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ƒ¥μ³¥É·¨Î¥¸± Ö É¥μ·¨Ö ËÊ´¤ ³¥´É ²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°.
‘¶¨´¸É É¨±  ¨ ¸¶¨´¤¨´ ³¨± 

	Éμ ¸μμ¡Ð¥´¨¥ ¸μ¤¥·¦¨É ·¥§Ê²ÓÉ ÉÒ ¥¤¨´μ° £¥μ³¥É·¨Î¥¸±μ° É¥μ·¨¨ ËÊ´¤ -
³¥´É ²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°, ±μÉμ·Ò¥ ¸μμÉ¢¥É¸É¢ÊÕÉ Ë¨§¨±¥ ³¨±·μ³¨·  ¨ μ·£ -
´¨§μ¢ ´Ò ¢ Ëμ·³¥ ¤¢ÊÌ · §¤¥²μ¢: ¸¶¨´¸É É¨±  ¨ ¸¶¨´¤¨´ ³¨± . �·¥¤¶μ² £ ¥É¸Ö,
ÎÉμ § ±μ´μ³¥·´μ¸É¨ ³¨±·μ³¨·  ¸μ¤¥·¦ É¸Ö ¢ μ¤´μ³ ¶·μ¸Éμ³ μÉ´μÏ¥´¨¨: ¢¸¥
¢ ±μ´Í¥¶Í¨¨ ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨ ¨ ±μ´Í¥¶Í¨Ö ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨ ¢μ ¢¸¥³.
ƒ¥μ³¥É·¨Î¥¸± Ö ¨ Ë¨§¨Î¥¸± Ö ¶·¨·μ¤  Ö¢²¥´¨° ³¨±·μ³¨·  ¨²¨ ¸¶¨´μ¢ÒÌ Ö¢²¥-
´¨° · ¸±·Ò¢ ¥É¸Ö ¢ ¡¨¶μ²Ö·´μ° ¸É·Ê±ÉÊ·¥ ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨, ¨´¤ÊÍ¨·μ¢ ´´μ°
£· ¢¨É Í¨μ´´Ò³ ¶μÉ¥´Í¨ ²μ³. „ ´ ¤¥¤Ê±É¨¢´Ò° ¢Ò¢μ¤ Ê· ¢´¥´¨° c¶¨´¸É É¨±¨
¨ c¶¨´¤¨´ ³¨±¨. ‚¢¥¤¥´Ò μ¶¥· Éμ·Ò Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤  ¨ ´¥°É·¨´´μ£μ § -
·Ö¤ , ¶μ§¢μ²ÖÕÐ¨¥ ¶μ´ÖÉÓ ¨¸É¨´´ÊÕ ¶·¨·μ¤Ê ´¥°É·¨´μ. „ ´μ μ¡ÑÖ¸´¥´¨¥ ±μ´-
Ë °´³¥´É  ¨ ±¢ ·±-²¥¶Éμ´´μ° ¸¨³³¥É·¨¨. “¸É ´μ¢²¥´μ, ÎÉμ Î¨¸²μ ¶μ±μ²¥´¨°
±¢ ·±μ¢ ¨ ²¥¶Éμ´μ¢ · ¢´μ Î¥ÉÒ·¥³.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¨³. �.�. �μ£μ²Õ-
¡μ¢  �ˆŸˆ.

‘μμ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2012

Pestov I. B. P2-2012-142
Geometric Theory of Fundamental Interactions.
Spinstatics and Spindynamics

The results of the uniˇed geometrical theory of fundamental interactions that
correspond to the physics of microworld are presented and organized in the form of
two subdivisions: Spinstatics and Spindynamics. It is supposed that regularities of
the microworld are in the relation: everything in the concept of spin symmetry and
the concept of spin symmetry in everything. It is shown that geometrical and physical
nature of the microworld phenomena or spin one is uncovered in the bipolar structure
of spin symmetry induced by the gravitational potential. A deductive derivation of
equations of Spinstatics and Spindynamics is given. Operators of the electric charge
and neutrino charge are introduced, which give opportunity to understand real nature
of the neutrino. An explanation of the conˇnement and quarkÄlepton symmetry is
given. It is established that the number of the quarkÄlepton generations is equal
to four.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.
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‘μ£² ¸´μ ¨¤¥¥ μ¡Ð¥£μ ¶μ¸É·μ¥´¨Ö ¥¤¨´μ° £¥μ³¥É·¨Î¥¸±μ° É¥μ·¨¨ ËÊ´¤ -
³¥´É ²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¢ ÔÉμ³ · §¤¥²¥ ¡Ê¤¥É ¶μ± § ´μ, ± ± ³´μ£μμ¡· §¨¥
Ö¢²¥´¨° ³¨±·μ³¨·  ¸¢Ö§ ´μ ¸ £¨¶μÉ¥§μ° £¥μ³¥É·¨§ Í¨¨, ±μÉμ· Ö ¶·¥¤¶μ² -
£ ¥É, ÎÉμ ¢¸¥ § ±μ´μ³¥·´μ¸É¨ ¥¤¨´μ° Ë¨§¨±¨ ¸μ¤¥·¦ É¸Ö ¢ μ¤´μ³ μÉ´μÏ¥´¨¨:
¢¸¥ ¢ ¶μ´ÖÉ¨¨ ¶·μ¸É· ´¸É¢  ¨ ¶μ´ÖÉ¨¥ ¶·μ¸É· ´¸É¢  ¢μ ¢¸¥³. �¥μ¡Ìμ¤¨³μ¸ÉÓ
²μ± ²Ó´μ° £¥μ³¥É·¨Î¥¸±μ° ¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨, ´ §¢ ´´μ° ¸¶¨´μ¢μ° ¸¨³-
³¥É·¨¥°, ¤²Ö ¢¢¥¤¥´¨Ö ¶μ´ÖÉ¨Ö ¸¶¨´μ¢μ£μ ¶μ²Ö ¨ ¶μ´¨³ ´¨Ö ¸ÊÐ´μ¸É¨ Ö¢²¥-
´¨° ³¨±·μ³¨·  ± ± ¸¶¨´μ¢ÒÌ Ö¢²¥´¨° ¢ÒÉ¥± ¥É ¨§ £¨¶μÉ¥§Ò £¥μ³¥É·¨§ Í¨¨
¨ ±μ´Í¥¶Í¨¨ ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±μ° ¶μ²¥¢μ° ¢¥²¨Î¨´Ò. Š²ÕÎ¥¢μ° ³μ-
³¥´É Å ÔÉμ ¶μ²Ö·¨§ Í¨Ö ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨, ¶·μ¨§¢μ¤¨³ Ö £· ¢¨É Í¨μ´´Ò³
¶μ²¥³. Š ¸²¥¤¸É¢¨Ö³ μÉ´μ¸ÖÉ¸Ö ¢Ò¢μ¤ Ê· ¢´¥´¨° c¶¨´¸É É¨±¨ ¨ c¶¨´¤¨´ -
³¨±¨, ¶μ´¨³ ´¨¥ ¸ÊÐ´μ¸É¨ É ±¨Ì ±μ´Í¥¶Í¨° ‘É ´¤ ·É´μ° ³μ¤¥²¨, ± ± ±¢ ·±,
¶μ±μ²¥´¨¥ ±¢ ·±μ¢ ¨ ²¥¶Éμ´μ¢, ±μ´Ë °´³¥´É, ±¢ ·±-²¥¶Éμ´´ Ö ¸¨³³¥É·¨Ö,
±μÉμ·μ¥ ¡Ò²μ ¡Ò ´¥¢μ§³μ¦´μ ¡¥§ ´μ¢μ° ±μ´Í¥¶Í¨¨ ¢·¥³¥´¨. “¸É ´μ¢²¥´ 
¶·¨·μ¤  Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤  ¨ ´¥°É·¨´μ. �¶¥· Éμ· Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤ 
μ¶·¥¤¥²Ö¥É¸Ö ¶μÉμ±μ³ ¢·¥³¥´¨,   μ¶¥· Éμ· ´¥°É·¨´´μ£μ § ·Ö¤  Å μ·¨¥´É -
Í¨¥° Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö. ‚ ¸¶¨´¤¨´ ³¨±¥ ³Ò ¢¸É·¥Î ¥³¸Ö ¸ ¶μ²¥³
Ÿ´£ ÄŒ¨²²¸ , ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¨ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ±μÉμ·μ£μ μ¶·¥¤¥²ÖÕÉ¸Ö
 ´É¨±μ³³ÊÉ¨·ÊÕÐ¨³¨ μ¶¥· Éμ· ³¨ Ô²¥±É·¨Î¥¸±μ£μ ¨ ´¥°É·¨´´μ£μ § ·Ö¤μ¢,
¸ ¸¨³³¥É·¨¥° ¢´ÊÉ·¥´´¥£μ ¸¶¨´ , ±μÉμ· Ö μ¶·¥¤¥²Ö¥É ´μ¢μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥
¨ ¶μ§¢μ²Ö¥É ¶μ´ÖÉÓ, ¶μÎ¥³Ê Ê Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í μÉ¸ÊÉ¸É¢Ê¥É Ô²¥±É·¨Î¥-
¸±¨° ¤¨¶μ²Ó´Ò° ³μ³¥´É. �·μ¤¥³μ´¸É·¨·μ¢ ´  · §·¥Ï¨³μ¸ÉÓ Î ¸É´ÒÌ § ¤ Î
Ê· ¢´¥´¨Ö³¨ ¸¶¨´¤¨´ ³¨±¨.

‘μ¤¥·¦ ´¨¥ ÔÉμ£μ ¸μμ¡Ð¥´¨Ö μ·£ ´¨§μ¢ ´μ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‚ ¶¥·-
¢μ³ · §¤¥²¥ ¢¢¥¤¥´μ ¶μ´ÖÉ¨¥ ¸¶¨´μ¢μ£μ ¶μ²Ö ¨ ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨ ¨ ¤μ± -
§ ´  É¥μ·¥³  μ Éμ³, ÎÉμ  ²£¥¡·  ‹¨ £·Ê¶¶Ò ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨ ³μ¦¥É ¡ÒÉÓ
¶μ¸É·μ¥´  ¨§ Ô²¥³¥´Éμ¢  ²£¥¡· ‹¨ ¤¢ÊÌ ¤Ê ²Ó´ÒÌ ¶μ¤£·Ê¶¶ ¶μ²´μ° ²¨´¥°´μ°
£·Ê¶¶Ò GL(2n,R). 	É  É¥μ·¥³  ¸²Ê¦¨É ±²ÕÎμ³ ± ¶μ´¨³ ´¨Õ ¢¸¥£μ ³´μ£μ-
μ¡· §¨Ö ¸¶¨´μ¢ÒÌ Ö¢²¥´¨° ¨²¨, ÎÉμ Éμ ¦¥, Ö¢²¥´¨° ³¨±·μ³¨· . ‚μ ¢Éμ·μ³
· §¤¥²¥ ¢Ò¢¥¤¥´Ò Ê· ¢´¥´¨Ö ¸¶¨´μ¢μ£μ ¶μ²Ö, ´ Ìμ¤ÖÐ¥£μ¸Ö ¢  ¡¸μ²ÕÉ´μ³ ¶μ-
±μ¥ ¨²¨ ¢´¥ ¢·¥³¥´¨. 	ÉμÉ · §¤¥² ¸μ¤¥·¦¨É ¢¸¥ ´¥μ¡Ìμ¤¨³μ¥ ¤²Ö ¶μ¸É·μ¥´¨Ö
¤¨´ ³¨Î¥¸±μ° É¥μ·¨¨ ¸¶¨´μ¢ÒÌ Ö¢²¥´¨°, ±μÉμ· Ö ¨§²μ¦¥´  ¢ ¶μ¸²¥¤ÊÕÐ¨Ì
· §¤¥² Ì.
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‚  ¡¸É· ±É´μ³ μ¶·¥¤¥²¥´¨¨ ²¨´¥°´μ£μ ¶·μ¸É· ´¸É¢  ´¥É ´¨Î¥£μ, ÎÉμ Ê± -
§Ò¢ ²μ ¡Ò ´  ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¢Ò¤¥²¥´´ÒÌ · §³¥·´μ¸É¥° É ±μ£μ ·μ¤  ¶·μ-
¸É· ´¸É¢. �¤´ ±μ ¸ £¥μ³¥É·¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö · §³¥·´μ¸ÉÓ 2n μ¶·¥¤¥-
²¥´´μ ¢Ò¤¥²¥´ . „¥°¸É¢¨É¥²Ó´μ, ¡¨´μ³¨ ²Ó´ Ö Ëμ·³Ê²  ¶μ± §Ò¢ ¥É, ÎÉμ 2n =

n∑
p=0

Cn
p , £¤¥ Cn

p μ¡μ§´ Î ¥É Î¨¸²μ ¸μÎ¥É ´¨° ¨§ n ¶μ p. Šμ¢ ·¨ ´É´μ¥ ±μ¸μ-

¸¨³³¥É·¨Î´μ¥ É¥´§μ·´μ¥ ¶μ²¥ ai1···ip ¨³¥¥É Cn
p ±μ³¶μ´¥´É. ’ ±¨³ μ¡· §μ³,

´  n-³¥·´μ³ ³´μ£μμ¡· §¨¨ ¢¸¥£¤  ¸ÊÐ¥¸É¢Ê¥É ²¨´¥°´μ¥ ¶·μ¸É· ´¸É¢μ · §³¥·-
´μ¸É¨ N = 2n, ¶μ¸É·μ¥´´μ¥ ¨§ ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±¨Ì ¶μ²¥¢ÒÌ ¢¥²¨Î¨´.
�¡Ð¨° Ô²¥³¥´É A ÔÉμ£μ ¶·μ¸É· ´¸É¢  ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ± ± 2n-¸É·μ± 

A = (a, ai1 , ai1i2 , . . . , ai1···in). (1)

‚¢¥¤¥´´ Ö ¢ · ¸¸³μÉ·¥´¨¥ £¥μ³¥É·¨Î¥¸± Ö ¶μ²¥¢ Ö ¢¥²¨Î¨´  ¸μ¸Éμ¨É ¨§ ´¥-
§ ¢¨¸¨³ÒÌ ¡²μ±μ¢, ¨ ¶μÔÉμ³Ê · ¸¸³μÉ·¥´¨¥ ¥¥ ± ± ¥¤¨´μ£μ Í¥²μ£μ ¢μ§³μ¦´μ
Éμ²Ó±μ ¸ ¶·¨¢²¥Î¥´¨¥³ ²μ± ²Ó´μ° £¥μ³¥É·¨Î¥¸±μ° ¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨,
±μÉμ· Ö ¡Ê¤¥É ´ §Ò¢ ÉÓ¸Ö ¸¶¨´μ¢μ° ¸¨³³¥É·¨¥°, ´μ μ ±μÉμ·μ° ´ ³ ´¨Î¥£μ
§ · ´¥¥ ´¥ ¨§¢¥¸É´μ. �·¥¤¢ ·¨É¥²Ó´μ ¨§ÊÎ¨³ ¢μ§³μ¦´Ò¥ É¨¶Ò ²μ± ²Ó´μ° £¥μ-
³¥É·¨Î¥¸±μ° ¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨ ¢ ²¨´¥°´μ³ ¶·μ¸É· ´¸É¢¥ ±μ¢¥±Éμ·´ÒÌ
¶μ²¥° ai. ‘ÊÐ¥¸É¢Ê¥É Éμ²Ó±μ ¤¢  ¢¨¤  μ¡Ð¥±μ¢ ·¨ ´É´ÒÌ ²μ± ²Ó´ÒÌ ¶·¥-
μ¡· §μ¢ ´¨° ¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨, ±μÉμ·Ò¥ ¤¥°¸É¢ÊÕÉ ¢ · ¸¸³ É·¨¢ ¥³μ³
²¨´¥°´μ³ ¶·μ¸É· ´¸É¢¥: ai = Lk

i ak ¨ ai = ai + ∂iφ, £¤¥ Li
j ¥¸ÉÓ É¥´§μ·´μ¥

¶μ²¥ É¨¶  (1, 1) (²¨´¥°´Ò° μ¶¥· Éμ·). �¡· É¨³Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ¶¥·¢μ£μ
É¨¶  μ¡· §ÊÕÉ £·Ê¶¶Ê ²μ± ²Ó´μ° ¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨ GL(n;R),   ¶·¥μ¡· -
§μ¢ ´¨Ö ¢Éμ·μ£μ É¨¶  ¨§¢¥¸É´Ò ± ± ± ²¨¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö. ‹¥£±μ
¢¨¤¥ÉÓ, ÎÉμ £·Ê¶¶  ²μ± ²Ó´ÒÌ ¶·¥μ¡· §μ¢ ´¨° GL(n;R) ´¥ Ö¢²Ö¥É¸Ö £·Ê¶-
¶μ° ¢´¥Ï´¨Ì  ¢Éμ³μ·Ë¨§³μ¢ ± ²¨¡·μ¢μÎ´μ° £·Ê¶¶Ò ¨ μ¡· É´μ. �μ¸±μ²Ó±Ê
£·Ê¶¶  GL(n;R) ´ ·ÊÏ ¥É μÉ´μÏ¥´¨¥ Ô±¢¨¢ ²¥´É´μ¸É¨, μ¶·¥¤¥²Ö¥³μ¥ ± ²¨-
¡·μ¢μÎ´μ° £·Ê¶¶μ°, Éμ ¥¸É¥¸É¢¥´´μ · §¤¥²¨ÉÓ ³´μ¦¥¸É¢μ ±μ¢¥±Éμ·´ÒÌ ¶μ²¥°
´  ±² ¸¸ ¸μ¡¸É¢¥´´μ ±μ¢¥±Éμ·´ÒÌ ¶μ²¥° ¨ ±² ¸¸ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ëμ·³.
�¥·¢Ò° μ¡· §Ê¥É ¶·μ¸É· ´¸É¢μ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò GL(n;R),   ¤¨ËË¥·¥´-
Í¨ ²Ó´Ò¥ Ëμ·³Ò μ¡· §ÊÕÉ ¶·μ¸É· ´¸É¢μ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ± ²¨¡·μ¢μÎ-
´ÒÌ ¶·¥μ¡· §μ¢ ´¨°. Ÿ¸´μ, ÎÉμ μ¡Ð¨¥ ± ²¨¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö

ai1···ip = ai1···ip + p∂[i1φi2···ip]

μÉμ¡· ¦ ÕÉ p-Ëμ·³Ê ¢ p-Ëμ·³Ê ¨, ¸²¥¤μ¢ É¥²Ó´μ, ´¥ ¨³¥¥É ¸³Ò¸²  · ¸¸³ É·¨-
¢ ÉÓ 2n-¸É·μ±Ê (1) ± ± ´ ¡μ· p-Ëμ·³, É ± ± ± ± ²¨¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö
´¥ μ¡Ñ¥¤¨´ÖÕÉ · ¸¸³ É·¨¢ ¥³Ò° ´ ¡μ· ¶μ²¥° ¢ ¥¤¨´μ¥ Í¥²μ¥. ’  ¦¥ ¸ ³ Ö
¸¨ÉÊ Í¨Ö ¨³¥¥É ³¥¸Éμ, ¥¸²¨ · ¸¸³ É·¨¢ ÉÓ ¶·¥μ¡· §μ¢ ´¨Ö ¢¨¤ 

ai1···ip = Lj1
i1
· · ·Ljp

ip
aj1···jp ,
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±μÉμ·Ò¥ ¶·Ö³μ ¸²¥¤ÊÕÉ ¨§  ²£¥¡· ¨Î¥¸±μ° É¥μ·¨¨ É¥´§μ·μ¢. ‚Ò¢μ¤ ¸μ¸Éμ¨É ¢
Éμ³, ÎÉμ ± ²¨¡·μ¢μÎ´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ¨ ¶·¥μ¡· §μ¢ ´¨Ö £·Ê¶¶Ò GL(n;R)
´¥ ¶μ§¢μ²ÖÕÉ ·¥Ï¨ÉÓ μ¡¸Ê¦¤ ¥³ÊÕ ¶·μ¡²¥³Ê, ´μ Ê± §Ò¢ ÕÉ ´  ¸²¥¤ÊÕÐ¨°
¶ÊÉÓ ± ¥¥ ·¥Ï¥´¨Õ. …¸²¨ ¢ ¶μ¸²¥¤´ÕÕ Ëμ·³Ê²Ê ¶μ¤¸É ¢¨ÉÓ μ¶¥· Éμ· ¡¨² -
É¥· ²Ó´μ° ¸¨³³¥É·¨¨, Éμ ¶·¨ ¢´¨³ É¥²Ó´μ³ ¨§ÊÎ¥´¨¨ ³μ¦´μ § ³¥É¨ÉÓ, ÎÉμ
¤²Ö 2n-¸É·μ±¨ (1) ¶·¥μ¡· §μ¢ ´¨¥ ÔÉμ° ¸¨³³¥É·¨¨ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥
¶·μ¨§¢¥¤¥´¨Ö ¤¢ÊÌ μ¶¥· Éμ·μ¢, ± ¦¤Ò° ¨§ ±μÉμ·ÒÌ ¸¢Ö§Ò¢ ¥É ¥¥ ¢ ¥¤¨´μ¥ Í¥-
²μ¥. ‚ ¶μ¸²¥¤ÊÕÐ¥³ ¡Ê¤¥É ¶μ± § ´μ, ± ± ÔÉμ μ¸ÊÐ¥¸É¢²Ö¥É¸Ö. �¡μ¡Ð Ö ÔÉμÉ
·¥§Ê²ÓÉ É, ¢¢μ¤¨³ ¢ · ¸¸³μÉ·¥´¨¥ £·Ê¶¶Ê ²μ± ²Ó´ÒÌ ¢´ÊÉ·¥´´¨Ì ¶·¥μ¡· -
§μ¢ ´¨° GL(2n;R), ±μÉμ· Ö μ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. � ¸¸³μÉ·¨³
³´μ¦¥¸É¢μ ±μ¸μ¸¨³³¥É·¨Î´ÒÌ É¥´§μ·´ÒÌ ¶μ²¥° É¨¶  (p, q)

L
i1···ip

j1...jq
, (p, q = 0, 1, · · · , n).

ƒ¥μ³¥É·¨Î¥¸±μ¥ ¢´ÊÉ·¥´´¥¥ ¶·¥μ¡· §μ¢ ´¨¥ (²¨´¥°´Ò° μ¶¥· Éμ·) ¢ ¶·μ¸É· ´-
¸É¢¥ 2n-¸É·μ± (1), μ¶·¥¤¥²Ö¥É¸Ö Ê· ¢´¥´¨Ö³¨ A = LA, £¤¥ (LA)i1···ip =
ai1···ip , p = 0, 1, . . . , n ¨

ai1···ip =
n∑

q=0

1
q!

L
j1···jq

i1···ip
aj1···jq .

‡¤¥¸Ó ¨ ¢ ¶μ¸²¥¤ÊÕÐ¥³ ¡Ê¤¥É Ê¤μ¡´μ ¶μ± §Ò¢ ÉÓ Éμ²Ó±μ μ¡Ð¨° Ô²¥³¥´É ai1···ip

2n-¸É·μ±¨ (1), ¶·¥¤¶μ² £ Ö, ÎÉμ p ¶·μ¡¥£ ¥É §´ Î¥´¨Ö μÉ 0 ¤μ n. ‚ ¸μμÉ¢¥É-
¸É¢¨¨ ¸ μ¶·¥¤¥²¥´¨¥³ ¤²Ö ¶·μ¨§¢¥¤¥´¨Ö ¤¢ÊÌ · ¸¸³ É·¨¢ ¥³ÒÌ ¶·¥μ¡· §μ¢ -
´¨° ¨³¥¥³ N = LM , £¤¥

N
i1···ip

j1···jq
=

n∑
r=0

1
r!

Lk1···kr

j1···jq
M

i1···ip

k1···kr
.

’μ¦¤¥¸É¢¥´´μ¥ ¶·¥μ¡· §μ¢ ´¨¥ E μ¶·¥¤¥²Ö¥É¸Ö Ê¸²μ¢¨Ö³¨

E
i1···ip

j1···jq
= 0, ¥¸²¨ p �= q, E

i1···ip

j1···jp
= δ

i1···ip

j1···jp
,

£¤¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö μ¡μ¡Ð¥´´Ò¥ ¸¨³¢μ²Ò Š·μ´¥±¥· 

ai1···ip =
1
p!

δ
j1···jp

i1···ip
aj1···jp .

’ ± μ¶·¥¤¥²¥´´Ò¥ ²μ± ²Ó´Ò¥ ¢´ÊÉ·¥´´¨¥ ¶·¥μ¡· §μ¢ ´¨Ö μ¡· §ÊÕÉ
£·Ê¶¶Ê, Ê¶μ³¨´ ¥³ÊÕ ± ± £·Ê¶¶  ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨ GL(2n,R), ±μÉμ· Ö
¨ ¶μ§¢μ²Ö¥É · ¸¸³ É·¨¢ ÉÓ 2n-¸É·μ±Ê (1) ± ± ´μ¢ÊÕ £¥μ³¥É·¨Î¥¸±ÊÕ ¶μ²¥-
¢ÊÕ ¢¥²¨Î¨´Ê, Ê¶μ³¨´ ¥³ÊÕ ± ± ¸¶¨´μ¢μ¥ ¶μ²¥. ‘¶¨´μ¢ Ö ¸¨³³¥É·¨Ö ¶μ-
§¢μ²Ö¥É · ¸¸³ É·¨¢ ÉÓ ¸¶¨´μ¢μ¥ ¶μ²¥ ± ± ¥¤¨´μ¥ Í¥²μ¥, μ¡² ¤ ÕÐ¥¥ ´μ¢Ò³
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± Î¥¸É¢μ³. ‘ÊÐ´μ¸ÉÓ ÔÉμ£μ ´μ¢μ£μ ± Î¥¸É¢  ¸μ¸Éμ¨É ¢ ÊÉ¢¥·¦¤¥´¨¨, ÎÉμ  ²-
£¥¡·  ‹¨ gl(2n,R) £·Ê¶¶Ò GL(2n,R) ¨³¥¥É ¸É·Ê±ÉÊ·Ê ¶·Ö³μ£μ ¶·μ¨§¢¥¤¥´¨Ö
 ²£¥¡· ‹¨ Sli S̃li ¤¢ÊÌ ¤Ê ²Ó´ÒÌ £·Ê¶¶ S ¨ S̃, μ¶·¥¤¥²Ö¥³ÒÌ £· ¢¨É Í¨μ´´Ò³
¶μÉ¥´Í¨ ²μ³.

	É¨³ Ê¸É ´ ¢²¨¢ ¥É¸Ö ¡¨¶μ²Ö·´ Ö ¸É·Ê±ÉÊ·  ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨ ¨ ¸ÊÐ-
´μ¸ÉÓ ¸¶¨´μ¢ÒÌ Ö¢²¥´¨° ¢ ¨Ì ¢´ÊÉ·¥´´¥° ¸¢Ö§¨ ¸ £· ¢¨É Í¨¥°. �μ¸²¥¤μ¢ É¥²Ó-
´μ¸ÉÓ, ±μÉμ· Ö ¢¥¤¥É μÉ £¨¶μÉ¥§Ò £¥μ³¥É·¨§ Í¨¨ ± É¥μ·¨¨ ¸¶¨´μ¢ÒÌ Ö¢²¥-
´¨°, ¢±²ÕÎ ¥É ¢ ¸¥¡Ö ¶μ´ÖÉ¨Ö Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö, ¸μ¡¸É¢¥´´μ £¥μ-
³¥É·¨Î¥¸±μ° ¶μ²¥¢μ° ¢¥²¨Î¨´Ò, ²μ± ²Ó´μ° £¥μ³¥É·¨Î¥¸±μ° ¢´ÊÉ·¥´´¥° ¸¨³-
³¥É·¨¨, £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö, ¸¶¨´μ¢μ£μ ¶μ²Ö ¨ ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨ ¸ ¥¥
¡¨¶μ²Ö·´μ° ¸É·Ê±ÉÊ·μ°. ‘¶¨´ ¥¸ÉÓ ¶μ²Ö·¨§ Í¨Ö £·Ê¶¶Ò ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨
GL(2n,R). ‚¸¥ μ¸É ²Ó´μ¥ ¢ÒÉ¥± ¥É μÉ¸Õ¤ . “· ¢´¥´¨Ö ¸¶¨´¸É É¨±¨ ¨ ¸¶¨´-
¤¨´ ³¨±¨ Å ÔÉμ ´ ¡²Õ¤ ¥³Ò¥ ¶·μÖ¢²¥´¨Ö ¡¨¶μ²Ö·´μ° ¸É·Ê±ÉÊ·Ò, ± ± ¨ ¢¸¥
μ¸É ²Ó´μ¥, μ Î¥³ ·¥ÎÓ ´¨¦¥.

—Éμ¡Ò ¤μ± § ÉÓ ¸Ëμ·³Ê²¨·μ¢ ´´μ¥ ¢ÒÏ¥ ÊÉ¢¥·¦¤¥´¨¥, ¶μ¸É·μ¨³ ¥¸É¥-
¸É¢¥´´Ò° μ¡Ð¥±μ¢ ·¨ ´É´Ò° ¡ §¨¸ ¢  ²£¥¡·¥ ‹¨ gl(2n,R). � ¸¸³μÉ·¨³ ¢
¶·μ¸É· ´¸É¢¥ ¸¶¨´μ¢ÒÌ ¶μ²¥° (1) ¥¸É¥¸É¢¥´´Ò¥  ²£¥¡· ¨Î¥¸±¨¥ μ¶¥· Éμ·Ò
A = EvA ¨ A = IvA, μ¶·¥¤¥²Ö¥³Ò¥ ¢¥±Éμ·´Ò³ ¶μ²¥³ vi ¸²¥¤ÊÕÐ¨³ μ¡· -
§μ³:

Ev : āi1···ip = pv[i1ai2···ip], Iv : āi1···ip = vkaki1···ip , p = 0, 1, . . . , n,

£¤¥ ±¢ ¤· É´Ò¥ ¸±μ¡±¨ [· · · ] μ¡μ§´ Î ÕÉ ¶·μÍ¥¸¸  ²ÓÉ¥·´ Í¨¨ ¨ vi = gijv
j .

„²Ö ²Õ¡ÒÌ ¢¥±Éμ·´ÒÌ ¶μ²¥° vi wi ¨³¥¥³

IvEw + EwIv = (v,w) · E, (2)

£¤¥ (v,w) = gijv
iwj . —Éμ¡Ò ¤μ± § ÉÓ Ëμ·³Ê²Ê (2), §¤¥¸Ó ¨ ¢ ¶μ¸²¥¤ÊÕÐ¥³

¸²¥¤Ê¥É ¨¸¶μ²Ó§μ¢ ÉÓ μÎ¥´Ó ¶μ²¥§´μ¥ ¸μμÉ´μÏ¥´¨¥

(p + 1)v[kai1···ip] = vkai1···ip − pak[i2···ip
vi1].

�É³¥É¨³ É ±¦¥ μÎ¥¢¨¤´Ò¥ · ¢¥´¸É¢ 

EvEw + EwEv = 0, IvIw + IwIv = 0.

‡ ¢¥·Ï Ö ´ ¡μ· ´¥μ¡Ìμ¤¨³ÒÌ ±μ´¸É·Ê±É¨¢´ÒÌ μ¶·¥¤¥²¥´¨°, ¢¢¥¤¥³ Î¨¸²μ¢μ°
¤¨ £μ´ ²Ó´Ò° μ¶¥· Éμ· Z, μ¶·¥¤¥²Ö¥³Ò° Ê¸²μ¢¨Ö³¨

Z
i1···ip

j1···jq
= 0, ¥¸²¨ p �= q, Z

i1···ip

j1···jp
= (−1)pδ

i1···ip

j1···jp
.

ˆ§ μ¶·¥¤¥²¥´¨Ö Z ´¥³¥¤²¥´´μ ¢ÒÉ¥± ÕÉ ¸μμÉ´μÏ¥´¨Ö  ´É¨±μ³³ÊÉ Í¨¨

EvZ + ZEv = 0, IvZ + ZIv = 0, Z2 = E.
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‚¢¥¤¥³ ËÊ´¤ ³¥´É ²Ó´Ò¥ μ¶¥· Éμ·Ò

Qv = Ev − Iv, Q̃v = (Ev + Iv)Z,

μ¶·¥¤¥²ÖÕÐ¨¥ ¡¨¶μ²Ö·´ÊÕ ¸É·Ê±ÉÊ·Ê ´  £·Ê¶¶¥ ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨
GL(2n,R). ˆ§ μ¶·¥¤¥²¥´¨Ö μ¸´μ¢´ÒÌ μ¶¥· Éμ·μ¢ ¨ (2) ´ Ìμ¤¨³, ÎÉμ

QvQw + QwQv = −2(v,w) · E, Q̃vQ̃w + Q̃wQ̃v = −2(v,w) · E (3)

¨, ¸²¥¤μ¢ É¥²Ó´μ,
Q2

v = Q̃2
v = −(v,v)E = −v2 E.

Š²ÕÎ¥¢Ò³ Ö¢²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥

Q̃vQw = QwQ̃v, (4)

±μÉμ·μ¥ ¢Ò¶μ²´Ö¥É¸Ö ¶·¨ ²Õ¡ÒÌ v ¨ w. „ ²¥¥ ¢¢¥¤¥³ μ¶¥· Éμ·

Qv∧w =
1
2
(QvQw − QwQv).

‹¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ
Q2

v∧w = −� ·E, (5)

£¤¥ � ¥¸ÉÓ μ¶·¥¤¥²¨É¥²Ó ƒ· ³ :

� =
∣∣∣∣ (v,v) (v,w)

(v,w) (w,w)

∣∣∣∣ .

Šμ´¥Î´μ, É ±μ¥ ¦¥ ¸μμÉ´μÏ¥´¨¥ ¢Ò¶μ²´Ö¥É¸Ö ¤²Ö μ¶¥· Éμ· 

Q̃v∧w =
1
2
(Q̃vQ̃w − Q̃wQ̃v).

�μ¸²¥¤´ÖÖ Ëμ·³Ê²  ³μ¦¥É ¡ÒÉÓ μ¡μ¡Ð¥´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‚μ§Ó³¥³ m
(m = 2, 3, . . . , n) ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ¢¥±Éμ·´ÒÌ ¶μ²¥° v,w, · · · , z ¨ ¢¢¥-
¤¥³ μ¶¥· Éμ·Ò, ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ¸Ö ± ±  ²ÓÉ¥·´¨·μ¢ ´´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö
μ¶¥· Éμ·μ¢ Qv, Qw, . . . , Qz ¨ Q̃v, Q̃w, . . . , Q̃z:

Qv∧w···∧z =
1
m!

(QvQw . . . Qz − QwQv . . . Qz + . . .),

Q̃v∧w···∧z =
1
m!

(Q̃vQ̃w . . . Q̃z − Q̃wQ̃v . . . Q̃z + . . .).

Š ± ¢¨¤´μ, μ¶¥· Éμ·Ò Qv∧w···∧z ¨ Q̃v∧w···∧z ±μ³³ÊÉ¨·ÊÕÉ ¤·Ê£ ¸ ¤·Ê£μ³ ¨ ¢¸¥
¨Ì ¢μ§³μ¦´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö μ¡· §ÊÕÉ ¢³¥¸É¥ ¥¸É¥¸É¢¥´´Ò° μ¡Ð¥±μ¢ ·¨ ´É-
´Ò° ¡ §¨¸ ¢  ²£¥¡·¥ ‹¨ gl(2n,R) £·Ê¶¶Ò ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨ GL(2n,R)).
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’ ± ± ± ´  n-³¥·´μ³ ³´μ£μμ¡· §¨¨ ¸ÊÐ¥¸É¢Ê¥É n ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ¢¥±-
Éμ·´ÒÌ ¶μ²¥°, Éμ ¸Ê³³ ·´μ¥ Î¨¸²μ ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ μ¶¥· Éμ·μ¢, μ¶·¥-
¤¥²Ö¥³ÒÌ ÔÉ¨³¨ ¢¥±Éμ·´Ò³¨ ¶μ²Ö³¨, · ¢´μ 2n · 2n (¢±²ÕÎ Ö Éμ¦¤¥¸É¢¥´´Ò°
μ¶¥· Éμ· E). ’ ±¨³ μ¡· §μ³, ´ Ï¥ ÊÉ¢¥·¦¤¥´¨¥ ¤μ± § ´μ ¨ ¢ · ¸¸³ É·¨¢ -
¥³μ³ ²¨´¥°´μ³ ¶·μ¸É· ´¸É¢¥ ¶·¥μ¡· §μ¢ ´¨Ö £·Ê¶¶Ò GL(2n,R) ³μ£ÊÉ ¡ÒÉÓ
¶·¥¤¸É ¢²¥´Ò ¢ É¥·³¨´ Ì ¸μ¡¸É¢¥´´μ £¥μ³¥É·¨Î¥¸±¨Ì ¶μ²¥¢ÒÌ ¢¥²¨Î¨´. ‘²¥-
¤μ¢ É¥²Ó´μ, ¸¶¨´μ¢ Ö ¸¨³³¥É·¨Ö ¸²Ê¦¨É ´μ¢μ° ËÊ´¤ ³¥´É ²Ó´μ° ·¥ ²¨§ Í¨¥°
μ¡Ð¥° ±μ´Í¥¶Í¨¨ ²μ± ²Ó´μ° £¥μ³¥É·¨Î¥¸±μ° ¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨.

Š ± ¢¨¤´μ, ¶μ¸É·μ¥´¨¥ ´¥μ¡Ìμ¤¨³μ£μ μ¡Ð¥±μ¢ ·¨ ´É´μ£μ ¡ §¨¸  ´¥¢μ§-
³μ¦´μ ¡¥§ ·¨³ ´μ¢μ° ³¥É·¨±¨ ¨²¨ £· ¢¨É Í¨μ´´μ£μ ¶μÉ¥´Í¨ ² . 	É¨³ Ê¸É -
´ ¢²¨¢ ¥É¸Ö ¢´ÊÉ·¥´´ÖÖ ¸¢Ö§Ó ³¥¦¤Ê ¸¶¨´μ³ ¨ £· ¢¨É Í¨μ´´Ò³ ¶μ²¥³. ‚ ¶μ-
¸²¥¤ÊÕÐ¥³ ¡Ê¤ÊÉ Ê¸É ´μ¢²¥´Ò ´μ¢Ò¥ ¢ ¦´Ò¥ ¶·μÖ¢²¥´¨Ö ÔÉμ° ¸¢Ö§¨. ƒ· -
¢¨É Í¨μ´´μ¥ ¶μ²¥ ¢Ò¸ÉÊ¶ ¥É §¤¥¸Ó ± ± ®¶·¨§³ ¯, ¶·μÌμ¤Ö Î¥·¥§ ±μÉμ·ÊÕ
¸¶¨´μ¢ Ö ¸¨³³¥É·¨Ö, ¶μ¤μ¡´μ ¸¢¥ÉÊ, ¶μ²Ö·¨§Ê¥É¸Ö ¨ ¸É ´μ¢¨É¸Ö ´ ¡²Õ¤ ¥-
³μ° ¢ Ëμ·³¥ μ¶¥· Éμ·μ¢ Qv, . . . , Qv∧w···∧z ´  μ¤´μ³ ¶μ²Õ¸¥ ¨ μ¶¥· Éμ·μ¢
Q̃v, . . . , Q̃v∧w···∧z ´  ¤·Ê£μ³ ¶μ²Õ¸¥.

—Éμ¡Ò ¶·¥¤¸É ¢¨ÉÓ ¶μ²Ö·¨§ Í¨Õ ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨ ¡μ²¥¥ ´ £²Ö¤´μ,
· ¸¸³μÉ·¨³ n ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ¢¥±Éμ·´ÒÌ ¶μ²¥° vμ (μ = 1, 2, . . . , n).
‚¸¥£¤  ¢μ§³μ¦´μ ¶μ¸É·μ¨ÉÓ ¨§ ÔÉμ£μ ´ ¡μ·  ¢¥±Éμ·´ÒÌ ¶μ²¥° ¸¨¸É¥³Ê μ·-
Éμ£μ´ ²Ó´ÒÌ ¥¤¨´¨Î´ÒÌ ¢¥±Éμ·´ÒÌ ¶μ²¥° Eμ ¶μ μÉ´μÏ¥´¨Õ ± ¤ ´´μ° ³¥-
É·¨±¥ gij :

(Eμ,Eν, ) = gijE
i
μEj

ν = δμν ,

£¤¥ δμν = 0, μ �= ν, δμμ = 1, μ = 1, 2, . . . , n ¨ Ei
μ Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ vi

μ

¨ gij . �¡μ§´ Î¨³ μ¶¥· Éμ·Ò QEμ ¨ Q̃Eμ ± ± Qμ ¨ Q̃μ ¸μμÉ¢¥É¸É¢¥´´μ ¨ ¨§ (4)
¨ (5) ¶μ²ÊÎ¨³ ¤²Ö ´¨Ì ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö:

QμQν + QνQμ = −2δμν · E, Q̃μQ̃ν + Q̃νQ̃μ = −2δμν · E, Q̃μQν = QνQ̃μ.

‚¢¥¤¥³, ´ ±μ´¥Í, μ¶¥· Éμ·Ò

Qμν =
1
2
(QμQν − QνQμ), Q̃μν =

1
2
(Q̃μQ̃ν − Q̃νQ̃μ).

‘¶¨´μ¢ Ö ¸É·Ê±ÉÊ·  ¸μ¢¥·Ï¥´´μ Ö¸´  ¨§ · ¸¸³μÉ·¥´¨Ö  ²£¥¡· ‹¨ ¶μ¤£·Ê¶¶
£·Ê¶¶Ò GL(2n,R), ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �μ² £ ¥³

Kμ =
1
2
Qμ, Sμν =

1
2
Qμν , K̃μ =

1
2
Q̃μ, S̃μν =

1
2
Q̃μν

¨ ¶μ²ÊÎ ¥³ É ±¨¥ ¸μμÉ´μÏ¥´¨Ö ±μ³³ÊÉ Í¨¨:

[Kμ, Kν] = Sμν , [Sμν , Sστ ] = δμτSσν − δσνSμτ + δμσSντ − δντSσμ,

[K̃μ, K̃ν] = S̃μν , [S̃μν , S̃στ ] = δμτ S̃σν − δσν S̃μτ + δμσS̃ντ − δντ S̃σμ,

[Kμ, K̃ν ] = [Kμ, S̃σν ] = 0, [Sμν , K̃σ] = [Sμν , S̃στ ] = 0.
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Š ± ¢¨¤´μ, ÔÉ¨ ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¤ ÕÉ ¤¢  μ¡Ð¥±μ¢ ·¨ ´É´ÒÌ
¤¢Ê§´ Î´ÒÌ ¶·¥¤¸É ¢²¥´¨Ö £·Ê¶¶Ò ±μ´Ëμ·³´ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¸Ë¥·Ò Sn−1.

‚¢¥¤¥³ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ¥, ¸¨³³¥É·¨Î´μ¥ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥-
´¨¥ (A|B) ¢ · ¸¸³ É·¨¢ ¥³μ³ ²¨´¥°´μ³ ¶·μ¸É· ´¸É¢¥ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

(A|B) =
n∑

p=0

1
p!

ai1···ipbj1···jpgi1j1 · · · gipjp , (A|B) = (B|A), (A|A) > 0,

(6)
(A|A) = 0, ¥¸²¨ A = 0. ‘± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ Ê¸É ´ ¢²¨¢ ¥É μÉ´μÏ¥´¨¥
Ô±¢¨¢ ²¥´É´μ¸É¨ ¢ ¶·μ¸É· ´¸É¢¥ ¸¶¨´μ¢ÒÌ ¶μ²¥°, ¶μ§¢μ²ÖÖ · §¡¨ÉÓ ³´μ¦¥-
¸É¢μ ¸¶¨´μ¢ÒÌ ¶μ²¥° ´  ±² ¸¸Ò Ô±¢¨¢ ²¥´É´μ¸É¨. „¢  ¸¶¨´μ¢ÒÌ ¶μ²Ö ¶·¨-
´ ¤²¥¦ É μ¤´μ³Ê ±² ¸¸Ê Ô±¢¨¢ ²¥´É´μ¸É¨, ¥¸²¨ (A|A) = (B|B). Š² ¸¸Ò
Ô±¢¨¢ ²¥´É´μ¸É¨ μ¶·¥¤¥²ÖÕÉ¸Ö £·Ê¶¶μ° ¸¨³³¥É·¨¨ ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö.
‘± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ (6) ¨´¢ ·¨ ´É´μ ¶μ μÉ´μÏ¥´¨Õ ± ¶·¥μ¡· §μ¢ ´¨Ö³
A = LA, ¥¸²¨ L̃L = E, £¤¥ L̃ ¥¸ÉÓ É· ´¸¶μ´¨·μ¢ ´´Ò° μ¶¥· Éμ· ¶μ μÉ´μÏ¥-
´¨Õ ± ³¥É·¨±¥ gij :

L̃
i1···ip

j1···jq
= gi1k1 · · · gipkpL

l1···lq
k1···kp

gj1l1 · · · gjqlq .

‹¥£±μ ¶μ± § ÉÓ, ÎÉμ L̃M = M̃L̃. �É³¥É¨³ É ±¦¥ ¢ ¦´Ò¥ ¸μμÉ´μÏ¥´¨Ö

(A|QvB) = −(QvA|B), (A)|Q̃vB) = −(Q̃vA|B),

±μÉμ·Ò¥ ¶μ± §Ò¢ ÕÉ, ÎÉμ μ¶¥· Éμ·Ò Qv ¨ Q̃v Ö¢²ÖÕÉ¸Ö  ´É¨¸ ³μ¸μ¶·Ö¦¥´-
´Ò³¨ μÉ´μ¸¨É¥²Ó´μ ¢¢¥¤¥´´μ£μ ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö.

� ¸¸³ É·¨¢ ÕÉ¸Ö ¤¥°¸É¢¨É¥²Ó´Ò¥ ¸¶¨´μ¢Ò¥ ¶μ²Ö, ¶μ¸±μ²Ó±Ê ¤²Ö ¢¢¥¤¥´¨Ö
±μ³¶²¥±¸´ÒÌ ¸¶¨´μ¢ÒÌ ¶μ²¥° ¶μ±  ´¥É  ¡¸μ²ÕÉ´μ ´¨± ±¨Ì μ¸´μ¢ ´¨°. Š ±
¨§¢¥¸É´μ, ¢¸¥ ¥Ð¥ ´¥ ¸ÊÐ¥¸É¢Ê¥É £²Ê¡μ±μ£μ ¶μ´¨³ ´¨Ö ·μ²¨ ³´¨³μ° ¥¤¨´¨ÍÒ
(i =

√
−1) ¢ Ë¨§¨±¥, ¶μÔÉμ³Ê ±μ³¶²¥±¸¨Ë¨± Í¨Ö ¡¥§ ¤μ¸É ÉμÎ´μ£μ μ¸´μ¢ ´¨Ö

´¥ ¶·¥¤¸É ¢²Ö¥É ´¨± ±μ£μ ¨´É¥·¥¸ . �μ¸±μ²Ó±Ê

(A|QμB) = −(QμA|B), (A|Q̃μB) = −(Q̃μA|B),

(A|QμνB) = −(QμνA|B), (A|Q̃μνB)) = −(Q̃μνA|B),

Éμ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ (2) ¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨°
Ā = LA, Ā = L̃A, £¤¥

L = exp
(

Kμωμ +
1
2
Sμνωμν

)
, L̃ = exp

(
K̃μω̃μ +

1
2
S̃μνω̃μν

)
¨ ωμ, ωμν , ω̃μ, ω̃μν ¥¸ÉÓ ´ ¡μ· ¤¥°¸É¢¨É¥²Ó´ÒÌ ¸± ²Ö·´ÒÌ ¶μ²¥°.

’ ±¨³ μ¡· §μ³, ¢ ¥¤¨´μ° Ë¨§¨±¥ ¸¶¨´ ¢μ§´¨± ¥É ± ± ¶μ²Ö·¨§ Í¨Ö ¸¶¨-
´μ¢μ° ¸¨³³¥É·¨¨, ±μÉμ· Ö Ì · ±É¥·¨§Ê¥É¸Ö ¤¢Ê³Ö ´ ¡μ· ³¨ ±μ³³ÊÉ¨·ÊÕÐ¨Ì
μ¶¥· Éμ·μ¢ Qv, . . . , Qv∧w···∧z ¨ Q̃v, . . . , Q̃v∧w···∧z. �μ²Ö·¨§ Í¨Ö ¸¶¨´μ¢μ°
¸¨³³¥É·¨¨ ¤ ¥É ¥¸É¥¸É¢¥´´Ò° ¸¶μ¸μ¡ ¢Ò¢μ¤  Ê· ¢´¥´¨° ¸¶¨´μ¢μ£μ ¶μ²Ö.
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2. ‘�ˆ�‘’�’ˆŠ�

‡¤¥¸Ó · ¸¸³ É·¨¢ ÕÉ¸Ö ¥¸É¥¸É¢¥´´Ò¥ μ¡Ð¥±μ¢ ·¨ ´É´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó-
´Ò¥ μ¶¥· Éμ·Ò ¶¥·¢μ£μ ¶μ·Ö¤± , μ¶·¥¤¥²Ö¥³Ò¥ ¡¨¶μ²Ö·´μ° ¸É·Ê±ÉÊ·μ° ¸¶¨-
´μ¢μ° ¸¨³³¥É·¨¨. 	É¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ μ¶¥· Éμ·Ò ¶μ§¢μ²ÖÕÉ · §¢¨ÉÓ ¶μ²-
´ÊÕ · Í¨μ´ ²Ó´ÊÕ É¥μ·¨Õ ¸¶¨´μ¢ÒÌ Ö¢²¥´¨°, Ö¤·μ³ ±μÉμ·μ° ¸²Ê¦ É Ê· ¢-
´¥´¨Ö ¸¶¨´¸É É¨±¨ ¨ ¸¶¨´¤¨´ ³¨±¨. �¥·¢Ò° ¶μ·Ö¤μ± Ê· ¢´¥´¨° ¸¢¨¤¥É¥²Ó-
¸É¢Ê¥É μ Éμ³, ÎÉμ μ´¨ ¸μμÉ¢¥É¸É¢ÊÕÉ Ê· ¢´¥´¨Ö³ ƒ ³¨²ÓÉμ´ . ‚ ¶μ¸²¥¤ÊÕ-
Ð¥³ ÔÉ  ¶ · ²²¥²Ó ¡Ê¤¥É ¶·μ¤μ²¦¥´  ¢¢¥¤¥´¨¥³ ¸¨³¶²¥±É¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò
¢ É¥μ·¨Õ ¸¶¨´μ¢μ£μ ¶μ²Ö. ‚ ¤ ´´μ³ · §¤¥²¥ ¸Ëμ·³Ê²¨·μ¢ ´  É¥μ·¨Ö ¸¶¨-
´μ¢μ£μ ¶μ²Ö ¢´¥ ¢·¥³¥´¨ (¸¶¨´¸É É¨± ). ‚ ÔÉμ³ ¸²ÊÎ ¥ Ë¨§¨Î¥¸±μ¥ ³´μ£μ-
μ¡· §¨¥ ´¥ ¨³¥¥É ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·Ò ¨ ´¥ ¢μ§´¨± ¥É ¶·μ¡²¥³Ò ¤¨´ ³¨±¨
¨²¨ ¶·μ¡²¥³Ò ¢·¥³¥´¨, ¥£μ · §³¥·´μ¸ÉÓ · ¢´  É·¥³, μ¤´ ±μ É ³, £¤¥ ÔÉμ ¢μ§-
³μ¦´μ, · ¸¸³μÉ·¥´¨¥ ¢¥¤¥É¸Ö ¢ ²Õ¡μ° · §³¥·´μ¸É¨. ’ ± Ö ¶· ±É¨±  ´ Í¥²¥´ 
´  ¡μ²¥¥ £²Ê¡μ±μ¥ ¶μ´¨³ ´¨¥ ¢Ò¤¥²¥´´μ¸É¨ ´Ê¦´μ° · §³¥·´μ¸É¨. ‘ÊÐ´μ¸ÉÓ
¸É É¨±¨, ¢ Î ¸É´μ¸É¨ ¸¶¨´¸É É¨±¨, ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò Ê¸É ´μ¢¨ÉÓ § ±μ´Ò
´ Î ²Ó´ÒÌ Ê¸²μ¢¨°, ¢±²ÕÎ Ö É¥³ ¸ ³Ò³ ´ Î ²Ó´Ò¥ Ê¸²μ¢¨Ö ¢ · ³±¨ ³ É¥-
³ É¨Î¥¸±μ£μ ¨ Ë¨§¨Î¥¸±μ£μ ¨¸¸²¥¤μ¢ ´¨Ö. ”¨§¨Î¥¸±μ¥ ¶·μ¸É· ´¸É¢μ ¸ ¶·¨-
Î¨´´μ° ¸É·Ê±ÉÊ·μ° ¨ ¤¨´ ³¨Î¥¸± Ö É¥μ·¨Ö ¸¶¨´μ¢μ£μ ¶μ²Ö (¸¶¨´¤¨´ ³¨± )
¡Ê¤ÊÉ ¸Ëμ·³Ê²¨·μ¢ ´Ò ¢¸²¥¤ §  ¸¶¨´¸É É¨±μ°. � §¤¥², ¶μ¸¢ÖÐ¥´´Ò° ¸¶¨´¸É -
É¨±¥, ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ¨ ± ± ´¥§ ¢¨¸¨³μ¥ ¨¸¸²¥¤μ¢ ´¨¥, ¨ ± ± ¡ §¨¸ ¤²Ö
¸¶¨´¤¨´ ³¨±¨.

�Ê¸ÉÓ ∇i ¥¸ÉÓ ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¶μ μÉ´μÏ¥´¨Õ ± ¸¢Ö§´μ¸É¨, ¶·¨-
´ ¤²¥¦ Ð¥° ·¨³ ´μ¢μ° ³¥É·¨±¥ gij . ‘¨³¢μ²Ò Š·¨¸ÉμËË¥²Ö ÔÉμ° ¸¢Ö§´μ¸É¨
· ¢´Ò

Γi
jk =

1
2
gil(∂jgkl + ∂kgjl − ∂lgjk).

�Î¥¢¨¤´μ¥ ¸μμÉ¢¥É¸É¢¨¥ ³¥¦¤Ê vi ¨ ∇i (vi ¨ ∇i = gij∇j ) ¤ ¥É ¢μ§³μ¦-
´μ¸ÉÓ ¢¢¥¸É¨ ¤¢  ¥¸É¥¸É¢¥´´ÒÌ μ¡Ð¥±μ¢ ·¨ ´É´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ μ¶¥-
· Éμ·  ¤²Ö ¸¶¨´μ¢μ£μ ¶μ²Ö ± ± ¶·Ö³μ¥ ¶·μÖ¢²¥´¨¥ ¶μ²Ö·¨§ Í¨¨ ¸¶¨´μ¢μ°
¸¨³³¥É·¨¨:

D = Q∇, D̃ = Q̃∇,

(DA)i1i2···ip = p∇[i1ai2···ip] −∇lali1i2···ip ,

(D̃A)i1i2···ip = (−1)p+1(p∇[i1ai2···ip] + ∇lali1i2···ip).

	É¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ ¤Ê ²Ó´Ò¥ μ¶¥· Éμ·Ò ´ ¸²¥¤ÊÕÉ ¸¢μ°¸É¢μ (4)

DD̃ = D̃D.

�¨¶μ²Ö·´ Ö ¸É·Ê±ÉÊ·  ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨ ·¥ ²¨§Ê¥É¸Ö ¢ Ëμ·³¥ ¤¢ÊÌ μ¡-
Ð¥±μ¢ ·¨ ´É´ÒÌ Ê· ¢´¥´¨° ¤²Ö ¤¥°¸É¢¨É¥²Ó´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö. “· ¢´¥´¨¥

DA = mA (7)
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¨ ¤Ê ²Ó´μ¥ Ê· ¢´¥´¨¥
D̃A = mA (8)

Ê¸É ´ ¢²¨¢ ÕÉ μÉ´μÏ¥´¨Ö Ô±¢¨¢ ²¥´É´μ¸É¨ ¢ ¶·μ¸É· ´¸É¢¥ ¸¶¨´μ¢ÒÌ ¶μ²¥°
¨ μ¶·¥¤¥²Ö¥³Ò¥ ¨³¨ ¶μ¤£·Ê¶¶Ò £·Ê¶¶Ò ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨. “· ¢´¥´¨Ö (7)
¨ (8) ¶·¥¤¸É ¢²ÖÕÉ ¡¨¶μ²Ö·´ÊÕ ¸É·Ê±ÉÊ·Ê ¸¶¨´μ¢μ° ¸¨³³¥É·¨¨ ¨ μ¶¨¸Ò¢ ÕÉ
· §²¨Î´Ò¥ Ë¨§¨Î¥¸±¨¥ ¸¨ÉÊ Í¨¨, ¤Ê ²Ó´Ò¥ ¤·Ê£ ¤·Ê£Ê (¶μ´ÖÉ¨¥ ¤Ê ²Ó´μ¸É¨).
“· ¢´¥´¨¥ DA = mA Ì · ±É¥·¨§Ê¥É μ¤¨´ ³¨· ¸¶¨´μ¢ÒÌ Ö¢²¥´¨°, Éμ£¤  ± ±
Ê· ¢´¥´¨¥ D̃A = mA Ì · ±É¥·¨§Ê¥É ¤Ê ²Ó´Ò° ³¨·. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶μ´Ö-
É¨¥³ ¤Ê ²Ó´μ¸É¨ ¸É·μ¨É¸Ö ¢¸¥ ¶μ¸²¥¤ÊÕÐ¥¥ ¨§²μ¦¥´¨¥. Š ± ¨ ¶μ²Ö·¨§ Í¨Ö
¸¢¥É , ¤Ê ²Ó´μ¸ÉÓ ¶·¨μ¡·¥É ¥É ±μ´±·¥É´μ¥ ¸μ¤¥·¦ ´¨¥, ¥¸²¨ Ê± § ´ μ¶¥· Éμ·,
Ê¸É ´ ¢²¨¢ ÕÐ¨° ¸¢Ö§Ó ³¥¦¤Ê ¤¢Ê³Ö ¤Ê ²Ó´Ò³¨ ¢¥²¨Î¨´ ³¨. � ¶·¨³¥·, ¨§-
¢¥¸É´μ, ÎÉμ ¶· ¢μ¶μ²Ö·¨§μ¢ ´´Ò° ¸¢¥É ¸É ´μ¢¨É¸Ö ²¥¢μ¶μ²Ö·¨§μ¢ ´´Ò³ ¶·¨
μÉ· ¦¥´¨¨. �¶¥· Éμ·Ò ¸μ¶·Ö¦¥´¨Ö X ¨ Y , Ì · ±É¥·¨§ÊÕÐ¨¥ ¨ μ¡μ¸´μ¢Ò¢ -
ÕÐ¨¥ ¶μ´ÖÉ¨¥ ¤Ê ²Ó´μ¸É¨,  ´ ²μ£¨Î´Ò μ¶¥· Éμ·Ê Z ¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¸²¥¤ÊÕ-
Ð¨³ μ¡· §μ³:

X
i1···ip

j1···jq
= 0, ¥¸²¨ p �= q, X

i1···ip

j1···jp
= (−1)

p(p−1)
2 δ

i1···ip

j1···jp
,

Y
i1···ip

j1···jq
= 0, ¥¸²¨ p �= q, Y

i1···ip

j1···jp
= (−1)

p(p+1)
2 δ

i1···ip

j1···jp
.

ˆ§ μ¶·¥¤¥²¥´¨Ö μ¶¥· Éμ·μ¢ X, Y, Z ¸²¥¤Ê¥É, ÎÉμ μ´¨ ±μ³³ÊÉ¨·ÊÕÉ ¤·Ê£ ¸
¤·Ê£μ³ ¨ ¤²Ö ´¨Ì ¢Ò¶μ²´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö:

X Y Z = E, X2 = Y 2 = Z2 = E, Q̃v = −Y QvY, Q̃v = XQvX.

�¶¥· Í¨Ö ¸μ¶·Ö¦¥´¨Ö X Ê¸É ´ ¢²¨¢ ¥É ¸¢Ö§Ó ³¥¦¤Ê ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨° (7)
¨ (8). …¸²¨ ¸¶¨´μ¢μ¥ ¶μ²¥ A Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ (7), Éμ ¸μ¶·Ö¦¥´´μ¥
¥³Ê ¶μ²¥ Ã = XA ¡Ê¤¥É Ê¤μ¢²¥É¢μ·ÖÉÓ Ê· ¢´¥´¨Õ (8). 	Éμ ¸²¥¤Ê¥É ¨§ ¸μμÉ-
´μÏ¥´¨°

D̃Y + Y D = 0, D̃X = DX.

‚ ¸¶¨´¤¨´ ³¨±¥ μ¡¸Ê¦¤¥´¨¥ ¶·¨´Í¨¶  ¤Ê ²Ó´μ¸É¨ ¡Ê¤¥É ¶·μ¤μ²¦¥´μ ¢ ´μ¢ÒÌ
Ê¸²μ¢¨ÖÌ.

ˆ³¥ÕÉ ³¥¸Éμ ¤¢  ¢ ¦´ÒÌ Éμ¦¤¥¸É¢ 

(A|DB) − (B|DA) = ∇kT k(B, A), (A|D̃B) − (B|D̃A) = ∇kT̃ k(B, A).
(9)

Šμ³¶μ´¥´ÉÒ ¢¥±Éμ·´ÒÌ ¶μ²¥° T k(B,A) ¨ T̃ k(B,A) ¤ ÕÉ¸Ö ¢Ò· ¦¥´¨Ö³¨

T k(B, A) =
n∑

p=0

1
p!

(bi1···ipaki1···ip − ai1···ipbki1···ip),

T̃ k(B, A) =
n∑

p=0

(−1)p

p!
(bi1···ipaki1···ip − ai1···ipbki1···ip),
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±μÉμ·Ò¥ § ¤ ÕÉ μÉμ¡· ¦¥´¨Ö ¶ ·Ò ¸¶¨´μ¢ÒÌ ¶μ²¥° ´  ¢¥±Éμ·´μ¥ ¶μ²¥. 	É¨
μÉμ¡· ¦¥´¨Ö ¡Ê¤ÊÉ ´ §Ò¢ ÉÓ¸Ö ±μ¸Ò³¨ ¶·μ¨§¢¥¤¥´¨¥³ ¸¶¨´μ¢ÒÌ ¶μ²¥°, É ± ± ±

T k(B, A) = −T k(A, B), T̃ k(B, A) = −T̃ k(A, B).

�¸´μ¢´μ¥ ¸¢μ°¸É¢μ ±μ¸ÒÌ ¶·μ¨§¢¥¤¥´¨° ¸¶¨´μ¢ÒÌ ¶μ²¥° ¢Ò· ¦ ¥É¸Ö ¸μμÉ´μ-
Ï¥´¨Ö³¨

vkT k(A, B) = (QvA|B), vkT̃ k(A, B) = (Q̃vA|B),

±μÉμ·Ò¥ Ê¸É ´ ¢²¨¢ ÕÉ ¢ ¦´ÊÕ ¸¢Ö§Ó ³¥¦¤Ê ¤Ê ²Ó´Ò³¨ ±μ¸Ò³¨ ¶·μ¨§¢¥¤¥´¨-
Ö³¨ ¸¶¨´μ¢ÒÌ ¶μ²¥° ¨ ¸± ²Ö·´Ò³ ¶·μ¨§¢¥¤¥´¨¥³. ’ ± ± ±

(Q̃vÃ|B̃) = (XQ̃vXA|B) = (QvA|B),

μÉ¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ
T̃ k(Ã, B̃) = T k(A, B).

Š ± ¢¨¤´μ, ²¨´¥°´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ μ¶¥· Éμ·Ò D ¨ D̃ ¸ ³μ¸μ¶·Ö¦¥´´Ò¥
¨ ∇iT

i = 0, ¥¸²¨ A ¨ B ¥¸ÉÓ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ¸¶¨´¸É É¨±¨ (¨ Éμ ¦¥ ¸ ³μ¥
¤²Ö ∇iT̃

i). � · ³¥É· m ¥¸ÉÓ Éμ£¤  ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ ¸ ³μ¸μ¶·Ö¦¥´´μ£μ
μ¶¥· Éμ· . …¸²¨ m ¥¸ÉÓ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥, Éμ −m É ±¦¥ ¡Ê¤¥É ¸μ¡¸É¢¥´-
´Ò³ §´ Î¥´¨¥³, ¶μ¸±μ²Ó±Ê ¸ÊÐ¥¸É¢Ê¥É μ¶¥· Éμ· Z.

ˆ§ (9) ¸²¥¤Ê¥É, ÎÉμ Ê· ¢´¥´¨Ö ¸¶¨´¸É É¨±¨ (7) ¨ (8) ´ Ìμ¤ÖÉ¸Ö ¢ ¸Ë¥·¥
¤¥°¸É¢¨Ö ¢ ·¨ Í¨μ´´μ£μ ¶·¨´Í¨¶  ¸ ² £· ´¦¨ ´ ³¨

L =
1
2
(A|DA) − m

2
(A|A), L̃ =

1
2
(A|D̃A) +

m

2
(A|A).

Ÿ¸´μ, ÎÉμ L = 0, ¥¸²¨ A ¥¸ÉÓ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (7), ¨ Éμ ¦¥ ¸ ³μ¥ ¤²Ö L̃.
� ¸¸³μÉ·¨³ μ¡ÐÊÕ Ì · ±É¥·¨¸É¨±Ê ¶μ¤£·Ê¶¶ £·Ê¶¶Ò ¸¶¨´μ¢μ° ¸¨³³¥-

É·¨¨, ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³¨ (7) ¨ (8). ‚μμ¡Ð¥ £μ¢μ·Ö, μ¶¥· -
Éμ·Ò Q̃v∧w∧···z ³μ£ÊÉ ±μ³³ÊÉ¨·μ¢ ÉÓ ¸ μ¶¥· Éμ·μ³ D ¨ Éμ ¦¥ ¸ ³μ¥ ¨³¥¥É ³¥-
¸Éμ ¤²Ö ¶ ·Ò D̃, Qv∧w∧···z. � ¶μ³´¨³ Ì · ±É¥·¨¸É¨Î¥¸±μ¥ Ê· ¢´¥´¨¥
Q̃vQw = QwQ̃v. �Î¥¢¨¤´μ, ÎÉμ

DQ̃v = Q̃vD, D̃Qv = QvD̃,

¥¸²¨ ∇ivj = 0. 	Éμ Ê¸²μ¢¨¥ μÎ¥´Ó ¦¥¸É±μ μ£· ´¨Î¨¢ ¥É ±² ¸¸ ·¨³ ´μ¢ÒÌ
¶·μ¸É· ´¸É¢. � ¶·¨³¥·, Ê· ¢´¥´¨¥ ∇ivj = 0 ¨³¥¥É Éμ²Ó±μ É·¨¢¨ ²Ó´μ¥ ·¥-
Ï¥´¨¥ ¢ ·¨³ ´μ¢ÒÌ ¶·μ¸É· ´¸É¢ Ì ¶μ¸ÉμÖ´´μ° ±·¨¢¨§´Ò. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³
³μ¦´μ ¨§³¥´¨ÉÓ ¶μ¸É ´μ¢±Ê § ¤ Î¨ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. „²Ö ¶ ·Ò vi, gij É·¥-

¡Ê¥É¸Ö ´ °É¨ ¸¢Ö§´μ¸ÉÓ Γ̆i
jk É ±ÊÕ, ÎÉμ ¶μ μÉ´μÏ¥´¨Õ ± ÔÉμ° ¸¢Ö§´μ¸É¨ vi

¨ gij μ¡² ¤ ÕÉ  ¡¸μ²ÕÉ´Ò³ ¶ · ²²¥²¨§³μ³, É. ¥.

∇̆ivj = 0, ∇̆igjk = 0,
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£¤¥ ∇̆i ¥¸ÉÓ ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¢ ÔÉμ° ¸¢Ö§´μ¸É¨. �¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö,
ÎÉμ ¶μ¸É ¢²¥´´Ò³ Ê¸²μ¢¨Ö³ Ê¤μ¢²¥É¢μ·Ö¥É ¸¢Ö§´μ¸ÉÓ

Γ̆i
jk = Γi

jk + vi∇jvk − vk∇jv
i, (v,v) = 1.

�¡μ¡Ð¥´¨¥ ¸μ¡¸É¢¥´´μ ·¨³ ´μ¢μ° £¥μ³¥É·¨¨ ¸μ¸Éμ¨É §¤¥¸Ó ¢ Éμ³, ÎÉμ ± ¦¤μ°
±·¨¢μ° ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ ´¥ Éμ²Ó±μ ¥¥ ¤²¨´ , ´μ ¨ Í¨·±Ê²ÖÍ¨Ö, μ¶·¥¤¥-
²Ö¥³ Ö ±·¨¢μ²¨´¥°´Ò³ ¨´É¥£· ²μ³ I =

∫
vidui. …¸²¨ μ¶·¥¤¥²¨ÉÓ μ¸´μ¢´Ò¥

¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ μ¶¥· Éμ·Ò ¸¶¨´¸É É¨±¨ ¸ ¶μ³μÐÓÕ ´μ¢μ° ¸¢Ö§´μ¸É¨, Éμ
ÔÉμ ¡Ê¤¥É ¸μ¶·Ö¦¥´μ ¸ ¢¢¥¤¥´¨¥³ ´μ¢μ£μ ¶μ²Ö ¨ ¢Ò¢μ¤μ³ Ê· ¢´¥´¨° ÔÉμ£μ
¶μ²Ö. ’ ±μ¥ μ¡μ¡Ð¥´¨¥ ´¥ ¨³¥¥É ¤μ¸É ÉμÎ´μ£μ μ¸´μ¢ ´¨Ö ¢ ¸¶¨´¸É É¨±¥, ´μ
¶·¨μ¡·¥É ¥É ËÊ´¤ ³¥´É ²Ó´μ¥ §´ Î¥´¨¥ ¢ ¸¶¨´¤¨´ ³¨±¥ ¨, ±μ´¥Î´μ, ¶·¥¤¸É -
¢²Ö¥É ³ É¥³ É¨Î¥¸±¨° ¨´É¥·¥¸.

� ¸¸³μÉ·¨³ ¤ ²¥¥ μ¶¥· Éμ·Ò ¢¨¤  Qv∧w, Q̃v∧w. �¶¥· Éμ·Ò ÔÉμ£μ ±² ¸¸ 
£¥´¥·¨·ÊÕÉ¸Ö ±μ¸μ¸¨³³¥É·¨Î´Ò³¨ É¥´§μ·´Ò³¨ ¶μ²Ö³¨ viwj − vjwi, ±μÉμ-
·Ò¥ ´ §Ò¢ ÕÉ¸Ö ¶·μ¸ÉÒ³¨. � ¸¸³μÉ·¨³ μ¡Ð¥¥ ±μ¸μ¸¨³³¥É·¨Î´μ¥ É¥´§μ·´μ¥
¶μ²¥ Sij . „Ê ²Ó´Ò¥ ¸¶¨´μ¢Ò¥ μ¶¥· Éμ·Ò, £¥´¥·¨·Ê¥³Ò¥ ÔÉ¨³ ¶μ²¥³, μ¡μ§´ -

Î¨³ ¸μμÉ¢¥É¸É¢¥´´μ Σ ¨ Σ̃. Šμ³¶μ´¥´É´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ÔÉ¨Ì μ¶¥· Éμ·μ¢
¨³¥¥É ¢¨¤

(ΣA)i1···ip =
p(p − 1)

2
S[i1i2ai3···ip] −

1
2
Sklakli1···ip + pSk[i1a

k
·i2···ip],

(Σ̃A)i1···ip = −p(p − 1)
2

S[i1i2ai3···ip] +
1
2
Sklakli1···ip + pSk[i1a

k
·i2···ip].

ˆ³¥¥³
DΣ̃ = Σ̃D, D̃ = QSD̃,

¥¸²¨
∇iSjk = 0.

�¦¨¤ ²μ¸Ó, ÎÉμ ±μ³³ÊÉ Éμ·Ò ¸¶¨´μ¢ÒÌ ¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ μ¶¥· Éμ·μ¢ ¡Ê-
¤ÊÉ ¸μ¤¥·¦ ÉÓ ¢Ò· ¦¥´¨Ö ¢¨¤ 

∇iSjk + ∇jSki + ∇kSij , ∇kSik,

μ¤´ ±μ ´ ·Ö¤Ê ¸ ´¨³¨ ¶μÖ¢¨²μ¸Ó É ±¦¥ ¢Ò· ¦¥´¨¥ ¢¨¤  ∇iSjk − ∇jSki −
∇kSij . “· ¢´¥´¨Ö ∇iSjk = 0 ¢ · §³¥·´μ¸É¨ É·¨ ¸¢μ¤ÖÉ¸Ö ± Ê· ¢´¥´¨Ö³ ¢¨¤ 
∇ivj = 0 ¨, ¸²¥¤μ¢ É¥²Ó´μ, ´¥ ¶·¥¤¸É ¢²ÖÕÉ ¨´É¥·¥¸ . ‚ · §³¥·´μ¸É¨ Î¥ÉÒ·¥
¸¨ÉÊ Í¨Ö ¤·Ê£ Ö, ¨ μ´  ¡Ê¤¥É μ¡¸Ê¦¤ ÉÓ¸Ö ¢ ¸¢μ¥ ¢·¥³Ö.

“· ¢´¥´¨Ö ¸¶¨´¸É É¨±¨ (7) ¨ (8), ¡Ê¤ÊÎ¨ § ¶¨¸ ´´Ò³¨ ¢ ±μ³¶μ´¥´É´μ°
Ëμ·³¥, ¢Ò£²Ö¤ÖÉ μÎ¥´Ó  ¸¨³³¥É·¨Î´Ò³¨, ´μ ¢ · §³¥·´μ¸É¨ n = 3 ¨Ì ³μ¦´μ
§ ¶¨¸ ÉÓ ¢ ¸¨³³¥É·¨Î´μ³ ¢¨¤¥. �μ² £ ¥³ ¢ ÔÉμ³ ¸²ÊÎ ¥ a = α, aijk =
−eijkβ, aij = eijkbk ¨, ¨¸¶μ²Ó§ÊÖ Ëμ·³ ²¨§³ μ¡ÒÎ´μ£μ ¢¥±Éμ·´μ£μ  ´ ²¨§ 
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¢ μ¡Ð¥±μ¢ ·¨ ´É´μ° Ëμ·³¥, ¶μ²ÊÎ ¥³ ¸²¥¤ÊÕÐÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¸¶¨´-
¸É É¨±¨:

−div a = m α,
−div b = m β,

rota + gradβ = mb,
rotb + gradα = m a.

(10)

„Ê ²Ó´μ¥ Ê· ¢´¥´¨¥ (8) ¶·¨´¨³ ¥É É ±μ° ¢¨¤:

div a = m α,
div b = m β,

rota− gradβ = mb,
rotb− gradα = m a.

’ ±¨³ μ¡· §μ³, μ¸´μ¢´Ò¥ Ê· ¢´¥´¨Ö ¸¶¨´¸É É¨±¨ ¢Ò¢¥¤¥´Ò.
� ¸¸³μÉ·¨³ ¥Ð¥ μ¤´μ μÎ¥´Ó ¢ ¦´μ¥ ¶·μÖ¢²¥´¨¥ ¡¨¶μ²Ö·´μ° ¸É·Ê±ÉÊ·Ò.

Šμ£¤  Î¨¸²μ ¢¥±Éμ·´ÒÌ ¶μ²¥° · ¢´μ · §³¥·´μ¸É¨ Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö,
³μ¦´μ ¶μ²μ¦¨ÉÓ v∧w · · ·∧z = e, £¤¥ e ¥¸ÉÓ ±μ¸μ¸¨³¥É·¨Î´Ò° É¥´§μ· ei1···in .
�μ² £ ¥³ ¢ ÔÉμ³ ¸²ÊÎ ¥

Qv∧w···∧z = H, Q̃v∧w···∧z = H̃.

Š ± ¨ ¢ÒÏ¥, ¤²Ö μ¶¥· Éμ·μ¢ H ¨ H̃ ¨³¥¥³

DH̃ = H̃D, D̃H = HD̃,

¥¸²¨ ∇kei1···in = 0. �μ¸²¥¤´¥¥ Ê· ¢´¥´¨¥ Ê¤μ¢²¥É¢μ·Ö¥É¸Ö, ¥¸²¨ ei1···in ¥¸ÉÓ
μ·¨¥´É Í¨Ö Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö (®Ô²¥³¥´É μ¡Ñ¥³ ¯), ´μ·³¨·μ¢ ´´ Ö
± ± e1···n =

√
g. ‡ ¶¨Ï¥³ ¤Ê ²Ó´Ò¥ μ¶¥· Éμ·Ò, μ¶·¥¤¥²Ö¥³Ò¥ μ·¨¥´É Í¨¥°

Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö, ¢ ±μ³¶μ´¥´É´μ° Ëμ·³¥

(HA)i1···ip =
(−1)n

(n − p)!
(−1)

(n−p)(n−p+1)
2 ei1···ipj1...jn−paj1...jn−p ,

(H̃A)i1···ip =
(−1)n

(n − p)!
(−1)

p(p+1)
2 ei1···ipj1...jn−paj1...jn−p

¨ ¢Ò¢¥¤¥³ ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö:

H2 = H̃2 = (−1)
n(n+1)

2 E, HZ = (−1)nZH, H̃Z = (−1)nZH̃,

HQv + (−1)nQvH = 0, H̃Q̃v + (−1)nQ̃vH̃ = 0.

�Î¥¢¨¤´μ, ÎÉμ

HD + (−1)nDH = 0, H̃D̃ + (−1)nD̃H̃ = 0.
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’ ± ± ±
n∑

p=0

1
p!

ai1···ipbi1···ip =
n∑

p=0

1
(n − p)!

ai1···in−pbi1···in−p ,

ei1···in−pj1···jp = (−1)p(n−p)ej1···jpi1···in−p ,

p(p + 1)
2

+ p(n − p) +
(n − p)(n − p + 1)

2
=

n(n + 1)
2

,

¨³¥ÕÉ ³¥¸Éμ ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö:

(A|HB) = (−1)
n(n+1)

2 (HA|B), (A|H̃B) = (−1)
n(n+1)

2 (H̃A|B).

’ ±¦¥ μÉ³¥É¨³, ÎÉμ

(H̃HA)i1···ip = (−1)p(n+1)ai1···ip

¨, ¸²¥¤μ¢ É¥²Ó´μ,
H̃H = HH̃ = Z

¤²Ö Î¥É´μ° · §³¥·´μ¸É¨ ¨

H̃H = HH̃ = E

¤²Ö ´¥Î¥É´μ° · §³¥·´μ¸É¨. ‚ ¸²ÊÎ ¥ n = 3 ¨³¥¥³ H2 = E, H̃2 = E, H =
H̃ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¨³¥¥É¸Ö ¤¢  ¸μ¸ÉμÖ´¨Ö ¸ μ·¨¥´É Í¨μ´´μ° Î¥É´μ¸ÉÓÕ,
· ¢´μ° ±1. „²Ö H̃A = A ¨³¥¥³ α = β, a = b ¨ ¢ ¤·Ê£μ³ ¸²ÊÎ ¥ α = −β,
a = −b. Š ± ¢¨¤´μ, ¢¸¥ Ö¢²¥´¨Ö ¸¶¨´¸É É¨±¨ μ¶¨¸Ò¢ ÕÉ¸Ö Ê· ¢´¥´¨Ö³¨

−div a = m α,
rota + gradα = m a

¨²¨ ¤Ê ²Ó´Ò³¨ Ê· ¢´¥´¨Ö³¨

div a = m α,
rota − gradα = m a.

„μ¶μ²´¨³ Ê· ¢´¥´¨Ö ¸¶¨´¸É É¨±¨ Ê· ¢´¥´¨Ö³¨ 	°´ÏÉ¥°´ 

Gij = Tij ,

£¤¥ Gij = Rij − 1
2
Rgij ¥¸ÉÓ É¥´§μ· 	°´ÏÉ¥°´  ¨ Tij ³μ¦¥É ¡ÒÉÓ ´ °¤¥´

¨§ ¸μμÉ´μÏ¥´¨° δL =
1
2
Tijδg

ij ¨²¨ ¤Ê ²Ó´ÒÌ ¸μμÉ´μÏ¥´¨° δL̃ =
1
2
T̃ijδg

ij .

“· ¢´¥´¨Ö 	°´ÏÉ¥°´  ¨³¥ÕÉ ´¥É·¨¢¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö, ¥¸²¨ Tij �= 0, É ± ± ±
¢ · §³¥·´μ¸É¨ n = 3 É¥´§μ· ±·¨¢¨§´Ò Rk

ijl = 0, ¥¸²¨ · ¢¥´ ´Ê²Õ É¥´§μ·
	°´ÏÉ¥°´ , Gij = 0.
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3. ‘�ˆ�„ˆ��ŒˆŠ�

�¥·¥Ìμ¤ μÉ ¸¶¨´¸É É¨±¨ ± É¥μ·¨¨ ¤¨´ ³¨Î¥¸±¨Ì ¸¶¨´μ¢ÒÌ Ö¢²¥´¨° ¥¸É¥-
¸É¢¥´´μ ´ Î ÉÓ ¸ ¨§ÊÎ¥´¨Ö ·¥§Ê²ÓÉ Éμ¢ § ³¥´Ò ¢ μ¸´μ¢´ÒÌ Ëμ·³Ê² Ì ¸¶¨´-
¸É É¨±¨ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ° ·¨³ ´μ¢μ° ³¥É·¨±¨ ¢¸¶μ³μ£ É¥²Ó´μ°
³¥É·¨±μ° ²μ·¥´Í¥¢μ° ¸¨£´ ÉÊ·Ò:

gij = 2titj − gij , gij = 2titj − gij ,

±μÉμ· Ö Ê¶μ³¨´ ¥É¸Ö ± ± ¶·¨Î¨´´ Ö ¸É·Ê±ÉÊ· , É ± ± ± μ´  μ¡¥¸¶¥Î¨¢ ¥É
¶¥·¥Ìμ¤ μÉ Ê· ¢´¥´¨° ¸É É¨±¨ ± Ê· ¢´¥´¨Ö³ ¸¶¨´¤¨´ ³¨±¨. � ¸¸³μÉ·¨³ ¨´-
¤¥Ë¨´¨É´μ¥ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¢ ¸¶¨´μ¢μ³ ¶·μ¸É· ´¸É¢¥, ±μÉμ·μ¥ μ¶·¥-
¤¥²Ö¥É¸Ö ¢¸¶μ³μ£ É¥²Ó´μ° ³¥É·¨±μ°

〈A|B〉 =
n∑

p=0

1
p!

ai1···ipbj1···jpgi1j1 · · · gipjp . (11)

�μ¸±μ²Ó±Ê gij = Rj
kgik, ¶μ²ÊÎ ¥³ É ±μ¥ ¸μμÉ´μÏ¥´¨¥ ³¥¦¤Ê μ¸´μ¢´Ò³ ¨

¢¸¶μ³μ£ É¥²Ó´Ò³ ¸± ²Ö·´Ò³¨ ¶·μ¨§¢¥¤¥´¨Ö³¨:

〈A|B〉 = (A|RB) = −(A|QtQ̃tB) = (QtA|Q̃tB) = (Q̃tA|QtB), (12)

£¤¥ μ¶¥· Éμ·

(RA)i1···ip = Rj1
i1
· · ·Rjp

ip
aj1···jp = (−1)p(ai1···ip − 2ptkak[i2···ip

ti1])

¤ ¥É ¶·¥¤¸É ¢²¥´¨¥ μÉ· ¦¥´¨Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸  ²£¥¡· ¨Î¥¸±μ° É¥μ·¨¥° É¥´-
§μ·μ¢, ±μ£¤  ± ¦¤Ò° p-¢¥±Éμ· ¶¥·¥¢μ¤¨É¸Ö ¢ p-¢¥±Éμ·. �μ´ÖÉ¨¥ Î¥É´μ¸É¨
¥¸É¥¸É¢¥´´μ ¸¢Ö§ ÉÓ ¸ μ·¨¥´É Í¨¥° ¶·μ¸É· ´¸É¢¥´´ÒÌ ¸¥Î¥´¨° Ë¨§¨Î¥¸±μ£μ
³´μ£μμ¡· §¨Ö ¨ ¨´¢ ·¨ ´É´μ¸ÉÓÕ Ë¨§¨Î¥¸±¨Ì Ö¢²¥´¨° μÉ´μ¸¨É¥²Ó´μ ¨§³¥´¥-
´¨Ö μ·¨¥´É Í¨¨ ¶·μ¸É· ´¸É¢¥´´μ£μ ¸¥Î¥´¨Ö. ‘É ÉÊ¸ ¸¶¨´μ¢μ£μ ¶μ²Ö ¶·¥¤¶μ-
² £ ¥É, ÎÉμ ¢¢¥¤¥´¨¥ ¶μ²Ö ¢·¥³¥´¨ ¢ ¸¶¨´¤¨´ ³¨±Ê ³μ¦´μ ¸¢Ö§ ÉÓ É ±¦¥ ¨ ¸
μ¶·¥¤¥²Ö¥³Ò³¨ ¶μÉμ±μ³ ¢·¥³¥´¨ μ¶¥· Éμ· ³¨ Qt ¨ Q̃t. �μ± ¦¥³, ÎÉμ ÔÉμ
¤¥°¸É¢¨É¥²Ó´μ É ±.

�·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥ μ¶·¥¤¥²¥´¨¥ μ¶¥· Éμ·μ¢ Ev, Iv ¨ Qv, Q̃v, ¶μ¸²¥-
¤μ¢ É¥²Ó´μ ¶μ²ÊÎ ¥³

R = Z(E − 2EtIt) = −QtQ̃t = Q−tQ̃t = QtQ̃−t.

’ ±¨³ μ¡· §μ³, ¶μ± § ´μ, ÎÉμ · ¸¸³ É·¨¢ ¥³Ò° μ¶¥· Éμ· μÉ· ¦¥´¨Ö ¥¸ÉÓ
¶·μ¨§¢¥¤¥´¨¥ ¤¢ÊÌ μ¶¥· Éμ·μ¢, § ¤ ¢ ¥³ÒÌ ¶μÉμ±μ³ ¢·¥³¥´¨. 	Éμ ¨³¥´´μ
É¥ μ¶¥· Éμ·Ò, μÉ ±μÉμ·ÒÌ ¢¥¤¥É ¸¢μ¥ ¶·μ¨¸Ìμ¦¤¥´¨¥ ¸¶¨´μ¢ Ö ¸¨³³¥É·¨Ö ¨
±μÉμ·Ò¥ ¶μ§¢μ²ÖÕÉ ¶μ-´μ¢μ³Ê É· ±Éμ¢ ÉÓ ¡¨² É¥· ²Ó´ÊÕ ¸¨³³¥É·¨Õ ¢ ¸²ÊÎ ¥
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¸¶¨´μ¢ÒÌ ¶μ²¥°, μ Î¥³ £μ¢μ·¨²μ¸Ó ¢ÒÏ¥, ¶¥·¥¤ ¢¢¥¤¥´¨¥³ £·Ê¶¶Ò ¸¶¨´μ¢μ°
¸¨³³¥É·¨¨. ‘¨¸É¥³  ¤¢ÊÌ ¸¶¨´μ¢ÒÌ ¶μ²¥° A ¨ A μ¡² ¤ ¥É ¤¢ÊÌ¸Éμ·μ´´¥°
¸¨³³¥É·¨¥°, ¥¸²¨

A = QtA, A = Q−tA.

Š ± ¢¨¤´μ, ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ¢ ¦´μ¥ §´ Î¥´¨¥ ¶·¨μ¡·¥É ¥É ´ ¶· -
¢²¥´¨¥ ¶μÉμ±  ¢·¥³¥´¨. ‚ ¤Ê ²Ó´μ³ ¸²ÊÎ ¥ ¤¢ÊÌ¸Éμ·μ´´ÖÖ ¸¨³³¥É·¨Ö μ¶·¥¤¥-
²Ö¥É¸Ö ¸μμÉ´μÏ¥´¨Ö³¨

A = Q̃tA, A = Q̃−tA.

	É¨ ¸μμÉ´μÏ¥´¨Ö μ§´ Î ÕÉ, ÎÉμ ´¥É ¢´ÊÉ·¥´´¥° ¶·¨Î¨´Ò, ±μÉμ· Ö ¶μ§¢μ²¨² 
¡Ò μÉ²¨Î ÉÓ μ¶¥· Éμ·Ò Qt ¨ −Qt = Q−t. 	Éμ ´¥ ¶·μÉ¨¢μ·¥Î¨É ¸ÊÐ´μ¸É¨
¸¶¨´μ¢μ£μ ¶μ²Ö ¨ μÉ±·Ò¢ ¥É ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ±·μ³¥ ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥-
´¨Ö (11) ¶·¨¢¥¤¥´´Ò¥ ´¨¦¥ ¸± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö, ¶μ§¢μ²ÖÕÐ¨¥ ¶μ-¨´μ³Ê
¢¢μ¤¨ÉÓ ¶μ²¥ ¢·¥³¥´¨ ¢ ¸¶¨´¤¨´ ³¨±Ê:

〈Q̃tA|B〉 = (QtA|B), 〈QtA|B〉 = (Q̃tA|B).

�Ê¤¥³ Ê¸É ´ ¢²¨¢ ÉÓ ¨ ¨¸¸²¥¤μ¢ ÉÓ ¢μ§³μ¦´Ò¥ ² £· ´¦¨ ´Ò ¸¶¨´μ¢μ£μ
¶μ²Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¢¢¥¤¥´´Ò³¨ ¸± ²Ö·´Ò³¨ ¶·μ¨§¢¥¤¥´¨Ö³¨. � ¸¸³μÉ·¨³
¶¥·¢Ò° ¸²ÊÎ °. �·¥¦¤¥ ¢¸¥£μ ·¥Ï¨³ ¢μ¶·μ¸ μ¡ μ¸´μ¢´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ μ¶¥· Éμ· Ì ¸¶¨´¤¨´ ³¨±¨. �¥¤μ¸É ÉμÎ´μ ¢ μ¸´μ¢´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
μ¶¥· Éμ· Ì ¸¶¨´¸É É¨±¨ ¶·μ¸Éμ § ³¥´¨ÉÓ ·¨³ ´μ¢Ê ³¥É·¨±Ê ¢¸¶μ³μ£ É¥²Ó´μ°
³¥É·¨±μ°, É ± ± ± ¶μÉμ± ¢·¥³¥´¨ ´¥ ±μ¢ ·¨ ´É´μ ¶μ¸ÉμÖ´¥´ ¢ ¸¢Ö§´μ¸É¨,
¶·¨´ ¤²¥¦ Ð¥° ³¥É·¨±¥ gij , ∇igij �= 0. ‚¢¥¤¥´¨¥ ¸¢Ö§´μ¸É¨

Γ
i

jk = Γi
jk + 2ti∇jtk

É ±¦¥ ´¥Ê¤μ¢²¥É¢μ·¨É¥²Ó´μ, ¶μ¸±μ²Ó±Ê ¢¸¶μ³μ£ É¥²Ó´ Ö ³¥É·¨±  ±μ¢ ·¨ ´É´μ
¶μ¸ÉμÖ´´  ¢ ÔÉμ° ¸¢Ö§´μ¸É¨, μ¤´ ±μ ¶μÉμ± ¢·¥³¥´¨ ´¥ Ö¢²Ö¥É¸Ö ±μ¢ ·¨ ´É´μ
¶μ¸ÉμÖ´´Ò³ ¢ ÔÉμ° ¸¢Ö§´μ¸É¨, ∇itj �= 0. ‚ c¢Ö§´μ¸É¨

Γ̃i
jk = Γi

jk + ti∇jtk − tj∇kti − tk∇jt
i

´ ¡²Õ¤ ¥É¸Ö μ¡· É´ Ö ± ·É¨´ , ¶μ¸±μ²Ó±Ê ¶μÉμ± ¢·¥³¥´¨ ±μ¢ ·¨ ´É´μ ¶μ¸Éμ-
Ö´¥´ ¢ ÔÉμ° ¸¢Ö§´μ¸É¨, μ¤´ ±μ ¤²Ö ¢¸¶μ³μ£ É¥²Ó´μ° ³¥É·¨±¨ ÔÉμ ´¥ ¢Ò¶μ²´Ö-
¥É¸Ö. ‚¸¥³ Ê¸²μ¢¨Ö³ Ê¤μ¢²¥É¢μ·Ö¥É ¸¢Ö§´μ¸ÉÓ

Γ̆i
jk = Γi

jk + ti∇jtk − tk∇jt
i,

±μ´¸É·Ê±Í¨Ö ±μÉμ·μ° ¡Ò²  Ê± § ´  ¢ ¸¶¨´¸É É¨±¥. �¨³ ´μ¢  ³¥É·¨±  ¨ ¶μÉμ±
¢·¥³¥´¨ ±μ¢ ·¨ ´É´μ ¶μ¸ÉμÖ´´Ò ¢ ÔÉμ° ¸¢Ö§´μ¸É¨ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ±μ¢ -
·¨ ´É´μ ¶μ¸ÉμÖ´´  ¢ ´¥° ¨ ¢¸¶μ³μ£ É¥²Ó´ Ö ³¥É·¨± , ¶μÔÉμ³Ê ¶μ¤´ÖÉ¨¥ ¨
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μ¶Ê¸± ´¨¥ ¨´¤¥±¸μ¢ ¶¥·¥¸É ´μ¢μÎ´μ ¸ ÔÉ¨³ ±μ¢ ·¨ ´É´Ò³ ¤¨ËË¥·¥´Í¨·μ¢ -
´¨¥³, ±μÉμ·μ¥ ¡Ê¤¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± μ¸´μ¢´μ¥ ¢ ¸¶¨´¤¨´ ³¨±¥. ˆ³¥¥³,
´ ¶·¨³¥·,

∇̆itj = ∇itj − (tl∇itj − tj∇it
l)tl = ∇itj −∇itj = 0,

É ± ± ± tltl = 1. ’ ±¨³ μ¡· §μ³, μ¸´μ¢´Ò³¨ ¤¨ËË¥·¥´Í¨ ²Ó´Ò³¨ μ¶¥· Éμ-
· ³¨ ¸¶¨´¤¨´ ³¨±¨ ¸²Ê¦ É μ¶¥· Éμ·Ò Π ¨ Π̃, ±μÉμ·Ò¥ ¶μ²ÊÎ ÕÉ¸Ö ¨§ μ¶¥-
· Éμ·μ¢ D ¨ D̃ § ³¥´μ° ·¨³ ´μ¢μ° ³¥É·¨±¨ ´  ¢¸¶μ³μ£ É¥²Ó´ÊÕ ³¥É·¨±Ê ¨
±μ¢ ·¨ ´É´μ° ¶·μ¨§¢μ¤´μ° ∇ ´  ±μ¢ ·¨ ´É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ∇̆,

(ΠA)i1···ip = p∇̆[i1ai2···ip] + ∇̆kaki1···ip − 2tk∇̆taki1···ip ,

É ± ± ± gkl∇̆l = 2tk∇̆t − ∇̆k.
� ¸¸³μÉ·¨³ ¸μ¶·Ö¦¥´´Ò¥ ² £· ´¦¨ ´Ò

Lt =
1
2
〈A|ΠA〉 − m

2
〈A|A〉,

L̃t =
1
2
〈A|Π̃A〉 − m

2
〈A|A〉.

�μ¸±μ²Ó±Ê ¤²Ö ²Õ¡μ£μ ¢¥±Éμ·´μ£μ ¶μ²Ö

∇̆iT
i = ∇iT

i − ϕtiT
i, ϕ = ∇it

i,

μ¸´μ¢´μ¥ Éμ¦¤¥¸É¢μ (9) § ¶¨Ï¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:〈
A|ΠB +

1
2
QtϕB

〉
−

〈
B|ΠA +

1
2
QtϕA

〉
= ∇kT k(B, A).

Šμ¸μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¤¢ÊÌ ¸¶¨´μ¢ÒÌ ¶μ²¥°, μ¶·¥¤¥²¥´¨¥ ±μÉμ·μ£μ ¡Ò²μ ¤ ´μ
¢ c¶¨´¸É É¨±¥, μÉ´¥¸¥´μ §¤¥¸Ó ± ¢¸¶μ³μ£ É¥²Ó´μ° ³¥É·¨±¥. �É¸Õ¤  ¸²¥¤Ê¥É,
ÎÉμ Ê· ¢´¥´¨¥ δLt = 0 ¨ ¥³Ê ¸μ¶·Ö¦¥´´μ¥ ¨³¥ÕÉ ¢¨¤

ΠA +
1
2
ϕQtA = mA, (13)

Π̃A +
1
2
ϕQ̃tA = −mA. (14)

ˆ§ÊÎ ¥³Òe ² £· ´¦¨ ´Ò ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ μ¡· Ð¥´¨Ö ¢·¥³¥´¨,
¨, É ± ± ±

ΠQ̃t − Q̃tΠ = 0, 〈Q̃tA|B〉 = −〈A|Q̃tB〉,
μ´¨ ¨´¢ ·¨ ´É´Ò É ±¦¥ μÉ´μ¸¨É¥²Ó´μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·¥μ¡· §μ¢ ´¨°

A = exp (λQ̃t)A, A = exp (λ̃Qt)A.
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�μ² £ Ö ¢ μ¸´μ¢´μ³ Éμ¦¤¥¸É¢¥ B = −Q̃tA, ´ Ìμ¤¨³, ÎÉμ ¤¨¢¥·£¥´Í¨Ö ¢¥±-
Éμ·´μ£μ ¶μ²Ö

Ck = T k(A, Q̃tA)

μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó:
∇kCk = 0,

¥¸²¨ ¸¶¨´μ¢μ¥ ¶μ²¥ Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ (14). Šμ³¶μ´¥´ÉÒ ¢¥±Éμ·´μ£μ
¶μ²Ö Ck ¨ ¸μ¶·Ö¦¥´´μ£μ ¥³Ê C̃k ³μ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò É ±¦¥ ¨§ ¸μμÉ´μÏ¥´¨°

viC
i = 〈LvA|Q̃tA〉, viC̃

k = 〈L̃vA|QtA〉. (15)

„ ²¥¥ ¢ μ¶·¥¤¥²¥´¨¨ ¤Ê ²Ó´ÒÌ μ¶¥· Éμ·μ¢ H ¨ H̃ ¢³¥¸Éμ ·¨³ ´μ¢μ° ³¥-
É·¨±¨ gij ¶μ¤¸É ¢²Ö¥³ ¢¸¶μ³μ£ É¥²Ó´ÊÕ ³¥É·¨±Ê gij ¨ ¶μ²ÊÎ ¥³ É ±¨³ ¸¶μ-
¸μ¡μ³ ¤Ê ²Ó´Ò¥ μ¶¥· Éμ·Ò

J = −HQtQ̃t = QtHQ̃t, J̃ = −H̃QtQ̃t = Q̃tH̃Qt,

±μÉμ·Ò¥ ¢³¥¸É¥ ¸ μ¶¥· Éμ· ³¨ Qt ¨ Q̃t ¤¥°¸É¢ÊÕÉ ¢ ¶·μ¸É· ´¸É¢¥ ·¥Ï¥´¨°
¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¤Ê ²Ó´ÒÌ Ê· ¢´¥´¨°. ‘²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö

J2 = J̃2 = (−1)
(n+1)(n+2)

2 E

¤²Ö ¸²ÊÎ Ö n = 4 ¤ ÕÉ

J2 = −E, J̃2 = −E, JQt + QtJ = 0, J̃Q̃t + Q̃tJ̃ = 0.

‚ ¶μ¸²¥¤ÊÕÐ¥³ ¡Ê¤¥É ¤μ± § ´μ, ÎÉμ ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö ¢ ¸¢Ö§´μ-
¸É¨ Γ̆ μÉ É¥´§μ·´μ£μ ¶μ²Ö ei1···in , ¶·¥¤¸É ¢²ÖÕÐ¥£μ μ·¨¥´É Í¨Õ Ë¨§¨Î¥¸±μ£μ
³´μ£μμ¡· §¨Ö, · ¢´  ´Ê²Õ. �É¸Õ¤  ´¥³¥¤²¥´´μ ¸²¥¤Ê¥É, ÎÉμ · ¢´Ò ´Ê²Õ
±μ³³ÊÉ Éμ·Ò

ΠJ̃ − J̃Π = 0, Π̃J − JΠ̃ = 0,

μ¤´ ±μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ² £· ´¦¨ ´Ò ´¥ ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ ¶·¥-
μ¡· §μ¢ ´¨°

A = exp (λJ̃)A, A = exp (λJ)A.

�μÔÉμ³Ê, ´ ¶·¨³¥·, ¢¥±Éμ·´μ¥ ¶μ²¥

Sk = T k(A, J̃A)

· ¢´μ ´Ê²Õ. „μ± ¦¥³ ÔÉμ. ˆ³¥¥³

viS
i = 〈LvA|J̃A〉 = −〈A|J̃LvA〉 = −〈LvA|J̃A〉 = −viS

i.
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�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ viS
i = 0 ¤²Ö ²Õ¡μ£μ ¢¥±Éμ·´μ£μ ¶μ²Ö vi ¨, ¸²¥¤μ¢ -

É¥²Ó´μ, Si = 0. ’ ± ± ±

ΠJ + JΠ = 0, Π̃J̃ + J̃Π̃ = 0,

¶¥·¢Ò¥ ¸² £ ¥³Ò¥ ¢ ¤Ê ²Ó´ÒÌ ² £· ´¦¨ ´ Ì ¡Ê¤ÊÉ ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ
¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·¥μ¡· §μ¢ ´¨°

A = exp (λJ)A, A = exp (λJ̃)A,

¶·¨ Éμ³, ÎÉμ ¢Éμ·Ò¥ ¸² £ ¥³Ò¥ É ±μ° ¨´¢ ·¨ ´É´μ¸ÉÓÕ ´¥ μ¡² ¤ ÕÉ. �¸É -
²μ¸Ó Éμ²Ó±μ · ¸¸³μÉ·¥ÉÓ ¸¶¨´μ¢ÊÕ ¸¨³³¥É·¨Õ, μ¶·¥¤¥²Ö¥³ÊÕ  ´É¨¸¨³³¥-
É·¨Î´Ò³¨ É¥´§μ·´Ò³¨ ¶μ²Ö³¨. 	ÉμÉ ¢μ¶·μ¸ ¡Ê¤¥É ¶·¥¤³¥Éμ³ ¸¶¥Í¨ ²Ó´μ£μ
¨¸¸²¥¤μ¢ ´¨Ö ¢ μÉ¤¥²Ó´μ³ · §¤¥²¥.

� °¤¥´´Ò° § ±μ´ ¸μÌ· ´¥´¨Ö ´μ¸¨É Ê´¨¢¥·¸ ²Ó´Ò° Ì · ±É¥·, ¨ ¥£μ ¥¸É¥-
¸É¢¥´´μ ¸¢Ö§ ÉÓ ¸ § ±μ´μ³ ¸μÌ· ´¥´¨Ö Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤ . �¶¥· Éμ· Q̃t

¨ ¤Ê ²Ó´Ò° ¥³Ê μ¶¥· Éμ· Qt ¸ÊÉÓ μ¶¥· Éμ·Ò Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤ . ‘²¥¤μ-
¢ É¥²Ó´μ, Ê¤¨¢¨É¥²Ó´ Ö Ê´¨¢¥·¸ ²Ó´μ¸ÉÓ Ô²¥±É·μ³ £´¨É´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°
¸¢Ö§ ´  ¸ ¸ÊÐ¥¸É¢μ¢ ´¨¥³ ¸¢Ö§´μ¸É¨

Γ̆i
jk = Γi

jk + ti∇jtk − tk∇jt
i.

—Éμ¡Ò ´ °É¨ § ·Ö¤μ¢ÊÕ ¶²μÉ´μ¸ÉÓ ¨ Ë¨§¨Î¥¸±¨° Éμ±, ±μÉμ·Ò° ¤μ²¦¥´ ¡ÒÉÓ
μ·Éμ£μ´ ²Ó´Ò³ ¶μÉμ±Ê ¢·¥³¥´¨, ¶μ²μ¦¨³

Ck = tk(t,C) + Ck − tk(t,C) = ρtk + Jk.

‡ ±μ´ ¸μÌ· ´¥´¨Ö § ·Ö¤  § ¶¨Ï¥É¸Ö Éμ£¤  ¢ ¢¨¤¥

Dt(
√

gρ) + ∂i(
√

gJ i) = 0, tiJ
i = 0.

‘μ£² ¸´μ (16)

ρ = tkCk = 〈QtA|Q̃tA〉 = (QtQtA|Q̃tQ̃tA) = (A|A).

�μ¸±μ²Ó±Ê ρ = (A|A) > 0 ¨ ¨§ (A|A) = 0 ¸²¥¤Ê¥É, ÎÉμ A = 0, ¤μ± § ´
μÎ¥´Ó ¢ ¦´Ò° ·¥§Ê²ÓÉ É μ ¸ÊÐ¥¸É¢μ¢ ´¨¨ ¢¥·μÖÉ´μ¸É´μ° ³¥·Ò ¢ ¶·μ¸É· ´-
¸É¢¥ ·¥Ï¥´¨° Ê· ¢´¥´¨° ¢¥Ð¥¸É¢¥´´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö (14). 	Éμ Ö¢²Ö¥É¸Ö
Ê¡¥¤¨É¥²Ó´Ò³  ·£Ê³¥´Éμ³ ¢ ¶μ²Ó§Ê ¶·¥¤²μ¦¥´´μ° Ë¨§¨Î¥¸±μ° ¨´É¥·¶·¥É Í¨¨
· ¸¸³ É·¨¢ ¥³μ£μ § ±μ´  ¸μÌ· ´¥´¨Ö ± ± § ±μ´  ¸μÌ· ´¥´¨Ö Ô²¥±É·¨Î¥¸±μ£μ
§ ·Ö¤ .

�Ê¸ÉÓ Ai ¥¸ÉÓ ±μ³¶μ´¥´ÉÒ ¶μÉ¥´Í¨ ²  a Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö. ‚ ¸μ-
μÉ¢¥É¸É¢¨¨ ¸ (16) § ¶¨¸Ò¢ ¥³ ² £· ´¦¨ ´ ¢§ ¨³μ¤¥°¸É¢¨Ö Ô²¥±É·μ³ £´¨É´μ£μ
¨ ¢¥Ð¥¸É¢¥´´μ£μ ¸¶¨´μ¢μ£μ ¶μ²¥°:

Lint = −1
2
q AiC

i = −1
2
q φρ − 1

2
q ΦiJ

i = −1
2
q〈LaA|Q̃tA〉,
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£¤¥ q ¥¸ÉÓ ¶μ¸ÉμÖ´´ Ö ¢§ ¨³μ¤¥°¸É¢¨Ö,  

φ = tiAi, Φi = Ai − φti, tiΦi = 0,

¥¸ÉÓ, ¸μμÉ¢¥É¸É¢¥´´μ, ¸± ²Ö·´Ò° ¨ ¢¥±Éμ·´Ò° ¶μÉ¥´Í¨ ²Ò Ô²¥±É·μ³ £´¨É´μ£μ
¶μ²Ö. �·¨ ± ²¨¡·μ¢μÎ´ÒÌ ¶·¥μ¡· §μ¢ ´¨ÖÌ ¶μÉ¥´Í¨ ²  Ô²¥±É·μ³ £´¨É´μ£μ
¶μ²Ö Ai ⇒ Ai + ∂iΛ ¸± ²Ö·´Ò° ¨ ¢¥±Éμ·´Ò° ¶μÉ¥´Í¨ ²Ò ¶·¥μ¡· §ÊÕÉ¸Ö ¶μ
§ ±μ´Ê

φ′ = φ + DtΛ, Φi
′ = Φi + �iΛ, �i = ∇i − ti∇t.

�·¨ μ¡· Ð¥´¨¨ ¢·¥³¥´¨ ¶²μÉ´μ¸ÉÓ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ ¢§ ¨³μ¤¥°-
¸É¢¨Ö ¨§³¥´Ö¥É §´ ±. …¸²¨ μ´  ¡Ò²  ¶μ²μ¦¨É¥²Ó´μ°, Éμ ¸É ´¥É μÉ·¨Í É¥²Ó´μ°,
¨ μ¡· É´μ. �ÉÉ ²±¨¢ ´¨¥ ¸³¥´Ö¥É¸Ö ¶·¨ÉÖ¦¥´¨¥³ ¨ ´ μ¡μ·μÉ. ‚ ¸²ÊÎ ¥ ¢¥-
Ð¥¸É¢¥´´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö ±μ´¸É ´É  ¢§ ¨³μ¤¥°¸É¢¨Ö, ´ §Ò¢ ¥³ Ö Ô²¥±É·¨-
Î¥¸±¨³ § ·Ö¤μ³, Ì · ±É¥·¨§Ê¥É ¨´É¥´¸¨¢´μ¸ÉÓ ¢§ ¨³μ¤¥°¸É¢¨Ö, ´μ Ô²¥±É·¨-
Î¥¸±¨° § ·Ö¤ ´¥ ³μ¦¥É · ¸¸³ É·¨¢ ÉÓ¸Ö ± ± ±¢ ´Éμ¢μ¥ Î¨¸²μ, · ¢´μ¥ ¶²Õ¸
¨²¨ ³¨´Ê¸ ¥¤¨´¨Í¥, É ± ± ± ¤²Ö ±¢ ¤· É  μ¶¥· Éμ·  Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤ 
¢Ò¶μ²´Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥

Q̃2
t = −E,

¨, ¸²¥¤μ¢ É¥²Ó´μ, ÔÉμÉ μ¶¥· Éμ· ¤μ¶Ê¸± ¥É ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö, · ¢´Ò¥ ±i.
’ ±¨³ μ¡· §μ³, ¤²Ö ¢¢¥¤¥´¨Ö § ·Ö¤  ± ± ±¢ ´Éμ¢μ£μ Î¨¸²  · ¢´μ£μ ¶²Õ¸ ¨²¨
³¨´Ê¸ ¥¤¨´¨Í  ´¥μ¡Ìμ¤¨³μ ¢¢¥¸É¨ ±μ³¶²¥±¸´μ¥ ¸¶¨´μ¢μ¥ ¶μ²¥

Ψ =
√

2
2

(A + iB),
∗
Ψ =

√
2

2
(A − iB)

¨ ¶μ¤Î¨´¨ÉÓ ¥£μ Ê· ¢´¥´¨Ö³

Q̃tΨ = −iΨ, Q̃t

∗
Ψ = i

∗
Ψ,

¶·¨Î¥³ ¢Éμ·μ¥ ¨§ ÔÉ¨Ì Ê· ¢´¥´¨° ¥¸ÉÓ ¸²¥¤¸É¢¨¥ ¶¥·¢μ£μ. ’ ±¨³ μ¡· §μ³, ¥¸²¨
¨ ³μ¦´μ £μ¢μ·¨ÉÓ μ Éμ³, ÎÉμ ¢¥Ð¥¸É¢¥´´μ¥ ¸¶¨´μ¢μ¥ ¶μ²¥ ¸²Ê¦¨É ´μ¸¨É¥²¥³
Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤ , Éμ Éμ²Ó±μ μ¤´μ£μ §´ ± . ’μ£¤  ³μ¦´μ ¸± § ÉÓ, ÎÉμ ¨§
¤¢ÊÌ ¶ ·

(Ψ,
∗
Ψ), (

∗
Ψ, Ψ)

¶¥·¢ Ö ¶¥·¥´μ¸¨É Ô²¥±É·¨Î¥¸±¨° § ·Ö¤, · ¢´Ò° ¥¤¨´¨Í¥,  , ¸μμÉ¢¥É¸É¢¥´´μ,
¢Éμ· Ö ¶¥·¥´μ¸¨É § ·Ö¤, · ¢´Ò° ³¨´Ê¸ ¥¤¨´¨Í¥, ´μ ¤¢¨¦¥É¸Ö ¢¸¶ÖÉÓ ¶μ ¢·¥-
³¥´¨, É ± ± ±

Q̃−t

∗
Ψ = −i

∗
Ψ, Q̃−tΨ = iΨ.

Šμ³¶²¥±¸¨Ë¨± Í¨Ö ¸¶¨´μ¢μ£μ ¶μ²Ö ´¥ Ê¢¥²¨Î¨¢ ¥É ¢ · ¸¸³ É·¨¢ ¥³μ³
¸²ÊÎ ¥ Î¨¸²μ ´¥¨§¢¥¸É´ÒÌ ¢¥Ð¥¸É¢¥´´ÒÌ ËÊ´±Í¨° ¨ ¨³¥¥É μ¶·¥¤¥²¥´´ÊÕ
 ·£Ê³¥´É Í¨Õ, μ¤´ ±μ §  ÔÉ¨³ ¢¸¥ ¦¥ ´¥ ¢¨¤´μ ¨¸É¨´´μ° ´¥μ¡Ìμ¤¨³μ¸É¨
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¤²Ö ¢¢¥¤¥´¨Ö ±μ³¶²¥±¸´ÒÌ ¸¶¨´μ¢ÒÌ ¶μ²¥°. �μÔÉμ³Ê § ¶¨Ï¥³ Ê· ¢´¥´¨Ö ¢¥-
Ð¥¸É¢¥´´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö, ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¥£μ ¸ Ô²¥±É·μ³ £´¨É´Ò³ ¶μ-
²¥³, ¨ · ¸±·μ¥³ ¶·¨Î¨´´ÊÕ ¸É·Ê±ÉÊ·Ê ÔÉ¨Ì Ê· ¢´¥´¨°. ˆ¸±μ³Ò¥ Ê· ¢´¥´¨Ö
¨³¥ÕÉ ¢¨¤ (

Π +
1
2
ϕQt

)
A + qLaQ̃tA = mA, (16)(

Π̃ +
1
2
ϕQ̃t

)
A + qL̃aQtA = −mA. (17)

ˆ³¥Ö ¢ ¢¨¤Ê ¶μ¸²¥¤ÊÕÐ¥¥ · ¸¸³μÉ·¥´¨¥, ¤ ¤¨³ É ±¦¥ ±μ³¶²¥±¸´μ¥ ¶·¥¤-
¸É ¢²¥´¨¥ Ê· ¢´¥´¨° (24) ¨ (25). —Éμ¡Ò ¢±²ÕÎ¨ÉÓ ±μ³¶²¥±¸¨Ë¨± Í¨Õ ¢
· ³±¨ ² £· ´¦¥¢  Ëμ·³ ²¨§³ , ¢¢¥¤¥³, ± ± μ¡ÒÎ´μ, ¶·μ¥±Í¨μ´´Ò¥ μ¶¥· -
Éμ·Ò

P± =
1
2
(E ± iQ̃t), P+ + P− = E, P 2

± = P±, P+P− = P−P+ = 0.

‡ ¶¨Ï¥³ ¤Ê ²Ó´Ò¥ ² £· ´¦¨ ´Ò ±μ³¶²¥±¸´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö ¢ ¢¨¤¥

Lt =
1
2
〈P−

∗
Ψ|ΠΨ〉 +

1
2
〈P+Ψ|Π

∗
Ψ〉 − m〈

∗
Ψ|P+Ψ〉.

L̃t =
1
2
〈P−

∗
Ψ|Π̃Ψ〉 +

1
2
〈P+Ψ|Π̃

∗
Ψ〉 + m〈

∗
Ψ|P+Ψ〉.

“· ¢´¥´¨Ö ¢¥Ð¥¸É¢¥´´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö ¢ ±μ³¶²¥±¸´μ° Ëμ·³¥ § ¶¨ÏÊÉ¸Ö ¢
¸²¥¤ÊÕÐ¥³ ¢¨¤¥: (

Π +
1
2
ϕQt

)
Ψ+ − iqLaΨ+ = mΨ+, (18)(

Π̃ +
1
2
ϕQ̃t

)
Ψ+ − iL̃aΨ+ = −mΨ+, (19)

£¤¥ Ψ+ = P+Ψ. �É¸Õ¤  ¶μ´ÖÉ´μ, ¶μÎ¥³Ê ¤²Ö · ¸¸³μÉ·¥´¨Ö ¢§ ¨³μ¤¥°-
¸É¢¨Ö ±μ³¶²¥±¸´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö ¸ Ô²¥±É·μ³ £´¨É´Ò³ ¶μ²¥³ ´Ê¦´μ ¶·μ¸Éμ
Ê¤²¨´¨ÉÓ ±μ¢ ·¨ ´É´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ¶μ ¶· ¢¨²Ê ∇̆k ⇒ ∇̆k − iqAk, É ± ± ±
Q̃tΨ+ = −iΨ+.

� ¸±·μ¥³ ¶·¨Î¨´´ÊÕ ¸É·Ê±ÉÊ·Ê Ê· ¢´¥´¨° ¸¶¨´¤¨´ ³¨±¨, ±μÉμ· Ö ¶μ± -
§Ò¢ ¥É, ± ±, §´ Ö ¸μ¸ÉμÖ´¨¥ ¶μ²Ö ¢ μ¶·¥¤¥²¥´´Ò° ³μ³¥´É ¢·¥³¥´¨, ´ °É¨ ¥£μ
¸μ¸ÉμÖ´¨¥ ¢ ¶μ¸²¥¤ÊÕÐ¨¥ ³μ³¥´ÉÒ ¢·¥³¥´¨. ‚ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥ ¡Ê¤¥É ¤μ-

± § ´μ, ÎÉμ μ¶¥· Éμ· ∇t +
1
2
ϕ, ϕ = ∇it

i, Ö¢²Ö¥É¸Ö μ¶¥· Éμ·μ³ Ô¢μ²ÕÍ¨¨ ¢

¸¶¨´¤¨´ ³¨±¥, ¨, ¸²¥¤μ¢ É¥²Ó´μ, μ´  ´ ²μ£¨Î¥´ μ¶¥· Éμ·Ê Dt + ϕ ¢ ¶μ¸²¥-
¤μ¢ É¥²Ó´μ° É¥μ·¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸¢¥É  ¨ £· ¢¨É Í¨¨. �¶¥· Éμ· Ô¢μ²ÕÍ¨¨
¶μ± §Ò¢ ¥É, ± ± ¶μ²¥ ¢·¥³¥´¨ ¸¢Ö§ ´μ ¸ ¤¨´ ³¨Î¥¸±¨³¨ ¶·μÍ¥¸¸ ³¨.
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4. ��ˆ—ˆ���Ÿ ‘’�“Š’“�� “��‚�…�ˆ‰ ‘�ˆ�„ˆ��ŒˆŠˆ

�·¥¤¸É ¢¨³ Ê· ¢´¥´¨Ö ¸¶¨´¤¨´ ³¨±¨ ¢ ´ ¨¡μ²¥¥ ¸¨³³¥É·¨Î´μ° ¨ Ö¢´μ
¤¨´ ³¨Î¥¸±μ° (£ ³¨²ÓÉμ´μ¢μ°) Ëμ·³¥. “· ¢´¥´¨¥ (19), ¡Ê¤ÊÎ¨ § ¶¨¸ ´´Ò³ ¢
¶μ±μ³¶μ´¥´É´μ° Ëμ·³¥, ¢Ò£²Ö¤¨É μÎ¥´Ó ¸²μ¦´Ò³ ¨ ´¥¸¨³³¥É·¨Î´Ò³. „²Ö
§ ¶¨¸¨ Ê· ¢´¥´¨° c¶¨´¤¨´ ³¨±¨ ¢ ¸¨³³¥É·¨Î´μ° Ëμ·³¥ ¨¸¶μ²Ó§Ê¥³ É¥ ¦¥
¨¤¥¨, ÎÉμ ¨ ¢ ¸¶¨´¸É É¨±¥, ¤μ¶μ²´¨É¥²Ó´μ ¶·¨¢²¥± Ö ¤²Ö ÔÉμ£μ ·¥§Ê²ÓÉ ÉÒ,
¶μ²ÊÎ¥´´Ò¥ ¶·¨ ¢Ò¢μ¤¥ ¸μ¡¸É¢¥´´μ Ê· ¢´¥´¨° Œ ±¸¢¥²²  ¤²Ö Ô²¥±É·¨Î¥¸±μ£μ
¨ ³ £´¨É´μ£μ ¶μ²¥° ¢ Ö¢´μ ¤¨´ ³¨Î¥¸±μ° ¨ μ¡Ð¥±μ¢ ·¨ ´É´μ° Ëμ·³¥.

�¶¥· Éμ· rot μ¶·¥¤¥²Ö¥É¸Ö ¤²Ö ¢¥±Éμ·´ÒÌ ¶μ²¥° ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

(rotM)i = [∇× M]i = eijkltj∂kMl =
1
2
eijkltj(∂kMl − ∂lMk). (20)

�¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ

(M, rotN) + div[M × N] = (rotM, N),

£¤¥
[M × N]i = eijkltjMkNl

¥¸ÉÓ ¢¥±Éμ·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¤¢ÊÌ ¢¥±Éμ·´ÒÌ ¶μ²¥° M ¨ N, div M = ∇iMi.
’ ±¨³ μ¡· §μ³, μ¶¥· Éμ· rot Ö¢²Ö¥É¸Ö ¸ ³μ¸μ¶·Ö¦¥´´Ò³. —Éμ¡Ò ´ °É¨ ¸μ¡-
¸É¢¥´´Ò¥ ¢¥±Éμ·Ò ¨ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ÔÉμ£μ μ¶¥· Éμ· , ´Ê¦´μ ·¥Ï¨ÉÓ
Ê· ¢´¥´¨¥ rotM = σM. �É³¥É¨³ É ±¦¥, ÎÉμ (gradϕ)i = �i ϕ ¨

rot grad = 0, div rot = 0.

’ ±¨³ μ¡· §μ³, ¸μ¡¸É¢¥´´Ò¥ ¢¥±Éμ·Ò · ¸¸³ É·¨¢ ¥³μ£μ μ¶¥· Éμ· , ´¥¸ÊÐ¨¥
´¥´Ê²¥¢μ¥ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥,  ¢Éμ³ É¨Î¥¸±¨ μ·Éμ£μ´ ²Ó´Ò ¶μÉμ±Ê ¢·¥-
³¥´¨ ¨ ¨³¥ÕÉ ´Ê²¥¢ÊÕ · ¸Ìμ¤¨³μ¸ÉÓ.

—Éμ¡Ò ¶·¨³¥´¨ÉÓ Ëμ·³ ²¨§³ ¢¥±Éμ·´μ£μ  ´ ²¨§  ¨ ¢¥±Éμ·´μ°  ²£¥¡·Ò ±
Ê· ¢´¥´¨Ö³ ¸¶¨´¤¨´ ³¨±¨, · ¸¸³μÉ·¨³ μÉμ¡· ¦¥´¨¥ ¸¶¨´μ¢μ£μ ¶μ²Ö

A = (a, ai, aij , aijk, aijkl)

´  ¤¢  ¸± ²Ö·  κ ¨ μ, ¤¢  ¶¸¥¢¤μ¸± ²Ö·  λ ¨ ν, ¤¢  ¢¥±Éμ·  K ¨ M, ¤¢ 
¶¸¥¢¤μ¢¥±Éμ·  L ¨ N, μ·Éμ£μ´ ²Ó´ÒÌ ¶μÉμ±Ê ¢·¥³¥´¨,

(t,K) = (t,L) = (t,M) = (t,N) = 0.

� §¢ ´´μ¥ μÉμ¡· ¦¥´¨¥ μ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

κ = tiai, μ = a, λ =
1
3!

tle
ijklaijk, ν =

1
4!

eijklaijkl,

Ki = hi
mam, Mi = tkaki, Li =

1
3!

hi
memjklajkl, Ni = tkãki,
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£¤¥ hi
j = δi

j − titj , ãki =
1
2
ekijlajl. �¡· É´μ¥ μÉμ¡· ¦¥´¨¥ ¨³¥¥É É ±μ° ¢¨¤:

a = μ, ai = Ki + κti, aij = tiMj − tjMi + eijklt
kNl,

aijk = emijkLm + λ tmeijkm, aijkl = ν eijkl.

„ ²¥¥ § ¶¨Ï¥³ Ê· ¢´¥´¨¥ ¸¶¨´¤¨´ ³¨±¨ (19) ¢ ±μ³¶μ´¥´É´μ° Ëμ·³¥,
¶μ² £ Ö p = 0, 1, 2, 3, 4, ¨ ¶μ¸²¥ ´¥±μÉμ·ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¶μ²ÊÎ¨³ ¸²¥¤Ê-
ÕÐÊÕ ¸¨³³¥É·¨Î´ÊÕ ¸¨¸É¥³Ê Ê· ¢´¥´¨° ¸¶¨´¤¨´ ³¨±¨, ±μÉμ· Ö ¢±²ÕÎ ¥É ¢
¸¥¡Ö Î¥ÉÒ·¥ ¸± ²Ö·´ÒÌ ¨ Î¥ÉÒ·¥ ¢¥±Éμ·´ÒÌ Ê· ¢´¥´¨Ö:(

∇t +
1
2
ϕ

)
μ − qφκ = ∇iMi − qΦiKi + m κ,(

∇t +
1
2
ϕ

)
κ + qφμ = ∇iKi + qΦiMi − m μ,(

∇t +
1
2
ϕ

)
λ − qφ ν = ∇iLi − qΦiNi − m ν,(

∇t +
1
2
ϕ

)
ν + qφλ = ∇iNi + qΦiLi + m λ;

(21)

(
∇t +

1
2
ϕ

)
Mi − qφKi = (rotN)i + q[Φ × L]i + �i μ − qΦi κ − m Ki,(

∇t +
1
2
ϕ

)
Ki + qφMi = −(rotL)i + q[Φ × N]i + �i κ + qΦi μ + m Mi,(

∇t +
1
2
ϕ

)
Li − qφNi = (rotK)i + q[Φ × M]i + �i λ − qΦi ν + m Ni,(

∇t +
1
2
ϕ

)
Ni + qφLi = −(rotM)i + q[Φ× K]i + �i ν + qΦi λ − m Li.

(22)
‡ ¶¨Ï¥³ ÔÉ¨ ËÊ´¤ ³¥´É ²Ó´Ò¥ Ê· ¢´¥´¨Ö É ±¦¥ ¢ ¨´¢ ·¨ ´É´μ³ ¢¨¤¥:(

∇t +
1
2
ϕ

)
μ − qφκ = div M − q(Φ, K) + m κ,(

∇t +
1
2
ϕ

)
κ + qφμ = div K + q(Φ, M) − m μ,(

∇t +
1
2
ϕ

)
λ − qφ ν = div L − q(Φ, N) − m ν,(

∇t +
1
2
ϕ

)
ν + qφλ = div N + q(Φ, L) + m λ;

(23)
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(
∇t +

1
2
ϕ

)
M − qφK = (rotN) + q[Φ× L] + gradμ − qΦκ − mK,(

∇t +
1
2
ϕ

)
K + qφM = −(rotL) + q[Φ × N] + gradκ + qΦμ + mM,(

∇t +
1
2
ϕ

)
L − qφN = rotK + q[Φ × M] + gradλ − qΦ ν + mN,(

∇t +
1
2
ϕ

)
N + qφL = −rotM + q[Φ× K] + gradν + qΦλ − mL.

(24)
’ ±¨³ μ¡· §μ³, ¸ ³μ¸μ¶·Ö¦¥´´Ò° μ¶¥· Éμ· rot ¨£· ¥É É ±ÊÕ ¦¥ ËÊ´¤ ³¥´-
É ²Ó´ÊÕ ·μ²Ó ¢ ¸¶¨´¤¨´ ³¨±¥, ± ± ¨ ¢ É¥μ·¨¨ Œ ±¸¢¥²² , ÎÉμ ¸²Ê¦¨É ¥Ð¥
μ¤´¨³ ¸¢¨¤¥É¥²Ó¸É¢μ³ ¶·μ¸ÉμÉÒ ¨ £ ·³μ´¨¨ ¥¤¨´μ° Ë¨§¨±¨. Š ÔÉμ³Ê μ¶¥· -
Éμ·Ê ´Ê¦´μ ¤μ¡ ¢¨ÉÓ ¥Ð¥ μ¤¨´ ¸ ³μ¸μ¶·Ö¦¥´´Ò° μ¶¥· Éμ·, ¨§¢¥¸É´Ò° ± ±
μ¶¥· Éμ· ‹ ¶² ¸ , ¨ ± ·É¨´  ±²ÕÎ¥¢ÒÌ ¶μ ¸¢μ¥³Ê §´ Î¥´¨Õ ¨ μ¡Ð´μ¸É¨ ¸ -
³μ¸μ¶·Ö¦¥´´ÒÌ μ¶¥· Éμ·μ¢ ¡Ê¤¥É Ë ±É¨Î¥¸±¨ ¶μ²´μ°.

�¥Ï Ö Ê· ¢´¥´¨¥ Q̃tΨ = −iΨ ¨ ¶·¥¤¶μ² £ Ö, ÎÉμ ¸± ²Ö·´Ò¥ ¨ ¢¥±Éμ·´Ò¥
¶μ²Ö Ö¢²ÖÕÉ¸Ö ±μ³¶²¥±¸´Ò³¨, ¶μ²ÊÎ¨³

κ = iμ, ν = iλ, K = iM, N = iL.

“· ¢´¥´¨Ö ¸¶¨´¤¨´ ³¨±¨ (23) ¨ (24) § ¶¨ÏÊÉ¸Ö ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:(
∇t +

1
2
ϕ − iqφ

)
μ = (∇− iqΦ, M) + im μ,(

∇t +
1
2
ϕ − iqφ

)
λ = (∇− iqΦ, L) − im λ;

(25)

(
∇t +

1
2
ϕ − iqφ

)
L = i[(∇− iqΦ) × M] + (�− iqΦ)λ + imL,(

∇t +
1
2
ϕ − iqφ

)
M = i[(∇− iqΦ) × L] + (�− iqΦ)μ − imM,

(26)

£¤¥ ¸± ²Ö·´Ò¥ ¨ ¢¥±Éμ·´Ò¥ ¶μ²Ö Ö¢²ÖÕÉ¸Ö ±μ³¶²¥±¸´Ò³¨.
‚ Ê¸É ´μ¢²¥´´ÒÌ Ê· ¢´¥´¨ÖÌ ¸¶¨´¤¨´ ³¨±¨ Î¨¸²μ ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨°

¢ ¤¢  · §  ¶·¥¢ÒÏ ¥É Î¨¸²μ ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° ¢ ³ É·¨Î´μ³ Ê· ¢´¥´¨¨
„¨· ± . ’ ±μ¥ Ê¢¥²¨Î¥´¨¥ Î¨¸²  ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ¸¢¨¤¥É¥²Ó¸É¢Ê¥É μ ¸ÊÐ¥-
¸É¢μ¢ ´¨¨ ´¥ · ¸¸³μÉ·¥´´μ° ¢ÒÏ¥ ¤μ¶μ²´¨É¥²Ó´μ° ¸¨³³¥É·¨¨ ² £· ´¦¨ ´ 
¸¶¨´¤¨´ ³¨±¨ ¨ ¸ÊÐ¥¸É¢μ¢ ´¨¨ Ë¨§¨Î¥¸±¨Ì ¢¥²¨Î¨´, μÉ¸ÊÉ¸É¢ÊÕÐ¨Ì ¢ É¥μ-
·¨¨ „¨· ± . 	Éμ ¡Ê¤¥É ¶·μ¤¥³μ´¸É·¨·μ¢ ´μ ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥.
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5. Š��–…�–ˆŸ ‚�“’�…��…ƒ� ‘�ˆ��

‚ ÔÉμ³ · §¤¥²¥ ¢¢μ¤¨É¸Ö ±μ´Í¥¶Í¨Ö ¢´ÊÉ·¥´´¥£μ ¸¶¨´ , ±μÉμ· Ö ¶·¥¤-
¸É ¢²Ö¥É ¸μ¡μ° ¥Ð¥ μ¤´μ ¶·μÖ¢²¥´¨¥ ¡¨¶μ²Ö·´μ° ¸É·Ê±ÉÊ·Ò. ‡ É¥³ · ¸¸³ -
É·¨¢ ¥É¸Ö ·¥Ï¥´¨¥ Ê· ¢´¥´¨° ¸¶¨´¤¨´ ³¨±¨, ±μÉμ·μ¥ ¸μμÉ¢¥É¸É¢Ê¥É ¢¥¸Ó³ 
´¥Ê¸Éμ°Î¨¢μ° Ë¨§¨Î¥¸±μ° ¸¨¸É¥³¥, ¨§¢¥¸É´μ° ± ±  Éμ³ ¢μ¤μ·μ¤ . „¥²μ ¢ Éμ³,
ÎÉμ ¤ ¢´μ ´ ÊÎ¨²¨¸Ó · §¤¥²ÖÉÓ ³μ²¥±Ê²Ö·´Ò° ¢μ¤μ·μ¤, μ¤´ ±μ ¶μ²ÊÎ¥´´Ò¥
 Éμ³Ò ¢μ¤μ·μ¤  §  ¢·¥³Ö, ³¥´ÓÏ¥¥ Î¥³ μ¤´  ÉÒ¸ÖÎ´ Ö ¸¥±Ê´¤Ò, ·¥±μ³¡¨´¨-
·ÊÕÉ, ¢´μ¢Ó μ¡· §ÊÖ ¢μ¤μ·μ¤´Ò¥ ³μ²¥±Ê²Ò. Šμ´Í¥¶Í¨Ö ¢´ÊÉ·¥´´¥£μ ¸¶¨´ 
¶μ§¢μ²Ö¥É μ¡ÑÖ¸´¨ÉÓ ÔÉμ Ö¢²¥´¨¥. �É³¥É¨³, ÎÉμ ¢¸¥ ¨§²μ¦¥´´Ò¥ ´¨¦¥ ¶μ-
¸É·μ¥´¨Ö, ¸¢Ö§ ´´Ò¥ ¸ ±μ´Í¥¶Í¨¥° ¢´ÊÉ·¥´´¥£μ ¸¶¨´ , ¨³¥ÕÉ ¸³Ò¸² Éμ²Ó±μ ¢
· §³¥·´μ¸É¨ n = 4.

‘¶¨´μ¢Ò¥ μ¶¥· Éμ·Ò Σ ¨ Σ̃, ¢¢¥¤¥´´Ò¥ ¢ ¸¶¨´¸É É¨±¥, ¡Ê¤ÊÉ μ¶¥· Éμ· ³¨
¢´ÊÉ·¥´´¥° ¸¨³³¥É·¨¨ Ê· ¢´¥´¨° ¸¶¨´¤¨´ ³¨±¨, ¥¸²¨ μ¶·¥¤¥²ÖÕÐ¨° ¨Ì ±μ-
¸μ¸¨³³¥É·¨Î´Ò° É¥´§μ· Sij ¡Ê¤¥É ±μ¢ ·¨ ´É´μ ¶μ¸ÉμÖ´´Ò³ ¢ ¸¢Ö§´μ¸É¨ Γ̆:

∇̆iSjk = 0.

‘· §Ê ¦¥ μÉ³¥É¨³, ÎÉμ ¥¸²¨ É¥´§μ·´μ¥ ¶μ²¥ Sjk ±μ¢ ·¨ ´É´μ ¶μ¸ÉμÖ´´μ ¢

¸¢Ö§´μ¸É¨ Γ̆, Éμ ±μ¢ ·¨ ´É´ Ö ¶·μ¨§¢μ¤´ Ö É¥´§μ·´μ£μ ¶μ²Ö Sij =
1
2
eijklS

kl

¡Ê¤¥É É ±¦¥ · ¢´  ´Ê²Õ, É ± ± ± ∇̆iejklm = 0. „μ± ¦¥³ ¶μ¸²¥¤´¥¥ ¸μμÉ´μ-
Ï¥´¨¥, ±μÉμ·μ¥ ¸¶· ¢¥¤²¨¢μ ¢ ²Õ¡μ° · §³¥·´μ¸É¨. ˆ³¥¥³

∇̆kei1···in = ∇kei1···in − T l
ki1eli2···in − · · · − T l

kin
ei1···in−1l,

£¤¥ T i
jk = ti∇jtk − tk∇jt

i. ’ ± ± ± ∇kei1···in = 0, Éμ ¨¸±μ³μ¥ ¸²¥¤Ê¥É ¨§
Éμ¦¤¥¸É¢ 

(n + 1)T m
k[lei1···in] = T m

kl ei1···in − nT m
k[i1

e|l|i2···in], T l
kl = 0.

‘μ¸É ¢²ÖÖ Ê¸²μ¢¨¥ ¨´É¥£·¨·Ê¥³μ¸É¨ · ¸¸³ É·¨¢ ¥³μ£μ Ê· ¢´¥´¨Ö, ¶μ²Ê-
Î ¥³

R̆m
ijkSml + R̆m

ijlSkm = 0,

£¤¥ R̆m
ijk ¥¸ÉÓ É¥´§μ· �¨³ ´  ¸¢Ö§´μ¸É¨ Γ̆. ‘²¥¤μ¢ É¥²Ó´μ, Ê· ¢´¥´¨¥ ¢¶μ²´¥

¨´É¥£·¨·Ê¥³μ, ¥¸²¨ É¥´§μ· �¨³ ´  R̆m
ijk · ¢¥´ ´Ê²Õ. � ¸¸³μÉ·¨³ ¢ÒÉ¥± Õ-

Ð¨¥ μÉ¸Õ¤  ¸²¥¤¸É¢¨Ö. �μ¸²¥ ´¥±μÉμ·ÒÌ ¢ÒÎ¨¸²¥´¨° ´ Ìμ¤¨³ ¸¢Ö§Ó ³¥¦¤Ê
É¥´§μ· ³¨ �¨³ ´  R̆l

ijk, Rl
ijk ¸¢Ö§´μ¸É¥° Γ̆ ¨ Γ:

R̆l
ijk = Rl

ijk − tlRm
ijktm − tkRl

ijmtm + ∇it
l∇jtk −∇jt

l∇itk.

�É¸Õ¤  ´ Ìμ¤¨³, ÎÉμ ¥¸²¨ Ê· ¢´¥´¨Ö ¢¶μ²´¥ ¨´É¥£·¨·Ê¥³Ò, Éμ

Rjk = Rl
ljk = tkRjmtm + tlRm

ljktm + ∇jt
l∇ktl − ϕ∇jtk.
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ˆ¸¶μ²Ó§ÊÖ ¨§¢¥¸É´Ò¥ Éμ¦¤¥¸É¢  ¤²Ö É¥´§μ·  ±·¨¢¨§´Ò, ³μ¦´μ ¶μ± § ÉÓ, ÎÉμ
¢¸¥ É¥´§μ·Ò, ¢Ìμ¤ÖÐ¨¥ ¢ ¶μ¸²¥¤´¥¥ Ê· ¢´¥´¨¥, ¸¨³³¥É·¨Î´Ò, ±·μ³¥ É¥´-
§μ·  tkRjmtm. �É¸Õ¤  ´ Ìμ¤¨³, ÎÉμ tkRjmtm − tjRkmtm = 0 ¨, ¸²¥¤μ¢ -
É¥²Ó´μ, Rjmtm−tjt

kRkmtm = hi
jRimtm = Gj = 0. ’ ±¨³ μ¡· §μ³, · ¢¥´¸É¢μ

´Ê²Õ ¢¥±Éμ·  ¶μÉμ±  £· ¢¨É Í¨μ´´μ° Ô´¥·£¨¨ Gj ¥¸ÉÓ ´¥μ¡Ìμ¤¨³μ¥ Ê¸²μ¢¨¥
Éμ£μ, ÎÉμ · ¸¸³ É·¨¢ ¥³μ¥ Ê· ¢´¥´¨¥ ¢¶μ²´¥ ¨´É¥£·¨·Ê¥³μ. ‘ Ë¨§¨Î¥¸±μ°
ÉμÎ±¨ §·¥´¨Ö ÔÉμ ¸²¨Ï±μ³ μ£· ´¨Î¨É¥²Ó´μ¥ Ê¸²μ¢¨¥. �μÔÉμ³Ê ´¥μ¡Ìμ¤¨³μ
Éμ²Ó±μ ¶μÉ·¥¡μ¢ ÉÓ, ÎÉμ¡Ò ´ Ï¥ Ê· ¢´¥´¨¥ ¶·μ¸Éμ ¨³¥²μ ´¥É·¨¢¨ ²Ó´μ¥ ·¥-
Ï¥´¨¥, ÎÉμ μ¶·¥¤¥²¥´´μ ¸Ê¦ ¥É μ¡² ¸ÉÓ, ¢ ±μÉμ·μ° ¨ÐÊÉ¸Ö Ë¨§¨Î¥¸±¨ ¤μ¶Ê-
¸É¨³Ò¥ £· ¢¨É Í¨μ´´Ò¥ ¶μÉ¥´Í¨ ²Ò. �μÔÉμ³Ê ¢ ¶μ¸²¥¤ÊÕÐ¥³ ¡Ê¤¥É ¶·¥¤¶μ-
² £ ÉÓ¸Ö, ÎÉμ ¢¸¥ Ë¨§¨Î¥¸±¨¥ £· ¢¨É Í¨μ´´Ò¥ ¶μÉ¥´Í¨ ²Ò ¸μ¤¥·¦ É¸Ö ¢ ÔÉμ°
´μ¢μ° μ¡² ¸É¨. 	Éμ μ¡¥¸¶¥Î¨¢ ¥É Ê´¨¢¥·¸ ²Ó´Ò° Ì · ±É¥· ¢¢μ¤¨³μ° §¤¥¸Ó
±μ´Í¥¶Í¨¨ ¢´ÊÉ·¥´´¥£μ ¸¶¨´  ¨ ¸¢Ö§ ´´μ£μ ¸ ´¥° ´μ¢μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö § 
¸Î¥É Ê³¥´ÓÏ¥´¨Ö Î¨¸²  ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò £· ¢¨É Í¨μ´´μ£μ ¶μ²Ö. �μ¤·μ¡´μ¥
· ¸¸³μÉ·¥´¨¥ ¢μ§´¨± ÕÐ¥° §¤¥¸Ó ¨´É¥·¥¸´μ° ³ É¥³ É¨Î¥¸±μ° § ¤ Î¨ ¢ÒÌμ¤¨É
§  · ³±¨ ¤ ´´μ£μ ¨¸¸²¥¤μ¢ ´¨Ö. �É³¥É¨³ Éμ²Ó±μ, ÎÉμ Ê· ¢´¥´¨¥ ∇iSjk = 0
¢Ò¤¥²Ö¥É μÎ¥´Ó ¨´É¥·¥¸´Ò° ¨ ´¥É·¨¢¨ ²Ó´Ò° ±² ¸¸ ·¨³ ´μ¢ÒÌ ¶·μ¸É· ´¸É¢,
±μÉμ·Ò° ¤¥É ²Ó´μ ¨§ÊÎ¥´ ¢ ³ É¥³ É¨Î¥¸±μ° ²¨É¥· ÉÊ·¥ ¢ ¸¢Ö§¨ ¸ ¶μ´ÖÉ¨¥³
±μ³¶²¥±¸´μ- ´ ²¨É¨Î¥¸±μ° ¸É·Ê±ÉÊ·Ò. ‚¶¥·¢Ò¥ ÔÉμÉ ±² ¸¸ ·¨³ ´μ¢ÒÌ ¶·μ-
¸É· ´¸É¢ ¡Ò² μÉ±·ÒÉ ± § ´¸±¨³ £¥μ³¥É·μ³ �.�.˜¨·μ±μ¢Ò³ ¢ 1925 £. ¨ ´μ¸¨É
¥£μ ¨³Ö.

�μ± ¦¥³, ÎÉμ ¸¶¨´μ¢Ò¥ μ¶¥· Éμ·Ò Σ ¨ Σ̃ ¨³¥ÕÉ ¨´É¥·¥¸´μ¥ ¶·¥¤¸É ¢²¥-
´¨¥ ¢ · §³¥·´μ¸É¨ n = 4. �Ê¸ÉÓ ti ¥¸ÉÓ ±μ³¶μ´¥´ÉÒ ¥¤¨´¨Î´μ£μ ¢¥±Éμ·´μ£μ
¶μ²Ö, (t, t) = 1, Éμ£¤  ¤²Ö ²Õ¡μ£μ ±μ¸μ¸¨³³¥É·¨Î´μ£μ É¥´§μ·´μ£μ ¶μ²Ö Sij

³μ¦´μ Ê± § ÉÓ ¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥:

Sij = tivj − tjvi + eijklt
kwl, Sij = tiwj − tjwi + eijklt

kvl,

±μÉμ·μ¥ · ´¥¥ ¡Ò²μ ¨¸¶μ²Ó§μ¢ ´μ ¶·¨ Ê¸É ´μ¢²¥´¨¨ ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·Ò
Ê· ¢´¥´¨° ¸¶¨´¤¨´ ³¨±¨. ‡¤¥¸Ó vi Å ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·´μ£μ ¶μ²Ö,   wi ¥¸ÉÓ
±μ³¶μ´¥´ÉÒ ¶¸¥¢¤μ¢¥±Éμ·´μ£μ ¶μ²Ö, ±μÉμ·Ò¥ μ·Éμ£μ´ ²Ó´Ò ¤ ´´μ³Ê ¢¥±Éμ·-
´μ³Ê ¶μ²Õ ti, (t,v) = 0, (t,w) = 0. �¡· É´μ¥ μÉμ¡· ¦¥´¨¥ ¨³¥¥É ¢¨¤

vi = tkSki, wi = tkSki, Sij =
1
2
eijklS

kl.

�μ² £ Ö Nij = eijklt
kwl, ¶μ²ÊÎ ¥³ ¤²Ö μ¶¥· Éμ·  ¸¶¨´  ¸²¥¤ÊÕÐ¥¥ ¶·¥¤-

¸É ¢²¥´¨¥: Σ = Qt∧v + QN. Œμ¦´μ ¶μ± § ÉÓ, ÎÉμ QN = −Qt∧wH ¨, ¸²¥¤μ-
¢ É¥²Ó´μ,

Σ = Σv∗w = Qt∧v − Qt∧wH = Qt(Qv − QwH).

„²Ö ¤Ê ²Ó´μ£μ μ¶¥· Éμ·  ¨³¥¥³

Σ̃ = Σ̃v∗w = Q̃t(Q̃v − Q̃wH̃).
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�¶¥· Éμ·Ò, ¶μ·μ¦¤ ¥³Ò¥ É¥´§μ·´Ò³ ¶μ²¥³ Sij , μÉ²¨Î ÕÉ¸Ö μÉ ¢¢¥¤¥´´ÒÌ
¶¥·¥¸É ´μ¢±μ° v ¨ w. �¥É·Ê¤´μ ¢Ò¢¥¸É¨ ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö:

Σ2 = −(v2 + w2)E + 2(v,w)H, Σ̃2 = −(v2 + w2)E + 2(v,w)H̃.

�¥·¥´¥¸¥³ ÔÉ¨ ·¥§Ê²ÓÉ ÉÒ ¢ ¸¶¨´¤¨´ ³¨±Ê. � ¸¸³μÉ·¨³ μ¶¥· Éμ·Ò,  ´ -
²μ£¨Î´Ò¥ Σ ¨ Σ̃:

ΣL =
1
2
Qt(Lv − LwJ),

Σ̃L =
1
2
Q̃t(L̃v − L̃wJ̃),

£¤¥ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ t ¥¸ÉÓ ¶μÉμ± ¢·¥³¥´¨. ˆ³¥¥³

ΣL
2 =

1
4
[(v2 − w2)E − 2(v,w)J ], Σ̃2

L =
1
4
[(v2 − w2)E − 2(v,w)J̃ ].

�μ μ¶·¥¤¥²¥´¨Õ, μ¶¥· Éμ·Ò ΣL ¨ Σ̃L, ±μÉμ·Ò¥ Ê¤μ¢²¥É¢μ·ÖÕÉ ±μ³³ÊÉ Í¨μ´-
´Ò³ ¸μμÉ´μÏ¥´¨Ö³

ΠΣ̃L − Σ̃LΠ = 0, Π̃ΣL − ΣLΠ̃ = 0,

¥¸ÉÓ ¤Ê ²Ó´Ò¥ μ¶¥· Éμ·Ò ¢´ÊÉ·¥´´¥£μ ¸¶¨´ . �¶¥· Éμ·Ò ¢´ÊÉ·¥´´¥£μ ¸¶¨´ ,
μÎ¥¢¨¤´μ, ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± ¸Ê³³Ê ¤¢ÊÌ μ¶¥· Éμ·μ¢, ±μÉμ·Ò¥ μ¡μ§´ Î¨³
¸μμÉ¢¥É¸É¢¥´´μ

Σv =
1
2
QtLv, Σw = −1

2
QtLwJ, ΣL = Σv + Σw,

Σ̃v =
1
2
Q̃tL̃v, Σ̃w = −1

2
Q̃tL̃wJ̃ , Σ̃L = Σ̃v + Σ̃w.

�¶¥· Éμ· Σv  ´É¨±μ³³ÊÉ¨·Ê¥É ¸ μ¶¥· Éμ·μ³ Qt, Éμ£¤  ± ± μ¶¥· Éμ· Σw

±μ³³ÊÉ¨·Ê¥É ¸ Qt ¨  ´ ²μ£¨Î´μ ¤²Ö ¤Ê ²Ó´ÒÌ μ¶¥· Éμ·μ¢

ΣvQt + QtΣv = 0, ΣwQt − QtΣw = 0,

Σ̃vQ̃t + Q̃tΣ̃v = 0, Σ̃wQ̃t − Q̃tΣ̃w = 0.

‘²¥¤μ¢ É¥²Ó´μ, ¸ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¶·¥¤¸É ¢²ÖÕÉ ¨´É¥·¥¸ Éμ²Ó±μ μ¶¥-
· Éμ·Ò É¨¶  Σw, Σ̃w, ¶μ¸±μ²Ó±Ê ¤Ê ²Ó´Ò¥ ² £· ´¦¨ ´Ò ¢¥Ð¥¸É¢¥´´μ£μ ¸¶¨-
´μ¢μ£μ ¶μ²Ö, ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¥£μ ¸ Ô²¥±É·μ³ £´¨É´Ò³ ¶μ²¥³, ¨´¢ ·¨ ´É´Ò
μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨°, ¶μ·μ¦¤ ¥³ÒÌ ÔÉ¨³¨ μ¶¥· Éμ· ³¨. � ¸¸³ É·¨-
¢ ¥³ Ö ¸¨³³¥É·¨Ö ³μ¦¥É ¡ÒÉÓ ´ ·ÊÏ¥´  ¢±²ÕÎ¥´¨¥³ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸ Ô²¥±-
É·μ³ £´¨É´Ò³ ¶μ²¥³ ¶μ ¸²¥¤ÊÕÐ¥° ¸Ì¥³¥.

�Ê¸ÉÓ Fij = ∂iAj − ∂jAi ¥¸ÉÓ É¥´§μ· Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö, Éμ£¤ 

Fij = tiej − tjei + eijklt
khl,
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£¤¥ ei = tkFki ¥¸ÉÓ ±μ¢ ·¨ ´É´Ò¥ ±μ³¶μ´¥´ÉÒ ´ ¶·Ö¦¥´´μ¸É¨ Ô²¥±É·¨Î¥¸±μ£μ
¶μ²Ö e ¨ hi = tkF̃ki Å ±μ¢ ·¨ ´É´Ò¥ ±μ³¶μ´¥´ÉÒ ´ ¶·Ö¦¥´´μ¸É¨ ³ £´¨É´μ£μ
¶μ²Ö h. „Ê ²Ó´Ò¥ μ¶¥· Éμ·Ò

Σe = −1
2
QtLeJ, Σ̃e = −1

2
Q̃tL̃eJ̃ , Σh = −1

2
QtLhJ, Σ̃h = −1

2
Q̃tL̃hJ̃

¶·¥¤¸É ¢²ÖÕÉ ´μ¢ÊÕ Ëμ·³Ê Ô´¥·£¨¨, ¶²μÉ´μ¸ÉÓ ±μÉμ·μ° ³μ¦´μ § ¶¨¸ ÉÓ ¢
¢¨¤¥ ² £· ´¦¨ ´μ¢ ¸²¥¤ÊÕÐ¥£μ ¢¨¤ :

Lis = μ〈QtA|Σ̃hA〉, L̃is = μ〈Q̃tA|ΣhA〉.

‡¤¥¸Ó ´¥μ¡Ìμ¤¨³μ μÉ³¥É¨ÉÓ, ÎÉμ § ³¥´  ¢ ÔÉ¨Ì ² £· ´¦¨ ´ Ì ¢¥±Éμ·  ³ £´¨É-
´μ° ´ ¶·Ö¦¥´´μ¸É¨ ´  ¢¥±Éμ· Ô²¥±É·¨Î¥¸±μ° ´ ¶·Ö¦¥´´μ¸É¨ ¶·¨¢μ¤¨É ± ´¥-
¸μÌ· ´¥´¨Õ Î¥É´μ¸É¨, ¶μÔÉμ³Ê ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ² £· ´¦¨ ´Ò ¶·¥¤¸É ¢²ÖÕÉ
Éμ²Ó±μ ¶μÉ¥´Í¨ ²Ó´Ò° ¨´É¥·¥¸, ¸¢Ö§ ´´Ò° ¸ ¸ÊÐ¥¸É¢μ¢ ´¨¥³ Ô²¥±É·¨Î¥¸±μ£μ
¤¨¶μ²Ó´μ£μ ³μ³¥´É . �μ² £ Ö

Lis = hkdk,

§ ±²ÕÎ ¥³, ÎÉμ ¢¥±Éμ·, ±μÉμ·Ò° ¸É·μ¨É¸Ö ¨§ ±μ³¶μ´¥´É ¢¥Ð¥¸É¢¥´´μ£μ ¸¶¨-
´μ¢μ£μ ¶μ²Ö, ¶·¥¤¸É ¢²Ö¥É ³ £´¨É´Ò° ¤¨¶μ²Ó´Ò° ³μ³¥´É ÔÉμ£μ ¶μ²Ö. 	²¥±-
É·¨Î¥¸±¨° ¤¨¶μ²Ó´Ò° ³μ³¥´É ´¥ · ¸¸³ É·¨¢ ¥É¸Ö ¶μ ¶·¨Î¨´¥, μÉ³¥Î¥´´μ°
¢ÒÏ¥. 	´¥·£¨Ö ³ £´¨É´μ£μ ¤¨¶μ²Ó´μ£μ ³μ³¥´É  ¸¶¨´μ¢μ£μ ¶μ²Ö · ¸¸³ É·¨¢ -
¥É¸Ö §¤¥¸Ó ± ± ¥¸É¥¸É¢¥´´ Ö ¶·¨Î¨´  ·¥±μ³¡¨´ Í¨¨  Éμ³μ¢ ¢μ¤μ·μ¤  ¸ μ¡· -
§μ¢ ´¨¥³ ¡μ²¥¥ Ê¸Éμ°Î¨¢μ£μ ¸μ¸ÉμÖ´¨Ö.

—Éμ¡Ò ¶·¨£μÉμ¢¨ÉÓ ¸μ¸ÉμÖ´¨¥ ¸¶¨´μ¢μ£μ ¶μ²Ö, ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ÔÉμ° ¸¨-
¸É¥³¥, · ¸¸³μÉ·¨³ ¸ ¨´μ° ÉμÎ±¨ §·¥´¨Ö  ´É¨Ô·³¨Éμ¢ μ¶¥· Éμ·

Σ̃w = −1
2
Q̃tL̃wJ̃ =

1
2
QwQtH̃Z =

1
2
QwQtH.

�μ² £ Ö ¢ ÔÉμ³ ¸²ÊÎ ¥

S̃1 =
1
2
QuQtH, S̃2 =

1
2
QvQtH, S̃3 =

1
2
QwQtH,

£¤¥ u,v,w ¥¸ÉÓ É·¨ μ·Éμ£μ´ ²Ó´ÒÌ ¥¤¨´¨Î´ÒÌ ¢¥±Éμ· 

[uv] = w, [vw] = u, [wu] = v,

¨ ¶·¨´¨³ Ö ¢μ ¢´¨³ ´¨¥, ÎÉμ S̃1S̃2 =
1
4
QuQv ¨ uivj − ujvi = −eijklt

kwl,
¶μ²ÊÎ ¥³

S̃1S̃2 − S̃2S̃1 =
1
2
Qu∧v =

1
2
QtQwH = −S̃3
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¨ ¶μ¤μ¡´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¤²Ö ¤·Ê£¨Ì ±μ³³ÊÉ Éμ·μ¢. ’ ±¨³ μ¡· §μ³, ¤²Ö Ô·-
³¨Éμ¢ÒÌ μ¶¥· Éμ·μ¢ Ĩμ = −iS̃μ, μ = 1, 2, 3, ¸¶· ¢¥¤²¨¢Ò ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μ-
Ï¥´¨Ö ±μ³³ÊÉ Í¨¨:

ĨμĨν − Ĩν Ĩμ = ieμνλĨλ,

ĨμĨν + Ĩν Ĩμ =
1
2
δμνE.

�¶¥· Éμ·Ò ¢´ÊÉ·¥´´¥£μ ¸¶¨´  Ĩμ ±μ³³ÊÉ¨·ÊÕÉ ¸ μ¶¥· Éμ·μ³ Q̃t, ¨, ¸²¥¤μ¢ -
É¥²Ó´μ, ¸ÊÐ¥¸É¢Ê¥É ¸μ¸ÉμÖ´¨¥, ±μÉμ·μ¥ ¡Ê¤¥É ¸μ¡¸É¢¥´´Ò³ ¢¥±Éμ·μ³ É·¥ÉÓ¥°
±μ³¶μ´¥´ÉÒ ¢´ÊÉ·¥´´¥£μ ¸¶¨´  ¨ μ¶¥· Éμ·  Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤ :

Q̃tΨ = −iΨ, Ĩ3Ψ = ±1
2
Ψ.

	Éμ ¸μ¸ÉμÖ´¨¥ μ¡μ§´ Î¨³ Ψ++. ‚ ÔÉμ³ ¸²ÊÎ ¥ μ¶¥· Éμ· ¢´ÊÉ·¥´´¥£μ ¸¶¨´ 
³μ¦¥É ¡ÒÉÓ ·¥ ²¨§μ¢ ´ ± ± ±¢ ´Éμ¢μ¥ Î¨¸²μ, ÎÉμ, ¢¨¤¨³μ, ¸μμÉ¢¥É¸É¢Ê¥É ¸μ-
¢¥·Ï¥´¨Õ · ¡μÉÒ ´ ¤ ³μ²¥±Ê²μ° ¢μ¤μ·μ¤  ¨ ¸μ§¤ ´¨Õ  Éμ³μ¢ ¢μ¤μ·μ¤ . „²Ö
ÔÉμ£μ ¥¸ÉÓ ´¥±μÉμ·Ò¥ μ¸´μ¢ ´¨Ö, É ± ± ± ¢ ¨§¢¥¸É´ÒÌ Ê¸É·μ°¸É¢ Ì £ § ¨§  Éμ-
³μ¢ ¢μ¤μ·μ¤  ·¥±μ³¡¨´¨·Ê¥É ¢§·Ò¢μμ¡· §´μ, μ¡· §ÊÖ ³μ²¥±Ê²Ö·´Ò° ¢μ¤μ·μ¤.
�μÉ·¥¡Ê¥³ ¤ ²¥¥, ÎÉμ¡Ò ¸¶¨´μ¢μ¥ ¶μ²¥ Ψ++ Ê¤μ¢²¥É¢μ·Ö²μ Ê· ¢´¥´¨Ö³ ¸¶¨´-
¤¨´ ³¨±¨ (25) ¨ (26), ±μ£¤  Ë¨§¨Î¥¸±μ¥ ³´μ£μμ¡· §¨¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ°
4-³¥·´μ¥ ¥¢±²¨¤μ¢μ ¶·μ¸É· ´¸É¢μ,   ¢´¥Ï´¥¥ Ô²¥±É·μ³ £´¨É´μ¥ ¶μ²¥ ¶·¥¤-
¸É ¢²¥´μ ±Ê²μ´μ¢¸±¨³ ¶μ²¥³ ¸ § ·Ö¤μ³ q.

‚ Ë¨§¨Î¥¸±μ³ ³´μ£μμ¡· §¨¨ R4 μ¸´μ¢´μ¥ Ê· ¢´¥´¨¥ ¶μ²Ö ¢·¥³¥´¨ (4)(
∂f

∂u1

)2

+
(

∂f

∂u2

)2

+
(

∂f

∂u3

)2

+
(

∂f

∂u4

)2

= 1

¨³¥¥É ¤¢  ËÊ´¤ ³¥´É ²Ó´ÒÌ ·¥Ï¥´¨Ö:

f(u1, u2, u3, u4) = a1u1 + a2u2 + a3u3 + a4u4 + a,

£¤¥ a = (a1, a2, a3, a4) ¥¸ÉÓ ¥¤¨´¨Î´Ò° ¶μ¸ÉμÖ´´Ò° ¢¥±Éμ· (a · a) = 1, ¨

f(u1, u2, u3, u4) =
√

(u1)2 + (u2)2 + (u3)2 + (u4)2.

	É¨ ·¥Ï¥´¨Ö μ¶·¥¤¥²ÖÕÉ ¤¢¥ ¶·¨Î¨´´Ò¥ ¸É·Ê±ÉÊ·Ò ¢ · ¸¸³ É·¨¢ ¥³μ³ Ë¨§¨-
Î¥¸±μ³ ¶·μ¸É· ´¸É¢¥. �¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ ¶¥·¢ Ö ¶·¨Î¨´´ Ö ¸É·Ê±ÉÊ·  ¸μ-
μÉ¢¥É¸É¢Ê¥É ¸¶¥Í¨ ²Ó´μ° É¥μ·¨¨ μÉ´μ¸¨É¥²Ó´μ¸É¨. �´ ²¨É¨Î¥¸±¨ ²¨´¨¨ ¢·¥-
³¥´¨ μ¶·¥¤¥²ÖÕÉ¸Ö ± ± ·¥Ï¥´¨Ö  ¢Éμ´μ³´μ° ¸¨¸É¥³Ò μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥-
·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°

dui

dt
= gij ∂f

∂uj
= ti = ai.
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�¡Ð¥¥ ·¥Ï¥´¨¥ Ö¢²Ö¥É¸Ö ¶·Ö³μ° ²¨´¨¥°, ¶·μÌμ¤ÖÐ¥° Î¥·¥§ § ¤ ´´ÊÕ
ÉμÎ±Ê u0:

u(t) = a(t − t0) + u0. (27)

� ¸¸³ É·¨¢ ¥³ Ö ¶·¨Î¨´´ Ö ¸É·Ê±ÉÊ·  μ¶·¥¤¥²Ö¥É ¨´É¥·¢ ² ¸²¥¤ÊÕÐ¨³ μ¡· -
§μ³. �Ê¸ÉÓ

uR = 2a(a · u) − u

¥¸ÉÓ ¢¥±Éμ·, ¶μ²ÊÎ¥´´Ò° μÉ· ¦¥´¨¥³ u ¶μ μÉ´μÏ¥´¨Õ ± ¶μÉμ±Ê ¢·¥³¥´¨ a.
’μ£¤  ¢ ±μμ·¤¨´ É Ì u1, u2, u3, u4 ¨´É¥·¢ ² ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´ É ±:

s2 = u · uR = 2(a · u)2 − u · u = |u|2 cos 2ϕ,

£¤¥ ϕ ¥¸ÉÓ Ê£μ² ³¥¦¤Ê a ¨ u. —Éμ¡Ò ¡ÒÉÓ Ê¢¥·¥´´Ò³, ÎÉμ s ¥¸ÉÓ ¤¥°¸É¢¨-
É¥²Ó´μ Ìμ·μÏμ ¨§¢¥¸É´Ò° ¨´É¥·¢ ², ¢¢¥¤¥³ ¥¸É¥¸É¢¥´´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨´ É,
¸μ£² ¸μ¢ ´´ÊÕ ¸ ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·μ°. ‘ ÔÉμ° Í¥²ÓÕ ¶·¥¤¶μ²μ¦¨³, ÎÉμ ¢¸¥
´ Î ²Ó´Ò¥ ¤ ´´Ò¥ ¢ (26) ¶·¨´ ¤²¥¦ É ¶·μ¸É· ´¸É¢¥´´μ³Ê ¸¥Î¥´¨Õ

a · u0 = t0. (28)

� ¸¸³μÉ·¨³ ¥¸É¥¸É¢¥´´ÊÕ ¸¨¸É¥³Ê Î¥ÉÒ·¥Ì μ·Éμ£μ´ ²Ó´ÒÌ ¥¤¨´¨Î´ÒÌ
¢¥±Éμ·μ¢ E0 = a = (a1, a2, a3, a4), E1 = (−a4, −a3, a2, a1), E2 = (a3, −a4,
−a1, a2), E3 = (−a2, a1, −a4, a3). ‘¥°Î ¸ μ¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (27)
¶·¨´¨³ ¥É ¢¨¤

u0 = t0E0 + xE1 + yE2 + zE3.

�μ¤¸É ¢²ÖÖ ÔÉμ ¢Ò· ¦¥´¨¥ ¢ Ëμ·³Ê²Ê (27), ¶μ²ÊÎ ¥³ u = tE0 + xE1 + yE2 +
zE3. ‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¢ ±μμ·¤¨´ É Ì t, x, y, z

s2 = t2 − x2 − y2 − z2.

‚Éμ· Ö ¶·¨Î¨´´ Ö ¸É·Ê±ÉÊ·  ¡Ê¤¥É · ¸¸³μÉ·¥´  ¢ ¤·Ê£μ³ ³¥¸É¥.
„²Ö ¤ ²Ó´¥°Ï¥£μ ¨¸¶μ²Ó§Ê¥³ ¢¥±Éμ·´Ò¥ ¸Ë¥·¨Î¥¸±¨¥ £ ·³μ´¨±¨

YL
JM (θ, ϕ) [1]. „²Ö ±μ´É· ¢ ·¨ ´É´ÒÌ Í¨±²¨Î¥¸±¨Ì ±μ³¶μ´¥´É YL

JM (θ, ϕ)
´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö:√

(J − M + 1)(2J + 3)
J + 1

YJ+1
JM (θ, ϕ)−

√
(J + M + 1)(J + 2)

J + 1
YJ+1

J+1M (θ, ϕ) =

=
[√

2(J − M + 2)YJ+1M−1(θ, ϕ)
]
e+1 −

[√
J + M + 1YJ+1M (θ, ϕ)

]
e0,

√
(J + M)(2J − 1)

J
YJ−1

JM (θ, ϕ) −
√

(J − M)(J − 1)
J

YJ−1
J−1M (θ, ϕ) =

=
[√

2(J + M − 1)YJ−1M−1(θ, ϕ)
]
e+1 +

[√
J − MYJ−1M (θ, ϕ)

]
e0.
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ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ Ëμ·³Ê²Ò ¨ ¤·Ê£¨¥ ¨§¢¥¸É´Ò¥ ¸μμÉ´μÏ¥´¨Ö ¤²Ö ¢¥±Éμ·´ÒÌ
¸Ë¥·¨Î¥¸±¨Ì £ ·³μ´¨±, ´ Ìμ¤¨³ ÉμÎ´Ò¥ ·¥Ï¥´¨Ö  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°
¤²Ö Ψ++ ¨ Ê· ¢´¥´¨° ¸¶¨´¤¨´ ³¨±¨ (25) ¨ (26), ÎÉμ ¢ ·¥§Ê²ÓÉ É¥ ¤ ¥É Ëμ·-
³Ê²Ê ‡μ³³¥·Ë¥²Ó¤  ¤²Ö ¢μ¤μ·μ¤´ÒÌ Ê·μ¢´¥° ¶·¨ q = e. ’ ±¨³ μ¡· §μ³,
Ê· ¢´¥´¨Ö ¸¶¨´¤¨´ ³¨±¨ ¸μ£² ¸ÊÕÉ¸Ö ¢ ÔÉμ³ ¸ Ê· ¢´¥´¨Ö³¨ „¨· ± , ±μÉμ·Ò¥
· ¸±·Ò²¨ ³´μ£¨¥ ¸¥±·¥ÉÒ ¸¶¨´ , ´μ ´¥ ¢¸¥. �É³¥Î¥´´Ò° ·¥§Ê²ÓÉ É ¶μ²ÊÎ¥´
´ ·ÊÏ¥´¨¥³ ¸¨³³¥É·¨¨, μÉ¢¥Î ÕÐ¥° §  ¶μ´ÖÉ¨¥ ¢´ÊÉ·¥´´¥£μ ¸¶¨´ . ‘Ê¤Ö ¶μ
¢¸¥³Ê, ±μ´Í¥¶Í¨Ö ¢´ÊÉ·¥´´¥£μ ¸¶¨´  É¥¸´μ ¸¢Ö§ ´  ¸ ¶·¨·μ¤μ° Ì¨³¨Î¥¸±μ°
¸¢Ö§¨ ¨ É ± ´ §Ò¢ ¥³Ò³ ¸¶ ·¨¢ ´¨¥³ Ô²¥±É·μ´μ¢. „²Ö μ±μ´Î É¥²Ó´μ£μ ¶·μÖ¸-
´¥´¨Ö ¸¨ÉÊ Í¨¨ ´¥μ¡Ìμ¤¨³μ ´ °É¨ ¤·Ê£¨¥ ¶·μÖ¢²¥´¨Ö ¢´ÊÉ·¥´´¥£μ ¸¶¨´ .

6. ��‚�Ÿ ��ˆ—ˆ���Ÿ ‘’�“Š’“�� ‘�ˆ�„ˆ��ŒˆŠˆ

„¢ÊÌ¸Éμ·μ´´ÖÖ ¸¨³³¥É·¨Ö ¶·¥¤¶μ² £ ¥É ¤·Ê£μ° ¢μ§³μ¦´Ò° ¸¶μ¸μ¡ ¢¢¥-
¤¥´¨Ö ¶μ²Ö ¢·¥³¥´¨ ¢ É¥μ·¨Õ ¸¶¨´μ¢ÒÌ ¶μ²¥°, ±μÉμ·Ò° ¡Ê¤¥É · ¸¸³μÉ·¥´ ¢
ÔÉμ³ · §¤¥²¥. ’ ± ± ±

(QtA|B) = −(A|QtB), (Q̃tA|B) = −(A|Q̃tB),

¡¨²¨´¥°´Ò¥ Ëμ·³Ò

[A,B] = (QtA|B), ˜[A,B] = (Q̃tA|B)

±μ¸μ¸¨³³¥É·¨Î´Ò. �É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ

[A,A] = 0, ˜[A,A] = 0,

¨ ¸É ´μ¢¨É¸Ö Ö¸´Ò³, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¢¢¥¤¥´¨¥ ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·Ò É·¥¡Ê¥É
· ¸¸³μÉ·¥´¨Ö ¤¢ÊÌ ´¥§ ¢¨¸¨³ÒÌ ¢¥Ð¥¸É¢¥´´ÒÌ ¸¶¨´μ¢ÒÌ ¶μ²¥°. �·μ¡²¥³  ¸μ-
¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò μÉ±·ÒÉÓ Éμ ´μ¢μ¥ ¨ ¸ÊÐ¥¸É¢¥´´μ¥, ÎÉμ ¢ÒÉ¥± ¥É ¨§ Ê¤¢μ-
¥´¨Ö Î¨¸²  ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ¸¶¨´μ¢μ£μ ¶μ²Ö, ¤¨±ÉÊ¥³μ¥ ´μ¢μ° É· ±Éμ¢±μ°
¤¢ÊÌ¸Éμ·μ´´¥° ¸¨³³¥É·¨¨. �·¨ ¨¸¸²¥¤μ¢ ´¨¨ ÔÉμ£μ ¢μ¶·μ¸  ¡Ò²μ μ¡´ ·Ê¦¥´μ
¸²¥¤ÊÕÐ¥¥.

‘¨³¶²¥±É¨Î¥¸±¨¥ ¸± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ
¶·¥μ¡· §μ¢ ´¨° £·Ê¶¶Ò SL(2,R), ´ §Ò¢ ¥³μ° ¢ ¶μ¸²¥¤ÊÕÐ¥³ £·Ê¶¶μ° ¶¸¥¢-
¤μ§ ·Ö¤μ¢μ° ¸¨³³¥É·¨¨, £¥´¥· Éμ·Ò ±μÉμ·μ° h1, h2, h3 § ¤ ÕÉ¸Ö ¤¢ÊÌ·Ö¤´Ò³¨
±¢ ¤· É´Ò³¨ ³ É·¨Í ³¨

τ1 =
(

0 −1
1 0

)
, τ2 =

(
0 1
1 0

)
, τ3 =

(
−1 0
0 1

)
,

Ê¤μ¢²¥É¢μ·ÖÕÐ¨³¨ ¸²¥¤ÊÕÐ¨³ ¸μμÉ´μÏ¥´¨Ö³:

τ2
1 = −1, τ2

2 = 1, τ1τ2 + τ2τ1 = 0, τ1τ2 = τ3,
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ha =
1
2
τa, a = 1, 2, 3. � ¸¸³μÉ·¨³ ±μ´¥Î´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö £·Ê¶¶Ò ¶¸¥¢¤μ-

§ ·Ö¤μ¢μ° ¸¨³³¥É·¨¨ SL(2,R),

(
A′

B′

)
=

⎛
⎜⎝ cosh

1
2
θ cos

1
2
ϕ sinh

1
2
θ − cosh

1
2
θ sin

1
2
ϕ

sinh
1
2
θ + cosh

1
2
θ sin

1
2
ϕ cosh

1
2
θ cos

1
2
ϕ

⎞
⎟⎠(

A
B

)
,

£¤¥ θ ¨ ϕ Å ±μμ·¤¨´ ÉÒ ´  · ¸¸³ É·¨¢ ¥³μ° £·Ê¶¶¥. �¥É·Ê¤´μ ¶·μ¢¥·¨ÉÓ, ÎÉμ
¸¨³¶²¥±É¨Î¥¸±¨¥ ¸± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ ÔÉ¨Ì
¶·¥μ¡· §μ¢ ´¨° ¨, ¸²¥¤μ¢ É¥²Ó´μ, μ´¨ ¨´¢ ·¨ ´É´Ò É ±¦¥ μÉ´μ¸¨É¥²Ó´μ ¶·¥-
μ¡· §μ¢ ´¨° (

A′

B′

)
=

⎛
⎜⎝ cos

1
2
ϕ − sin

1
2
ϕ

sin
1
2
ϕ cos

1
2
ϕ

⎞
⎟⎠(

A
B

)
,

(
A′

B′

)
=

⎛
⎜⎝ cosh

1
2
θ sinh

1
2
θ

sinh
1
2
θ cosh

1
2
θ

⎞
⎟⎠(

A
B

)
.

Ÿ¸´μ, ÎÉμ ¢· Ð¥´¨Ö ¢ ¶¸¥¢¤μ§ ·Ö¤μ¢μ³ ¶·μ¸É· ´¸É¢¥ (A,B) ´¥ ±μ³³ÊÉ¨·ÊÕÉ
¸ £¨¶¥·¡μ²¨Î¥¸±¨³¨ ¶μ¢μ·μÉ ³¨. �μ²ÊÎ ¥³ ¤¢  ¥¸É¥¸É¢¥´´ÒÌ ¸¶μ¸μ¡  ´ ·Ê-
Ï¥´¨Ö ¨´¢ ·¨ ´É´μ¸É¨ μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨° £·Ê¶¶Ò SL(2,R). � ¸-
¸³μÉ·¨³ Éμ²Ó±μ ÉÊ ¢μ§³μ¦´μ¸ÉÓ, ±μÉμ· Ö μ¡¥¸¶¥Î¨¢ ¥É ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¢¥·μÖÉ-
´μ¸É´μ° ³¥·Ò ¢ ¶·μ¸É· ´¸É¢¥ ·¥Ï¥´¨° Ê· ¢´¥´¨° ¸¶¨´¤¨´ ³¨±¨. „²Ö ÔÉμ£μ
¤μ¸É ÉμÎ´μ ´ °É¨ ¸μ¡¸É¢¥´´Ò¥ ¢¥±Éμ·Ò ³ É·¨ÍÒ τ1 = Qp, ±μÉμ·ÊÕ ³μ¦´μ
· ¸¸³ É·¨¢ ÉÓ ± ± μ¶¥· Éμ· ¶¸¥¢¤μ§ ·Ö¤ , É ± ± ± ¥¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
· ¢´Ò ±i ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¸μ¢¶ ¤ ÕÉ ¸ ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ μ¶¥· -
Éμ·  Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤  Q = Q̃t, Q̃ = Qt, ¸É ÉÊ¸ ±μÉμ·μ£μ ¡Ò² μ¶·¥¤¥-
²¥´ ¢ÒÏ¥.

� Î¨´ Ö ¸ ÔÉμ£μ ³μ³¥´É , Ë ±É Ê¤¢μ¥´¨Ö Î¨¸²  ¸É¥¶¥´¥° ¸¢μ¡μ¤Ò ¸¶¨-
´μ¢μ£μ ¶μ²Ö ¨ ´ ·ÊÏ¥´¨Ö ¶¸¥¢¤μ§ ·Ö¤μ¢μ° ¸¨³³¥É·¨¨ ·¥ ²¨§Ê¥É¸Ö ¢ Ëμ·³¥
±μ³¶²¥±¸´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö ¨ ¥³Ê ±μ³¶²¥±¸´μ ¸μ¶·Ö¦¥´´μ£μ:

Ψ =
√

2
2

(A + iB),
∗
Ψ =

√
2

2
(A − iB).

�·¨³¥³, ÎÉμ ¶ ·  Ψ,
∗
Ψ ¶¥·¥´μ¸¨É ¶¸¥¢¤μ§ ·Ö¤, · ¢´Ò° ¥¤¨´¨Í¥, Éμ£¤ 

¶ · 
∗
Ψ,Ψ ¶¥·¥´μ¸¨É ¶¸¥¢¤μ§ ·Ö¤, · ¢´Ò° ³¨´Ê¸ ¥¤¨´¨Í¥. �É³¥É¨³ É ±¦¥

Ê· ¢´¥´¨¥

i

(
Ψ

−iΨ

)
=

(
0 −1
1 0

)(
Ψ

−iΨ

)
,

±μÉμ·μ¥ ¶μ± §Ò¢ ¥É Ö¢´Ò° ¢¨¤ ¸μ¡¸É¢¥´´μ£μ ¢¥±Éμ·  μ¶¥· Éμ·  ¶¸¥¢¤μ§ ·Ö¤ .
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�μ¸²¥ ¶μ¤¸É ´μ¢±¨

A =
√

2
2

(
∗
Ψ +Ψ), B =

i
√

2
2

(
∗
Ψ −Ψ)

¶μ²ÊÎ ¥³

[A,B] = i(Qt

∗
Ψ|Ψ), ˜[A,B] = i(Q̃t

∗
Ψ|Ψ).

� Ï  ¡²¨¦ °Ï Ö Í¥²Ó ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ¡Ò ¢Ò¢¥¸É¨ Ê· ¢´¥´¨Ö ¸¶¨´¤¨-
´ ³¨±¨, μ¶·¥¤¥²Ö¥³Ò¥ ´μ¢μ° ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·μ°.

”Ê´¤ ³¥´É ²Ó´Ò¥ ² £· ´¦¨ ´Ò ¸¶¨´¤¨´ ³¨±¨ ¶·¨´¨³ ÕÉ ¢ ¨§ÊÎ ¥³μ³
¸²ÊÎ ¥ ¢¨¤

Lt = − i

2
〈Q̃t

∗
Ψ|ΠΨ〉 +

i

2
〈Q̃tΨ|Π

∗
Ψ〉 + im〈Q̃t

∗
Ψ |Ψ〉,

L̃t = − i

2
〈Qt

∗
Ψ |Π̃Ψ〉 +

i

2
〈QtΨ|Π̃

∗
Ψ〉 + im〈Qt

∗
Ψ |Ψ〉.

�·¨Î¨´´ Ö ¸É·Ê±ÉÊ·  ¢¢μ¤¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ´μ¢Ò³ ¶·¥¤¸É ¢²¥´¨¥³ ¤¢ÊÌ-
¸Éμ·μ´´¥° ¸¨³³¥É·¨¨, ¶μ¸±μ²Ó±Ê

〈Q̃t

∗
Ψ |Ψ〉 = (Qt

∗
Ψ |Ψ), 〈Qt

∗
Ψ |Ψ〉 = (Q̃t

∗
Ψ |Ψ).

Š ± ¢¨¤´μ, ´μ¢Ò¥ ² £· ´¦¨ ´Ò ´¥ ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ μ¡· Ð¥-
´¨Ö ¢·¥³¥´¨ T : ti → −ti. �´¨ ¨§³¥´ÖÕÉ §´ ± L−t = −Lt, L̃−t = −L̃t.
�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ É¥´§μ· Ô´¥·£¨¨-¨³¶Ê²Ó¸ , ±μÉμ·Ò° ¢Ò¢μ¤¨É¸Ö ¨§ Ê· ¢´¥-

´¨° δLt =
1
2
Tijδg

ij , δL̃t =
1
2
Tijδg

ij ¨§³¥´Ö¥É §´ ± ¶·¨ μ¡· Ð¥´¨¨ ¢·¥³¥´¨.

’ ±¨³ μ¡· §μ³, Ê· ¢´¥´¨Ö £· ¢¨¤¨´ ³¨±¨, § ¶¨¸ ´´Ò¥ ¢ Ëμ·³¥

Gij + Tij = εtitj ,

Ö¢´μ ´¥ ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ μ¡· Ð¥´¨Ö ¢·¥³¥´¨, ¶μ¸±μ²Ó±Ê É¥´§μ·
	°´ÏÉ¥°´  Gij ¢¸¶μ³μ£ É¥²Ó´μ° ³¥É·¨±¨ gij ¨´¢ ·¨ ´É¥´ μÉ´μ¸¨É¥²Ó´μ μ¡· -
Ð¥´¨Ö ¢·¥³¥´¨. 	Éμ μ§´ Î ¥É, ÎÉμ £· ¢¨É Í¨μ´´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ¸¶¨´μ¢μ£μ
¶μ²Ö ´ ·ÊÏ ÕÉ ¨´¢ ·¨ ´É´μ¸ÉÓ μÉ´μ¸¨É¥²Ó´μ μ¡· Ð¥´¨Ö ¢·¥³¥´¨ ¨ ¶μÖ¢²Ö-
¥É¸Ö ¸É·¥²  ¢·¥³¥´¨. �¤´ ±μ ÔÉμ · ¸¸Ê¦¤¥´¨¥ ´¥ Ö¢²Ö¥É¸Ö ¶μ²´Ò³. „¥°¸É¢¨-
É¥²Ó´μ, ² £· ´¦¨ ´Ò Lt ¨ L̃t ¨§³¥´ÖÕÉ §´ ± ¶·¨ ¶·¥μ¡· §μ¢ ´¨¨

Cp : Ψ →
∗
Ψ,

∗
Ψ→ Ψ.

�É¸Õ¤  § ±²ÕÎ ¥³, ÎÉμ ¥¸²¨ ¶ ·  Ψ,
∗
Ψ ¶·¥¤¸É ¢²Ö¥É ¸¶¨´μ¢ÊÕ ³ É¥·¨Õ ¸

¶¸¥¢¤μ§ ·Ö¤μ³ ¥¤¨´¨Í  ¨ ¤¢¨¦¥É¸Ö ¢¶¥·¥¤ ¶μ ¢·¥³¥´¨, Éμ ¶ · 
∗
Ψ,Ψ ¶·¥¤¸É -

¢²Ö¥É ¸¶¨´μ¢ÊÕ ³ É¥·¨Õ ¸ ¶¸¥¢¤μ§ ·Ö¤μ³ ³¨´Ê¸ ¥¤¨´¨Í  ¨ ¤¢¨¦¥É¸Ö ¢¸¶ÖÉÓ
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¶μ ¢·¥³¥´¨. ‘²¥¤μ¢ É¥²Ó´μ, É¥μ·¨Ö ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ ¶·μ¨§¢¥¤¥´¨Ö
· ¸¸³ É·¨¢ ¥³ÒÌ ¶·¥μ¡· §μ¢ ´¨° ¨ ¨´¢ ·¨ ´É´μ¸ÉÓ μÉ´μ¸¨É¥²Ó´μ μ¡· Ð¥´¨Ö
¢·¥³¥´¨ ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö. „Ê ²Ó´ÊÕ ¸¨³³¥É·¨Õ ¨ μ¶¥· Í¨Õ ¤Ê ²Ó´μ£μ ¸μ-
¶·Ö¦¥´¨Ö ¥¸É¥¸É¢¥´´μ ¨¸Éμ²±μ¢ ÉÓ Éμ£¤  ± ± ¸ÊÐ¥¸É¢μ¢ ´¨¥ ³¨·  Ë¨§¨Î¥¸±¨Ì
Ö¢²¥´¨°, £¤¥ ¢·¥³Ö É¥Î¥É ¢¸¶ÖÉÓ. ‚μμ¡Ð¥, ¨¤¥Ö ”¥°´³ ´  μ ¶μ§¨É·μ´¥ ± ±
Ô²¥±É·μ´¥, ¤¢¨¦ÊÐ¥³¸Ö ¢¸¶ÖÉÓ ¶μ ¢·¥³¥´¨, ¶μ²ÊÎ ¥É ¢¶μ²´¥ Ö¸´Ò¥ ¨ ¶μ´ÖÉ-
´Ò¥ μÎ¥·É ´¨Ö Éμ²Ó±μ ¢ · ³± Ì ¸¶¨´¤¨´ ³¨±¨.

� ±² ¤Ò¢ Ö ´  ±μ³¶²¥±¸´μ¥ ¸¶¨´μ¢μ¥ ¶μ²¥, μ¡¸Ê¦¤ ¢Ï¥¥¸Ö · ´¥¥, Ê¸²μ-
¢¨¥ Q̃tΨ = −iΨ, ¶·¨¤¥³ μÉ · ¸¸³ É·¨¢ ¥³ÒÌ ² £· ´¦¨ ´μ¢ ± É¥³, ±μÉμ·Ò¥
¡Ò²¨ Ê¸É ´μ¢²¥´Ò · ´¥¥. —Éμ ± ¸ ¥É¸Ö ´ Ï¥£μ ¸²ÊÎ Ö, Éμ ¸μ¢¥·Ï¥´´μ Ö¸´μ,
ÎÉμ ¶·¥μ¡· §μ¢ ´¨Ö § ·Ö¤μ¢μ° ¸¨³³¥É·¨¨ ´ ±² ¤Ò¢ ÕÉ¸Ö ´  ¶·¥μ¡· §μ¢ ´¨Ö
¶¸¥¢¤μ§ ·Ö¤μ¢μ° ¸¨³³¥É·¨¨ ¨ μÉ²¨Î¨ÉÓ ¨Ì ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¸É ´μ¢¨É¸Ö ´¥-
¢μ§³μ¦´μ. ‘ ÔÉμ° Í¥²ÓÕ ´¥μ¡Ìμ¤¨³μ ´ °É¨ É ±ÊÕ Ë¨§¨Î¥¸±ÊÕ ¸¨ÉÊ Í¨Õ,
£¤¥ ¢§ ¨³μ¤¥°¸É¢¨¥ ¢¥Ð¥¸É¢¥´´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö ¸ Ô²¥±É·μ³ £´¨É´Ò³ ¶μ-
²¥³ ´¥ É·¥¡Ê¥É ¢¢¥¤¥´¨Ö ±μ³¶²¥±¸´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö ´¨ ¢ ± ±μ° Ëμ·³¥.
’μ²Ó±μ É ± ¸É ÉÊ¸ μ¶¥· Éμ·  Ô²¥±É·¨Î¥¸±μ£μ § ·Ö¤  ³μ¦¥É ¡ÒÉÓ Ê¸É ´μ¢²¥´
μ±μ´Î É¥²Ó´μ. 	É  § ¤ Î  ´ Ìμ¤¨É¸Ö ¢ ¸É ¤¨¨ · ¸¸³μÉ·¥´¨Ö. „·Ê£μ° ¸¶μ¸μ¡
¶·μÖ¸´¨ÉÓ · §²¨Î¨¥ § ·Ö¤  ¨ ¶¸¥¢¤μ§ ·Ö¤  ¸μ¸Éμ¨É ¢ ¨§ÊÎ¥´¨¨ ¢´ÊÉ·¥´´¥°
¸¨³³¥É·¨¨ ¢´μ¢Ó Ê¸É ´μ¢²¥´´ÒÌ ² £· ´¦¨ ´μ¢.

�·¥¦¤¥ ¶·¨¢¥¤¥³ Ê· ¢´¥´¨Ö ¸¢μ¡μ¤´μ£μ ±μ³¶²¥±¸´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö

(
Π +

1
2
ϕQt

)
Ψ = mΨ, (29)(

Π̃
1
2
ϕQ̃t

)
Ψ+ = mΨ, (30)

±μÉμ·Ò¥ ¢Ò¢μ¤ÖÉ¸Ö ¨§ Ê¸É ´μ¢²¥´´ÒÌ ² £· ´¦¨ ´μ¢ ¨, ± ± ¢¨¤´μ, ¶μ
Ëμ·³¥ ´¨Î¥³ ´¥ μÉ²¨Î ÕÉ¸Ö μÉ ¸¢μ¡μ¤´ÒÌ Ê· ¢´¥´¨° ¢¥Ð¥¸É¢¥´´μ£μ ¸¶¨´μ-
¢μ£μ ¶μ²Ö.

’ ±¨³ μ¡· §μ³, ¶·¨Î¨´´ Ö ¸É·Ê±ÉÊ·  Ê· ¢´¥´¨° ±μ³¶²¥±¸´μ£μ ¸¶¨´μ¢μ£μ
¶μ²Ö ¸μ¢¶ ¤ ¥É ¸ ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·μ° Ê· ¢´¥´¨° ¢¥Ð¥¸É¢¥´´μ£μ ¸¶¨´μ¢μ£μ
¶μ²Ö. �É³¥É¨³ Éμ²Ó±μ, ÎÉμ ±μ³¶²¥±¸´μ¥ ¸¶¨´μ¢μ¥ ¶μ²¥

Ψ = (ψ, ψi, ψij , ψijk, ψijkl)

μÉμ¡· ¦ ¥É¸Ö ´  ¤¢  ±μ³¶²¥±¸´ÒÌ ¸± ²Ö·  κ ¨ μ, ¤¢  ±μ³¶²¥±¸´ÒÌ ¶¸¥¢¤μ-
¸± ²Ö·  λ ¨ ν, ¤¢  ±μ³¶²¥±¸´ÒÌ ¢¥±Éμ·  K ¨ M, ¤¢  ±μ³¶²¥±¸´ÒÌ ¶¸¥¢¤μ-
¢¥±Éμ·  L ¨ N, μ·Éμ£μ´ ²Ó´Ò¥ ¶μÉμ±Ê ¢·¥³¥´¨,

(t,K) = (t,L) = (t,M) = (t,N) = 0.
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‘ ³μ μÉμ¡· ¦¥´¨¥ ¨ ¥³Ê μ¡· É´μ¥ ¶μ Ëμ·³¥ ¨¤¥´É¨Î´μ ¸²ÊÎ Õ ¢¥Ð¥¸É¢¥´´μ£μ
¸¶¨´μ¢μ£μ ¶μ²Ö:

κ = tiψi, μ = ψ, λ =
1
3!

tle
ijklψijk, ν =

1
4!

eijklψijkl,

Ki = hi
mψm, Mi = tkψki, Li =

1
3!

hi
memjklψjkl , Ni = tkψ̃ki,

£¤¥ hi
j = δi

j − titj , ψ̃ki =
1
2
ekijlψjl,

ψ = μ, ψi = Ki + κti, ψij = tiMj − tjMi + eijklt
kNl,

ψijk = emijkLm + λ tmeijkm, ψijkl = ν eijkl.

“· ¢´¥´¨Ö ±μ³¶²¥±¸´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö, ´¥ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¥£μ ¸ ¤·Ê£¨³¨
¶μ²Ö³¨, ± ± Ê¦¥ ¸± § ´μ, ¶μ Ëμ·³¥ ´¥ μÉ²¨Î ÕÉ¸Ö μÉ Ê· ¢´¥´¨° ¢¥Ð¥¸É¢¥´-
´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö (

∇t +
1
2
ϕ

)
κ = div K− m μ,(

∇t +
1
2
ϕ

)
λ = div L − m ν,(

∇t +
1
2
ϕ

)
μ = div M + m κ,(

∇t +
1
2
ϕ

)
ν = div N + m λ;

(31)

(
∇t +

1
2
ϕ

)
K = −rotL + gradκ + mM,(

∇t +
1
2
ϕ

)
L = rotK + gradλ + mN,(

∇t +
1
2
ϕ

)
M = rotN + gradμ − mK,(

∇t +
1
2
ϕ

)
N = −rotM + gradν − mL.

(32)

„Ê ²Ó´Ò¥ μ¶¥· Éμ·Ò J ¨ J̃ μ¶·¥¤¥²ÖÕÉ¸Ö μ·¨¥´É Í¨¥° Ë¨§¨Î¥¸±μ£μ ³´μ-
£μμ¡· §¨Ö ¨ ¶μÔÉμ³Ê É¥¸´μ ¸¢Ö§ ´Ò ¸ ´¥¸μÌ· ´¥´¨¥³ Î¥É´μ¸É¨. ‘ÊÐ¥¸É¢μ-
¢ ´¨¥ ´¥°É·¨´μ ¤ ¥É μ¸´μ¢ ´¨¥ ´ §¢ ÉÓ ¨Ì μ¶¥· Éμ· ³¨ ´¥°É·¨´´μ£μ § ·Ö¤ .
�μ¸±μ²Ó±Ê J2 = J̃2 = −E, Éμ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨¥ ÔÉ¨Ì μ¶¥· Éμ·μ¢
· ¢´Ò ±i,   ¨Ì ¸μ¡¸É¢¥´´Ò¥ ¢¥±Éμ·Ò ´ Ìμ¤ÖÉ¸Ö ·¥Ï¥´¨¥³  ²£¥¡· ¨Î¥¸±¨Ì
Ê· ¢´¥´¨°

JΨ = ±iΨ, J̃Ψ = ±iΨ.
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�¥Ï Ö, ´ ¶·¨³¥·, Ê· ¢´¥´¨¥ J̃Ψ = iΨ, ¶μ²ÊÎ ¥³

κ = i λ, μ = i ν, Ki = i Li, Mi = i Ni,

¨ Ê· ¢´¥´¨Ö ¸¶¨´¤¨´ ³¨±¨ ¤²Ö ÔÉμ° ¸¨ÉÊ Í¨¨ ¶·¨´¨³ ÕÉ É ±μ° ¢¨¤:(
∇t +

1
2
ϕ

)
κ = div K− m μ,(

∇t +
1
2
ϕ

)
μ = div M + m κ;

(33)

(
∇t +

1
2
ϕ

)
K = i rotK + gradκ + mM,(

∇t +
1
2
ϕ

)
M = −i rotM + gradμ − mK.

(34)

„²Ö μ¶¥· Éμ·  Ô¢μ²ÕÍ¨¨ T = ∇t +
1
2
ϕ ¨³¥¥³

(Ψ|TΦ|) + (Φ|TΨ) = ∇kvk,

£¤¥ vk = (Ψ|Φ) tk, ¨, ¸²¥¤μ¢ É¥²Ó´μ, μ´  ´ ²μ£¨Î¥´ μ¶¥· Éμ·Ê Dt + ϕ ¢
É¥μ·¨¨ Ô²¥±É·μ³ £´¨É´μ£μ ¨ £· ¢¨É Í¨μ´´μ£μ ¶μ²¥°. ‚Ò¢μ¤ ¸μ¸Éμ¨É ¢ Éμ³,

ÎÉμ μ¶¥· Éμ· ∇t +
1
2
ϕ ¸²Ê¦¨É μ¶¥· Éμ·μ³ Ô¢μ²ÕÍ¨¨ ¢ ¸¶¨´¤¨´ ³¨±¥.

„μ± ¦¥³, ÎÉμ ¸ μ¶¥· Éμ·μ³ ¶¸¥¢¤μ§ ·Ö¤  ¸¢Ö§ ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¢¥·μÖÉ-
´μ¸É´μ° ³¥·Ò ¢ ¶·μ¸É· ´¸É¢¥ ·¥Ï¥´¨° · ¸¸³ É·¨¢ ¥³ÒÌ Ê· ¢´¥´¨° ¨ ¶μ²μ-
¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´μ£μ ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö. �μ¸²¥¤´¥¥ μ§´ Î ¥É, ÎÉμ
¸¶¨´μ¢μ¥ ¶μ²¥ ¶μ¤Î¨´Ö¥É¸Ö ¸É É¨¸É¨±¥ ”¥·³¨Ä„¨· ± . „²Ö ¸· ¢´¥´¨Ö μÉ³¥-
É¨³, ÎÉμ ¢ É¥μ·¨¨ ¢¥Ð¥¸É¢¥´´μ£μ ¸± ²Ö·´μ£μ ¶μ²Ö ¨ Ô²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö
¸± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö ¢ ¶·μ¸É· ´¸É¢¥ ·¥Ï¥´¨° ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ê· ¢´¥-
´¨° Ö¢²ÖÕÉ¸Ö ¸¨³¶²¥±É¨Î¥¸±¨³¨, ÎÉμ μ§´ Î ¥É, ÎÉμ ÔÉ¨ ¶μ²Ö ¶μ¤Î¨´ÖÕÉ¸Ö
¸É É¨¸É¨±¥ �μ§¥Ä	°´ÏÉ¥°´ . � ¸¸³ É·¨¢ ¥³Ò¥ ² £· ´¦¨ ´Ò ¨´¢ ·¨ ´É´Ò μÉ-
´μ¸¨É¥²Ó´μ Ë §μ¢ÒÌ ¶·¥μ¡· §μ¢ ´¨°, ¨ ¢ μ¸´μ¢´μ³ Éμ¦¤¥¸É¢¥, § ¶¨¸ ´´μ³

¤²Ö ±μ³¶²¥±¸´ÒÌ ¸¶¨´μ¢ÒÌ ¶μ²¥°, ³μ¦´μ ¶μ²μ¦¨ÉÓ Φ = i
∗
Ψ, ÎÉμ ¢ ·¥§Ê²Ó-

É É¥ ¤ ¥É Ê· ¢´¥´¨Ö

∇kCk = 0, ∇kC̃k = 0.

Šμ³¶μ´¥´ÉÒ Ck ¨ C̃k ¤Ê ²Ó´ÒÌ 4-Éμ±μ¢ C ¨ C̃ ³μ£ÊÉ ¡ÒÉÓ ´ °¤¥´Ò ¨§ ¸μμÉ-
´μÏ¥´¨°

viC
i = 〈Qv

∗
Ψ |Q̃tΨ〉, viC̃

i = 〈Q̃v

∗
Ψ |QtΨ〉. (35)
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—Éμ¡Ò ´ °É¨ ¤Ê ²Ó´Ò¥ ¶¸¥¢¤μ§ ·Ö¤μ¢Ò¥ ¶²μÉ´μ¸É¨ ¨ ¤Ê ²Ó´Ò¥ Ë¨§¨Î¥¸±¨¥
¶¸¥¢¤μ§ ·Ö¤μ¢Ò¥ Éμ±¨, ¶μ²μ¦¨³

Ck = tk(t,C) + Ck − tk(t,C) = ρtk + Jk,

C̃k = tk(t, C̃) + C̃k − tk(t, C̃) = ρ̃tk + J̃k.

�μ¸±μ²Ó±Ê ρ = tkCk, ρ̃ = tkC̃k, Éμ ¨§ (22) ¶μ²ÊÎ ¥³

ρ = 〈Qt

∗
Ψ |Q̃tΨ〉 = (QtQt

∗
Ψ |Q̃tQ̃tΨ) = (

∗
Ψ |Ψ) = ρ̃.

�¥μ¡Ìμ¤¨³Ò° ·¥§Ê²ÓÉ É ¶μ²ÊÎ¥´, ¶μ¸±μ²Ó±Ê (
∗
Ψ |Ψ) � 0 ¨ ¨§ (

∗
Ψ |Ψ) = 0

¸²¥¤Ê¥É, ÎÉμ Ψ = 0.
�Ê¸ÉÓ Bi ¥¸ÉÓ ±μ³¶μ´¥´ÉÒ ¶μÉ¥´Í¨ ²  b ¶¸¥¢¤μÔ²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö.

„Ê ²Ó´Ò¥ ² £· ´¦¨ ´Ò ¢§ ¨³μ¤¥°¸É¢¨Ö ¶¸¥¢¤μÔ²¥±É·μ³ £´¨É´μ£μ ¨ ±μ³¶²¥±¸-
´μ£μ ¸¶¨´μ¢μ£μ ¶μ²¥° § ¶¨¸Ò¢ ÕÉ¸Ö ´¥³¥¤²¥´´μ:

Lint =
1
2
f BiC

i = q〈Lb

∗
Ψ |Q̃tΨ〉, L̃int =

1
2
f BiC̃

i = 〈L̃b

∗
Ψ |QtΨ〉,

£¤¥ f ¥¸ÉÓ ¶μ¸ÉμÖ´´ Ö ¢§ ¨³μ¤¥°¸É¢¨Ö. …¸²¨ ¶·¨´ÖÉÓ ¢μ ¢´¨³ ´¨¥ ¶¸¥¢¤μ-
Ô²¥±É·μ³ £´¨É´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö, Éμ Ê· ¢´¥´¨Ö ¸¶¨´¤¨´ ³¨±¨ ¨§³¥´ÖÉ¸Ö,
ÎÉμ ³μ¦¥É ¡ÒÉÓ μ¸ÊÐ¥¸É¢²¥´μ ¸ ¶μ³μÐÓÕ ¶μ¤¸É ´μ¢±¨

∇̌i → ∇̌i −
1
2
if Bi.

‹ £· ´¦¨ ´Ò ±μ³¶²¥±¸´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö ¨´¢ ·¨ ´É´Ò É ±¦¥ μÉ´μ¸¨-
É¥²Ó´μ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·¥μ¡· §μ¢ ´¨° ¢¨¤ 

Ψ′ = exp
(

1
2
αQ̃t

)
Ψ, Ψ′ = exp

(
1
2
αQt

)
Ψ,

Ψ′ = exp
(

1
2
βJ̃

)
Ψ, Ψ′ = exp

(
1
2
βJt

)
Ψ,

Ψ′ = exp
(

1
2
γ Q̃tJ̃

)
Ψ, Ψ′ = exp

(
1
2
γ QtJ

)
Ψ.

�¥·¢ Ö £·Ê¶¶  ¶·¥μ¡· §μ¢ ´¨° · ¸¸³ É·¨¢ ² ¸Ó ¢ÒÏ¥, ÎÉμ ± ¸ ¥É¸Ö ¢Éμ·μ°
¨ É·¥ÉÓ¥° £·Ê¶¶ ¶·¥μ¡· §μ¢ ´¨°, Éμ ¶μÖ¢²¥´¨¥ ¨Ì Í¥²¨±μ³ μ¡Ö§ ´μ ´μ¢μ³Ê
μ¶·¥¤¥²¥´¨Õ ¤¢ÊÌ¸Éμ·μ´´¥° ¸¨³³¥É·¨¨ ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¢¢¥¤¥´¨Õ ´μ¢μ°
¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·Ò ¢ ¤Ê ²Ó´Ò¥ ² £· ´¦¨ ´Ò ¸¶¨´¤¨´ ³¨±¨. Šμ´±·¥É´μ
μÉ³¥É¨³ ¸²¥¤ÊÕÐ¨¥ ¢ ¦´Ò¥ ¸μμÉ´μÏ¥´¨Ö:

Q̃tJ̃ + J̃Q̃t = 0, QtJ + JQt = 0,

¶μÖ¸´ÖÕÐ¨¥ ³¥Ì ´¨§³ Ê¸¨²¥´¨Ö ¸¨³³¥É·¨¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ² £· ´¦¨ ´μ¢.
Šμ³¶²¥±¸¨Ë¨± Í¨Ö ¸¶¨´μ¢μ£μ ¶μ²Ö É ±¦¥ μÉ´μ¸¨É¸Ö ± ¸ÊÐ´μ¸É¨ ÔÉμ£μ Ö¢²¥-
´¨Ö, ÎÉμ Ê¦¥ μÉ³¥Î ²μ¸Ó ¢ÒÏ¥ ¶·¨ μ¡¸Ê¦¤¥´¨¨ ¶¸¥¢¤μ§ ·Ö¤μ¢μ° ¸¨³³¥É·¨¨.
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’ ±¨³ μ¡· §μ³, ¶μ± § ´μ, ÎÉμ ±μ³¶²¥±¸´μ¥ ¸¶¨´μ¢μ¥ ¶μ²¥ ¥¸ÉÓ ¶·μ¸É· ´-
¸É¢μ, ¢ ±μÉμ·μ³ ·¥ ²¨§Ê¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ £·Ê¶¶Ò SU(2) × U(1). ’ ± Ö
£·Ê¶¶  ¸¨³³¥É·¨¨ ¡Ò²  ¢¶¥·¢Ò¥ ¶μ¸ÉÊ²¨·μ¢ ´  ¢ Ô²¥±É·μ¸² ¡μ° É¥μ·¨¨, ¶μ-
ÔÉμ³Ê ¶·¨ ¶μ¸²¥¤ÊÕÐ¥³ μ¡¸Ê¦¤¥´¨¨ ¡Ê¤ÊÉ ¨¸¶μ²Ó§μ¢ ÉÓ¸Ö ´¥±μÉμ·Ò¥ ¶·¥¤-
¸É ¢²¥´¨Ö ÔÉμ° É¥μ·¨¨, ÎÉμ ¡Ê¤¥É ¸¶¥Í¨ ²Ó´μ μ£μ¢ ·¨¢ ÉÓ¸Ö. ƒ·Ê¶¶  SU(2)
·¥ ²¨§Ê¥É¸Ö ¢ c¶¨´¤¨´ ³¨±¥ ¸ ¶μ³μÐÓÕ  ²£¥¡·Ò μ¶¥· Éμ·μ¢, ¨¤¥´É¨Î´μ°  ²-
£¥¡·¥ ±¢ É¥·´¨μ´μ¢. �μÔÉμ³Ê ¥¸É¥¸É¢¥´´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¶μ´ÖÉ¨Ö, ¶·¨´ÖÉÒ¥ ¢
É¥μ·¨¨ ±¢ É¥·´¨μ´μ¢. �μ² £ Ö

Ĩ = Q̃t, ĨJ̃ = −J̃ Ĩ = K̃, I = Qt, IJ = −JI = K,

§ ¤ ¥³ ±¢ É¥·´¨μ´´ÊÕ ¸É·Ê±ÉÊ·Ê ¸¶¨´¤¨´ ³¨±¨ ¢ Ö¢´μ³ ¢¨¤¥. ” §Ò

p = p1I + p2J + p3K + p4E, q = q1Ĩ + q2J̃ + q3K̃ + q4E,

£¤¥ p1
2+p2

2 +p3
2 +p4

2 = 1, q1
2 +q2

2 +q3
2+q4

2 = 1, § ¤ ÕÉ μ¡Ð¨¥ Ô²¥³¥´ÉÒ
¤Ê ²Ó´ÒÌ ±¢ É¥·´¨μ´´ÒÌ ·¥ ²¨§ Í¨° £·Ê¶¶Ò SU(2).

�μÉ¥´Í¨ ²Ê ¶μ²Ö Ÿ´£ ÄŒ¨²²¸  ¸É ¢¨É¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ ±¢ É¥·´¨μ´ ¸ · ¢-
´μ° ´Ê²Õ ¸± ²Ö·´μ° Î ¸ÉÓÕ:

Ri = UiĨ + ViJ̃ + WiK̃.

’¥´§μ· ´ ¶·Ö¦¥´´μ¸É¨ ¶μ²Ö Ÿ´£ ÄŒ¨²²¸  μ¶·¥¤¥²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ ¢Ò· -
¦¥´¨¥³:

Nij = ∂iRj − ∂jRi + RiRj .

‹ £· ´¦¨ ´Ò ¢§ ¨³μ¤¥°¸É¢¨Ö ±μ³¶²¥±¸´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö ¸ ± ²¨¡·μ¢μÎ-
´Ò³¨ ¶μ²Ö³¨ ¨³¥ÕÉ ¢¨¤

Lb =
1
2
f〈Lb

∗
Ψ|Q̃tΨ〉 =

1
2
fBkHk, ρb =

1
2
f(

∗
Ψ|Ψ),

£¤¥ ρb = tkHk ¥¸ÉÓ ¶²μÉ´μ¸ÉÓ Éμ±  Hk.

Lu =
1
2
ig〈Lu

∗
Ψ|Ψ〉 =

1
2
igUkI

k, ρu =
1
2
ig(Q̃t

∗
Ψ|Ψ),

Lv =
1
2
ig〈Lv

∗
Ψ|J̃Q̃tΨ〉 =

1
2
igVkJk, ρv = −1

2
ig(

∗
Ψ|J̃Ψ),

Lw =
1
2
ig〈Lw

∗
Ψ|J̃Ψ〉 =

1
2
igWkKk, ρw = −1

2
ig(

∗
Ψ|Q̃tJ̃Ψ),

…¸²¨ ¢¢¥¸É¨ ¶·μ¥±Í¨μ´´Ò¥ μ¶¥· Éμ·Ò ¢¨¤ 

P+ =
1
2
(E + iQ̃t), P− =

1
2
(E − iQ̃t)
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¨ ¸μμÉ¢¥É¸É¢¥´´μ ¶·μ¥±Í¨μ´´Ò¥ μ¶¥· Éμ·Ò ¢¨¤ 

P+ =
1
2
(E + iJ̃), P− =

1
2
(E − iJ̃),

Éμ ¸ ¶μ³μÐÓÕ ÔÉ¨Ì μ¶¥· Éμ·μ¢ ´¥É·Ê¤´μ Ê¡¥¤¨ÉÓ¸Ö, ÎÉμ ¶²μÉ´μ¸É¨ ρu ¨ ρv

³μ£ÊÉ ¡ÒÉÓ ¶·¥¤¸É ¢²¥´Ò ± ± · §´μ¸É¨ ¤¢ÊÌ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´ÒÌ ¢¥-
²¨Î¨´, ±μÉμ·Ò¥ ¶μ²ÊÎ ÕÉ ¥¸É¥¸É¢¥´´ÊÕ ¨´É¥·¶·¥É Í¨Õ ± ± ¶²μÉ´μ¸É¨ Î¨¸² 
Ô²¥±É·μ´μ¢ ¨ ¶μ§¨É·μ´μ¢ ¢ μ¤´μ³ ¸²ÊÎ ¥ ¨ ¶²μÉ´μ¸É¨ Î¨¸²  ´¥°É·¨´μ ¨  ´-
É¨´¥°É·¨´μ ¢ ¤·Ê£μ³ ¸²ÊÎ ¥.

’¥μ·¨Ö Ô²¥±É·μ¸² ¡μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö ¶·¥¤¶μ² £ ¥É É ±¦¥ ¸ÊÐ¥¸É¢μ¢ -
´¨¥ ¸± ²Ö·´ÒÌ ¶μ²¥°, ±μÉμ·Ò¥ ´ §Ò¢ ÕÉ¸Ö ¶μ²Ö³¨ •¨££¸ . 	±¸¶¥·¨³¥´É ²Ó-
´μ¥ μ¡´ ·Ê¦¥´¨¥ ÔÉ¨Ì ¶μ²¥° ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¢ ¦´ÊÕ ´¥·¥Ï¥´´ÊÕ § -
¤ ÎÊ. ‚ ¸¶¨´¤¨´ ³¨±¥ ¸± ²Ö·´Ò¥ ¶μ²Ö É ±¦¥ ¶μÖ¢²ÖÕÉ¸Ö, ´μ ´¥ ± ±  ·É¥-
Ë ±ÉÒ,   ± ± μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ ¶¸¥¢¤μÔ²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ¨²¨ ¶μ²Ö
Ÿ´£ ÄŒ¨²²¸ . �¸´μ¢´Ò³ ¸μ¸ÉμÖ´¨¥³ ¶¸¥¢¤μÔ²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö ´ §Ò¢ -
¥É¸Ö É ±μ¥ ¸μ¸ÉμÖ´¨¥, ±μÉμ·μ¥ ´¥ ¤ ¥É ¢±² ¤  ¢ Ô´¥·£¨Õ ÔÉμ£μ ¶μ²Ö. �¸´μ¢´μ¥
¸μ¸ÉμÖ´¨¥ ¶¥·¥´μ¸¨É ´μ¢ÊÕ Ëμ·³Ê Ô´¥·£¨¨. �´ ²μ£¨Î´μ μ¶·¥¤¥²Ö¥É¸Ö μ¸´μ¢-
´μ¥ ¸μ¸ÉμÖ´¨¥ ¶μ²Ö Ÿ´£ ÄŒ¨²²¸ . “· ¢´¥´¨Ö, ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ μ¸´μ¢´μ¥
¸μ¸ÉμÖ´¨¥ ÔÉ¨Ì ¶μ²¥°, ¨³¥ÕÉ ¢¨¤

Hij = 0, Nij = 0,

£¤¥ Hij = ∂iBj − ∂jBi Å É¥´§μ· ¶¸¥¢¤μÔ²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö. „ ¤¨³
μ¡Ð¥¥ ·¥Ï¥´¨¥ ÔÉ¨Ì Ê· ¢´¥´¨°, ±μÉμ·μ¥ Ì · ±É¥·¨§Ê¥É ¸É·Ê±ÉÊ·Ê μ¸´μ¢´μ£μ
¸μ¸ÉμÖ´¨Ö ¨ ³μ¦¥É ¡ÒÉÓ ¢ ¦´Ò³ ¶·¨ ¨¸Éμ²±μ¢ ´¨¨ ¶¸¥¢¤μÔ²¥±É·μ³ £´¨É´μ£μ
¶μ²Ö ¨ ¶μ²Ö Ÿ´£ ÄŒ¨²²¸  ± ± ¢μ§¡Ê¦¤¥´¨° μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö. � ¸¸³μ-
É·¨³ ·¥Ï¥´¨¥ ¶¥·¢μ£μ Ê· ¢´¥´¨Ö. �Ê¸ÉÓ φ = φ1 + φ2i, φ = φ1 − φ2i ¥¸ÉÓ
±μ³¶²¥±¸´μ¥ ¸± ²Ö·´μ¥ ¶μ²¥. ˆ§ ±μ³¶²¥±¸´μ£μ ¸± ²Ö·´μ£μ ¶μ²Ö ¶μ¸É·μ¨³
±μ¢¥±Éμ·´μ¥ ¶μ²¥

ωj =
φ

|φ|∂j

(
φ

|φ|

)
, |φ|2 ≡ φφ,

±μÉμ·μ¥ ¤ ¥É μ¡Ð¥¥ ·¥Ï¥´¨¥ ¶μ¸É ¢²¥´´μ° § ¤ Î¨. ’ ± ± ± ωj = −ωj , · ¸-
¸³ É·¨¢ ¥³μ¥ ±μ¢¥±Éμ·´μ¥ ¶μ²¥ Ö¢²Ö¥É¸Ö Î¨¸Éμ ³´¨³Ò³. „¥°¸É¢¨É¥²Ó´μ¥ ±μ-
¢¥±Éμ·´μ¥ ¶μ²¥

Pj = iωj +
1
2
fBj = i

φ

|φ| (∂j −
1
2
ifBj)

(
φ

|φ|

)
Ö¢²Ö¥É¸Ö ± ²¨¡·μ¢μÎ´μ-¨´¢ ·¨ ´É´μ° Ì · ±É¥·¨¸É¨±μ° μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö
¶¸¥¢¤μÔ²¥±É·μ³ £´¨É´μ£μ ¶μ²Ö. ’ ±¨³ μ¡· §μ³, ¶·¨ ¶μ¸É·μ¥´¨¨ É¥μ·¨¨ μ¸´μ¢-
´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ ² £· ´¦¨ ´ É¥μ·¨¨ ¥¸É¥¸É¢¥´´μ ¢±²ÕÎ¨ÉÓ ¤¢  ¸² £ ¥³ÒÌ

L =
a

2
PjP

j +
b

4
(PjP

j)2,

£¤¥ a ¥¸ÉÓ ±μ´¸É ´É  · §³¥·´μ¸É¨ ¸³−2,   ¤·Ê£ Ö ¶μ¸ÉμÖ´´ Ö ¡¥§· §³¥·´ .
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‚ÒÖ¸´¨³ Ë¨§¨Î¥¸±¨° ¸³Ò¸² μÎ¥¢¨¤´ÒÌ ¸¨´£Ê²Ö·´μ¸É¥° μ¸´μ¢´μ£μ ¸μ¸Éμ-
Ö´¨Ö. …¸²¨ φφ = 0, Éμ ¢Ò¶μ²´ÖÕÉ¸Ö Ê· ¢´¥´¨Ö

φ1(u1, u2, u3, u4) = 0, φ2(u1, u2, u3, u4) = 0.

	É¨ Ê· ¢´¥´¨Ö μ¶·¥¤¥²ÖÕÉ ´¥±μÉμ·ÊÕ ¤¢ÊÌ³¥·´ÊÕ ¶μ¢¥·Ì´μ¸ÉÓ ¢ Ë¨§¨Î¥-
¸±μ³ ³´μ£μμ¡· §¨¨, ¥¸²¨ ¢¥±Éμ·Ò ∇φ1,∇φ2 ´¥ ¶ · ²²¥²Ó´Ò. 	ÉÊ ¶μ¢¥·Ì-
´μ¸ÉÓ ³μ¦´μ ·¥ ²¨§μ¢ ÉÓ ± ± ¶μ¢¥·Ì´μ¸ÉÓ, § ³¥É ¥³ÊÕ ¤¢¨¦ÊÐ¥°¸Ö ¸É·Ê´μ°.
�¥É·Ê¤´μ ¸Ëμ·³Ê²¨·μ¢ ÉÓ É¥μ·¨Õ ¸É·Ê´ ¢ Î¥ÉÒ·¥Ì³¥·´μ³ Ë¨§¨Î¥¸±μ³ ³´μ£μ-
μ¡· §¨¨ ¨ ¢Ò¢¥¸É¨ Ê· ¢´¥´¨Ö ¤¢¨¦¥´¨Ö ¸É·Ê´Ò. �¥Ï Ö ÔÉ¨ Ê· ¢´¥´¨Ö, ³μ¦´μ
´ °É¨ ËÊ´±Í¨¨ φ1(u1, u2, u3, u4) ¨ φ2(u1, u2, u3, u4). �  É ±μ³ ¶ÊÉ¨ É¥μ-
·¨Ö ¸É·Ê´ ³μ¦¥É ´ °É¨ ´μ¢Ò¥ ¨´É¥·¥¸´Ò¥ ¶·¨²μ¦¥´¨Ö ¢ É¥μ·¨¨ Ë¨§¨Î¥¸-
±¨Ì ¶μ²¥°.

�¡Ð¥¥ ·¥Ï¥´¨¥ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ´ Ìμ¤¨É¸Ö ¢¶μ²´¥  ´ ²μ£¨Î´μ. ‚ · ¸-
¸³μÉ·¥´¨¥ ¢¢μ¤¨É¸Ö ±¢ É¥·´¨μ´´μ¥ ¸± ²Ö·´μ¥ ¶μ²¥ ¨ ¥³Ê ¸μ¶·Ö¦¥´´μ¥

ϕ = ϕ1Ĩ + ϕ2J̃ + ϕ3K̃ + ϕ4E, ϕ = −ϕ1Ĩ − ϕ2J̃ − ϕ3K̃ + ϕ4E,

É ± ÎÉμ
ϕϕ ≡ |ϕ|2 = ϕ2

1 + ϕ2
2 + ϕ2

3 + ϕ2
4.

Š¢ É¥·´¨μ´´μ¥ ±μ¢¥±Éμ·´μ¥ ¶μ²¥

Ωj =
ϕ

|ϕ|∂j

(
ϕ

|ϕ|

)
,

±μÉμ·μ¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° Î¨¸Éμ ³´¨³Ò° ±¢ É¥·´¨μ´, É ± ± ± Ωj = −Ωj ,
¨ ¤ ¥É μ¡Ð¥¥ ·¥Ï¥´¨¥ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö. �¸É ¥É¸Ö Éμ²Ó±μ μÉ³¥É¨ÉÓ, ÎÉμ
±¢ É¥·´¨μ´´μ¥ ±μ¢¥±Éμ·´μ¥ ¶μ²¥

Pj =
ϕ

|ϕ| (∂j + Rj)
(

ϕ

|ϕ|

)

¶·¥μ¡· §Ê¥É¸Ö μ¤´μ·μ¤´μ μÉ´μ¸¨É¥²Ó´μ ²μ± ²Ó´ÒÌ ¶·¥μ¡· §μ¢ ´¨°

ϕ → q(u)ϕ, Rj → q(u)Rj q(u) − q(u)∂jq(u).

�μ²¥¥ ¤¥É ²Ó´μ¥ ¨§ÊÎ¥´¨¥ É¥³Ò ¸± ²Ö·´ÒÌ ¶μ²¥° ¢ÒÌμ¤¨É §  · ³±¨ μ¸´μ¢´μ°
§ ¤ Î¨ ¤ ´´μ£μ ¨¸¸²¥¤μ¢ ´¨Ö, ´μ μ¸´μ¢´μ° ¢μ¶·μ¸ Ëμ·³Ê²¨·Ê¥É¸Ö ¢¶μ²´¥ ±μ´-
±·¥É´μ: ®�·¥¤¸É ¢²ÖÕÉ ²¨ ¶μ²Ö •¨££¸  μ¸´μ¢´μ¥ ¸μ¸ÉμÖ´¨¥ ¶¸¥¢¤μÔ²¥±É·μ³ £-
´¨É´μ£μ ¶μ²Ö ¨ ¶μ²Ö Ÿ´£ ÄŒ¨²²¸ ?¯. …¸²¨ μÉ¢¥É ¡Ê¤¥É ¶μ²μ¦¨É¥²Ó´Ò³, Éμ£¤ 
Ì¨££¸Ò, ¢¨¤¨³μ, μ± ¦ÊÉ¸Ö Ìμ·μÏμ ¨§¢¥¸É´Ò³¨ Ô²¥³¥´É ·´Ò³¨ Î ¸É¨Í ³¨.

�·μ¤μ²¦¨³ É¥³Ê μ¡Ð¥£μ ¸μ¶μ¸É ¢²¥´¨Ö ¸¶¨´¤¨´ ³¨±¨ ¸μ ‘É ´¤ ·É´μ°
³μ¤¥²ÓÕ ¶μ ¤·Ê£¨³ ´ ¶· ¢²¥´¨Ö³. ‚ ¸¶¨´¤¨´ ³¨±¥ μ¶¥· Éμ· Ô²¥±É·¨Î¥¸±μ£μ
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§ ·Ö¤  Ö¢²Ö¥É¸Ö μ¤´μ° ¨§ ±μ³¶μ´¥´É ¨§μÉμ¶¨Î¥¸±μ£μ ¸¶¨´ , ¨ ¶μÔÉμ³Ê ¢±²ÕÎ¥-
´¨¥ Ô²¥±É·μ³ £´¨É´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ´ ·ÊÏ ¥É ¶·μ¸É· ´¸É¢μ ¨§μÉμ¶¨Î¥-
¸±μ£μ ¸¶¨´  ¥£μ ¨§μÉ·μ¶¨¨. „¥°¸É¢¨É¥²Ó´μ, ÎÉμ¡Ò ¢±²ÕÎ¨ÉÓ Ô²¥±É·μ³ £´¨É-
´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö, ´¥μ¡Ìμ¤¨³μ ¶·¥¦¤¥ ¢¸¥£μ ¶·¨£μÉμ¢¨ÉÓ ¸μ¸ÉμÖ´¨¥ ¸¶¨´μ-
¢μ£μ ¶μ²Ö, ±μÉμ·μ¥ Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´Ò³ ¢¥±Éμ·μ³ μ¶¥· Éμ·  Ô²¥±É·¨Î¥¸±μ£μ
§ ·Ö¤ . ’ ± ± ± ¸¶¨´μ¢μ¥ ¶μ²¥ Ö¢²Ö¥É¸Ö ±μ³¶²¥±¸´Ò³, É ±¨Ì ¸μ¸ÉμÖ´¨° ¡Ê¤¥É
¤¢ : Q̃tΨ = ±iΨ. 	Éμ, ¢ Î ¸É´μ¸É¨, ¶·¨¢¥¤¥É ± ¶μÖ¢²¥´¨Õ É ± ´ §Ò¢ ¥³ÒÌ
§ ·Ö¦¥´´ÒÌ W -¡μ§μ´μ¢, ÎÉμ μÎ¥¢¨¤´μ ¶·μ¸Éμ ¨§ ¡¥£²μ£μ ¢§²Ö¤  ´  ² £· ´-
¦¨ ´Ò ¢§ ¨³μ¤¥°¸É¢¨Ö ±μ³¶²¥±¸´μ£μ ¸¶¨´μ¢μ£μ ¶μ²Ö ¸ ¶μ²¥³ Ÿ´£ ÄŒ¨²²¸ .
‚±²ÕÎ¥´¨¥ Ô²¥±É·μ³ £´¨É´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¤¥² ¥É ´¥μÉ²¨Î¨³Ò³¨ ¸¨³³¥-
É·¨¨, μÉ¢¥É¸É¢¥´´Ò¥ §  ¶¸¥¢¤μ§ ·Ö¤ ¨ § ·Ö¤. 	Éμ ¶·¨¢μ¤¨É ± ·Ö¤Ê ¨´É¥·¥¸-
´ÒÌ ¸²¥¤¸É¢¨°, μ¡¸Ê¦¤¥´¨¥ ±μÉμ·ÒÌ É·¥¡Ê¥É ¤¥É ²Ó´μ£μ ¨ § ¨´É¥·¥¸μ¢ ´´μ£μ
¸· ¢´¥´¨Ö ¸¶¨´¤¨´ ³¨±¨ ¸μ ‘É ´¤ ·É´μ° ³μ¤¥²ÓÕ, ÎÉμ ¢ÒÌμ¤¨É §  · ³±¨
´ ¸ÉμÖÐ¥£μ ¸μμ¡Ð¥´¨Ö, ¶μ¸¢ÖÐ¥´´μ£μ μ¡Ð¨³ ¢μ¶·μ¸ ³.

� ±μ´¥Í μ¸É ´μ¢¨³¸Ö ´  μÎ¥´Ó ¨´É¥·¥¸´ÒÌ ¶·¥¤¸É ¢²¥´¨ÖÌ, ±μÉμ·Ò¥ ¢μ§-
´¨±²¨ ¢ · ³± Ì ‘É ´¤ ·É´μ° ³μ¤¥²¨, ¨ ¶μ¸³μÉ·¨³, ± ± μ´¨ ¶·¥²μ³²ÖÕÉ¸Ö ¢
¸¶¨´¤¨´ ³¨±¥. �¥ÎÓ ¨¤¥É μ É ± ´ §Ò¢ ¥³μ° ±¢ ·±-²¥¶Éμ´´μ° ¸¨³³¥É·¨¨, ´ 
μ¸´μ¢¥ ±μÉμ·μ° ¡Ò²μ ¶·¥¤¸± § ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ c-±¢ ·± ,   ¶μ¸²¥ μÉ±·ÒÉ¨Ö
τ -²¥¶Éμ´  ¡Ò²μ ¶·¥¤¸± § ´μ ¸ÊÐ¥¸É¢μ¢ ´¨¥ b-±¢ ·±  ¨ t-±¢ ·± . ‚ÒÖ¸´¥´¨¥
¶·¨·μ¤Ò ±¢ ·±-²¥¶Éμ´´μ° ¸¨³³¥É·¨¨ · ¸¸³ É·¨¢ ¥É¸Ö ± ± μ¤´  ¨§ ¢ ¦´¥°-
Ï¨Ì § ¤ Î Ë¨§¨±¨. �¡Ð Ö ±¢ ´Éμ¢ Ö ³¥Ì ´¨± , μ¤´¨³ ¨§ · §¤¥²μ¢ ±μÉμ·μ°
Ö¢²Ö¥É¸Ö ¸¶¨´¤¨´ ³¨± , ¶·¥¤² £ ¥É ¸²¥¤ÊÕÐ¥¥ μÎ¥¢¨¤´μ¥ μ¡ÑÖ¸´¥´¨¥ ¸ÊÐ´μ-
¸É¨ ±¢ ·±-²¥¶Éμ´´μ° ¸¨³³¥É·¨¨. ‘μ£² ¸´μ μ¡Ð¥° ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¸ÊÐ¥-
¸É¢ÊÕÉ ¤¢¥ ¶·¨Î¨´´Ò¥ ¸É·Ê±ÉÊ·Ò ´  Ë¨§¨Î¥¸±μ³ ³´μ£μμ¡· §¨¨. �¤´  ¨§ ´¨Ì
¢ ¸¢μ¥³ ¶·μ¸É¥°Ï¥³ ¢Ò· ¦¥´¨¨ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ¶·μ¸É· ´¸É¢μ Œ¨´±μ¢-
¸±μ£μ. 	ÉÊ ¶·¨Î¨´´ÊÕ ¸É·Ê±ÉÊ·Ê ¥¸É¥¸É¢¥´´μ ¸¢Ö§ ÉÓ ¸ ²¥¶Éμ´ ³¨, ±μÉμ·Ò³
¸μμÉ¢¥É¸É¢Ê¥É ¸¶¨´μ¢μ¥ ¶μ²¥, ´¥¸ÊÐ¥¥ ¶¸¥¢¤μ§ ·Ö¤, Ô²¥±É·¨Î¥¸±¨° § ·Ö¤ ¨
´¥°É·¨´´Ò° § ·Ö¤. ‚Éμ·ÊÕ ¶·¨Î¨´´ÊÕ ¸É·Ê±ÉÊ·Ê ¥¸É¥¸É¢¥´´μ μÉ´¥¸É¨ ± ±¢ ·-
± ³, ±μÉμ·Ò³ É ±¦¥ ¸μμÉ¢¥É¸É¢Ê¥É ±μ³¶²¥±¸´μ¥ ¸¶¨´μ¢μ¥ ¶μ²¥. ‚¥Ð¥¸É¢¥´-
´μ¥ ¸¶¨´μ¢μ¥ ¶μ²¥, ´ £·Ê¦¥´´μ¥ Éμ²Ó±μ Ô²¥±É·¨Î¥¸±¨³ § ·Ö¤μ³, ¥¸É¥¸É¢¥´´μ
μÉ´¥¸É¨ ± ³¨·Ê  Éμ³μ¢ ¨ ³μ²¥±Ê². ’ ±¨³ μ¡· §μ³, ¢ μ¡² ¸É¨ É ± ´ §Ò¢ -
¥³ÒÌ ¸¨²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ·¥ ²¨§Ê¥É¸Ö ¢Éμ· Ö ¶·¨Î¨´´ Ö ¸É·Ê±ÉÊ· , ¢
±μÉμ·μ° ¶·μ¸É· ´¸É¢¥´´Ò¥ ¸¥Î¥´¨Ö ¢ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥ ¶·¥¤¸É ¢²ÖÕÉ ¸μ-
¡μ° É·¥Ì³¥·´Ò¥ ¸Ë¥·Ò ¸ μ¡Ð¨³ Í¥´É·μ³, ¶·¨Î¥³ ¶μÉμ± ¢·¥³¥´¨ ´ ¶· ¢²¥´
¶μ ²ÊÎ ³, ¢ÒÌμ¤ÖÐ¨³ ¨§ ÔÉμ£μ Í¥´É· . Šμμ·¤¨´ É  ¢·¥³¥´¨, ¸μμÉ¢¥É¸É¢ÊÕ-
Ð Ö · ¸¸³ É·¨¢ ¥³μ° ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·¥, ¸ £¥μ³¥É·¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö
¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° · ¤¨ ²Ó´ÊÕ ¶¥·¥³¥´´ÊÕ, ±μÉμ· Ö ¨§³¥´Ö¥É¸Ö ¢ ±μ´¥Î-
´ÒÌ ¶·¥¤¥² Ì. �·¨ ¸É¥·¥μ£· Ë¨Î¥¸±μ° ¶·μ¥±Í¨¨ ¶·μ¸É· ´¸É¢¥´´μ¥ ¸¥Î¥´¨¥
μÉμ¡· ¦ ¥É¸Ö ´  ¢´ÊÉ·¥´´μ¸ÉÓ Ï ·  ¢ É·¥Ì³¥·´μ³ ¥¢±²¨¤μ¢μ³ ¶·μ¸É· ´¸É¢¥.
�É¸Õ¤  ¸²¥¤Ê¥É, ÎÉμ ±¢ ·±¨ ¨ ¸¢Ö§ ´´Ò¥ ¸ ´¨³¨ ¡μ§μ´´Ò¥ ¶μ²Ö ²μ± ²¨§μ¢ ´Ò
¢ § ³±´ÊÉμ° μ£· ´¨Î¥´´μ° μ¡² ¸É¨ ¶·μ¸É· ´¸É¢ . …¸²¨ ¶μ²¥ Ÿ´£ ÄŒ¨²²¸ 
²μ± ²¨§μ¢ ´μ Éμ²Ó±μ ¢ ÔÉμ° μ¡² ¸É¨, Éμ£¤  π-³¥§μ´Ò ¥¸É¥¸É¢¥´´μ μÉ´¥¸É¨ ±
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¶¥·¢μ° ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·¥ ¨ · ¸¸³ É·¨¢ ÉÓ ¨Ì ± ± ¶·μ¤μ²¦¥´¨¥ ¶μÉ¥´Í¨-
 ²  ¶μ²Ö Ÿ´£ ÄŒ¨²²¸  §  ¶·¥¤¥²Ò ¤¥°¸É¢¨Ö ¢Éμ·μ° ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·Ò.
	É  ¸¨ÉÊ Í¨Ö  ´ ²μ£¨Î´  ¢¥±Éμ·´μ³Ê ¶μÉ¥´Í¨ ²Ê ¸μ²¥´μ¨¤ , Ê ±μÉμ·μ£μ ´ -
¶·Ö¦¥´´μ¸ÉÓ ³ £´¨É´μ£μ ¶μ²Ö ²μ± ²¨§μ¢ ´ ,   ¢¥±Éμ·´Ò° ¶μÉ¥´Í¨ ² ¢ÒÌμ¤¨É
§  ¶·¥¤¥²Ò μ¡² ¸É¨ ²μ± ²¨§ Í¨¨ ¨ ¶·¨¢μ¤¨É ± ´ ¡²Õ¤ ¥³Ò³ ÔËË¥±É ³.

‚Ò¢μ¤ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ±¢ ·±¨ ¨ ²¥¶Éμ´Ò ¶μ¤Î¨´ÖÕÉ¸Ö μ¤´¨³ ¨ É¥³
¦¥ § ±μ´ ³, ´μ μÉ´μ¸ÖÉ¸Ö ± · §²¨Î´Ò³ ¶·¨Î¨´´Ò³ ¸É·Ê±ÉÊ· ³. �É¸Õ¤  ¨
±¢ ·±-²¥¶Éμ´´ Ö ¸¨³³¥É·¨Ö, ¨ ±μ´Ë °´³¥´É ±¢ ·±μ¢, ¨ É ± ´ §Ò¢ ¥³Ò° § ±μ´
¸μÌ· ´¥´¨Ö Î¨¸²  ¡ ·¨μ´μ¢. Š¢ ·±¨ Ê¤¥·¦¨¢ ¥É ¢ μ£· ´¨Î¥´´μ° § ³±´ÊÉμ°
μ¡² ¸É¨ ¶·μ¸É· ´¸É¢  ´¥ ¸¨² ,   ¸ ³  ¶·¨Î¨´´μ¸ÉÓ. �·μÉ¨¢ ¸¨²Ò ¢¸¥£¤ 
´ °¤¥É¸Ö ¶·¥¢μ¸Ìμ¤ÖÐ Ö ¸¨² , ´μ ¥¸²¨ μÉ±Ê¤ -Éμ, μ¡· §´μ ¢Ò· ¦ Ö¸Ó, ´¥ ¤ ¥É
¢Ò°É¨ ¸ ³ ¸¢¥Éμ¢μ° ±μ´Ê¸, Éμ ·¥ÎÓ ¨¤¥É μ ¸μ¢¸¥³ ¨´μ° ± É¥£μ·¨¨ ¶μ´ÖÉ¨°.

�·¥¤¸É ¢²¥´¨¥ μ ¶μ±μ²¥´¨ÖÌ ¢μ§´¨±²μ ¢ ‘É ´¤ ·É´μ° ³μ¤¥²¨, ¶·¨Î¥³
Î¨¸²μ ¶μ±μ²¥´¨° ´¥ ¸²¥¤Ê¥É ¨§ ¶¥·¢ÒÌ ¶·¨´Í¨¶μ¢. ‚ ¸¶¨´¤¨´ ³¨±¥ Î¨¸²μ
¶μ±μ²¥´¨° μ¶·¥¤¥²Ö¥É¸Ö μ¶¥· Éμ· ³¨ Ô²¥±É·¨Î¥¸±μ£μ ¨ ´¥°É·¨´´μ£μ § ·Ö¤μ¢,
μ¶¥· Éμ·μ³ ¢´ÊÉ·¥´´¥£μ ¸¶¨´  ¨ ¤Ê ²Ó´Ò³¨ ¨³ μ¶¥· Éμ· ³¨. ‘μ¸É ¢²ÖÖ ¶μ²-
´Ò¥ ´ ¡μ·Ò ±μ³³ÊÉ¨·ÊÕÐ¨Ì μ¶¥· Éμ·μ¢ ¨ § É¥³ ¶·μ¥±Í¨μ´´Ò¥ μ¶¥· Éμ·Ò,
³μ¦´μ § ±²ÕÎ¨ÉÓ, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É Î¥ÉÒ·¥ ¶μ±μ²¥´¨Ö ²¥¶Éμ´μ¢ ¨ Î¥ÉÒ·¥ ¶μ-
±μ²¥´¨Ö ±¢ ·±μ¢ ± ± Î¥ÉÒ·¥ · §²¨Î´ÒÌ ¸μ¸ÉμÖ´¨Ö ±μ³¶²¥±¸´μ£μ ¸¶¨´μ¢μ£μ
¶μ²Ö. Šμ´¥Î´μ, ± ± Ê¦¥ ¡Ò²μ ¸± § ´μ, ±¢ ·±¨ ¨ ²¥¶Éμ´Ò μÉ´μ¸ÖÉ¸Ö ¶·¨ ÔÉμ³
± · §²¨Î´Ò³ ¶·¨Î¨´´Ò³ ¸É·Ê±ÉÊ· ³. �¡Ð¥¶·¨´ÖÉμ ¸Î¨É ÉÓ, ÎÉμ Î¨¸²μ ¶μ-
±μ²¥´¨° · ¢´μ É·¥³, μ¤´ ±μ ¢ · ¡μÉ¥ [2] ¶μ± § ´μ, ÎÉμ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥
¤ ´´Ò¥ ´¥ ¶·μÉ¨¢μ·¥Î É Ë ±ÉÊ ¸ÊÐ¥¸É¢μ¢ ´¨Ö Î¥É¢¥·Éμ£μ ¶μ±μ²¥´¨Ö ²¥¶Éμ-
´μ¢. ’ ±¨³ μ¡· §μ³, ¨§ £¨¶μÉ¥§Ò £¥μ³¥É·¨§ Í¨¨ ¸²¥¤Ê¥É, ÎÉμ ¸ÊÐ¥¸É¢Ê¥É ¥Ð¥
μ¤´μ, Î¥É¢¥·Éμ¥, ¶μ±μ²¥´¨¥ ±¢ ·±μ¢ ¨ ²¥¶Éμ´μ¢.

7. ‘’�“Š’“�� ���‘’…‰˜…ƒ� ”ˆ‡ˆ—…‘Š�ƒ� Œ��ƒ�����‡ˆŸ

‚ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥ · §³¥·´μ¸ÉÓ Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö ¸μ¢¶ ¤ ¥É
¸ · §³¥·´μ¸ÉÓÕ μ¡Ñ¥³²ÕÐ¥£μ ¥¢±²¨¤μ¢  ¶·μ¸É· ´¸É¢ . �¡μ§´ Î¨³ ¥£μ H4,
¶μ¸±μ²Ó±Ê ¶·¨ ¨§ÊÎ¥´¨¨ £¥μ³¥É·¨¨ É ±μ£μ Ë¨§¨Î¥¸±μ£μ ³´μ£μμ¡· §¨Ö ¨ ¥£μ
¶·¨Î¨´´ÒÌ ¸É·Ê±ÉÊ· ´ ¨¡μ²¥¥ ¶μ¤Ìμ¤ÖÐ¨³ ¨ Ô¢·¨¸É¨Î¥¸±¨³ ³¥Éμ¤μ³ Ö¢²Ö-
¥É¸Ö μÉμ¦¤¥¸É¢²¥´¨¥ ¥£μ ¸ É¥²μ³ ±¢ É¥·´¨μ´μ¢. ’μÎ±¨ H4 ¨³¥ÕÉ ¢¥±Éμ·´μ¥

q = (q1, q2, q3, q4)

¨ ±¢ É¥·´¨μ´´μ¥ ¶·¥¤¸É ¢²¥´¨¥

q = q1i + q2j + q3k + q41

¸ μ¡ÒÎ´μ° ²¨´¥°´μ° ¸É·Ê±ÉÊ·μ°. �Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¶· ¢¨²  Ê³´μ¦¥´¨Ö ±¢ -
É¥·´¨μ´´ÒÌ ¥¤¨´¨Í, μÉ±·ÒÉÒ¥ ƒ ³¨²ÓÉμ´μ³:

i2 = j2 = k2 = −1, i1 = 1i = i, j1 = 1j = j, k1 = 1k = k,

ij = −ji = k, jk = −kj = i, ki = −ik = j.
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…¢±²¨¤μ¢μ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥

p · q = p1q1 + p2q2 + p3q3 + p4q4

μ¡¥¸¶¥Î¨¢ ¥É μÎ¥´Ó ¢ ¦´ÊÕ ¸¢Ö§Ó ³¥¦¤Ê £¥μ³¥É·¨Î¥¸±¨³ ¨  ²£¥¡· ¨Î¥¸±¨³
¶·¥¤¸É ¢²¥´¨Ö³¨

p · q =
1
2
(pq + qp) =

1
2
(pq + qp), (36)

£¤¥ q = −q1i − q2j − q3k + q41 ¥¸ÉÓ ËÊ´¤ ³¥´É ²Ó´Ò°  ¢Éμ³μ·Ë¨§³ pq = qp.
‘± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¨´¢ ·¨ ´É´μ μÉ´μ¸¨É¥²Ó´μ ²¥¢ÒÌ ¨ ¶· ¢ÒÌ ¶μ¢μ·μÉ-
´ÒÌ · ¸ÉÖ¦¥´¨°

q ⇒ q̃ = u q, q ⇒ q̃ = q s, (37)

É ± ± ±
p̃ · q̃ = uu (p · q), p̃ · q̃ = ss (p · q).

„²Ö ¤ ´´μ£μ q Ê· ¢´¥´¨Ö q = uq, q = qs ¨³¥ÕÉ Éμ²Ó±μ É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥:
u = s = 1, ¨ ÔÉμ Ö¢²Ö¥É¸Ö ËÊ´¤ ³¥´É ²Ó´Ò³ ¸¢μ°¸É¢μ³ £·Ê¶¶Ò ¸¨³³¥É·¨¨
· ¸¸³ É·¨¢ ¥³μ£μ Ë¨§¨Î¥¸±μ£μ ¶·μ¸É· ´¸É¢ . ’ ±¨³ μ¡· §μ³, ¶μ¢μ·μÉ´Ò¥ · -
¸ÉÖ¦¥´¨Ö (35) ¢Ò· ¦ ÕÉ ´¥ Éμ²Ó±μ ¸¢μ°¸É¢  ¸¨³³¥É·¨¨ H4, ´μ ¨ ¥£μ μÉ²¨-
Î¨É¥²Ó´ÊÕ μ¸μ¡¥´´μ¸ÉÓ. 	Éμ μ§´ Î ¥É, ÎÉμ £¥μ³¥É·¨Î¥¸±¨ §´ Î¨³Ò³¨ ¡Ê¤ÊÉ
Éμ²Ó±μ É¥ ¸¢μ°¸É¢  H4, ±μÉμ·Ò¥ ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ ¶·¥μ¡· §μ¢ ´¨°
¶μ¢μ·μÉ´μ£μ · ¸ÉÖ¦¥´¨Ö. �¥·¥°¤¥³ ± · ¸¸³μÉ·¥´¨Õ ÔÉ¨Ì ¸¢μ°¸É¢. ˆ§ (35)
¸²¥¤Ê¥É, ÎÉμ ± ´μ´¨Î¥¸±¨° μ·Éμ£μ´ ²Ó´Ò° ¡ §¨¸

c1 = (1, 0, 0, 0), c2 = (0, 1, 0, 0),
c3 = (0, 0, 1, 0), c4 = (0, 0, 0, 1),
c1 = i, c2 = j, c3 = k, c4 = 1

¶μ·μ¦¤ ¥É ¤¢  ¶· ¢μμ·¨¥´É¨·μ¢ ´´ÒÌ ¶μ¤¢¨¦´ÒÌ μ·Éμ£μ´ ²Ó´ÒÌ ¡ §¨¸ 

m1 = iq, m2 = jq, m3 = kq, m4 = 1q,

n1 = qi, n2 = qj, n3 = qk, n4 = q1.

‚ ¢¥±Éμ·´μ° Ëμ·³¥ ÔÉμ Î¨É ¥É¸Ö É ±:

m1 = (q4, −q3, q2, −q1),
m2 = (q3, q4, −q1, −q2),
m3 = (−q2, q1, q4, −q3),
m4 = (q1, q2, q3, q4)

¨
n1 = (q4, q3, −q2, −q1),
n2 = (−q3, q4, q1, −q2),
n3 = (q2, −q1, q4, −q3),
n4 = (q1, q2, q3, q4).
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ˆ¸¶μ²Ó§ÊÖ ±¢ É¥·´¨μ´´μ¥ ¨²¨ ¢¥±Éμ·´μ¥ ¶·¥¤¸É ¢²¥´¨¥, ¶·μ¢¥·Ö¥³, ÎÉμ

ma · mb = qq̄ δab, na · nb = qq̄ δab, a, b = 1, 2, 3, 4.

� ¸¸³μÉ·¨³ ¸¥³Ó ÉμÎ¥±

T (q1, q2, q3, q4),
A(q4, −q3, q2, −q1), B(q3, q4, −q1, −q2), C(−q2, q1, q4, −q3),
K(q4, q3, −q2, −q1), L(−q3, q4, q1, −q2), M(q2, −q1, q4, −q3).

‹¥£±μ ¶·μ¢¥·¨ÉÓ, ÎÉμ

d2
AB = d2

AC = d2
BC = d2

TA = d2
TB = d2

TC = 2qq̄

¨, ¸μμÉ¢¥É¸É¢¥´´μ,

d2
KL = d2

KM = d2
LM = d2

TK = d2
TL = d2

TM = 2qq̄,

£¤¥ dAB ¥¸ÉÓ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ÉμÎ± ³¨ A ¨ B. � ²¨Íμ ¤¢  ¶· ¢¨²Ó´ÒÌ
É¥É· Ô¤·  TABC ¨ TKLM ¸ μ¡Ð¥° ¢¥·Ï¨´μ° T . 	É¨ É¥É· Ô¤·Ò ¤ ÕÉ
¢¨§Ê ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ μ ¡ §¨¸ Ì ma ¨ na. �Ê¸ÉÓ q = q(t) ¥¸ÉÓ É· ¥±Éμ·¨Ö
¢ H4. Šμ£¤  ÉμÎ±  T ¤¢¨¦¥É¸Ö ¢¤μ²Ó ÔÉμ° É· ¥±Éμ·¨¨, É¥É· Ô¤·Ò TABC
¨ TKLM ¶Ê²Ó¸¨·ÊÕÉ ¨ ¢· Ð ÕÉ¸Ö ¶μ μÉ´μÏ¥´¨Õ ¤·Ê£ ± ¤·Ê£Ê. Œ É·¨Í 
¸± ²Ö·´ÒÌ ¶·μ¨§¢¥¤¥´¨°

Pμν = mμ · nν (μ, ν = 1, 2, 3)

μ¶¨¸Ò¢ ¥É ÔÉ¨ ¢· Ð¥´¨Ö. “³´μ¦¥´¨¥ ³ É·¨ÍÒ P ´  É· ´¸¶μ´¨·μ¢ ´´ÊÕ ¥°
³ É·¨ÍÊ ¤ ¥É É·¨¢¨ ²Ó´ÊÕ ³ É·¨ÍÊ

PP̃ = (qq̄)2 1,

£¤¥ 1 ¥¸ÉÓ ¥¤¨´¨Î´ Ö ³ É·¨Í .
‘± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö ± ¸ É¥²Ó´μ£μ ¢¥±Éμ·  q̇ = dq/dt ¸ ¢¥±Éμ· ³¨

¶μ¤¢¨¦´ÒÌ ¡ §¨¸μ¢ ma ¨ na (a = 1, 2, 3, 4)

m1 ·
dq
dt

= q4 dq1

dt
− q3 dq2

dt
+ q2 dq3

dt
− q1 dq4

dt
,

m2 ·
dq
dt

=q3 dq1

dt
+ q4 dq2

dt
− q1 dq3

dt
− q2 dq4

dt
,

m3 ·
dq
dt

= −q2 dq1

dt
+ q1 dq2

dt
+ q4 dq3

dt
− q3 dq4

dt
,

n1 ·
dq
dt

= q4 dq1

dt
+ q3 dq2

dt
− q2 dq3

dt
− q1 dq4

dt
,
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n2 ·
dq
dt

= −q3 dq1

dt
+ q4 dq2

dt
+ q1 dq3

dt
− q2 dq4

dt
,

n3 ·
dq
dt

= q2 dq1

dt
− q1 dq2

dt
+ q4 dq3

dt
− q3 dq4

dt
,

e4 ·
dq
dt

= f4 ·
dq
dt

= q1 dq1

dt
+ q2 dq2

dt
+ q3 dq3

dt
+ q4 dq4

dt

¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ ²¥¢ÒÌ ¨ ¶· ¢ÒÌ ¶μ¢μ·μÉ´ÒÌ · ¸ÉÖ¦¥´¨° Ë¨§¨-
Î¥¸±μ£μ ¶·μ¸É· ´¸É¢ , ¨ ¶μÔÉμ³Ê ÔÉ¨ ¸± ²Ö·´Ò¥ ¶·μ¨§¢¥¤¥´¨Ö ¨³¥ÕÉ μÎ¥´Ó
¢ ¦´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸². ˆ´¢ ·¨ ´ÉÒ

Ωμ =
1
2

mμ · dq
dt

, Ω̃μ =
1
2

nμ · dq
dt

(μ = 1, 2, 3)

¶·¥¤¸É ¢²ÖÕÉ, ¸μμÉ¢¥É¸É¢¥´´μ, ±μ³¶μ´¥´ÉÒ Ê£²μ¢μ° ¸±μ·μ¸É¨ ¢· Ð¥´¨Ö É¥-
É· Ô¤·  TABC μÉ´μ¸¨É¥²Ó´μ É¥É· Ô¤·  TKLM ¨ μ¡· É´μ.

Šμ³¶μ´¥´ÉÒ μ¶¥· Éμ·  Ê£²μ¢μ° ¸±μ·μ¸É¨ ¶·¥¤¸É ¢²ÖÕÉ ÔÉÊ ¢¨§Ê ²Ó´ÊÕ
±² ¸¸¨Î¥¸±ÊÕ ± ·É¨´Ê ¢ ¸¶¨´¤¨´ ³¨±¥. —Éμ¡Ò ¶μ± § ÉÓ ÔÉ¨ μ¶¥· Éμ·Ò, ¢¢¥-
¤¥³ 4d-μ¶¥· Éμ· ´ ¡² 

∇ =
(

∂

∂q1
,

∂

∂q2
,

∂

∂q3
,

∂

∂q4

)
¨, ¶μ² £ Ö

Mν =
1
2
(mν · ∇), Nν =

1
2
(nν · ∇) (ν = 1, 2, 3),

¶μ²ÊÎ ¥³ Ï¥¸ÉÓ  ´É¨Ô·³¨Éμ¢ÒÌ μ¶¥· Éμ·μ¢, ¶·¥¤¸É ¢²ÖÕÐ¨Ì μÉ´μ¸¨É¥²Ó´μ¥
¢· Ð¥´¨¥ É¥É· Ô¤·μ¢. Œ´μ¦¨É¥²Ó 1/2 Ö¢²Ö¥É¸Ö μÎ¥´Ó ¢ ¦´Ò³, É ± ± ± Éμ²Ó±μ
É ±¨³ ¶ÊÉ¥³ ¶μ²ÊÎ ÕÉ¸Ö ¥¸É¥¸É¢¥´´Ò¥ ¸μμÉ´μÏ¥´¨Ö ±μ³³ÊÉ Í¨¨

M1M2 − M2M1 = M3, N1N2 − N2N1 = −N3

¨ É. ¤. ‡´ ± ³¨´Ê¸ ¢ ±μ³³ÊÉ Í¨μ´´ÒÌ ¸μμÉ´μÏ¥´¨ÖÌ ¤²Ö μ¶¥· Éμ·μ¢ Nν ¸¢Ö§ ´
¸ μ¤¨´ ±μ¢μ° μ·¨¥´É Í¨¥° ¡ §¨¸μ¢ ma ¨ na. ˆ§³¥´¨¢ ´ ¶· ¢²¥´¨¥, ´ ¶·¨³¥·
Ê ¢¥±Éμ·  n3, ´  μ¡· É´μ¥, ¶μ²ÊÎ¨³ ±μ³³ÊÉ Í¨μ´´Ò¥ ¸μμÉ´μÏ¥´¨Ö μ¤´μ£μ ¨
Éμ£μ ¦¥ ¢¨¤ . �¶¥· Éμ· · ¸ÉÖ¦¥´¨°

D = q1
∂

∂q1
+ q2

∂

∂q2
+ q3

∂

∂q3
+ q4

∂

∂q4
(38)

¨³¥¥É É ±¦¥ ¢ ¦´μ¥ §´ Î¥´¨¥, É ± ± ± μ´ Ö¢²Ö¥É¸Ö μ¶¥· Éμ·μ³ ¸¤¢¨£  ¢¤μ²Ó
²¨´¨° ¢·¥³¥´¨, ± ± ÔÉμ ¡Ê¤¥É Ö¸´μ ¨§ ¶μ¸²¥¤ÊÕÐ¥£μ. 	ÉμÉ μ¶¥· Éμ· ±μ³³Ê-
É¨·Ê¥É ¸ μ¶¥· Éμ· ³¨ Ê£²μ¢μ° ¸±μ·μ¸É¨

DMν − MνD = 0, DNν − NνD = 0 (ν = 1, 2, 3).
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� ¸¸³μÉ·¨³ É¥¶¥·Ó ¶·¨Î¨´´Ò¥ ¸É·Ê±ÉÊ·Ò ¢ H4, ±μÉμ·Ò¥ μ¶·¥¤¥²ÖÕÉ¸Ö
É¥³¶μ· ²Ó´Ò³ ¶μ²¥³ f(q1, q2, q3, q4), Ê¤μ¢²¥É¢μ·ÖÕÐ¨³ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ Ê· ¢-
´¥´¨Õ (

∂f

∂q1

)2

+
(

∂f

∂q2

)2

+
(

∂f

∂q3

)2

+
(

∂f

∂q4

)2

= 1. (39)

“· ¢´¥´¨¥ (37) ¨³¥¥É μ¡Ð¥¥ ·¥Ï¥´¨¥, ±μÉμ·μ¥ μ¡¸Ê¦¤ ²μ¸Ó ¢ÒÏ¥, f(q1, q2,
q3, q4) = a ·q+a, £¤¥ a = (a1, a2, a3, a4) ¥¸ÉÓ ¶μ¸ÉμÖ´´Ò° ¥¤¨´¨Î´Ò° ¢¥±Éμ·

a · a = 1,

¨ μ¸μ¡μ¥ ·¥Ï¥´¨¥

f(q1, q2, q3, q4) =
√

(q · q) =
√

q2
1 + q2

2 + q2
3 + q2

4 ,

±μÉμ·μ¥ ¶·¥¤¸É ¢²Ö¥É ¸μ¡μ° ËÊ´±Í¨Õ £¥μ¤¥§¨Î¥¸±μ£μ · ¸¸ÉμÖ´¨Ö, μÉ´¥¸¥´´ÊÕ
± ´ Î ²Ê ±μμ·¤¨´ É. �·μ¸É· ´¸É¢¥´´μ¥ ¸¥Î¥´¨¥ H4 μ¶·¥¤¥²Ö¥É¸Ö ¶μ²¥³ ¢·¥-
³¥´¨. „²Ö ¤ ´´μ£μ ¤¥°¸É¢¨É¥²Ó´μ£μ Î¨¸²  t ¶·μ¸É· ´¸É¢¥´´μ¥ ¸¥Î¥´¨¥ μ¶·¥-
¤¥²Ö¥É¸Ö Ê· ¢´¥´¨¥³ f(q1, q2, q3, q4) = t. ’ ±¨³ μ¡· §μ³, ¢ ¶¥·¢μ³ ¸²ÊÎ ¥
¶·μ¸É· ´¸É¢¥´´Ò¥ ¸¥Î¥´¨Ö H4 Ö¢²ÖÕÉ¸Ö ¥¢±²¨¤μ¢Ò³¨ ¶·μ¸É· ´¸É¢ ³¨ E3,
  ¢μ ¢Éμ·μ³ ¸²ÊÎ ¥ ¶·μ¸É· ´¸É¢¥´´Ò¥ ¸¥Î¥´¨Ö ¥¸ÉÓ 3d-¸Ë¥·Ò

√
q · q = t. „²Ö

¶μÉμ±  ¢·¥³¥´¨ ¨²¨ £· ¤¨¥´É  ¶μ²Ö ¢·¥³¥´¨ ´ Ìμ¤¨³

ti = ti =
∂f

∂qi
=

qi

f
, ∂it

i =
3
f

. (40)

�·μ¢¥¤¥´´μ¥ · ¸¸³μÉ·¥´¨¥ ¶μ± §Ò¢ ¥É, ÎÉμ, § ¤ ¢ Ö É· ¥±Éμ·¨Õ ¤¢¨¦¥´¨Ö
μ¤´μ° ÉμÎ±¨ ¢ H4, ³Ò μ¤´μ¢·¥³¥´´μ § ¤ ¥³ É· ¥±Éμ·¨¨ ¤¢¨¦¥´¨Ö ¥Ð¥ Ï¥¸É¨
ÉμÎ¥±, ±μÉμ·Ò¥ ¢³¥¸É¥ μ¡· §ÊÕÉ ¤¢  ¶· ¢¨²Ó´ÒÌ É¥É· Ô¤· . ‚ ¸¶¨´¤¨´ ³¨±¥
É¥É· Ô¤· ³ TABC ¨ TKLM ¸É ¢ÖÉ¸Ö ¢ ¸μμÉ¢¥É¸É¢¨¥ μ¶¥· Éμ·Ò Ê£²μ¢ÒÌ
¸±μ·μ¸É¥° μÉ´μ¸¨É¥²Ó´ÒÌ ¢· Ð¥´¨° ¨ μ¶¥· Éμ· ¸¤¢¨£  ¢¤μ²Ó ²¨´¨° ¢·¥³¥´¨
Mν , Nν , D,   É ±¦¥ Ìμ·μÏμ ¨§¢¥¸É´Ò¥ £ ·³μ´¨Î¥¸±¨¥ ¶μ²¨´μ³Ò

Dj
mn(q1, q2, q3, q4) =

√
(j + m)!(j − m)!(j + n)!(j − n)!×

×
∑

k

(−1)m+k (q1 + iq2)m−n+k(q1 − iq2)k(q3 + iq4)j−m−k(q3 − iq4)j+n−k

(m − n + k)!k!(j − m − k)!(j + n − k)!
,

(41)

±μÉμ·Ò¥ μ¡· §ÊÕÉ ¶μ²´Ò° μ·Éμ£μ´ ²Ó´Ò° ¡ §¨¸ ËÊ´±Í¨° ´  S3 ¨ μ¤´μ¢·¥-
³¥´´μ ¸²Ê¦ É ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ ÔÉ¨Ì μ¶¥· Éμ·μ¢.

�·¨Î¨´´ Ö ¸É·Ê±ÉÊ· , μ¶·¥¤¥²Ö¥³ Ö μ¡Ð¨³ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö ¶μ²Ö
¢·¥³¥´¨, Ê¦¥ · ¸¸³ É·¨¢ ² ¸Ó ¢ÒÏ¥. �·¨ ÔÉμ³ μ± § ²μ¸Ó, ÎÉμ ¨´¢ ·¨ ´É-
´μ¸ÉÓ μÉ´μ¸¨É¥²Ó´μ ¶μ¢μ·μÉ´ÒÌ · ¸ÉÖ¦¥´¨° ´ ·ÊÏ ¥É¸Ö. „²Ö ¢Éμ·μ° ¶·¨-
Î¨´´μ° ¸É·Ê±ÉÊ·Ò, ´ ¶·μÉ¨¢, £·Ê¶¶  ¶μ¢μ·μÉ´ÒÌ · ¸ÉÖ¦¥´¨° ¸μÌ· ´Ö¥É ¸¢μ¥
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§´ Î¥´¨¥ ¶μ²´μ¸ÉÓÕ. Š ± μÉ³¥Î ²μ¸Ó ¢ÒÏ¥, ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¢μ ‚¸¥²¥´´μ°
¤¢ÊÌ ¶·¨Î¨´´ÒÌ ¸É·Ê±ÉÊ· ¢ · ³± Ì ¸¶¨´¤¨´ ³¨±¨ ³μ¦´μ ¶·¨³¥´¨ÉÓ ¤²Ö
¸μ¢³¥¸É´μ£μ ¨§ÊÎ¥´¨Ö Ô²¥±É·μ¸² ¡ÒÌ ¨ ¸¨²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°. ‚ ¤ ´´μ³
±μ´±·¥É´μ³ ¸²ÊÎ ¥ ´ ³ ´Ê¦´Ò ¶·¥¦¤¥ ¢¸¥£μ Ê· ¢´¥´¨Ö ¸¶¨´¤¨´ ³¨±¨, μ¶·¥-
¤¥²Ö¥³Ò¥ ¢Éμ·μ° ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·μ°. �·¨¢¥¤¥³ ±μ´¥Î´Ò° ·¥§Ê²ÓÉ É:

1
f

(
D +

3
2

)
κ = div K− m μ,

1
f

(
D +

3
2

)
λ = div L − m ν,

1
f

(
D +

3
2

)
μ = div M + m κ,

1
f

(
D +

3
2

)
ν = div N + m λ;

(42)

1
f

(
D +

3
2

)
K = −rotL + gradκ + mM,

1
f

(
D +

3
2

)
L = rotK + gradλ + mN,

1
f

(
D +

3
2

)
M = rotN + gradμ − mK,

1
f

(
D +

3
2

)
N = −rotM + grad ν − mL,

(43)

¨ ¶μÖ¸´¨³ ¸³Ò¸² ¢Ìμ¤ÖÐ¨Ì ¸Õ¤  ¢Ò· ¦¥´¨°. �¶¥· Éμ· D ¥¸ÉÓ μ¶¥· Éμ·
· ¸ÉÖ¦¥´¨°, μ¶·¥¤¥²¥´´Ò° ¢ÒÏ¥. �μÉμ· ¢¥±Éμ·´μ£μ ¶μ²Ö M μ¶·¥¤¥²Ö¥É¸Ö
± ± ¢¥±Éμ·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ 4d-μ¶¥· Éμ·  ∇ ¨ M:

rot M = ∇× M, (rotM)i = eijkltj∂kAl =
1
f

eijklqj∂kAl,

£¤¥ eijkl ¥¸ÉÓ ±μ´É· ¢ ·¨ ´É´Ò¥ ±μ³¶μ´¥´ÉÒ É¥´§μ·  ‹¥¢¨-—¨¢¨ÉÒ, ´μ·³¨·μ-
¢ ´´Ò¥ ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ´  ¥¤¨´¨ÍÊ e1234 =

√
g = 1. ’ ±¦¥ μÉ³¥É¨³, ÎÉμ

(gradϕ)i = �i ϕ, �i = ∂i −
qi

f2
D, rot grad = 0, div rot = 0.

„²Ö ¶μ²´μÉÒ ± ·É¨´Ò § ¶¨Ï¥³ É ±¦¥ Ê· ¢´¥´¨Ö Œ ±¸¢¥²²  ¢ Ëμ·³¥,
¸μμÉ¢¥É¸É¢ÊÕÐ¥° · ¸¸³ É·¨¢ ¥³μ° ¶·¨Î¨´´μ° ¸É·Ê±ÉÊ·¥:

1
f

(D + 2)H = −rotE,
1
f

(D + 2)E = rotH, (44)

q · E = q · H = 0, div E = div H = 0, (45)
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£¤¥

Ei =
qk

f
Fik, Hi =

qk

f

∗
F ik, Fij = ∂iAj − ∂jAi,

∗
F ij=

1
2
eijklF

kl.

�μ¸±μ²Ó±Ê ¸ ³μ¸μ¶·Ö¦¥´´Ò° μ¶¥· Éμ· rot ¨³¥¥É ¢ ¦´μ¥ §´ Î¥´¨¥, ´ °-
¤¥³ ¥£μ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö, Ê¸É ´ ¢²¨¢ Ö ¸¢Ö§Ó ÔÉμ£μ μ¶¥· Éμ·  ¸ μ¶¥· -
Éμ· ³¨ Ê£²μ¢μ° ¸±μ·μ¸É¨ μÉ´μ¸¨É¥²Ó´μ£μ ¢· Ð¥´¨Ö, ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
±μÉμ·ÒÌ Ìμ·μÏμ ¨§¢¥¸É´Ò. �μ² £ Ö P = f rot, ´ Ìμ¤¨³ ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μ-
Ï¥´¨Ö:

P = −M2
1 −M2

2 −M2
3 +N2

1 +N2
2 +N2

3 = −M2 +N2, P 2 = −2(M2 +N2).

„ ²¥¥ ÊÎÉ¥³, ÎÉμ M2 = −l(l + 1), N2 = −k(k + 1), £¤¥ l, k ¶·¨´¨³ ÕÉ
²Õ¡Ò¥ Í¥²Ò¥ ¨²¨ ¶μ²ÊÍ¥²Ò¥ §´ Î¥´¨Ö. “· ¢´¥´¨¥

(M2 − N2)2 = −2(M2 + N2)

¨³¥¥É ¤¢  ·¥Ï¥´¨Ö: l = k + 1 ¨ k = l + 1. �μ² £ Ö ¤²Ö ¶¥·¢μ£μ ·¥Ï¥´¨Ö
s = 2k, p = s + 2, ¶μ²ÊÎ ¥³

l(l + 1) =
1
4
p2 +

1
2
p, k(k + 1) =

1
4
p2 − 1

2
p.

‚μ ¢Éμ·μ³ ¸²ÊÎ ¥ ¶μ² £ ¥³ s = 2l, p = s + 2 ¨ ¶μ²ÊÎ ¥³

l(l + 1) =
1
4
p2 − 1

2
p, k(k + 1) =

1
4
p2 +

1
2
p.

	Éμ μ§´ Î ¥É, ÎÉμ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö μ¶¥· Éμ·  P = f rot · ¢´Ò ±p,
£¤¥ p = 2, 3, 4, . . . �É³¥É¨³, ÎÉμ ¢¥±Éμ·Ò ¶μ¤¢¨¦´ÒÌ ·¥¶¥·μ¢ μÉ´μ¸ÖÉ¸Ö ±
¸μ¡¸É¢¥´´Ò³ ¢¥±Éμ· ³ ¸ ³¨´¨³ ²Ó´Ò³ ¸μ¡¸É¢¥´´Ò³ §´ Î¥´¨¥³

P mν = 2mν , P nν = −2nν (ν = 1, 2, 3).

�¡¸Ê¤¨³ μ¡ÐÊÕ ¸¨ÉÊ Í¨Õ ¸ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨° c¶¨´¤¨´ ³¨±¨. ˆ§ £ ·-
³μ´¨Î¥¸±¨Ì ¶μ²¨´μ³μ¢ ³μ¦´μ ¶μ¸É·μ¨ÉÓ ¶μ²´ÊÕ μ·Éμ£μ´ ²Ó´ÊÕ ¸¨¸É¥³Ê ¢¥±-
Éμ·´ÒÌ ¶μ²¥° ´  É·¥Ì³¥·´μ° ¸Ë¥·¥, ¢±²ÕÎ Ö ¸Õ¤  ± ± ¶μÉ¥´Í¨ ²Ó´Ò¥, É ± ¨
¢¨Ì·¥¢Ò¥ ¢¥±Éμ·´Ò¥ ¶μ²Ö. ŠμÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö ¢¥±Éμ·´ÒÌ ¨ ¸± ²Ö·-
´ÒÌ ¶μ²¥° ¶μ ÔÉμ° ¶μ²´μ° ¸¨¸É¥³¥ ¡Ê¤ÊÉ ËÊ´±Í¨Ö³¨ f . ˆ¸¶μ²Ó§ÊÖ ¸¢μ°¸É¢ 
· ¸¸³ É·¨¢ ¥³ÒÌ £ ·³μ´¨Î¥¸±¨Ì ¶μ²¨´μ³μ¢, ³μ¦´μ ¨§ Ê· ¢´¥´¨° c¶¨´¤¨-
´ ³¨±¨ ¢Ò¢¥¸É¨ ¸¨¸É¥³Ê μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¤²Ö
±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö. …¸É¥¸É¢¥´´μ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ÔÉ  ¸¨¸É¥³  ¡Ê-
¤¥É ¨³¥ÉÓ ·¥Ï¥´¨Ö Éμ²Ó±μ ¶·¨ μ¶·¥¤¥²¥´´ÒÌ §´ Î¥´¨ÖÌ É ±¨Ì ¶ · ³¥É·μ¢,
± ± § ·Ö¤ ¨ ³ ¸¸ .

47



‹ˆ’…��’“��

1. Novikov V. A., Rozanov A. N., Vysotsky M. I. Once More on Extra QuarkÄLepton
Generations and Precision Measurements // Yad. Fiz. 2010. V. 73. P. 662.

2. Varshalovich D. A., Moskalev A. N., Hersonskii V. K. Quantum Theory of Angular
Momentum. Singapore: World Sci., 1987.

�μ²ÊÎ¥´μ 20 ¤¥± ¡·Ö 2012 £.



�¥¤ ±Éμ· …. ‚. ‘ ¡ ¥¢ 

�μ¤¶¨¸ ´μ ¢ ¶¥Î ÉÓ 05.03.2013.
”μ·³ É 60× 90/16. �Ê³ £  μË¸¥É´ Ö. �¥Î ÉÓ μË¸¥É´ Ö.

“¸². ¶¥Î. ². 3,19. “Î.-¨§¤. ². 3,78. ’¨· ¦ 325 Ô±§. ‡ ± § º 57932.

ˆ§¤ É¥²Ó¸±¨° μÉ¤¥² �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°
141980, £. „Ê¡´ , Œμ¸±μ¢¸± Ö μ¡²., Ê².†μ²¨μ-ŠÕ·¨, 6.

E-mail: publish@jinr.ru
www.jinr.ru/publish/


