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�´¥·£¨¨ ¸² ¡μ¸¢Ö§ ´´ÒÌ ¨ μ±μ²μ¶μ·μ£μ¢ÒÌ ·¥§μ´ ´¸´ÒÌ
¸μ¸ÉμÖ´¨° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨

�·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ³¥¤²¥´´ Ö ±¢ ´Éμ¢ Ö Î ¸É¨Í  ¤¢¨¦¥É¸Ö ¢ ¤¢Ê³¥·´μ°
¶²μ¸±μ¸É¨ É·¥Ì³¥·´μ£μ ±μμ·¤¨´ É´μ£μ ¶·μ¸É· ´¸É¢  ¨ ¥¥ ¤¢¨¦¥´¨¥ ¶·μ¨¸Ìμ-
¤¨É ¢ ¶μ²¥ Í¥´É· ²Ó´μ£μ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ² . �μ± § ´μ, ÎÉμ ¶·¨-
¡²¨¦¥´´Ò¥ Ô´¥·£¨¨ ¸² ¡μ¸¢Ö§ ´´ÒÌ ¨ μ±μ²μ¶μ·μ£μ¢ÒÌ ·¥§μ´ ´¸´ÒÌ ¸μ¸ÉμÖ´¨°
ÔÉμ° Î ¸É¨ÍÒ μ¶·¥¤¥²ÖÕÉ¸Ö ±μ·´Ö³¨ É· ´¸Í¥´¤¥´É´ÒÌ Ê· ¢´¥´¨°, ¸μ¤¥·¦ Ð¨Ì
¤¢  ¶ · ³¥É· : ¤²¨´Ê · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸. � °¤¥´Ò ¤μ¸É ÉμÎ´Ò¥
Ê¸²μ¢¨Ö · §·¥Ï¨³μ¸É¨ É ±¨Ì Ê· ¢´¥´¨°. ˆ¸¸²¥¤μ¢ ´  § ¢¨¸¨³μ¸ÉÓ ¨Ì ·¥Ï¥´¨°
μÉ ¶ · ³¥É·μ¢.
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Energies of Weakly-Bound and Near-Threshold Resonance States
of a Quantum Particle in the Two-Dimensional Plane

By assumption, a slow quantum particle moves in the two-dimensional plane of
the three-dimensional conˇguration space and its movement takes place in the ˇeld
of a central short-range potential. It is shown that the approximated energies of the
weakly-bound and near-threshold resonance states of this particle are deˇned via the
roots of the transcendental equations containing two parameters: the scattering length
and effective range. The sufˇcient conditions for solvability of those equations are
found. The dependence of their solutions on the parameters is studied.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
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Š ¸μ¦ ²¥´¨Õ, ¢ ±² ¸¸¨Î¥¸±¨Ì ÊÎ¥¡´ÒÌ ±Ê·¸ Ì ¶μ ±¢ ´Éμ¢μ° ³¥Ì ´¨-
±¥ [1,2] ¨ É¥μ·¨¨ · ¸¸¥Ö´¨Ö ¢ É·¥Ì³¥·´μ³ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ [3Ä5]
´¥ Ê¤¥²¥´μ μ¸μ¡μ£μ ¢´¨³ ´¨Ö · ¸¸¥Ö´¨Õ ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ ÔÉμ£μ ¶·μ-
¸É· ´¸É¢ . ”Ê´¤ ³¥´É ²Ó´Ò³ ¢±² ¤μ³ ¢ É¥μ·¨Õ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö Ö¢²Ö-
ÕÉ¸Ö ·¥§Ê²ÓÉ ÉÒ ¤μ ¸¨Ì ¶μ·  ±É¨¢´μ Í¨É¨·Ê¥³ÒÌ ¦Ê·´ ²Ó´ÒÌ ¸É É¥° [6Ä18],
μ¶Ê¡²¨±μ¢ ´´ÒÌ ¢ ¶·μÏ²μ³ ¢¥±¥. ‚ ´ Ï¥³ ¢¥±¥ · ¸Ï¨·¥´¨¥ [19Ä26] ÔÉμ°
É¥μ·¨¨ ¸É¨³Ê²¨·Ê¥É¸Ö ¡Ê·´Ò³ · §¢¨É¨¥³ Ô±¸¶¥·¨³¥´É ²Ó´μ° Ë¨§¨±¨ Ê²ÓÉ· -
Ìμ²μ¤´ÒÌ £ §μ¢ ¢ ³ £´¨Éμμ¶É¨Î¥¸±¨Ì ²μ¢ÊÏ± Ì [27Ä29]. “·μ¢¥´Ó ¸μ¢·¥³¥´-
´μ° Ô±¸¶¥·¨³¥´É ²Ó´μ° Ë¨§¨±¨ ´ ¸Éμ²Ó±μ ¢Ò¸μ±, ÎÉμ ¶μ§¢μ²Ö¥É ¸μ§¤ ¢ ÉÓ
³ £´¨Éμμ¶É¨Î¥¸±¨¥ ²μ¢ÊÏ±¨, μ¤¨´ ¨§ É·¥Ì · §³¥·μ¢ ±μÉμ·ÒÌ ¸· ¢´¨³ ¸ ¤²¨-
´μ° ¤¥ �·μ°²Ö Î ¸É¨ÍÒ £ § . �μÔÉμ³Ê ¢ É ±¨Ì ²μ¢ÊÏ± Ì ¤¢¨¦¥´¨¥ Î ¸É¨Í
£ §  μ£· ´¨Î¥´μ ¢ μ¤´μ³ ´ ¶· ¢²¥´¨¨ ¨ ¶·μ¨¸Ìμ¤¨É ¢ μ¸´μ¢´μ³ ¢ ¤¢Ê³¥·´μ°
¶²μ¸±μ¸É¨ É·¥Ì³¥·´μ£μ ±μμ·¤¨´ É´μ£μ ¶·μ¸É· ´¸É¢ . • · ±É¥·´ Ö ¶²μÉ´μ¸ÉÓ
Ê²ÓÉ· Ìμ²μ¤´μ£μ £ §  ´ ¸Éμ²Ó±μ ³ ² , ÎÉμ ¸·¥¤¨ ¢¸¥Ì ¢μ§³μ¦´ÒÌ ¸Éμ²±´μ¢¥-
´¨° ¥£μ Î ¸É¨Í ¤μ³¨´¨·ÊÕÉ ¡¨´ ·´Ò¥.

‘ Ô±¸¶¥·¨³¥´É ²Ó´μ° ÉμÎ±¨ §·¥´¨Ö ´ ¨¡μ²¥¥ ¨´É¥·¥¸´Ò ¸²¥¤ÊÕÐ¨¥ ¨§-
¢¥¸É´Ò¥ μ¸μ¡¥´´μ¸É¨ ¤¢Ê³¥·´μ£μ ¤¢¨¦¥´¨Ö ¤¢ÊÌ ±¢ ´Éμ¢ÒÌ Î ¸É¨Í, ¢§ ¨³μ-
¤¥°¸É¢ÊÕÐ¨Ì ¶μ¸·¥¤¸É¢μ³ ¶μÉ¥´Í¨ ² . �·¨ ²Õ¡μ³ ¸±μ²Ó Ê£μ¤´μ ¸² ¡μ³, ´μ
¶·¨ÉÖ£¨¢ ÕÐ¥³ ¶μÉ¥´Í¨ ²¥, Ê¡Ò¢ ÕÐ¥³ ¡Ò¸É·¥¥ ±Ê²μ´μ¢¸±μ£μ, ¢ ¸¨¸É¥³¥
¤¢ÊÌ Î ¸É¨Í ¨³¥¥É¸Ö ¶μ ±· °´¥° ³¥·¥ μ¤´μ ¸² ¡μ¸¢Ö§ ´´μ¥ ¸μ¸ÉμÖ´¨¥ [1,6,7].
‘¥Î¥´¨¥ · ¸¸¥Ö´¨Ö ¤¢ÊÌ Î ¸É¨Í, ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì ¶μ¸·¥¤¸É¢μ³ ±μ·μÉ±μ-
¤¥°¸É¢ÊÕÐ¥£μ, ¢ Éμ³ Î¨¸²¥ ¨ Ë¨´¨É´μ£μ ¶μÉ¥´Í¨ ² , ´¥μ£· ´¨Î¥´´μ ¢μ§· -
¸É ¥É ¢ ¶·¥¤¥²¥ ´Ê²¥¢μ° ¶μ²´μ° Ô´¥·£¨¨ [1, 9Ä12, 26] ÔÉ¨Ì Î ¸É¨Í, ¶·¨Î¥³
¸É ·Ï¥¥ ¸² £ ¥³μ¥  ¸¨³¶ÉμÉ¨±¨ ¸¥Î¥´¨Ö ¢ ÔÉμ³ ¶·¥¤¥²¥ ´¨± ± ´¥ § ¢¨¸¨É μÉ
¶μÉ¥´Í¨ ²  ¨ μ¶¨¸Ò¢ ¥É¸Ö ´¥ ´ ²¨É¨Î¥¸±μ° ËÊ´±Í¨¥° ¶μ²´μ° Ô´¥·£¨¨, · ¢-
´μ° ¥¥ ²μ£ ·¨Ë³Ê. �ÉÊ ¦¥ ²μ£ ·¨Ë³¨Î¥¸±ÊÕ ËÊ´±Í¨Õ ¶μ²´μ° Ô´¥·£¨¨ ¸μ-
¤¥·¦ É ¨ ¢¸¥ ¨§¢¥¸É´Ò¥ ± ´ ¸ÉμÖÐ¥³Ê ¢·¥³¥´¨ μ¶·¥¤¥²¥´¨Ö [13Ä16,21,25,26]
ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¤²Ö ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ¤¢ÊÌ Î ¸É¨Í ¢ ¸²Ê-
Î ¥ Í¥´É· ²Ó´μ£μ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ² . � ²¨Î¨¥ ¸² ¡μ¸¢Ö§ ´-
´μ£μ ¸μ¸ÉμÖ´¨Ö ¤¢ÊÌ Î ¸É¨Í ¸ÊÐ¥¸É¢¥´´μ ¨§³¥´Ö¥É ¶μ·μ£μ¢μ¥ ¶μ¢¥¤¥´¨Ö ¸¥-
Î¥´¨Ö ¨Ì · ¸¸¥Ö´¨Ö [17,22,23].

‘² ¡μ¸¢Ö§ ´´Ò¥ ¨ ¤μ²£μ¦¨¢ÊÐ¨¥ μ±μ²μ¶μ·μ£μ¢Ò¥ ·¥§μ´ ´¸´Ò¥ ¸μ¸ÉμÖ´¨Ö
¤¢ÊÌ Î ¸É¨Í Ê²ÓÉ· Ìμ²μ¤´μ£μ £ §  ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ Ö¢²ÖÕÉ¸Ö ± ´ ² ³¨
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·¥±μ³¡¨´ Í¨¨ ¨ ¶μÔÉμ³Ê ¤μ²¦´Ò ¸ÊÐ¥¸É¢¥´´μ ³¥´ÖÉÓ ¨´É¥´¸¨¢´μ ¨¸¸²¥¤Ê¥-
³Ò¥ ¸¢μ°¸É¢  ±μ´¤¥´¸ É  �μ§¥Ä�´ÏÉ¥°´  [8,19,20]. ‘ ÉμÎ±¨ §·¥´¨Ö ±¢ ´Éμ-
¢μ° Ì¨³¨¨ ¸² ¡μ¸¢Ö§ ´´Ò¥ ¨²¨ ¤μ²£μ¦¨¢ÊÐ¨¥ μ±μ²μ¶μ·μ£μ¢Ò¥ ·¥§μ´ ´¸´Ò¥
¸μ¸ÉμÖ´¨Ö ¤¢ÊÌ  Éμ³μ¢ ¨²¨ ³μ²¥±Ê² ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ Ö¢²ÖÕÉ¸Ö ¸É -
¡¨²Ó´Ò³¨ ¨²¨ ¤μ²£μ¦¨¢ÊÐ¨³¨ ³μ²¥±Ê²Ö·´Ò³¨ ±μ³¶²¥±¸ ³¨. C¨´É¥§μ³ É ±¨Ì
±μ³¶²¥±¸μ¢ ³μ¦´μ Ê¶· ¢²ÖÉÓ, § ¤ ¢ Ö ¢§ ¨³μ¤¥°¸É¢¨¥ ³¥¦¤Ê ¤¢Ê³Ö Î ¸É¨Í ³¨
£ §  ¶ÊÉ¥³ ¨§³¥´¥´¨Ö ¶ · ³¥É·μ¢ ¶μ²¥°, ¸μ§¤ ÕÐ¨Ì ³ £´¨Éμμ¶É¨Î¥¸±ÊÕ ²μ-
¢ÊÏ±Ê [29].

‘²¥¤μ¢ É¥²Ó´μ,  ±ÉÊ ²Ó´μ° § ¤ Î¥° ¸μ¢·¥³¥´´μ° É¥μ·¨¨ ¤¢Ê³¥·´μ£μ · ¸-
¸¥Ö´¨Ö ¨ ´μ¢μ£μ ´ ¶· ¢²¥´¨Ö ±¢ ´Éμ¢μ° Ì¨³¨¨ Å ¤¢Ê³¥·´μ° ³μ²¥±Ê²Ö·´μ°
¤¨´ ³¨±¨ Å Ö¢²Ö¥É¸Ö ³ É¥³ É¨Î¥¸±¨°  ´ ²¨§ Ô´¥·£¥É¨Î¥¸±¨Ì ¸¶¥±É·μ¢ ¸² ¡μ-
¸¢Ö§ ´´ÒÌ ¨ μ±μ²μ¶μ·μ£μ¢ÒÌ ·¥§μ´ ´¸´ÒÌ ¸μ¸ÉμÖ´¨° ¤¢ÊÌ ±¢ ´Éμ¢ÒÌ Î ¸É¨Í.

„²Ö ¢ÒÎ¨¸²¥´¨Ö Ô´¥·£¨° ¨ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ-
´¨° ¢ ¸²ÊÎ ¥ ´¥Í¥´É· ²Ó´μ£μ ( ´¨§μÉ·μ¶´μ£μ) ¶μÉ¥´Í¨ ² , Ê¡Ò¢ ÕÐ¥£μ ¡Ò-
¸É·¥¥ Í¥´É·μ¡¥¦´μ£μ, ´ ¨¡μ²¥¥ ¶¥·¸¶¥±É¨¢´Ò³ Ö¢²Ö¥É¸Ö ¨§¢¥¸É´Ò° [18] ¨ Ê¦¥
 ¶·μ¡¨·μ¢ ´´Ò° [24] ³¥Éμ¤.

„²Ö · ¸Î¥É  Ô´¥·£¨° μ±μ²μ¶μ·μ£μ¢ÒÌ ·¥§μ´ ´¸´ÒÌ ¸μ¸ÉμÖ´¨° ¢ ¸²ÊÎ ¥
Í¥´É· ²Ó´μ£μ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ² , § ¤ ´´μ£μ  ´ ²¨É¨Î¥¸±μ°
ËÊ´±Í¨¥°, ´ ¨¡μ²¥¥ Ô±μ´μ³¨Î´Ò³ ¶·¥¤¸É ¢²Ö¥É¸Ö ´¥¤ ¢´μ ¶·¥¤²μ¦¥´´Ò°  ²-
£μ·¨É³ [25], μ¸´μ¢ ´´Ò° ´  ±μ³¶²¥±¸´μ³ ¸±¥°²¨´£¥ ¨ ·¥±Ê··¥´É´μ° Í¥¶μÎ±¥
Ô´¥·£μ´¥§ ¢¨¸¨³ÒÌ ¸¨¸É¥³ μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·-
¢μ£μ ¶μ·Ö¤± .

Š ± ¨§¢¥¸É´μ [30], ¢ÒÎ¨¸²¥´¨¥ ³ ²ÒÌ ¶μ ³μ¤Ê²Õ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°
¤¨ËË¥·¥´Í¨ ²Ó´μ£μ μ¶¥· Éμ·  Ö¢²Ö¥É¸Ö ¤μ¢μ²Ó´μ ¸²μ¦´μ° ¶·μ¡²¥³μ°, ¶μ²-
´μ¥ ·¥Ï¥´¨¥ ±μÉμ·μ° ´¥ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢μ§³μ¦´Ò³ ¡¥§ ¶·¥¤¢ ·¨É¥²Ó´μ£μ
μ¶·¥¤¥²¥´¨Ö Î¨¸²  ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ¨ ¨Ì · ¸¶·¥¤¥²¥´¨Ö.

�¸´μ¢´ Ö Í¥²Ó ´ ¸ÉμÖÐ¥° · ¡μÉÒ Å ·¥Ï¨ÉÓ § ¤ ÎÊ ²μ± ²¨§ Í¨¨ Ô´¥·-
£¨° ¸² ¡μ¸¢Ö§ ´´ÒÌ ¨ μ±μ²μ¶μ·μ£μ¢ÒÌ ·¥§μ´ ´¸´ÒÌ ¸μ¸ÉμÖ´¨° ±¢ ´Éμ¢μ° Î -
¸É¨ÍÒ, ¤¢¨¦ÊÐ¥°¸Ö ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ ¢ ¶μ²¥ Í¥´É· ²Ó´μ£μ ±μ·μÉ±μ-
¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ² . „²Ö ·¥Ï¥´¨Ö ¨¸¶μ²Ó§Ê¥É¸Ö  ´ ²¨É¨Î¥¸±μ¥ ¶·μ¤μ²-
¦¥´¨¥ ¨§¢¥¸É´μ£μ ¤¢Ê³¥·´μ£μ  ´ ²μ£  [26] ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ .
�¨§±μÔ´¥·£¥É¨Î¥¸±μ¥ · §²μ¦¥´¨¥ ÔÉμ£μ  ´ ²μ£   ¶¶·μ±¸¨³¨·Ê¥É¸Ö ¸Ê³³μ° ¥£μ
¤¢ÊÌ ¶¥·¢ÒÌ ¸² £ ¥³ÒÌ. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ ÕÉ¸Ö ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±¨¥ ÔÉ -
²μ´´Ò¥ É· ´¸Í¥´¤¥´É´Ò¥ Ê· ¢´¥´¨Ö. � · ³¥É· ³¨ Ö¢²ÖÕÉ¸Ö ¤²¨´  · ¸¸¥Ö´¨Ö
¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸. Šμ·´¨ ÔÉ ²μ´´ÒÌ Ê· ¢´¥´¨° μ¤´μ§´ Î´μ ¸¢Ö§ ´Ò
¸ ¶·¨¡²¨¦¥´´Ò³¨ Ô´¥·£¨Ö³¨ ¸² ¡μ¸¢Ö§ ´´ÒÌ ¨ μ±μ²μ¶μ·μ£μ¢ÒÌ ·¥§μ´ ´¸-
´ÒÌ ¸μ¸ÉμÖ´¨°. ’ ±¨³ μ¡· §μ³ ¨¸Ìμ¤´ Ö § ¤ Î  ¸¢μ¤¨É¸Ö ± ¡μ²¥¥ ¶·μ¸Éμ°,  
¨³¥´´μ ± μ¶·¥¤¥²¥´¨Õ ³´μ¦¥¸É¢  §´ Î¥´¨° ¤¢ÊÌ ¶ · ³¥É·μ¢, ¶·¨ ±μÉμ·ÒÌ
ÔÉ ²μ´´Ò¥ Ê· ¢´¥´¨Ö ¨³¥ÕÉ ±μ·´¨, ¨  ´ ²¨§Ê § ¢¨¸¨³μ¸É¨ ±μ·´¥° μÉ μ¡o¨Ì
¶ · ³¥É·μ¢.

� §¤. 1 ¸μ¤¥·¦¨É μ¶·¥¤¥²¥´¨Ö ¨ ¨§¢¥¸É´Ò¥ ¸μμÉ´μÏ¥´¨Ö, ±μÉμ·Ò¥ μ± -
¦ÊÉ¸Ö ±²ÕÎ¥¢Ò³¨ ¢ ¸²¥¤ÊÕÐ¨Ì · §¤¥² Ì. ‘Ì¥³ É¨Î´μ ¨§²μ¦¥´´Ò° ¢ÒÏ¥
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¶μ¤Ìμ¤ ·¥ ²¨§Ê¥É¸Ö ¢ · §¤. 2 ¤²Ö ²μ± ²¨§ Í¨¨ Ô´¥·£¨° ¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ¸Éμ-
Ö´¨°,   ¢ · §¤. 3 Å ¤²Ö ²μ± ²¨§ Í¨¨ Ô´¥·£¨° μ±μ²μ¶μ·μ£μ¢ÒÌ ·¥§μ´ ´¸´ÒÌ
¸μ¸ÉμÖ´¨°. �¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¢Ò¶μ²´¥´´ÒÌ ¨¸¸²¥¤μ¢ ´¨° ¸Ê³³¨·ÊÕÉ¸Ö ¨
μ¡¸Ê¦¤ ÕÉ¸Ö ¢ § ±²ÕÎ¥´¨¨.

1. ���…„…‹…�ˆŸ ˆ Š‹�—…‚›… ‘��’��˜…�ˆŸ

ˆ¸¶μ²Ó§Ê¥³ É¥·³¨´μ²μ£¨Õ, ¶·¨´ÖÉÊÕ ¢ ÊÎ¥¡´ÒÌ ±Ê·¸ Ì [1Ä5] ¨ ¢ ¨§¢¥¸É-
´ÒÌ ³μ´μ£· Ë¨ÖÌ ¶μ ËÊ´±Í¨μ´ ²Ó´μ³Ê  ´ ²¨§Ê [31], É¥μ·¨¨ ¤¨ËË¥·¥´Í¨ ²Ó-
´ÒÌ Ê· ¢´¥´¨° [32,33] ¨ ¸¶¥Í¨ ²Ó´ÒÌ ËÊ´±Í¨° [34,35].

�Ê¸ÉÓ ±¢ ´Éμ¢ Ö Î ¸É¨Í  p1 ¨³¥¥É ±μ´¥Î´ÊÕ ³ ¸¸Ê m1 > 0 ¨ ¤¢¨¦¥É¸Ö
Éμ²Ó±μ ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ P ¥¥ É·¥Ì³¥·´μ£μ ±μμ·¤¨´ É´μ£μ ¶·μ¸É· ´-
¸É¢  R3. �·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ´¥±μÉμ· Ö ´¥¶μ¤¢¨¦´ Ö ÉμÎ±  O ÔÉμ° ¶²μ¸±μ-
¸É¨ Ö¢²Ö¥É¸Ö ¸¨²μ¢Ò³ Í¥´É·μ³, ¢μ§¤¥°¸É¢ÊÕÐ¨³ ´  Î ¸É¨ÍÊ p1 ¶μ¸·¥¤¸É¢μ³
¶μÉ¥´Í¨ ²  Ṽ . ‘Î¨É ¥É¸Ö, ÎÉμ ÔÉμÉ ¶μÉ¥´Í¨ ² § ¢¨¸¨É Éμ²Ó±μ μÉ · ¸¸ÉμÖ´¨Ö
r ³¥¦¤Ê Î ¸É¨Í¥° p1 ¨ ÉμÎ±μ° O, Ö¢²Ö¥É¸Ö ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ ¨ Éμ¦¤¥-
¸É¢¥´´μ · ¢´Ò³ ´Ê²Õ ¢´¥ ¶²μ¸±μ¸É¨ P .

‚ ¶²μ¸±μ¸É¨ P ¢¢¥¤¥³ ¤¢Ê³¥·´ÊÕ ¤¥± ·Éμ¢Ê ¸¨¸É¥³Ê ±μμ·¤¨´ É S2 ¸
´ ¶· ¢²ÖÕÐ¨³¨ μ·É ³¨ e1 ¨ e2. �Ê¸ÉÓ ´ Î ²Ó´ Ö ÉμÎ±  ÔÉμ° ¸¨¸É¥³Ò ¸μ-
¢¶ ¤ ¥É ¸ ¸¨²μ¢Ò³ Í¥´É·μ³ O,   μ·É e1 ´ ¶· ¢²¥´ ¢¤μ²Ó ¢μ²´μ¢μ£μ ¢¥±Éμ· 
k0 ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö Î ¸É¨ÍÒ p1. ‚ ¸¨¸É¥³¥ S2 μ¶·¥¤¥²¨³ ¸É ´¤ ·É-
´Ò³ μ¡· §μ³ ¶μ²Ö·´Ò¥ ±μμ·¤¨´ ÉÒ: · ¸¸ÉμÖ´¨¥ r ¨  §¨³ÊÉ ²Ó´Ò° Ê£μ² ϕ.
‘¨³¢μ²μ³ d μ¡μ§´ Î¨³ ¸¢μ¡μ¤´Ò° ¶μ²μ¦¨É¥²Ó´Ò° ¶ · ³¥É·, ¨³¥ÕÐ¨° · §-
³¥·´μ¸ÉÓ · ¸¸ÉμÖ´¨Ö. ‚³¥¸Éμ · ¸¸ÉμÖ´¨Ö r ¨ ¢μ²´μ¢μ£μ Î¨¸²  k ≡ |k0| ¡Ê¤¥³
¨¸¶μ²Ó§μ¢ ÉÓ ¡¥§· §³¥·´Ò¥  ·£Ê³¥´É x ≡ r/d ¨ ¢μ²´μ¢μ¥ Î¨¸²μ q ≡ kd. ”μ·-
³Ê² ³¨ E = (kd)2β, E = βq2 ¨ β ≡ (�/d)2/(2m1) ÔÉμ³Ê Î¨¸²Ê ¸μ¶μ¸É ¢¨³
· §³¥·´ÊÕ ¶μ²´ÊÕ Ô´¥·£¨Õ E Î ¸É¨ÍÒ p1.

‘Î¨É ¥³, ÎÉμ ¡¥§· §³¥·´Ò° ¶μÉ¥´Í¨ ²

V (x) ≡ (2m1d
2/�

2)Ṽ (r = x/d) , V (x) ≡ Ṽ (r = x/d)/β

Ö¢²Ö¥É¸Ö ¸² ¡μ¸¨´£Ê²Ö·´Ò³, ´¥¶·¥·Ò¢´Ò³ ¨ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³:

lim
x→0

x2|V (x)| = 0, V (x) ∈ C0(0,∞),
(1)

lim
x→∞

xn|V (x)| = 0, n = 0, 1, 2, . . .

� ¶μ³´¨³, ÎÉμ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö Ψ(x, ϕ; q) Î ¸É¨ÍÒ ¢ ¶²μ¸±μ¸É¨ P μ¶·¥-
¤¥²Ö¥É¸Ö ± ± μ£· ´¨Î¥´´μ¥ ¢ ²Õ¡μ° ÉμÎ±¥ ÔÉμ° ¶²μ¸±μ¸É¨ ·¥Ï¥´¨¥ ¤¢Ê³¥·-
´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  [5]

[
∂2

x + x−1 ∂x + x−2 ∂2
ϕ + q2 − V (x)

]
Ψ(x, ϕ; q) = 0,
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±μÉμ·μ¥ ¨§¢¥¸É´μ° ¶μ¤¸É ´μ¢±μ° [12,25,26]

Ψ(x, ϕ; q) = x−1/2
∞∑

λ=−∞
uλ(x; q) gλ(ϕ),

gλ(ϕ) ≡ (2π)−1/2 exp [ i(λ + 1/2)ϕ]

¨ ¶μ¸²¥¤ÊÕÐ¨³ ¶·μ¥Í¨·μ¢ ´¨¥³ ´  ËÊ´±Í¨¨ gλ ¸¢μ¤¨É¸Ö ± ¡¥¸±μ´¥Î´μ° ¶μ
´μ³¥·Ê λ = −1/2, 1/2, . . . ¸μ¢μ±Ê¶´μ¸É¨ ´¥ ¸¢Ö§ ´´ÒÌ ¤·Ê£ ¸ ¤·Ê£μ³ μ¤´μ³¥·-
´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥·  ¤²Ö ¨¸±μ³ÒÌ · ¤¨ ²Ó´ÒÌ ±μ³¶μ´¥´É uλ:

[
∂2

x + q2 − λ(λ + 1)x−2 − V (x)
]

uλ(x; q) = 0, x � 0. (2)

‘²¥¤μ¢ É¥²Ó´μ, ¢μ²´μ¢μ¥ Î¨¸²μ q ¨ ¶μ²ÊÍ¥²μ¥ Î¨¸²μ λ = −1/2, 1/2, . . .
μ¡· §ÊÕÉ ¶μ²´Ò° ´ ¡μ· ε = {q, λ} ¸μÌ· ´ÖÕÐ¨Ì¸Ö ±¢ ´Éμ¢ÒÌ Î¨¸¥², μ¶·¥¤¥-
²ÖÕÐ¨Ì ±¢ ´Éμ¢μ¥ ¸μ¸ÉμÖ´¨¥ |q, λ〉 Î ¸É¨ÍÒ p1.

‚¸²¥¤¸É¢¨¥ ¶¥·¢μ£μ ¨§ É·¥Ì Ê¸²μ¢¨° (1) ¶·¨ ²Õ¡μ³ ±μ³¶²¥±¸´μ³ §´ Î¥-
´¨¨ ¶ · ³¥É·  q ±μ³¶μ´¥´É  uλ ¢¡²¨§¨ ´ Î ²Ó´μ° ÉμÎ±¨ x = 0 ¤μ²¦´  ¨³¥ÉÓ
¸²¥¤ÊÕÐÊÕ  ¸¨³¶ÉμÉ¨±Ê [32]:

uλ(x; q) ∼ (qx)λ+1, |q|x → 0. (3)

„²Ö μ¶·¥¤¥²¥´¨Ö  ¸¨³¶ÉμÉ¨±¨ ÔÉμ° ±μ³¶μ´¥´ÉÒ uλ ¢ μ±·¥¸É´μ¸É¨ ¡¥¸±μ-
´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±¨ x = ∞ ´¥μ¡Ìμ¤¨³μ ¸´ Î ²  μ¡¸Ê¤¨ÉÓ Ê· ¢´¥´¨¥ (2).
‡ ³¥É¨³ ¸²¥¤ÊÕÐ¥¥: ¥¸²¨ ¢ ÔÉμ³ Ê· ¢´¥´¨¨ ¨ £· ´¨Î´μ³ Ê¸²μ¢¨¨ (3) ¸¤¥² ÉÓ
§ ³¥´Ê λ → � ¨ · §·¥Ï¨ÉÓ ¨´¤¥±¸Ê � ¶·¨´¨³ ÉÓ §´ Î¥´¨Ö � = 0, 1, 2, . . .,
Éμ ¶μ²ÊÎ¨É¸Ö ¤¥É ²Ó´μ ¨¸¸²¥¤μ¢ ´´ Ö ¢ É¥μ·¨¨ · ¸¸¥Ö´¨Ö [4] μ¤´μ³¥·´ Ö § -
¤ Î  [36] ¤²Ö · ¤¨ ²Ó´μ° ±μ³¶μ´¥´ÉÒ u� ¢μ²´μ¢μ° ËÊ´±Í¨¨, μ¶·¥¤¥²ÖÕÐ¥°
¤¢¨¦¥´¨¥ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ É·¥Ì³¥·´μ³ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ R3

¢ ¸²ÊÎ ¥ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´μ£μ ¶μÉ¥´Í¨ ²  V (x). �μÔÉμ³Ê ¶·¥¤¸É ¢²Ö-
¥É¸Ö ²μ£¨Î´Ò³ μ¶·¥¤¥²¨ÉÓ ¢¸¥ ¢μ§³μ¦´Ò¥ ¸μ¸ÉμÖ´¨Ö |q, λ〉 ´ Ï¥° Î ¸É¨ÍÒ
p1 ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ P ÔÉμ£μ ¶·μ¸É· ´¸É¢  ¶μ  ´ ²μ£¨¨ ¸ É·¥Ì³¥·´Ò³
¸²ÊÎ ¥³ [4,5]. �μ¸ÉÊ¶¨³ ¨³¥´´μ É ±¨³ μ¡· §μ³.

Š ± ¨ ¢ ³μ´μ£· Ë¨¨ [5], ¸Î¨É ¥³, ÎÉμ ¡² £μ¤ ·Ö É·¥ÉÓ¥³Ê ¨§ μ£· ´¨Î¥-
´¨° (1) ´  ¶μÉ¥´Í¨ ² V (x) ¢μ²´μ¢ Ö ËÊ´±Í¨Ö uλ ¸μ¸ÉμÖ´¨Ö Ê¶·Ê£μ£μ · ¸¸¥Ö-
´¨Ö |q, λ〉 μ¶·¥¤¥²Ö¥É¸Ö Ê¸²μ¢¨Ö³¨ q � 0 ¨

〈x|q, λ〉 = uλ(x; q) → sin [qx − πλ/2 + δλ(q)] , |q|x/|λ| → ∞,

  ¢¥²¨Î¨´Ò δλ(q) ¨

σλ(q) ≡ σu
λ(q)

[ctg δλ(q) ]2 + 1
, σu

λ(q) ≡ 4
q

(2 − δ2λ,−1) (4)
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Ö¢²ÖÕÉ¸Ö ¶ ·Í¨ ²Ó´Ò³¨ Ë §μ° ¨ ¸¥Î¥´¨¥³ · ¸¸¥Ö´¨Ö ¢ É ±μ³ ¸μ¸ÉμÖ´¨¨.
‡¤¥¸Ó δi,j Å ¸¨³¢μ² Š·μ´¥±¥· . �·¨ ²Õ¡μ³ q � 0 ¸¥Î¥´¨¥ σλ(q) ´¥ ¶·¥-
¢ÒÏ ¥É ¸¢μ¥£μ Ê´¨É ·´μ£μ ¶·¥¤¥²  σu

λ(q). �·¥¤¥² q → 0+ ´ §μ¢¥³ ¶·¥¤¥²μ³
´¨§±¨Ì Ô´¥·£¨°. �Ê²¥¢μ¥ §´ Î¥´¨¥ Ô´¥·£¨¨ · ¸¸¥Ö´¨Ö E = βq2 ´ §Ò¢ ¥³ ¶μ-
·μ£μ¢Ò³, ¶μÉμ³Ê ÎÉμ ¶·¨ ¶¥·¥Ìμ¤¥ Î¥·¥§ ´¥£μ ¢ μ¡² ¸ÉÓ E < 0 ¸μ¸ÉμÖ´¨Ö
· ¸¸¥Ö´¨Ö ¨¸Î¥§ ÕÉ.

‘¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö ¢Ò¤¥²¨³ ¨§ ¢¸¥Ì μ¸É ²Ó´ÒÌ Ê¸²μ¢¨Ö³¨ q = ip,
p � 0, ¨

〈x|ip, λ〉 = uλ(x; ip) ∼ exp(−px), px/|λ| → ∞;

∞∫
0

|uλ(x)|2 dx = 1. (5)

‚¸²¥¤¸É¢¨¥ ÔÉ¨Ì Ê¸²μ¢¨° ¢ ¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨ |ip, λ〉 Î ¸É¨Í  p1 ¨³¥¥É μÉ·¨-
Í É¥²Ó´ÊÕ ¨²¨ ´Ê²¥¢ÊÕ ¶μ²´ÊÕ Ô´¥·£¨Õ E ≡ βq2 = −βp2, ±μÉμ·μ° ¸μμÉ¢¥É-
¸É¢Ê¥É ´¥μÉ·¨Í É¥²Ó´ Ö Ô´¥·£¨Ö ¸¢Ö§¨ B ≡ −E ¨ ±¢ ¤· É¨Î´μ-¸Ê³³¨·Ê¥³ Ö
´  ¶μ²Êμ¸¨ x � 0 · ¤¨ ²Ó´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö 〈x|ip, λ〉 = uλ(x; ip), ´μ·³¨-
·μ¢ ´´ Ö ´  ¥¤¨´¨ÍÊ.

�¥§μ´ ´¸´μ¥ ¸μ¸ÉμÖ´¨¥ Î ¸É¨ÍÒ p1 μ¶·¥¤¥²¨³ ± ± ¸μ¸ÉμÖ´¨¥ |q, λ〉 ¸ ±μ³-
¶²¥±¸´Ò³ ¢μ²´μ¢Ò³ Î¨¸²μ³ q = q1 − iq2, q1, q2 > 0, ±μÉμ·μ³Ê μÉ¢¥Î ¥É · ¤¨-
 ²Ó´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö uλ, μ¡² ¤ ÕÐ Ö  ¸¨³¶ÉμÉ¨±μ° ¢ ¢¨¤¥ · ¸Ìμ¤ÖÐ¥°¸Ö
±·Ê£μ¢μ° ¢μ²´Ò:

〈x|q, λ〉 = uλ(x; q1 − iq2) ∼
∼ exp {q2x + i [q1x − πλ/2 + δλ(q)]} , |q|x/|λ| → ∞. (6)

�μ μ¶·¥¤¥²¥´¨Õ Î¨¸²μ q ²¥¦¨É ¢´ÊÉ·¨ Î¥É¢¥·Éμ£μ ±¢ ¤· ´É  ±μ³¶²¥±¸´μ°
¶²μ¸±μ¸É¨ ¢μ²´μ¢ÒÌ Î¨¸¥². ‚ ÔÉμ³ ±¢ ¤· ´É¥ Ê¤μ¡´μ ¨¸¶μ²Ó§μ¢ ÉÓ ¸¶¥Í¨ ²Ó-
´Ò¥ ¶μ²Ö·´Ò¥ ±μμ·¤¨´ ÉÒ (p, ω) Å ³μ¤Ê²Ó p = |q| ¨ Ê£μ² ω, μÉ¸Î¨ÉÒ¢ ¥³Ò°
μÉ ¶μ²Êμ¸¨ ¶μ²μ¦¨É¥²Ó´ÒÌ ¢¥Ð¥¸É¢¥´´ÒÌ §´ Î¥´¨° ¨ μ¶·¥¤¥²¥´´Ò° ¸²¥¤ÊÕ-
Ð¨³¨ Ëμ·³Ê² ³¨:

q = p exp [i(2π − ω)] = p exp(−iω), ω ≡ arctg (q2/q1) ∈ (0, π/2). (7)

‚ ±μμ·¤¨´ É Ì (p, ω) · §³¥·´ Ö Ô´¥·£¨Ö E ·¥§μ´ ´¸´μ£μ ¸μ¸ÉμÖ´¨Ö |q, λ〉 =
|(p, ω), λ〉 ¶·¥¤¸É ¢²Ö¥É¸Ö ± ±

E ≡ βq2 = Er − iΓ/2, Er ≡ βp2,
(8)

Γ ≡ 2βp2 sin 2ω, β ≡ (�/d)2/(2m1),

  ¢¥²¨Î¨´Ò Er ¨ Γ ´ §Ò¢ ÕÉ¸Ö Ô´¥·£¨¥° ·¥§μ´ ´¸  ¨ ¥£μ Ï¨·¨´μ°.
‘Ëμ·³Ê²¨·Ê¥³ É·¨ μ¸μ¡μ §´ Î¨³ÒÌ ÊÉ¢¥·¦¤¥´¨Ö. �² £μ¤ ·Ö μ£· ´¨Î¥-

´¨Ö³ (1), ´ ²μ¦¥´´Ò³ ´  ¶μÉ¥´Í¨ ² V (x), ¶·¨ ²Õ¡μ³ q > 0 ¨²¨ q = ip,
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p > 0, Ê· ¢´¥´¨¥ (2) ¸ £· ´¨Î´Ò³ Ê¸²μ¢¨¥³ (3) ¨³¥¥É μ¡Ð¥¥ ·¥Ï¥´¨¥ uλ(x; q),
μ¡² ¤ ÕÐ¥¥  ¸¨³¶ÉμÉ¨±μ°

uλ(x; q) → N(q)
[
A+(q) exp(iqx) − A− exp(−iqx)

]
, |q|x/|λ| → ∞. (9)

‚ ÔÉμ°  ¸¨³¶ÉμÉ¨±¥

A±(q) ≡ (2i)−1 exp {∓i [πλ/2 − δλ(q)]} ,

  N(q) ¨ δλ(q) Å ¶·μ¨§¢μ²Ó´Ò¥ ¨, ¢μμ¡Ð¥ £μ¢μ·Ö, ±μ³¶²¥±¸´μ§´ Î´Ò¥ ËÊ´±-
Í¨¨  ·£Ê³¥´É  q. ‚Ò¸± § ´´μ¥ ÊÉ¢¥·¦¤¥´¨¥ μ¸É ´¥É¸Ö ¢¥·´Ò³ ¶·¨ ²Õ¡μ³
q = q1 − iq2, q2 ∈ (0, q0), q0 > 0, ¥¸²¨ ¶μ¸²¥¤´¥¥ ¨§ Ê¸²μ¢¨° (1) § ³¥´¨ÉÓ
¡μ²¥¥ ¸¨²Ó´Ò³ μ£· ´¨Î¥´¨¥³,   ¨³¥´´μ ¶μÉ·¥¡μ¢ ÉÓ ¸Ê³³¨·Ê¥³μ¸ÉÓ ËÊ´±Í¨¨
|V (x)| exp(2q0x) ¢ μ¡² ¸É¨ x 
 1.

„μ± § É¥²Ó¸É¢μ ¸Ëμ·³Ê²¨·μ¢ ´´ÒÌ ¢ÒÏ¥ ÊÉ¢¥·¦¤¥´¨° μ ¸¢μ°¸É¢ Ì μ¡-
Ð¥£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö uλ(x; q) Ê· ¢´¥´¨Ö (2) ¸ ¶μ²ÊÍ¥²Ò³ §´ Î¥´¨¥³
¶ · ³¥É·  λ ¶·¨´Í¨¶¨ ²Ó´μ ´¨Î¥³ ´¥ μÉ²¨Î ¥É¸Ö μÉ ¤¥É ²Ó´μ ¨§²μ¦¥´´μ£μ
¢ ³μ´μ£· Ë¨¨  ´ ²¨§  ÔÉμ£μ Ê· ¢´¥´¨Ö ¢ ¸²ÊÎ ¥ Í¥²ÒÌ §´ Î¥´¨° ¶ · ³¥É· 
λ = � = 0, 1, . . . ¨ ·¥ ²¨§Ê¥É¸Ö ¶μ Éμ° ¦¥ ¸Ì¥³¥. � ¶μ³´¨³ ¥¥. ‘´ Î ²  ¨¸Ìμ¤-
´μ¥ Ê· ¢´¥´¨¥ (2) ¸ Ê¸²μ¢¨¥³ (3) ¸¢μ¤¨É¸Ö ± ¨´É¥£· ²Ó´μ³Ê Ê· ¢´¥´¨Õ, ËÊ´±-
Í¨Ö ƒ·¨´  ±μÉμ·μ£μ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ËÊ´±Í¨¨ �¥¸¸¥²Ö Jm(qx) ¨ Ym(qx)
Í¥²μ£μ ¶μ·Ö¤±  m = λ + 1/2. „ ²¥¥ ¨¸¶μ²Ó§Ê¥É¸Ö ¨§¢¥¸É´μ¥  ´ ²¨É¨Î¥¸±μ¥
¶·μ¤μ²¦¥´¨¥ [34,35] É ±¨Ì ËÊ´±Í¨° ¨ ± ¶μ²ÊÎ¥´´μ³Ê Ê· ¢´¥´¨Õ ¶·¨³¥´Ö¥É¸Ö
³¥Éμ¤ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° [31,32]. ‚ ¨Éμ£¥ ¤μ± §Ò¢ ¥É¸Ö, ÎÉμ ¶¥-
·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥ μ£· ´¨Î¥´¨Ö ´  ¶μÉ¥´Í¨ ² V Ö¢²ÖÕÉ¸Ö ¤μ¸É ÉμÎ´Ò³¨ ¤²Ö
· ¢´μ³¥·´μ° ¸Ìμ¤¨³μ¸É¨ ÔÉμ£μ ³¥Éμ¤ ,   ¸²¥¤μ¢ É¥²Ó´μ, ¤²Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö
¥¤¨´¸É¢¥´´μ£μ ·¥Ï¥´¨Ö uλ ¸  ¸¨³¶ÉμÉ¨±μ° (9).

�¥·¥Î¨¸²¨³ ´ ¨¡μ²¥¥ Î ¸Éμ Ê¶μÉ·¥¡²Ö¥³Ò¥ μ¶·¥¤¥²¥´¨Ö ¤²¨´Ò · ¸¸¥Ö´¨Ö
¤²Ö ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ±μ·μÉ±μ¤¥°cÉ¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ²μ³. ‚ · ¡μÉ Ì [13,
14] ¨ [21] ¤²Ö ¸²ÊÎ Ö 2λ = −1 ¤²¨´μ° · ¸¸¥Ö´¨Ö ¸Î¨É ²¸Ö ±μÔËË¨Í¨¥´É a′,
¸μ¤¥·¦ Ð¨°¸Ö ¢ ¸É ·Ï¥³ ¸² £ ¥³μ³ ln(a′q/2) ´¨§±μÔ´¥·£¥É¨Î¥¸±μ° (q → +0)
 ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨¨ ctg δλ(q). ‚ Éμ³ ¦¥ ¸²ÊÎ ¥ 2λ = −1 ¢ · ¡μÉ Ì [15,16] ¨
[25] ¤²¨´  · ¸¸¥Ö´¨Ö μ¶·¥¤¥²Ö² ¸Ó ± ± ´¨§±μÔ´¥·£¥É¨Î¥¸±¨° ¶·¥¤¥² ËÊ´±Í¨¨
ctg δλ(q) − ln (q/2).

’¥¶¥·Ó ¶μÖ¸´¨³ μ¶·¥¤¥²¥´¨Ö, ¢¢¥¤¥´´Ò¥ ¢ · ¡μÉ¥ [26], ¨ ¤μ± § ´´Ò¥ ¢
ÔÉμ° ¦¥ · ¡μÉ¥ ¸μμÉ´μÏ¥´¨Ö, ±μÉμ·Ò¥ ¡Ê¤ÊÉ ±²ÕÎ¥¢Ò³¨ ¤²Ö ´ Ï¨Ì ¨¸¸²¥¤μ-
¢ ´¨°.

„²Ö ± ¦¤μ£μ ¸μ¸ÉμÖ´¨Ö · ¸¸¥Ö´¨Ö |λ, q〉, q > 0, c ¢Ò¡· ´´Ò³ §´ Î¥´¨¥³
λ ËÊ´±Í¨Ö ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  K(q) μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ ËÊ´±Í¨Õ K(x; q)
Ëμ·³Ê² ³¨

K(q) ≡ lim
x→∞

K(x; q), K(x; q) ≡ q2λ+1 [ctg δλ(x; q) − h(q)] . (10)
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”Ê´±Í¨Ö K(x; q) Ö¢²Ö¥É¸Ö ¡¥¸±μ´¥Î´Ò³ ·Ö¤μ³ ¶μ Î¥É´Ò³ ¸É¥¶¥´Ö³ ¢μ²´μ¢μ£μ
Î¨¸² 

K(x; q) = − 1
a(x)

+
q2

2
reff(x) + . . . , x � 0. (11)

‡¤¥¸Ó ¨ ¢¸Õ¤Ê ¤ ²¥¥ δλ(x; q) Å Ë §μ¢ Ö ËÊ´±Í¨Ö [5],   h(q) Å ²μ£ ·¨Ë³¨Î¥-
¸± Ö ËÊ´±Í¨Ö, ¸μ¤¥·¦ Ð Ö ±μ´¸É ´ÉÊ �°²¥·  γ ¨ μ¶·¥¤¥²¥´´ Ö Ëμ·³Ê² ³¨

h(q) ≡ (2/π) [ln (q/2) + γ] = (2/π) ln (q/q0),
(12)

q0 ≡ 2 exp (−γ) = 1,122918 . . .

‚ ´ Î ²Ó´μ° ÉμÎ±¥ x = 0 ¶μ²Êμ¸¨ x � 0 ËÊ´±Í¨¨ a(x) ¨ ξ(x) ≡ a2(x)reff(x)
· ¢´Ò ´Ê²Õ,   ¢ ¡¥¸±μ´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±¥ x = ∞ ³μ£ÊÉ ¡ÒÉÓ ´¥μ£· ´¨Î¥´-
´Ò³¨. …¸²¨ ¶·¥¤¥²Ó´Ò¥ ¶·¨ x → ∞ §´ Î¥´¨Ö a ¨ reff ËÊ´±Í¨° a(x) ¨ reff(x)
Ê¤μ¢²¥É¢μ·ÖÕÉ μ£· ´¨Î¥´¨Ö³ a �= 0 ¨ |a|, |reff | < ∞, Éμ ¢¸²¥¤¸É¢¨¥ ¶·¥¤-
¸É ¢²¥´¨° (10) ¨ (11) ËÊ´±Í¨Ö K(q) ¨³¥¥É ´¨§±μÔ´¥·£¥É¨Î¥¸±ÊÕ (q → 0+)
 ¸¨³¶ÉμÉ¨±Ê

K(q) ≡ q2λ+1 [ctg δλ(q) − h(q)] = −1
a

+
q2

2
reff + O(|q4|/q4

0), (13)

  ±μÔËË¨Í¨¥´ÉÒ a ¨ reff ´ §Ò¢ ÕÉ¸Ö ¤²¨´μ° · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´Ò³ · ¤¨Ê-
¸μ³. ˆ³¥´´μ É ±μ¥ μ¶·¥¤¥²¥´¨¥, ¨¸±²ÕÎ ÕÐ¥¥ μ¸μ¡Ò¥ ¸²ÊÎ ¨ a = 0, |a| = ∞
¨²¨ |reff | = ∞, ¨¸¶μ²Ó§Ê¥É¸Ö ¢ ´ ¸ÉμÖÐ¥° · ¡μÉÒ. �´ ²¨§ μ¸μ¡ÒÌ ¸²ÊÎ ¥¢
(a = 0, a = ±∞) ¢ÒÌμ¤¨É §  ¥¥ · ³±¨.

‘Ëμ·³Ê²¨·Ê¥³ ¢ ¦´μ¥ ÊÉ¢¥·¦¤¥´¨¥ μ¡  ´ ²¨É¨Î¥¸±μ³ ¶·μ¤μ²¦¥´¨¨
ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ : μ¶·¥¤¥²¨³ ËÊ´±Í¨Õ ÔËË¥±É¨¢´μ£μ · ¤¨-
Ê¸  K(q) ¢ μ¡² ¸É¨ G ≡ { q : |arg q| < π/2, Im q � −q0} ±μ³¶²¥±¸´μ° ¶²μ¸-
±μ¸É¨ ¢μ²´μ¢μ£μ Î¨¸²  q Ëμ·³Ê² ³¨ (10), Éμ£¤  ¢ ÔÉμ° μ¡² ¸É¨ μ¸É ´¥É¸Ö
¢ ¸¨²¥ · §²μ¦¥´¨¥ (11),   ËÊ´±Í¨Ö K(q) ¡Ê¤¥É ¨³¥ÉÓ  ¸¨³¶ÉμÉ¨±Ê (13).
�μ²´μ¥ ¤μ± § É¥²Ó¸É¢μ μ¡μ¨Ì ¸²¥¤¸É¢¨° ¶·¨´ÖÉμ£μ μ¶·¥¤¥²¥´¨Ö μ¶Ê¸± ¥³ ¶μ
¤¢Ê³ ¶·¨Î¨´ ³: ¥£μ ¸Ì¥³  μ¸´μ¢ ´  ´  Ê· ¢´¥´¨ÖÌ ¤²Ö  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨°
c̃(x; q), s(x, q) ¨ ¶·¨´Í¨¶¨ ²Ó´μ ´¥ μÉ²¨Î ¥É¸Ö μÉ ¸Ì¥³Ò, ¨¸¶μ²Ó§μ¢ ´´μ° ¢
· ¡μÉ¥ [26] ¢ ¸²ÊÎ ¥ q = Re q > 0,   ´ ¨¡μ²¥¥ ¸²μ¦´Ò° ÔÉ ¶ Å ¤μ± § É¥²Ó-
¸É¢μ ¸ÊÐ¥¸É¢μ¢ ´¨Ö μ£· ´¨Î¥´´ÒÌ ¶·¥¤¥²μ¢ c0(x) ≡ c̃(x; q) − h(q)s(x; q) ¨
s0(x) ≡ s(x, q)/q2λ+1 ¶·¨ |q|/q0 → 0 ¨ ¢Ò¢μ¤  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì μÍ¥´μ± Å
·¥ ²¨§Ê¥É¸Ö ¸¶μ¸μ¡μ³,  ´ ²μ£¨Î´Ò³ ¶μ¤·μ¡´μ ¨§²μ¦¥´´μ³Ê ¢ · ¡μÉ¥ [37].

�·¨ ²Õ¡ÒÌ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨ÖÌ Î¨¸²  λ, ¤²¨´Ò · ¸¸¥Ö´¨Ö a �= 0,±∞,
ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  reff �= ±∞ ¨ ±μ³¶²¥±¸´μ£μ ¢μ²´μ¢μ£μ Î¨¸²  q, |q| �
q0, arg q � π/2, ¶μ¤ ¶·¨¡²¨¦¥´¨¥³ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¶μ¤· §Ê³¥¢ ¥³
§ ³¥´Ê ËÊ´±Í¨¨ K(q) ¸Ê³³μ° ¸² £ ¥³ÒÌ −1/a ¨ (q2/2) reff .

C² ¡μ¸¢Ö§ ´´Ò³¨ ¸Î¨É ¥³ ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö |ip, λ〉, 0 < p � q0,  
¸μ¸ÉμÖ´¨Ö |q, λ〉, |q| � q0, ´ §Ò¢ ¥³ μ±μ²μ¶μ·μ£μ¢Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨ Ê¶·Ê£μ£μ
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(q > 0) ¨²¨ ·¥§μ´ ´¸´μ£μ (q = q1 − iq2) · ¸¸¥Ö´¨Ö. “¸²μ¢¨¥³ q2 � q1,
· ¢´μ¸¨²Ó´Ò³ Ê¸²μ¢¨Õ ω � π/2, ¨§ ¢¸¥Ì ·¥§μ´ ´¸´ÒÌ ¸μ¸ÉμÖ´¨° ¢Ò¤¥²Ö¥³
μ¸μ¡μ ¨´É¥·¥¸´Ò¥ ¸ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö Ê§±¨¥ ·¥§μ´ ´¸´Ò¥ ¸μ¸ÉμÖ´¨Ö,
Ï¨·¨´  Γ ±μÉμ·ÒÌ ³ ²  ¨ ¶μÔÉμ³Ê ¢·¥³Ö ¦¨§´¨ �/Γ ¢¥²¨±μ.

2. ��…�ƒˆˆ ‘‹�	�‘‚Ÿ‡���›• ‘�‘’�Ÿ�ˆ‰

�μ μ¶·¥¤¥²¥´¨Õ (5)  ¸¨³¶ÉμÉ¨±  · ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ uλ(x; q)
¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö |q, λ〉 ¸ ¢μ²´μ¢Ò³ Î¨¸²μ³ q = ip, p > 0, Å Ê¡Ò¢ ÕÐ Ö
Ô±¸¶μ´¥´É . �μ± ¦¥³, ÎÉμ É ±μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (2) ¸ÊÐ¥-
¸É¢Ê¥É ²¨ÏÓ ¶·¨ μ¶·¥¤¥²¥´´μ³ §´ Î¥´¨¨ p. „²Ö ÔÉμ£μ ¶μ¸ÉÊ¶¨³ ¶μ  ´ ²μ£¨¨
¸ ¸ ³Ò³ ¶·μ¸ÉÒ³ ¸¶μ¸μ¡μ³ [2], ¨§¢¥¸É´Ò³ ¢ É¥μ·¨¨ · ¸¸¥Ö´¨Ö ¢ É·¥Ì³¥·´μ³
±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ ¨ μ¸´μ¢ ´´μ³ ´  ¨¸¶μ²Ó§μ¢ ´¨¨  ¸¨³¶ÉμÉ¨±¨ (9)
μ¡Ð¥£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö uλ ´  ¶μ²Êμ¸¨ ³´¨³ÒÌ §´ Î¥´¨° ¢μ²´μ¢μ£μ Î¨-
¸² . �·¥¤¸É ¢¨³ ÔÉÊ  ¸¨³¶ÉμÉ¨±Ê ¶·¨ |q|x/|λ| → ∞ ¨ q = ip, p > 0, ¢ ¢¨¤¥

uλ(x; ip) → N(q)
[
A+(ip) exp (−px) − A−(ip) exp (px)

]
,

A±(ip) = (2i)−1 exp {∓i [πλ/2 − δλ(ip)]} .

’μ²Ó±μ ¢ ¸²ÊÎ ¥ A−(ip) = 0 É ± Ö  ¸¨³¶ÉμÉ¨±  ¸É ´μ¢¨É¸Ö Ô±¸¶μ´¥´Í¨-
 ²Ó´μ Ê¡Ò¢ ÕÐ¥°  ¸¨³¶ÉμÉ¨±μ° (5),   ËÊ´±Í¨Ö uλ(x; ip), μ¡² ¤ ÕÐ Ö ¥Õ, Å
±¢ ¤· É¨Î´μ-¸Ê³³¨·Ê¥³μ° ´  ¶μ²Êμ¸¨ x > 0. –¥¶μÎ±μ° ¸²¥¤ÊÕÐ¨Ì ¤·Ê£ § 
¤·Ê£μ³ ¸μμÉ´μÏ¥´¨°

A−(ip) = 0 ⇒ exp [−iδλ(ip)] = 0 ⇒ cos δλ(ip) − i sin δλ(ip) =
= 0 ⇒ ctg δλ(ip) = i

¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥ ctg δλ(ip) = i, ± ¦¤Ò° ¶μ²μ¦¨É¥²Ó´Ò° ±μ·¥´Ó p ±μÉμ-
·μ£μ Ö¢²Ö¥É¸Ö ¨¸±μ³Ò³ §´ Î¥´¨¥³ ³´¨³μ° Î ¸É¨ ¢μ²´μ¢μ£μ Î¨¸²  q = ip
¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö.

‘¢¥¤¥³ ÔÉμ Ê· ¢´¥´¨¥ ± ¶·¨¡²¨¦¥´´μ³Ê ¢ ¶·¥¤¥²¥ ³ ²ÒÌ §´ Î¥´¨°  ·£Ê-
³¥´É  p Ê· ¢´¥´¨Õ, ±μÉμ·μ¥ ¡Ê¤¥É ¸μ¤¥·¦ ÉÓ ¢ ± Î¥¸É¢¥ ¶ · ³¥É·μ¢ Éμ²Ó±μ
¤²¨´Ê · ¸¸¥Ö´¨Ö a ¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸ reff . ‚ ¨´É¥·¥¸ÊÕÐ¥³ ´ ¸ Î ¸É-
´μ³ ¸²ÊÎ ¥ q = ip, p > 0, ¨§ ¸μμÉ´μÏ¥´¨Ö (13) ¸²¥¤Ê¥É  ¸¨³¶ÉμÉ¨Î¥¸±μ¥
¶·¥¤¸É ¢²¥´¨¥

K(ip) = (ip)2λ+1 [ctg δλ(ip) − h(ip)] =

= −1
a
− p2

2
reff + O(p4/q4

0), p/q0 → 0 + . (14)

ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥ (12) ËÊ´±Í¨¨ h(q), § ³¥´¨³ ¢ ÔÉμ°  ¸¨³¶ÉμÉ¨±¥ ËÊ´±-
Í¨Õ h(ip) ¸Ê³³μ° i + h(p),   ËÊ´±Í¨Õ ctg δλ(ip) Å ¥¥ ´Ê¦´Ò³ §´ Î¥´¨¥³,
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· ¢´Ò³ i. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¨¸±μ³μ¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ Ê· ¢´¥´¨¥

(ip)2λ+1 2
π

ln (p/q0) =
1
a

+
p2

2
reff + O(p4/q4

0), p/q0 → 0 + .

‘μ£² ¸´μ ¨§¢¥¸É´Ò³  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ³¥Éμ¤ ³ [33] ¶·¨¡²¨¦¥´´Ò³¨ ±μ·´Ö³¨
ÔÉμ£μ Ê· ¢´¥´¨Ö Ö¢²ÖÕÉ¸Ö Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ Ê¸²μ¢¨Õ p � q0 ±μ·´¨ ÔÉ ²μ´-
´μ£μ Ê· ¢´¥´¨Ö

(ip)2λ+1 2
π

ln (p/q0) =
1
a

+
p2

2
reff . (15)

� Ï  ¸²¥¤ÊÕÐ Ö Í¥²Ó É ±μ¢ : ¸Î¨É Ö ¢¥²¨Î¨´Ò a ¨ reff ´¥§ ¢¨¸¨³Ò³¨ ¨
¤¥°¸É¢¨É¥²Ó´Ò³¨ ¶ · ³¥É· ³¨, ´ °É¨ ¢¸¥ Ö¢´Ò¥ μ£· ´¨Î¥´¨Ö ´  ¨Ì §´ Î¥´¨Ö,
¶·¨ ±μÉμ·ÒÌ ÔÉ ²μ´´μ¥ Ê· ¢´¥´¨¥ (15) ¨³¥¥É ±μ·´¨ ´  ¶μ²Êμ¸¨ p � 0,   § É¥³
¨¸¸²¥¤μ¢ ÉÓ ¶μ¢¥¤¥´¨¥ É ±¨Ì ±μ·´¥° ¢μ ¢¸¥Ì ¢μ§³μ¦´ÒÌ ¶·¥¤¥²Ó´ÒÌ ¸²ÊÎ ÖÌ.

�μ¸É ¢²¥´´ÊÕ § ¤ ÎÊ ·¥Ï¨³ ¸ ³Ò³ ´ £²Ö¤´Ò³,   ¨³¥´´μ £· Ë¨Î¥¸±¨³,
¸¶μ¸μ¡μ³. ‚ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ ¢¢¥¤¥³ ¤¥± ·Éμ¢Ê ¸¨¸É¥³Ê ±μμ·¤¨´ É S2

p .
�μ ¥¥ μ¸¨  ¡¸Í¨¸¸ ¡Ê¤¥³ μÉ±² ¤Ò¢ ÉÓ §´ Î¥´¨Ö  ·£Ê³¥´É  p,   ¶μ μ¸¨ μ·-
¤¨´ É Å §´ Î¥´¨Ö ËÊ´±Í¨° y1(p) ¨ y2(p), · ¢´ÒÌ ¶μ μ¶·¥¤¥²¥´¨Õ ²¥¢μ° ¨
¶· ¢μ° Î ¸ÉÖ³ Ê· ¢´¥´¨Ö (15) ¶·¨ ¢Ò¡· ´´μ³ §´ Î¥´¨¨ λ. ‚ ¸¨²Ê É ±μ£μ μ¶·¥-
¤¥²¥´¨Ö  ¡¸Í¨¸¸  ÉμÎ±¨ ± ¸ ´¨Ö ¨²¨ ¶¥·¥¸¥Î¥´¨Ö £· Ë¨±μ¢ ËÊ´±Í¨° y1(p) ¨

�¨¸. 1. ƒ· Ë¨±¨ ËÊ´±Í¨° y0(p) ≡ 0 (¶·Ö-
³ Ö f ) ¨ y1(p) = (ip)2λ+1 (2/π) ln (p/q0) ¢
¸²¥¤ÊÕÐ¨Ì ¸²ÊÎ ÖÌ: 2λ = −1 (±·¨¢ Ö a);
2λ = 1, 5 (±·¨¢Ò¥ b, c); 2λ = 3, 7 (±·¨-
¢Ò¥ d, e)

y2(p) ¡Ê¤¥É ¨¸±μ³Ò³ ±μ·´¥³ ÔÉμ£μ
Ê· ¢´¥´¨Ö.

‘´ Î ²  ¶¥·¥Î¨¸²¨³ μ¸μ¡¥´-
´μ¸É¨ ¶μ¢¥¤¥´¨Ö ËÊ´±Í¨¨ y1(p).
ˆ¸¶μ²Ó§Ê¥³ ·¨¸. 1. �·¨ 2λ = −1
ËÊ´±Í¨Ö y1(p) = (2/π) ln (p/q0)
³μ´μÉμ´´μ ¢μ§· ¸É ¥É ´  ¢¸¥° ¶μ-
²Êμ¸¨ p > 0. …¸²¨ 2λ = 1, 5, . . .,
Éμ Î¨¸²μ 2λ+1 ´¥ ±· É´μ Î¥ÉÒ·¥³.
�μÔÉμ³Ê i2λ+1 = −1,   ËÊ´±Í¨Ö
y1(p) = −(2/π) p2λ+1 ln (p/q0),
· ¢´ Ö ´Ê²Õ ¢ ÉμÎ± Ì p = 0 ¨
p = q0, ´  ¨´É¥·¢ ²¥ (0, q0) ¶·¨-
´¨³ ¥É ¶μ²μ¦¨É¥²Ó´Ò¥ §´ Î¥´¨Ö
¨ ¨³¥¥É μ¤¨´ ²μ± ²Ó´Ò° ³ ±¸¨-
³Ê³. …¸²¨ 2λ = 3, 7, . . ., Éμ Î¨¸²μ
2λ + 1 ±· É´μ Î¥ÉÒ·¥³. ‘²¥¤μ¢ -
É¥²Ó´μ, i2λ+1 = 1, ËÊ´±Í¨Ö y1(p) = (2/π) p2λ+1 ln (p/q0) μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó
¶·¨ p = 0 ¨ p = q0,   ´  ¨´É¥·¢ ²¥ (0, q0) Ö¢²Ö¥É¸Ö μÉ·¨Í É¥²Ó´μ° ¨ ¨³¥¥É
²μ± ²Ó´Ò° ³¨´¨³Ê³. …¸²¨ 2λ � 3, Éμ £· Ë¨± ËÊ´±Í¨¨ y1(p) ¨³¥¥É μ¤´Ê
ÉμÎ±Ê ¶¥·¥£¨¡ ,  ¡¸Í¨¸¸  ±μÉμ·μ° μ¶·¥¤¥²Ö¥É¸Ö ± ± ´Ê²Ó ¢Éμ·μ° ¶·μ¨§¢μ¤´μ°
∂2

py1(p) ÔÉμ° ËÊ´±Í¨¨.
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’¥¶¥·Ó · ¸¸³μÉ·¨³ ¸ ³Ò° ¶·μ¸Éμ° ¸²ÊÎ °, ±μ£¤  reff = 0,   ¨¸¸²¥¤Ê¥³μ¥
Ê· ¢´¥´¨¥ (15) Ö¢²Ö¥É¸Ö μ¤´μ¶ · ³¥É·¨Î¥¸±¨³ Ê· ¢´¥´¨¥³:

(ip)2λ+1 2
π

ln (p/q0) =
1
a
. (16)

�Ê¸ÉÓ 2λ = −1. ‘μ£² ¸´μ ·¨¸. 2,   Ê· ¢´¥´¨¥ (16) ¢¸¥£¤  ¨³¥¥É μ¤¨´
±μ·¥´Ó:

p0 = p0(a) = q0 exp
( π

2a

)
= 2 exp

( π

2a
− γ

)
. (17)

�·¨ a < 0 ±μ·¥´Ó p0 ²¥¦¨É ´  μÉ·¥§±¥ [0, q0] ¨ Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ p0 � 1,
¥¸²¨

a � − π

2 ln q0
=

π

2(γ − ln 2)
= −13,549346 . . . (18)

‚ ¸²ÊÎ ¥ a > 0 ±μ·¥´Ó p0 ¶·¥¢ÒÏ ¥É Î¨¸²μ q0 ¨ ¸Ìμ¤¨É¸Ö ± ´¥³Ê ¢ ¶·¥¤¥²¥
a → 0+.

�¨¸. 2. ƒ· Ë¨±¨ ËÊ´±Í¨° y0(p) ≡ 0 (¶·Ö³ Ö f ), y1(p) = (ip)2λ+1 (2/π) ln (p/q0)
(±·¨¢Ò¥ a) ¨ y2(p) = 1/a ¢ ¸²¥¤ÊÕÐ¨Ì ¸²ÊÎ ÖÌ:  ) 2λ = −1, a = 2,25 (¶·Ö³ Ö b),
a = −2,25 (¶·Ö³ Ö c); ¡) 2λ = 1, a = ā = πeq−2

0 ≈ 6,772 (¶·Ö³ Ö b), a = 10 (¶·Ö³ Ö
c) ¨ a = −10 (¶·Ö³ Ö d)

�Ê¸ÉÓ É¥¶¥·Ó Î¨¸²μ 2λ + 1 ´¥ ±· É´μ Î¥ÉÒ·¥³. ‘μ£² ¸´μ ·¨¸. 2, ¡ ±·¨¢ Ö
y1(p) ¨ ¶·Ö³ Ö y2(p) ≡ 1/a ³μ£ÊÉ ± ¸ ÉÓ¸Ö ¨ ¶¥·¥¸¥± ÉÓ¸Ö. ‚ ÉμÎ±¥ ± ¸ ´¨Ö
¤·Ê£ ¤·Ê£Ê · ¢´Ò ¨ ËÊ´±Í¨¨ y1, y2, ¨ ¨Ì ¶·μ¨§¢μ¤´Ò¥ ∂py1 ¨ ∂py2 ≡ 0.
�·μ¨§¢μ¤´ Ö

∂py1(p) = −(2/π) p2λ [(2λ + 1) ln (p/q0) + 1] (19)

μ¡· Ð ¥É¸Ö ´Ê²Ó ¢ ÉμÎ±¥ p = t, § ¢¨¸ÖÐ¥° μÉ λ ± ± ËÊ´±Í¨Ö

t = t(λ) = q0 exp [−1/(2λ + 1)] < q0. (20)

‚ ÔÉμ° ÉμÎ±¥ ËÊ´±Í¨Ö y1(p) ¤μ¸É¨£ ¥É ¸¢μ¥£μ ³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö y1(t):

y1(t) =
2
πe

q2λ+1
0

2λ + 1
� q2λ+1

0

πe
, e ≡ exp (+1) = 2,718281 . . . (21)
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…¸²¨ ËÊ´±Í¨Ö y2(p) ≡ 1/a · ¢´  ÔÉμ³Ê §´ Î¥´¨Õ, Éμ a = ā, £¤¥

ā ≡ 1
y1(t)

=
(

λ +
1
2

)
π e q−2λ−1

0 =
π(2λ + 1)

4λ+1
exp [1 + (2λ + 1)γ] . (22)

‚ ÔÉμ³ ¸²ÊÎ ¥ ±·¨¢ Ö y1 ± ¸ ¥É¸Ö ¶·Ö³μ° y2 ¢ ÉμÎ±¥ p = t,   Ê· ¢´¥-
´¨¥ (16) ¨³¥¥É μ¤¨´ ±μ·¥´Ó ¢Éμ·μ£μ ¶μ·Ö¤± , · ¢´Ò° t. …¸²¨ 0 < a < ā,
Éμ y1(p) > y2(p) > 1/a ¶·¨ ²Õ¡μ³ p > 0 ¨ ±μ·´¥° ´¥É. …¸²¨ ¦¥ a > ā,
Éμ ±·¨¢ Ö y1 ¨ ¶·Ö³ Ö y2 ¶¥·¥¸¥± ÕÉ¸Ö ¢ ¤¢ÊÌ ÉμÎ± Ì,   Ê· ¢´¥´¨¥ (16)
¨³¥¥É ¤¢  · §´ÒÌ ±μ·´Ö p− ¨ p+ ¶¥·¢μ£μ ¶μ·Ö¤± : ±μ·¥´Ó p− ²¥¦¨É ¸²¥¢  μÉ
ÉμÎ±¨ t,   ±μ·¥´Ó p+ Å ¸¶· ¢ . ‚ ¶·¥¤¥²¥ a/ā → ∞ ±μ·¥´Ó p− ¸Ìμ¤¨É¸Ö ±
´Ê²Õ,   ±μ·¥´Ó p+ Å ± ÉμÎ±¥ q0. �μÔÉμ³Ê ±μ·¥´Ó p− ¶μ¤Î¨´Ö¥É¸Ö Ê¸²μ¢¨Õ
p− � 1, ¥¸²¨ a 
 ā,   ±μ·¥´Ó p+ ´¥ ³μ¦¥É ¡ÒÉÓ ³¥´ÓÏ¥ ³¨´¨³ ²Ó´μ£μ
§´ Î¥´¨Ö q0 exp (−1/2) = 0,681084 . . . ¶¥·¥³¥´´μ° t(λ), ±μÉμ·μ¥ ¤μ¸É¨£ ¥É¸Ö
¶·¨ λ = 1/2. ‚ μ¸É ¢Ï¥³¸Ö ¸²ÊÎ ¥ (a < 0) £· Ë¨±¨ ËÊ´±Í¨° y1 ¨ y2 ¢¸¥£¤ 
¶¥·¥¸¥± ÕÉ¸Ö, ´μ  ¡¸Í¨¸¸  p ¨Ì ÉμÎ±¨ ¶¥·¥¸¥Î¥´¨Ö ¶·¥¢ÒÏ ¥É Î¨¸²μ q0 ¨
¸Ìμ¤¨É¸Ö ± ´¥³Ê ¢ ¶·¥¤¥²¥ a → 0−.

’¥¶¥·Ó ¶·¥¤¶μ²μ¦¨³, ÎÉμ Î¨¸²μ 2λ + 1 ±· É´μ Î¥ÉÒ·¥³. ˆ§³¥´¨³ §´ ±
¢ μ¡¥¨Ì Î ¸ÉÖÌ Ê· ¢´¥´¨Ö (15) ´  ¶·μÉ¨¢μ¶μ²μ¦´Ò°. ‡ ³¥É¨³, ÎÉμ ¶μ²ÊÎ¥´-
´μ¥ Ê· ¢´¥´¨¥ y1(p) = −1/a μÉ²¨Î ¥É¸Ö μÉ ¨¸¸²¥¤μ¢ ´´μ£μ ¢ÒÏ¥ Ê· ¢´¥´¨Ö
y1(p) = 1/a ²¨ÏÓ §´ ±μ³ ¶· ¢μ° Î ¸É¨ ¨ ¤μ¶Ê¸É¨³Ò³¨ §´ Î¥´¨Ö³¨ Î¨¸² 
λ. �μÔÉμ³Ê ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ³μ¦´μ ¶·¨³¥´¨ÉÓ Ëμ·³Ê²Ò (19)Ä
(22) ¨ ¶·¨°É¨ ± ¸²¥¤ÊÕÐ¨³ ¢Ò¢μ¤ ³. “· ¢´¥´¨¥ (15) ¶·¨ a < −ā ´¥ ¨³¥¥É
±μ·´¥°; ¥¸²¨ a = −ā, Éμ ¨³¥¥É¸Ö μ¤¨´ ±· É´Ò° ±μ·¥´Ó, · ¢´Ò° t; ¥¸²¨
0 > a > −ā, Éμ ¨³¥ÕÉ¸Ö ¤¢  · §´ÒÌ ±μ·´Ö p− ¨ p+: ±μ·¥´Ó p− ²¥¦¨É ¸²¥¢ 
μÉ ÉμÎ±¨ t,   ±μ·¥´Ó p+ Å ¸¶· ¢ . ‚ ¶·¥¤¥²¥ a/ā → −∞ ±μ·¥´Ó p− ¸Ìμ-
¤¨É¸Ö ± ´Ê²Õ,   ±μ·¥´Ó p+ Å ± Î¨¸²Ê q0. Šμ·¥´Ó p− ¶μ¤Î¨´Ö¥É¸Ö Ê¸²μ¢¨Õ
p− � 1, ¥¸²¨ a � −ā; ±μ·¥´Ó p+ ´¥ ³μ¦¥É ¡ÒÉÓ ³¥´ÓÏ¥ ³¨´¨³ ²Ó´μ£μ
§´ Î¥´¨Ö q0 exp (−1/4) = 0,874530 . . . ¶¥·¥³¥´´μ° t(λ), ±μÉμ·μ¥ ¤μ¸É¨£ ¥É¸Ö
¶·¨ λ = 3/2. …¸²¨ a > 0, Éμ ¨³¥¥É¸Ö μ¤¨´ ±μ·¥´Ó p, ¶·¨Î¥³ É ±μ°, ÎÉμ
p > q0 ¨ p → q0 ¶·¨ a → 0+.

�¥·¥°¤¥³ ±  ´ ²¨§Ê Ê· ¢´¥´¨Ö (15) ¢ ¸²ÊÎ ¥ reff �= 0, ±μ£¤  ¥£μ ¶· ¢ Ö
Î ¸ÉÓ y2(p) = 1/a + q2reff/2 Ö¢²Ö¥É¸Ö ±¢ ¤· É´μ° ¶ · ¡μ²μ°. ‘´ Î ²  ¶·¨
²Õ¡μ³ λ ´ °¤¥³ ¸¢Ö§¨ ³¥¦¤Ê ¶ · ³¥É· ³¨ a, reff ¨  ¡¸Í¨¸¸μ° t ÉμÎ±¨ ± ¸ ´¨Ö
±·¨¢ÒÌ y1 ¨ y2. ˆ§ · ¢¥´¸É¢  ∂py1(p) = ∂py2(p) ¢ ÉμÎ±¥ p = t ¶μ²ÊÎ ¥³ ¸¢Ö§Ó
³¥¦¤Ê reff ¨ t:

reff = (i)2λ+1 t2λ−1 (2/π) [(2λ + 1) ln (t/q0) + 1] . (23)

ˆ¸¶μ²Ó§ÊÖ ÔÉÊ ¸¢Ö§Ó ¨ · ¢¥´¸É¢μ y1(p) = y2(p), p = t, ´ Ìμ¤¨³ ¸¢Ö§Ó ³¥¦¤Ê a
¨ t:

a−1 = −(i)2λ+1 t2λ+1 (1/π) [(2λ − 1) ln (t/q0) + 1] . (24)
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�μ¤¥²¨³ · ¢¥´¸É¢μ (24) ´  · ¢¥´¸É¢μ (23). ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ ¸μμÉ´μÏ¥´¨¥

t2

2
(2λ − 1) ln (t/q0) + 1
(2λ + 1) ln (t/q0) + 1

= − 1
areff

, (25)

μ¶·¥¤¥²ÖÕÐ¥¥ ±μ·¥´Ó t Ê· ¢´¥´¨Ö (15) Î¥·¥§ ¶·μ¨§¢¥¤¥´¨¥ ¥£μ ¶ · ³¥É·μ¢ a
¨ reff .

�·¨ § ¤ ´´ÒÌ §´ Î¥´¨ÖÌ λ, a ¨ reff · ¢¥´¸É¢  (23)Ä(25) ¸É ´μ¢ÖÉ¸Ö Ê· ¢´¥-
´¨Ö³¨, ¶μ§¢μ²ÖÕÐ¨³¨ ¶μ²ÊÎ¨ÉÓ ¸²¥¤ÊÕÐÊÕ ¨´Ëμ·³ Í¨Õ: μ¶·¥¤¥²¨ÉÓ ¶μ²μ-
¦¥´¨¥  ¡¸Í¨¸¸Ò t ÉμÎ±¨ ± ¸ ´¨Ö ¨²¨ ¦¥ ¶μ± § ÉÓ, ÎÉμ É ±μ° ÉμÎ±¨ ´¥É. …¸²¨
2λ = ±1, Éμ, ¨¸¶μ²Ó§ÊÖ É ±ÊÕ ¨´Ëμ·³ Í¨Õ, ´¥É·Ê¤´μ ´ °É¨ Ö¢´Ò¥ μ£· ´¨-
Î¥´¨Ö ´  ¶ · ³¥É·Ò a ¨ reff , ¶·¨ ±μÉμ·ÒÌ Ê· ¢´¥´¨¥ (15) ¨³¥¥É ·¥Ï¥´¨¥.
„μ± ¦¥³ ÔÉμ ÊÉ¢¥·¦¤¥´¨¥.

�Ê¸ÉÓ 2λ = −1. ˆ¸¸²¥¤Ê¥³ ±μ·´¨ Ê· ¢´¥´¨Ö (15), ¨¸¶μ²Ó§ÊÖ ·¨¸. 3.

�¨¸. 3. ƒ· Ë¨±¨ ËÊ´±Í¨° y0(p) ≡ 0 (¶·Ö-
³ Ö f ), y1(p) = (2/π) ln (p/q0) (±·¨¢ Ö a)
¨ y2(p) = 1/a + p2reff/2 ¢ ¸²¥¤ÊÕÐ¨Ì ¸²Ê-
Î ÖÌ: a = 5, reff = r̃eff(a) ≈ 0,099 (±·¨¢ Ö
b); a = 5, reff = −2/(aq2

0) ≈ −0,317 (±·¨-
¢ Ö c); a = −1,25, reff = r̃eff(a) ≈ 2,293
(±·¨¢ Ö d); a = −1,25, reff = −1/(aq2) ≈
−0,158 (±·¨¢ Ö e); r̃eff(a) Å ËÊ´±Í¨Ö (27)

� ¸¸³μÉ·¨³ ¸²ÊÎ ° a > 0, reff > 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¶·¨ ²Õ¡μ³ p � 0 ¶ · -
¡μ²  y2(p) Ö¢²Ö¥É¸Ö ¢μ£´ÊÉμ° ±·¨¢μ° (∂2

py2 > 0) ¨ ²¥¦¨É ¢ ¶¥·¢μ³ ±¢ ¤· ´É¥
¸¨¸É¥³Ò S2

p ; ÔÉμ³Ê ¦¥ ±¢ ¤· ´ÉÊ ¶·¨´ ¤²¥¦¨É ¢Ò¶Ê±² Ö (∂2
py1 < 0) ±·¨-

¢ Ö y1(p), ¥¸²¨ p > q0. � §·¥Ï¨¢ Ê· ¢´¥´¨¥ (24) μÉ´μ¸¨É¥²Ó´μ t, ¶μ²ÊÎ ¥³
· ¢¥´¸É¢μ

t = t(a) = q0 exp
(

π

2a
+

1
2

)
. (26)

ˆ¸¶μ²Ó§ÊÖ ¥£μ, § ±²ÕÎ ¥³, ÎÉμ ¥¸²¨ ÉμÎ±  ± ¸ ´¨Ö ¸ÊÐ¥¸É¢Ê¥É, Éμ ¥¥  ¡¸Í¨¸¸ 
t ²¥¦¨É ¶· ¢¥¥ ÉμÎ±¨ q0,   § É¥³ ¨§ · ¢¥´¸É¢  (23) ¶μ²ÊÎ ¥³ §´ Î¥´¨¥ r̃eff

¶ · ³¥É·  reff , ¶·¨ ±μÉμ·μ³ É ± Ö ÉμÎ±  ¨³¥¥É¸Ö:

reff = r̃eff(a) ≡ 2
πq2

0

exp
(
−π

a
− 1

)
. (27)

�Éμ³Ê ¸²ÊÎ Õ ´  ·¨¸. 3 ¸μμÉ¢¥É¸É¢Ê¥É ¶ · ¡μ²  b, ± ¸ ÕÐ Ö¸Ö £· Ë¨±  ËÊ´±-
Í¨¨ y1, ±μÉμ·Ò³ Ö¢²Ö¥É¸Ö ±·¨¢ Ö a. ’ ± ± ± y1 ¨ y2 Å ¢μ£´ÊÉ Ö ¨ ¢Ò¶Ê±² Ö
±·¨¢Ò¥, Éμ ¶·¨ Ê¸²μ¢¨¨ reff > r̃eff Ê· ¢´¥´¨¥ (15) ´¥ ¨³¥¥É ±μ·´¥°,   ¢ ¸²ÊÎ ¥
0 < reff < r̃eff ¨³¥ÕÉ¸Ö ¤¢  ±μ·´Ö, ´μ ¨Ì §´ Î¥´¨Ö ¶·¥¢ÒÏ ÕÉ Î¨¸²μ q0.

12



’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ¸²ÊÎ ° a > 0, ´μ reff < 0. �·¨ ²Õ¡μ³ μÉ·¨Í É¥²Ó´μ³
§´ Î¥´¨¨ reff Ê· ¢´¥´¨¥ (23), μ¶·¥¤¥²ÖÕÐ¥¥  ¡¸Í¨¸¸Ê t ÉμÎ±¨ ± ¸ ´¨Ö ±·¨¢ÒÌ
y1(p) ¨ y2(p), ¶μ·μ¦¤ ¥É ´¥· ¢¥´¸É¢μ t2 < 0. ‘²¥¤μ¢ É¥²Ó´μ, ±·¨¢Ò¥ y1(p)
¨ y2(p) ´¥ ± ¸ ÕÉ¸Ö. ’ ± ± ± μ¡¥ ÔÉ¨ ±·¨¢Ò¥ ¢Ò¶Ê±²Ò¥, Éμ μ´¨ ¨³¥ÕÉ
μ¤´Ê ÉμÎ±Ê ¶¥·¥¸¥Î¥´¨Ö. ’μÎ±  (q0, 0), Î¥·¥§ ±μÉμ·ÊÕ ´  ·¨¸. 3 ¶·μÌμ¤¨É
¶ · ¡μ²  b, Ö¢²Ö¥É¸Ö É ±μ¢μ°, ¥¸²¨

reff = r0
eff(a) ≡ −2/(aq2

0). (28)

‘²¥¤μ¢ É¥²Ó´μ, ¥¸²¨ reff � r0
eff , Éμ  ¡¸Í¨¸¸  p ÉμÎ±¨ ¶¥·¥¸¥Î¥´¨Ö ¶·¨´ ¤²¥¦¨É

¶μ²Ê¨´É¥·¢ ²Ê (0, q0] ¨ ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ¶·¨ reff → ∞,   ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥
Ê¤μ¢²¥É¢μ·Ö¥É ´¥· ¢¥´¸É¢Ê p > q0.

‘²¥¤ÊÕÐ¨° ¸²ÊÎ ° (a < 0, reff < 0) ¸ ³Ò° ¶·μ¸Éμ°: ¶μ Éμ° ¦¥ ¶·¨Î¨´¥,
ÎÉμ ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥, ±·¨¢Ò¥ y1(p) ¨ y2(p) ´¥ ³μ£ÊÉ ± ¸ ÉÓ¸Ö, ´μ ¢¸¥-
£¤  ¶¥·¥¸¥± ÕÉ¸Ö ¢ μ¤´μ° ÉμÎ±¥. ‘μμÉ¢¥É¸É¢ÊÕÐ¨° ¥° ±μ·¥´Ó Ê· ¢´¥´¨Ö (15)
¶·¨´ ¤²¥¦¨É ¨´É¥·¢ ²Ê (0, p0), £¤¥ p0 Å ËÊ´±Í¨Ö (17). �ÉμÉ ±μ·¥´Ó ¸Ìμ-
¤¨É¸Ö ± ´Ê²Õ ¢ É·¥Ì ¸²ÊÎ ÖÌ: a → 0− ¨²¨ reff → −∞, ¨²¨ ¦¥ ¶·¨ a → 0−
¨ reff → −∞. � ¸¸³μÉ·¥´´μ³Ê ¸²ÊÎ Õ ´  ·¨¸. 4 μÉ¢¥Î ¥É ÉμÎ±  ¶¥·¥¸¥Î¥´¨Ö
±·¨¢ÒÌ a ¨ e.

�¸É ¢Ï¨°¸Ö ¸²ÊÎ ° (a < 0, reff > 0) ¸ ³Ò° ¸²μ¦´Ò°, ¶μÉμ³Ê ÎÉμ ¸μ-
£² ¸´μ Ê· ¢´¥´¨Õ (24) ¢μ§³μ¦´Ò ¤¢  ¢ ·¨ ´É :  ¡¸Í¨¸¸  t ÉμÎ±¨ ± ¸ ´¨Ö
±·¨¢ÒÌ y1(p) ¨ y2(p) ¶·¨´ ¤²¥¦¨É ¶μ²Ê¨´É¥·¢ ²Ê (p0, q0], ¥¸²¨ a � −π, ¨²¨
· ¸¶μ²μ¦¥´  ´  ¶μ²Ê¨´É¥·¢ ²¥ (q0, q0e], ¥¸²¨ a < −π. �¥·¢μ³Ê ¢ ·¨ ´ÉÊ ´ 
·¨¸. 3 ¸μμÉ¢¥É¸É¢Ê¥É ÉμÎ±  ± ¸ ´¨Ö ±·¨¢ÒÌ a ¨ d. � §·¥Ï¨¢ Ê· ¢´¥´¨¥ (23)
μÉ´μ¸¨É¥²Ó´μ t, ¶μ²ÊÎ ¥³ t =

√
2/(πreff). ‡ ³¥´¨¢ t ¶· ¢μ° Î ¸ÉÓÕ ÔÉμ£μ

· ¢¥´¸É¢  ¢ Ê· ¢´¥´¨¨ (24), ¤μ± §Ò¢ ¥³, ÎÉμ ¶·¨ ¤ ´´μ³ a ÉμÎ±  ± ¸ ´¨Ö ¸Ê-
Ð¥¸É¢Ê¥É, ¥¸²¨ reff = r̃eff(a), £¤¥ r̃eff(a) Å ËÊ´±Í¨Ö (27). …¸²¨ reff < r̃eff(a),
Éμ ±·¨¢Ò¥ y1(p) ¨ y2(p) ¶¥·¥¸¥± ÕÉ¸Ö ¢ ¤¢ÊÌ ÉμÎ± Ì,   ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³
±μ·´¨ p− ¨ p+ Ê· ¢´¥´¨Ö (15) ´¥ ¸μ¢¶ ¤ ÕÉ (p− < p+) ¨ · ¸¶·¥¤¥²¥´Ò
¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �·¨ Ê¸²μ¢¨ÖÌ a � −π ¨ reff � r0

eff(a), £¤¥ r0
eff(a) Å

ËÊ´±Í¨Ö (28), μ¡  ±μ·´Ö ¶·¨´ ¤²¥¦ É ¶μ²Ê¨´É¥·¢ ²Ê (p0, q0]. �·¨ Ê¸²μ¢¨ÖÌ
a � −π ¨ reff < r0

eff(a), ±μ·¥´Ó p− μ¸É ¥É¸Ö ´  ÔÉμ³ ¨´É¥·¢ ²¥,   ±μ·¥´Ó p+

¶·¥¢ÒÏ ¥É Î¨¸²μ q0. …¸²¨ a < π ¨ reff � r0
eff(a), Éμ ±μ·´¨ p− ¨ p+ ²¥¦ É

´  ¶μ²Êμ¸¨ q0 � 0. ‚ ¸²ÊÎ ¥ a < −π, reff < r0
eff(a) ±μ·¥´Ó p− ¶·¨´ ¤²¥¦¨É

¨´É¥·¢ ²Ê (p0, q0),   ±μ·¥´Ó p+ μ¸É ¥É¸Ö ´  Éμ° ¦¥ ¶μ²Êμ¸¨. �·¨ ²Õ¡μ³ a < 0
±μ·¥´Ó p− ¸Ìμ¤¨É¸Ö ± p0 ¢ ¶·¥¤¥²¥ reff → 0+.

’¥¶¥·Ó ¶μ²μ¦¨³ 2λ = 1 ¨ ¨¸¸²¥¤Ê¥³ Ê· ¢´¥´¨¥ (15), ¨¸¶μ²Ó§ÊÖ ·¨¸. 4.

� Î´¥³ ¸μ ¸²ÊÎ Ö a > 0, reff > 0. ‡ ³¥É¨³, ÎÉμ μ¡¥ ±·¨¢Ò¥ y1(p) ¨ y2(p)
²¥¦ É ¢ ¶¥·¢μ³ ±¢ ¤· ´É¥ ¸¨¸É¥³Ò S2, ¥¸²¨ p � q0. ‘μ£² ¸´μ Ëμ·³Ê²¥ (21)
ËÊ´±Í¨Ö y1(p) μ£· ´¨Î¥´  ¸¢¥·ÌÊ Î¨¸²μ³ q2

0/(πe). ‡´ Î¨É, ¨¸¸²¥¤Ê¥³Ò¥ ±·¨-
¢Ò¥ ³μ£ÊÉ ± ¸ ÉÓ¸Ö ¨²¨ ¦¥ ¶¥·¥¸¥± ÉÓ¸Ö ¢ ¤¢ÊÌ ÉμÎ± Ì, ¥¸²¨ ¢Ò¶μ²´Ö¥É¸Ö
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�¨¸. 4. ƒ· Ë¨±¨ ËÊ´±Í¨° y0(p) ≡ 0 (¶·Ö³ Ö
f ), y1(p) = −(2/π) p2 ln (p/q0) (±·¨¢ Ö a) ¨
y2(p) = 1/a+p2reff/2 ¢ ¸²¥¤ÊÕÐ¨Ì ¸²ÊÎ ÖÌ:
a = 10, reff = r̄eff(a) ≈ 0,248 (±·¨¢ Ö b);
a = 5, reff = r̄eff(a) ≈ −0,193 (±·¨¢ Ö c);
a = −10, reff = −2/(aq2

0) ≈ 0,159 (±·¨¢ Ö
d); a = −10, reff = −1/(aq2

0) ≈ −0,076
(±·¨¢ Ö e); r̄eff(a) Å ËÊ´±Í¨Ö (30)

´¥· ¢¥´¸É¢μ y2(p) � y1(p), ±μÉμ·μ¥ ¶μ·μ¦¤ ¥É Ê¸²μ¢¨¥

a > ā ≡ πe q−2
0 = 6,772476 . . . (29)

�·¨ É ±μ³ Ê¸²μ¢¨¨ ¢ ¸¨²Ê · ¢¥´¸É¢  (24) ÉμÎ±  ± ¸ ´¨Ö ¨³¥¥É  ¡¸Í¨¸¸Ê
t =

√
π/a, ³¥´ÓÏÊÕ Î¨¸²  t0 = q0 exp (−1/2). �μ²μ¦¨¢ t =

√
π/a ¢ Ëμ·-

³Ê²¥ (23), ´ Ìμ¤¨³ §´ Î¥´¨¥ r̄eff ¶ · ³¥É·  reff , ¶·¨ ±μÉμ·μ³ ¨³¥¥É¸Ö ÉμÎ± 
± ¸ ´¨Ö:

reff = r̄eff(a) = − 2
π

ln
(

πe

aq2
0

)
=

2
π

ln
(a

ā

)
. (30)

�Éμ° ÉμÎ±¥ ´  ·¨¸. 4 ¸μμÉ¢¥É¸É¢Ê¥É ÉμÎ±  ± ¸ ´¨Ö ±·¨¢ÒÌ a ¨ b. …¸²¨ a > ā ¨
reff < r̄eff(a), Éμ ±·¨¢Ò¥ y1(p) ¨ y2(p) ¶¥·¥¸¥± ÕÉ¸Ö ¢ ¤¢ÊÌ ÉμÎ± Ì,  ¡¸Í¨¸¸Ò
±μÉμ·ÒÌ p− ¨ p+ ¶μ¤Î¨´ÖÕÉ¸Ö ´¥· ¢¥´¸É¢ ³ p− < t < p+ ¨ Ö¢²ÖÕÉ¸Ö ±μ·´Ö³¨
Ê· ¢´¥´¨Ö (15). �·¨ Ê¸²μ¢¨ÖÌ a/ā → ∞ ¨ reff < r̄eff(a) ±μ·¥´Ó p− ¸Ìμ¤¨É¸Ö
± ´Ê²Õ ¸¶· ¢ .

�Ê¸ÉÓ É¥¶¥·Ó a > 0, reff < 0. ‘μ£² ¸´μ · ¢¥´¸É¢ ³ (23) ¨ (24) ±·¨¢Ò¥
y1(p) ¨ y2(p), μ¡μ§´ Î¥´´Ò¥ ´  ·¨¸. 4 ¡Ê±¢ ³¨ a ¨ c, ± ¸ ÕÉ¸Ö ¢ ÉμÎ±¥ ¸
 ¡¸Í¨¸¸μ° t =

√
π/a, ¥¸²¨ a < ā ¨ reff = r̄eff(a). �·¨ Ê¸²μ¢¨ÖÌ a < ā ¨ reff <

r̄eff(a) ±·¨¢Ò¥ y1(p) ¨ y2(p) ¶¥·¥¸¥± ÕÉ¸Ö ¢ ¤¢ÊÌ ÉμÎ± Ì. ˆÌ  ¡¸Í¨¸¸Ò p− ¨ p+

Ö¢²ÖÕÉ¸Ö ±μ·´Ö³¨ Ê· ¢´¥´¨Ö (15) ¨ ¶μ¤Î¨´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ ¸μμÉ´μÏ¥´¨Ö³:
p0 ∈ (0, t0); p+ ∈ (t0, q0], ¥¸²¨ reff � r0

eff(a), ¨ p+ > q0, ¥¸²¨ reff � r0
eff(a). ‚

ÔÉ¨Ì ¸μμÉ´μÏ¥´¨ÖÌ t0 = q0 exp (−1/2),   r0
eff(a) Å ËÊ´±Í¨Ö (28). Šμ·¥´Ó p−

¸Ìμ¤¨É¸Ö ± ´Ê²Õ ¶·¨ reff → −∞.
‘²¥¤ÊÕÐ¨° ¸²ÊÎ °: a < 0, reff > 0. ”Ê´±Í¨Ö y2(p) μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó

¶·¨ p = q0, ¥¸²¨ ¢Ò¶μ²´Ö¥É¸Ö Ê¸²μ¢¨¥ (28). Š·¨¢ Ö d ´  ·¨¸. 4 Å £· Ë¨±
É ±μ° ËÊ´±Í¨¨. ’ ± ± ± a < 0, Éμ Ê· ¢´¥´¨¥ (24) ¨³¥¥É Éμ²Ó±μ ±μ³¶²¥±¸´μ¥
·¥Ï¥´¨¥ t = i

√
π/|a|. �μÔÉμ³Ê ±·¨¢Ò¥ y1(p) ¨ y2(p) ´¥ ³μ£ÊÉ ± ¸ ÉÓ¸Ö,

´μ ¶¥·¥¸¥± ÕÉ¸Ö ¢ μ¤´μ° ÉμÎ±¥. …¥  ¡¸Í¨¸¸  p É ±μ¢ , ÎÉμ p � q0, ¥¸²¨
reff � r0

eff(a), ¨ p > q0, ¥¸²¨ reff < r0
eff(a).

‚ ¶μ¸²¥¤´¥³ ¸²ÊÎ ¥ (a < 0, reff < 0) ±·¨¢Ò¥ y1 ¨ y2 ¶¥·¥¸¥± ÕÉ¸Ö ¢
μ¤´μ° ÉμÎ±¥. …¥  ¡¸Í¨¸¸  ¡μ²ÓÏ¥ Î¨¸²  q0. ’ ±¨¥ ±·¨¢Ò¥ ´  ·¨¸. 4 ¶μ³¥Î¥´Ò
¡Ê±¢ ³¨ a ¨ e.
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‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° · §¤¥² ¶μ²¥§´Ò³¨ § ³¥Î ´¨Ö³¨ ¨ ¶·¨³¥· ³¨.
‚ ¸²ÊÎ ¥ 2λ � 3 ± ¦¤μ¥ ¨§ É·¥Ì Ê· ¢´¥´¨° (23)Ä(25), μ¶·¥¤¥²ÖÕÐ¨Ì

 ¡¸Í¨¸¸Ê t ÉμÎ±¨ ± ¸ ´¨Ö, ¸μ¤¥·¦ É ²μ£ ·¨Ë³¨Î¥¸±ÊÕ ËÊ´±Í¨Õ. �μÔÉμ³Ê
¢ μÉ²¨Î¨¥ μÉ · ¸¸³μÉ·¥´´ÒÌ ¢ÒÏ¥ ¸²ÊÎ ¥¢ 2λ = ±1 ·¥Ï¥´¨Ö ÔÉ¨Ì Ê· ¢´¥-
´¨° ¨ Ê¸²μ¢¨Ö ´  §´ Î¥´¨Ö a ¨ reff , ¶·¨ ±μÉμ·ÒÌ ÉμÎ±  ± ¸ ´¨Ö ¸ÊÐ¥¸É¢Ê¥É,
´¥²Ó§Ö ´ °É¨ ¢ Ö¢´μ³ ¢¨¤¥. �Éμ μ¡¸ÉμÖÉ¥²Ó¸É¢μ ¸Ê¦ ¥É ± Î¥¸É¢¥´´Ò°  ´ ²¨§
Ê· ¢´¥´¨Ö (15) ¤μ ¤μ± § É¥²Ó¸É¢  ¸ ¶μ³μÐÓÕ ·¨¸. 1 ¸²¥¤ÊÕÐ¥£μ ÊÉ¢¥·¦¤¥´¨Ö.
‚ ¸²ÊÎ ¥ 2λ � 3 Ê· ¢´¥´¨¥ (15) ¨³¥¥É μ¤´μ ·¥Ï¥´¨¥ p < q0, ¥¸²¨ a > 0
¨ reff < r0

eff(a) ¨²¨ a < 0, ´μ reff > r0
eff(a), £¤¥ r0

eff(a) Å ËÊ´±Í¨Ö (28).
�·¨ ¨§¢¥¸É´ÒÌ §´ Î¥´¨ÖÌ λ � 3/2, a ¨ reff Î¨¸²¥´´Ò°  ´ ²¨§ Ê· ¢´¥´¨Ö (15)
´¥¸²μ¦¥´. ’ ±μ°  ´ ²¨§ ¸²¥¤Ê¥É ´ Î ÉÓ ¸ ²μ± ²¨§ Í¨¨ ¨¸±μ³ÒÌ ±μ·´¥°. „²Ö
ÔÉμ£μ ´Ê¦´μ ¸´ Î ²  ¢ÒÎ¨¸²¨ÉÓ  ¡¸Í¨¸¸Ê t ÉμÎ±¨ ± ¸ ´¨Ö ± ± ±μ·¥´Ó Ê· ¢´¥-
´¨Ö (24). ‡ É¥³ ¢ · ¢¥´¸É¢¥ (25) § ³¥´¨ÉÓ ¢¥²¨Î¨´Ê t ¥¥ ´ °¤¥´´Ò³ §´ Î¥´¨¥³
¨ ¢ÒÎ¨¸²¨ÉÓ ¥£μ ¶· ¢ÊÕ Î ¸ÉÓ. …¥ §´ Î¥´¨¥ ¡Ê¤¥É §´ Î¥´¨¥³ ÔËË¥±É¨¢´μ£μ
· ¤¨Ê¸  r̄eff(a), ¶·¨ ±μÉμ·μ³ ±·¨¢Ò¥ y1 ¨ y2 ± ¸ ÕÉ¸Ö. „ ²Ó´¥°Ï¥¥ ¨¸¸²¥-
¤μ¢ ´¨¥ § ±²ÕÎ ¥É¸Ö ¢ ¤μ¸²μ¢´μ³ ¶μ¢Éμ·¥´¨¨ ¤ ´´μ£μ ¢ÒÏ¥  ´ ²¨§  ¸²ÊÎ Ö
2λ = 1 ¨ ¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¨³ ¢Ò¢μ¤ ³. �·¨ ´ ¶¥·¥¤ § ¤ ´´ÒÌ §´ Î¥´¨ÖÌ
λ � 3/2, a ¨ reff Ê· ¢´¥´¨¥ (15) ¨³¥¥É ±μ·´¨ ¢ ¸²¥¤ÊÕÐ¨Ì ¸²ÊÎ ÖÌ: ¥¸²¨
2λ + 1 ´¥ ±· É´μ Î¥ÉÒ·¥³, Éμ ¶·¨ ²Õ¡μ³ a > 0 ¨ reff < r̄eff(a) ¨²¨ ¶·¨
a � 0 ¨ ²Õ¡μ³ reff ; ¥¸²¨ 2λ + 1 ±· É´μ Î¥ÉÒ·¥³, Éμ ¶·¨ ²Õ¡μ³ a < 0 ¨
reff > r̄eff(a) ¨²¨ ¶·¨ a � 0 ¨ ²Õ¡μ³ reff . �·¨ 2λ � 3 ±·¨¢ Ö y1(p) ¨³¥¥É
μ¤´Ê ÉμÎ±Ê ¶¥·¥£¨¡ ,  ¡¸Í¨¸¸  p′ ¶·¨´ ¤²¥¦¨É ¶μ²Ê¨´É¥·¢ ²Ê (0, t(λ)), £¤¥
Î¨¸²μ t(λ) ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥ (20). ˆ§-§  É ±μ° ÉμÎ±¨ ¶¥·¥£¨¡  Ê· ¢´¥-
´¨¥ (15) ³μ¦¥É ¨³¥ÉÓ ¤¢  ±μ·´Ö (±· É´Ò° p1 ¨ ¶·μ¸Éμ° p3) ¨²¨ É·¨ ¶·μ¸ÉÒÌ
±μ·´Ö (p1, p2 ¨ p3) ¢ ¸²¥¤ÊÕÐ¨Ì ¸²ÊÎ ÖÌ: 2λ + 1 ´¥ ±· É´μ Î¥ÉÒ·¥³, a < 0,
reff > 0 ¨²¨ 2λ + 1 ±· É´μ Î¥ÉÒ·¥³, ´μ a > 0, reff < 0. Šμ·´¨ p1 ¨ p2 ¶·¨-
´ ¤²¥¦ É ¶μ²Ê¨´É¥·¢ ²Ê (0, t(λ)),   ±μ·¥´Ó p3 Ê¤μ¢²¥É¢μ·Ö¥É ¸μμÉ´μÏ¥´¨Ö³
t(λ) < p3 < q0.

� °¤¥´´Ò¥ ¢ ¸²ÊÎ ¥ reff = 0 ÉμÎ´Ò¥ ·¥Ï¥´¨Ö (17) ¨ (20) Ê· ¢´¥´¨Ö (15)
¨ Ê¸²μ¢¨Ö ¥£μ · §·¥Ï¨³μ¸É¨ (18) ¨ (22) ¸É ´μ¢ÖÉ¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¶·¨-
¡²¨¦¥´´Ò³¨ ¸μμÉ´μÏ¥´¨Ö³¨ ¶·¨ μÉ²¨Î´μ³ μÉ ´Ê²Ö, ´μ ¤μ¸É ÉμÎ´μ ³ ²μ³
¶μ ³μ¤Ê²Õ §´ Î¥´¨¨ reff ,   ¨³¥´´μ ¶·¨ Ê¸²μ¢¨¨ q2

0 |areff | � 2, ¶μ§¢μ²ÖÕÐ¥³
´  μÉ·¥§±¥ 0 � p � q0 ¸Î¨É ÉÓ ¢Éμ·μ¥ ¸² £ ¥³μ¥  ¸¨³¶ÉμÉ¨±¨ (14) ³ ²μ°
¶μ¶· ¢±μ° ± ¥¥ ¶¥·¢μ³Ê ¸² £ ¥³μ³Ê.

�·¥¤¶μ²μ¦¨³, ÎÉμ ¢μ²´μ¢μ¥ Î¨¸²μ ip ¸² ¡μ¸¢Ö§ ´μ£μ ¸μ¸ÉμÖ´¨Ö |ip, λ〉
§ ¤ ´μ É¥μ·¥É¨Î¥¸±¨ ¨²¨ ¨§³¥·¥´μ Ô±¸¶¥·¨³¥´É ²Ó´μ. ’μ£¤ , ¶μ²μ¦¨¢ t = p ¢
¸μμÉ´μÏ¥´¨ÖÌ (23) ¨ (24), ´¥¸²μ¦´μ ¸´ Î ²  ¢ÒÎ¨¸²¨ÉÓ §´ Î¥´¨Ö ¶ · ³¥É·μ¢
a ¨ reff , ¶·¨ ±μÉμ·ÒÌ É ±μ¥ ¸μ¸ÉμÖ´¨¥ ¨³¥¥É¸Ö,   § É¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ÔÉ¨ §´ -
Î¥´¨Ö ¨ ¶·¨¡²¨¦¥´¨¥ (13) ¤²Ö Ô±¸É· ¶μ²ÖÍ¨¨ Ë §Ò δλ(q) ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ
¸¥Î¥´¨Ö σλ(q), § ¤ ´´μ£μ Ëμ·³Ê²μ° (4), ¢ μ¡² ¸ÉÓ q ∈ [0, q0).

‘Ëμ·³Ê²¨·Ê¥³ μ¸μ¡μ ¢ ¦´Ò° ¸ Ë¨§¨Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö ¢Ò¢μ¤, ¸²¥¤Ê-
ÕÐ¨° ¨§ ¢Ò¶μ²´¥´´μ£μ ¢ÒÏ¥  ´ ²¨§  Ê· ¢´¥´¨Ö (15). �´¥·£¨Ö ¸¢Ö§ ´´μ£μ
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¸μ¸ÉμÖ´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ¢ ¸²¥¤ÊÕÐ¨Ì ¸²ÊÎ ÖÌ: ¥¸²¨
2λ = −1, Éμ ¢ ¶·¥¤¥²¥ a → 0− ¨²¨ ¶·¨ Ê¸²μ¢¨ÖÌ a �= 0 ¨ reff → −∞; ¥¸²¨
2λ = 1, 5, . . ., Éμ ¢ ¶·¥¤¥²¥ a → ∞ ¨²¨ ¶·¨ Ê¸²μ¢¨ÖÌ a > 0 ¨ reff → −∞;
¥¸²¨ 2λ = 3, 7, . . ., Éμ ¢ ¶·¥¤¥²¥ a → −∞ ¨²¨ ¶·¨ Ê¸²μ¢¨ÖÌ a < 0 ¨ reff → ∞.

�·¨¢¥¤¥³ ¤¢  Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´ÒÌ ¶·¨³¥· .
�Ê¸ÉÓ 2λ = −1,   reff = 0, Éμ£¤  ±μ·´Õ (17) Ê· ¢´¥´¨Ö (15) ¶·¨ Ê¸²μ-

¢¨¨ (18) μÉ¢¥Î ¥É ¸¢Ö§ ´´μ¥ ¸μ¸ÉμÖ´¨¥ ¸ Ô´¥·£¨¥° ¸¢Ö§¨

B = βp2
0 = βq2

0 exp (π/a) , a � −π/(2 ln q0), (31)

±μÉμ· Ö Ô±¸¶μ´¥´Í¨ ²Ó´μ ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ¢ ¶·¥¤¥²¥ a → 0−.
�Ê¸ÉÓ 2λ = 1, 5, . . .,   reff = 0. ˆ¸¶μ²Ó§ÊÖ · ¢¥´¸É¢  (20) ¨ (22), § -

±²ÕÎ ¥³, ÎÉμ ¶¥·¢μ³Ê ±μ·´Õ p− Ê· ¢´¥´¨Ö (15), ¸Ìμ¤ÖÐ¥³Ê¸Ö ± ´Ê²Õ ¢ ¶·¥-
¤¥²¥ a → ∞, ¸μμÉ¢¥É¸É¢Ê¥É ¸¢Ö§ ´´μ¥ ¸μ¸ÉμÖ´¨¥, Ô´¥·£¨Ö ¸¢Ö§¨ ±μÉμ·μ£μ
μ£· ´¨Î¥´  ¸¢¥·ÌÊ:

B = βp2
− � βq2

0 exp
(
− 2

2λ + 1

)
, a � ā ≡

(
λ +

1
2

)
π e q−2λ−1

0 , (32)

¨ ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ¢ ¤¢ÊÌ ¶·¥¤¥² Ì a/ā → ∞ ¨ λ → ∞. ‘Éμ¨É μÉ³¥É¨ÉÓ
¨´É¥·¥¸´Ò° Ë ±É: μ¶·¥¤¥²¥´¨¥ ¢¥²¨Î¨´Ò ā ¸μ¤¥·¦¨É É·¨ ËÊ´¤ ³¥´É ²Ó´Ò¥
±μ´¸É ´ÉÒ: Î¨¸²μ π, μ¸´μ¢ ´¨¥ e ´ ÉÊ· ²Ó´μ£μ ²μ£ ·¨Ë³  ¨ ±μ´¸É ´ÉÊ �°-
²¥·  γ.

‘· ¢´¨³ ´ Ï¥ ¶·¥¤¸É ¢²¥´¨¥ (31) Ô´¥·£¨¨ ¸¢Ö§¨ B Î¥·¥§ ¤²¨´Ê · ¸¸¥-
Ö´¨Ö a ¸ ¨§¢¥¸É´Ò³¨ ¨´É¥£· ²Ó´Ò³¨ ¶·¥¤¸É ¢²¥´¨Ö³¨ ÔÉμ° ¦¥ Ô´¥·£¨¨, ´μ
Î¥·¥§ ¶μÉ¥´Í¨ ² V (x). ‚¢¥¤¥³ ¶μ²μ¦¨É¥²Ó´ÊÕ ±μ´¸É ´ÉÊ ¸¢Ö§¨ g ¨ ¡Ê¤¥³
¸Î¨É ÉÓ, ÎÉμ V (x) = gV̄ (x). ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨Ö, ¶·¨´ÖÉÒ¥ ¢ ´ ¸ÉμÖÐ¥°
· ¡μÉ¥, ¸Ëμ·³Ê²¨·Ê¥³  ²ÓÉ¥·´ É¨¢Ê, ¢¶¥·¢Ò¥ ¤μ± § ´´ÊÕ �. ‘¨³μ´μ³ ¢ ¥£μ
· ¡μÉ¥ [6]: ¶·¨ ²Õ¡μ° ¸±μ²Ó Ê£μ¤´μ ³ ²μ° ±μ´¸É ´É¥ g ±¢ ´Éμ¢ Ö Î ¸É¨Í  ´¥
¨³¥¥É ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö |ip, λ〉, 2λ = −1, ¥¸²¨

I ≡ (π/2)

∞∫
0

dxx V̄ (x) > 0,

¨ ¨³¥¥É É ±μ¢μ¥ ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥, ±μ£¤  I < 0, ¶·¨Î¥³ ¢ ÔÉμ³ ¸²ÊÎ ¥
Ô´¥·£¨Ö ¸¢Ö§¨ B(g) μ¡² ¤ ¥É  ¸¨³¶ÉμÉ¨±μ°

B(g) = βq2
0 exp [π/S(g)] [1 + o(1)] , g → 0+, S(g) ≡ g I.

‚ · ¡μÉ¥ [7] C.•.� É¨² ¤ ² ¨´μ¥ ¤μ± § É¥²Ó¸É¢μ  ²ÓÉ¥·´ É¨¢Ò ‘¨³μ´  ¨
¶μ²ÊÎ¨² ¤²Ö ËÊ´±Í¨¨ S(g) ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ¡¥¸±μ´¥Î´μ£μ ·Ö¤  ¶μ Í¥²Ò³
¸É¥¶¥´Ö³ ¶ · ³¥É·  g ¸ ¶¥·¢Ò³ ¸² £ ¥³Ò³ gI . �¢Éμ·Ò · ¡μÉÒ [15] ¶μ± § ²¨,
ÎÉμ ¶·μ¨§¢¥¤¥´¨¥ gI · ¢´μ ¡μ·´μ¢¸±μ³Ê ¶·¨¡²¨¦¥´¨Õ aB ¤²¨´Ò · ¸¸¥Ö´¨Ö a.
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‚Ò¢¥¤¥³ ÔÉμ ¶·¨¡²¨¦¥´¨¥ ¤·Ê£¨³ ¸¶μ¸μ¡μ³. ‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥
2λ = −1 ËÊ´±Í¨Ö a(x), ¸μ¤¥·¦ Ð Ö¸Ö ¢ · §²μ¦¥´¨¨ (11), μ¶·¥¤¥²Ö¥É¸Ö · ¢¥´-
¸É¢μ³ a(x) = −(π/2)s0(x)/c0(x),   ±μ³¶μ´¥´ÉÒ c0(x) ¨ s0(x) Ê¤μ¢²¥É¢μ·ÖÕÉ
¸¨¸É¥³¥ Ê· ¢´¥´¨° [26]

∂xc0(x) = − ln (x) y(x), ∂xs0(x) = −y(x), (33)

y(x) ≡ xV (x) [c0(x) − ln (x) s0(x)] , x > 0,

¨ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³ c0(0) = 1, s0(0) = 0. �·μ¤¨ËË¥·¥´Í¨·Ê¥³ ÔÉμ · -
¢¥´¸É¢μ ¶μ  ·£Ê³¥´ÉÊ x,   § É¥³ § ³¥´¨³ ¶·μ¨§¢μ¤´Ò¥ ∂xc ¨ ∂xs ¶· ¢Ò³¨
Î ¸ÉÖ³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì Ê· ¢´¥´¨° (33). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ´¥²¨´¥°´ÊÕ
§ ¤ ÎÊ

τ ∂xa(x) = xV (x) [1 + τa(x) ln (x)]2 , x > 0; a(0) = 0; τ = 2/π.

…¥ ¶¥·¢ Ö ¨É¥· Í¨Ö ¢ ÉμÎ±¥ x = ∞ ¸μ¢¶ ¤ ¥É ¸ ¡μ·´μ¢¸±¨³ ¶·¨¡²¨¦¥´¨¥³ aB .
‘· ¢´¨¢ ´ Ï¥ ¶·¥¤¸É ¢²¥´¨¥ (31) ¸  ¸¨³¶ÉμÉ¨±μ° ËÊ´±Í¨¨ B(g), § ±²ÕÎ ¥³,
ÎÉμ ÔÉ  ¤²¨´  · ¸¸¥Ö´¨Ö a · ¢´  ¸Ê³³¥ S(g) ¡¥¸±μ´¥Î´μ£μ ·Ö¤  � É¨² .

3. ��…�ƒˆˆ �Š�‹�����ƒ�‚›• �…‡����‘�›• ‘�‘’�Ÿ�ˆ‰

‚Ò¢¥¤¥³ Ê· ¢´¥´¨¥, μ¶·¥¤¥²ÖÕÐ¥¥ ¢μ²´μ¢μ¥ Î¨¸²μ q ·¥§μ´ ´¸´μ£μ ¸μ¸Éμ-
Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ. �μ²μ¦¨¢ q = q1 − iq2 (q1, q2 > 0) ¢  ¸¨³¶ÉμÉ¨±¥ (9)
μ¡Ð¥£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· , ¶μ²ÊÎ¨³  ¸¨³¶ÉμÉ¨±Ê ¢
¢¨¤¥ · §´μ¸É¨

uλ(x; q) → N(q)
[
A+(q) exp (iq1 + q2x)−

− A−(q) exp (−iq1 − q2x)
]
, |q|x/|λ| → ∞,

£¤¥ A±(q) Å ¸²¥¤ÊÕÐ¨¥ ±μ³¶²¥±¸´Ò¥ ËÊ´±Í¨¨ ¢μ²´μ¢μ£μ Î¨¸² :

A±(q) ≡ (2i)−1 exp {∓i [πλ/2 − δλ(q1 − iq2)]} .

�É  · §´μ¸ÉÓ ¸μ¢¶ ¤ ¥É ¸  ¸¨³¶ÉμÉ¨±μ° (6) ¢μ²´μ¢μ° ËÊ´±Í¨¨ ·¥§μ´ ´¸´μ£μ
¸μ¸ÉμÖ´¨Ö Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  A(q1 − iq2) = 0, ÎÉμ ¢μ§³μ¦´μ Éμ²Ó±μ
¶·¨ Ê¸²μ¢¨¨ exp (−iδλ(q)) = 0. ˆ§ ÔÉμ£μ Ê¸²μ¢¨Ö ¸²¥¤Ê¥É ¨¸±μ³μ¥ Ê· ¢´¥´¨¥
ctg δλ(q1 − iq2) = i. „²Ö μ±μ²μ¶μ·μ£μ¢ÒÌ ·¥§μ´ ´¸´ÒÌ ¸μ¸ÉμÖ´¨° |(p, ω), λ〉,
p � q0, ¡² £μ¤ ·Ö ¶·¥¤¸É ¢²¥´¨Ö³ (7) ¨ ¸μμÉ´μÏ¥´¨Ö³ (12), (13) ÔÉμ³Ê Ê· ¢-
´¥´¨Õ μÉ¢¥Î ¥É ±μ³¶²¥±¸´μ¥ ÔÉ ²μ´´μ¥ Ê· ¢´¥´¨¥

p2λ+1

[
i

(
1 +

2
π

ω

)
− h(p)

]
+

[
1
a
− p2

2
reff exp(−2i ω)

]
×

× exp [−i(2λ + 1)ω ] = 0,
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±μÉμ·μ¥ ¶μ·μ¦¤ ¥É ¸¨¸É¥³Ê ¤¢ÊÌ ¢¥Ð¥¸É¢¥´´ÒÌ Ê· ¢´¥´¨°

p2λ+1 (2/π) ln (p/q0) = (1/a) cos [(2λ+1)ω]−(p2/2) reff cos [(2λ−1)ω], (34)

p2λ+1 [1 + (2/π)ω] = −(1/a) sin [(2λ+1)ω]+ (p2/2) reff sin [(2λ−1)ω]. (35)

�´ ²¨§ · ¸¶·¥¤¥²¥´¨Ö ±μ·´¥° (p, ω) ÔÉμ° ¸¨¸É¥³Ò ´ Î´¥³ ¸μ ¸²ÊÎ Ö
reff = 0.

�Ê¸ÉÓ 2λ = −1. ’μ£¤  μ¡  Ê· ¢´¥´¨Ö (34) ¨ (35) ¸É ´μ¢ÖÉ¸Ö ²¨´¥°´Ò³¨.
�¥·¢μ¥ ¨§ ´¨Ì ¸μ¢¶ ¤ ¥É ¸ Ê¦¥ ¨¸¸²¥¤μ¢ ´´Ò³ ¢ÒÏ¥ ÔÉ ²μ´´Ò³ Ê· ¢´¥´¨¥³
h(p) = 1/a,   ¢Éμ·μ¥ ¸É ´μ¢¨É¸Ö · ¢¥´¸É¢μ³ ¶·¨ ω = −π/2, ´μ É ±μ¥ §´ Î¥´¨¥
Ê£²  ω ´¥ Ê¤μ¢²¥É¢μ·Ö¥É ´ ²μ¦¥´´μ³Ê ¢ÒÏ¥ μ£· ´¨Î¥´¨Õ ω > 0. ‘²¥¤μ¢ -
É¥²Ó´μ, Ê· ¢´¥´¨Ö (34) ¨ (35) ´¥¸μ¢³¥¸É´Ò. �μÔÉμ³Ê ¶·¨ 2λ = −1 ¨ reff = 0
·¥§μ´ ´¸´μ¥ ¸μ¸ÉμÖ´¨¥ μÉ¸ÊÉ¸É¢Ê¥É.

�Ê¸ÉÓ É¥¶¥·Ó 2λ � 1. …¸²¨ Î¨¸²μ (2λ + 1)ω, ω ∈ (0, π/2), · ¢´μ ´Ê²Õ
ËÊ´±Í¨¨ cos (2λ + 1)ω ¨²¨ ´Ê²Õ ω̄n = nπ/(2λ + 1) ËÊ´±Í¨¨ sin (2λ + 1)ω,
Éμ ¸¨¸É¥³  Ê· ¢´¥´¨° (34) ¨ (35) ´¥ ¨³¥¥É ·¥Ï¥´¨°. �μÔÉμ³Ê ¤ ²¥¥ ¶μ² £ ¥³,
ÎÉμ ω �= ω̄n, n = 0, 1, . . . , λ + 1/2. �Éμ Ê¸²μ¢¨¥ ¶μ§¢μ²Ö¥É ¶μ¤¥²¨ÉÓ ¶· ¢Ò¥
¨ ²¥¢Ò¥ Î ¸É¨ Ê· ¢´¥´¨° (34) ¨ (35) ¤·Ê£ ´  ¤·Ê£ ,   § É¥³, · §·¥Ï¨¢ ¶μ-
²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥ μÉ´μ¸¨É¥²Ó´μ ¶¥·¥³¥´´μ° p, ¢Ò¢¥¸É¨ Ê´¨¢¥·¸ ²Ó´ÊÕ (´¥
§ ¢¨¸ÖÐÊÕ μÉ §´ Î¥´¨Ö a) ¸¢Ö§Ó p = p(ω) ³¥¦¤Ê ¶μ²Ö·´Ò³¨ ±μμ·¤¨´ É ³¨ p
¨ ω ·¥§μ´ ´¸´μ£μ ¸μ¸ÉμÖ´¨Ö |(p, ω), λ〉. ‡ ¶¨Ï¥³ ÔÉÊ ¸¢Ö§Ó ¢ ¢¨¤¥

p(ω) = q0 exp
{
−

[π

2
+ ω

]
ctg (2λ + 1)ω

}
; ∀a, reff = 0, ω ∈ (0, π/2).

(36)
�μ²μ¦¨¢ p = p(ω) ¢ Ê· ¢´¥´¨¨ (35), ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ ¤²Ö ¨¸±μ³μ£μ

Ê£²  ω

q2λ+1
0

[
1 +

2
π

ω

]
exp

{
−(2λ + 1)

[π

2
+ ω

]
ctg (2λ + 1)ω

}
×

× cosec (2λ + 1)ω = −1
a
. (37)

…£μ ²¥¢ÊÕ ¨ ¶· ¢ÊÕ Î ¸É¨ ¸Î¨É ¥³ ËÊ´±Í¨Ö³¨ y1(ω) ¨ y2(ω) ≡ −1/a.
�¸μ¡¥´´μ¸É¨ ¸É·μ¥´¨Ö ËÊ´±Í¨° p(ω) ¨ y1(ω) ¶μÖ¸´Ö¥É ·¨¸. 5. ‚¸¥ ´Ê²¨ ÔÉ¨Ì
ËÊ´±Í¨° ¸μ¢¶ ¤ ÕÉ ¸ ´Ê²Ö³¨ ω̄n ËÊ´±Í¨¨ sin (2λ + 1)ω ¨ ¤μ¸É¨£ ÕÉ¸Ö ¢
¶·¥¤¥²¥ ω → ω̄n + 0. �·¨ ω → ω̄n − 0 ËÊ´±Í¨¨ p(ω) ¨ |y1(ω)| ´¥μ£· ´¨-
Î¥´´μ ¢μ§· ¸É ÕÉ. ”Ê´±Í¨Ö y1(ω) ³¥´Ö¥É §´ ± ¶·¨ ¶¥·¥Ìμ¤¥ ¥¥  ·£Ê³¥´É 
ω Î¥·¥§ ± ¦¤ÊÕ ÉμÎ±Ê ω = ω̄n. —¨¸²μ N− ¢¸¥Ì ¨´É¥·¢ ²μ¢ (ω̄2j−2, ω̄2j−1),
j = 1, 2, . . . , N−, ´  ±μÉμ·ÒÌ ËÊ´±Í¨Ö y1(ω) Ö¢²Ö¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ°, · ¢´μ
Í¥²μ° Î ¸É¨ Î¨¸²  (2λ + 3)/4. —¨¸²μ N+ ¢¸¥Ì μ¸É ¢Ï¨Ì¸Ö ¨´É¥·¢ ²μ¢
[ω̄2j−1, ω̄2j), j = 1, 2, . . . , N+, ´  ±μÉμ·ÒÌ ÔÉ  ËÊ´±Í¨Ö ³¥´ÓÏ¥ ´Ê²Ö, · ¢´μ
Í¥²μ° Î ¸É¨ Î¨¸²  (2λ + 1)/4.

18



�¨¸. 5. ƒ· Ë¨±¨ ËÊ´±Í¨¨ f(ω) ≡ 0 (¶·Ö³ Ö) ¨ ËÊ´±Í¨° p(ω) ¨ y1(ω), · ¢´ÒÌ ¶· ¢μ°
¨ ²¥¢μ° Î ¸ÉÖ³ ¸μμÉ´μÏ¥´¨° (36) ¨ (37), ¢ ¸²¥¤ÊÕÐ¨Ì ¸²ÊÎ ÖÌ: 2λ = 1, 3, 5 Å
¸¶²μÏ´Ò¥, ÏÉ·¨Ìμ¢Ò¥ ¨ ÏÉ·¨Ì¶Ê´±É¨·´Ò¥ ±·¨¢Ò¥ ¸μμÉ¢¥É¸É¢¥´´μ

‚¸²¥¤¸É¢¨¥ ¶¥·¥Î¨¸²¥´´ÒÌ ¸¢μ°¸É¢ ËÊ´±Í¨¨ y1(ω) ¶·¨ Ê¸²μ¢¨ÖÌ a <
0 ¨ 2λ � 1 ¥¥ £· Ë¨± ¨ ¶·Ö³ Ö y2(ω) ¶¥·¥¸¥± ÕÉ¸Ö N− · §,   ¢ ¸²ÊÎ ¥
a > 0 ¨ 2λ � 3 Î¨¸²μ ¨Ì ÉμÎ¥± ¶¥·¥¸¥Î¥´¨Ö · ¢´μ N+. ‚ ¶¥·¢μ³ ¸²ÊÎ ¥
 ¡¸Í¨¸¸  ω+

j ÉμÎ±¨ ¶¥·¥¸¥Î¥´¨Ö ¶·¨´ ¤²¥¦¨É ¶μ²Ê¨´É¥·¢ ²Ê [ω̄2j−2, ω̄2j−1),  

¢μ ¢Éμ·μ³ ¸²ÊÎ ¥  ¡¸Í¨¸¸  ω−
j ÉμÎ±¨ ¶¥·¥¸¥Î¥´¨Ö ´ Ìμ¤¨É¸Ö ´  ¶μ²Ê¨´É¥·¢ ²¥

[ω̄2j−1, ω̄2j).
�¡¸Í¨¸¸Ò ω±

j Ö¢²ÖÕÉ¸Ö ±μ·´Ö³¨ Ê· ¢´¥´¨Ö (37). ‚ ¸¨²Ê ¸¢Ö§¨ (36) ± -

¦¤μ³Ê ±μ·´Õ ω±
j μÉ¢¥Î ¥É ¥¤¨´¸É¢¥´´μ¥ §´ Î¥´¨¥ p = p(ω±

j ) ¶¥·¥³¥´´μ° p.
�Éμ §´ Î¥´¨¥ ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ¢ ¶·¥¤¥²¥ |a| → ∞. ‘²¥¤μ¢ É¥²Ó´μ, ¢ ¸²Ê-
Î ¥ a < 0 ¨ 2λ � 1 ±¢ ´Éμ¢ Ö Î ¸É¨Í  ¨³¥¥É N− ·¥§μ´ ´¸´ÒÌ ¸μ¸ÉμÖ´¨°
|(p(ω−

j ), ω−
j ), λ, j = 1, 2, . . .N−,   ¢ ¸²ÊÎ ¥ a > 0 ¨ 2λ � 3 ¸ÊÐ¥¸É¢Ê¥É N+ ¥¥

·¥§μ´ ´¸´ÒÌ ¸μ¸ÉμÖ´¨° |(p(ω+
j ), ω+

j ), λ〉, j = 1, 2, . . . , N+.

‘¨³¢μ² ³¨ ω̃+
j ¨ ω̃−

j μ¡μ§´ Î¨³ ¸·¥¤´¨¥ ÉμÎ±¨ μÉ·¥§±μ¢ [ω̄2j−2, ω̄2j−1]
¨ [ω̄2j−1, ω̄2j ]. ‚ ÉμÎ± Ì ω̃±

j ËÊ´±Í¨Ö ctg (2λ + 1)ω · ¢´  ´Ê²Õ. ‚¸²¥¤¸É¢¨¥
¸¢Ö§¨ (36) ´¥· ¢¥´¸É¢μ p(ω) < q0 ¸¶· ¢¥¤²¨¢μ ¶·¨ Ê¸²μ¢¨¨ ctg (2λ + 1)ω > 0.
‚ ¸²ÊÎ ¥ a < 0 ¨ 2λ � 1 ÔÉμ Ê¸²μ¢¨¥ ¢Ò¶μ²´Ö¥É¸Ö, ¥¸²¨ ω ∈ (ω̄2j−2, ω̃

+
j ), £¤¥

j = 1, 2, . . . , N−,   ¢ ¸²ÊÎ ¥ a > 0 ¨ 2λ � 3 Å ¥¸²¨ ω ∈ (ω̄2j−1, ω̃
−
j ), £¤¥

j = 1, 2, . . . , N+.

„²Ö ¡μ²ÓÏ¥° Ö¸´μ¸É¨ ¶·¨¢¥¤¥³ ¶·¨³¥·, ¨¸¶μ²Ó§ÊÖ ·¨¸. 5. …¸²¨ 2λ = 1 ¨
a < 0, Éμ ¶·Ö³ Ö y2(ω) ≡ −1/a ¶¥·¥¸¥± ¥É ¸¶²μÏ´ÊÕ ±·¨¢ÊÕ y1(ω) Éμ²Ó±μ
¢ μ¤´μ° ÉμÎ±¥, ¥¥  ¡¸Í¨¸¸  Å ±μ·¥´Ó ω = ω−

1 Ê· ¢´¥´¨Ö (37). �Éμ³Ê ±μ·´Õ
¸μ£² ¸´μ Ëμ·³Ê²¥ (36) μÉ¢¥Î ¥É ¥¤¨´¸É¢¥´´μ¥ §´ Î¥´¨¥ p = p(ω−

1 ). ‘²¥¤μ-
¢ É¥²Ó´μ, ±¢ ´Éμ¢ Ö Î ¸É¨Í  ¨³¥¥É μ¤´μ ·¥§μ´ ´¸´μ¥ ¸μ¸ÉμÖ´¨¥ |(p(ω−

1 ), ω−
1 ),

λ = 1/2〉. ‚ ¸²ÊÎ ¥ 2λ = 5 ¨ a < 0 ¶·Ö³ Ö y2(ω) ¶¥·¥¸¥± ¥É ÏÉ·¨Ì¶Ê´±É¨·-
´ÊÕ ±·¨¢ÊÕ y1(ω) ¢ ¤¢ÊÌ ÉμÎ± Ì c  ¡¸Í¨¸¸ ³¨ ω−

1 ∈ [0, π/6) ω−
2 ∈ [π/3, π/2).

‚ ¸²ÊÎ ¥ 2λ = 5 ¨ a < 0 ¨³¥¥É¸Ö μ¤´  ÉμÎ±  ¶¥·¥¸¥Î¥´¨Ö ¸  ¡¸Í¨¸¸μ°
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ω+
1 ∈ [π/6, π/3). ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ a < 0 ¸ÊÐ¥¸É¢ÊÕÉ ¤¢  ·¥§μ´ ´¸´ÒÌ

¸μ¸ÉμÖ´¨Ö |(p(ω−
j ), ω−

j ), λ = 5/2〉, j = 1, 2,   ¢ ¸²ÊÎ ¥ a > 0 Å μ¤´μ ·¥§μ-

´ ´¸´μ¥ ¸μ¸ÉμÖ´¨¥ |(p(ω+
1 ), ω+

1 ), λ = 5/2〉.
�¥·¥°¤¥³ ±  ´ ²¨§Ê ¸¨¸É¥³Ò Ê· ¢´¥´¨° (34) ¨ (35) ¢ ¸²ÊÎ ¥ reff �= 0.
�μ²μ¦¨³ 2λ = −1. ˆ¸±²ÕÎ¨¢ ¨§ ÔÉ¨Ì Ê· ¢´¥´¨° ËÊ´±Í¨Õ p2reff/2,

´ °¤¥³ ¸¢Ö§Ó

p(ω; a) = q0 exp
[

π

2a
+

1
2

η(ω)
]

, η(ω) ≡ π + 2ω

sin 2ω
> 0, ω ∈ (0, π/2). (38)

ˆ¸¶μ²Ó§ÊÖ ¥¥, ¸¢¥¤¥³ Ê· ¢´¥´¨¥ (34) ± ´¥μ¤´μ·μ¤´μ³Ê Ê· ¢´¥´¨Õ μÉ´μ¸¨-
É¥²Ó´μ μ¤´μ° ´¥¨§¢¥¸É´μ° ¶¥·¥³¥´´μ° ω. —Éμ¡Ò ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ËÊ´±Í¨¥°
r̃eff(a), § ¤ ´´μ° · ¢¥´¸É¢μ³ (27), ¶μ¤¥²¨³ μ¡¥ Î ¸É¨ ÔÉμ£μ Ê· ¢´¥´¨Ö ´  μ¸´μ-
¢ ´¨¥ e ´ ÉÊ· ²Ó´μ£μ ²μ£ ·¨Ë³ . ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥

y1(ω) = −r̃eff(a)/reff , y1(ω) ≡ [1/η(ω)] exp [η(ω) − 1]. (39)

‡ ³¥É¨³, ÎÉμ ¶·¨ ω ∈ (0, π/2) ËÊ´±Í¨¨ η(ω), p(ω, a) ¨ y1(ω) ¶·¨´¨³ ÕÉ
Éμ²Ó±μ ¶μ²μ¦¨É¥²Ó´Ò¥ §´ Î¥´¨Ö, ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ÕÉ, ¥¸²¨ ω → +0
¨²¨ ω → π/2−, ¨ ¨³¥ÕÉ ¥¤¨´¸É¢¥´´Ò° ²μ± ²Ó´Ò° ³¨´¨³Ê³, ±μÉμ·Ò° ¤μ¸É¨-
£ ¥É¸Ö ¨³¨ ¢ μ¤´μ° ¨ Éμ° ¦¥ ÉμÎ±¥ ω = ω̃ = 0,675908 . . . �μÔÉμ³Ê Ê· ¢´¥-
´¨¥ (39) · §·¥Ï¨³μ ¶·¨ Ê¸²μ¢¨¨

reff � rr(a) ≡ r̃eff(a)/y1(ω̃) = −0,125361 . . . r̃eff(a).

…¸²¨ ÔÉμ Ê¸²μ¢¨¥ Ö¢²Ö¥É¸Ö ´¥· ¢¥´¸É¢μ³, Éμ ¨³¥¥É¸Ö ¤¢  ¶·μ¸ÉÒÌ ±μ·´Ö
ω1 ∈ (0, ω̃) ¨ ω2 ∈ (ω̃, π/2), ¢ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ ÔÉ¨ ±μ·´¨ ¸μ¢¶ ¤ ÕÉ ¨
¸É ´μ¢ÖÉ¸Ö · ¢´Ò³¨ Î¨¸²Ê ω̃. ‚ ¸¨²Ê ¸¢Ö§¨ (38) ± ¦¤μ³Ê ±μ·´Õ ω = ωi μÉ¢¥-
Î ¥É ¥¤¨´¸É¢¥´´μ¥ ¶μ²μ¦¨É¥²Ó´μ¥ §´ Î¥´¨¥ ¶¥·¥³¥´´μ° p = p(ωi, a), ±μÉμ·μ¥
´¥ ¶·¥¢ÒÏ ¥É Î¨¸²μ q0, ¥¸²¨

a � ãr ≡ −π/η(ω̃) = −0,682459 . . .

�μÔÉμ³Ê p = p(ωi, a) → 0 ¢ ¶·¥¤¥²¥ a/ãr → ∞. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ Ê¸²μ¢¨ÖÌ
2λ = −1, a � ãr ¨ reff < rr(a) ±¢ ´Éμ¢ Ö Î ¸É¨Í  ¨³¥¥É μ¤´μ ¨²¨ ¤¢ 
μ±μ²μ¶μ·μ£μ¢ÒÌ ·¥§μ´ ´ ¸´ÒÌ ¸μ¸ÉμÖ´¨Ö |p(ω̃; a);−1/2〉 ¨²¨ |p(ωi; a),−1/2〉,
i = 1, 2. � ¶μ³´¨³, ÎÉμ ¶·¨ É¥Ì ¦¥ Ê¸²μ¢¨ÖÌ ÔÉ  Î ¸É¨Í  ¨³¥¥É Éμ²Ó±μ μ¤´μ
¸² ¡μ¸¢Ö§ ´´μ¥ ¸μ¸ÉμÖ´¨¥.

’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (34) ¨ (35) ¢ ¸²ÊÎ ¥ reff �= 0 ¨
2λ = 1. …¸²¨ a < 0, Éμ Ê· ¢´¥´¨¥ (35) ¨³¥¥É ¢¥Ð¥¸É¢¥´´μ¥ ·¥Ï¥´¨¥

p(ω; a) =
√
− π

aη(ω)
, ω ∈ (0, π/2), a < 0. (40)
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‚ Ê· ¢´¥´¨¨ (34) ¶μ²μ¦¨³ p = p(ω; a). �¡¥ Î ¸É¨ ¶μ²ÊÎ¥´´μ£μ Ê· ¢´¥´¨Ö
Ê³´μ¦¨³ ´  ËÊ´±Í¨Õ πaη(ω)/2,   § É¥³ Ê¢¥²¨Î¨³ ´  ±μ´¸É ´ÉÊ 2/π ¨ ¢μ¸-
¶μ²Ó§Ê¥³¸Ö μ¶·¥¤¥²¥´¨¥³ (27) ËÊ´±Í¨¨ r̄eff(a). ‚ ¨Éμ£¥ ¢Ò¢¥¤¥³ ¸²¥¤ÊÕÐ¥¥
Ê· ¢´¥´¨¥:

(2/π) [ln η(ω) − η(ω) cos 2ω + 1] = reff − r̄eff(−a).

…£μ ²¥¢ÊÕ Î ¸ÉÓ ¸Î¨É ¥³ ËÊ´±Í¨¥° y1(ω). �É  ËÊ´±Í¨Ö ³μ´μÉμ´´μ ¢μ§· ¸É ¥É
´  ¨´É¥·¢ ²¥ (0, π/2), μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¢ μ¤´μ° ÉμÎ±¥ ω̄ = 0,506856 . . . ¨
´¥μ£· ´¨Î¥´´  ´  ±μ´Í Ì ÔÉμ£μ ¨´É¥·¢ ² : y1(ω) → −∞, ¥¸²¨ ω → 0+ ¨
y1(ω) → ∞ ¶·¨ ω → π/2−. �μÔÉμ³Ê ¨¸¸²¥¤Ê¥³μ¥ Ê· ¢´¥´¨¥ ¨³¥¥É μ¤¨´
±μ·¥´Ó ω1, ¶·¨Î¥³ ω1 ∈ (0, w̄] ¢ ¸²ÊÎ ¥ reff � r̄eff(−a) ¨ ω1 ∈ (w̄, π/2) ¢
¶·μÉ¨¢´μ³ ¸²ÊÎ ¥. ‚ ¸¨²Ê ¸¢Ö§¨ (40) ±μ·´Õ ω1 ¸μμÉ¢¥É¸É¢Ê¥É μ¤´μ §´ Î¥´¨¥
p = p(ω1; a) ¶¥·¥³¥´´μ° p. �´μ ³¥´ÓÏ¥ Î¨¸²  q0, ¥¸²¨

a < ār ≡ −π/
[
q2
0 η(w̃)

]
= −0,541227 . . . ,

¨ ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ¶·¨ a/ār → ∞. �μÔÉμ³Ê ¶·¨ Ê¸²μ¢¨ÖÌ λ = 1/2 ¨ a � ār

¸ÊÐ¥¸É¢Ê¥É μ¤´μ μ±μ²μ¶μ·μ£μ¢μ¥ ·¥§μ´ ´¸´μ¥ ¸μ¸ÉμÖ´¨¥ |(p(ω1, a), ω), 1/2〉
±¢ ´Éμ¢μ° Î ¸É¨ÍÒ. � ¶μ³´¨³, ÎÉμ ¶·¨ É¥Ì ¦¥ Ê¸²μ¢¨ÖÌ ÔÉ  Î ¸É¨Í  ´¥
¨³¥¥É ¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°.

‚ μ¸É ¢Ï¥³¸Ö ¸²ÊÎ ¥ 2λ � 3 ¨ reff �= 0 ± Î¥¸É¢¥´´Ò°  ´ ²¨§ · ¸¶·¥¤¥²¥-
´¨Ö ±μ·´¥° ¸¨¸É¥³Ò Ê· ¢´¥´¨° (34) ¨ (35) ¶·¥¤¸É ¢²Ö¥É¸Ö ¢μ§³μ¦´Ò³ ²¨ÏÓ
¶·¨ ¤μ¶μ²´¨É¥²Ó´ÒÌ μ£· ´¨Î¥´¨ÖÌ 2|λ|ω � 1 ¨²¨ |λ|(π − 2ω) � 1, ¶μ§¢μ²Ö-
ÕÐ¨Ì § ¶¨¸ ÉÓ ÔÉÊ ¸¨¸É¥³Ê ¢ ²¨´¥°´μ³ ¶μ ¶¥·¥³¥´´μ° ω ¨²¨ ω′ ≡ π/2 − ω
¶·¨¡²¨¦¥´¨¨.

�·¥¤¶μ²μ¦¨³, ÎÉμ 0 < 2|λ|ω � 1. ‚ ¸¨¸É¥³¥ Ê· ¢´¥´¨° (34) ¨ (35)
§ ³¥´¨³ ¢¸¥ É·¨£μ´μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¸É ·Ï¨³¨ ¸² £ ¥³Ò³¨ ¨Ì ¨§¢¥¸É-
´ÒÌ  ¸¨³¶ÉμÉ¨± ¶·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ  ·£Ê³¥´Éμ¢ [35]. ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö
Ê· ¢´¥´¨Ö (34) ¶μ²ÊÎ¨³ ÔÉ ²μ´´μ¥ Ê· ¢´¥´¨¥

p2λ+1 2
π

ln (p/q0) =
1
a
− 1

2
reff p2, (41)

´¥ ¸μ¤¥·¦ Ð¥¥ ¶¥·¥³¥´´ÊÕ ω,   ¨§ Ê· ¢´¥´¨Ö (35) ¢Ò¢¥¤¥³ ²¨´¥°´μ¥ ¶μ ÔÉμ°
¶¥·¥³¥´´μ° Ê· ¢´¥´¨¥. ‡ É¥³ ¨§ ÔÉμ£μ Ê· ¢´¥´¨Ö ´ °¤¥³ ¸¢Ö§Ó

ω = ω(p) ≡ 2πa p2λ+1

areff(2λ − 1) p2 − 4πap2λ+1 − 2π(2λ + 1)
.

�É  ¸¢Ö§Ó μ§´ Î ¥É, ÎÉμ ²¨´¥ ·¨§μ¢ ´´μ¥ ¶μ ¶¥·¥³¥´´μ° ω Ê· ¢´¥´¨¥ (35)
¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ ω = ω(p), ±μÉμ·μ¥ ¢Ò· ¦ ¥É¸Ö Î¥·¥§ ±μ·¥´Ó p
Ê· ¢´¥´¨Ö (41). …¸²¨ ±μ·¥´Ó p É ±μ°, ÎÉμ §´ Î¥´¨¥ ËÊ´±Í¨¨ ω(p) Ê¤μ¢²¥É¢μ-
·Ö¥É μ£· ´¨Î¥´¨Ö³ 0 < 2|λ|ω(p) � 1, ´ ²μ¦¥´´Ò³ ¢ÒÏ¥, Éμ ¸μ¢μ±Ê¶´μ¸ÉÓ
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(p, ω = ω(p)) Ö¢²Ö¥É¸Ö ¨¸±μ³Ò³ ¶·¨¡²¨¦¥´´Ò³ ·¥Ï¥´¨¥³ ¸¨¸É¥³Ò Ê· ¢´¥-
´¨° (34) ¨ (35),   ±¢ ´Éμ¢ Ö Î ¸É¨Í  p1 ¨³¥¥É μ±μ²μ¶μ·μ£μ¢μ¥ ·¥§μ´ ´¸´μ¥
¸μ¸ÉμÖ´¨¥ |(p, ω(p)), λ〉. ‡ ³¥É¨³, ÎÉμ Ê· ¢´¥´¨¥ (41) μÉ²¨Î ¥É¸Ö μÉ ¨¸¸²¥-
¤μ¢ ´´μ£μ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥ Ê· ¢´¥´¨Ö (15) ²¨ÏÓ §´ ±μ³ ¶¥·¢μ£μ (1/a)
¨²¨ ¢Éμ·μ£μ (p2reff/2) ¸² £ ¥³μ£μ, ¥¸²¨ Î¨¸²μ 2λ + 1 ´¥ ±· É´μ ¨²¨ ±· É´μ
Î¥ÉÒ·¥³.

’¥¶¥·Ó ¶·¥¤¶μ²μ¦¨³, ÎÉμ 0 < |λ|(π−2ω) � 1. ‚ ¸¨¸É¥³¥ Ê· ¢´¥´¨° (34)
¨ (35) ¶¥·¥°¤¥³ ± ¶¥·¥³¥´´μ° ω′ ≡ π/2 − ω. �μ²ÊÎ¥´´ÊÕ ¸¨¸É¥³Ê § ¶¨Ï¥³
¢ ²¨´¥°´μ³ ¶μ ÔÉμ° ¶¥·¥³¥´´μ° ¶·¨¡²¨¦¥´¨¨. ‚ ¨Éμ£¥ ¤²Ö Ê· ¢´¥´¨Ö (34) ¢
± Î¥¸É¢¥ ÔÉ ²μ´´μ£μ ¶μ²ÊÎ¨³ Ê¦¥ ¨¸¸²¥¤μ¢ ´´μ¥ Ê· ¢´¥´¨¥ (15),   ¨§ Ê· ¢´¥-
´¨Ö (35) ¢Ò¢¥¤¥³ ¸¢Ö§Ó

ω = ω(p) ≡ −
4πa (ip)2λ+1 − π2

[
4λ + 2 + (2λ − 1) a reff p2

]
8a (ip)2λ+1 + 2π [4λ + 2 + (2λ − 1) a reff p2]

.

‚ ¸¨²Ê ÔÉμ° ¸¢Ö§¨ ± ¦¤μ³Ê ±μ·´Õ p Ê· ¢´¥´¨Ö (15) μÉ¢¥Î ¥É ¥¤¨´¸É¢¥´´μ¥
§´ Î¥´¨¥ ω(p) ¶¥·¥³¥´´μ° ω. …¸²¨ ÔÉμÉ ±μ·¥´Ó É ±μ°, ÎÉμ 0 < |λ| [π −
2ω(p)] � 1, Éμ (p, ω = ω(p)) Å ¨¸±μ³μ¥ ¶·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨¥ ¸¨¸É¥³Ò
Ê· ¢´¥´¨° (34) ¨ (35), ±μÉμ·μ³Ê ¸μμÉ¢¥É¸É¢Ê¥É μ±μ²μ¶μ·μ£μ¢μ¥ ·¥§μ´ ´¸´μ¥
¸μ¸ÉμÖ´¨¥ |(p, ω(p)), λ〉.

‘Éμ¨É ¶μÖ¸´¨ÉÓ Ë¨§¨Î¥¸±¨° ¸³Ò¸² ¨¸¶μ²Ó§μ¢ ´´ÒÌ ¢ÒÏ¥ μ£· ´¨Î¥´¨°
´  Ê£μ² ω. �£· ´¨Î¥´¨¥ 2|λ|ω � 1 μ§´ Î ¥É, ÎÉμ ¢ ±μ³¶²¥±¸´μ° ¶²μ¸±μ-
¸É¨ ¶¥·¥³¥´´μ° q ¢μ²´μ¢μ¥ Î¨¸²μ qr = q1 − iq2 ·¥§μ´ ´¸´μ£μ ¸μ¸ÉμÖ´¨Ö
|qr, λ〉 ²¥¦¨É ¢¡²¨§¨ ¶μ²μ¦¨É¥²Ó´μ° ¢¥Ð¥¸É¢¥´´μ° ¶μ²Êμ¸¨ (q2 � q1) ¨ É¥³
¡²¨¦¥, Î¥³ ¡μ²ÓÏ¥ ±¢ ´Éμ¢μ¥ Î¨¸²μ λ. �μÔÉμ³Ê Ï¨·¨´  ·¥§μ´ ´¸  Γ ³ ² ,  
¢·¥³Ö ¦¨§´¨ �/Γ μ¡¸Ê¦¤ ¥³μ£μ ·¥§μ´ ´¸´μ£μ ¸μ¸ÉμÖ´¨Ö ¢¥²¨±μ. �·¨ Ê¸²μ¢¨¨
|λ|(π − 2ω) � 1 ¢μ²´μ¢μ¥ Î¨¸²μ qr · ¸¶μ²μ¦¥´μ ¢ ±μ³¶²¥±¸´μ° ¶²μ¸±μ¸É¨
¶¥·¥³¥´´μ° q ¢¡²¨§¨ μÉ·¨Í É¥²Ó´μ° ³´¨³μ° ¶μ²Êμ¸¨ (q1 � q2) ¨ É¥³ ¡²¨¦¥,
Î¥³ ¡μ²ÓÏ¥ ±¢ ´Éμ¢μ¥ Î¨¸²μ λ, ¶μÔÉμ³Ê ¢Ò¶μ²´Ö¥É¸Ö ¸μμÉ´μÏ¥´¨¥ Γ 
 Er.

‡�Š‹�—…�ˆ…

‘Ëμ·³Ê²¨·Ê¥³ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ ¸ÉμÖÐ¥° · ¡μÉÒ.
‚ · §¤. 2 ¢¶¥·¢Ò¥ ¤ ´ ¨¸Î¥·¶Ò¢ ÕÐ¨°  ´ ²¨§ ÔÉ ²μ´´μ£μ Ê· ¢´¥´¨Ö (15),

¶μ·μ¦¤¥´´μ£μ ¶·¨¡²¨¦¥´¨¥³ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ : ¶·¨ ²Õ¡μ³ §´ Î¥´¨¨
±¢ ´Éμ¢μ£μ Î¨¸²  λ ´ °¤¥´Ò Ê¸²μ¢¨Ö · §·¥Ï¨³μ¸É¨ ÔÉμ£μ Ê· ¢´¥´¨Ö ¨ ¢Ò-
Ö¢²¥´  § ¢¨¸¨³μ¸ÉÓ ¢¸¥Ì ¥£μ ±μ·´¥° μÉ ¤¢ÊÌ ¶ · ³¥É·μ¢: ¤²¨´Ò · ¸¸¥Ö´¨Ö a
¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  reff . �μ²ÊÎ¥´´Ò¥ Ê¸²μ¢¨Ö · §·¥Ï¨³μ¸É¨ (18), (22),
(27), (28), (30) ¨ ¤μ¢μ²Ó´μ ¶·μ¸ÉÒ¥ Ëμ·³Ê²Ò (17), (20), (23)Ä(26), (29), (31),
(32) ¶μ§¢μ²ÖÕÉ μ¶·¥¤¥²¨ÉÓ, ¨³¥¥É¸Ö ²¨ ¶·¨ § ¤ ´´ÒÌ §´ Î¥´¨ÖÌ ÔÉ¨Ì ¶ · ³¥-
É·μ¢ ¸¢Ö§ ´´μ¥ ¸μ¸ÉμÖ´¨¥ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ c ³ ²μ° Ô´¥·£¨¥° ¸¢Ö§¨, μÍ¥´¨ÉÓ
ÔÉÊ Ô´¥·£¨Õ ¨ ¢ÒÖ¢¨ÉÓ ¥¥ § ¢¨¸¨³μ¸ÉÓ μÉ É·¥Ì ¶ · ³¥É·μ¢: λ, a ¨ reff .
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‚ · §¤. 3 ¢¶¥·¢Ò¥ ¢Ò¢¥¤¥´Ò ¨ ¨¸¸²¥¤μ¢ ´Ò Ê· ¢´¥´¨Ö (34) ¨ (35), μ¶·¥-
¤¥²ÖÕÐ¨¥ § ¢¨¸¨³μ¸ÉÓ ³ ²ÒÌ ¶μ ³μ¤Ê²Õ §´ Î¥´¨° ¢μ²´μ¢μ£μ Î¨¸²  ·¥§μ-
´ ´¸´μ£μ ¸μ¸ÉμÖ´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ μÉ ¤²¨´Ò · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´μ£μ
· ¤¨Ê¸ . ‚ ·¥§Ê²ÓÉ É¥  ´ ²¨§  ÔÉ¨Ì Ê· ¢´¥´¨° ¢ ¸²ÊÎ ¥ reff = 0 ´ °¤¥´  Ö¢´ Ö
§ ¢¨¸¨³μ¸ÉÓ Î¨¸²  μ±μ²μ¶μ·μ£μ¢ÒÌ ·¥§μ´ ´¸´ÒÌ ¸μ¸ÉμÖ´¨° ¨ · ¸¶·¥¤¥²¥´¨Ö
·¥§μ´ ´¸´ÒÌ Ô´¥·£¨° μÉ §´ Î¥´¨Ö ±¢ ´Éμ¢μ£μ Î¨¸²  λ. Š ± ¡Ò²μ ¶μ± § ´μ,
¶·¨ ²Õ¡μ³ §´ Î¥´¨¨ ¤²¨´Ò · ¸¸¥Ö´¨Ö Î¨¸²μ ·¥§μ´ ´¸´ÒÌ ¸μ¸ÉμÖ´¨° · ¸É¥É
¸ Ê¢¥²¨Î¥´¨¥³ §´ Î¥´¨Ö λ,   · ¸¶·¥¤¥²¥´¨¥ ·¥§μ´ ´¸´ÒÌ Ô´¥·£¨° § ¢¨¸¨É μÉ
§´ ±  ¤²¨´Ò · ¸¸¥Ö´¨Ö. ‘²¥¤Ê¥É μ¦¨¤ ÉÓ, ÎÉμ ÔÉ¨ ¢Ò¢μ¤Ò μ¸É ´ÊÉ¸Ö ¢ ¸¨²¥
¶·¨ Ê¸²μ¢¨¨ |q2

0 areff | � 2, ¶μ§¢μ²ÖÕÐ¥³ ¸Î¨É ÉÓ ¢Éμ·μ¥ ¸² £ ¥³μ¥  ¸¨³¶Éμ-
É¨±¨ (14) ³ ²μ° ¶μ¶· ¢±μ° ± ¥¥ ¶¥·¢μ³Ê ¸² £ ¥³μ³Ê ¶·¨ Ê¸²μ¢¨¨ 0 < |q| � q0.
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