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„¨±Ê¸ · �. „. P5-2014-45
�μ²¨´μ³¨ ²Ó´ Ö  ¶¶·μ±¸¨³ Í¨Ö ¢Ò¸μ±¨Ì ¶μ·Ö¤±μ¢

�·¥¤²μ¦¥´ ´μ¢Ò° ¶μ¤Ìμ¤ ± ¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨ (¸£² ¦¨¢ ´¨Õ)
¢Ò¸μ±¨Ì ¶μ·Ö¤±μ¢, μ¸´μ¢ ´´Ò° ´  ³¥Éμ¤¥ ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢ (Œ�	). Œ�	-
³´μ£μÎ²¥´ ¸É¥¶¥´¨ n μ¶·¥¤¥²Ö¥É¸Ö ¶μ Î¥ÉÒ·¥³ ¡ §¨¸´Ò³ Ô²¥³¥´É ³, § ¤ ´´Ò³
´  É·¥ÌÉμÎ¥Î´μ° ¸¥É±¥ x0 + α < x0 < x0 + β, αβ < 0. �μ²ÊÎ¥´Ò Ëμ·³Ê²Ò
¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ ¶μ²¨´μ³¨ ²Ó´μ° ³μ¤¥²¨ 12-£μ ¶μ·Ö¤± , § ¢¨¸Ö-
Ð¨¥ μÉ ¤²¨´Ò ¨´É¥·¢ ² , ´¥¶·¥·Ò¢´ÒÌ ¶ · ³¥É·μ¢ α, β ¨ §´ Î¥´¨° ¶·μ¨§¢μ¤´ÒÌ
f (m)(x0 + ν), ν = α, β, 0, m = 0,3. �·¨³¥´¥´¨¥ Œ�	-³´μ£μÎ²¥´μ¢ ¢Ò¸μ±¨Ì
¸É¥¶¥´¥° ¤²Ö ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨ ¨ ¸£² ¦¨¢ ´¨Ö ¶μ¢ÒÏ ¥É
Ê¸Éμ°Î¨¢μ¸ÉÓ ¨ ÉμÎ´μ¸ÉÓ ¢ÒÎ¨¸²¥´¨° ¶·¨ Ê¢¥²¨Î¥´¨¨ Ï £  ¸¥É±¨,   É ±¦¥
¶μ´¨¦ ¥É ¢ÒÎ¨¸²¨É¥²Ó´ÊÕ ¸²μ¦´μ¸ÉÓ  ²£μ·¨É³μ¢.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2014

Dikusar N.D. P5-2014-45
Polynomial Approximation of the High Orders

The new approach is proposed to the high orders polynomial approximation
(smoothing), based on the basic elements method (BEM). The nth-degree BEM-
polynomial is expressed in the form of four basic elements, given at a three-point
grid x0 + α < x0 < x0 + β, αβ < 0. Formulae of calculation coefˇcients of
the 12th order polynomial model depending on length of an interval, continuous
parameters α, β and values of derivatives f (m)(x0 + ν), ν = α, β, 0, m = 0.3
are received. Application of the BEM-polynomial of high degrees for piecewise
polynomial approximations (PWA) and smoothing increases stability and accuracy
of calculations at growth of a step of a grid, and downturns computing complexity as
well.

The investigation has been performed at the Laboratory of Infomation Technolo-
gies, JINR.
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‚‚…„…�ˆ…

�·¨¡²¨¦¥´¨¥ ³´μ£μÎ²¥´ ³¨ £² ¤±¨Ì ËÊ´±Í¨°, § ¤ ´´ÒÌ  ´ ²¨É¨Î¥¸±¨
¨²¨ ´ ¡μ· ³¨ ÉμÎ¥± {(xi, yi)}N

i=1 ´  ¶²μ¸±μ¸É¨, Ö¢²Ö¥É¸Ö ±² ¸¸¨Î¥¸±μ° ¶·μ-
¡²¥³μ° ¢ ³ É¥³ É¨±¥. ‡ ¤ Î¨ ¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨, Ô±¸É· ¶μ-
²ÖÍ¨¨ ¨ ¸£² ¦¨¢ ´¨Ö Ï¨·μ±μ ¨¸¶μ²Ó§ÊÕÉ¸Ö ± ± ¢ É¥μ·¥É¨Î¥¸±¨Ì, É ± ¨ ¢
¶·¨±² ¤´ÒÌ ¨¸¸²¥¤μ¢ ´¨ÖÌ ¨ · ¸¸³ É·¨¢ ÕÉ¸Ö ¢ · §²¨Î´ÒÌ  ¸¶¥±É Ì, ¸ · §-
²¨Î´μ° ¸É¥¶¥´ÓÕ £²Ê¡¨´Ò ¢ μ£·μ³´μ³ Î¨¸²¥ ¸É É¥° ¨ ³μ´μ£· Ë¨°. „²Ö  ¶-
¶·μ±¸¨³ Í¨¨ ¨ ¸£² ¦¨¢ ´¨Ö ±·¨¢ÒÌ (¶μ¢¥·Ì´μ¸É¥°) ¸μ ¸²μ¦´Ò³¨ § ¢¨¸¨-
³μ¸ÉÖ³¨, ¨¸± ¦¥´´ÒÌ ¸²ÊÎ °´Ò³¨ μÏ¨¡± ³¨, ´ ¨¡μ²¥¥ Î ¸Éμ ¨¸¶μ²Ó§ÊÕÉ
¸¶² °´Ò, ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´ÊÕ  ¶¶·μ±¸¨³ Í¨Õ (Š��) ¨ ¸·¥¤´¥±¢ ¤· -
É¨Î´ÊÕ ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´ÊÕ  ¶¶·μ±¸¨³ Í¨Õ (‘Š��). ‚ ¦´μ° § ¤ Î¥°
¶·¨ ÔÉμ³ Ö¢²Ö¥É¸Ö ¶μ¢ÒÏ¥´¨¥ ¨Ì ÔËË¥±É¨¢´μ¸É¨.

ˆ¸¶μ²Ó§μ¢ ´¨¥ ³´μ£μÎ²¥´μ¢ ¢Ò¸μ±¨Ì ¸É¥¶¥´¥° Ö¢²Ö¥É¸Ö ¶¥·¸¶¥±É¨¢´Ò³
¢ ¶² ´¥ ¶μ¢ÒÏ¥´¨Ö ÔËË¥±É¨¢´μ¸É¨ ³¥Éμ¤μ¢ Š�� ¨ ‘Š��. •μÉÖ ´  ¶· ±-
É¨±¥ ³´μ£μÎ²¥´Ò ¢Ò¸μ±¨Ì ¸É¥¶¥´¥° ¨¸¶μ²Ó§ÊÕÉ¸Ö ·¥¤±μ ¨§-§  ´¥Ê¸Éμ°Î¨-
¢μ¸É¨ · ¸Î¥Éμ¢ ¨ ¡μ²ÓÏμ° ¢ÒÎ¨¸²¨É¥²Ó´μ° ¸²μ¦´μ¸É¨, ¶μ ÉμÎ´μ¸É¨ ¨ ± -
Î¥¸É¢Ê  ¶¶·μ±¸¨³ Í¨¨ μ´¨ ¤ ÕÉ ³¥´ÓÏÊÕ μ¸É ÉμÎ´ÊÕ ¤¨¸¶¥·¸¨Õ ¨ ¡μ²¥¥
¡²¨§±¨° ·¥§Ê²ÓÉ É ± Ô±¸¶¥·¨³¥´É ²Ó´Ò³ §´ Î¥´¨Ö³. ‚ ´¥¤ ¢´μ ¶·¥¤²μ¦¥´-
´μ³ ³¥Éμ¤¥ ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢ (Œ�	)  ²£¥¡· ¨Î¥¸±¨° ³´μ£μÎ²¥´ ¶·¥μ¡· -
§Ê¥É¸Ö ± Ëμ·³¥ Œ�	-³´μ£μÎ²¥´ , § ¤ ´´μ£μ ´  ²μ± ²Ó´μ° É·¥ÌÉμÎ¥Î´μ° ¸¥É±¥
Δαβ

3 : xα = x0 + α < x0 < x0 + β = xβ , αβ < 0, β > 0, ¢ μ¡Ð¥³ ¸²ÊÎ ¥
´¥· ¢´μ³¥·´μ°.

� §¨¸´Ò¥ ËÊ´±Í¨¨ Œ�	-³´μ£μÎ²¥´  ¢ ¨§¢¥¸É´μ³ ¸³Ò¸²¥ ¨£· ÕÉ ÉÊ ¦¥
·μ²Ó, ÎÉμ ¨ ³´μ£μÎ²¥´Ò —¥¡ÒÏ¥¢  [1] ¢ É¥μ·¨¨ ¶·¨¡²¨¦¥´¨Ö ËÊ´±Í¨°. ‹μ-
£¨Î¥¸±¨ ¡²¨§±¨¥ ± ³μ´μ¸¶² °´ ³ [2], μ´¨ μ¶·¥¤¥²ÖÕÉ¸Ö Î¥·¥§ ¡ §¨¸´Ò¥ Ô²¥-
³¥´ÉÒ Å μ¤´Ê ±Ê¡¨Î¥¸±ÊÕ ¨ É·¨ ±¢ ¤· É¨Î´Ò¥ ¶ · ¡μ²Ò [3]. ŠμÔËË¨-
Í¨¥´ÉÒ Œ�	-³´μ£μÎ²¥´  ¸É¥¶¥´¨ n,  ¶¶·μ±¸¨³¨·ÊÕÐ¥£μ f(x), § ¢¨¸ÖÉ μÉ
´¥¶·¥·Ò¢´ÒÌ ¶ · ³¥É·μ¢ α, β, ¤²¨´Ò ¨´É¥·¢ ²  γ = β − α ¨ §´ Î¥´¨° f (j),
j = 0, �n/3�, ¢ Ê§² Ì ¸¥É±¨ Δαβ

3 [4].
‚ ³¥Éμ¤ Ì ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´μ° ¨²¨ ¸¶² °´μ¢μ°  ¶¶·μ±¸¨³ Í¨¨ ³´μ-

£μÎ²¥´Ò ¢Ò¸μ±¨Ì ¸É¥¶¥´¥° μ¸μ¡¥´´μ ¢Ò£μ¤´Ò, ¶μ¸±μ²Ó±Ê μ´¨ μ¡¥¸¶¥Î¨¢ ÕÉ
²ÊÎÏÊÕ £²μ¡ ²Ó´ÊÕ £² ¤±μ¸ÉÓ §  ¸Î¥É Ê³¥´ÓÏ¥´¨Ö Î¨¸²  Ê§²μ¢ [5, 6].

1



‚ ¤ ´´μ° ¸É ÉÓ¥ ¶μ²ÊÎ¥´Ò ´μ¢Ò¥ Ëμ·³Ê²Ò ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´-
Éμ¢ Œ�	-³´μ£μÎ²¥´μ¢ 11-° ¸É¥¶¥´¨. ˆÌ ÔËË¥±É¨¢´μ¸ÉÓ ¶μ¤É¢¥·¦¤¥´  · ¸Î¥-
É ³¨ ¶·¨ ¸£² ¦¨¢ ´¨¨ Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¨  ¶¶·μ±¸¨³ Í¨¨ É¥¸Éμ¢ÒÌ
ËÊ´±Í¨°, ¢ Éμ³ Î¨¸²¥ ¶ · ³¥É·¨Î¥¸±¨ § ¤ ´´ÒÌ.

‘É ÉÓÖ μ·£ ´¨§μ¢ ´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. ‚ · §¤. 1 ±· É±μ ¨§²μ¦¥´Ò
¸¢μ°¸É¢  ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢ ¨ ±μ´¸É·Ê±Í¨Ö Œ�	-³´μ£μÎ²¥´  [3, 4]. ‚ · §¤. 2
¤ ÕÉ¸Ö ¶· ¢¨²  ¨ Ëμ·³Ê²Ò ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ Œ�	-³´μ£μÎ²¥´μ¢
5-° Ä11-° ¸É¥¶¥´¥° ´  ´¥· ¢´μ³¥·´μ° ¸¥É±¥ Δαβ

3 . ”μ·³Ê²Ò ¤²Ö ±μÔËË¨Í¨-
¥´Éμ¢ di, i = 0,11, ¢ · §²μ¦¥´¨¨ ËÊ´±Í¨¨ f(x) ¶μ ¸É¥¶¥´Ö³ (x − x0) ´ 
· ¢´μ³¥·´μ° ¸¥É±¥ Δh

3 ¶·¨¢¥¤¥´Ò ¢ · §¤. 3. —¨¸²¥´´Ò¥ · ¸Î¥ÉÒ ±μ´±·¥É´ÒÌ
§ ¤ Î ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´μ£μ ¶·¨¡²¨¦¥´¨Ö ËÊ´±Í¨° ¨ ¸£² ¦¨¢ ´¨Ö Ô±¸¶¥-
·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¤ ÕÉ¸Ö ¢ · §¤. 4 ¨ 5. �·¨³¥´¥´¨¥ Œ�	-³´μ£μÎ²¥´μ¢
11-° ¸É¥¶¥´¨ ¤²Ö  ¶¶·μ±¸¨³ Í¨¨ ±·¨¢ÒÌ, § ¤ ´´ÒÌ ¶ · ³¥É·¨Î¥¸±¨, · ¸¸³ -
É·¨¢ ¥É¸Ö ¢ · §¤. 6

1. ��‡ˆ‘�›… �‹…Œ…�’› ˆ Š��‘’�“Š–ˆŸ Œ��-Œ��ƒ�—‹…��

� §¨¸´Ò¥ Ô²¥³¥´ÉÒ w1, w2, w3 ¨ Q § ¢¨¸ÖÉ μÉ ¶¥·¥³¥´´μ° τ ¨ ´¥¶·¥·Ò¢-
´ÒÌ ¶ · ³¥É·μ¢ α, β, ³¥¦¤Ê ±μÉμ·Ò³¨ Ê¸É ´μ¢²¥´  ¢´ÊÉ·¥´´ÖÖ ¸¢Ö§Ó ¸¶¥Í¨-
 ²Ó´Ò³ ¶· ¢¨²μ³ ¸²μ¦´μ£μ μÉ´μÏ¥´¨Ö Î¥ÉÒ·¥Ì ÉμÎ¥± [ξ1ξ2ξ3ξ4] = [13]/[23] :
[34]/[14], [ij] = ξj − ξi, ξj �= ξi. „²Ö Î¥É¢¥·±¨ [ταβ0] ÔÉμ ¶· ¢¨²μ ¶μ·μ¦¤ ¥É
É·¨ ¡ §¨¸´ÒÌ Ô²¥³¥´É  wi, i = 1,3 [3, 4]:

w1 =
−τ(τ − β)

αγ
, w2 =

τ(τ − α)
βγ

, w3 =
(τ − α)(τ − β)

αβ
,

3∑
i=1

wi = 1, γ = β − α. (1.1)

—¥É¢¥·ÉÒ° Ô²¥³¥´É Q = αβτw3 ¶·¥¤¸É ¢²Ö¥É ®§ ´Ê²ÖÕÐÊÕ¯ ±Ê¡¨Î¥¸±ÊÕ
¶ · ¡μ²Ê:

Q = τ(τ − α)(τ − β), τ, α, β ∈ R, αβγ �= 0. (1.2)

�¥·¥³¥´´ Ö τ = x − x0 ¨ ¶ · ³¥É·Ò α = xα − x0, β = xβ − x0 § ¢¨¸ÖÉ μÉ

¶μ²μ¦¥´¨Ö x0 ´  ¸¥É±¥ Δαβ
3 .

� §¨¸´Ò¥ Ô²¥³¥´ÉÒ wi ¨ Q μ¡· §ÊÕÉ ¸É·Ê±ÉÊ·Ê ¸ Î ¸É¨Î´μ° ¸¨³³¥É·¨¥°
μÉ´μ¸¨É¥²Ó´μ ¶¥·¥¸É ´μ¢±¨ α ↔ β: w1 ↔ w2, w3 ↔ w3, Q ↔ Q. ”Ê´±Í¨Ö
Q Ö¢²Ö¥É¸Ö μ¤´μ·μ¤´μ°: Q(μτ, μα, μβ) = μ3Q(τ, α, β),   wi(μτ, μα, μβ) =
wi(τ, α, β), μ �= 0, μ ∈ R, μ¡² ¤ ÕÉ ³ ¸ÏÉ ¡´μ° ¨´¢ ·¨ ´É´μ¸ÉÓÕ.
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Š ± ¶μ± § ´μ ¢ [4],  ²£¥¡· ¨Î¥¸±¨° ³´μ£μÎ²¥´ Pn(x;a) = a0 + a1x +
... + anxn ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ Î¥·¥§ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ bji = Qjwi (±μ³¶μ-
´¥´ÉÒ bj) ¢ ¢¨¤¥

Pn↓m(x, α, β; r) =
m∑

j=0

bT
j rj , m = �n/3� , (1.3)

£¤¥ bj = QjwT = [bj1, bj2, bj3]T , rj = [rjα, rjβ , rj0]T Å ±μÔËË¨Í¨¥´ÉÒ ¨
w = [w1, w2, w3]T . ”Ê´±Í¨¨ bji(τ, α, β), i = 1,3, Ö¢²ÖÕÉ¸Ö ³´μ£μÎ²¥´ ³¨

¸É¥¶¥´¨ 3j +2, j = 0,m, ¸ ´Ê²Ö³¨ ¢ Ê§² Ì ¸¥É±¨ Δαβ
3 , £¤¥ m Å ³ ±¸¨³ ²Ó´ Ö

¸É¥¶¥´Ó Q.
‡ ¶¨Ï¥³ Ê· ¢´¥´¨Ö ²¨´¨°, ¶·μÌμ¤ÖÐ¨Ì Î¥·¥§ É·μ°±¨ ´¥¸μ¢¶ ¤ ÕÐ¨Ì

ÉμÎ¥± ¶²μ¸±μ¸É¨ (xν , rjν), ν = α, β, 0, ¢ ¢¨¤¥ ¸¢¥·É±¨ ¢¥±Éμ·μ¢ w ¨ rj :

Πj(τ, α, β; rj) = wT rj = rjαw1 + rjβw2 + rj0w3, j = 0,m. (1.4)

‚ £¥μ³¥É·¨Î¥¸±μ³ ¸³Ò¸²¥ ÔÉ¨ Ê· ¢´¥´¨Ö, ¢ § ¢¨¸¨³μ¸É¨ μÉ · ¸¶μ²μ¦¥´¨Ö
rjν ´  ¢¥·É¨± ²ÖÌ x = xν , ν = α, β, 0, ¶·¥¤¸É ¢²ÖÕÉ ±¢ ¤· É¨Î´Ò¥ ¶ · ¡μ²Ò,
´ ±²μ´´Ò¥ ¨²¨ £μ·¨§μ´É ²Ó´Ò¥ ¶·Ö³Ò¥. ‘ ÊÎ¥Éμ³ (1.4) Ëμ·³Ê²  (1.3) ¶·¨´¨-
³ ¥É ¢¨¤

Pn↓m(x, α, β; r) =
m∑

j=0

QjΠj , m = �n/3� .

„²¨´  μÉ·¥§±  [xα, xβ ] · ¢´  γ = β−α. �·¨ ¸¤¢¨£¥ x0 ¢ ¶·¥¤¥² Ì [xα, xβ ]
¨§³¥´ÖÕÉ¸Ö §´ Î¥´¨Ö α ¨ β, ±μÉμ·Ò¥ ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨£· ÕÉ ·μ²Ó Ê¶· ¢²ÖÕÐ¨Ì
¶ · ³¥É·μ¢, ¶μ¸±μ²Ó±Ê ¸¤¢¨£ x0 ¶·¨¢μ¤¨É ± ¨§³¥´¥´¨Õ ¡ §¨¸´ÒÌ ËÊ´±Í¨° ¨
Î¨¸²  μ¡Ê¸²μ¢²¥´´μ¸É¨ ´μ·³ ²Ó´μ° ³ É·¨ÍÒ, ¢²¨ÖÕÐ¨Ì ´  ±μ´¥Î´Ò° ·¥§Ê²Ó-

É É [4]. ŠμÔËË¨Í¨¥´ÉÒ rjν ¢ÒÎ¨¸²ÖÕÉ¸Ö Î¥·¥§ α, β ¨ §´ Î¥´¨Ö P
(j)
n (xν ,a),

ν = α, β, 0, j = 0,m.
‹¥£±μ ¢¨¤¥ÉÓ, ÎÉμ ¢ ±μ´¸É·Ê±Í¨¨ Œ�	-³´μ£μÎ²¥´  ´  É·¥ÌÉμÎ¥Î´μ° ¸¥É±¥

¸¨´É¥§¨·μ¢ ´Ò ¸¢μ°¸É¢  ³´μ£μÎ²¥´μ¢ ’¥°²μ·  ¨ ³´μ£μÎ²¥´μ¢ ‹ £· ´¦  ¢Éμ-
·μ° ¸É¥¶¥´¨.

2. ‚›—ˆ‘‹…�ˆ… Š��””ˆ–ˆ…�’�‚ rjν

�¡Ð¥¥ ¶· ¢¨²μ ¤²Ö · ¸Î¥É  ±μÔËË¨Í¨¥´Éμ¢ rjν ¨§²μ¦¥´μ ¢ · ¡μÉ¥ [4].
‚ ¤ ´´μ³ · §¤¥²¥ ¤ ÕÉ¸Ö ¶· ¢¨²  ¢ÒÎ¨¸²¥´¨Ö rjν ¤²Ö Œ�	-³´μ£μÎ²¥´μ¢

n-° ¸É¥¶¥´¨, 3 � n � 11,  ¶¶·μ±¸¨³¨·ÊÕÐ¨Ì ËÊ´±Í¨Õ f(x) ∈ C
(m)
[xα,xβ ],

m = �n/3�.
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’ ¡²¨Í  1

ν w′
1 w′

2 w′
3 w′′

1 w′′
2 w′′

3 Q′ Q′′ Q′′′

α (γ − α)/(αγ) α/βγ −γ/αβ −2/αγ 2/βγ 2/αβ −αγ 4α − 2β 6

β −β/αγ γ + β/βγ γ/αβ −2/αγ 2/βγ 2/αβ βγ 4β − 2α 6

0 β/αγ −α/βγ −(α + β)/αβ −2/αγ 2/βγ 2/αβ αβ −2(α + β) 6

ŠμÔËË¨Í¨¥´ÉÒ Œ�	-³´μ£μÎ²¥´  ¢Éμ·μ° ¸É¥¶¥´¨ f ≈ P2↓0 = bT
0 r0 =

fαw1 + fβw2 + f0w3 · ¢´Ò §´ Î¥´¨Ö³ ËÊ´±Í¨¨ f ¢ Ê§² Ì Δαβ
3 , É. ¥.

r0 ≡ f = [fα, fβ , f0]T .

„²Ö n > 2 ±μ³¶μ´¥´ÉÒ rj ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ f
(j)
ν , Q

(j)
ν ¨ w

(j)
ν , j = 0, m,

ν = α, β, 0. �¥´Ê²¥¢Ò¥ §´ Î¥´¨Ö Q
(j)
ν ¨ w

(j)
ν μ¶·¥¤¥²ÖÕÉ¸Ö Î¥·¥§ ¶ · ³¥É·Ò

α, β ¨ γ [4] (É ¡². 1).

‚ · ¡μÉ¥ [7] ±μÔËË¨Í¨¥´ÉÒ Œ�	-³μ¤¥²¨ Ï¥¸Éμ£μ ¶μ·Ö¤±  f ≈ P5↓1 =
P2↓0 +bT

1 r1 μ¶·¥¤¥²Ö²¨¸Ó Î¥·¥§ α, β ¨ §´ Î¥´¨Ö f , f ′ ¢ Ê§² Ì ¸¥É±¨ Δαβ
3 , ¶·¨

ÔÉμ³ r1ν ´ Ìμ¤¨²¨¸Ó ¨§ Ê¸²μ¢¨° (f − Π0 − QΠ1)′x=xν
= 0:

r1ν = Π1(xν) = [f ′(xν) − Π′
0(xν , α, β; r0)]/Q′(xν , α, β), ν = α, β, 0. (2.1)

�μ¤¸É ´μ¢±μ° xν , α, β ¢ (2.1), ¸ ÊÎ¥Éμ³ (1.1), (1.2) ¨ É ¡². 1, ¶μ²ÊÎ¨³

r1α =H

{
−βf ′

α +
1

αγ
[β(γ − α)fα + α2fβ − γ2f0]

}
,

r1β =H

{
αf ′

β +
1

βγ
[β2fα − α(β + γ)fβ − γ2f0]

}
, (2.2)

r10 =H

{
γf ′

0 +
1

αβ
[−β2fα + α2fβ + γ(α + β)f0]

}
,

£¤¥ H = 1/(αβγ).
�μ  ´ ²μ£¨¨ ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·  r2 Œ�	-³μ¤¥²¨ f ≈ P8↓2 = P5↓1+bT

2 r2

³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¸ ¶μ³μÐÓÕ Ëμ·³Ê²Ò ‹¥°¡´¨Í  ¨§ Ê¸²μ¢¨Ö
(f − Π0 − QΠ1 − Q2Π2)′′x=xν

= 0:

r2ν = Π2(xν) = (f ′′
ν − Π′′

0ν − Q′′
νΠ1ν − 2Q′

νΠ′
1ν)/(2Q

′2
ν ), ν = α, β, 0. (2.3)

� ¸±·Ò¢ Ö ¶· ¢ÊÕ Î ¸ÉÓ (2.3), ¸ ÊÎ¥Éμ³ É ¡². 1 ¨ (1.1), (1.2), ´ Ìμ¤¨³

4



r2α=
1

α2γ2

{
f ′′

α

2!
+H [βfα−αfβ − γf0] +

1
β

[β(γ−α)r1α+α2r1β−γ2r10]
}

,

r2β=
1

β2γ2

{
f ′′

β

2!
+H [βfα−αfβ − γf0] +

1
α

[β2r1α−α(β+γ)r1β−γ2r10]
}

,

r20=
1

α2β2

{
f ′′
0

2!
+H [βfα−αfβ − γf0] +

1
γ

[−β2r1α+α2r1β+γ(α+β)r10]
}

.

(2.4)

”μ·³Ê²Ò ¤²Ö r3ν ³μ¤¥²¨ 12-£μ ¶μ·Ö¤±  f ≈ P11↓3 = P8↓2 + bT
3 r3 μ¶·¥-

¤¥²ÖÕÉ¸Ö ¨§ Ê¸²μ¢¨° (f − Π0 − QΠ1 − Q2Π2 − Q3Π3)′′′x=xν
= 0:

r3ν = Π3(xν ; α, β) =
1

6Q′3
ν

[f ′′′
ν − Q′′′

ν Π1ν−

− 3Q′′
νΠ′

1ν − 3Q′
νΠ

′2
1ν − 6Q′′

νQ′′
νΠ2ν − 6Q

′2
ν Π′

2ν ], ν = α, β, 0. (2.5)

�μ¸²¥ ¶μ¤¸É ´μ¢±¨ xν , α, β ¢ ¶· ¢ÊÕ Î ¸ÉÓ (2.5) ¶μ²ÊÎ¨³ Ëμ·³Ê²Ò ¤²Ö r3ν :

r3α =
1

α3γ3

{−1
3!

fα
′′′ + r1α − 2αγ(γ − α)r2α +

1
β

[βr1α − αr1β − γr10]−

−(γ−α)H [β(γ−α)r1α+α2r1β−γ2r10]+
αγ

β
[β(γ−α)r2α +α2r2β−γ2r20]

}
,

r3β =
1

β3γ3

{ 1
3!

f ′′′
β − r1β − 2βγ(β + γ)r2β +

1
α

[βr1α − αr1β − γr10]+

+(β+γ)H [β2r1α−α(β+γ)r1β−γ2r10]+
βγ

α
[β2r2α−α(β+γ)r2β−γ2r20]

}
,

(2.6)

r30 =
1

α3β3

{ 1
3!

f ′′′
0 − r10 + 2αβ(α + β)r20 +

1
γ

[βr1α − αr1β − γr10]+

+(α+β)H [−β2r1α+α2r1β+γ(α+β)r10]+
αβ

γ
[−β2r2α+α2r2β+γ(α+β)r20]

}
.

�· ¢¨²μ ¢ÒÎ¨¸²¥´¨Ö rjν μ¡μ¡Ð ¥É¸Ö ´  ¸²ÊÎ ° ³´μ£μÎ²¥´μ¢ ¡μ²¥¥ ¢Ò¸μ±μ°
¸É¥¶¥´¨ [4].
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�¡· §Ê¥³ ¢¥±Éμ·Ò v = [β,−α,−γ]T , vα = [β(γ − α), α2,−γ2]T , vβ =
[β2,−α(β + γ),−γ2]T ¨ v0 = [−β2, α2, γ(α + β)]T ¸ ±μ³¶μ´¥´É ³¨, § ¢¨¸Ö-
Ð¨³¨ μÉ ¶ · ³¥É·μ¢ ¸¥É±¨ Δαβ

3 . ‘ ¶μ³μÐÓÕ ¸¢¥·É±¨ rj , j = 0,3, ¸ v ¨ vν ,
ν = α, β, 0, Ëμ·³Ê²Ò (2.2), (2.4) ¨ (2.6) Ê¶·μÐ ÕÉ¸Ö:

r1α =
1

αγ

{
−f ′

α + HvT
αr0

}
,

r1β =
1

βγ

{
f ′

β + HvT
β r0

}
, (2.7)

r10 =
1

αβ

{
f ′
0 + HvT

0 r0

}
.

�μ  ´ ²μ£¨¨ ±μ³¶μ´¥´ÉÒ ¢ r2 (2.4) ¨ r3 (2.6) ¶·¨´¨³ ÕÉ ¡μ²¥¥ ¶·μ¸Éμ° ¢¨¤:

r2α =
1

α2γ2

{
f ′′

α

2!
+ (γ − α)r1α + HvT r0 +

1
β
vT

αr1

}
,

r2β =
1

β2γ2

{
f ′′

β

2!
− (β + γ)r1β + HvT r0 +

1
α

vT
β r1

}
, (2.8)

r20 =
1

α2β2

{
f ′′
0

2!
+ (α + β)r10 + HvT r0 +

1
γ
vT

0 r1

}
,

r3α =
1

α3γ3

{−f ′′′
α

3!
+ r1α − 2αγ(γ − α)r2α+

+
1
β
vT r1 − (γ − α)HvT

αr1 +
αγ

β
vT

αr2

}
,

r3β =
1

β3γ3

{f ′′′
β

3!
− r1β − 2βγ(β + γ)r2β+

+
1
α

vT r1 + (β + γ)HvT
β r1 +

βγ

α
vT

β r2

}
, (2.9)

r30 =
1

α3β3

{f ′′′
0

3!
− r10 + 2αβ(α + β)r20+

+
1
γ
vT r1 + (α + β)HvT

0 r1 +
αβ

γ
vT

0 r2

}
.

�É³¥É¨³, ÎÉμ ¸Ê³³  ±μ³¶μ´¥´É ¢ ± ¦¤μ³ ¢¥±Éμ·¥ v, vα, vβ ¨ v0 · ¢´ 
´Ê²Õ. „²Ö Ê¤μ¡¸É¢  ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·μ¢ v, vν ¨ ³´μ¦¨É¥²¨ ¶·¨ ¸¢¥·É± Ì
vT
∗ r∗ (μ¡μ§´ Î¨³ ¨Ì Î¥·¥§ Aν , Bν , Cν , Dν , Eν , Fν , Gν , ν = α, β, 0) · §³¥¸É¨³

¢ É ¡². 2, 3.
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’ ¡²¨Í  2

ν v vα vβ v0 r0 r1 r2 r3

α β β(γ − α) β2 −β2 fα r1α r2α r3α

β −α α2 −α(β + γ) α2 fβ r1β r2β r3β

0 −γ −γ2 −γ2 γ(α + β) f0 r10 r20 r30

’ ¡²¨Í  3

ν Aν Bν Cν Dν Eν Fν Gν

α αγ γ − α −1 1/β −αγ(γ − α) H(α − γ) αγ/β

β βγ −(β + γ) 1 1/α −βγ(β + γ) H(β + γ) βγ/α

0 αβ α + β 1 1/γ αβ(α + β) H(α + β) αβ/γ

‚ μ¡μ§´ Î¥´¨ÖÌ ¨§ É ¡². 2, 3 Ëμ·³Ê²Ò (2.7)Ä(2.9) § ¶¨ÏÊÉ¸Ö ¢ ¢¨¤¥

r1ν = A−1
ν [

Cνf ′
ν

1!
+ HvT

ν r0], (2.10)

r2ν = A−2
ν [

f ′′
ν

2!
+ Bνr1ν + HvT r0 + DνvT

ν r1], (2.11)

r3ν = A−3
ν [

Cνf ′′′
ν

3!
− Cνr1ν + 2Eνr2ν+ (2.12)

+ DνvT r1 + FνvT
ν r1 + GνvT

ν r2], ν = α, β, 0.

‹¥£±μ § ³¥É¨ÉÓ, ÎÉμ ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·μ¢ rj = rj(r0, r1, . . . , rj−1,

α, β; f (j)
ν ), j = 1,3, ν = α, β, 0, ¢ÒÎ¨¸²ÖÕÉ¸Ö ·¥±Ê·¸¨¢´μ,   ¶·¨ Ê¢¥²¨Î¥´¨¨

¸É¥¶¥´¨ Œ�	-³´μ£μÎ²¥´  ¤μ¸É ÉμÎ´μ ´ °É¨ ±μ³¶μ´¥´ÉÒ Éμ²Ó±μ ¤²Ö ¢¥±Éμ· 
rm+1, É ± ± ± Pn+3↓m+1 = Pn↓m + bm+1rm+1.

—¨¸²μ  ·¨Ë³¥É¨Î¥¸±¨Ì μ¶¥· Í¨° ¤²Ö Ë¨±¸¨·μ¢ ´´ÒÌ α ¨ β ³μ¦´μ Ê³¥´Ó-
Ï¨ÉÓ ¶ÊÉ¥³ É ¡Ê²¨·μ¢ ´¨Ö ±μ³¶μ´¥´É ¢¥±Éμ·μ¢ v, vα, vβ, v0 ¨ ¢¥²¨Î¨´ 1/Aν ,
1/(Aν)2, 1/(Aν)3, Bν , Cν , Dν , E, Fν , Gν , H . ‚ ÔÉμ³ ¸²ÊÎ ¥ ´  ¢ÒÎ¨¸²¥´¨¥
μ¤´μ° ±μ³¶μ´¥´ÉÒ ¢ r1, r2 ¨ r3 ¶μ Ëμ·³Ê² ³ (2.10)Ä(2.12) ¶μ´ ¤μ¡¨É¸Ö ¸μμÉ-
¢¥É¸É¢¥´´μ 8, 18 ¨ 30 μ¶¥· Í¨° ¨²¨ ¢ ¸·¥¤´¥³ 14 ±μ·μÉ±¨Ì μ¶¥· Í¨° ´  μ¤¨´
±μÔËË¨Í¨¥´É.

‡ ³¥Î ´¨¥ 1. ‚ Ëμ·³Ê² Ì (2.10)Ä(2.12) ¶¥·¢Ò¥ ¸² £ ¥³Ò¥ ¢ ±¢ ¤· É´ÒÌ
¸±μ¡± Ì ¸ ÉμÎ´μ¸ÉÓÕ ¤μ §´ ±  · ¢´Ò ±μÔËË¨Í¨¥´É ³ ³´μ£μÎ²¥´  ’¥°²μ· ,
¢ÒÎ¨¸²¥´´Ò³ ¢ Ê§² Ì ¸¥É±¨ Δαβ

3 . ŠμÔËË¨Í¨¥´ÉÒ rjν , j = 0,3, · ¸¶μ²μ¦¥´Ò
´  ²¨´¨ÖÌ x = xν , ν = α, β, 0,   ±μÔËË¨Í¨¥´ÉÒ ’¥°²μ·  Å ´  x = x0.

‡ ¢¨¸¨³μ¸ÉÓ rjν μÉ f
(j)
ν μ¡¥¸¶¥Î¨¢ ¥É £² ¤±μ¸ÉÓ j-£μ ¶μ·Ö¤±  ¢ Ê§² Ì ¸ÉÒ±μ¢±¨

¤²Ö  ²£μ·¨É³μ¢ Š��.
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3. Š��””ˆ–ˆ…�’› Œ��-Œ��ƒ�—‹…�� ‚ ��‡ˆ‘… {(x − x0)i}n
i=0

Œ�	-³´μ£μÎ²¥´ ¸É¥¶¥´¨ n ´  · ¢´μ³¥·´μ° ¸¥É±¥ Δh
3 : x0 − h < x0 <

x0 + h ¶·¨´¨³ ¥É ¢¨¤

Pn↓m(τ ; h; r) =
m∑

j=0

Qj(τ ; h)[w1(τ ; h)rj(−h) + w2(τ ; h)rjh + w3(τ ; h)rj0 ],

m = �n/3� . (3.1)

‘²¥¤ÊÖ É¥μ·¥³¥ μ ¢ÒÎ¨¸²¥´¨¨ ±μÔËË¨Í¨¥´Éμ¢ di (h; f (j)
ν ), i = 0,5, j = 0,1,

ν = −h,h,0, ³´μ£μÎ²¥´  5-° ¸É¥¶¥´¨ [7], ´ °¤¥³ ±μÔËË¨Í¨¥´ÉÒ ¢ · §²μ¦¥-
´¨¨ f(x) ¶μ ¸É¥¶¥´Ö³ (x − x0):

f(x) ≈ Dn↓m(x − x0;d) =
n∑

i=0

di(x − x0)i,

(3.2)
x ∈ [x0 − h, x0 + h], n = 5, 8, 11.

—Éμ¡Ò ¶μ²ÊÎ¨ÉÓ Ëμ·³Ê²Ò ¤²Ö di, i = 0,n, n = 5, 8, 11, ¶μ¤¸É ¢¨³ rjν ¨§ (2.2),
(2.4), (2.6) ¢ ¶· ¢ÊÕ Î ¸ÉÓ (3.1) ¶·¨ α = −h, β = h ¨ ¸μ¡¥·¥³ ³´μ¦¨É¥²¨
¶·¨ (x − x0)i.

‚¢¥¤¥³ μ¡μ§´ Î¥´¨Ö,  ´ ²μ£¨Î´Ò¥ ¶¥·¢Ò³ ¨ ¢Éμ·Ò³ · §´μ¸ÉÖ³ ËÊ´±Í¨°
φ = f (j), j = 0,3, ¢ Ê§² Ì ¸¥É±¨ Δh

3 :

I∇φ = I(φh − φ−h) ¨ ∇2φ(J,K,L) = Jφ−h + Kφ0 + Lφh, (3.3)

£¤¥ φ∓ν = f (j)(x0 ∓ ν), ν = −h,0,h; I, J, K, L ∈ Z.

I, J, K, L ¶μÖ¢²ÖÕÉ¸Ö ¶·¨ ¢ÒÎ¨¸²¥´¨¨ rjν , ν = −h,0,h. ‚ μ¡μ§´ Î¥-
´¨ÖÌ (3.3) Ëμ·³Ê²Ò ¤²Ö di ¢ ³´μ£μÎ²¥´ Ì D5↓1(x − x0;d), D8↓2(x − x0;d) ¨
D11↓3(x − x0;d) ´  ¸¥É±¥ Δh

3 § ¶¨ÏÊÉ¸Ö ¢ ¢¨¤¥

d0 = f0, d1 = f ′
0,

d2 = [∇2f(4,−8, 4)− h∇f ′]/(4h2),

d3 = [5∇f − h∇2f ′(1, 8, 1)]/(4h3), (3.4)

d4 = [∇2f(−2, 4,−2)− h∇f ′]/(4h4),

d5 = [−3∇f + h∇2f ′(1, 4, 1)]/(4h5)
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d0 = f0, d1 = f ′
0, d2 = f ′′

0 /2!,

d3 = [35∇f − h∇2f ′(11, 48, 11) + h2∇f ′′]/(16h3),

d4 = [∇2f(48,−96, 48)− 13h∇f ′ + h2∇2f ′′(1,−24, 1)]/(16h4),

d5 = [−42∇f − h∇2f ′(18, 48, 18)− 2h2∇f ′′]/(16h5), (3.5)

d6 = [−∇2f(64,−128, 64) + 22h∇f ′ − h2∇2f ′′(2,−24, 2)]/(16h6),

d7 = [15∇f − h∇2f ′(7, 16, 7) + h2∇f ′′]/(16h7),

d8 = [∇2f(24,−48, 24)− 9h∇f ′ + h2∇2f ′′(1,−8, 1)]/(16h8)

¨

d0 = f0, d1 = f ′
0, d2 = f ′′

0 /2!, d3 = f ′′′
0 /3!,

d4 = [∇2f(480,−960, 480)− 165h∇f ′ + h2∇2f ′′(21,−192, 21)−
−h3∇f ′′′]/(96h4),

d5 = [693∇f − h∇2f ′(213, 960, 213)+ h224∇f ′′−
−h3∇2f ′′′(1, 64, 1)]/(96h5),

d6 = [∇2f(−320, 640,−320)+ 131h∇f ′ + h2∇2f ′′(−19, 96,−19)+

+h3∇f ′′′]/(32h6),

d7 = [−495∇f + h∇2f ′(175, 640, 175)− h222∇f ′′+

+h3∇2f ′′′(1, 32, 1)]/(32h7), (3.6)

d8 = [∇2f(240,−480, 240)− 105h∇f ′ − h2∇2f ′′(−17, 64,−17)−
−h3∇f ′′′]/(32h8),

d9 = [1155∇f − h∇2f ′(435, 1440, 435)+ h260∇f ′′−
−h3∇2f ′′′(3, 64, 3)]/(96h9),

d10 = [∇2f(−192, 384,−192)+ 87h∇f ′ + h2∇2f ′′(−15, 48,−15)+

+h3∇f ′′′]/(96h10),

d11 = [−315∇f + h∇2f ′(123, 384, 123)− h218∇f ′′+

+h3∇2f ′′′(1, 16, 1)]/(96h11).

”μ·³Ê²Ò (3.4)Ä(3.6) μ¡¥¸¶¥Î¨¢ ÕÉ · ¢´μ³¥·´μ¥ · ¸¶·¥¤¥²¥´¨¥ μÏ¨¡±¨ ε(x) =
|f(x)−Dn↓m(x;d)| ¢ ¶·μ³¥¦ÊÉ±¥ [x0−h, x0+h] ¨ ¨¸¶μ²Ó§ÊÕÉ ´ ³´μ£μ ¡μ²ÓÏ¥
 ·¨Ë³¥É¨Î¥¸±¨Ì μ¶¥· Í¨° ¶μ ¸· ¢´¥´¨Õ ¸ Î¨¸²μ³ μ¶¥· Í¨°, ´¥μ¡Ìμ¤¨³Ò³
¤²Ö ´ Ìμ¦¤¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ ³´μ£μÎ²¥´  ’¥°²μ·  ¸É¥¶¥´¨ n ¢ ÉμÎ±¥ x0.
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�¤´ ±μ μ¡ÐÊÕ ÔËË¥±É¨¢´μ¸ÉÓ · ¸Î¥Éμ¢ ³μ¦´μ Ê¢¥²¨Î¨ÉÓ §  ¸Î¥É ¨¸¶μ²Ó§μ-
¢ ´¨Ö m-£μ ¶μ·Ö¤±  ¶·μ¨§¢μ¤´ÒÌ (m = 3 � 11) ¨ ¢¥²¨Î¨´Ò Ï £  h. �·¨
i � m ±μÔËË¨Í¨¥´ÉÒ di ¸μ¢¶ ¤ ÕÉ ¸ ±μÔËË¨Í¨¥´É ³¨ ’¥°²μ· ,   ¶·¨ i > m

μ´¨ ¢ÒÎ¨¸²ÖÕÉ¸Ö Î¥·¥§ h ¨ f
(j)
ν , ν = −h, h, 0, j = 0,m.

‡ ³¥Î ´¨¥ 2. ‚Ò¡μ· h § ¢¨¸¨É μÉ ¶μ¢¥¤¥´¨Ö f (j), j = 0,m, ´  μÉ·¥§±¥
[x0 − h, x0 + h].

‚ ¸²¥¤ÊÕÐ¨Ì · §¤¥² Ì Ëμ·³Ê²Ò (2.7)Ä(2.9) ¨ (3.3)Ä(3.6) ¶·¨³¥´ÖÕÉ¸Ö
¤²Ö  ¶¶·μ±¸¨³ Í¨¨ ¸²μ¦´ÒÌ ËÊ´±Í¨μ´ ²Ó´ÒÌ § ¢¨¸¨³μ¸É¥° ¨ ¸£² ¦¨¢ ´¨Ö
¤ ´´ÒÌ ¸ μÏ¨¡± ³¨.

4. ‘…ƒŒ…�’�–ˆŸ Š�ˆ‚›•

‚ ÔÉμ³ · §¤¥²¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö  ²£μ·¨É³Ò Š�� ¤²Ö ¶·¨¡²¨¦¥´¨Ö £² ¤±¨Ì
ËÊ´±Í¨° ¨ ‘Š�� [7] ¤²Ö ¸£² ¦¨¢ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ.

�¡μ§´ Î¨³ Î¥·¥§ Nk Î¨¸²μ ¸¥£³¥´Éμ¢,  ¶¶·μ±¸¨³¨·ÊÕÐ¨Ì f ´  ¶μ¸²¥-
¤μ¢ É¥²Ó´μ¸É¨ ²μ± ²Ó´ÒÌ ¸¥Éμ± Δαkβk

3 ⊆ Δ[a,b], k = 1, Nk, £¤¥ Δ[a,b] Å
£²μ¡ ²Ó´ Ö ¸¥É± , a = x1 < x2 < ... < xJ = b, J = 2Nk + 1, ¶·¨Î¥³ ¢ Ê§² Ì
¸ÉÒ±μ¢±¨ αk ≡ βk−1, k > 1.

�²£μ·¨É³ Š	�. �²£μ·¨É³ ¸¥£³¥´É Í¨¨ £² ¤±μ° ËÊ´±Í¨¨ f Œ�	-³´μ£μ-
Î²¥´ ³¨ ´  ¸¥É±¥ Δ[a,b] ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ ÔÉ ¶μ¢.

I. ‚ÒÎ¨¸²¥´¨¥ f
(j)
i = f (j)(xi), j = 0,3, ¢ Ê§² Ì xi, i = 1,Ni, Ni � 3.

II. ‚ÒÎ¨¸²¥´¨¥ {rjν}k, ν = αk, βk, 0k, j = 0,3, ¶μ Ëμ·³Ê² ³ (2.7)Ä(2.9)
¨²¨ dk, k = 1, Nk, ¶μ Ëμ·³Ê² ³ (3.3)Ä(3.6) ¤²Ö Nk ¸¥£³¥´Éμ¢ ¸ ¨¸¶μ²Ó§μ-

¢ ´¨¥³ É·μ¥± {f (j)
1 , f

(j)
2 , f

(j)
3 }, {f (j)

3 , f
(j)
4 , f

(j)
5 }, . . . , {f (j)

Ni−2, f
(j)
Ni−1, f

(j)
Ni

},
¶μ¸Î¨É ´´ÒÌ ¢ Ê§² Ì ²μ± ²Ó´ÒÌ ¸¥Éμ± Δαkβk

3 : x0k
+ αk < x0k

< x0k
+ βk

¶·¨ Ê¸²μ¢¨ÖÌ x0k
+ αk ≡ x0k−1 + βk−1.

‡ ³¥Î ´¨¥ 3. �¥¶·¥·Ò¢´μ¸ÉÓ ¨ £² ¤±μ¸ÉÓ ¢ Ê§² Ì ®¸±²¥°±¨¯ ¸μ¸¥¤´¨Ì

¸¥£³¥´Éμ¢ £ · ´É¨·ÊÕÉ¸Ö Ê¸²μ¢¨Ö³¨ xαk
≡ xβk−1 ¨ f

(j)
αk ≡ f

(j)
βk−1

. ‡´ Î¥-

´¨Ö f
(j)
ν ³μ¦´μ ´ Ìμ¤¨ÉÓ Î¨¸²¥´´μ ¶μ ¤μ¶μ²´¨É¥²Ó´Ò³ ÉμÎ± ³ ¢ ´¥¡μ²ÓÏ¨Ì

μ±·¥¸É´μ¸ÉÖÌ Ê§²μ¢ £²μ¡ ²Ó´μ° ¸¥É±¨. ˆ§¢¥¸É´μ, ÎÉμ ´ ·Ö¤Ê ¸ ¶μ·Ö¤±μ³ ¨ ± -
Î¥¸É¢μ³  ¶¶·μ±¸¨³ Í¨¨ ¤²¨´  ¶·μ³¥¦ÊÉ±  γ = β−α, ´  ±μÉμ·μ³ ³´μ£μÎ²¥´
 ¶¶·μ±¸¨³¨·Ê¥É f , Ö¢²Ö¥É¸Ö ´ ¨¡μ²¥¥ ±·¨É¨Î¥¸±¨³ ¶ · ³¥É·μ³ ¢ ¸Éμ¨³μ-
¸É¨ ¢ÒÎ¨¸²¥´¨° ³¥Éμ¤μ¢ Š��. �² £μ¤ ·Ö ÔÉμ³Ê ¢ § ¤ Î Ì, £¤¥ ´¥ É·¥¡Ê¥É¸Ö
¢Ò¸μ± Ö ÉμÎ´μ¸ÉÓ, ÔËË¥±É¨¢´μ¸ÉÓ  ¶¶·μ±¸¨³ Í¨¨ ³μ¦´μ ¶μ¢Ò¸¨ÉÓ §  ¸Î¥É
Ê¢¥²¨Î¥´¨Ö ¤²¨´Ò ¶·μ³¥¦ÊÉ±  γ.

�·¨³¥· 1. �·¨³¥´¨³  ²£μ·¨É³ Š�� ¤²Ö ¶·¨¡²¨¦¥´¨Ö ËÊ´±Í¨¨ �Ê´£¥

f(x) = 1/(1 + 25x2), x ∈ [−1, 1], (4.1)

³´μ£μÎ²¥´ ³¨ ’¥°²μ·  11-° ¸É¥¶¥´¨ Å T11(x − x0;c) ¨ D11↓3(x − x0;d).
‡ ³¥É¨³, ÎÉμ ¢ ¶·¨¡²¨¦¥´¨¨ f ≈ D11↓3(x − x0;d) ¨¸¶μ²Ó§ÊÕÉ¸Ö §´ Î¥´¨Ö
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�¨¸. 1. �·¨¡²¨¦¥´¨¥ ËÊ´±Í¨¨ �Ê´£¥. �Ï¨¡±¨ εD(x, h, f
(j)
ν ) ¨ εT (x, f

(i)
0 ) ¤²Ö h = 0,01

¨ 0,31

f (j), j = 0,3, ¢ É·¥Ì Ê§² Ì,   ¢ f ≈ T11(x − x0;c) Å §´ Î¥´¨Ö f (i), i = 0,11,
Éμ²Ó±μ ¢ μ¤´μ³ Ê§²¥ x0.

‘¤¥² ¥³ ¸· ¢´¥´¨¥ ¶μ ÉμÎ´μ¸É¨ ¶·¨¡²¨¦¥´¨Ö ËÊ´±Í¨¨ (4.1) ³´μ£μÎ²¥-
´ ³¨ D11↓3(x;d) ¨ T11(x; c) ´  μÉ·¥§±¥ [x0 − h, x0 + h] ¶·¨ ¤¢ÊÌ §´ Î¥´¨ÖÌ
Ï £  h = 0,01 ¨ 0,31.

Œμ¤Ê²¨ μÏ¨¡μ±  ¶¶·μ±¸¨³ Í¨¨ ¤²Ö D11↓3 ¨ T11 ¸μμÉ¢¥É¸É¢¥´´μ · ¢´Ò
εD11(x) = |f(x) − D11↓3(x;d)| ¨ εT11(x) = |f(x) − T11(x; c)|, x ∈ [x−h, xh].
• · ±É¥· ¶μ¢¥¤¥´¨Ö ¨ ³ ±¸¨³ ²Ó´μ¥ §´ Î¥´¨¥ μÏ¨¡±¨ εD11(x) § ¢¨¸ÖÉ μÉ h

¨ f (j)(x), j = 0,3,   εT11 = εT11(x, f
(i)
0 ), i = 0,11.

�  ·¨¸. 1, ¡ ¶μ± § ´Ò  ¶¶·μ±¸¨³ ´ÉÒ f̂ ≈ D11↓3(x;d), f̂ ≈ T3(x; c) ¨

f̂ ≈ T11(x; c), x ∈ [−0,31, 0,31]. ƒ· Ë¨±¨ log εD(x) ¨ log εT (x) ¶·¨¢¥¤¥´Ò
´  ·¨¸. 1,  , ¢. �·¨ ³ ²μ³ Ï £¥ h = 0,01 μÏ¨¡±  εT11(x) ³¥´ÓÏ¥ εD11(x) ´ 
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20 ¶μ·Ö¤±μ¢ (·¨¸. 1,  ) ¶μÎÉ¨ ´  ¢¸¥³ ¨´É¥·¢ ²¥. �·¨ h = 0,31 ¢ μ±·¥¸É´μ¸É¨
Ê§²  x0 = 0 εT11(x) < εD11(x) ²¨ÏÓ ´  É·¥ÉÓ ¤²¨´Ò ¨´É¥·¢ ² ,   ´  μ¸É ²Ó´μ°
Î ¸É¨ ¶·μ³¥¦ÊÉ±  εT11(x) 
 εD11(x) (·¨¸. 1, ¢). ‡´ Î¥´¨Ö μÏ¨¡±¨ εD ´ 
³ ²μ³ μÉ·¥§±¥ [−0,01, 0,01] ´ Ìμ¤ÖÉ¸Ö ³¥¦¤Ê 10−20 ¨ 10−10 (·¨¸. 1,  ), ÎÉμ
¢¶μ²´¥ ¤μ¸É ÉμÎ´μ ¤²Ö ·¥Ï¥´¨Ö ¶· ±É¨Î¥¸±¨Ì § ¤ Î.

� ¸¸³μÉ·¨³ Š�� ËÊ´±Í¨¨ �Ê´£¥ (·¨¸. 2) ´  £²μ¡ ²Ó´μ° · ¢´μ³¥·´μ°
¸¥É±¥ Δ[a,b] : a = −1 < −0,5 < 0 < 0,5 < 1 = b ¤¢Ê³Ö ¸¥£³¥´É ³¨ Sk ¸
μ¤´¨³ ¸ÉÒ±μ¢μÎ´Ò³ Ê§²μ³ ¨ ²μ± ²Ó´Ò³¨ ¸¥É± ³¨ x0k − h < x0k

< x0k
+ h,

k = 1,2. �·¨ §´ Î¥´¨ÖÌ x01 = −0,5 ¨ x02 = 0,5 ±μÔËË¨Í¨¥´ÉÒ d1 ¨ d2

±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ ´ÉÒ

f̂(x) =

{
D11↓3(x + 0,5;d1), −1 � x � 0,

D11↓3(x − 0,5;d2), 0 � x � 1

¢ÒÎ¨¸²Ö²¨¸Ó ¶μ Ëμ·³Ê² ³ (3.6) (· ¸Î¥ÉÒ ¢Ò¶μ²´¥´Ò ¸ 15 ¤¥¸ÖÉ¨Î´Ò³¨ §´ -
± ³¨): d1 = [0,13793, 0,47564, 1,16446, 2,37529,−0,15232, 4,93819,
86,80537, 63,82163, 494,79481, 615,36684, 692,39091, 1013,76627]T ,
d2 = [0,13793,−0,47561, 1,16446, −2,37529, −0,15922, −4,92424, 86,87115,
−63,96608, −495,00570, 615,85497, 692,62389, −1014,32412]T .

�  £· Ë¨± Ì μÏ¨¡μ± ε(j) = log |f (j) − f̂ (j)|, j = 0,3, ´ ¡²Õ¤ ¥É¸Ö 3-°
¶μ·Ö¤μ± £² ¤±μ¸É¨ f̂(x) ¢ Ê§²¥ ¸ÉÒ±μ¢±¨ ¨ £² ¤±μ¸ÉÓ 11-£μ ¶μ·Ö¤±  ¢´ÊÉ·¨
£· ´¨Í ²μ± ²Ó´ÒÌ ¸¥Éμ± (·¨¸. 2).

Œ ±¸¨³ ²Ó´Ò¥ μÏ¨¡±¨ |f − f̂ |max < 10−5 ¨ |f ′ − f̂ ′|max < 10−3,
x ∈ [−1, 1]. �¤´ ±μ ¶·¨ Ê¢¥²¨Î¥´¨¨ Î¨¸²  ¸¥£³¥´Éμ¢ μ´¨ § ³¥É´μ Ê¡Ò¢ ÕÉ.

�¨¸. 2. ‘¥£³¥´É Í¨Ö ËÊ´±Í¨¨ �Ê´£¥ ¤¢Ê³Ö Œ�	-³´μ£μÎ²¥´ ³¨ 11-° ¸É¥¶¥´¨
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� ¶·¨³¥·, ´  £²μ¡ ²Ó´μ° ¸¥É±¥ ¸ É·¨´ ¤Í ÉÓÕ Ê§² ³¨ (k = 6, h = 0,165),
§´ Î¥´¨Ö μÏ¨¡μ± |f (j) − f̂ (j)|, j = 0, 2, Š�� ËÊ´±Í¨¨ �Ê´£¥ (4.1) ´ Ìμ¤ÖÉ¸Ö
´  Ê·μ¢´ÖÌ 10−15, 10−10 ¨ 10−5 ¸μμÉ¢¥É¸É¢¥´´μ.

�·¨³¥· 2. � ¸¸³μÉ·¨³ ±·¨¢ÊÕ f(x) = F (x,y∗), x ∈ [−1,2, 2], · ¸¶μ²μ-
¦¥´´ÊÕ ¢ ¶²μ¸±μ¸É¨ y∗ = 0,35 ¨ ´  ¶μ¢¥·Ì´μ¸É¨, § ¤ ´´μ° Ê· ¢´¥´¨¥³ [8]

F (x,y) = 0,75 exp (−[(9x − 2)2 + (9y − 2)2]/4)+

+ 0,75 exp[−(9x + 1)2/49 − (9y + 1)2/10] + 0,5 exp [−(9x − 7)2+

+ (9y − 3)2]/4 − 0,2 exp [−(9x − 4)2 − (9y − 7)2], x, y ∈ [−1,2, 2]. (4.2)

‚ Ê§² Ì £²μ¡ ²Ó´μ° ¸¥É±¨ Δab : a = −1,2 < −0,7 < −0,15 < 0,35 <

0,9 < 1,4 < 2 = b ¢ÒÎ¨¸²¨³ f
(j)
i , i = 1,7, j = 0,3, ¨ § ¤ ¤¨³ ¶ · ³¥É·Ò É·¥Ì

²μ± ²Ó´ÒÌ ¸¥Éμ± x01 = −0,7, x02 = 0,35, x03 = 1,4, αk = −0,5, βk = 0,55,

k = 1,3. ˆ¸¶μ²Ó§ÊÖ  ²£μ·¨É³ Š�� ¨ ³μ¤¥²Ó Sk =
3∑

j=0

bT
j r̂jk , k = 1,3,

¶μ²ÊÎ¨³ ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´ÊÕ  ¶¶·μ±¸¨³ ´ÉÊ f̂(x) (·¨¸. 3), ¶·¨¢¥¤¥´´ÊÕ
± ¸É ´¤ ·É´μ³Ê ¢¨¤Ê:

f̂(x) ≈

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S1(x) = 0,32921 + 1,7080x + 0,32921 + 2,9485x2−
−24,328x3 − 167,04x4 − 499,15x5 − 896,36x6 − 1044,2x7−
−797,62x8 − 386,65x9 − 108,07x10 − 13,278x11, −1,2 � x � −0,15;
S2(x) = 0,33303 + 1,7960x + 3,9088x2 − 14,934x3−
−76,407x4 + 49,281x5 + 592,43x6 − 432,83x7−
−2214,3x8 + 4402,9x9 −−3088,5x10 + 776,65x11, −0,15 � x � 0,9;
S3(x) = 5325,2 − 44414x + 1,6575105x2 − 3,6565 105x3+
+5,3026105x4 − 5,3142105x5 + 3,7589105x6 − 1,8783 105x7+
65033x8 − 14868x9 + 2021,3x10 − 123,86x11, 0,9 � x � 2.

‘¥£³¥´ÉÒ S
(j)
k , j = 0,4, ¨ μÏ¨¡±¨ ε = log |f − f̂ | ´  ·¨¸. 3 ¶μ± § ´Ò

¸¶²μÏ´Ò³¨ ²¨´¨Ö³¨. ƒ· Ë¨±¨ f (j), j = 0,3, μÉ³¥Î¥´Ò ÉμÎ± ³¨. � §·Ò¢Ò ¢
Ê§² Ì ¸ÉÒ±μ¢±¨ § ³¥É´Ò Éμ²Ó±μ ¤²Ö Î¥É¢¥·Éμ° ¶·μ¨§¢μ¤´μ° f̂ (4)(x) (·¨¸. 3, ¢).
Œ ±¸¨³ ²Ó´Ò¥ μÏ¨¡±¨ ´  ²μ± ²Ó´ÒÌ ¸¥É± Ì ¸μ¸É ¢¨²¨: εmax < 10−8,
x ∈ [−1,2, −0,15], εmax < 10−4, x ∈ [−0,15, 0,9], ¨ εmax < 10−7, x ∈ [0,9, 2].

�  £²μ¡ ²Ó´μ° · ¢´μ³¥·´μ° ¸¥É±¥ ¸ É·¨´ ¤Í ÉÓÕ Ê§² ³¨, ¨§ ±μÉμ·ÒÌ

¶ÖÉÓ ¸ÉÒ±μ¢μÎ´Ò¥, ± Î¥¸É¢μ Š�� f(x) ¸¥£³¥´É ³¨ S
(j)
k (x), x ∈ [−1,5, 1,5],

k = 1,6, ¸ Ï £μ³ h = 0,25 § ³¥É´μ Ê²ÊÎÏ ¥É¸Ö,   μÏ¨¡±¨ Ê³¥´ÓÏ ÕÉ¸Ö
(·¨¸. 4). �¶¶·μ±¸¨³ ´ÉÒ f̂ (j)(x) ´¥¶·¥·Ò¢´Ò ¢ Ê§² Ì ®¸±²¥°±¨¯ ¸¥£³¥´Éμ¢

S
(j)
k (x) ¤²Ö j = 0,3,   ³¥¦¤Ê ¸ÉÒ±μ¢μÎ´Ò³¨ Ê§² ³¨ j = 0,11. �Í¥´±  f̂ (4)(x)

¶μ± § ´  ¶Ê´±É¨·μ³ (·¨¸. 4, ¡).
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�¨¸. 3. Š�� f(x) É·¥³Ö Œ�	-³´μ£μÎ²¥´ ³¨ 11-° ¸É¥¶¥´¨

�¨¸. 4. ‘¥£³¥´É Í¨Ö f(x) ´  · ¢´μ³¥·´μ° ¸¥É±¥, h = 0,25 ( ). ‘¥£³¥´ÉÒ S
(j)
k (x),

j = 1,4, ¶·¨¢¥¤¥´Ò ± μ¡Ð¥³Ê ³ ¸ÏÉ ¡Ê (¡). �Ï¨¡±¨ ε
(j)
k = log |f (j) − S

(j)
k |, j = 0,3,

k = 1,6 (¢)

‡ ³¥Î ´¨¥ 4. �·¨¡²¨¦¥´¨Ö ³´μ£μÎ²¥´ ³¨ 5-° ¨²¨ 8-° ¸É¥¶¥´¨ ¸ ±μÔË-
Ë¨Í¨¥´É ³¨ (3.4)Ä(3.6) ¨¸¶μ²Ó§ÊÕÉ · §²¨Î´Ò¥ ¶μ·Ö¤±¨ ¶·μ¨§¢μ¤´ÒÌ  ¶¶·μ±-
¸¨³¨·Ê¥³μ° ËÊ´±Í¨¨. � ¶·¨³¥·, ¢ (3.4) ¡¥·¥É¸Ö Éμ²Ó±μ ¶¥·¢ Ö ¶·μ¨§¢μ¤´ Ö,
  ¢ (3.5) Å ¶¥·¢ Ö ¨ ¢Éμ· Ö. …¸²¨ ¢ (3.5) ¨²¨ (3.6) ¢§ÖÉÓ Éμ²Ó±μ Ï¥¸ÉÓ ¶¥·¢ÒÌ
±μÔËË¨Í¨¥´Éμ¢, Éμ ¶μ²ÊÎ¨³  ¶¶·μ±¸¨³¨·ÊÕÐ¨¥ ³´μ£μÎ²¥´Ò ¶ÖÉμ° ¸É¥¶¥´¨,
¢ ±μÉμ·ÒÌ ¨¸¶μ²Ó§Ê¥É¸Ö 2-° ¨²¨ 3-° ¶μ·Ö¤μ± ¶·μ¨§¢μ¤´ÒÌ.

5. ‘ƒ‹�†ˆ‚��ˆ… Œ��-Œ��ƒ�—‹…��Œˆ ‚›‘�Šˆ• ‘’…	…�…‰

Œ´μ£μÎ²¥´Ò ¢Ò¸μ±¨Ì ¸É¥¶¥´¥° ·¥¤±μ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö ¸£² ¦¨¢ ´¨Ö Ô±¸-
¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ´¥ Éμ²Ó±μ ¶μ ¶·¨Î¨´¥ ¡μ²ÓÏμ° ¢ÒÎ¨¸²¨É¥²Ó´μ°
¸²μ¦´μ¸É¨, ´μ ¨ ¨§-§  ¶²μÌμ° μ¡Ê¸²μ¢²¥´´μ¸É¨ ´μ·³ ²Ó´μ° ³ É·¨ÍÒ. Š ±
¶· ¢¨²μ, ¶·μ¡²¥³  μ¡Ê¸²μ¢²¥´´μ¸É¨ Ê¸É· ´Ö¥É¸Ö ¸ ¶μ³μÐÓÕ ³´μ£μÎ²¥´μ¢ —¥-
¡ÒÏ¥¢  ¨²¨ μ·Éμ£μ´ ²¨§ Í¨¥°,   ¢ Œ�	 ÔÉ  § ¤ Î  ·¥Ï ¥É¸Ö ¸ ¶μ³μÐÓÕ Ê¶· -
¢²ÖÕÐ¨Ì ¶ · ³¥É·μ¢ [4]. �¨¦¥ ´  ¶·¨³¥· Ì ¸£² ¦¨¢ ´¨Ö ¸³μ¤¥²¨·μ¢ ´´ÒÌ ¨
·¥ ²Ó´ÒÌ ¤ ´´ÒÌ ¶μ± § ´  ÔËË¥±É¨¢´μ¸ÉÓ ¨¸¶μ²Ó§μ¢ ´¨Ö Œ�	-³´μ£μÎ²¥´μ¢
11-° ¸É¥¶¥´¨ ¢  ²£μ·¨É³¥ ‘Š�� [7].
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�·¨³¥· 3. ‡¤¥¸Ó ¸· ¢´¨¢ ÕÉ¸Ö ·¥§Ê²ÓÉ ÉÒ ¸£² ¦¨¢ ´¨Ö 12-£μ ¶μ·Ö¤± 
μ¤´μ£μ ¨ Éμ£μ ¦¥ ´ ¡μ·  ¤ ´´ÒÌ  ²£μ·¨É³μ³ ‘Š�� ¨ ¶·μÍ¥¤Ê·μ° Least-
Squares (. . . ) ¨§ ¶ ±¥É  Maple. �  ¢Ìμ¤ μ¡¥¨Ì ¶·μÍ¥¤Ê· ¶μ¸ÉÊ¶ ²  ¢Ò¡μ·± 

¨§ 250 ÉμÎ¥± S :
{
(xif̃i)

}250

i=1
, xi ∈ [1,25, 1,5], f̃i = f(xi) + e(xi), ¢§ÖÉÒÌ ´ 

±·¨¢μ° f(x) = 1 + exp
(
−(x − 1,3)2/2

/
(0,005 + 0,025(x − 1,3))2

)
, ³μ¤¥²¨-

·ÊÕÐ¥° Ëμ·³Ê ¸¨£´ ²  ¸ μÏ¨¡± ³¨ e(x) ∼ N(0, σ), σ = 0,25 (·¨¸. 5,  ).

�  ¢ÒÌμ¤¥ ¶μ²ÊÎ¥´Ò μÍ¥´±¨ ±μÔËË¨Í¨¥´Éμ¢ ³´μ£μÎ²¥´μ¢ f̂Œ�	 =
3∑

j=0

bT
j r̂j

¨ f̂Œ�Š =
11∑

i=0

ĉi(x − x0)i, £¤¥ ĉi ¢ÒÎ¨¸²Ö²¨¸Ó ¶·μÍ¥¤Ê·μ° LeastSquares (. . . ).

„²Ö μ¡· ¡μÉ±¨ ¤ ´´ÒÌ ¢Ò¡μ·±¨ S ¨¸¶μ²Ó§μ¢ ²¸Ö Éμ²Ó±μ μ¤¨´ ¸¥£³¥´É. � -
· ³¥É·Ò ¸¥É±¨ Δαβ

3 ¢Ò¡¨· ²¨¸Ó ¸ ÊÎ¥Éμ³ Ëμ·³Ò ¸¨£´ ²  É ±, ÎÉμ¡Ò μ¶μ·´ Ö
ÉμÎ±  (x0, r̂00) ¶μ¶ ²  ¢ §μ´Ê ¶¨± : x0 = 1,3, α = −0,025, β = 0,05. „²Ö
¶μ´¨¦¥´¨Ö · §³¥·´μ¸É¨ ´μ·³ ²Ó´μ° ³ É·¨ÍÒ ¤ ´´Ò¥ ³μ¤¨Ë¨Í¨·μ¢ ²¨¸Ó ±

¢¨¤Ê
{

ũi = f̃i − bT
0 (τi, α, β)r̂0

}250

i=1
, £¤¥ ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·  r̂0 μ¶·¥¤¥²Ö²¨¸Ó

¶μ μ·¤¨´ É ³, ¡²¨¦ °Ï¨³ ± ²¨´¨Ö³ xα = 1,275, x0 = 1,3 ¨ xβ = 1,35 (¢Ò-

¤¥²¥´Ò ´  ·¨¸. 5,  ), ¢ ¢¨¤¥ r̂0j =
( l=7∑

l=−7

f̃ν+l

)
/15, ν = α, 0, β. �μ¸²¥ ÔÉμ£μ

¨§ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò ´μ·³ ²Ó´ÒÌ Ê· ¢´¥´¨°

∂

∂r̂ jk

250∑
i=1

⎛
⎝ũi −

3∑
j=1

3∑
k=1

bjkir̂jk

⎞
⎠

2

= 0, bjki = Qj(τi, α, β)wk(τi, α, β), (5.1)

´ Ìμ¤¨²¨¸Ó ±μ³¶μ´¥´ÉÒ r̂j . ‘ ÊÎ¥Éμ³ r̂0 ¶μ²ÊÎ¨²¨ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ ³´μ-

£μÎ²¥´  f̂Œ�	:

r̂0 =

⎡
⎣ 1, 000000262

1, 971915932
1, 0

⎤
⎦

T

, r̂1 =

⎡
⎣ −191699, 7190

−18603, 11047
23710, 66570

⎤
⎦ ,

r̂2 =

⎡
⎣ 4, 018285975 · 1010

−3, 636786824 · 109

−3, 257221024 · 109

⎤
⎦ , r̂3 =

⎡
⎣ −2, 323141997 · 1015

−5, 643944450 · 1014

−1, 208708445 · 1015

⎤
⎦ .

ƒ²μ¡ ²Ó´Ò¥ μÉ´μ¸¨É¥²Ó´Ò¥ μÏ¨¡±¨ ρe =
(

250∑
i=1

(f̃i − f̂i)2
/

250∑
i=1

f̃2
i

)1/2

¤²Ö

f̂Œ�	 ¨ f̂Œ�Š ¸μμÉ¢¥É¸É¢¥´´μ · ¢´Ò 0,2309264152 ¨ 0,3735155987. Œμ¤Ê²¨ ´¥-

¢Ö§μ±
∣∣∣f − f̂MHK

∣∣∣, ∣∣∣f − f̂Œ�	

∣∣∣ ¨ ±·¨¢Ò¥ f̂Œ�	, f̂Œ�Š ¶μ± § ´Ò

´  ·¨¸. 5,  , ¡, ¶·¨Î¥³ max
∣∣∣f − f̂Œ�	

∣∣∣ = 0,219 < max
∣∣∣f − f̂MHK

∣∣∣ = 0,293.
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�¨¸. 5. ‘· ¢´¥´¨¥ ·¥§Ê²ÓÉ Éμ¢ ¸£² ¦¨¢ ´¨° 12-£μ ¶μ·Ö¤±  Œ�	 ¨ Œ�Š (Maple)

�É´μ¸¨É¥²Ó´ Ö μÏ¨¡±  ¤²Ö f̂Œ�	 ¢ ÉμÎ±¥ x0 = 1,3 ¸μ¸É ¢¨²  1,5 %,   ¤²Ö
f̂Œ�Š Å 29 %.

�μ²¥¥ ¢Ò¸μ± Ö ÉμÎ´μ¸ÉÓ f̂Œ�	 ¶μ²ÊÎ¥´  §  ¸Î¥É ¢Ò¡μ·  ¶μ¤Ìμ¤ÖÐ¨Ì §´ Î¥-
´¨° ¶ · ³¥É·μ¢ x0, α ¨ β, μ¡¥¸¶¥Î¨¢ ÕÐ¨Ì ¶·¨¢Ö§±Ê ± ¤ ´´Ò³, ¨Ì É· ´¸Ëμ·-
³ Í¨¨,   É ±¦¥ §  ¸Î¥É ¶μ´¨¦¥´¨Ö ´  É·¨ · §³¥·´μ¸É¨ ´μ·³ ²Ó´μ° ³ É·¨ÍÒ.

�·¨³¥· 4. �  ¶μ¢¥·Ì´μ¸É¨ ®³¥±¸¨± ´¸±μ° Ï²Ö¶Ò¯ Ω(x,y) =
sin (
√

x2 + y2) ¶·¨ y = 0,2 ¢Ò¤¥²¨³ ±·¨¢ÊÕ f(x), x ∈ [−6,2, 6,2], ¨
®μÍ¨Ë·Ê¥³¯ ¥¥ ¸ Ï £μ³ h = 0,124: {f̃i = Ω(xi, 0,2)+e(xi)}N

i=1, ei ∼ N(0, σ),
σ = 0,25, N = 100 (·¨¸. 6,  ).

�¥§Ê²ÓÉ ÉÒ ¸£² ¦¨¢ ´¨Ö ÔÉ¨Ì ¤ ´´ÒÌ ¶·μÍ¥¤Ê·μ° LeastSquares (. . . ) ¨
 ²£μ·¨É³μ³ ‘Š�� (Œ�	-³´μ£μÎ²¥´, n = 11, m = 3, x0 = 0,3, α = −6,
β = 5,8) ¶μ± § ´Ò ´  ·¨¸. 6. Š·¨¢Ò¥ ·¥£·¥¸¸¨¨ f̂Œ�	(x), f̂Œ�Š(x) ¨ ³μ-
¤Ê²¨ ´¥¢Ö§μ± ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 6, ¡. ƒ²μ¡ ²Ó´Ò¥ μÉ´μ¸¨É¥²Ó´Ò¥ μÏ¨¡±¨
ρe ¸μ¸É ¢¨²¨ 1,637849 (f̂Œ�	) ¨ 5,608348 (f̂Œ�Š).

�¨¸. 6. ‘£² ¦¨¢ ´¨¥ ±·¨¢μ° ´  ®³¥±¸¨± ´¸±μ° Ï²Ö¶¥¯
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�·¨³¥· 5. ‡¤¥¸Ó ¸É·μÖÉ¸Ö ±·¨¢Ò¥ ·¥£·¥¸¸¨¨ ¶μ²´μ£μ ¸¥Î¥´¨Ö ¤²Ö π−p-
¢§ ¨³μ¤¥°¸É¢¨Ö ¶μ ¤ ´´Ò³, ¢§ÖÉÒ³ ¨§ ®…¢·μ¶¥°¸±μ£μ Ë¨§¨Î¥¸±μ£μ ¦Ê·´ -
² ¯ [9] ¨ ¶·¥¤¸É ¢²¥´´Ò³ ¢Ò¡μ·±μ° {xi, S̃i}N

i=1, N = 277, ´  μÉ·¥§±¥
1 � xi � 6 ¸ Ï £μ³ h = 5/277.

Š·¨¢ Ö ·¥£·¥¸¸¨¨ f̂Œ�Š 12-£μ ¶μ·Ö¤± , ¶μ²ÊÎ¥´´ Ö ¶·μÍ¥¤Ê·μ° Least-
Squares (. . . ), ¶²μÌμ ¶·¨¡²¨¦ ¥É ¤ ´´Ò¥ (·¨¸. 7,  ). �  ·¨¸. 7, ¡ ¶μ± § ´ ·¥-
§Ê²ÓÉ É ¸£² ¦¨¢ ´¨Ö É·¥³Ö ¸¥£³¥´É ³¨ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ Œ�	-³μ¤¥²¨
(¸³. (1.3)). �¥£·¥¸¸¨μ´´ Ö ±·¨¢ Ö f̂Œ�	 ≡ f̂(x) ¨Ð¥É¸Ö ´  É·¥Ì ²μ± ²Ó´ÒÌ
¸¥É± Ì ¢ Ëμ·³¥ ±Ê¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´μ° ËÊ´±Í¨¨

f̂(x) =

⎧⎨
⎩

f̂1(x), x01 + α1 � x � x01 + β1,

f̂2(x), x01 + β1 � x � x02 + β2,

f̂3(x), x02 + β2 � x � x03 + β3.

� ¸Î¥É 36 ±μÔËË¨Í¨¥´Éμ¢ f̂(x) ¢  ²£μ·¨É³¥ ‘Š�� ¸μ¸Éμ¨É ¨§ ¶ÖÉ¨ ÔÉ ¶μ¢ [7].
�  ¶¥·¢μ³ ÔÉ ¶¥ ¶μ¤¡¨· ÕÉ¸Ö ¶ · ³¥É·Ò ¸£² ¦¨¢ ´¨Ö αk, x0k

, βk, ¶μ-
¸²¥ Î¥£μ ¢Ò¡μ·±  · §¤¥²Ö¥É¸Ö ´  Î ¸É¨ {S̃i}277

i=1 = {S̃1
i1}

87
i1=1 ∪ {S̃2

i2}
180
i2=87 ∪

�¨¸. 7. ŠÊ¸μÎ´μ-¶μ²¨´μ³¨ ²Ó´μ¥ ¸£² ¦¨¢ ´¨¥ Ö¤¥·´ÒÌ ¤ ´´ÒÌ
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{S̃3
i3}277

i3=180 ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ · §¡¨¥´¨¥³ μÉ·¥§±  ´  É·¨ ²μ± ²Ó´Ò¥ ¸¥É±¨
[xαk

<x0k
<xβk

], k = 1,3 : [1,01805<1,70698<2,55836], [2,55836<3,40975<
4,24308], [4,24308<5,11252<5,96390] c ¶ · ³¥É· ³¨ [α1, β1] = [−0,688929,
0,851384], [α2, β2] = [−0,851384, 0,833333] ¨ [α3, β3] = [−0,887485, 0,851384].

�  ¢Éμ·μ³ ¨ É·¥ÉÓ¥³ ÔÉ ¶ Ì ¢ÒÎ¨¸²ÖÕÉ¸Ö ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·μ¢ r̂0k
,

k = 1,3, ¶μ ¸·¥¤´¨³ §´ Î¥´¨Ö³ É·¥Ì ÉμÎ¥± ¨§ ¢Ò¡μ·±¨ {S̃i}, ¡²¨¦ °Ï¨Ì ±
²¨´¨Ö³ x = xνk

+ νk, νk = αk, x0k
, βk (·¨¸. 7, ¡), ¨ ¢Ò¶μ²´Ö¥É¸Ö ¶·¥μ¡· §μ-

¢ ´¨¥ ¤ ´´ÒÌ {ũk
ik
} = {S̃k

ik
− bT

0k
(τik

, αk, βk)r0k
}, £¤¥ ik Å ¨´¤¥±¸Ò ÉμÎ¥± ¢

k-° ¢Ò¡μ·±¥.
�  Î¥É¢¥·Éμ³ ¨ ¶ÖÉμ³ ÔÉ ¶ Ì μ¶·¥¤¥²ÖÕÉ¸Ö ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·μ¢ r̂jk ,

j = 1,3, k = 1,3, ¢ ¢¨¤¥ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò ´μ·³ ²Ó´ÒÌ Ê· ¢´¥´¨° (5.1) ¤²Ö
± ¦¤μ£μ ¸¥£³¥´É . ‚ ·¥§Ê²ÓÉ É¥ f̂Œ�	(x) ¢Ò· ¦ ¥É¸Ö É·¥³Ö ³´μ£μÎ²¥´ ³¨ 11-°
¸É¥¶¥´¨ (·¨¸. 7, ¡):

f̂Œ�	(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

3∑
j=0

bT
j1rj1 1,00000 � x � 2,55836,

3∑
j=0

bT
j2rj2 2,55836 � x � 4,24308,

3∑
j=0

bT
j3rj3 4,24308 � x � 6,00000

¸ ±μÔËË¨Í¨¥´É ³¨, · ¢´Ò³¨ ±μ³¶μ´¥´É ³ ¢¥±Éμ·μ¢ r̂jk , j = 1,3, k = 1,3:

r̂01 = [4,782333, 11,346667, 25,066667]T ,

r̂02 = [25,066667, 12,739333, 11,911667]T ,

r̂03 = [11,911667, 6,810000, 3,370000]T ,

r̂11 = [140,721302, 2,375055, 1,910167]T ,

r̂12 = [2,845255,−9,862379,−11,262746]T ,

r̂13 = [14,415348, 2,5980403, 6,474845]T ,

r̂21 = [1350,804291,−22,662990,−122,655007]T ,

r̂22 = [243,603729,−91,328014,−24,481095]T ,

r̂23 = [−194,710897, 3,669323,−10,696837]T ,

r̂31 = [−3658,247263, 1867,768143,−3254,874348]T ,

r̂32 = [−737,141991,−373,552365,−241,171716]T ,

r̂33 = [619,800047, 147,046146, 89,643245]T .

�Í¥´±  £²μ¡ ²Ó´μ° μÉ´μ¸¨É¥²Ó´μ° μÏ¨¡±¨ ¢ ÔÉμ³ ¶·¨³¥·¥ ¸μ¸É ¢¨²  ρe =
0,406366367.
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’ ¡²¨Í  4

� · ³¥É·Ò
¸¥É±¨ ¨
¢¥±Éμ·Ò

f̂1(x) f̂2(x) f̂3(x)

Δαkβk
3

1,04950 < 1,48680 <
< 2,36964

2,36964 < 3,25248 <
< 4,08581

4,08581 < 5,01815 <
< 5,90099

αk, βk −0,43729, 0,88284 −0,88284, 0,83333 −1,17987, 0,88284

r̂0k

[2,04408, 1,24378,
0,69672]T

[0,69672, 1,30191,
1,32295]T

[1,32295, 0,40737,
1,83698]T

r̂1k

[12,05011, 0,91478,
11,4726]T

[−326,12377,−8,45814,
27,30369]T

[1272,84988, 300,67546,
934,75017]T

r̂2k

[3,12796, −3,13380,
5,83214]T

[−49,92454, 27,04271,
1,66094]T

[201,72791, 100,65795,
−16,69193]T

r̂3k

[6,77837, −1,76352,
−2,76480]T

[−11,79781, 10,86427,
4,24216]T

[13,23296, 49,64309,
7,46546]T

�  ·¨¸. 7, ¢ ¶μ± § ´Ò ·¥§Ê²ÓÉ ÉÒ ¸£² ¦¨¢ ´¨Ö  ²£μ·¨É³μ³ ‘Š�� ¢Ò-
¡μ·±¨ {f̃i}N

i=1, N = 100, ¶·¥¤¸É ¢²ÖÕÐ¥° Ë· £³¥´É ¤ ´´ÒÌ ¸¥Î¥´¨Ö ¤²Ö
·¥ ±Í¨¨ (n, γ) ´  U238 ¢ ·¥§μ´ ´¸´μ° μ¡² ¸É¨, ¢§ÖÉÒÌ ¨§ Nuclear Data from
TENDEL 2009. �¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ ±μ³¶μ´¥´É r̂jk , j = 0,3, ¤²Ö f̂k(x), Ê§²Ò
¸¥Éμ± x0k

+ αk < x0k
< x0k

+ βk ¨ §´ Î¥´¨Ö αk, βk, k = 1,3, ¶·¨¢¥¤¥´Ò ¢
É ¡². 4. ƒ²μ¡ ²Ó´ Ö μÉ´μ¸¨É¥²Ó´ Ö μÏ¨¡±  ρe = 0,05943.

6. �		��Š‘ˆŒ�–ˆŸ ˆ ‘ƒ‹�†ˆ‚��ˆ… 	���Œ…’�ˆ—…‘Šˆ
‡�„���›• Š�ˆ‚›•

�·μ¡²¥³  ¸¥£³¥´É Í¨¨ ±·¨¢ÒÌ ¨ ±μ´ÉÊ·μ¢  ±ÉÊ ²Ó´  ¢ Ï¨·μ±μ³ ¸¶¥±É·¥
¸μ¢·¥³¥´´ÒÌ É¥Ì´μ²μ£¨° ¨ ¶·¨±² ¤´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. ‚ ¸²¥¤ÊÕÐ¨Ì ¶·¨³¥-
· Ì Œ�	-³´μ£μÎ²¥´Ò 11-° ¸É¥¶¥´¨ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö  ¶¶·μ±¸¨³ Í¨¨ ¨ ¸£² -
¦¨¢ ´¨Ö ±·¨¢ÒÌ, § ¤ ´´ÒÌ ¶ · ³¥É·¨Î¥¸±¨.

�·¨³¥· 6. �Ê¸ÉÓ Ô²²¨¶¸ C(x,y) § ¤ ´ ¶ · ³¥É·¨Î¥¸±¨ ¸ Í¥´É·μ³ xc = 3,
yc = 2:

x(t) = xc + 3 sin (t − 1), y(t) = yc − 4 cos (t + 1.5), −π � t � π.

„²Ö ¶·¨¡²¨¦¥´¨Ö x(t) ¨ y(t) ´  · ¢´μ³¥·´μ° ¸¥É±¥ −h < 0 < h, h =

3,14, ¨¸¶μ²Ó§μ¢ ²¨¸Ó Œ�	-³´μ£μÎ²¥´Ò xD(t) ≈
11∑

i=0

dxi(h; x(j)
ν )ti, yD(t) ≈

11∑
i=0

dyi(h; y(j)
ν )ti ¸ ±μÔËË¨Í¨¥´É ³¨ (3.6) ¨ ³´μ£μÎ²¥´Ò ’¥°²μ·  xT (t) ≈
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11∑
i=0

x
(i)
0 /i!ti, yT (t) ≈

11∑
i=0

y
(i)
0 /i!ti. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¥´Ò ¤¢¥ ¶ ·Ò  ¶¶·μ±¸¨-

³¨·ÊÕÐ¨Ì ³´μ£μÎ²¥´μ¢ ¤²Ö −3,14 � t � 3,14:

x̂D(t) = 0,475587 + 1,620907t + 1,262206t2 − 0,270151t3 − 0,105144t4+

+ 0,013506t5 + 0,003490t6 − 0,000321t7 − 0,000060t8+

+ 4,336881 · 10−5t9 + 5,137758 · 10−7t10 − 3,146310 · 10−8t11,

ŷD(t) = 1,717051 + 3,989980t + 0,141474t2 − 0,664997t3 − 0,011785t4+

+ 0,033245t5 + 0,000391t6 − 0,000790t7 − 6,729836 · 10−5t8+

+ 1,067555 · 10−5t9 + 5,758656 · 10−8t10 − 7,744870 · 10−8t11

¨

x̂T (t) = 0,475587 + 1,620907t + 1,262206t2 − 0,270151t3 − 0,105184t4+

+ 0,013508t5 + 0,003506t6 − 3,216085 · 10−3t7 − 6,260945 · 10−4t8+

+ 4,466785 · 10−5t9 + 6,956605 · 10−7t10 + 4,060714 · 10−8t11,

ŷT (t) = 1,717051 + 3,989980t + 0,141474t2 − 0,664997t3 − 0,011790t4+

+ 0,033250t5 + 0,000393t6 − 0,000792t7 − 7,017580 · 10−5t8+

+ 4,466785 · 10−5t9 + 7,797311 · 10−8t10 + 9,995741 · 10−8t11.

ƒ· Ë¨±¨ Ô²²¨¶¸μ¢ ĈD(x̂D, ŷD), ĈT (x̂T , ŷT ) ¨ μÉ±²μ´¥´¨° ĈT μÉ ĈD ¶·¨-
¢¥¤¥´Ò ´  ·¨¸. 8,  . ‘²¥¢  ¢¢¥·ÌÊ ¨§μ¡· ¦¥´ £· Ë¨± μÏ¨¡μ± εD = ε(εx, εy),
£¤¥ εx = |x(t) − x̂D(t)|, εy = |y(t) − ŷD(t)|.

�·¨³¥· ¶·¨¡²¨¦¥´¨Ö Ô¶¨Í¨±²μ¨¤Ò C(x,y) Å ®É·¨²¨¸É´¨± ¯ Å x(t) =
5/3 sin (2t/3)−2 sin (t/3), y(t) = 5/3 cos (2t/3)+2 cos (t/3), t ∈ [−10,10],
¤¥³μ´¸É·¨·Ê¥É¸Ö ´  ·¨¸.8, ¡, ¢. ŠμÔËË¨Í¨¥´ÉÒ dx ¨ dy  ¶¶·μ±¸¨³¨·ÊÕÐ¨Ì
³´μ£μÎ²¥´μ¢ x̂D(t, h;dx), ŷD(t, h;dy) ¨ x̂T (t), ŷT (t) ¢ÒÎ¨¸²Ö²¨¸Ó ¶μ Ëμ·³Ê-
² ³ (3.6) ´  · ¢´μ³¥·´μ° É·¥ÌÉμÎ¥Î´μ° ¸¥É±¥ −h < 0 < h, h = 8 (·¨¸. 8, ¢).

Œ´μ£μÎ²¥´Ò x̂D ¨ ŷD ¶·¨¡²¨¦ ÕÉ x(t) ¨ y(t) ´  ¢¸¥³ μÉ·¥§±¥ ¸ Ìμ·μÏ¥°
ÉμÎ´μ¸ÉÓÕ (·¨¸. 8, ¡, ¢), ´¥¸³μÉ·Ö ´  ¨¸¶μ²Ó§μ¢ ´¨¥ ¶·μ¨§¢μ¤´ÒÌ Éμ²Ó±μ ¤μ
É·¥ÉÓ¥£μ ¶μ·Ö¤±  ¨ ¡μ²ÓÏμ° Ï £ (h = 10), Éμ£¤  ± ± x̂T (t) ¨ ŷT (t) § ³¥É´μ
μÉÌμ¤ÖÉ μÉ x(t) ¨ y(t) (·¨¸. 8, ¢). ‚ ·¥§Ê²ÓÉ É¥ Éμ²Ó±μ ¢ Í¥´É· ²Ó´μ° Î ¸É¨
±·¨¢μ° ĈT (x̂T , ŷT ) Ìμ·μÏμ ¶·¨¡²¨¦ ¥É C(x,y) (·¨¸. 8, ¡). “³¥´ÓÏ ÉÓ μÏ¨¡±Ê
 ¶¶·μ±¸¨³ ´ÉÒ ĈT ³μ¦´μ §  ¸Î¥É Ê¢¥²¨Î¥´¨Ö ¸É¥¶¥´¨ ³´μ£μÎ²¥´  T (t).

�·¨³¥· 7. �  ·¨¸. 9 ¶μ± § ´Ò ·¥§Ê²ÓÉ ÉÒ ¸£² ¦¨¢ ´¨Ö ¶ · ³¥É·¨Î¥¸±¨
§ ¤ ´´ÒÌ ±·¨¢ÒÌ C(x(t), y(t)) ³´μ£μÎ²¥´ ³¨ (1.3) ¶μ ¢Ò¡μ·± ³ ÉμÎ¥± {x̃i =
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�¨¸. 8. �·¨¡²¨¦¥´¨¥ Ô²²¨¶¸  ¨ ®É·¨²¨¸É´¨± ¯ ³´μ£μÎ²¥´ ³¨ D11(t, h) ¨ T11(t)

x(ti) + exi , ỹi = y(ti) + eyi}N
i=1, £¤¥ ex ∼ N(0, σx), ey ∼ N(0, σy). ‚Ò¡μ·±¨

{x̃i}N
i=1 ¨ {ỹi}N

i=1, N = 900, ¶μ²ÊÎ¥´Ò ¨§ Ê· ¢´¥´¨° £¨¶μÍ¨±²μ¨¤Ò C(x, y)

x = a(1 − b) sin (bt) − c sin (t − bt),
(6.1)

y = a(1 − b) cos (bt) + c cos (t − bt)

¤μ¡ ¢²¥´¨¥³ ´μ·³ ²Ó´μ · ¸¶·¥¤¥²¥´´ÒÌ ¨ ´¥§ ¢¨¸¨³ÒÌ ¸²ÊÎ °´ÒÌ μÏ¨¡μ±
ex ¨ ey, σx = σy = 0,25. ’μÎ±¨ (x̃i, ỹi), α � ti � β · ¸¸¥Ö´Ò ¢μ±·Ê£ ±·¨¢μ°
(¶Ê´±É¨· ´  ·¨¸. 9,  ) ¸ ¶ · ³¥É· ³¨ a = 4, b = 1/4, c = 3. �μ¸²¥ ¸£² -
¦¨¢ ´¨Ö {x̃i}N

i=1 ¨ {ỹi}N
i=1  ²£μ·¨É³μ³ ‘Š�� ¶μ²ÊÎ¥´Ò ¤¢¥ ·¥£·¥¸¸¨μ´´Ò¥

±·¨¢Ò¥ 12-£μ ¶μ·Ö¤±  x̂(t) ¨ ŷ(t), t ∈ [−12,45, 12,45]:

x̂(t) = −0,1211335902−1,404279746t+0,01637611276t2+0,1840720496t3−
−0,0006436321170t4 − 0,004804451173t5 + 0,00001030453999t6+
+0,00005129331182t7 − 7,084598192 · 10−8t8 − 2,500561110 · 10−7t9+
+1,73053745 · 10−10t10 + 4,651895966 · 10−10t11;

ŷ(t) = 5,968094887+0,0185927286t−0,8479801909t2−0,001126504403t3+
0,03114786858t4 + 0,00002349527171t5− 0,0004400727080t6−
−2,126049481 · 10−7t7 + 0,000002623312693t8 + 8,767328787 · 10−10t9−
−5,636638760 · 10−9t10 − 1,3770214 · 10−12t11.

Š·¨¢Ò¥ Ĉ(x̂,ŷ) ¨ C(x,y) ¨§μ¡· ¦¥´Ò ´  ·¨¸. 9, ¡. ‚´¨§Ê ¸¶· ¢  ¶μ± § ´Ò
μ¸É É±¨ resi = (x̃i− x̂i, ỹi− ŷi), ¸²¥¢  Å μÏ¨¡±¨ εi = (xi− x̂i, yi− ŷi). ‡ ³¥É-
´μ¥ μÉ±²μ´¥´¨¥ Ĉ μÉ C ¢¡²¨§¨ ÉμÎ±¨ (0,−5) (·¨¸. 9, ¡) μ¡ÑÖ¸´Ö¥É¸Ö ¶μ·Ö¤±μ³
³μ¤¥²¨ ¸£² ¦¨¢ ´¨Ö, ¨ ¤²Ö Ê¸É· ´¥´¨Ö É ±μ° μÏ¨¡±¨ ´ ¤μ Ê¢¥²¨Î¨¢ ÉÓ ¸É¥-
¶¥´Ó x̂(t) ¨ ŷ(t) ¨²¨ ¨¸¶μ²Ó§μ¢ ÉÓ Š��.
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�¨¸. 9. ‘£² ¦¨¢ ´¨¥ £¨¶μÍ¨±²μ¨¤Ò ³´μ£μÎ²¥´ ³¨ D11↓3(x,α, β; r)

�  ·¨¸. 9, ¢ ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ ¸·¥¤´¥±¢ ¤· É¨Î´μ° Œ�	- ¶¶·μ-
±¸¨³ Í¨¨ 12-£μ ¶μ·Ö¤±  ¶μ ¢Ò¡μ·± ³ {x̃i}700

i=1 ¨ {ỹi}700
i=1, σx = σy = 0,15,

¶μ²ÊÎ¥´´Ò³ ´  ±·¨¢μ° (6.1) ¶·¨ a = 4, b = 1/4, c = 2, ¸ ¶ · ³¥É· ³¨
Œ�	-¸£² ¦¨¢ ´¨Ö α = −12,3, β = 12,2, x0 = 0.

‡�Š‹
—…�ˆ…

�·¥¤²μ¦¥´ ´μ¢Ò° ¶μ¤Ìμ¤ ± ·¥Ï¥´¨Õ § ¤ Î ¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨-
³ Í¨¨ £² ¤±¨Ì ËÊ´±Í¨° ¨ ¸£² ¦¨¢ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ Œ�	-
³´μ£μÎ²¥´ ³¨ ¢Ò¸μ±¨Ì ¸É¥¶¥´¥°. ‡  ¸Î¥É ¢´ÊÉ·¥´´¥° ¸¢Ö§¨ ´¥§ ¢¨¸¨³μ° ¶¥-
·¥³¥´´μ° ¸ ¶ · ³¥É· ³¨ ¢ ±μ´¸É·Ê±Í¨¨ Œ�	-³´μ£μÎ²¥´μ¢ ¸¨´É¥§¨·μ¢ ´Ò
¸¢μ°¸É¢  ³´μ£μÎ²¥´μ¢ ’¥°²μ·  ¢ Ê§² Ì É·¥ÌÉμÎ¥Î´μ° ¸¥É±¨ ¨ ³´μ£μÎ²¥´μ¢
‹ £· ´¦  ¢Éμ·μ° ¸É¥¶¥´¨. Œ�	-³´μ£μÎ²¥´Ò μ¡² ¤ ÕÉ ·Ö¤μ³ ¸¢μ°¸É¢,  ´ ²μ-
£¨Î´ÒÌ ¸¢μ°¸É¢ ³ ³´μ£μÎ²¥´μ¢ —¥¡ÒÏ¥¢ .

‚ · ³± Ì ³¥Éμ¤  ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢ [4] ¶μ²ÊÎ¥´Ò ´μ¢Ò¥ Ëμ·³Ê²Ò ¤²Ö
· ¸Î¥É  ±μÔËË¨Í¨¥´Éμ¢ ³´μ£μÎ²¥´μ¢ ¢Ò¸μ±¨Ì ¸É¥¶¥´¥° ´  ´¥· ¢´μ³¥·´μ°
É·¥ÌÉμÎ¥Î´μ° ¸¥É±¥.

ŠμÔËË¨Í¨¥´ÉÒ Œ�	-³´μ£μÎ²¥´  n-° ¸É¥¶¥´¨,  ¶¶·μ±¸¨³¨·ÊÕÐ¥£μ ´¥-
¶·¥·Ò¢´ÊÕ ËÊ´±Í¨Õ f , ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ Ê§²μ¢Ò³ §´ Î¥´¨Ö³ ¶·μ¨§¢μ¤´ÒÌ ¸
³ ±¸¨³ ²Ó´Ò³ ¶μ·Ö¤±μ³ m = �n/3� ¨ ¶μ ´¥¶·¥·Ò¢´Ò³ ¶ · ³¥É· ³ ¸¥É±¨
α, β ¨ x0, ¢Ò¡μ· ±μÉμ·ÒÌ ¢²¨Ö¥É ´  ÉμÎ´μ¸ÉÓ ¨ Ê¸Éμ°Î¨¢μ¸ÉÓ · ¸Î¥Éμ¢.
‚ ¸²ÊÎ ¥ ¸·¥¤´¥±¢ ¤· É¨Î´μ°  ¶¶·μ±¸¨³ Í¨¨ α ¨ β Ö¢²ÖÕÉ¸Ö ¶ · ³¥É· ³¨
¸£² ¦¨¢ ´¨Ö. ‚¢¥¤¥´¨¥ Ê¶· ¢²ÖÕÐ¨Ì ¶ · ³¥É·μ¢ ¢ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ · ¸Ï¨-
·Ö¥É £· ´¨ÍÒ ¶·¨³¥´¥´¨Ö ±² ¸¸¨Î¥¸±¨Ì ³¥Éμ¤μ¢  ¶¶·μ±¸¨³ Í¨¨ ¨ ¶μ§¢μ²Ö¥É
·¥Ï ÉÓ ³´μ£¨¥ § ¤ Î¨ ¢ ·¥¦¨³¥ ·¥ ²Ó´μ£μ ¢·¥³¥´¨.

�μ²ÊÎ¥´Ò ´μ¢Ò¥ Ëμ·³Ê²Ò ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ Œ�	-³´μ£μÎ²¥´μ¢, ¶·¥¤-
¸É ¢²ÖÕÐ¨Ì ËÊ´±Í¨Õ f(x) ∈ C(3) ¥¥ · §²μ¦¥´¨¥³ ¶μ ¸É¥¶¥´Ö³ (x − x0) ´ 

22



μÉ·¥§±¥ [x0 − h, x0 + h]. �μ ¸· ¢´¥´¨Õ ¸ ³´μ£μÎ²¥´μ³ ’¥°²μ·  11-° ¸É¥¶¥´¨,
ÔÉ¨ Ëμ·³Ê²Ò ¨¸¶μ²Ó§ÊÕÉ ³¥´ÓÏ¨° ¶μ·Ö¤μ± ¶·μ¨§¢μ¤´ÒÌ, m = 3 � 11, ¨
§ ¢¨¸ÖÉ μÉ Ï £  · ¢´μ³¥·´μ° É·¥ÌÉμÎ¥Î´μ° ¸¥É±¨ x0 −h < x0 < x0 +h. �·μ-
¢¥·±  Ëμ·³Ê² μ¸ÊÐ¥¸É¢²¥´  · ¸Î¥É ³¨ ¸ ¶μ³μÐÓÕ  ²£μ·¨É³μ¢ Š�� ¨ CŠ��.

	ËË¥±É¨¢´μ¸ÉÓ · ¸Î¥Éμ¢ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ Œ�	-³´μ£μÎ²¥´μ¢ ¢Ò¸μ±μ°
¸É¥¶¥´¨ ¶μ¤É¢¥·¦¤¥´  ´¥É·¨¢¨ ²Ó´Ò³¨ ¶·¨³¥· ³¨ ·¥Ï¥´¨Ö § ¤ Î  ¶¶·μ±¸¨-
³ Í¨¨ £² ¤±¨Ì ËÊ´±Í¨° ¨ ¸£² ¦¨¢ ´¨Ö Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ,   É ±¦¥
¸· ¢´¥´¨¥³ ¸  ´ ²μ£¨Î´Ò³¨ ·¥§Ê²ÓÉ É ³¨, ¶μ²ÊÎ¥´´Ò³¨ ¶·μÍ¥¤Ê·μ° Least-
Squares (. . . ) ¨§ ¶ ±¥É  Maple.

Œ�	 ¨ Ëμ·³Ê²Ò ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ ¤²Ö Œ�	-³´μ£μÎ²¥´μ¢ ³μ-
£ÊÉ ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´Ò ¢ ± Î¥¸É¢¥ ¨´¸É·Ê³¥´É  ¤²Ö ·¥Ï¥´¨Ö § ¤ Î ¶·¨±² ¤´μ°
³ É¥³ É¨±¨ ¢ É¥μ·¥É¨Î¥¸±¨Ì ¨¸¸²¥¤μ¢ ´¨ÖÌ,   É ±¦¥ ¤²Ö ·¥Ï¥´¨Ö ¶· ±É¨Î¥-
¸±¨Ì § ¤ Î ¢ Ï¨·μ±μ³ ¸¶¥±É·¥ ´ ÊÎ´ÒÌ ¨ É¥Ì´¨Î¥¸±¨Ì · §· ¡μÉμ±.
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