö ¸¨¸É¥³Ò (51) ¨²¨ (52)
¢ ÉμÎ±¥ x = b. �·¨ μ£· ´¨Î¥´¨ÖÌ (1) ¶μ¸É ¢²¥´´ Ö É ±¨³ μ¡· §μ³ ±· ¥¢ Ö
μ¤´μ§´ Î´μ · §·¥Ï¨³  ¢ μ¡² ¸É¨ 0 � x � ∞, ¶·¨Î¥³ ¥¥ ·¥Ï¥´¨¥ Ö¢²Ö¥É¸Ö
É·¨¢¨ ²Ó´Ò³: c0(x) ≡ 0 ¨ s0(x) ≡ 0 ¶·¨ ²Õ¡μ³ x � 0, ¢ Éμ³ Î¨¸²¥ ¨ ¢ ÉμÎ±¥
x = 0. ‘μ£² ¸´μ (50) ¢ ÔÉμ° ÉμÎ±¥ ±μ³¶μ´¥´É  c0 · ¢´  ¥¤¨´¨Í¥,   ´¥ ´Ê²Õ.
�μ²ÊÎ¥´´μ¥ ¶·μÉ¨¢μ·¥Î¨¥ ¤μ± §Ò¢ ¥É · ´¥¥ ¢Ò¸± § ´´μ¥ ÊÉ¢¥·¦¤¥´¨¥ (54).

‘²¥¤μ¢ É¥²Ó´μ, ¢μ§³μ¦´Ò É·¨ ¸²ÊÎ Ö: μ¡¥ ËÊ´±Í¨¨ c0 ¨ s0 ´¥ ¨³¥ÕÉ
´Ê²¥° ´  ¢¸¥° ¶μ²Êμ¸¨ x > 0; ¢ ´¥±μÉμ·μ° ÉμÎ±¥ x = b, ´ ¶·¨³¥·, ¶·¨ x = ∞,
ËÊ´±Í¨Ö s0 · ¢´  ´Ê²Õ, Éμ£¤  c0(b) �= 0 ¨ ´ μ¡μ·μÉ, c0(b) = 0, ´μ s0(b) �= 0.
�μ²´μ¥ ·¥Ï¥´¨¥ § ¤ Î¨ μ Î¨¸²¥ ¨ ¶μ²μ¦¥´¨¨ ´Ê²¥° ËÊ´±Í¨° c0(x) ¨ s0(x)
¶·¥¤¸É ¢²Ö¥É¸Ö ¢μ§³μ¦´Ò³ ²¨ÏÓ ¶ÊÉ¥³ Î¨¸²¥´´μ£μ  ´ ²¨§  ¸¨¸É¥³Ò (51) ¨²¨
¦¥ ¸¨¸É¥³Ò (52).

’¥¶¥·Ó § ¶¨Ï¥³ ·Ö¤Ò (48) ¢ ¢¨¤¥ · §¡¨¥´¨°

c(x; q) = c(2)(x; q) + (2)c(x; q), c(2)(x; q) ≡
2∑

n=0

q2n cn(x);

s(x; q) = s(2)(x; q) + (2)s(x; q),

s(2)(x; q) ≡
(π

2

)1/2 q2λ+1

(2λ + 1 + δ2λ,−1)!!

2∑
n=0

q2n sn(r)

(55)

¨ μÍ¥´¨³ μ¸É ÉμÎ´Ò¥ Î²¥´Ò (2)c ¨ (2)s ¢ ¶·¥¤¥²¥ q → 0. „²Ö ÔÉμ£μ ¢
§ ¤ Î¥ (42), (43) § ³¥´¨³ ËÊ´±Í¨¨ jλ, nλ ¨ c, s ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸Ê³-
³ ³¨ (26), (27)Ä(30) ¨ (55). ‡ É¥³, ¨¸¶μ²Ó§ÊÖ ¸¨¸É¥³Ò (49) ¸ ´μ³¥· ³¨ n � m,
¶·¨¢¥¤¥³ ¶μ¤μ¡´Ò¥ ¸² £ ¥³Ò¥. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¸¨¸É¥³Ê ¤¢ÊÌ ´¥μ¤´μ-
·μ¤´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢μ£μ ¶μ·Ö¤±  ¤²Ö ËÊ´±Í¨° (2)c ¨
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(2)s, · ¢´ÒÌ ´Ê²Õ ¢ ÉμÎ±¥ x = 0. 	ÉÊ ±· ¥¢ÊÕ § ¤ ÎÊ § ¶¨Ï¥³ ¢ ¢¨¤¥ ¸¨¸É¥³Ò
¤¢ÊÌ ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°. �·¨³¥´¨¢ ± É ±μ° ¸¨¸É¥³¥ ³¥Éμ¤ ¶μ¸²¥¤μ¢ -
É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° [19], Ê¡¥¤¨³¸Ö ¢ Éμ³, ÎÉμ, ¡² £μ¤ ·Ö ¸μμÉ´μÏ¥´¨Ö³ (1)
¨ (53), ¢¥·´Ò ¸²¥¤ÊÕÐ¨¥  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ μÍ¥´±¨

(2)c(x; q) = O(q6), (2)s(x; q) = O(q2λ+7), x � 0; q → 0. (56)

‘²¥¤μ¢ É¥²Ó´μ, ±μ´¥Î´Ò¥ ¶μ¤¸Ê³³Ò c(2)(x; q) ¨ s(2)(x; q) ·Ö¤μ¢ (48) Å
Ö¢´Ò¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ (q → 0) ¶·¨¡²¨¦¥´¨Ö ËÊ´±Í¨° c(r; k) ¨ s(r; k)
¶·¨ ²Õ¡μ³ §´ Î¥´¨¨ ¨Ì  ·£Ê³¥´É  x > 0, ¢ Éμ³ Î¨¸²¥ ¨ ¢ ÉμÎ±¥ x = ∞.

5. �ˆ‡Š���…�ƒ…’ˆ—…‘Šˆ… ��ˆ�‹ˆ†…�ˆŸ

�·¨¸ÉÊ¶¨³ ± ¢Ò¢μ¤Ê ¨  ´ ²¨§Ê ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì ¶·¨¡²¨¦¥´¨°, ¶·¥¤-
¶μ² £ Ö ÎÉμ μ¡¥ ËÊ´±Í¨¨ c0(x) ¨ s0(x) ´¥ · ¢´Ò ´Ê²Õ ¢ ¶·¥¤¥²¥ x → ∞.
‚¸¥ μ¸É ²Ó´Ò¥ ¸²ÊÎ ¨ É·¥¡ÊÕÉ ¨¸¸²¥¤μ¢ ´¨Ö  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° c(x; q) ¨
s(x; q) ¸ ±μ³¶²¥±¸´μ§´ Î´Ò³ ¶ · ³¥É·μ³ q, ÎÉμ ¸μ£² ¸´μ · §¤. 1, ¢ÒÌμ¤¨É § 
· ³±¨ ´ Ï¥° μ¸´μ¢´μ° § ¤ Î¨.

‚ ¶· ¢ÒÌ Î ¸ÉÖÌ · ¢¥´¸É¢ (44)Ä(47) § ³¥´¨³ ËÊ´±Í¨¨ c ¨ s ¨Ì ¶·¨¡²¨-
¦¥´¨Ö³¨ c(2) ¨ s(2). ‡ É¥³ ¶¥·¥°¤¥³ ± ¶·¥¤¥²Ê x → ∞. �μ²ÊÎ¥´´Ò¥ É ±¨³
¸¶μ¸μ¡μ³ ËÊ´±Í¨¨ μ¡μ§´ Î¨³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸¨³¢μ² ³¨ Ñ(q), tg δ̃λ(q),
f̃λ(q) ¨ σ̃λ(q). ˆ¸¶μ²Ó§ÊÖ · §¡¨¥´¨Ö (55) ¨ μÍ¥´±¨ (56) ´¥É·Ê¤´μ ¶μ± § ÉÓ,
ÎÉμ ¶·¨ ²Õ¡μ³ λ � −1/2 ÔÉ¨ ËÊ´±Í¨¨ Ö¢²ÖÕÉ¸Ö ´¥Ö¢´Ò³¨ ´¨§±μÔ´¥·£¥É¨-
Î¥¸±¨³¨ ¶·¨¡²¨¦¥´¨Ö³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ËÊ´±Í¨° N(q), tg δλ(q), fλ(q) ¨
σλ(q) ¸ μÉ´μ¸¨É¥²Ó´μ° ÉμÎ´μ¸ÉÓÕ ε ¶μ·Ö¤±  O(q6):

N(q)/Ñ(q), tgδλ(q)/tgδ̃λ(q), fλ(q)/f̃λ(q),

σλ(q)/σ̃λ(q) = 1 + O(q6); q → 0.

‚¸¥ É ±¨¥ ¶·¨¡²¨¦¥´¨Ö ¸μ¤¥·¦ É Ï¥¸ÉÓ ±μÔËË¨Í¨¥´Éμ¢ cn ¨ sn, · ¢´ÒÌ
§´ Î¥´¨Ö³ ±μ³¶μ´¥´É cn(x) ¨ sn(x), n = 0, 1, 2, ¢ ÉμÎ±¥ x = ∞. 	É¨ ±μÔËË¨-
Í¨¥´ÉÒ, ¶μ-¢¨¤¨³μ³Ê, ´¥ ¨³¥ÕÉ ± ±μ£μ-²¨¡μ Ë¨§¨Î¥¸±μ£μ ¸³Ò¸² . �μÔÉμ³Ê
¸Éμ¨É ¢Ò¢¥¸É¨ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ ¶·¨¡²¨¦¥´¨Ö, ¶ · ³¥É·¨§μ¢ ´´Ò¥ Î¥·¥§
É·¨ É ±¨¥ ±μ³¡¨´ Í¨¨ a, reff ¨ P ±μÔËË¨Í¨¥´Éμ¢ cn ¨ sn, ±μÉμ·Ò¥ ¤μ¶Ê¸± ÕÉ
Ö¸´ÊÕ Ë¨§¨Î¥¸±ÊÕ ¨´É¥·¶·¥É Í¨Õ.

�¥Ï¥´¨¥ ¸Ëμ·³Ê²¨·μ¢ ´´μ° ¢ÒÏ¥ § ¤ Î¨ ´ Î´¥³ ¸ ¨¸¸²¥¤μ¢ ´¨Ö ±²ÕÎ¥-
¢ÒÌ ¤²Ö ¤ ²Ó´¥°Ï¥£μ  ´ ²¨§  ËÊ´±Í¨° K(q) ¨ K(x; q), μ¶·¥¤¥²¥´´ÒÌ Ëμ·-
³Ê² ³¨

K(q) ≡ lim
x→∞

K(x; q), K(x; q) ≡ q2λ+1 [ctgδλ(x; q) − h(q)] . (57)

‡ ³¥É¨³, ÎÉμ ¢¸²¥¤¸É¢¨¥ ¶·¥¤¸É ¢²¥´¨° (45) ¨ (48) ¢¥·´Ò · ¢¥´¸É¢ 

K(x; q) = q2λ+1 c(x; q)/s(x; q) = c(x; q)/s̄(x; q). (58)
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‚ ¶μ¸²¥¤´¥³ ¨§ ´¨Ì § ³¥´¨³ ËÊ´±Í¨¨ c ¨ s̄ ¨Ì · §²μ¦¥´¨Ö³¨ (48). ‘μ£² ¸´μ
¶μ²ÊÎ¥´´μ³Ê É ±¨³ μ¡· §μ³ ¶·¥¤¸É ¢²¥´¨Õ K(x; q) Ö¢²Ö¥É¸Ö ËÊ´±Í¨¥° ¤¢ÊÌ
 ·£Ê³¥´Éμ¢: x ¨ v = q2. � §²μ¦¨¢ ÔÉÊ ËÊ´±Í¨Õ ¢ ·Ö¤ ’¥°²μ·  ¶μ  ·£Ê³¥´ÉÊ v
c Í¥´É·μ³ ¢ ÉμÎ±¥ v = 0, ¶μ²ÊÎ ¥³ · ¢´μ³¥·´ÊÕ ¶μ  ·£Ê³¥´ÉÊ x  ¸¨³¶ÉμÉ¨±Ê

K(x; q) = K(2)(x; q) + O(q6), K(2)(x; q) ≡ τ

2∑
n=0

Kn(x) q2n, q → 0. (59)

‚ ÔÉμ°  ¸¨³¶ÉμÉ¨±¥ x > 0, ³´μ¦¨É¥²Ó τ μ¶·¥¤¥²¥´ Ëμ·³Ê²μ° (23), ± ¦¤ Ö
ËÊ´±Í¨Ö Kn(x), n � 0, ¶·¥¤¸É ¢²Ö¥É¸Ö ±μ´¥Î´μ° ¸Ê³³μ° ¤·μ¡¥°, §´ ³¥´ É¥²¨
±μÉμ·ÒÌ Ä Í¥²Ò¥ ¸É¥¶¥´¨ sp

0(x), p � 2n,   Î¨¸²¨É¥²¨ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§
±μ³¶μ´¥´ÉÒ cm(x) ¨ sm(x) ¸ ´μ³¥· ³¨ m � n. �¥ Ê± §Ò¢ Ö  ·£Ê³¥´É x
ËÊ´±Í¨° Kn(x), cm(x) ¨ sm(x), ¶·¨¢¥¤¥³ ¶·¨³¥·Ò É ±¨Ì ¶·¥¤¸É ¢²¥´¨°:

K0 = c0/s0, K1 = (c1 − s1K0)/s0,

K2 = (c2 − s2K0 − s1K1)/s0,

K3 = (c3 − s3K0 − s2K1 − s1K2)/s0.

(60)

‚³¥¸Éμ ËÊ´±Í¨¨ Kn(x), n = 0, 1, 2, ¤ ²¥¥ ¨¸¶μ²Ó§Ê¥³ ËÊ´±Í¨¨ a, reff ¨ P ,
μ¶·¥¤¥²¥´´Ò¥ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

a(x) ≡ − 1
τK0(x)

= − s0(x)
τc0(x)

,

reff(x) ≡ 2τ K1(x),

P (x) ≡ −τ
K2(x)
r3
eff(x)

.

(61)

‘μ£² ¸´μ ´¥· ¢¥´¸É¢ ³ (53) ¢¸¥ ±μ³¶μ´¥´ÉÒ cn ¨ sn Ö¢²ÖÕÉ¸Ö ¢¸Õ¤Ê μ£· ´¨-
Î¥´´Ò³¨ ËÊ´±Í¨Ö³. �μ ¶·¥¤¶μ²μ¦¥´¨Õ c0(∞) �= 0 ¨ s0(∞) �= 0. ‘²¥¤μ¢ -
É¥²Ó´μ, ¢¸¥ ËÊ´±Í¨¨ Kn, a, reff ¨ P μ£· ´¨Î¥´Ò ¢ ¶·¥¤¥²¥ x → ∞. �μÔÉμ³Ê
¨ ¢  ¸¨³¶ÉμÉ¨±¥ (59), ¨ ¢ μ¶·¥¤¥²¥´¨ÖÌ (61) ³μ¦´μ ¶μ²μ¦¨ÉÓ x = ∞. ‚ ·¥-
§Ê²ÓÉ É¥ ¶μ²ÊÎ¨É¸Ö ¸²¥¤ÊÕÐ¥¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶·¥¤¥²  K(q)
¨¸¸²¥¤Ê¥³μ° ËÊ´±Í¨¨ K(x; q)

K(q) =
c(q)
s̄(q)

= τ
∞∑

n=0

Kn q2n =

= −1
a

+
1
2

reff q2 − r3
eff P q4 + O(q6), q → 0. (62)

‚ÒÖ¸´¨³ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ËÊ´±Í¨¨ K(q) ¢μ²´μ¢μ£μ Î¨¸²  q ¨ ±μÔË-
Ë¨Í¨¥´Éμ¢ a, reff ¨ P . „²Ö ÔÉμ£μ ¸· ¢´¨³ μ¶·¥¤¥²¥´¨Ö (10) ¨ (57) ËÊ´±Í¨°
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Ks(q) ¨ K(q) ¨ ¨Ì  ¸¨³¶ÉμÉ¨±¨ (11) ¨ (62). �¡  μ¶·¥¤¥²¥´¨Ö ¸μ¤¥·¦ É ¶·μ-
¨§¢¥¤¥´¨Ö Í¥²ÒÌ ¸É¥¶¥´¥° ¨ ±μÉ ´£¥´¸μ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¢μ²´μ¢ÒÌ Î¨¸¥²
¨ ¶ ·Í¨ ²Ó´ÒÌ Ë §. �¡¥ μ¡¸Ê¦¤ ¥³Ò¥ ËÊ´±Í¨¨ Ö¢²ÖÕÉ¸Ö ¡¥¸±μ´¥Î´Ò³¨ ·Ö-
¤ ³¨ ¶μ Í¥²Ò³ ¸É¥¶¥´Ö³  ·£Ê³¥´É  q2 ¨ ¨³¥ÕÉ μ¤´μÉ¨¶´Ò¥  ¸¨³¶ÉμÉ¨±¨. ‚
¸¨²Ê É ±μ£μ ¸Ìμ¤¸É¢  ËÊ´±Í¨Õ K(q) ¨ ±μÔËË¨Í¨¥´ÉÒ a, reff ¨ P ¥¥ · §²μ¦¥-
´¨Ö (62) ¶·¥¤¸É ¢²Ö¥É¸Ö ²μ£¨Î´Ò³ ´ §¢ ÉÓ ¸μμÉ¢¥É¸É¢¥´´μ ËÊ´±Í¨¥° ÔËË¥±-
É¨¢´μ£μ · ¤¨Ê¸ , ¤²¨´μ° · ¸¸¥Ö´¨Ö, ÔËË¥±É¨¢´Ò³ · ¤¨Ê¸μ³ ¢§ ¨³μ¤¥°¸É¢¨Ö
¨ ¶ · ³¥É·μ³ Ëμ·³Ò ¢ ¨¸¸²¥¤Ê¥³μ³ ¸²ÊÎ ¥  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´μ£μ ±μ·μÉ-
±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ²  V . ”Ê´±Í¨¨ (61) ¨³¥¥É ¶·μ§· Î´Ò° Ë¨§¨Î¥¸±¨°
¸³Ò¸²: ¨Ì §´ Î¥´¨Ö a(b), reff(b) ¨ P (b) ¢ ²Õ¡μ° ÉμÎ±¥ x = b Ö¢²ÖÕÉ¸Ö ¤²¨´μ°
· ¸¸¥Ö´¨Ö, ÔËË¥±É¨¢´Ò³ · ¤¨Ê¸μ³ ¢§ ¨³μ¤¥°¸É¢¨Ö ¨ ¶ · ³¥É·μ³ Ëμ·³Ò ¢
¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²  V (x), ®μ¡·¥§ ´´μ£μ¯ ¢ ÔÉμ° ÉμÎ±¥.

�·¨³¥´¨³ ¨¸¸²¥¤μ¢ ´´Ò¥ ¢ÒÏ¥ ËÊ´±Í¨¨ (57), (58) ¨ ¨Ì  ¸¨³¶ÉμÉ¨±¨ (59),
(62) ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �· ¢Ò¥ Î ¸É¨ · ¢¥´¸É¢ (45)Ä(47) ¢Ò· §¨³ Î¥·¥§
ËÊ´±Í¨Õ K(x; q) ¨ ¶¥·¥°¤¥³ ± ¶·¥¤¥²Ê x → ∞. �μ²ÊÎ¥´´Ò¥ É ±¨³ ¸¶μ-
¸μ¡μ³ ¢Ò· ¦¥´¨Ö μ¡μ§´ Î¨³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸¨³¢μ² ³¨ tg δ̃λ(q), f̃λ(q) ¨
σ̃λ(q) ¨ § ¶¨Ï¥³ ¢ ¢¨¤¥, ´ ¨¡μ²¥¥ Ê¤μ¡´μ³ ¤²Ö ¨Ì ¶· ±É¨Î¥¸±μ£μ ¶·¨³¥´¥´¨Ö
¨ ¤ ²Ó´¥°Ï¥£μ ¨¸¸²¥¤μ¢ ´¨Ö. ”Ê´±Í¨Õ tg δ̃λ(q) ¶·¥¤¸É ¢¨³ ¤·μ¡ÓÕ

tg δ̃λ(q) = v(q) ≡ −aq2λ+1

1 + ag(q) − a q2λ+1 h(q)
,

g(q) ≡ −q2
(
1/2 − r2

effP q2
)

reff .

(63)

’μ£¤  ËÊ´±Í¨Õ f̃λ(q) ³μ¦´μ ¡Ê¤¥É ¢ÒÎ¨¸²ÖÉÓ ¶μ Ëμ·³Ê²¥

f̃λ(q) = −(2 − δ2λ,−1)
(

2ı

π

)1/2
aq2λ+1/2

1 + ag(q) − aq2λ+1 [h(q) − ı]
. (64)

‚ ¸¨²Ê ÔÉμ£μ · ¢¥´¸É¢  ¨ ¸¢Ö§¨ (9) ¸¥Î¥´¨Ö σλ(q) c  ³¶²¨ÉÊ¤μ° fλ(q)

σ̃λ(q) = π(2 − δ2λ,−1) |f̃λ(q)|2 = π (2 − δ2λ,−1)×

× a2 q4λ+1

[1 + ag(q) − aq2λ+1h(q)] + a2
. (65)

’ ± ± ± μ¸É ÉμÎ´Ò° Î²¥´  ¸¨³¶ÉμÉ¨±¨ (62) Ê¡Ò¢ ¥É ± ± O(q6), Éμ ËÊ´±-
Í¨¨ tg δ̃λ(q), f̃λ(q) ¨ σ̃λ(q) Ö¢²ÖÕÉ¸Ö ´¥Ö¢´Ò³¨ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨³¨ ¶·¨-
¡²¨¦¥´¨Ö³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ËÊ´±Í¨° tg δλ(q), fλ(q) ¨ σλ(q) ¸ μÉ´μ¸¨É¥²Ó-
´μ° ÉμÎ´μ¸ÉÓÕ ¶μ·Ö¤±  O(q6).

’¥¶¥·Ó ¨§ ¶μ²ÊÎ¥´´ÒÌ ¶·¨¡²¨¦¥´¨° (63)Ä(65) ¢Ò¢¥¤¥³ Ö¢´Ò¥ ´¨§±μÔ´¥·-
£¥É¨Î¥¸±¨¥  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨° δλ(q), fλ(q) ¨ σλ(q) ¢μ²´μ¢μ£μ Î¨¸²  q.
�¥Ï¥´¨¥ É ±μ° § ¤ Î¨ ¸ÊÐ¥¸É¢¥´´μ § É·Ê¤´Ö¥É¸Ö ´ ²¨Î¨¥³ ¢ ÔÉ¨Ì ¶·¨¡²¨¦¥-
´¨ÖÌ ²μ£ ·¨Ë³¨Î¥¸±μ° ËÊ´±Í¨¨ h(q), ¶·μ¨§¢μ¤´Ò¥ ±μÉμ·μ° ²Õ¡μ£μ ¶μ·Ö¤± 
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´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ÕÉ ¨²¨ ¦¥ Ê¡Ò¢ ÕÉ ¢ ¶·¥¤¥²¥ q → 0. �μÔÉμ³Ê ËÊ´±-
Í¨¨ (63)Ä(65)  ·£Ê³¥´É  q ´¥²Ó§Ö ¶·¥¤¸É ¢¨ÉÓ ·Ö¤μ³ ’¥°²μ·  ¶μ ¶¥·¥³¥´´μ° q
c Í¥´É·μ³ ¢ ÉμÎ±¥ q = 0. —Éμ¡Ò ¶·¥μ¤μ²¥ÉÓ ÔÉÊ É·Ê¤´μ¸ÉÓ, ¶·¨³¥´¨³ ¨§¢¥¸É-
´Ò°  ¸¨³¶ÉμÉ¨Î¥¸±¨° ³¥Éμ¤ [21] ¶μ ¸²¥¤ÊÕÐ¥° ¸Ì¥³¥. � ¸¸³μÉ·¨³ ¤¢  ¸²ÊÎ Ö
λ = −1/2 ¨ λ � 1/2. ‚ ± ¦¤μ³ ¨§ ´¨Ì ¸´ Î ²  ¢¢¥¤¥³ ¶¥·¥³¥´´ÊÕ w(q),
¸μ¤¥·¦ ÐÊÕ ËÊ´±Í¨¨ h(q) ¨ g(q), ¨ ¸Ìμ¤ÖÐÊÕ¸Ö ± ´Ê²Õ ¢ ¶·¥¤¥²¥ q → 0.
‡ É¥³ ¨¸¸²¥¤Ê¥³ÊÕ ËÊ´±Í¨Õ δλ(q), fλ(q) ¨²¨ σλ(q) ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥ ËÊ´±-
Í¨¨  ·£Ê³¥´É  w. ’ ±ÊÕ ËÊ´±Í¨Õ  ¶¶·μ±¸¨³¨·Ê¥³ ±μ´¥Î´μ° ¸Ê³³μ° ¥¥ ·Ö¤ 
’¥°²μ·  ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ w = 0. � ±μ´¥Í, Ê¶·μ¸É¨³ ¶μ²ÊÎ¥´´ÊÕ ¸Ê³³Ê,
¶·¨¢¥¤Ö ¶μ¤μ¡´Ò¥ ¸² £ ¥³Ò¥ ¸ μ¤¨´ ±μ¢μ° § ¢¨¸¨³μ¸ÉÓ μÉ Î¥É´ÒÌ ¸É¥¶¥´¥°
 ·£Ê³¥´É  q. „²Ö ¸μ±· Ð¥´¨Ö § ¶¨¸¨  ·£Ê³¥´É q ËÊ´±Í¨° g, h, v ¨ w ´¥
Ê± §Ò¢ ¥³.

� Î´¥³ ¸  ´ ²¨§  ¶ ·Í¨ ²Ó´μ° Ë §Ò δλ(q). ˆ¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ò (63),
¶·¥¤¸É ¢¨³ ¥¥ ·Ö¤μ³ ’¥°²μ·  ¶μ ¶¥·¥³¥´´μ° v c Í¥´É·μ³ ¢ ÉμÎ±¥ v = 0:

δλ(q) = arctg v(q) =
(

1 − 1
3
v2 +

1
5
v4 − . . .

) [
1 + O(q6)

]
.

‚ ÔÉμ³ ¸μμÉ´μÏ¥´¨¨ ¢ ¸²ÊÎ ¥ λ = −1/2 ¶μ²μ¦¨³

w ≡ ag

1 − ah
, v = − a

1 − ah

1
1 + w

= − a

1 − ah

(
1 − w + w2 − w3 + . . .

)
,

  ¢ ¸²ÊÎ ¥ λ � 1/2 ¨¸¶μ²Ó§Ê¥³ ¶μ¤¸É ´μ¢±Ê

w ≡ −aq2λ+1h

1 + ag
, v = −aq2λ+1

1 + ag

1
1 + w

= −aq2λ+1

1 + ag

(
1 − w + w2 − w3 + . . .

)
.

�·¨¢¥¤Ö ¢ ¶μ²ÊÎ¨¢Ï¨Ì¸Ö ¶·¥¤¸É ¢²¥´¨ÖÌ ¸² £ ¥³Ò¥, ¶·μ¶μ·Í¨μ´ ²Ó´Ò¥ ¸É¥-
¶¥´Ö³ q0, q2 ¨ q4, ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¨¥ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ Ë §Ò δλ(q). ‚
¸²ÊÎ ¥ λ = −1/2

δλ(q) = arctg
(

a

ah − 1

)
− 1

2
a2 reff

(ah − 1)2 + a2
×

×
2∑

n=1

D1(h) q2n + O

(
q6

h2

)
, q → 0, (66)

£¤¥ D1 = 1,   D2 Å ¤·μ¡´μ-· Í¨μ´ ²Ó´ Ö ËÊ´±Í¨Ö ¶¥·¥³¥´´μ° h(q):

D2(h) = −reff

[
4a2reffP (h2 + 1) + ah(a − 8reffP ) − a + 4reffP

]
2 [(ah − 1)2 + a2]

;

  ¢ ¸²ÊÎ ¥ λ � 1/2

δλ(q) = δ
(2)
λ (q)(1 + ε), δ

(2)
λ (q) ≡ −a q2λ+1

2∑
n=0

Dn(h) q2n, q → 0, (67)
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£¤¥ D0 = 1, D1 ¨ D2 Å ¶μ²¨´μ³Ò  ·£Ê³¥´É  h(q):

D1(h) = a [reff/2 + h δ2λ,1] ,

D2(h) = a r2
eff (a/4 − reffP ) + a

[
h2 + reffh − 1/3

]
δ2λ,1 + ah δ2λ,3,

  μÉ´μ¸¨É¥²Ó´ Ö μÏ¨¡±  ε ¶·¨¡²¨¦¥´¨Ö δλ(q) ≈ δ
(2)
λ (q) § ¢¨¸¨É μÉ λ ¨ q:

ε = O
(
q6h3(q)

)
, λ = 1/2; ε = O

(
q6h(q)

)
,

λ = 3/2, 5/2; ε = O
(
q6

)
, λ � 7/2.

(68)

ˆ¸¸²¥¤μ¢ ´¨¥ ¶ ·Í¨ ²Ó´μ°  ³¶²¨ÉÊ¤Ò (46) ´ Î´¥³ ¸μ ¸²ÊÎ Ö λ = −1/2.
ˆ¸¶μ²Ó§ÊÖ ¶·¨¡²¨¦¥´¨¥ (64) ¨ ±μ³¶²¥±¸´ÊÕ ¶¥·¥³¥´´ÊÕ

w ≡ a

a(h − ı) − 1
,

¶·¥¤¸É ¢¨³  ³¶²¨ÉÊ¤Ê fλ ·Ö¤μ³ ‹μ· ´  ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ (0, 0):

fλ(q) =
(

2ı

πq

)1/2
w

1 − gw

[
1 + O(q6)

]
=

=
(

2ı

πq

)1/2

w
(
1 − gw + g2w2 − . . .

) [
1 + O(q6)

]
	ÉμÉ ·Ö¤ ¨³¥¥É  ¸¨³¶ÉμÉ¨±Ê

fλ(q) =
(

2ı

πq

)1/2
a

a(h − ı) − 1

[
2∑

n=0

Fn(h) q2n + O(q6/h)

]
, q → 0, (69)

£¤¥ F0 = 1,   F1 ¨ F2 Å ¤·μ¡´μ-· Í¨μ´ ²Ó´Ò¥ ËÊ´±Í¨¨  ·£Ê³¥´É  h(q):

F1 = −a2 reff
1

2(a(h − ı) − 1
, F2 = (a reff)2

a + 4reffP [a(h − ı) − 1]

4 [a(h − ı) − 1]2
.

‚ ¸²ÊÎ ¥ λ � 1/2 Ê¤μ¡´μ ¨¸¶μ²Ó§μ¢ ÉÓ ±μ³¶²¥±¸´ÊÕ ¶¥·¥³¥´´ÊÕ

w ≡ q2λ+1(ı − h)
a

1 + ag
.


² £μ¤ ·Ö ¶·¨¡²¨¦¥´¨Õ (64) ¢ ÔÉμ° ¶¥·¥³¥´´μ°  ³¶²¨ÉÊ¤  fλ ¶·¥¤¸É ¢¨³ 
¢ ¢¨¤¥

fλ(q) = −2
(

2ı

π

)1/2
a q2λ+1/2

1 + ag

1
1 + w

=

= −
(

2ı

π

)1/2
aq2λ+1/2

1 + ag

(
1 − w + w2 − w3 + . . .

)
.
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ˆ§ É ±μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¸²¥¤Ê¥É, ÎÉμ

fλ(q) = f
(2)
λ (q) (1 + ε) ,

f
(2)
λ (q) ≡ −2

(
2ı

π

)1/2

a q2λ+1/2

[
2∑

n=0

Fn(h) q2n

]
, q → 0,

(70)

£¤¥ F0 = 1,   F1 ¨ F2 Å ±μ³¶²¥±¸´Ò¥ ¶μ²¨´μ³Ò ¶¥·¥³¥´´μ° h(q):

F1 = a [reff/2 + (h − ı)δ2λ,−1] ,

F2 = a
[
r2
eff(a/4 − reffP ) + (h − ı)δ2λ,3

]
+ a2 (h − ı) (reff + h − ı) δ2λ,−1,

  ¢¥²¨Î¨´  ε μÍ¥´¨¢ ¥É¸Ö ¶μ Ëμ·³Ê² ³ (68).
Ÿ¢´ÊÕ  ¸¨³¶ÉμÉ¨±Ê ¶ ·Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö σλ(q) ´ °¤¥³ ¸ ³Ò³ ¶·μ¸ÉÒ³

¸¶μ¸μ¡μ³: ¢ ¥£μ ¶·¥¤¸É ¢²¥´¨¨ (47) Î¥·¥§  ³¶²¨ÉÊ¤Ê fλ(q) § ³¥´¨³ ÔÉÊ  ³¶²¨-
ÉÊ¤Ê ¥¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥°  ¸¨³¶ÉμÉ¨±μ° (69) ¨²¨ (70). �·¨¢¥¤¥³ ¶μ²ÊÎ¥´´Ò¥
 ¸¨³¶ÉμÉ¨±¨.

‚ ¸²ÊÎ ¥ λ = −1/2 ¸¥Î¥´¨¥ σλ ¨³¥¥É  ¸¨³¶ÉμÉ¨±Ê

σλ(q) =
4a2

q[(ah − 1)2 + a2]

2∑
n=0

Sn(h) q2n + O(q6/h), q → 0, (71)

£¤¥ S0 = 1,   S1 ¨ S2 Å ¤·μ¡´μ-· Í¨μ´ ²Ó´Ò¥ ËÊ´±Í¨¨  ·£Ê³¥´É  h(q):

S1(h) = a reff
1 − ah

(ah − 1)2 + a2
,

S2(h) =
a r2

eff

4 [(ah − 1)2 + a2]2
×

×
{

8reffP
[
a3h(h2 − 1) + 3ah(1 − ah) − 1 − a2

]
+

+ a
[
3(ah − 1)2 − a2

] }
.

‚ ¸²ÊÎ ¥ λ � 1/2  ¸¨³¶ÉμÉ¨±  ¸¥Î¥´¨Ö σλ É ±μ¢ :

σλ(q) = σ
(2)
λ (q)(1 + ε), σ

(2)
λ (q) ≡ 8 a2q4λ+1

2∑
n=0

Sn(h) q2n, q → 0, (72)

£¤¥ S0 = 1,   S1 ¨ S2 Ä ¶μ²¨´μ³Ò ¶¥·¥³¥´´μ° h(q):

S1(h) = a [reff + 2hδ2λ,1] ,

S2(h) = a r2
eff (3a/4 − 2reffP ) + a2 [3h (reff + h)] δ2λ,1 + 2ahδ2λ,3,
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  μÉ´μ¸¨É¥²Ó´ Ö μÏ¨¡±  ε ¶·¨¡²¨¦¥´¨Ö σλ(q) ≈ σ
(2)
λ (q) μ¶·¥¤¥²¥´  Ëμ·³Ê-

² ³¨ (68).
�¥·¥Î¨¸²¨³ ¸¢μ°¸É¢   ¸¨³¶ÉμÉ¨± (66), (69) ¨ (71), ´ ¨¡μ²¥¥ ¨´É¥·¥¸-

´Ò¥ ¸ ³ É¥³ É¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö. �·¨ ²Õ¡ÒÌ Í¥²ÒÌ n ¨ p ¶·μ¨§¢¥¤¥-
´¨¥ h−n(q) qp ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ¢ ¶·¥¤¥²¥ q → 0. �μÔÉμ³Ê ¢¸¥ ¸² £ ¥³Ò¥
 ¸¨³¶ÉμÉ¨±¨ (66), Ê¡Ò¢ ÕÐ¨¥ ³¥¤²¥´´¥¥ ²Õ¡μ° Í¥²μ° ¸É¥¶¥´¨ q2n, Ö¢²ÖÕÉ¸Ö
¸² £ ¥³Ò³¨ ·Ö¤  ’¥°²μ·  ¸É ·Ï¥£μ Î²¥´  ÔÉμ°  ¸¨³¶ÉμÉ¨±¨:

δ−1/2(q) = arctg
(

a

ah − 1

)
+ O(h−2q2) =

=
1
h

[
1 +

1
ah

+
3 − a2

(ah)2
+ O

(
1
h3

)]
, q → 0. (73)

�μ Éμ° ¦¥ ¶·¨Î¨´¥ ¢¸¥ ¸² £ ¥³Ò¥  ¸¨³¶ÉμÉ¨±¨ (69), Ê¡Ò¢ ÕÐ¨¥ ³¥¤²¥´´¥¥
²Õ¡μ° Í¥²μ° ¸É¥¶¥´¨ q2n Ö¢²ÖÕÉ¸Ö ¸² £ ¥³Ò³¨ ¸²¥¤ÊÕÐ¥£μ ·Ö¤  ‹μ· ´ 

f−1/2(q) =
(

2ı

πq

)1/2
a

ah − 1 − aı

[
1 + O

(
q2

h

)]
=

=
(

2ı

πq

)1/2 1
h

[
1 +

1 + ıa

ah
+

(
1 + ıa

ah

)2

+ . . .

]
. (74)

�´ ²μ£¨Î´Ò³ ¸¢μ°¸É¢μ³ μ¡² ¤ ÕÉ ¢¸¥ ¸² £ ¥³Ò³¨ · §²μ¦¥´¨Ö ¸É ·Ï¥£μ Î²¥´ 
 ¸¨³¶ÉμÉ¨±¨ ¸¥Î¥´¨Ö (71), ¶·¥¤¸É ¢²¥´´μ£μ ¢ ¢¨¤¥

σ−1/2(q) =
4a2

q[(ah − 1)2 + a2]

[
1 + O

(
q2

h

)]
=

=
4

qh2

[
1 +

2
ah

+
3 − a2

(ah)2
+ O

(
1
h3

)]
. (75)

…¸²¨ ¢ ¶·¥¤¸É ¢²¥´¨ÖÌ (74) ¨ (75) ¶·¥´¥¡·¥ÎÓ ¶μ¸ÉμÖ´´μ° ¢¥²¨Î¨´μ° |1/a|
¶μ ¸· ¢´¥´¨Õ ¸ ËÊ´±Í¨¥° |h(q)|, Éμ ¶μ²ÊÎ É¸Ö ¤ ¢´μ ¨§¢¥¸É´Ò¥ ¶·¨¡²¨¦¥-
´¨Ö (12). ‘²¥¤μ¢ É¥²Ó´μ, μ¡² ¸ÉÓ ¶·¨³¥´¨³μ¸É¨ ÔÉ¨Ì ¶·¨¡²¨¦¥´¨° μ£· -
´¨Î¥´  Ê¸²μ¢¨¥³ |ah(q)| 	 1. ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥ (19) ËÊ´±Í¨¨ h(q),
¶·¥¤¸É ¢¨³ ÔÉμ Ê¸²μ¢¨¥ ¢ ¢¨¤¥

q 	 min
{

q0, 2 exp
(
− π

2|a| − γ

)}
, q0 = 2 exp (−γ).

�¡¸Ê¤¨³ Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´Ò¥ ¸²¥¤¸É¢¨Ö  ¸¨³¶ÉμÉ¨± (66)Ä(71) ¨
(73)Ä(75).
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‘μ£² ¸´μ Ëμ·³Ê²¥ (73) Ë §  δ−1/2(q) ¨³¥¥É ¤¢¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥
μ¸μ¡¥´´μ¸É¨: ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¥¥ ¸² £ ¥³μ¥ ¥¥  ¸¨³¶ÉμÉ¨±¨ § -
¢¨¸¨É Éμ²Ó±μ μÉ ¤²¨´Ò · ¸¸¥Ö´¨Ö a ¨ ËÊ´±Í¨¨ h(q); ¶·¨ ²Õ¡μ³ ¶μÉ¥´Í¨-
 ²¥ V ¸É ·Ï¨³ ¸² £ ¥³Ò³ ÔÉμ° ¦¥  ¸¨³¶ÉμÉ¨±¨ Ö¢²Ö¥É¸Ö μ¡· É´Ò° ²μ£ ·¨Ë³
1/h(q) = (π/2)/ln(q/q0).

	É¨ μ¸μ¡¥´´μ¸É¨ Ê± §Ò¢ ÕÉ ´  ¨¸±²ÕÎ¨É¥²Ó´μ ¸¨²Ó´μ¥ ¢μ§¤¥°¸É¢¨¥ ¶·¨-
ÉÖ£¨¢ ÕÐ¥£μ Í¥´É·μ¸É·¥³¨É¥²Ó´μ£μ ¶μÉ¥´Í¨ ²  −(1/4)x−2, ±μÉμ·Ò³ ¢ · ¸-
¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ λ = −1/2 ¸É ´μ¢¨É¸Ö ¸² £ ¥³μ¥ λ(λ +1)x−2 Ê· ¢´¥´¨Ö
˜·¥¤¨´£¥·  (5). ‡´ Î¥´¨¥ −1/4 ±μ´¸É ´ÉÒ É ±μ£μ Í¥´É·μ¸É·¥³¨É¥²Ó´μ£μ
¶μÉ¥´Í¨ ²  Ö¢²Ö¥É¸Ö ±·¨É¨Î¥¸±¨³ ¢ ¸²¥¤ÊÕÐ¥³ ¸³Ò¸²¥: ¥¸²¨ ¥¥ Ê¢¥²¨Î¨ÉÓ
´  ¸±μ²Ó Ê£μ¤´μ ³ ²μ¥, ´μ ¶μ²μ¦¨É¥²Ó´μ¥ Î¨¸²μ, Éμ ¸¶¥±É· μ¶¥· Éμ·  ˜·¥-
¤¨´£¥·  μ¡¸Ê¦¤ ¥³μ£μ Ê· ¢´¥´¨Ö (5) ¸É ´¥É ´¥μ£· ´¨Î¥´´Ò³ ¸´¨§Ê ¨ ¡Ê¤¥É
¢μ§³μ¦´Ò³ ¶ ¤¥´¨¥ Î ¸É¨ÍÒ p1 ¢ ¶²μ¸±μ¸É¨ P ´  ¸¨²μ¢μ° Í¥´É·, ±μÉμ·Ò³
Ö¢²Ö¥É¸Ö ÉμÎ±  ¶¥·¥¸¥Î¥´¨Ö ¸¨²μ¢μ° ¶·Ö³μ° L ¨ ¶²μ¸±μ¸É¨ P . ‘²¥¤¸É¢¨¥³
É ±μ£μ ±·¨É¨Î¥¸±μ£μ §´ Î¥´¨Ö ¨ Ö¢²Ö¥É¸Ö ¸Éμ²Ó § ³¥É´ Ö ·μ²Ó ¶μÉ¥´Í¨ ² 
−(1/4)x−2 ¢ ¶·¥¤¥²¥ q → 0.

‚ ¸¨²Ê ¶¥·¢μ£μ ¨§ Ê¸²μ¢¨° (1) ¸Ê³³  ¶μÉ¥´Í¨ ²μ¢ −(1/4)x−2 ¨ V (x)
¢¸¥£¤  Ö¢²Ö¥É¸Ö £²Ê¡μ±¨³ ¶·¨ÉÖ£¨¢ ÕÐ¨³ ¶μÉ¥´Í¨ ²μ³ ´  ´¥±μÉμ·μ³ μÉ·¥§±¥
0 � x � x0. ‚ É ±μ³ ¶μÉ¥´Í¨ ²¥ Î ¸É¨Í  p1 ³μ¦¥É ¨³¥ÉÓ ¸¢Ö§ ´´Ò¥ ¨
±¢ §¨¸É Í¨μ´ ·´Ò¥ ¸μ¸ÉμÖ´¨Ö, ²μ± ²¨§μ¢ ´´Ò¥ ¢ μ¡² ¸É¨ ³ ²ÒÌ · ¸¸ÉμÖ´¨°
r � d x0. � ²¨Î¨¥  ´ ²μ£μ¢ É ±¨Ì ¤¢Ê³¥·´ÒÌ ¸μ¸ÉμÖ´¨° ¢ ¸¨¸É¥³¥ ¤¢ÊÌ
²¥£±¨Ì Ö¤¥·, ± ´ ²¨·Ê¥³ÒÌ ¢ ±·¨¸É ²²¥, ¶·¥¤¸É ¢²Ö¥É¸Ö ¶· ¢¤μ¶μ¤μ¡´μ° ¨
¤μ¶μ²´¨É¥²Ó´μ° ± ÔËË¥±ÉÊ ¸¢¥·ÌËμ±Ê¸¨·μ¢±¨ [8] ¶·¨Î¨´μ° Ê¸¨²¥´¨Ö Ô±§μ-
É¥·³¨Î¥¸±μ° ·¥ ±Í¨¨ ¸²¨Ö´¨Ö É ±¨Ì Ö¤¥·.

ˆ§ ¸μμÉ´μÏ¥´¨Ö (67) ¸²¥¤Ê¥É, ÎÉμ ¢ ¶·¥¤¥²¥ q → 0 ²Õ¡ Ö Ë §  δλ(q)
¸ ¨´¤¥±¸μ³ λ � 1/2 ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ± ± ¶·μ¨§¢¥¤¥´¨¥ −aq2λ+1 ¤²¨´Ò
· ¸¸¥Ö´¨Ö a ¨ Î¥É´μ° ¸É¥¶¥´¨ q2λ+1 ¢μ²´μ¢μ£μ Î¨¸²  q. ‘²¥¤μ¢ É¥²Ó´μ, ¢ ÔÉμ³
¶·¥¤¥²¥ ¢¸¥ Ë §Ò δλ(q), λ � 1/2, Ê¡Ò¢ ÕÉ ¡Ò¸É·¥¥ Ë §Ò δ−1/2(q). ”¨§¨Î¥¸± Ö
¶·¨Î¨´  É ±μ° § ±μ´μ³¥·´μ¸É¨ ¶μ´ÖÉ´ : ¶·¨ ²Õ¡μ³ λ � 1/2 ¶μÉ¥´Í¨ ² λ(λ+
1)x−2 Ö¢²Ö¥É¸Ö μÉÉ ²±¨¢ ÕÐ¨³ ¡ ·Ó¥·μ³, Ô±· ´¨·ÊÕÐ¨³ ¶μÉ¥´Í¨ ² V .

‘μ£² ¸´μ Ëμ·³Ê² ³ (69) ¨ (70)  ³¶²¨ÉÊ¤  f−1/2 ¢ ÉμÎ±¥ q = 0 ¨³¥¥É ¸¨´-

£Ê²Ö·´μ¸ÉÓ É¨¶  O(q−1/2),   μ¸É ²Ó´Ò¥  ³¶²¨ÉÊ¤Ò fλ, λ � 1/2, ¢ ÔÉμ° ÉμÎ±¥
μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó ± ± ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¸É¥¶¥´´Ò¥ ËÊ´±Í¨¨ qα ¸ ¶μ²ÊÍ¥²Ò³
¶μ± § É¥²¥³ α = 2λ + 1/2.

‚¸²¥¤¸É¢¨¥ · ¢¥´¸É¢ (71) ¨ (75) ¸¥Î¥´¨¥ σ−1/2 ¨³¥¥É ¤¢¥ ´¨§±μÔ´¥·£¥É¨Î¥-
¸±¨¥ μ¸μ¡¥´´μ¸É¨: ´ ¨¡μ²¥¥ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¥¥ ¸² £ ¥³μ¥ ¥£μ  ¸¨³¶ÉμÉ¨±¨
§ ¢¨¸¨É Éμ²Ó±μ μÉ ¤²¨´Ò · ¸¸¥Ö´¨Ö a ¨ ËÊ´±Í¨¨ h(q); ¶·¨ ²Õ¡μ³ ¶μÉ¥´Í¨ ²¥
V ¸É ·Ï¨³ ¸² £ ¥³Ò³ ÔÉμ° ¦¥  ¸¨³¶ÉμÉ¨±¨ Ö¢²Ö¥É¸Ö ËÊ´±Í¨Ö 4/(qh2(q)).
‘²¥¤μ¢ É¥²Ó´μ, ¸¥Î¥´¨¥ σ−1/2 μ¡² ¤ ¥É ¸²¥¤ÊÕÐ¨³, ´¥ § ¢¨¸ÖÐ¨³ μÉ ¢Ò¡μ· 
¶μÉ¥´Í¨ ²  V ¸¢μ°¸É¢μ³: ¢ ¶·¥¤¥²¥ q → 0 μ´μ ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ¥É ± ±
ËÊ´±Í¨Ö 4/

[
q ln2(q/q0)

]
.
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ˆ§ ¸μμÉ´μÏ¥´¨Ö (72) ¸²¥¤Ê¥É, ÎÉμ ¢ ÔÉμ³ ¶·¥¤¥²¥ ¢¸¥ μ¸É ²Ó´Ò¥ ¶ ·Í¨-
 ²Ó´Ò¥ ¸¥Î¥´¨Ö σλ, λ � 1/2, § ¢¨¸ÖÉ μÉ ¢Ò¡μ·  ¶μÉ¥´Í¨ ²  V ¶μ¸·¥¤¸É¢μ³
¶ · ³¥É·μ¢ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö a, reff ¨ P ¨ μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó
± ± ¶·μ¨§¢¥¤¥´¨¥ ±¢ ¤· É  ¤²¨´Ò · ¸¸¥Ö´¨Ö a ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ´¥Î¥É´μ°
¸É¥¶¥´¨ 8q4λ+1 ¢μ²´μ¢μ£μ Î¨¸²  q.

�¥·¥°¤¥³ ± ¢Ò¢μ¤Ê ¨  ´ ²¨§Ê Ö¢´ÒÌ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì ¶·¨¡²¨¦¥´¨°
ËÊ´±Í¨° N , U ¨ uλ, ¶μ·μ¦¤¥´´ÒÌ · §¡¨¥´¨Ö³¨ (55) ¨ μÍ¥´± ³¨ (56).

� Î´¥³ ¸ ¨¸¸²¥¤μ¢ ´¨Ö ¸É·μ¥´¨Ö ´μ·³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö N(q) ± ±
ËÊ´±Í¨¨ ¢μ²´μ¢μ£μ Î¨¸²  q. ‚ μ¶·¥¤¥²¥´¨¨ (44) § ³¥´¨³ ËÊ´±Í¨¨ c(x; q) ¨
s(x; q) ¨Ì · §¡¨¥´¨Ö³¨ (55), § É¥³ ¶μ²μ¦¨³ x → ∞ ¨ ¸¨³¢μ² ³¨ cn ¨ sn

μ¡μ§´ Î¨³ ¶·¥¤¥²Ó´Ò¥ §´ Î¥´¨Ö cn(∞) ¨ sn(∞) ±μ³¶μ´¥´É cn(x) ¨ sn(x),
n � 2.

‚ ¸²ÊÎ ¥ λ = −1/2 ¨¸¶μ²Ó§Ê¥³ ¶¥·¥³¥´´ÊÕ

w ≡ 1
|h(q)|

[
c(q)
s(q)

+
1

h(q)

(
1 +

c2(q)
s2(q)

)]

¨ § ¶¨Ï¥³ ³´μ¦¨É¥²Ó N(q) ¢ ¢¨¤¥

N(q) =
1

|h(q)s̄(q)|
1√

1 + w
=

1
|h(q)s̄(q)|

[
1 − 1

2
w +

3
8
w2 − 5

16
w3 + . . .

]
.

‚ ¶·¥¤¥²¥ q → 0 ÔÉ  ËÊ´±Í¨Ö ¨³¥¥É ¸²¥¤ÊÕÐÊÕ Ö¢´ÊÕ  ¸¨³¶ÉμÉ¨±Ê

N(q) =
1
|c0|

[
(ah − 1)2 + a2

]−1/2

[
1∑

n=0

Nn(h) q2n + O(q4/h(q))

]
, (76)

£¤¥ N0 = 1, a N1 Å ¤·μ¡´μ-· Í¨μ´ ²Ó´ Ö ËÊ´±Í¨Ö  ·£Ê³¥´É  h(q):

N1(h) = − (c1 + hs1)(ah − 1) + as1

|c0| [(ah − 1)2 + a2]
.

‚ μ¸É ¢Ï¥³¸Ö ¸²ÊÎ ¥, ±μ£¤  λ � 1/2, ¶μ² £ ¥³

w ≡ s(q)
c(q)

{
2h(q) +

[
1 + h2(q)

] s(q)
c(q)

}
,

§ ¶¨¸Ò¢ ¥³ ´μ·³¨·μ¢μÎ´Ò° ³´μ¦¨É¥²Ó ¢ ¢¨¤¥

N(q) =
1

|c(q)|
1√

1 + w
=

1
|c(q)|

[
1 − 1

2
w +

3
8
w2 − 5

16
w3 + . . .

]
,

  § É¥³ ¨§ ÔÉμ£μ ¶·¥¤¸É ¢²¥´¨Ö ¶μ²ÊÎ ¥³ Ö¢´ÊÕ ´¨§±μÔ´¥·£¥É¨Î¥¸±ÊÕ  ¸¨³-
¶ÉμÉ¨±Ê

N(q) = N (2)(q) (1 + ε) , N (2)(q) ≡ [(2λ − 1)!! |c0|]−1
2∑

n=0

Nn(h) q2n, (77)
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£¤¥ N0 = 1, N1 ¨ N2 Å ¶μ²¨´μ³Ò  ·£Ê³¥´É  h(q):

N1(h) = − 1
c0

[
c1 +

π

4
s0hδ2λ,1

]
,

N2(h) =
c2
1

c2
0

− c2

c0
+

1
4

[(
π2

8
− π2

4
h2

)
s2
0

c2
0

− π
s1

c0
h

]
δ2λ,1 −

π

32
s0

c0
hδ2λ,3,

  ËÊ´±Í¨Ö ε Ö¢²Ö¥É¸Ö μÉ´μ¸¨É¥²Ó´μ° ÉμÎ´μ¸ÉÓÕ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ ¶·¨-
¡²¨¦¥´¨Ö N(q) ≈ N (2)(q) ¨ μ¶·¥¤¥²¥´  Ëμ·³Ê² ³¨ (68).

ˆ¸¸²¥¤Ê¥³ ËÊ´±Í¨Õ U . ‚ ¥¥ μ¶·¥¤¥²¥´¨¨ (36) § ³¥´¨³ ËÊ´±Í¨¨ jλ, nλ

¨ c, s ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ · §¡¨¥´¨Ö³¨ (26)Ä(30) ¨ (55). �·¨¢¥¤Ö ¶μ¤μ¡´Ò¥
¸² £ ¥³Ò¥, ¢Ò¢μ¤¨³ ¸²¥¤ÊÕÐ¥¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¢ ¶·¥¤¥²¥ ρ → 0 ¶·¥¤¸É -
¢²¥´¨¥:

U(x; q) = U (2)(x; q) + O(ρλ+7),

U (2)(x; q) ≡
(π

2

)1/2 ρλ+1

2λ + 1

2∑
n=0

q2nUn(x).
(78)

Š ¦¤ Ö ±μ³¶μ´¥´É  Un ÔÉμ£μ ¶·¥¤¸É ¢²¥´¨Ö Ö¢²Ö¥É¸Ö ±μ´¥Î´μ° ¸Ê³³μ°

Un(x) =
∑

p+i=n

x2p
[
ap ci(x) + x−2λ−1 dp(x) si(x)

]
. (79)

	É  ¸Ê³³  ¸μ¤¥·¦¨É ¢¸¥ Î¥É´Ò¥ ¸É¥¶¥´¨  ·£Ê³¥´É  x ¸ ¶μ± § É¥²Ö³¨, ´¥
¶·¥¢ÒÏ ÕÐ¨³¨ 2n, ±μÔËË¨Í¨¥´ÉÒ ap ¨ ËÊ´±Í¨¨ dp(x), § ¤ ´´Ò¥ Ëμ·³Ê-
² ³¨ (17) ¨ (25),   É ±¦¥ ËÊ´±Í¨¨ ci ¨ si c ´μ³¥·μ³ i � n.

‘É·μ¥´¨¥ ±μ³¶μ´¥´É Un § ¢¨¸¨É μÉ ¸μμÉ´μÏ¥´¨Ö ³¥¦¤Ê ¨Ì ´μ³¥·μ³ n ¨
Î¨¸²μ³ m = λ+1/2: ±μ³¶μ´¥´ÉÒ Un, n � m, ¸μ¤¥·¦ É ¢ ± Î¥¸É¢¥ ³´μ¦¨É¥²Ö
ËÊ´±Í¨Õ y(x) ≡ ln x,   ±μ³¶μ´¥´ÉÒ Un, n < m, ´¥ ¸μ¤¥·¦ É É ±μ£μ ³´μ¦¨-
É¥²Ö. „²Ö ¶·¨³¥·  ¶·¨¢¥¤¥³ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ±μ³¶μ´¥´É (79), n = 0, 1, 2,
¢ ¢¨¤¥, ´ ¨¡μ²¥¥ Ê¤μ¡´μ³ ¤²Ö ¨Ì ¢ÒÎ¨¸²¥´¨Ö. ‘ ÔÉμ° Í¥²ÓÕ ¨¸¶μ²Ó§Ê¥³
¶·¥¤¸É ¢²¥´¨Ö (17), (21) ¨ (25) ±μÔËË¨Í¨¥´Éμ¢ an, bn ¨ ËÊ´±Í¨° dn(x),  
¤²Ö ±· É±μ¸É¨ § ¶¨¸¨  ·£Ê³¥´É x ËÊ´±Í¨° Un(x), cn(x), sn(x) ¨ y(x) ´¥
Ê± §Ò¢ ¥³.

‚ ¸²ÊÎ ¥ λ = −1/2 ±μ³¶μ´¥´ÉÒ Un, n = 0, 1, 2, ¸μ¤¥·¦ É ²μ£ ·¨Ë³ y:

U0 = c0 − y s0, U1 = c1 − ys1 − (x/2)2 [c0 + (1 − y) s0 ] ,

U2 = c2 − y s2 − (x/2)2
{
c1 + (1 − y) s1 − (x/4)2 [c0 + (3 − 2y) s0] /2

}
.

� Î¨´ Ö ¸ λ = 1/2, ±μ³¶μ´¥´É  U0 ´¥ ¸μ¤¥·¦¨É ËÊ´±Í¨¨ y ¨ μ¶·¥¤¥²Ö-
¥É¸Ö ± ±

U0 = c0 + x−2λ−1s0, λ � 1/2.
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�·¨ λ = 1/2 ±μ³¶μ´¥´ÉÒ U1 ¨ U2 § ¤ ÕÉ¸Ö · ¢¥´¸É¢ ³¨

U1 = c1 + x−2 s1 −
(
x2 c0 + 4y s0

)
/8,

U2 = c2 + x−2 s2 −
(
x2 c1 + 4y s1

)
/8 + (x2/192)

[
x2 c0 + 3(4y − 5) s0

]
.

� Î¨´ Ö ¸ λ = 3/2, ±μ³¶μ´¥´É  U1 ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥

U1 = c1 + x−2λ−1s1 +
x2

2

(
− c0

2λ + 3
+ x−2λ−1 s0

2λ − 1

)
, λ � 3/2.

‚ ¸²ÊÎ ¥ λ = 3/2

U2 = c2 + x−4 s2 − (x2/12)
(
c1 − 3x−4 s1

)
+

(
c0x

4 − 24ys0

)
/384.

‚ μ¸É ¢Ï¥³¸Ö ¸²ÊÎ ¥ λ � 5/2 ±μ³¶μ´¥´É  U2 Ö¢²Ö¥É¸Ö ¸²¥¤ÊÕÐ¥° ¸Ê³³μ°:

U2 = c2 + x−2λ−1s2 +
x2

2

(
− c1

2λ + 3
+ x−2λ−1 s1

2λ − 1

)
+

+
x4

8

[
c0

(2λ + 3)(2λ + 5)
+ x−2λ−1 s0

(2λ − 1)(2λ − 3)

]
.

�μ μ¶·¥¤¥²¥´¨Õ (36) · ¤¨ ²Ó´ Ö ±μ³¶μ´¥´É  uλ · ¢´  ¶·μ¨§¢¥¤¥´¨Õ NU .
‡ ³¥´¨¢ ¥£μ ¸μ³´μ¦¨É¥²¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸Ê³³ ³¨ (76)Ä(78), ¶μ²ÊÎ¨³
¸²¥¤ÊÕÐ¨¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ ¶·¨¡²¨¦¥´¨Ö: ¢ ¸²ÊÎ ¥ λ = −1/2

uλ(x; q) =
(π

2

)1/2 1
|c0|

√
ρ

[(ah − 1)2 + a2]1/2
×

×
[ ∑

n=0,1

q2n uλ,n + O(ρ4)

]
, ρ → 0, (80)

  ¢ ¸²ÊÎ ¥ λ � 1/2

uλ(x; q) =
(

2
π

)1/2
ρλ+1

τ |c0|

2∑
n=0

q2n uλn(x; h) + O(ρλ+7), ρ → 0, (81)

£¤¥ τ Å ±μÔËË¨Í¨¥´É (23),   ËÊ´±Í¨¨ uλn μ¶·¥¤¥²¥´Ò ± ±

uλn(x; h) ≡
∑

p+i=n

Np(h)Ui(x), n = 0, 1, 2.

’¥¶¥·Ó ¶μ¤¸É ¢¨³ ±μ³¶μ´¥´ÉÒ (80) ¨ (81) ¢ · §²μ¦¥´¨¥ (4) ¢μ²´μ¢μ°
ËÊ´±Í¨¨ Ψ ¨ ¶μ²μ¦¨³ x = 0. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¶·¨¡²¨¦¥´¨¥

Ψ(x = 0, ϕ; q) =
(π

2

)1/2 1
|c0|

√
q

[(ah − 1)2 + a2]1/2

[
1 + O(q4/h(q))

]
, q → 0.

26



	Éμ ¶·¨¡²¨¦¥´¨¥ ¶μ§¢μ²Ö¥É μÍ¥´¨ÉÓ ¢¥·μÖÉ´μ¸ÉÓ 2π |Ψ(0, 0; q)|2, ¸ ±μÉμ-
·μ° ³¥¤²¥´´ Ö ±¢ ´Éμ¢ Ö Î ¸É¨Í  p1 ¤μ¸É¨£ ¥É · ¸¸¥¨¢ ÕÐÊÕ ¥¥ ¸¨²μ¢ÊÕ
¶·Ö³ÊÕ L.

‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° · §¤¥² ¢ ¦´Ò³¨ § ³¥Î ´¨Ö³¨. �´ ²μ£¨ Í¥¶μÎ±¨ ¸¨-
¸É¥³ (49) ¨ ¶·¥¤¸É ¢²¥´¨° (60) ¨ (62) ¶μ²ÊÎ¥´Ò ¢ · ¡μÉ¥ [6] ´  μ¸´μ¢¥ · §²μ-
¦¥´¨° (48), ¸Ìμ¤¨³μ¸ÉÓ ÔÉ¨Ì · §²μ¦¥´¨° ¡Ò²  ¶μ¤É¢¥·¦¤¥´  ¢ÒÎ¨¸²¥´¨Ö³¨,
¢Ò¶μ²´¥´´Ò³¨  ¢Éμ· ³¨ ¢ Î ¸É´μ³ ¸²ÊÎ ¥, ´μ ¢ μ¡Ð¥³ ¸²ÊÎ ¥ μ¸É ² ¸Ó ´¥-
¤μ± § ´´μ°. � Ï¨ μÍ¥´±¨ (56) ¢μ¸¶μ²´ÖÕÉ ÔÉμÉ ¸ÊÐ¥¸É¢¥´´Ò° ´¥¤μ¸É Éμ±. ‚
Éμ° ¦¥ · ¡μÉ¥ [6] ¢³¥¸Éμ ´ Ï¥£μ μ¶·¥¤¥²¥´¨Ö (19) ËÊ´±Í¨¨ h(q) ¶μ² £ ²μ¸Ó
h(q) ≡ ln (q/2), ÎÉμ ´¥ ¶μ§¢μ²Ö¥É ¶μ²ÊÎ¨ÉÓ  ¸¨³¶ÉμÉ¨±¨ (12).

‡�Š‹	—…�ˆ…

�¥·¥Î¨¸²¨³ ¨ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ ¸ÉμÖÐ¥° · ¡μÉÒ. ‹¨´¥°´ Ö ¢¥·¸¨Ö
³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨° · ¸Ï¨·¥´  ´  ¸²ÊÎ °  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´μ£μ ±μ-
·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ² . „²Ö ÔÉμ£μ ¸²ÊÎ Ö ¶·¥¤²μ¦¥´Ò Ë¨§¨Î¥¸±¨ ¶μ-
´ÖÉ´Ò¥ ¨ ³ É¥³ É¨Î¥¸±¨ μ¡μ¸´μ¢ ´´Ò¥ μ¶·¥¤¥²¥´¨Ö ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ
· ¤¨Ê¸  ¨ ¶ · ³¥É·μ¢ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö: ¤²¨´Ò · ¸¸¥Ö´¨Ö, ÔË-
Ë¥±É¨¢´μ£μ · ¤¨Ê¸  ¢§ ¨³μ¤¥°¸É¢¨Ö ¨ ¶ · ³¥É·  Ëμ·³Ò. „ ´ ¶μ¤·μ¡´Ò°
¢Ò¢μ¤ ¨ ± Î¥¸É¢¥´´Ò°  ´ ²¨§ ´¥Ö¢´ÒÌ ¨ Ö¢´ÒÌ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì ¶·¨-
¡²¨¦¥´¨° ¢¸¥Ì ¶ ·Í¨ ²Ó´ÒÌ Ë §,  ³¶²¨ÉÊ¤, ¸¥Î¥´¨° ¨ · ¤¨ ²Ó´ÒÌ ¢μ²´μ¢ÒÌ
ËÊ´±Í¨° · ¸¸¥Ö´¨Ö  ±¸¨ ²Ó´μ-¸¨³³¥É·¨Î´Ò³ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ ¶μÉ¥´Í¨-
 ²μ³. „²Ö ¢¸¥Ì ±μÔËË¨Í¨¥´Éμ¢ ¨ ±μμ·¤¨´ É´ÒÌ ËÊ´±Í¨°, ¸μ¤¥·¦ Ð¨Ì¸Ö ¢
É ±¨Ì ¶·¨¡²¨¦¥´¨ÖÌ, ¶μ²ÊÎ¥´Ò ¶·¥¤¸É ¢²¥´¨Ö Î¥·¥§ ±μ³¶μ´¥´ÉÒ ·¥Ï¥´¨Ö
·¥±Ê··¥´É´μ° Í¥¶μÎ±¨ ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢μ£μ ¶μ-
·Ö¤± , Î¨¸²¥´´Ò°  ´ ²¨§ ±μÉμ·ÒÌ ´¥ ³μ¦¥É ¢Ò§¢ ÉÓ ± ±¨Ì-²¨¡μ § É·Ê¤´¥´¨°.

�¢Éμ· ¶·¨§´ É¥²¥´ ‚. ‘.Œ¥²¥¦¨±Ê §  ¨´É¥·¥¸ ± ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¨ ¨¸-
±²ÕÎ¨É¥²Ó´μ ¶μ²¥§´Ò¥ μ¡¸Ê¦¤¥´¨Ö ¥¥ μ¸´μ¢´ÒÌ ·¥§Ê²ÓÉ Éμ¢.
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