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‚‚…„…�ˆ…

�μ´ÖÉ¨Ö ¤²¨´Ò · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  Ï¨·μ±μ ¶·¨³¥´ÖÕÉ¸Ö
¢ É¥μ·¨¨ É·¥Ì³¥·´μ£μ ¶μÉ¥´Í¨ ²Ó´μ£μ · ¸¸¥Ö´¨Ö [1Ä5]. ‚ Ö¤¥·´ÊÕ Ë¨§¨±Ê
´¨§±¨Ì Ô´¥·£¨° [6] ÔÉ¨ ¶μ´ÖÉ¨Ö ¢¢¥² 
¥É¥ [7].

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö · §¢¨É¨¥ É¥μ·¨¨ ¤¢Ê³¥·´μ£μ ¶μÉ¥´Í¨ ²Ó´μ£μ · ¸-
¸¥Ö´¨Ö ¸É¨³Ê²¨·Ê¥É¸Ö ¢Ò¤ ÕÐ¨³¨¸Ö Ê¸¶¥Ì ³¨ Ô±¸¶¥·¨³¥´É ²Ó´μ° Ë¨§¨±¨
Ê²ÓÉ· Ìμ²μ¤´ÒÌ £ §μ¢ ¢ ³ £´¨Éμμ¶É¨Î¥¸±¨Ì ²μ¢ÊÏ± Ì · §²¨Î´ÒÌ ±μ´Ë¨£Ê-
· Í¨° [8Ä11]. �¤´  ¨§ ´¨Ì Å ¤¨¸±μμ¡· §´ Ö. �±¸¶¥·¨³¥´É ²Ó´μ ¤μ¸É¨¦¨³ Ö
É¥³¶¥· ÉÊ·  £ §  ´ ¸Éμ²Ó±μ ³ ² , ÎÉμ ¢ É ±μ° ²μ¢ÊÏ±¥ ¤²¨´  ¤¥ 
·μ°²Ö [1]
Î ¸É¨ÍÒ £ §  ¸· ¢´¨³  ¸ ¶μ¶¥·¥Î´Ò³ · §³¥·μ³ ¤¨¸± -²μ¢ÊÏ±¨. �μÔÉμ³Ê ±¢ ´-
Éμ¢μ¥ ¤¢¨¦¥´¨¥ Î ¸É¨Í £ §  ¢ μ¸´μ¢´μ³ ¶·μ¨¸Ìμ¤¨É ¢ ¶²μ¸±μ¸É¨, ¶·μÌμ¤ÖÐ¥°
Î¥·¥§ ±· Ö ¤¨¸± . Œ¥´ÖÖ ¢´¥Ï´¥¥ Ô²¥±É·μ³ £´¨É´μ¥ ¶μ²¥, ¸μ§¤ ÕÐ¥¥ É ±ÊÕ
²μ¢ÊÏ±Ê, Ê¤ ¥É¸Ö Ê¤¥·¦¨¢ ÉÓ ¢ ´¥° § ¤ ´´μ¥ Î¥É´μ¥ Î¨¸²μ  Éμ³μ¢ ¨ Ê¶· ¢²ÖÉÓ
¶ ·´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ ³¥¦¤Ê ´¨³¨. Œ¨´¨³ ²Ó´μ¥ Î¨¸²μ § ¶¥·ÉÒÌ ¢
¤¨¸±¥-²μ¢ÊÏ±¥ ¨ ¤¢¨¦ÊÐ¨Ì¸Ö ¢ ¶²μ¸±μ¸É¨  Éμ³μ¢ · ¢´μ ¤¢Ê³ [11]. ‚ ¸¨¸É¥³¥
Í¥´É·  ³ ¸¸ É ±¨Ì Ê²ÓÉ· Ìμ²μ¤´ÒÌ  Éμ³μ¢ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸± Ö § ¤ Î  μ¡
¨Ì μÉ´μ¸¨É¥²Ó´μ³ ¤¢¨¦¥´¨¨ ¸¢μ¤¨É¸Ö ± § ¤ Î¥ μ ³¥¤²¥´´μ³ ¤¢¨¦¥´¨¨ μ¤´μ°
±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨. „²¨´  · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´Ò°
· ¤¨Ê¸ Ö¢²ÖÕÉ¸Ö Ê´¨¢¥·¸ ²Ó´Ò³¨ (´¥ § ¢¨¸ÖÐ¨³¨ μÉ Ëμ·³Ò ¶μÉ¥´Í¨ ² ) Ì -
· ±É¥·¨¸É¨± ³¨ É ±μ£μ ¤¢¨¦¥´¨Ö. �μÔÉμ³Ê ¨Ì ¨¸¸²¥¤μ¢ ´¨¥ ¶·¥¤¸É ¢²Ö¥É¸Ö
 ±ÉÊ ²Ó´μ° § ¤ Î¥° ¸μ¢·¥³¥´´μ° É¥μ·¨¨ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö.

„²¨´  ¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ
Í¥´É· ²Ó´Ò³ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ²μ³ ¨¸¸²¥¤μ¢ ²¨¸Ó ³´μ£¨³¨  ¢-
Éμ· ³¨ [5, 12Ä21]. ’¥³ ´¥ ³¥´¥¥ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±¨°  ´ ²¨§ ÔÉ¨Ì ËÊ´¤ -
³¥´É ²Ó´ÒÌ Ì · ±É¥·¨¸É¨± ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö ¤ ²¥± μÉ § ¢¥·-
Ï¥´¨Ö. ‚ Î ¸É´μ¸É¨, ´¥ ¢Ò¢¥¤¥´Ò Ê· ¢´¥´¨Ö ¤²Ö ËÊ´±Í¨°, μ¡² ¤ ÕÐ¨Ì ¶·μ-
§· Î´Ò³ Ë¨§¨Î¥¸±¨³ ¸³Ò¸²μ³ ¨ μ¶·¥¤¥²ÖÕÐ¨Ì §´ Î¥´¨Ö ¤²¨´Ò · ¸¸¥Ö´¨Ö ¨
ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ ; μÉ±·ÒÉÒ³¨ μ¸É ÕÉ¸Ö ¢μ¶·μ¸Ò μ ¸¢Ö§¨ ÔËË¥±É¨¢´μ£μ
· ¤¨Ê¸  ¸ ¤²¨´μ° · ¸¸¥Ö´¨Ö ¨ μ ¶¥·¥μ¶·¥¤¥²¥´¨¨ ÔÉ¨Ì ¶ · ³¥É·μ¢ ¢ ¸²ÊÎ ÖÌ
¨Ì ´Ê²¥¢ÒÌ ¨²¨ ¡¥¸±μ´¥Î´μ ¡μ²ÓÏ¨Ì ¶μ ³μ¤Ê²Õ §´ Î¥´¨°; ´¨ ¤²Ö ± ±μ£μ
¶μÉ¥´Í¨ ²  ´¥ ¨§¢¥¸É´Ò ¶·¥¤¸É ¢²¥´¨Ö ¤²¨´Ò · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´μ£μ · -
¤¨Ê¸  Î¥·¥§ Ô²¥³¥´É ·´Ò¥ ¨²¨ ¨§¢¥¸É´Ò¥ ¸¶¥Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨.

ƒ² ¢´ Ö Í¥²Ó ´ ¸ÉμÖÐ¥° · ¡μÉÒ Å ¢μ¸¶μ²´¨ÉÓ ÔÉ¨ ´¥¤μ¸É É±¨ ¸μ¢·¥³¥´-
´μ° É¥μ·¨¨ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö. ‚ · §¤. 1 ¸μ¡· ´Ò μ¸´μ¢´Ò¥ μ¶·¥¤¥²¥´¨Ö.
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‚ · §¤. 2 ¤ ´ ¢Ò¢μ¤ ¨ ± Î¥¸É¢¥´´Ò°  ´ ²¨§ Ê· ¢´¥´¨° ¤²Ö ¢¸¶μ³μ£ É¥²Ó´ÒÌ
ËÊ´±Í¨°, §´ Î¥´¨Ö ±μÉμ·ÒÌ ¢ ¶·¥¤¥²¥ ¨Ì ¡¥¸±μ´¥Î´μ ¡μ²ÓÏμ£μ  ·£Ê³¥´É 
Ö¢²ÖÕÉ¸Ö ¤²¨´μ° · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´Ò³ · ¤¨Ê¸μ³. ‚ · §¤. 3 ´ °¤¥´Ò ¨ ¨¸-
¸²¥¤μ¢ ´Ò ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ¶μ²ÊÎ¥´´ÒÌ Ê· ¢´¥´¨° ¢ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²  ¶·Ö-
³μÊ£μ²Ó´μ° Ëμ·³Ò. ‚ · §¤. 4 ¨¸¸²¥¤μ¢ ´Ò ¸²ÊÎ ¨ ´Ê²¥¢μ° ¨ ´¥μ£· ´¨Î¥´´μ
¡μ²ÓÏμ° ¶μ ³μ¤Ê²Õ §´ Î¥´¨° ¤²¨´Ò · ¸¸¥Ö´¨Ö ¨ ¢ ÔÉ¨Ì ¸²ÊÎ ÖÌ ¶·¥¤²μ¦¥´Ò
´μ¢Ò¥ μ¶·¥¤¥²¥´¨Ö ¤²¨´Ò · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ . �¸´μ¢´Ò¥ ·¥-
§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¢ · §¤. 2Ä4, ¶¥·¥Î¨¸²¥´Ò ¢ § ±²ÕÎ¥´¨¨.

1. �‘��‚�›… ���…„…‹…�ˆŸ

� Î´¥³ ¸ Ë¨§¨Î¥¸±¨Ì ¶·¥¤¶μ²μ¦¥´¨°. �μ² £ ¥³, ÎÉμ ±¢ ´Éμ¢ Ö Î ¸É¨Í  p1

¨³¥¥É ³ ¸¸Ê m1 ¨ ¤¢¨¦¥É¸Ö ²¨ÏÓ ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ P ¥¥ ±μμ·¤¨´ É´μ£μ
¶·μ¸É· ´¸É¢  R3. ‘Î¨É ¥³, ÎÉμ ´¥±μÉμ· Ö ´¥¶μ¤¢¨¦´ Ö ÉμÎ±  O ÔÉμ° ¶²μ¸±μ-
¸É¨ Ö¢²Ö¥É¸Ö ¸¨²μ¢Ò³ Í¥´É·μ³, ¢μ§¤¥°¸É¢ÊÕÐ¨³ ´  Î ¸É¨ÍÊ p1 ¶μ¸·¥¤¸É¢μ³
¶μÉ¥´Í¨ ²  V , ±μÉμ·Ò° § ¢¨¸¨É Éμ²Ó±μ μÉ μ¡¥§· §³¥·¥´´μ£μ · ¸¸ÉμÖ´¨Ö x
³¥¦¤Ê ÉμÎ±μ° O ¨ ÔÉμ° Î ¸É¨Í¥° ¨ ¶μ¤Î¨´¥´ ¸²¥¤ÊÕÐ¨³ Ê¸²μ¢¨Ö³:

lim
x→0

x2|V (x)| = 0, V (x) ∈ C0(0,∞), lim
x→∞

xn|V (x)| = 0, n = 0, 1, 2, . . .

(1)
’ ±μ° ¶μÉ¥´Í¨ ² ¶·¨´ÖÉμ ´ §Ò¢ ÉÓ Í¥´É· ²Ó´Ò³, ¸² ¡μ¸¨´£Ê²Ö·´Ò³ ¢ ´Ê²¥,
´¥¶·¥·Ò¢´Ò³ ´  ¢¸¥° ¶μ²Êμ¸¨ x > 0 ¨ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ [5]. �É³¥É¨³,
ÎÉμ Ê¸²μ¢¨¥ ´¥¶·¥·Ò¢´μ¸É¨ ³μ¦´μ μ¸² ¡¨ÉÓ: ¢ μ¡² ¸É¨ 0 < x < ∞ ¶μÉ¥´-
Í¨ ² V (x) ³μ¦¥É ¡ÒÉÓ ±Ê¸μÎ´μ-´¥¶·¥·Ò¢´μ° ËÊ´±Í¨¥° ¸ ±μ´¥Î´Ò³ Î¨¸²μ³
ÉμÎ¥± · §·Ò¢  ¶¥·¢μ£μ ·μ¤ . �·¨³¥· É ±μ° ËÊ´±Í¨¨ Å ¶μÉ¥´Í¨ ² ¶·Ö³μ-
Ê£μ²Ó´μ° Ëμ·³Ò: V (x) = V0θ(x−b), £¤¥ V0 ¨ b Å ´¥´Ê²¥¢ Ö ¨ ¶μ²μ¦¨É¥²Ó´ Ö
±μ´¸É ´ÉÒ (V0 �= 0, b > 0),   θ(x− b) Å ËÊ´±Í¨Ö •¥¢¨¸ °¤ , · ¢´ Ö ¥¤¨´¨Í¥
¶·¨ x � b ¨ ´Ê²Õ ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥.

’¥¶¥·Ó ¶¥·¥Î¨¸²¨³ ¨§¢¥¸É´Ò¥ ¢ É¥μ·¨¨ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö [5, 21Ä23]
¸²¥¤¸É¢¨Ö ¢Ò¸± § ´´ÒÌ ¢ÒÏ¥ ¶·¥¤¶μ²μ¦¥´¨° μ ¶μÉ¥´Í¨ ²¥. ‚ ¶μ²¥ Í¥´É· ²Ó-
´μ£μ ¶μÉ¥´Í¨ ²  V (x) ¶μ²´Ò° ´ ¡μ· ±¢ ´Éμ¢ÒÌ Î¨¸¥² Î ¸É¨ÍÒ p1 ¸μ¸Éμ¨É ¨§
¥¥ μ¡¥§· §³¥·¥´´μ£μ ¢μ²´μ¢μ£μ Î¨¸²  q ¨ ¤¨¸±·¥É´μ£μ Î¨¸²  λ, ¶·¨´¨³ Õ-
Ð¥£μ ²Õ¡Ò¥ ¶μ²ÊÍ¥²Ò¥ §´ Î¥´¨Ö, ´ Î¨´ Ö ¸ −1/2. �·¨ Ê¸²μ¢¨ÖÌ (1) · ¤¨ ²Ó-
´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö uλ(x; q) = 〈x|q, λ〉 ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö |q, λ〉, q > 0,
μ¶·¥¤¥²Ö¥É¸Ö ± ± ·¥£Ê²Ö·´μ¥ (μ£· ´¨Î¥´´μ¥ ´  ¢¸¥° ¶μ²Êμ¸¨ x > 0) ·¥Ï¥´¨¥
μ¤´μ³¥·´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· [

∂2
x + q2 − λ(λ + 1)x−2 − V (x)

]
uλ(x; q) = 0, x > 0, (2)

¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³

uλ(x; q) ∼ (qx)λ+1, qx → 0, (3)
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¨  ¸¨³¶ÉμÉ¨±μ°

uλ(x; q) → sin [qx − πλ/2 + δλ(q)] , qx/|λ| → ∞. (4)

‚¥²¨Î¨´Ò δλ(q) ¨ σλ(q) ´ §Ò¢ ÕÉ¸Ö ¶ ·Í¨ ²Ó´Ò³¨ Ë §μ° ¨ ¸¥Î¥´¨¥³ Ê¶·Ê-
£μ£μ · ¸¸¥Ö´¨Ö ¢ ¸μ¸ÉμÖ´¨¨ |q, λ〉. ‘¥Î¥´¨¥ σλ(q) ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ Ëμ·³Ê-
² ³ [5,21]

σλ(q) ≡ σu
λ(q)

[ctg δλ(q)]2 + 1
, σu

λ(q) ≡ 4
q
(2 − δ2λ,−1). (5)

‡¤¥¸Ó ¨ ¤ ²¥¥ δi,j Å ¸¨³¢μ² Š·μ´¥±¥· . �·¨ ²Õ¡μ³ q > 0 ¸¥Î¥´¨¥ σλ(q)
´¥ ¶·¥¢ÒÏ ¥É ¸¢μ¥£μ Ê´¨É ·´μ£μ ¶·¥¤¥²  σu

λ(q). �·¥¤¥² q → 0+ ´ §Ò¢ ¥É¸Ö
¶·¥¤¥²μ³ ´¨§±¨Ì Ô´¥·£¨°.

�¥·¥Î¨¸²¨³ ¢¸¥ ¨§¢¥¸É´Ò¥ ± ´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨ μ¶·¥¤¥²¥´¨Ö ¤²¨´Ò
· ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¤²Ö ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î -
¸É¨ÍÒ ±μ·μÉ±μ¤¥°cÉ¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ²μ³.

‚ · ¡μÉ Ì [12, 13] ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¶μ´ÖÉ¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ° ¨ ¶μ²´μ°
¤²¨´ · ¸¸¥Ö´¨Ö. „¨ËË¥·¥´Í¨ ²Ó´μ° ¤²¨´μ° · ¸¸¥Ö´¨Ö ´ §Ò¢ ²¸Ö ±¢ ¤· É
³μ¤Ê²Ö  ³¶²¨ÉÊ¤Ò ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö,   ¶μ²´μ° Å ¨´É¥£· ² μÉ É ±μ£μ
±¢ ¤· É  ¶μ Ê£²Ê · ¸¸¥Ö´¨Ö ´  μÉ·¥§±¥ [0, 2π].

‚ · ¡μÉ Ì [14Ä16] ¤²Ö ¸²ÊÎ Ö 2λ = −1 ¤²¨´  · ¸¸¥Ö´¨Ö a′ ¨ ÔËË¥±É¨¢´Ò°
· ¤¨Ê¸ r′eff μ¶·¥¤¥²Ö²¨¸Ó ± ± ±μ´¸É ´ÉÒ  ¸¨³¶ÉμÉ¨±¨

ctg δλ(q) ∼ (2/π) [ln(a′q/2) + γ] + (q2/2) r′eff , q → 0.

‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ¤²¨´  · ¸¸¥Ö´¨Ö a′ ¢¸¥£¤  ¶μ²μ¦¨É¥²Ó´ Ö,   ¢ ¸²ÊÎ ¥
2λ = −1  ¢Éμ· ³ · ¡μÉÒ [16] Ê¤ ²μ¸Ó ¶μ²ÊÎ¨ÉÓ μ£· ´¨Î¥´¨Ö ´  ¶μÉ¥´Í¨ ² V ,
¶·¨ ±μÉμ·ÒÌ ¤²¨´  · ¸¸¥Ö´¨Ö a′ ¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸ r′eff Ö¢²ÖÕÉ¸Ö ±μ´¥Î-
´Ò³¨ ±μ´¸É ´É ³¨.

‚ Éμ³ ¦¥ ¸²ÊÎ ¥ 2λ = −1  ¢Éμ·Ò · ¡μÉ [17, 18] ¸Î¨É ²¨ ¤²¨´μ° · ¸¸¥Ö-
´¨Ö a′′ ¨ ÔËË¥±É¨¢´Ò³ · ¤¨Ê¸μ³ r′′eff ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö

ctg δλ(q) − (2/π) [ln(q/2) + γ] = (2/π)
[
−1/a′′ + (q2/2) r′′eff

]
+ . . .

¶μ Î¥É´Ò³ ¸É¥¶¥´Ö³  ·£Ê³¥´É  q ¨ ¤μ± § ²¨, ÎÉμ ¤²Ö ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ
¶μÉ¥´Í¨ ²  É ±μ¥ · §²μ¦¥´¨¥ ¸Ìμ¤¨É¸Ö · ¢´μ³¥·´μ ´  ¢¸¥° ¶μ²Êμ¸¨ q > 0.
�´ ²μ£¨Î´μ¥ μ¶·¥¤¥²¥´¨¥ ¤²¨´Ò · ¸¸¥Ö´¨Ö a′′ ¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  r′′eff
¨¸¶μ²Ó§μ¢ ²μ¸Ó ¢ · ¡μÉ¥ [19], ¶μ¸¢ÖÐ¥´´μ° ¨¸¸²¥¤μ¢ ´¨Õ  ³¶²¨ÉÊ¤ ´¨§±μ-
Ô´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö ¢ § ¤ Î¥ É·¥Ì Î ¸É¨Í ´  ¶²μ¸±μ¸É¨.

‚μ ¢¸¥Ì Ê¦¥ ¶·μÍ¨É¨·μ¢ ´´ÒÌ · ¡μÉ Ì [14Ä19] μ¸´μ¢´μ¥ ¢´¨³ ´¨¥ Ê¤¥²Ö-
²μ¸Ó ¸²ÊÎ Õ 2λ = −1. ‚ · ¡μÉ¥ [20] ¤²Ö ²Õ¡μ£μ λ ¶·¥¤²μ¦¥´μ ¨¸¶μ²Ó§μ¢ ÉÓ
ËÊ´±Í¨Õ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ 

K ′(q) ≡ q2λ+1 [ctg δλ(q) − h′(q)] = −1/a′′′ + (q2/2) r′′′eff + . . . ,

h′(q) ≡ (2/π) ln (q/2),
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  ±μ´¸É ´ÉÒ a′′′ ¨ r′′′eff ¸Î¨É ÉÓ ¤²¨´μ° · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´Ò³ · ¤¨Ê¸μ³.
�¶·¥¤¥²¥´¨¥ ËÊ´±Í¨¨ h′(q) ¶·¥¤²μ¦¥´μ · ´¥¥ ¢ · ¡μÉ¥ [19].

‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° · §¤¥² μ¶·¥¤¥²¥´¨Ö³¨, ¢¢¥¤¥´´Ò³¨ ¢ · ¡μÉ¥ [21],
¨ ¤μ± § ´´Ò³¨ ¢ ÔÉμ° ¦¥ · ¡μÉ¥ ÊÉ¢¥·¦¤¥´¨Ö³¨.

„²Ö ± ¦¤μ£μ ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö |λ, q〉, q > 0, c ¢Ò¡· ´´Ò³ §´ Î¥´¨¥³ λ
ËÊ´±Í¨Ö ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  K(q) μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ËÊ´±Í¨Õ K(x; q)
Ëμ·³Ê² ³¨

K(q) ≡ lim
x→∞

K(x; q), K(x; q) ≡ q2λ+1 [ctg δλ(x; q) − h(q)] . (6)

”Ê´±Í¨Ö K(x; q) Ö¢²Ö¥É¸Ö ·Ö¤μ³ ¶μ Î¥É´Ò³ ¸É¥¶¥´Ö³ ¢μ²´μ¢μ£μ Î¨¸² 

K(x; q) = τ

∞∑
n=0

q2nKn(x) = − 1
a(x)

+
q2

2
reff(x)− q4r3

eff(x)P (x)+ . . . , x � 0.

(7)
‡¤¥¸Ó ¨ ¢¸Õ¤Ê ¤ ²¥¥ τ Å § ¢¨¸ÖÐ¨° μÉ §´ Î¥´¨Ö λ ³´μ¦¨É¥²Ó:

τ ≡ 2
π

(2λ − 1 + 2δ2λ,−1)!!(2λ + 1 + δ2λ,−1)!! =
(2mm!)2

πm
,

m ≡ λ + 1/2 Å Í¥²μ¥ Î¨¸²μ; δλ(x; q) Å Ë §μ¢ Ö ËÊ´±Í¨Ö [5], h(q) Å ²μ£ -
·¨Ë³¨Î¥¸± Ö ËÊ´±Í¨Ö, ¸μ¤¥·¦ Ð Ö ±μ´¸É ´ÉÊ �°²¥·  [24] γ ¨ μ¶·¥¤¥²¥´´ Ö
Ëμ·³Ê² ³¨

h(q) ≡ (2/π) [ln (q/2) + γ] = (2/π) ln (q/q0), q0 ≡ 2 exp (−γ) = 1,122918 . . .

‚ ´ Î ²Ó´μ° ÉμÎ±¥ x = 0 ¶μ²Êμ¸¨ x � 0 ËÊ´±Í¨¨ a(x) ¨ ξ(x) ≡
a2(x)reff(x) · ¢´Ò ´Ê²Õ,   ¢ ¡¥¸±μ´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±¥ x = ∞ ³μ£ÊÉ ¡ÒÉÓ
´¥μ£· ´¨Î¥´´Ò³¨. …¸²¨ ¶·¥¤¥²Ó´Ò¥ ¶·¨ x → ∞ §´ Î¥´¨Ö a ¨ reff ËÊ´±-
Í¨° a(x) ¨ reff(x) Ê¤μ¢²¥É¢μ·ÖÕÉ μ£· ´¨Î¥´¨Ö³ a �= 0 ¨ |a|, |reff | < ∞, Éμ
¢¸²¥¤¸É¢¨¥ ¶·¥¤¸É ¢²¥´¨° (6) ¨ (7) ËÊ´±Í¨Ö K(q) ¨³¥¥É ´¨§±μÔ´¥·£¥É¨Î¥-
¸±ÊÕ (q → 0+)  ¸¨³¶ÉμÉ¨±Ê

K(q) ≡ q2λ+1 [ctg δλ(q) − h(q)] = −1
a

+
q2

2
reff − q4r3

effP + O(q6), (8)

  ±μÔËË¨Í¨¥´ÉÒ a, reff ¨ P ≡ P (∞) ´ §Ò¢ ÕÉ¸Ö ¤²¨´μ° · ¸¸¥Ö´¨Ö, ÔËË¥±-
É¨¢´Ò³ · ¤¨Ê¸μ³ ¨ ¶ · ³¥É·μ³ Ëμ·³Ò. ˆ³¥´´μ É ±μ¥ μ¶·¥¤¥²¥´¨¥, ¨¸±²ÕÎ -
ÕÐ¥¥ μ¸μ¡Ò¥ ¸²ÊÎ ¨ a = 0, |a| = ∞ ¨²¨ |reff | = ∞, ¨¸¶μ²Ó§Ê¥É¸Ö ¢ · §¤. 2
¨ 3 ´ ¸ÉμÖÐ¥° · ¡μÉÒ. �´ ²¨§Ê μ¸μ¡ÒÌ ¸²ÊÎ ¥¢ (a = 0, a = ±∞) ¶μ¸¢ÖÐ¥´
· §¤. 4.
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2. “��‚�…�ˆŸ „‹Ÿ ‚›—ˆ‘‹…�ˆŸ „‹ˆ�› ��‘‘…Ÿ�ˆŸ
ˆ �””…Š’ˆ‚��ƒ� ��„ˆ“‘�

‚ ´ ¸ÉμÖÐ¥³ · §¤¥²¥ ±²ÕÎ¥¢Ò³¨ μ± ¦ÊÉ¸Ö · §²μ¦¥´¨¥ (7) ¨ ¶μ²ÊÎ¥´-
´Ò¥ ¢ · ¡μÉ¥ [21] ¸¶¥Í¨ ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ·¥£Ê²Ö·´μ£μ ¨ ´¥·¥£Ê²Ö·´μ£μ
·¥Ï¥´¨° jλ(qx) ¨ ñλ(qx) Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (2) ¢ ¸²ÊÎ ¥ Éμ¦¤¥¸É¢¥´´μ
· ¢´μ£μ ´Ê²Õ ¶μÉ¥´Í¨ ²  V (x). �É¨ ·¥Ï¥´¨Ö ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ËÊ´±Í¨¨

¥¸¸¥²Ö Jm(qx) ¨ Ym(qx) Í¥²μ£μ ¶μ·Ö¤±  [24] ¨ Ö¢²ÖÕÉ¸Ö ·Ö¤ ³¨, ¸μ¤¥·¦ -
Ð¨³¨ ¨§¢¥¸É´Ò¥ ±μÔËË¨Í¨¥´ÉÒ an ¨ ËÊ´±Í¨¨ dn(x): ËÊ´±Í¨Ö jλ(qx) Å ·Ö¤

jλ(qx) = (πqx/2)1/2Jm(qx) =
(π

2

)1/2 (qx)λ+1

(2λ + 1 + δ2λ,−1)!!

∞∑
n=0

an(qx)2n, (9)

  ËÊ´±Í¨Ö ñλ(qx) É ±μ¢ , ÎÉμ

ñλ(qx) = (πqx/2)1/2Ym(qx) = nλ(qx) + h(q) jλ(qx), (10)

£¤¥ nλ(qx) Å ·Ö¤

nλ(qx) = −
(

2
π

)1/2 (2λ − 1 + 2δ2λ,−1)!!
(qx)λ

∞∑
n=0

dn(x)(qx)2n . (11)

�μ¸²¥¤μ¢ É¥²Ó´μ ¢Ò¢¥¤¥³ ´¥²¨´¥°´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö ËÊ´±Í¨° K(x; q),
a(x) ¨ ²¨´¥°´μ¥ Ê· ¢´¥´¨¥ ¤²Ö ËÊ´±Í¨¨ reff(x). �·¨³¥´¨³ ´¥²¨´¥°´ÊÕ
¢¥·¸¨Õ ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨° [5], ¢ ±μÉμ·μ° É ´£¥´¸ T (x; q) = tg δλ(x; q)
Ë §μ¢μ° ËÊ´±Í¨¨ δλ(x; q) μ¶·¥¤¥²Ö¥É¸Ö ± ± ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö

∂xT (x; q) = −(π/2)xV (x) [Jm(qx) − T (x; q)Ym(qx)]2 , x > 0,

¸ £· ´¨Î´Ò³ Ê¸²μ¢¨¥³ T (x; q) = 0 ¶·¨ x = 0. ˆ¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨Ö (6)
¨ (9), (10), ¢Ò· §¨³ ¢ ÔÉμ³ Ê· ¢´¥´¨¨ ËÊ´±Í¨¨ Jm ¨ Ym Î¥·¥§ ¨§¢¥¸É´Ò¥
ËÊ´±Í¨¨ jλ ¨ nλ,   ¨¸±μ³ÊÕ ËÊ´±Í¨Õ T (x; q) Å Î¥·¥§ ËÊ´±Í¨Õ K(x; q).
‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥

∂xK(x; q) = V (x)
[
q−λ−1jλ(ρ)K(x; q) − qλnλ(ρ)

]2
, x > 0. (12)

‚ ÔÉμ³ ´¥²¨´¥°´μ³ Ê· ¢´¥´¨¨ ¶·¥¤¸É ¢¨³ ËÊ´±Í¨¨ jλ ¨ nλ ·Ö¤ ³¨ (9) ¨ (11),
  ¨¸±μ³μ¥ ·¥Ï¥´¨¥ K(x, q) § ³¥´¨³ ¥£μ · §²μ¦¥´¨¥³ (7). ‚ ¶μ²ÊÎ¨¢Ï¥³¸Ö
Ê· ¢´¥´¨¨ ¶·¨· ¢´Ö¥³ ´Ê²Õ ¸Ê³³Ê ¢¸¥Ì ¸² £ ¥³ÒÌ, ´¥ § ¢¨¸ÖÐ¨Ì μÉ q, ¸Ê³³Ê
¢¸¥Ì ¸² £ ¥³ÒÌ, ¶·μ¶μ·Í¨μ´ ²Ó´ÒÌ q2, ¨ ¸Ê³³Ê ¢¸¥Ì ¸² £ ¥³ÒÌ, ¶·μ¶μ·Í¨μ-
´ ²Ó´ÒÌ q4. �¥·¢μ¥ · ¢¥´¸É¢μ ¡Ê¤¥É ´¥²¨´¥°´Ò³ ¨ μ¤´μ·μ¤´Ò³ Ê· ¢´¥´¨¥³
¤²Ö ËÊ´±Í¨¨ a(x),   ¢Éμ·μ¥ Å ²¨´¥°´Ò³, ´μ ´¥μ¤´μ·μ¤´Ò³ Ê· ¢´¥´¨¥³ ¤²Ö
ËÊ´±Í¨¨ reff(x),   É·¥ÉÓ¥ · ¢¥´¸É¢μ μ± ¦¥É¸Ö Ê· ¢´¥´¨¥³ ¤²Ö ËÊ´±Í¨¨ P (x).
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�·¨¢¥¤¥³ Ê· ¢´¥´¨Ö ¤²Ö ËÊ´±Í¨° a(x) ¨ reff(x). „²Ö ±· É±μ¸É¨ § ¶¨¸¨ ¨¸-
¶μ²Ó§Ê¥³ μ¡μ§´ Î¥´¨¥ y(x) ≡ ln (x) ¨ ´¥ Ê± §Ò¢ ¥³  ·£Ê³¥´É x ËÊ´±Í¨° y(x),
V (x), a(x) ¨ reff(x).

‚ ¸²ÊÎ ¥ 2λ = −1 ËÊ´±Í¨Ö a(x) ¶μ¤Î¨´Ö¥É¸Ö Ê· ¢´¥´¨Õ

τ∂xa = xV [1 + τay]2, (13)

a ¢ ¸²ÊÎ ¥ 2λ � 1 Å Ê· ¢´¥´¨Õ

τ∂xa =
x2λ

2λ + 1
V

[
x − x−2λτa

]2
. (14)

‚ ¸²ÊÎ ¥ 2λ = −1 ËÊ´±Í¨Ö reff(x) Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ

τ∂xreff = −a−2xV (1 + τay)
[
2areff + x2(1 + τay − τa)

]
, (15)

¢ ¸²ÊÎ ¥ 2λ = 1 Å Ê· ¢´¥´¨Õ

τ∂xreff = a−2xV
(
τa − x2

) [
a(reff − τy) + x2/4

]
, (16)

  ¢ μ¸É ¢Ï¥³¸Ö ¸²ÊÎ ¥ 2λ � 3 Å Ê· ¢´¥´¨Õ

τ∂xreff =
2

2λ + 1
a−2xV

(
τa − x2λ+1

) [
a

(
reff + τ

x−2λ+1

2λ − 1

)
+

x2

2λ + 3

]
.

(17)
�¡¸Ê¤¨³ Ê· ¢´¥´¨Ö (13) ¨ (14). ‚ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ §´ ±¨ ¶·μ¨§¢μ¤´μ° ∂xa

¨ ¶μÉ¥´Í¨ ²  V ¸μ¢¶ ¤ ÕÉ, ÔÉ  ¶·μ¨§¢μ¤´ Ö · ¢´  ´Ê²Õ ¢ É¥Ì ¦¥ ÉμÎ± Ì, ÎÉμ ¨
¶μÉ¥´Í¨ ². ‘²¥¤μ¢ É¥²Ó´μ, ´¥¶·¥·Ò¢´μ¥ ·¥Ï¥´¨¥ a(x) ³μ´μÉμ´´μ ¢μ§· ¸É ¥É
¨²¨ Ê¡Ò¢ ¥É ´  μÉ·¥§±¥ [x1, x2], ¥¸²¨ ´  ÔÉμ³ μÉ·¥§±¥ ¶μÉ¥´Í¨ ² Ö¢²Ö¥É¸Ö
μÉÉ ²±¨¢ ÕÐ¨³ (V > 0) ¨²¨ ¶·¨ÉÖ£¨¢ ÕÐ¨³ (V < 0), ¨ ¨³¥¥É ²μ± ²Ó´Ò°
Ô±¸É·¥³Ê³ ¢ ´¥±μÉμ·μ° ÉμÎ±¥ x = x̃ < ∞, ¥¸²¨ ¢ ÔÉμ° ÉμÎ±¥ ¶μÉ¥´Í¨ ² ³¥´Ö¥É
§´ ±. �¡¸Ê¦¤ ¥³Ò¥ Ê· ¢´¥´¨Ö (13) ³μ£ÊÉ ¨³¥ÉÓ ·¥Ï¥´¨Ö, É¥·¶ÖÐ¨¥ · §·Ò¢
¢Éμ·μ£μ ·μ¤ . ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢ ³ ²μ° μ±·¥¸É´μ¸É¨ ÉμÎ±¨ · §·Ò¢  ¸²¥¤Ê¥É
¶¥·¥°É¨ ± Ê· ¢´¥´¨Ö³ ¤²Ö ËÊ´±Í¨¨ ã(x) = a−1(x).

’¥¶¥·Ó μ¡¸Ê¤¨³ Ê· ¢´¥´¨Ö (15)Ä(17). ˆÌ ¶· ¢Ò¥ Î ¸É¨ ¸μ¤¥·¦ É ³´μ¦¨-
É¥²Ó a−2(x), ¨ ¶μÔÉμ³Ê ·¥Ï¥´¨¥ reff(x) ³μ¦¥É ¨³¥ÉÓ ¶μ²Õ¸ ¶¥·¢μ£μ ¨²¨ ¦¥
¢Éμ·μ£μ ¶μ·Ö¤±  ¢ ´¥±μÉμ·μ° ÉμÎ±¥ x = x̃, ¥¸²¨ ¢ ÔÉμ° ÉμÎ±¥ ËÊ´±Í¨Ö a(x)
³¥´Ö¥É §´ ±. �·¨ ´ ²¨Î¨¨ ¶μ²Õ¸  ¸²¥¤Ê¥É ¶μ²μ¦¨ÉÓ reff(x) = τξ(x)/a2(x)
¨ ¢³¥¸Éμ ¨¸Ìμ¤´ÒÌ Ê· ¢´¥´¨° ¨¸¶μ²Ó§μ¢ ÉÓ ¶μ·μ¦¤¥´´Ò¥ ¨³¨ Ê· ¢´¥´¨Ö ¤²Ö
μ£· ´¨Î¥´´μ° ¢ ÉμÎ±¥ x = x̃ ËÊ´±Í¨¨ ξ(x): ¢ ¸²ÊÎ ¥ 2λ = −1 Å Ê· ¢´¥´¨¥

∂xξ =
x

2
V (1 + τay)

[
4yξ − x2(1 + τay − τa)

]
, (18)

¶·¨ 2λ = 1 Å Ê· ¢´¥´¨¥

∂xξ =
1
8x

V (τa − x2)
[
8ξ + x2(x2 − 4τay)

]
, (19)
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  ¢ ¸²ÊÎ ¥ 2λ � 3 Å Ê· ¢´¥´¨¥

∂xξ =
1

2λ + 1
V (τa − x2λ+1)x−2λ

[
2ξ +

τax2

2λ − 1
+

x2λ+3

2λ + 3

]
. (20)

‡ ³¥É¨³, ÎÉμ · ¢¥´¸É¢  a(0) = 0 ¨ ξ(0) = 0, Ê¶μ³Ö´ÊÉÒ¥ ¢ ¶·¥¤Ò¤ÊÐ¥³
· §¤¥²¥, Ö¢²ÖÕÉ¸Ö £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨ ¤²Ö Ê· ¢´¥´¨° (13), (14) ¨ (18)Ä(20)
¢ ´ Î ²Ó´μ° ÉμÎ±¥ x = 0,   ± ¦¤μ¥ ¨§ É·¥Ì Ê· ¢´¥´¨° (18)Ä(20) ¶·¥¤¸É ¢¨³μ
¢ ¢¨¤¥

∂xξ(x) = v2(x) ξ(x) + v1(x)

¨ ¶μÔÉμ³Ê ¶·¨ Ê¸²μ¢¨¨ ξ(0) = 0 ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥

ξ(x) =

x∫
0

dx1 v1(x1) exp

⎧⎨
⎩

x∫
x1

dx2 v2(x2)

⎫⎬
⎭ , (21)

±μÉμ·μ¥ Ö¢²Ö¥É¸Ö ¨´É¥£· ²Ó´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ ËÊ´±Í¨¨ ξ(x) Î¥·¥§ ËÊ´±-
Í¨Õ a(x).

� Ï  ¸²¥¤ÊÕÐ Ö § ¤ Î  Å ¸¢¥¸É¨ ¢¸¥ ¶μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö (13)Ä(17)
± ¸¨¸É¥³ ³ ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢μ£μ ¶μ·Ö¤± . ˆ¸-
¶μ²Ó§Ê¥³ ¤²Ö ÔÉμ£μ ¨§¢¥¸É´Ò° ¢ É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [25]
³¥Éμ¤ ¢ ·¨ Í¨¨ ¶·μ¨§¢μ²Ó´ÒÌ ±μÔËË¨Í¨¥´Éμ¢. � ¶μ³´¨³, ÎÉμ ¢ ÔÉμ³ ³¥Éμ¤¥
¨¸±μ³μ¥ ·¥Ï¥´¨¥ ¨¸Ìμ¤´μ£μ Ê· ¢´¥´¨Ö ¸´ Î ²  ¶·¥¤¸É ¢²Ö¥É¸Ö Î¥·¥§ ¤¢¥ ´¥-
¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨, ¶·μ¨§¢μ¤´Ò¥ ±μÉμ·ÒÌ ¶μ μ¶·¥¤¥²¥´¨Õ ¶μ¤Î¨´ÖÕÉ¸Ö ´¥-
±μÉμ·μ³Ê Éμ¦¤¥¸É¢Ê,   § É¥³ ÔÉμ Éμ¦¤¥¸É¢μ ¨¸¶μ²Ó§Ê¥É¸Ö ¶·¨ ¢Ò¢μ¤¥ ¸¨¸É¥³Ò
¤¢ÊÌ Ê· ¢´¥´¨°.

� Î´¥³ ¸ ²¨´¥ ·¨§ Í¨¨ Ê· ¢´¥´¨Ö (13). …£μ ·¥Ï¥´¨¥ ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥

a(x) = − s0(x)
τc0(x)

. (22)

�·μ¨§¢μ²Ó´Ò¥ ±μÔËË¨Í¨¥´ÉÒ c0(x) ¨ s0(x) ¶μ¤Î¨´¨³ Éμ¦¤¥¸É¢Ê

∂xc0(x) ≡ ln(x) ∂xs0(x), x > 0, 2λ = −1. (23)

�μ¤¸É ´μ¢±μ° (22) ¸¢¥¤¥³ ¨¸Ìμ¤´μ¥ Ê· ¢´¥´¨¥ (13) ± ¸μμÉ´μÏ¥´¨Õ, ¸μ¤¥·¦ -
Ð¥³Ê μ¡¥ ¶·μ¨§¢μ¤´Ò¥ ∂xc0 ¨ ∂xs0. ˆ¸¶μ²Ó§ÊÖ Éμ¦¤¥¸É¢μ (23), ¨¸±²ÕÎ¨³ ¨§
ÔÉμ£μ ¸μμÉ´μÏ¥´¨Ö ¶·μ¨§¢μ¤´ÊÕ ∂xs0 ¨²¨ ¦¥ ¶·μ¨§¢μ¤´ÊÕ ∂xc0. ‚ ¶¥·¢μ³
¸²ÊÎ ¥ ¢Ò¢¥¤¥³ μ¤´μ,   ¢μ ¢Éμ·μ³ Å ¤·Ê£μ¥ Ê· ¢´¥´¨¥ ¤²Ö ¨¸±μ³ÒÌ ËÊ´±-
Í¨° c0(x) ¨ s0(x). ‡ ¶¨Ï¥³ ¶μ²ÊÎ¥´´ÊÕ É ±¨³ μ¡· §μ³ μ¤´μ·μ¤´ÊÕ ¸¨¸É¥³Ê
¤¢ÊÌ Ê· ¢´¥´¨° ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

∂xc0(x) = −V (x) [c0(x) − s0(x) ln x] x ln x,

∂xs0(x) = −V (x) [c0(x) − s0(x) ln x] x, 2λ = −1.
(24)
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’¥¶¥·Ó ¨§²μ¦¥´´Ò³ ¢ÒÏ¥ ¸¶μ¸μ¡μ³ ²¨´¥ ·¨§Ê¥³ Ê· ¢´¥´¨¥ (14). „²Ö
ÔÉμ£μ ¨¸¶μ²Ó§¥³ ÉÊ ¦¥ ¶μ¤¸É ´μ¢±Ê (22), ´μ ¨¸±μ³Ò¥ ËÊ´±Í¨¨ c0 ¨ s0(x)
¶μ¤Î¨´¨³ Éμ¦¤¥¸É¢Ê

∂xc0(x) ≡ −x−2λ−1∂xs0(x), x > 0, 2λ � 1, (25)

‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ μ¤´μ·μ¤´ÊÕ ¸¨¸É¥³Ê ²¨´¥°´ÒÌ Ê· ¢´¥´¨°

∂xc0(x) =
V (x)
2λ + 1

[
xc0(x) + x−2λs0(x)

]
,

∂xs0(x) = − V (x)
2λ + 1

[
xc0(x) + x−2λs0(x)

]
x2λ+1, 2λ � 1.

(26)

„²Ö ·¥¤Ê±Í¨¨ Ê· ¢´¥´¨° (15)Ä(17) ± ¸¨¸É¥³ ³ ´¥μ¤´μ·μ¤´ÒÌ Ê· ¢´¥´¨°
¶·¨³¥´¨³ μ¤´Ê ¨ ÉÊ ¦¥ ¶μ¤¸É ´μ¢±Ê

reff(x) =
2τ

s0(x)

[
c1(x) − s1(x)

c0(x)
s0(x)

]
, 2λ � −1, (27)

´μ ¨¸¶μ²Ó§Ê¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¢Ò¡· ´´μ³Ê §´ Î¥´¨Õ λ Ê· ¢´¥´¨Ö (24)
¨²¨ (26) ¨ · §²¨Î´Ò¥ Éμ¦¤¥¸É¢ . �·¨¢¥¤¥³ ÔÉ¨ Éμ¦¤¥¸É¢  ¨ ¨Éμ£μ¢Ò¥ ¸¨-
¸É¥³Ò Ê· ¢´¥´¨°, ¶μ² £ Ö ¤²Ö ±· É±μ¸É¨ § ¶¨¸¨ y(x) ≡ ln (x) ¨ ´¥ Ê± §Ò¢ Ö
 ·£Ê³¥´É x ËÊ´±Í¨° y(x), V (x), cn(x) ¨ sn(x), n = 0, 1.

ˆÉ ±, Ê· ¢´¥´¨¥ (15) ¡² £μ¤ ·Ö Éμ¦¤¥¸É¢Ê

4 [∂xc1 − y∂xs1] ≡ x2∂xs0, x > 0, 2λ = −1, (28)

¸¢μ¤¨É¸Ö ± ¸¨¸É¥³¥ Ê· ¢´¥´¨°

∂xc1 =
V

4
{
4y(c1 − ys1) + x2 [(2y − 1)c0 + 2(1 − y)ys0]

}
x,

∂xs1 =
V

4
{
4 (ys1 − c1) + x2 [2c0 + (1 − 2y)s0]

}
x, 2λ = −1.

(29)

’μ¦¤¥¸É¢μ

8
[
∂xc1 + x−2∂xs1

]
≡ x2∂xc0 + 4y∂xs0, x > 0, 2λ = 1, (30)

¶μ§¢μ²Ö¥É ¢Ò¢¥¸É¨ ¨§ Ê· ¢´¥´¨Ö (16) ¸¨¸É¥³Ê Ê· ¢´¥´¨°

∂xc1 =
V

16

[
8

(
xc1 +

1
x

s1

)
− x3(4y + 1)c0 − 8xys0

]
,

∂xs1 = − V

16

[
8

(
xc1 +

1
x

s1

)
− 2x3c0 − x(4y + 1)s0

]
x2, 2λ = 1.

(31)
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�·¨ ¢Ò¡μ·¥ Éμ¦¤¥¸É¢ 

2
[
∂xc1 + x−2λ−1∂xs1

]
≡ x2

2λ + 3
∂xc0−

x−2λ+1

2λ − 1
∂xs0, x > 0, 2λ � 3, (32)

Ê· ¢´¥´¨¥ (17) ¶μ·μ¦¤ ¥É ¸²¥¤ÊÕÐÊÕ ¸¨¸É¥³Ê:

∂xc1 =
V

2λ + 1

[
xc1 + x−2λs1 +

x2

2λ − 1

(
2

2λ + 3
xc0 + x−2λs0

)]
,

∂rs1 = − V

2λ + 1

[
xc1 + x−2λs1 −

x2

2λ + 3
×

×
(

xc0 −
2

2λ − 1
x−2λs0

)]
x2λ+1, 2λ � 3.

(33)
‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° · §¤¥² ¢ ¦´Ò³¨ § ³¥Î ´¨Ö³¨.
”Ê´±Í¨¨ K(x; q), a(x) ¨ reff(x) ¨³¥ÕÉ ¶·μ§· Î´Ò° Ë¨§¨Î¥¸±¨° ¸³Ò¸²:

¨Ì §´ Î¥´¨Ö ¢ ²Õ¡μ° ÉμÎ±¥ x = b � 0 ¸É ´ÊÉ ¸μμÉ¢¥É¸É¢¥´´μ ËÊ´±Í¨¥°
ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ , ¤²¨´μ° · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´Ò³ · ¤¨Ê¸μ³, ¥¸²¨ ¶μ-
É¥´Í¨ ² V (x) § ³¥´¨ÉÓ ¶μÉ¥´Í¨ ²μ³ V (x)θ(b − x), É. ¥. ®μ¡·¥§ ÉÓ¯ ¢ ÔÉμ°
ÉμÎ±¥. �· ¢Ò¥ Î ¸É¨ Ê· ¢´¥´¨° (15)Ä(17) ¤²Ö ËÊ´±Í¨¨ reff(x) ¸μ¤¥·¦ É ËÊ´±-
Í¨Õ a(x),   ¸¢Ö§Ó reff(x) = τξ(x)/a2(x) ¨ ¸μμÉ´μÏ¥´¨¥ (21) ¶μ·μ¦¤ ÕÉ ¨´É¥-
£· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨ reff(x) Î¥·¥§ ËÊ´±Í¨Õ a(x). ‘²¥¤μ¢ É¥²Ó´μ,
ÔËË¥±É¨¢´Ò° · ¤¨Ê¸ reff § ¢¨¸¨É ¨ μÉ ¶μÉ¥´Í¨ ²  V (x), ¨ μÉ ¤²¨´Ò · ¸¸¥Ö-
´¨Ö a. �´ ²¨§ ËÊ´±Í¨¨ P (x) ¢ÒÌμ¤¨É §  · ³±¨ ´ ¸ÉμÖÐ¥° · ¡μÉÒ, ¶μÔÉμ³Ê
Ê· ¢´¥´¨¥, μ¶·¥¤¥²ÖÕÐ¥¥ ÔÉÊ ËÊ´±Í¨Õ, ²¨ÏÓ Ê¶μ³¨´ ²μ¸Ó ¢ÒÏ¥.

‚ μÉ²¨Î¨¥ μÉ ËÊ´±Í¨° a(x) ¨ reff(x) ±μ³¶μ´¥´ÉÒ cn(x) ¨ sn(x), n = 0, 1,
´¥ ¨³¥ÕÉ ± ±μ£μ-²¨¡μ Ë¨§¨Î¥¸±μ£μ ¸³Ò¸² . ‘¨¸É¥³Ò Ê· ¢´¥´¨° (24), (26)
¨ (29), (31), (33) ¶·¨´ ¤²¥¦ É ¡¥¸±μ´¥Î´μ° ¶μ ¨´¤¥±¸Ê n = 0, 1, . . . ·¥±Ê·-
·¥´É´μ° Í¥¶μÎ±¥ Ê· ¢´¥´¨°, ¶μ²ÊÎ¥´´μ° ¢ · ¡μÉ¥ [21] ¸¶μ¸μ¡μ³, μÉ²¨Î´Ò³ μÉ
¨§²μ¦¥´´μ£μ ¢ÒÏ¥. ‚ Éμ° ¦¥ · ¡μÉ¥ ¤μ± § ´Ò ¸²¥¤ÊÕÐ¨¥ ÊÉ¢¥·¦¤¥´¨Ö. “¸²μ-
¢¨¥ (3) ¶μ·μ¦¤ ¥É £· ´¨Î´Ò¥ Ê¸²μ¢¨Ö cn(x) = δn,0, sn(x) = 0, n = 0, 1, . . .,
¢ ´ Î ²Ó´μ° ÉμÎ±¥ x = 0. �·¨ É ±¨Ì Ê¸²μ¢¨ÖÌ ¨ μ£· ´¨Î¥´¨ÖÌ (1) ´  ¶μ-
É¥´Í¨ ² V (x) μ¡¸Ê¦¤ ¥³ Ö Í¥¶μÎ±  ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥, ¢¸¥ ¥£μ
±μ³¶μ´¥´ÉÒ cn(x) ¨ sn(x), n = 0, 1, . . ., ´¥¶·¥·Ò¢´Ò ´  ¶μ²Êμ¸¨ x > 0 ¨
μ£· ´¨Î¥´Ò ¢ ¡¥¸±μ´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±¥ x = ∞. ‚¸²¥¤¸É¢¨¥ ÔÉ¨Ì Ë ±-
Éμ¢ ¨ ¸¢Ö§¥° (22) ¨ (27) ¶·¨ É¥Ì ¦¥ μ£· ´¨Î¥´¨ÖÌ (1) Ê· ¢´¥´¨Ö (13)Ä(20)
μ¤´μ§´ Î´μ · §·¥Ï¨³Ò.

3. „‹ˆ�� ��‘‘…Ÿ�ˆŸ ˆ �””…Š’ˆ‚�›‰ ��„ˆ“‘
‚ ‘‹“—�… ��’…�–ˆ�‹� ��ŸŒ�“ƒ�‹œ��‰ ”��Œ›

�·¨¢¥¤¥³ ¶μ²¥§´Ò° ¸ ³¥Éμ¤¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¶·¨³¥·, ¶μ§¢μ²ÖÕÐ¨°
¶·μ¨²²Õ¸É·¨·μ¢ ÉÓ ¢¸¥ ¢μ§³μ¦´Ò¥ μ¸μ¡¥´´μ¸É¨ ËÊ´±Í¨° a(x) ¨ reff(x). „²Ö
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ÔÉμ£μ ¨¸¸²¥¤Ê¥³ ¸²ÊÎ ° Ë¨´¨É´μ£μ ¶μÉ¥´Í¨ ²  ¶·Ö³μÊ£μ²Ó´μ° Ëμ·³Ò. �μ-
²μ¦¨³ V (x) = V0θ(b − x), £¤¥ V0 �= 0 ¨ b > 0 Å ´¥±μÉμ·Ò¥ ±μ´¸É ´ÉÒ.
� Ï  § ¤ Î  Å ´ °É¨ ¨ ¨¸¸²¥¤μ¢ ÉÓ ÉμÎ´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° (13)Ä(17) ´ 
¢¸¥° ¶μ²Êμ¸¨ x > 0. ’ ± ± ± ¢ μ¡² ¸É¨ x > b ¶μÉ¥´Í¨ ² V (x) Éμ¦¤¥¸É¢¥´´μ
· ¢¥´ ´Ê²Õ, Éμ ¢ ÔÉμ° μ¡² ¸É¨ ¨¸±μ³Ò¥ ·¥Ï¥´¨Ö a(x) ¨ reff(x) Éμ¦¤¥¸É¢¥´´μ
· ¢´Ò ¨Ì §´ Î¥´¨Ö³ a(b) ¨ reff(b) ¢ ÉμÎ±¥ x = b. ‘²¥¤μ¢ É¥²Ó´μ, ÔÉ¨ §´ Î¥´¨Ö
Ö¢²ÖÕÉ¸Ö ¤²¨´μ° · ¸¸¥Ö´¨Ö a ¨ ÔËË¥±É¨¢´Ò³ · ¤¨Ê¸μ³ reff ¨ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö
ÔÉ¨Ì ±μ´¸É ´É ¤μ¸É ÉμÎ´μ ·¥Ï¨ÉÓ Ê· ¢´¥´¨Ö (13)Ä(17) ´  ±μ´¥Î´μ³ μÉ·¥§±¥
0 � x � b. �·¨¸ÉÊ¶¨³ ± ·¥Ï¥´¨Õ.

‘´ Î ²  · ¸¸³μÉ·¨³ ¸²ÊÎ ° V0 < 0, ±μ£¤  ¶μÉ¥´Í¨ ² V (x) Ö¢²Ö¥É¸Ö ¶·Ö-
³μÊ£μ²Ó´μ° Ö³μ°, £²Ê¡¨´  ¨ Ï¨·¨´  ±μÉμ·μ° · ¢´Ò ¸μμÉ¢¥É¸É¢¥´´μ −V0 ¨ b.
�μ²μ¦¨¢ α ≡

√
−V0, z ≡ αx ¨ ¢Ò¶μ²´¨¢ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ¶μ¤¸É ´μ¢±Ê

a(x) = −1
τ
x2m z∂zA(z) + mA(z)

z∂zA(z) [δm,0 ln (x) + θ(m − 1)] − (δm,0 + m)A(z)
,

¸¢¥¤¥³ Ê· ¢´¥´¨Ö (13) ¨ (14) ± Ê· ¢´¥´¨Õ 
¥¸¸¥²Ö [24] ¤²Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥°
ËÊ´±Í¨¨ A(z). � §·¥Ï¨¢ É ±¨¥ Ê· ¢´¥´¨Ö, ¢Ò¢¥¤¥³ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±-
Í¨¨ a(x) Î¥·¥§ ËÊ´±Í¨¨ 
¥¸¸¥²Ö Jm(z). ˆ¸¶μ²Ó§ÊÖ ÔÉμ ¶·¥¤¸É ¢²¥´¨¥, ´ °-
¤¥³ ¨´É¥£· ² (21),   § É¥³ ¨ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ¥³Ê ËÊ´±Í¨Õ reff(x). ‚ ¨Éμ£¥
¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¨¥ Ëμ·³Ê²Ò: ¢ ¸²ÊÎ ¥ 2λ = −1, x � b,

a(x) = −π

2
zJ1(z)

J0(z) + zJ1(z) ln (x)
, reff(x) =

1
πα2

[
z2 − 2 + 2z

J0(z)
J1(z)

]
; (34)

¢ ¸²ÊÎ ¥ 2λ = 1, x � b,

a(x) = −π

4
x2 J2(z)

J0(z)
,

(35)

reff(x) =
1
π

{
4 ln (x) +

[
8J2(z) − z2J0(z)

] J0(z)
[zJ2(z)]2

}
;

¥¸²¨ 2λ � 3 ¨ x � b, Éμ

a(x) = −πm

(
xm

2mm!

)2

B−1
m (z), Bm(z) ≡ Jm−1(z)

Jm+1(z)
;

(36)

reff(x) = − (2mm!)2

2πm

(
αm−1

zm

)2 {
z2

[
1

m − 1
+

B2
m(z)

m + 1

]
− 4mBm(z)

}
.

’¥¶¥·Ó ´¥¸²μ¦´μ · ¸¸³μÉ·¥ÉÓ ¸²ÊÎ ° V0 > 0, ±μ£¤  ¶μÉ¥´Í¨ ² V (x) =
V0θ(b − x) Ö¢²Ö¥É¸Ö ¶·Ö³μÊ£μ²Ó´Ò³ ¡ ·Ó¥·μ³, ¢Ò¸μÉ  ¨ Ï¨·¨´  ±μÉμ·μ£μ
· ¢´Ò ¸μμÉ¢¥É¸É¢¥´´μ V0 ¨ b. ‚Ò¶μ²´¨¢ ¢ Ëμ·³Ê² Ì (34)Ä(36) § ³¥´Ò

α → ıα = ı
√

V0, z → ız = ıαx, Jm(ız) → ımIm(z), (37)
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¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¨¥ ¶·¥¤¸É ¢²¥´¨Ö ËÊ´±Í¨° a(x) ¨ reff(x) Î¥·¥§ ³μ¤¨Ë¨Í¨-
·μ¢ ´´Ò¥ ËÊ´±Í¨¨ 
¥¸¸¥²Ö Im(z): ¢ ¸²ÊÎ ¥ λ = −1/2, x � b,

a(x) =
π

2
zI1(z)

I0(z) − zI1(z) ln (x)
, reff(x) =

1
πα2

[
z2 + 2 − 2z

I0(z)
I1(z)

]
; (38)

¢ ¸²ÊÎ ¥ λ = −1/2, x � b,

a(x) =
π

4
x2 I2(z)

I0(z)
, reff(x) =

1
π

{
4 ln (x) +

[
8I2(z) − z2I0(z)

] I0(z)
[zI2(z)]2

}
;

(39)
¥¸²¨ λ � 3/2 ¨ x � b, Éμ

a(x) = πm

(
xm

2mm!

)2

B−1
m (z), Bm(z) ≡ Im−1(z)

Im+1(z)
;

(40)

reff(x) = − (2mm!)2

2πm

(
αm−1

zm

)2 {
z2

[
1

m − 1
+

B2
m(z)

m + 1

]
− 4mBm(z)

}
.

�¡¸Ê¤¨³ μ¸μ¡¥´´μ¸É¨ ¶μ¢¥¤¥´¨Ö ËÊ´±Í¨° (34)Ä(36) ´  μÉ·¥§±¥ 0 � x � b.
Š ± ¨§¢¥¸É´μ [24], ¢ μ¡² ¸É¨ z > 0 ¢¸¥ ´Ê²¨ γm+1,i, i = 1, 2, . . ., ËÊ´±-

Í¨¨ Jm+1(z) Ö¢²ÖÕÉ¸Ö ¶·μ¸ÉÒ³¨. �μÔÉμ³Ê ¶·¨ ²Õ¡μ³ §´ Î¥´¨¨ λ ´  ¶μ-
²Ê¨´É¥·¢ ²¥ 0 < x � b ËÊ´±Í¨Ö a(x) ´¥ ¨³¥¥É ´Ê²¥°, ¥¸²¨ αb < γm+1,1,
m = λ+1/2, ¨²¨ ¨³¥¥É ±μ´¥Î´μ¥ Î¨¸²μ n ¶·μ¸ÉÒÌ ´Ê²¥° x+

m+1,j = γm+1,j/α,
j = 1, 2, . . . , n. —¨¸²μ n · ¢´μ ³ ±¸¨³ ²Ó´μ³Ê §´ Î¥´¨Õ ´μ³¥·  i, ¶·¨ ±μ-
Éμ·μ³ ¢Ò¶μ²´Ö¥É¸Ö Ê¸²μ¢¨¥ γm+1,i � αb. �·¨ ²Õ¡μ³ λ ´Ê²¨ x+

m+1,j ËÊ´±-
Í¨¨ a(x) Ö¢²ÖÕÉ¸Ö ¶μ²Õ¸ ³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ËÊ´±Í¨¨ reff(x). ‚ ¸²ÊÎ ¥
2λ = −1 ÔÉ¨ ¶μ²Õ¸  ¨³¥ÕÉ ¶¥·¢Ò° ¶μ·Ö¤μ±,   ¶·¨ Ê¸²μ¢¨¨ 2λ � 1 Å
¢Éμ·μ°.

‘²ÊÎ ° 2λ = −1 Ö¢²Ö¥É¸Ö μ¸μ¡Ò³. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¸μ£² ¸´μ Ëμ·³Ê-
² ³ (34) ¢¸¥ ¶μ²Õ¸  x−

1,j ËÊ´±Í¨¨ a(x) ¸¢Ö§ ´Ò ¸ ´Ê²Ö³¨ zj ËÊ´±Í¨¨ J0(z)+
zJ1(z) ln (x) ¸μμÉ´μÏ¥´¨Ö³¨ x−

1,j = zj/α. ‚¸¥ ´Ê²¨ zj Å ¶·μ¸ÉÒ¥. �μÔÉμ³Ê
´  μÉ·¥§±¥ 0 � x � b ËÊ´±Í¨Ö a(x) Ö¢²Ö¥É¸Ö £² ¤±μ°, ¥¸²¨ z1 > αb,   ¢ ¶·μ-
É¨¢´μ³ ¸²ÊÎ ¥ ¨³¥¥É ±μ´¥Î´μ¥ Î¨¸²μ n ¶μ²Õ¸μ¢ x−

1,j = zj/α, j = 1, 2, . . . , n,
¶¥·¢μ£μ ¶μ·Ö¤± . ”Ê´±Í¨Ö reff(x) ¢ ÉμÎ±¥ x = 0 μ£· ´¨Î¥´´  ¨ μÉ²¨Î´ 
μÉ ´Ê²Ö.

�·¨ ²Õ¡μ³ λ ≥ 1/2 ¢ ¸¨²Ê · ¢¥´¸É¢ (35), (36) ËÊ´±Í¨Ö a(x) ´¥¶·¥·Ò¢´ 
´  μÉ·¥§±¥ 0 � x � b , ¥¸²¨ γm−1,1(z) > αb,   ¶·¨ Ê¸²μ¢¨¨ γm−1,n � b ¨³¥¥É
±μ´¥Î´μ¥ Î¨¸²μ n ¶μ²Õ¸μ¢ ¶¥·¢μ£μ ¶μ·Ö¤±  xm−1,j = γm−1,j , j = 1, 2, . . . , n.
‚ ¸²ÊÎ ¥ 2λ � 1 ÉμÎ±  x = 0 ¤²Ö ËÊ´±Í¨¨ reff(x) Ö¢²Ö¥É¸Ö ¶μ²Õ¸μ³ ¢Éμ·μ£μ
¶μ·Ö¤± .

’ ± ± ± ´Ê²¨ γm−1,j ¨ γm+1,j ËÊ´±Í¨¨ Jm−1(z) ¨ Jm+1(z) ¶¥·¥³¥¦ -
ÕÉ¸Ö [24], Éμ ¶·¨ ²Õ¡μ³ λ ÔÉ¨³ ¦¥ ¸¢μ°¸É¢μ³ μ¡² ¤ ÕÉ ¶μ²Õ¸  x−

m,j ¨ ´Ê²¨
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x+
m,j ËÊ´±Í¨¨ a(x):

x−
m,j < x+

m,j < x−
m,j+1 < x+

m,j+1, j = 1, 2, . . . , n − 1.

�μ Éμ° ¦¥ ¶·¨Î¨´¥ ¶·¨ ²Õ¡μ³ λ ¶¥·¥³¥¦ ÕÉ¸Ö ´Ê²¨ ¨ ¶μ²Õ¸  ËÊ´±Í¨¨
reff(x).

’¥¶¥·Ó ¶¥·¥Î¨¸²¨³ μ¸´μ¢´Ò¥ μ¸μ¡¥´´μ¸É¨ ËÊ´±Í¨° (38)Ä(40).
ˆ§¢¥¸É´μ [24], ÎÉμ ´  ¶μ²Êμ¸¨ z > 0 ¢¸¥ ËÊ´±Í¨¨ Im(z) ¶μ²μ¦¨É¥²Ó´Ò¥

¨ ³μ´μÉμ´´μ ¢μ§· ¸É ÕÐ¨¥. �μÔÉμ³Ê ¶·¨ ²Õ¡μ³ λ > 1/2 ¸μ£² ¸´μ Ëμ·-
³Ê² ³ (39), (40) É ±¨³¨ ¦¥ ¸¢μ°¸É¢ ³¨ μ¡² ¤ ¥É ¨ ËÊ´±Í¨Ö a(x),   ËÊ´±-
Í¨Ö reff(x) ³μ´μÉμ´´μ ¢μ§· ¸É ¥É, ´μ ³μ¦¥É ¨³¥ÉÓ Éμ²Ó±μ μ¤¨´, ¶·¨Î¥³ ¶·μ-
¸Éμ°, ´Ê²Ó, ¶·¨´ ¤²¥¦ Ð¨° μÉ·¥§±Ê 0 � x � b, ¨ ¨³¥¥É Éμ²Ó±μ μ¤¨´ ¶μ²Õ¸
x = 0, ¶·¨Î¥³ ¢Éμ·μ£μ ¶μ·Ö¤± .

‘²ÊÎ ° 2λ = −1, ±μ£¤  ËÊ´±Í¨¨ a(x) ¨ reff(x) μ¶·¥¤¥²¥´Ò Ëμ·³Ê-
² ³¨ (38), Ö¢²Ö¥É¸Ö ¨¸±²ÕÎ¨É¥²Ó´Ò³. ‚ ÔÉμ³ ¸²ÊÎ ¥ ´  ¶μ²Êμ¸¨ z > 0 ËÊ´±-
Í¨Ö I0(z) − zI1(z) ln (x) ¨³¥¥É μ¤¨´ ¶·μ¸Éμ° ´Ê²Ó z1. �μÔÉμ³Ê ´  μÉ·¥§±¥

‡ ¢¨¸¨³μ¸ÉÓ ³ ¸ÏÉ ¡¨·μ¢ ´´ÒÌ ¤²¨´Ò · ¸¸¥Ö´¨Ö τ1a(b) (¸¶²μÏ´ Ö ±·¨¢ Ö) ¨ ÔË-

Ë¥±É¨¢´μ£μ · ¤¨Ê¸  τ2 reff(b) (ÏÉ·¨Ìμ¢ Ö ±·¨¢ Ö) μÉ Ï¨·¨´Ò b ¶μÉ¥´Í¨ ²  V (x) =

V0θ(b − x) ¶·Ö³μÊ£μ²Ó´μ° Ëμ·³Ò ¢ Î¥ÉÒ·¥Ì ¸²ÊÎ ÖÌ: a) V0 = −1, 2λ = −1, τ1 = 1,
τ2 = 1/4; ¡) V0 = −1, 2λ = 1, τ1 = 1/10, τ2 = 1; ¢) V0 = 1, 2λ = −1, τ1 = 1, τ2 = 1

¨ £) V0 = 1, 2λ = 1, τ1 = 1, τ2 = 1; ËÊ´±Í¨Ö f(b) ≡ 0 Å Éμ´± Ö ¶·Ö³ Ö
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0 � x � b ËÊ´±Í¨Ö a(x) Ö¢²Ö¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ° ¨ ³μ´μÉμ´´μ ¢μ§· ¸É Õ-
Ð¥°, ¥¸²¨ z1 < αb,   ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ ÔÉ  ËÊ´±Í¨Ö ¨³¥¥É ¶μ²Õ¸ ¶¥·¢μ£μ
¶μ·Ö¤±  ¢ ÉμÎ±¥ x−

1,1 = z1/α. ”Ê´±Í¨Ö reff(x) μ£· ´¨Î¥´´  ¢ ÉμÎ±¥ x = 0 ¨
³μ´μÉμ´´μ ¢μ§· ¸É ¥É ¢ μ¡² ¸É¨ 0 < x � b, ¢ ÔÉμ° μ¡² ¸É¨ μ´  ³μ¦¥É ¨³¥ÉÓ
Éμ²Ó±μ μ¤¨´ ´Ê²Ó, ¶·¨Î¥³ ¶¥·¢μ£μ ¶μ·Ö¤± .

‚¸¥ ¶¥·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥ μ¸μ¡¥´´μ¸É¨ ËÊ´±Í¨° a(x) ¨ reff(x),   É ±¦¥ § -
¢¨¸¨³μ¸ÉÓ ¤²¨´Ò · ¸¸¥Ö´¨Ö a(b) ¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  reff(b) μÉ Ï¨·¨´Ò b
¶μÉ¥´Í¨ ²  V = V0θ(b−x) ¶·Ö³μÊ£μ²Ó´μ° Ëμ·³Ò ¢ Î¥ÉÒ·¥ ¸²ÊÎ ÖÌ V0 = ±1,
2λ = ±1 ¨²²Õ¸É·¨·Ê¥É ·¨¸Ê´μ±. Š ± ¢¨¤´μ, ¢ ÔÉ¨Ì ¸²ÊÎ ÖÌ ¤²¨´  · ¸¸¥Ö´¨Ö
¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸ ³μ£ÊÉ ¶·¨´¨³ ÉÓ ²Õ¡Ò¥ ¢¥Ð¥¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨
¨³¥¥É ³¥¸Éμ μ¶¨¸ ´´ Ö ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥ ±μ··¥²ÖÍ¨Ö ³¥¦¤Ê ¡¥¸±μ´¥Î´μ
³ ²Ò³¨ ¨ ¡¥¸±μ´¥Î´μ ¡μ²ÓÏ¨³¨ ¶μ  ¡¸μ²ÕÉ´μ° ¢¥²¨Î¨´¥ §´ Î¥´¨Ö³¨ ÔÉ¨Ì
¶ · ³¥É·μ¢.

Š ± ¶μ± § ´μ ¢ · ¡μÉ¥ [21], §´ Ö ±μ³¶μ´¥´ÉÒ cn(x) ¨ sn(x), n = 0, 1,
Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ¸¨¸É¥³ ³ (24), (26), (29), (31), (33) ¨ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³
cn(0) = δn,0 ¨ s0(0) = 0, ´¥É·Ê¤´μ ¶μ¸É·μ¨ÉÓ Ö¢´ÊÕ ´¨§±μÔ´¥·£¥É¨Î¥¸±ÊÕ
 ¸¨³¶ÉμÉ¨±Ê ·¥Ï¥´¨Ö uλ(x; q) ±· ¥¢μ° § ¤ Î¨ ˜·¥¤¨´£¥·  (2)Ä(4). �μÔÉμ³Ê
¨³¥¥É ¸³Ò¸² ´ °É¨ ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ÔÉ¨Ì ¸¨¸É¥³ ¢ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²  ¶·Ö³μ-
Ê£μ²Ó´μ° Ëμ·³Ò.

�·¨¸ÉÊ¶¨³ ± ·¥Ï¥´¨Õ É ±μ° § ¤ Î¨. ‘´ Î ²  ¶μ²μ¦¨³ V (x) = V0θ(b−x),
V0 < 0, α =

√
−V0. ˆ¸¸²¥¤Ê¥³ ¸¨¸É¥³Ê ¤¢ÊÌ Ê· ¢´¥´¨° (24). ‚ μÉ²¨Î¨¥ ¶¥·-

¢μ£μ Ê· ¢´¥´¨Ö ¥¥ ¢Éμ·μ¥ Ê· ¢´¥´¨¥ ´¥ ¸μ¤¥·¦¨É ±¢ ¤· É  ²μ£ ·¨Ë³¨Î¥¸±μ°
ËÊ´±Í¨¨ ¨ ¶μÔÉμ³Ê Ö¢²Ö¥É¸Ö ¡μ²¥¥ ¶·μ¸ÉÒ³. �·μ¤¨ËË¥·¥´Í¨·Ê¥³ ÔÉμ Ê· ¢-
´¥´¨¥ ¶μ  ·£Ê³¥´ÉÊ x. ˆ¸¶μ²Ó§ÊÖ Éμ¦¤¥¸É¢μ (23), ¨¸±²ÕÎ¨³ ¨§ ¶μ²ÊÎ¥´´μ£μ
Ê· ¢´¥´¨Ö ¶·μ¨§¢μ¤´ÊÕ ∂xc0(x). ‚ ·¥§Ê²ÓÉ É¥ ¢Ò¢¥¤¥³ μ¤´μ·μ¤´μ¥ Ê· ¢´¥´¨¥[

∂2
x − x−1∂x + α2

]
s0(x) = 0, x > 0,

¸ £· ´¨Î´Ò³ Ê¸²μ¢¨¥³ s0(0) = 0. �μ¤¸É ´μ¢±μ° z = αx, s0(x) = zZ(z) ¸¢¥-
¤¥³ ÔÉμ Ê· ¢´¥´¨¥ ± ¨§¢¥¸É´μ³Ê Ê· ¢´¥´¨Õ [24] ¤²Ö ËÊ´±Í¨¨ 
¥¸¸¥²Ö J1(z)
¶¥·¢μ£μ ¶μ·Ö¤± . ’¥¶¥·Ó ¶μ¤¸É ¢¨³ ´ °¤¥´´ÊÕ ±μ³¶μ´¥´ÉÊ s0(x) = zJ1(z)
¢ Éμ¦¤¥¸É¢μ (23). �μ²ÊÎ¥´´μ¥ É ±¨³ μ¡· §μ³ ¶·¥¤¸É ¢²¥´¨¥ ¶·μ¨§¢μ¤´μ°
∂xc0(x) § ¶¨Ï¥³ ´  μÉ·¥§±¥ [0, x] ¢ ¨´É¥£· ²Ó´μ° Ëμ·³¥. „²Ö ÔÉμ£μ ¨¸¶μ²Ó-
§Ê¥³ £· ´¨Î´μ¥ Ê¸²μ¢¨¥ c0(0) = 1. ‚§Ö¢ ¨´É¥£· ², ¶μ± ¦¥³, ÎÉμ c0(x) =
J0(z) + zJ1(z) ln (x).

�´ ²μ£¨Î´Ò³ ¸¶μ¸μ¡μ³ ¶μ¸²¥¤μ¢ É¥²Ó´μ ¨¸¸²¥¤Ê¥³ μ¸É ¢Ï¨¥¸Ö ¸¨¸É¥³Ò
Ê· ¢´¥´¨° (26), (29), (31) ¨ (33). �¥Ï¥´¨¥ ± ¦¤μ° ¨§ ´¨Ì ´ Î´¥³ ¸ ¤¨ËË¥·¥´-
Í¨·μ¢ ´¨Ö ¥¥ ¢Éμ·μ£μ Ê· ¢´¥´¨Ö, ´¥ ¸μ¤¥·¦ Ð¥£μ ¢ μÉ²¨Î¨¥ μÉ ¶¥·¢μ£μ ¸É¥-
¶¥´´μ£μ ³´μ¦¨É¥²Ö x2λ+1. „²Ö ¨¸±²ÕÎ¥´¨Ö ¶·μ¨§¢μ¤´ÒÌ ∂xs0(x) ¨²¨ ∂xs1(x)
¨§ ¨¸±μ³μ£μ Ê· ¢´¥´¨Ö ¤²Ö ±μ³¶μ´¥´É c0(x) ¨²¨ c1(x) ¨¸¶μ²Ó§Ê¥³ ¸μμÉ¢¥É-
¸É¢ÊÕÐ¨¥ ¢Ò¡· ´´μ³Ê §´ Î¥´¨Õ λ Éμ¦¤¥¸É¢  (25), (28), (30) ¨²¨ (32). �μ¸²¥
Éμ£μ ± ± ´ °¤¥´μ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ¤²Ö ±μ³¶μ´¥´ÉÒ c0(x) ¨²¨ c1(x), ´ °¤¥³
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¶·μ¨§¢μ¤´ÊÕ ÔÉμ° ±μ³¶μ´¥´ÉÒ ¶μ  ·£Ê³¥´ÉÊ x. �μ¤¸É ¢¨¢ ÔÉÊ ¶·μ¨§¢μ¤´ÊÕ
¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ Éμ¦¤¥¸É¢μ, ¶μ²ÊÎ¨³ ¶·¥¤¸É ¢²¥´¨¥ ¶·μ¨§¢μ¤´μ° ∂xs0(x)
¨²¨ ∂xs1(x). ˆ¸¶μ²Ó§ÊÖ £· ´¨Î´μ¥ Ê¸²μ¢¨¥ s0(0) = 0, n = 0, 1, § ¶¨Ï¥³
ÔÉμ ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ¨´É¥£· ² . ‚ÒÎ¨¸²¨¢ ¥£μ, ´ °¤¥³ ±μ³¶μ´¥´ÉÊ s0(x)
¨²¨ s1(x).

�·¨¢¥¤¥³ ´ °¤¥´´Ò¥ μ¶¨¸ ´´Ò³ ¢ÒÏ¥ ¸¶μ¸μ¡μ³ ¶·¥¤¸É ¢²¥´¨Ö ±μ³¶μ-
´¥´É cn(x) ¨ sn(x), n = 0, 1, Î¥·¥§ ËÊ´±Í¨¨ 
¥¸¸¥²Ö Jm(z)  ·£Ê³¥´É  z = αx,
α ≡

√
−V0, V0 < 0.

ˆÉ ±, ¤²Ö ¶μÉ¥´Í¨ ²  V (x) ¢ ¢¨¤¥ ¶·Ö³μÊ£μ²Ó´μ° Ö³Ò V (x) = V0θ(b−x),
V0 < 0, ¢ ¸²ÊÎ ¥ 2λ = −1, x � b,

c0(x) = J0(z) + zJ1(z) ln (x), s0(x) = z J1(z);

c1(x) = (x2/4) {zJ1(z) [1 − ln (x)] − J2(z)} , s1(x) = −α(x3/4)J1(z);
(41)

¢ ¸²ÊÎ ¥ 2λ = 1, x � b,

c0(x) = J0(z), s0(x) = x2J2(z);

c1(x) =
x2

2
J2(z) ln (x), s1(x) =

x2

8α2

[
z2J0(z) − 8J2(z)

]
;

(42)

  ¢ ¸²ÊÎ ¥ 2λ � 3, x � b,

c0(x) = wz1−mJm−1(z), s0(x) = wα−2mzm+1Jm+1(z);

w ≡ 2m−1(m − 1)!;
(43)

c1(x) = − w

4(m − 1)α2
z3−m Jm+1(z),

s1(x) =
w

α2m+2

[
z2Jm−1(z)
4(m + 1)

− mJm+1(z)
]

.

�  ¶μ²Êμ¸¨ x > b ± ¦¤ Ö ¨§ ±μ³¶μ´¥´É cn(x) ¨ sn(x), n = 0, 1, Éμ¦¤¥¸É¢¥´´μ
· ¢´  ¸¢μ¥³Ê §´ Î¥´¨Õ ¢ ÉμÎ±¥ x = b.

’¥¶¥·Ó ´¥É·Ê¤´μ ´ °É¨ ±μ³¶μ´¥´ÉÒ cn(x), sn(x), n = 0, 1, ¤²Ö ¶μÉ¥´Í¨-
 ²  V (x) ¢ ¢¨¤¥ ¶·Ö³μÊ£μ²Ó´μ£μ ¡ ·Ó¥· : V (x) = V0θ(b − x), V0 > 0. ‚Ò-
¶μ²´¨¢ § ³¥´Ò (37) ¢ Ëμ·³Ê² Ì (41)Ä(43), ¶μ²ÊÎ¨³ ¶·¥¤¸É ¢²¥´¨Ö ÔÉ¨Ì ±μ³-
¶μ´¥´É Î¥·¥§ ³μ¤¨Ë¨Í¨·μ¢ ´´Ò¥ ËÊ´±Í¨¨ 
¥¸¸¥²Ö Im(z), z = αx, α =

√
V0.

�·¨¢¥¤¥³ É ±¨¥ ¶·¥¤¸É ¢²¥´¨Ö.
‚ ¸²ÊÎ ¥ 2λ = −1, x � b,

c0(x) = I0(z) − zI1(z) ln (x), s0(x) = −zI1(z);

c1(x) = −(x2/4) {zI1(z) [1 − ln (x)] − I2(z)} , s1(x) = α(x3/4) I1(z);
(44)
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¢ ¸²ÊÎ ¥ 2λ = 1, x � b,

c0(x) = I0(z), s0(x) = −x2J2(z);

c1(x) = −x2

2
I2(z) ln (x), s1(x) =

x2

8α2

[
z2I0(z) − 8I2(z)

]
;

(45)

¨, ´ ±μ´¥Í, ¢ ¸²ÊÎ ¥ 2λ � 3, x � b,

c0(x) = wz1−mIm−1(z), s0(x) = −wα−2mzm+1Im+1(z);

w ≡ 2m−1(m − 1)!;
(46)

c1(x) =
w

4(m − 1)α2
z3−mIm+1(z),

s1(x) =
w

α2m+2

[
z2Im−1(z)
4(m + 1)

− mIm+1(z)
]

.

‚ μ¡² ¸É¨ x > b ¢¸¥ ±μ³¶μ´¥´ÉÒ cn(x) ¨ sn(x), n = 0, 1, Éμ¦¤¥¸É¢¥´´μ · ¢´Ò
¨Ì §´ Î¥´¨Ö³ ¢ ÉμÎ±¥ x = b.

4. ���…„…‹…�ˆ… „‹ˆ�› ��‘‘…Ÿ�ˆŸ
ˆ �””…Š’ˆ‚��ƒ� ��„ˆ“‘� ‚ �‘��›• ‘‹“—�Ÿ•

�¡¸Ê¤¨³ ·Ö¤ (7) ¨ ¥£μ ´¨§±μÔ´¥·£¥É¨Î¥¸±ÊÕ (q → 0+)  ¸¨³¶ÉμÉ¨±Ê (8)
¢ ¡¥¸±μ´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±¥ x = ∞. ‚ ¸²ÊÎ ¥ ´Ê²¥¢μ° ¤²¨´Ò · ¸¸¥Ö´¨Ö
(a = 0) ¶¥·¢μ¥ ¸² £ ¥³μ¥ ¸Ê³³Ò (8) ´¥μ£· ´¨Î¥´´μ ¨ ¶μÔÉμ³Ê ÔÉ  ¸Ê³³  ´¥
Ö¢²Ö¥É¸Ö ´¨§±μÔ´¥·£¥É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±μ° ·Ö¤  (7) ¶·¨ x = ∞. ‚ ¸²ÊÎ ¥
¡¥¸±μ´¥Î´μ ¡μ²ÓÏμ° ¶μ ³μ¤Ê²Õ ¤²¨´Ò · ¸¸¥Ö´¨Ö (a = ±∞) ¶¥·¢μ¥ ¸² £ ¥³μ¥
μ¡¸Ê¦¤ ¥³μ° ¸Ê³³Ò · ¢´μ ´Ê²Õ,   ¢Éμ·μ¥ ¡Ê¤¥É ´¥μ£· ´¨Î¥´´Ò³ ¶μ ³μ¤Ê²Õ,
¥¸²¨ reff = ±∞. ‘²¥¤μ¢ É¥²Ó´μ, ¨ ¢ ÔÉμ³ ¸²ÊÎ ¥ ·Ö¤ (7) ¢ ÉμÎ±¥ x = ∞ ¨³¥¥É
¨´ÊÕ  ¸¨³¶ÉμÉ¨±Ê.

„²Ö  ´ ²¨§  ¤¢ÊÌ Ê± § ´´ÒÌ ¢ÒÏ¥ ¸²ÊÎ ¥¢ ¶μÉ·¥¡ÊÕÉ¸Ö ¨§¢¥¸É´Ò¥ ¶·¥¤-
¸É ¢²¥´¨Ö [21] ËÊ´±Í¨° K(x; q), a(x), reff(x) ¨ P (x) Î¥·¥§ ±μ³¶μ´¥´ÉÒ cn(x)
¨ sn(x) ¨ μ¸´μ¢´Ò¥ ¸¢μ°¸É¢  ÔÉ¨Ì ±μ³¶μ´¥´É [21]. �  ¢¸¥° ¶μ²Êμ¸¨ x > 0
ËÊ´±Í¨Ö K(x; q) Ö¢²Ö¥É¸Ö ¤·μ¡ÓÕ

K(x; q) = τ
c0(x) + q2c1(x) + q4c2(x) + . . .

s0(x) + q2s1(x) + q4s2(x) + . . .
; (47)

ËÊ´±Í¨¨ a(x) ¨ reff(x) μ¶·¥¤¥²ÖÕÉ¸Ö Ëμ·³Ê² ³¨ (22) ¨ (27),   ËÊ´±Í¨Ö
P (x) Å Ëμ·³Ê²μ°

P (x) = − 1
r3
eff(x)

1
2s0(x)

[
2τc2(x) − s2(x)

c0(x)
s0(x)

− s1(x) reff(x)
]

, (48)

±μ³¶μ´¥´ÉÒ c0(x) ¨ s0(x) ´¥ ¨³¥ÕÉ μ¡Ð¨Ì ´Ê²¥°.
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�¥·¥Î¨¸²¨³ ¢ ¦´Ò¥ ¸²¥¤¸É¢¨Ö ÔÉμ£μ ¸¢μ°¸É¢  ±μ³¶μ´¥´É c0(x) ¨ s0(x).
�Ê¸ÉÓ ¢ ´¥±μÉμ·μ° ÉμÎ±¥ x = b > 0 ±μ³¶μ´¥´É  s0(x) ¨³¥¥É ´Ê²Ó ¶¥·¢μ£μ
¶μ·Ö¤± . ’μ£¤  ¢ ÔÉμ° ÉμÎ±¥ ±μ³¶μ´¥´É  c0(x) μÉ²¨Î´  μÉ ´Ê²Ö ¨ ¢ ¸¨²Ê · -
¢¥´¸É¢ (22) ¨ (27) ËÊ´±Í¨Ö a(x) ¨³¥¥É ´Ê²Ó ¶¥·¢μ£μ ¶μ·Ö¤± ,   ËÊ´±Í¨Ö reff(x)
¨³¥¥É ¶μ²Õ¸ ¶¥·¢μ£μ ¨²¨ ¢Éμ·μ£μ ¶μ·Ö¤± , ¥¸²¨ s1(b) = 0 ¨²¨ s1(b) �= 0. ‘μ-
£² ¸´μ ·¨¸.   ¨ ¡ ¨ Ëμ·³Ê² ³ (34)Ä(36) ¤²Ö ¶·¨ÉÖ£¨¢ ÕÐ¥£μ ¶μÉ¥´Í¨ ²  ¶·Ö-
³μÊ£μ²Ó´μ° Ëμ·³Ò ¶¥·¢Ò° ¸²ÊÎ ° ·¥ ²¨§Ê¥É¸Ö ¶·¨ 2λ = −1,   ¢Éμ·μ° Å ¶·¨
2λ � 1. ’¥¶¥·Ó ¶·¥¤¶μ²μ¦¨³, ÎÉμ ´¥±μÉμ· Ö ÉμÎ±  x = b > 0 Ö¢²Ö¥É¸Ö ´Ê²¥³
¶¥·¢μ£μ ¶μ·Ö¤±  ±μ³¶μ´¥´ÉÒ c0(x). ’μ£¤  ¢ ÔÉμ° ÉμÎ±¥ ±μ³¶μ´¥´É  s0(x)
μÉ²¨Î´  μÉ ´Ê²Ö ¨ ¢¸²¥¤¸É¢¨¥ ¸μμÉ´μÏ¥´¨° (22) ¨ (27) ËÊ´±Í¨Ö a(x) ¨³¥¥É
¶μ²Õ¸ ¶¥·¢μ£μ ¶μ·Ö¤± ,   ËÊ´±Í¨Ö reff(x) ¶·¨´¨³ ¥É ±μ´¥Î´μ¥ ´¥´Ê²¥¢μ¥
¨²¨ ´Ê²¥¢μ¥ §´ Î¥´¨¥. Š ± ¸²¥¤Ê¥É ¨§ ·¨¸. ¢ ¨ Ëμ·³Ê² (38), ¤²Ö μÉÉ ²±¨-
¢ ÕÐ¥£μ ¶μÉ¥´Í¨ ²  ¶·Ö³μÊ£μ²Ó´μ° Ëμ·³Ò ¢Éμ·μ° ¸²ÊÎ ° ¨³¥¥É ³¥¸Éμ ¶·¨
2λ = −1.

�·¨¸ÉÊ¶¨³ ±  ´ ²¨§Ê μ¸μ¡ÒÌ ¸²ÊÎ ¥¢ a = 0 ¨ a = ±∞. „²Ö ¸μ±· Ð¥´¨Ö
§ ¶¨¸¨ ¶·¥¤¥²Ó´Ò¥ ¶·¨ x → ∞ §´ Î¥´¨Ö ¨¸¶μ²Ó§Ê¥³ÒÌ ËÊ´±Í¨° K(x; q)
¨ K±(x; q) ¡Ê¤¥³ μ¡μ§´ Î ÉÓ ¸¨³¢μ² ³¨ K(q) ¨ K±(q),   §´ Î¥´¨Ö ¢¸¥Ì
±μ³¶μ´¥´É cn(x), sn(x) ¨ ËÊ´±Í¨° a(x), reff(x), a±(x) ¨ r±eff(x) ¢ ÉμÎ±¥
x = ∞ Å ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸¨³¢μ² ³¨ cn, sn ¨ a, reff , a±, r±eff .

� Î´¥³ ¸ ¶¥·¢μ£μ ¸²ÊÎ Ö. �Ê¸ÉÓ a = 0. ’μ£¤  ¸μ£² ¸´μ · ¢¥´¸É¢Ê (22)
¨³¥¥³ s0 = 0, ´μ c0 �= 0. �·¥¤¶μ²μ¦¨³, ÎÉμ s1 �= 0. ‚ μ¡² ¸É¨ x � 1 ¢¢¥¤¥³
ËÊ´±Í¨Õ

K+(x; q) ≡ τ
c0(x) + q2c1(x) + q4c2(x) + . . .

q2s1(x) + q4s2(x) + . . .
= − 1

a+(x)
+

q2

2
r+
eff(x) + . . . ,

(49)
£¤¥ ¶μ μ¶·¥¤¥²¥´¨Õ

a+(x) ≡ − s1(x)
τc0(x)

, r+
eff(x) ≡ 2τ

s1(x)

[
c1(x) − s2(x)

c0(x)
s1(x)

]
. (50)

�¥·¥°¤¥³ ± ¶·¥¤¥²Ê x → ∞. ‚ ÔÉμ³ ¶·¥¤¥²¥ ¡² £μ¤ ·Ö · ¢¥´¸É¢Ê s0 = 0 ¨§
¶·¥¤¸É ¢²¥´¨° (47) ¨ (49) ¸²¥¤Ê¥É ¸¢Ö§Ó q2K+(q) = K(q),   Ëμ·³Ê²Ò (22),
(27), (48) ¨ (50) ¶μ·μ¦¤ ÕÉ ¸μμÉ´μÏ¥´¨Ö

a+ ≡ lim
x→∞

a+(x) = (1/2) lim
x→∞

[
a2(x)reff(x)

]
(51)

¨ ¸μμÉ´μÏ¥´¨Ö

r+
eff ≡ lim

x→∞
r+
eff(x) = 2 lim

x→∞

{
a−2(x) [a(x) − 4reff(x)P (x)]

}
. (52)

ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥ (8) ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  K(q), Î¥·¥§ Ë §Ê
· ¸¸¥Ö´¨Ö δλ(q), ¸¢Ö§Ó q2K+(q) = K(q) ¨ · ¢¥´¸É¢μ (49), ¢§ÖÉμ¥ ¶·¨ x = 0,
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¶μ²ÊÎ ¥³ ¨¸±μ³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö

K+(q) ≡ q2λ+3 [ctg δλ(q) − h(q)] = − 1
a+

+
q2

2
r+
eff + . . . (53)

�É¨ ¶·¥¤¸É ¢²¥´¨Ö μ§´ Î ÕÉ, ÎÉμ ¢ · ¸¸³μÉ·¥´´μ³ ¸²ÊÎ ¥ a = 0 ¢³¥¸Éμ ËÊ´±-
Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  K(q), ´Ê²¥¢μ° ¤²¨´Ò · ¸¸¥Ö´¨Ö a ¨ ÔËË¥±É¨¢´μ£μ
· ¤¨Ê¸  reff ¸²¥¤Ê¥É ¨¸¶μ²Ó§μ¢ ÉÓ ËÊ´±Í¨Õ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  K+(q), ´¥-
´Ê²¥¢ÊÕ ¤²¨´Ê · ¸¸¥Ö´¨Ö a+ ¨ ±μ´¥Î´Ò° ÔËË¥±É¨¢´Ò° · ¤¨Ê¸ r+

eff , μ¶·¥¤¥-
²¥´´Ò¥ Ëμ·³Ê² ³¨ (51) ¨ (52).

’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ¢Éμ·μ° μ¸μ¡Ò° ¸²ÊÎ °. �μ²μ¦¨³ |a| = ∞. ’μ£¤  ¨§
· ¢¥´¸É¢  (22) ¸²¥¤Ê¥É, ÎÉμ c0 = 0, ´μ s0 �= 0. �·¥¤¶μ²μ¦¨³, ÎÉμ c1 �= 0.
‚ μ¡² ¸É¨ x � 1 ¢¢¥¤¥³ ËÊ´±Í¨Õ

K−(x; q) ≡ τ
q2c1(x) + q4c2(x) + . . .

s0(x) + q2s1(x) + q4s2(x) + . . .
= − 1

a−(x)
+

q2

2
r−eff(x) + . . . ,

(54)
  ËÊ´±Í¨¨ a−(x) ¨ r−eff μ¶·¥¤¥²¨³ Ëμ·³Ê² ³¨

a−(x) ≡ − s0(x)
τc1(x)

, r−eff(x) ≡ 2τ

s0(x)

[
c2(x) − s1(x)

c1(x)
s0(x)

]
. (55)

‚ ¶·¥¤¥²¥ x → ∞ ¡² £μ¤ ·Ö · ¢¥´¸É¢Ê c0 = 0 ¶·¥¤¸É ¢²¥´¨Ö (47) ¨ (54)
¶μ·μ¦¤ ÕÉ ¸¢Ö§Ó q−2K−(q) = K(q),   ¨§ Ëμ·³Ê² (22), ¨ (27), (48) ¨ (55)
¸²¥¤ÊÕÉ ¸μμÉ´μÏ¥´¨Ö

a− = −2/reff, r−eff = r3
effP. (56)

ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥ (8) ËÊ´±Í¨¨ K(q), ¸¢Ö§Ó q−2K−(q) = K(q) ¨ · ¢¥´-
¸É¢μ (54), ¢§ÖÉμ¥ ¶·¨ x = ∞, ¶μ²ÊÎ ¥³ ¨¸±μ³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö

K−(q) ≡ q2λ−1 [ctg δλ(q) − h(q)] = − 1
a− +

q2

2
r−eff + . . . (57)

‘μ£² ¸´μ ÔÉ¨³ ¶·¥¤¸É ¢²¥´¨Ö³ ¢ · ¸¸³μÉ·¥´´μ³ ¸²ÊÎ ¥ |a| = ∞ ¢³¥¸Éμ ËÊ´±-
Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  K(q), ¡¥¸±μ´¥Î´μ ¡μ²ÓÏμ° ¶μ ³μ¤Ê²Õ ¤²¨´Ò
· ¸¸¥Ö´¨Ö a ¨ ´¥´Ê²¥¢μ£μ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  reff ¸²¥¤Ê¥É ¨¸¶μ²Ó§μ¢ ÉÓ
ËÊ´±Í¨Õ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  K−(q), ±μ´¥Î´ÊÕ ¨ ´¥´Ê²¥¢ÊÕ ¤²¨´Ê · ¸-
¸¥Ö´¨Ö a− ¨ ±μ´¥Î´Ò° ÔËË¥±É¨¢´Ò° · ¤¨Ê¸ r−eff , μ¶·¥¤¥²¥´´Ò¥ Ëμ·³Ê-
² ³¨ (56).
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�·μ¸Ê³³¨·Ê¥³ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ ¸ÉμÖÐ¥° · ¡μÉÒ.
‚ · §¤. 2 ´¥²¨´¥°´ Ö ¢¥·¸¨Ö ³¥Éμ¤  Ë §μ¢ÒÌ ËÊ´±Í¨° · ¸Ï¨·¥´  ´  ¸²Ê-

Î ° ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ Í¥´É· ²Ó´Ò³ ±μ·μÉ±μ¤¥°¸É¢Ê-
ÕÐ¨³ ¶μÉ¥´Í¨ ²μ³. � ¸Ï¨·¥´¨¥ § ±²ÕÎ ¥É¸Ö ¢ ¢Ò¢μ¤¥ ¨ ± Î¥¸É¢¥´´μ³  ´ -
²¨§¥ ´μ¢ÒÌ Ê· ¢´¥´¨° (12)Ä(20), ¶·¥¤´ §´ Î¥´´ÒÌ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨¨
ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ , ¤²¨´Ò · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ . ‚ · §¤. 3
¶μ²ÊÎ¥´Ò ÉμÎ´Ò¥ ·¥Ï¥´¨Ö (34)Ä(40) Ê· ¢´¥´¨° (13)Ä(17) ¢ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ² 
¶·Ö³μÊ£μ²Ó´μ° Ëμ·³Ò ¨ ¨¸¸²¥¤μ¢ ´  § ¢¨¸¨³μ¸ÉÓ ¤²¨´Ò · ¸¸¥Ö´¨Ö ¨ ÔËË¥±-
É¨¢´μ£μ · ¤¨Ê¸  μÉ Ï¨·¨´Ò É ±μ£μ ¶μÉ¥´Í¨ ² . ‚ · §¤. 4 ¨¸¸²¥¤μ¢ ´Ò ¤¢ 
μ¸μ¡ÒÌ ¸²ÊÎ Ö (a = 0, |a| = ∞) ¨ ¢ ÔÉ¨Ì ¸²ÊÎ ÖÌ ¶·¥¤²μ¦¥´Ò ´μ¢Ò¥ μ¶·¥-
¤¥²¥´¨Ö (51)Ä(53) ¨ (56), (57) ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  K±(q) ¤²¨´Ò
· ¸¸¥Ö´¨Ö a± ¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  r±eff . ‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ Ê· ¢´¥-
´¨Ö (12)Ä(20), ¨Ì ÉμÎ´Ò¥ ·¥Ï¥´¨Ö (34)Ä(40) ¨ ¶·¥¤¸É ¢²¥´¨Ö (51), (52) ¨ (56)
¶ · ³¥É·μ¢ a± ¨ r±eff ¶μ²ÊÎ¥´Ò ¤²Ö ²Õ¡μ£μ ¢μ§³μ¦´μ£μ §´ Î¥´¨Ö ±¢ ´Éμ¢μ£μ
Î¨¸²  λ.

�μÖ¸´¨³ ¢μ§³μ¦´μ¥ ¶·¨³¥´¥´¨¥ ¶¥·¥Î¨¸²¥´´ÒÌ ¢ÒÏ¥ ·¥§Ê²ÓÉ Éμ¢. ‚Ò-
Î¨¸²¨¢ ¤²¨´Ê · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸ ¨ ¨¸¶μ²Ó§ÊÖ § É¥³  ¸¨³¶Éμ-
É¨±Ê (8), ´¥É·Ê¤´μ ´ °É¨ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ¥ ¶·¨¡²¨¦¥´¨¥ Ë §Ò δλ(q),   § -
É¥³ ¶μ Ëμ·³Ê²¥ (5) μ¶·¥¤¥²¨ÉÓ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ ¶·¨¡²¨¦¥´¨¥ ¸¥Î¥´¨Ö σλ(q).
�·¥¤¸É ¢²¥´¨Ö (34)Ä(40) ¤²¨´Ò · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  Î¥·¥§
ËÊ´±Í¨¨ 
¥¸¸¥²Ö ¢ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²  ¶·Ö³μÊ£μ²Ó´μ° Ëμ·³Ò ¨ ¸μμÉ¢¥É¸É¢Ê-
ÕÐ¨¥ É ±¨³ ¶·¥¤¸É ¢²¥´¨Ö³ ¶·¨¡²¨¦¥´¨Ö ¶ ·Í¨ ²Ó´ÒÌ Ë § ¨ ¸¥Î¥´¨° ¶·¥¤-
² £ ¥É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ ¢ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¥ Ê²ÓÉ· Ìμ²μ¤´ÒÌ £ §μ¢ ¤²Ö ³μ-
¤¥²¨·μ¢ ´¨Ö Ê¶·Ê£μ£μ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ¢ ¸¨¸É¥³¥ ¤¢ÊÌ  Éμ³μ¢ ¨²¨ ³μ²¥-
±Ê². �μ²ÊÎ¥´´Ò¥ ¤²Ö É ±μ£μ ¦¥ ¶μÉ¥´Í¨ ²  ¶·¥¤¸É ¢²¥´¨Ö (41)Ä(46) ±μ³¶μ-
´¥´É cn(x) ¨ sn(x) Î¥·¥§ ËÊ´±Í¨¨ 
¥¸¸¥²Ö ¶μ§¢μ²ÖÕÉ ´ °É¨ ¢ Ö¢´μ³ ¢¨¤¥
´¨§±μÔ´¥·£¥É¨Î¥¸±ÊÕ  ¸¨³¶ÉμÉ¨±Ê · ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ uλ(x; q)
¤¢Ê³¥·´μ£μ μÉ´μ¸¨É¥²Ó´μ£μ ¤¢¨¦¥´¨Ö ¤¢ÊÌ  Éμ³μ¢ ¨²¨ ³μ²¥±Ê².
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