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„¢Ê³¥·´μ¥ ±Ê²μ´μ¢¸±μ¥ · ¸¸¥Ö´¨¥ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ.
‚μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¨ ËÊ´±Í¨¨ ƒ·¨´ 

�·¥¤¶μ² £ ¥É¸Ö, ÎÉμ § ·Ö¦¥´´ Ö ±¢ ´Éμ¢ Ö Î ¸É¨Í  ¤¢¨¦¥É¸Ö ¢ ¤¢Ê³¥·´μ°
¶²μ¸±μ¸É¨ É·¥Ì³¥·´μ£μ ±μμ·¤¨´ É´μ£μ ¶·μ¸É· ´¸É¢  ¨ · ¸¸¥¨¢ ¥É¸Ö ´¥¶μ¤¢¨¦-
´Ò³ ±Ê²μ´μ¢¸±¨³ Í¥´É·μ³, ²¥¦ Ð¨³ ¢ Éμ° ¦¥ ¶²μ¸±μ¸É¨. ˆ¸¸²¥¤ÊÕÉ¸Ö ¢μ²´μ¢ Ö
ËÊ´±Í¨Ö É ±μ° Î ¸É¨ÍÒ, ËÊ´±Í¨Ö ƒ·¨´  ¨ ¢¸¥ · ¤¨ ²Ó´Ò¥ ±μ³¶μ´¥´ÉÒ ÔÉ¨Ì
ËÊ´±Í¨°. „²Ö ³μ¤Ê²¥° É ±¨Ì ±μ³¶μ´¥´É ¢Ò¢¥¤¥´Ò · ¢´μ³¥·´Ò¥ ³ ¦μ· ´É´Ò¥
μÍ¥´±¨. � °¤¥´Ò ¶·¥¤¸É ¢²¥´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ Î¥·¥§ ·¥£Ê²Ö·´Ò¥ · ¤¨ ²Ó-
´Ò¥ ËÊ´±Í¨¨ ŠÊ²μ´  ¨ ¶·¥¤¸É ¢²¥´¨¥  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö Î¥·¥§ ¶ ·Í¨ ²Ó´Ò¥
Ë §Ò. �μ²ÊÎ¥´Ò ¨´É¥£· ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ËÊ´±Í¨¨ ƒ·¨´  ¨ ¢¸¥Ì ¥¥ · ¤¨ ²Ó-
´ÒÌ ±μ³¶μ´¥´É.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¨³. �.�. �μ£μ-
²Õ¡μ¢  �ˆŸˆ.
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Two-Dimensional Coulomb Scattering of a Quantum Particle.
The Wave Functions and Green Functions

By assumption, a charged quantum particle moves in the two-dimensional plane
of the three-dimensional conˇguration space and is scattered by the ˇxed Coulomb
center lying in the same plane. The wave function of this particle, the Green function
and all radial components of these functions are studied. For the modules of these
components the uniform major bounds are derived. The representation of the wave
function in terms of the regular radial Coulomb functions and the representation of
the scattering amplitude in terms of the partial phase shifts are found. For the Green
function and its radial components the integral representations are obtained.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.
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‚‚…„…�ˆ…

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ¡Ê·´μ · §¢¨¢ ¥É¸Ö É¥μ·¥É¨Î¥¸± Ö ¨ Ô±¸¶¥·¨³¥´É ²Ó´ Ö
Ë¨§¨±  Ê²ÓÉ· Ìμ²μ¤´ÒÌ £ §μ¢ ¢ ³ £´¨Éμμ¶É¨Î¥¸±¨Ì ²μ¢ÊÏ± Ì [1]. ‚ μ¤´μ°
¨§ ´¨Ì,   ¨³¥´´μ ¢ ¤¨¸±μμ¡· §´μ°, ±¢ ´Éμ¢μ¥ ¤¢¨¦¥´¨¥ Î ¸É¨Í £ §  ¶·μ-
¨¸Ìμ¤¨É ¢ μ¸´μ¢´μ³ ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ ¨Ì É·¥Ì³¥·´μ£μ ±μμ·¤¨´ É´μ£μ
¶·μ¸É· ´¸É¢ .

�¤´  ¨§ μ¸μ¡μ ¨´É¥·¥¸´ÒÌ ¤²Ö ¶· ±É¨Î¥¸±¨Ì ¶·¨²μ¦¥´¨° μ¸μ¡¥´´μ¸É¥°
¤¢Ê³¥·´μ£μ ¤¢¨¦¥´¨Ö ¶μ ¸· ¢´¥´¨Õ ¸ É·¥Ì³¥·´Ò³ É ±μ¢ : ¶·¨ ²Õ¡μ³ ¸±μ²Ó
Ê£μ¤´μ ¸² ¡μ³, ´μ ¶·¨ÉÖ£¨¢ ÕÐ¥³ ¢§ ¨³μ¤¥°¸É¢¨¨ ¢ ¸¨¸É¥³¥ ¤¢ÊÌ ±¢ ´Éμ¢ÒÌ
Î ¸É¨Í ÔÉ¨ Î ¸É¨ÍÒ ¨³¥ÕÉ ÌμÉÖ ¡Ò μ¤´μ ¸¢Ö§ ´´μ¥ ¸μ¸ÉμÖ´¨¥.

‘²¥¤μ¢ É¥²Ó´μ, ¢ ¤¨¸±μμ¡· §´ÒÌ ²μ¢ÊÏ± Ì ¢μ§³μ¦¥´ ¸¨´É¥§ ´μ¢ÒÌ Ì¨³¨-
Î¥¸±¨Ì ¸μ¥¤¨´¥´¨°, ´¥ ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ¢ É·¥Ì³¥·´μ³ ¶·μ¸É· ´¸É¢¥.

�μÔÉμ³Ê ¸ ÉμÎ±¨ §·¥´¨Ö É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¨ ±¢ ´Éμ¢μ° Ì¨³¨¨ μ¸μ¡μ
 ±ÉÊ ²Ó´Ò³¨ ¢ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö Ö¢²ÖÕÉ¸Ö ¤¢¥ § ¤ Î¨: ¶μ¸É·μ¥´¨¥ ±¢ ´Éμ¢μ°
É¥μ·¨¨ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ¤²Ö ¸¨¸É¥³ ´¥¸±μ²Ó±¨Ì § ·Ö¦¥´´ÒÌ Î ¸É¨Í ¢
¶·¥¤¥²¥ ¨Ì ´Ê²¥¢μ° ¶μ²´μ° Ô´¥·£¨¨ ¨ ¸μ§¤ ´¨¥ Ô±μ´μ³¨Î´ÒÌ ³¥Éμ¤μ¢ Î¨-
¸²¥´´μ£μ  ´ ²¨§  Ë¨§¨Î¥¸±¨Ì ¶·μÍ¥¸¸μ¢, ¶·μ¨¸Ìμ¤ÖÐ¨Ì ¢ É ±¨Ì ¸¨¸É¥³ Ì.

�¥·¢Ò³ ¨ ´¥¨§¡¥¦´Ò³ ÔÉ ¶μ³ ·¥Ï¥´¨Ö ÔÉ¨Ì § ¤ Î Ö¢²Ö¥É¸Ö ¨¸¸²¥¤μ¢ ´¨¥
¤¢Ê³¥·´μ£μ ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ´¥¶μ¤¢¨¦´Ò³ ¸¨²μ-
¢Ò³ Í¥´É·μ³. ’ ±μ³Ê ¨¸¸²¥¤μ¢ ´¨Õ ¶·¥¤¶μ² £ ¥É¸Ö ¶μ¸¢ÖÉ¨ÉÓ ¸¥·¨Õ · ¡μÉ.
� ¸ÉμÖÐ Ö · ¡μÉ  Ö¢²Ö¥É¸Ö ¶¥·¢μ° ¨§ ´¨Ì.

‚ · §¤. 1 ¶μÖ¸´ÖÕÉ¸Ö ¨¸¶μ²Ó§Ê¥³Ò¥ μ¡μ§´ Î¥´¨Ö ¨ μ¶·¥¤¥²¥´¨Ö. � §¤. 2
¶μ¸¢ÖÐ¥´ ¶·¥¤¸É ¢²¥´¨Ö³ · ¤¨ ²Ó´ÒÌ ±μ³¶μ´¥´É ¢μ²´μ¢μ° ËÊ´±Í¨¨ ±Ê²μ-
´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¨ ËÊ´±Í¨¨ ƒ·¨´  Î¥·¥§ £¨¶¥·£¥μ³¥-
É·¨Î¥¸±¨¥ ËÊ´±Í¨¨. ‚ · §¤. 3 ¤²Ö ¢¸¥Ì É ±¨Ì ±μ³¶μ´¥´É ¢Ò¢μ¤ÖÉ¸Ö ¨ ¨¸-
¸²¥¤ÊÕÉ¸Ö ³ ¦μ· ´É´Ò¥ μÍ¥´±¨. ‚ · §¤. 4 μ¡¸Ê¦¤ ÕÉ¸Ö · §²μ¦¥´¨Ö ¢μ²´μ-
¢μ° ËÊ´±Í¨¨ ¨  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö ¢ ±μ¸¨´Ê¸-·Ö¤Ò ”Ê·Ó¥. ‚ · §¤. 5 ¢Ò-
¢μ¤¨É¸Ö ¨´É¥£· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨ ƒ·¨´ . ‚ § ±²ÕÎ¥´¨¨ ¶¥·¥Î¨-
¸²¥´Ò μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

1. ��…„��‹�†…�ˆŸ, ���‡��—…�ˆŸ ˆ ���…„…‹…�ˆŸ

ˆ¸¶μ²Ó§Ê¥³ É¥·³¨´μ²μ£¨Õ ¨ μ¡μ§´ Î¥´¨Ö, ¶·¨´ÖÉÒ¥ ¢ ¨§¢¥¸É´ÒÌ ³μ´μ-
£· Ë¨ÖÌ ¶μ ±¢ ´Éμ¢μ° É¥μ·¨¨ · ¸¸¥Ö´¨Ö [2, 3], ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ [4, 5],
¢ ±Ê·¸¥ ¢Ò¸Ï¥° ³ É¥³ É¨±¨ [6] ¨ ¢ ³ É¥³ É¨Î¥¸±¨Ì ¸¶· ¢μÎ´¨± Ì [7Ä9].

1



�¥·¥Î¨¸²¨³ μ¸´μ¢´Ò¥ ¶·¥¤¶μ²μ¦¥´¨Ö.
�Ê¸ÉÓ ±¢ ´Éμ¢ Ö Î ¸É¨Í  p1 ¨³¥¥É ±μ´¥Î´ÊÕ ¶μ²μ¦¨É¥²Ó´ÊÕ ³ ¸¸Ê

m1 > 0, ¢¥Ð¥¸É¢¥´´Ò° ±Ê²μ´μ¢¸±¨° § ·Ö¤ z1 ¨ ¤¢¨¦¥É¸Ö Éμ²Ó±μ ¢ ¤¢Ê³¥·´μ°
¶²μ¸±μ¸É¨ P ¥¥ É·¥Ì³¥·´μ£μ ±μμ·¤¨´ É´μ£μ ¶·μ¸É· ´¸É¢  R3. �·¥¤¶μ² £ ¥³,
ÎÉμ ´¥±μÉμ· Ö ´¥¶μ¤¢¨¦´ Ö ÉμÎ±  O ÔÉμ° ¶²μ¸±μ¸É¨ Ö¢²Ö¥É¸Ö ±Ê²μ´μ¢¸±¨³
¸¨²μ¢Ò³ Í¥´É·μ³ ¸ ¢¥Ð¥¸É¢¥´´Ò³ § ·Ö¤μ³ Z, ¢μ§¤¥°¸É¢ÊÕÐ¨³ ´  Î ¸É¨ÍÊ p1

¶μ¸·¥¤¸É¢μ³ ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ² . ‘Î¨É ¥³, ÎÉμ ÔÉμÉ ¶μÉ¥´Í¨ ² μ¶·¥¤¥-
²Ö¥É¸Ö Ëμ·³Ê²μ° z1Z/r, £¤¥ r Å · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê Î ¸É¨Í¥° p1 ¨ ÉμÎ±μ° O
¢ ¶²μ¸±μ¸É¨ P .

‚ ¶²μ¸±μ¸É¨ P ¢¢¥¤¥³ ¤¢Ê³¥·´ÊÕ ¤¥± ·Éμ¢Ê ¸¨¸É¥³Ê ±μμ·¤¨´ É S2 ¸ ±μ-
μ·¤¨´ É ³¨ (x, y) ¨ μ¸Ö³¨ OX ¨ OY , ¶μ²μ¦¨É¥²Ó´Ò¥ ´ ¶· ¢²¥´¨Ö ±μÉμ·ÒÌ
μ¶·¥¤¥²ÖÕÉ¸Ö μ·É ³¨ e1 ¨ e2. �Ê¸ÉÓ ´ Î ²Ó´ Ö ÉμÎ±  ÔÉμ° ¸¨¸É¥³Ò ¸μ¢¶ ¤ ¥É
¸ ¸¨²μ¢Ò³ Í¥´É·μ³ O,   μ·É e1 ´ ¶· ¢²¥´ ¢¤μ²Ó ¢μ²´μ¢μ£μ ¢¥±Éμ·  k0 ´ Î ²Ó-
´μ£μ ¸μ¸ÉμÖ´¨Ö Î ¸É¨ÍÒ p1. ‘²¥¤ÊÖ ³μ´μ£· Ë¨¨ [5], ¸Î¨É ¥³, ÎÉμ Î ¸É¨Í  p1

¨¸¶Ê¸± ¥É¸Ö ¨§ ¡¥¸±μ´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±¨ x = −∞ μ¸¨ OX . ‚ ¸¨¸É¥³¥
S2 · ¤¨Ê¸-¢¥±Éμ· r Î ¸É¨ÍÒ p1 Ö¢²Ö¥É¸Ö ¤¢Ê³¥·´Ò³ ¢¥±Éμ·μ³ r = x e1 + y e2,
  ¢¥±Éμ· k0 = k0e1 ¨³¥¥É μ¤´Ê ´¥´Ê²¥¢ÊÕ ±μμ·¤¨´ ÉÊ k0 > 0. �μ²μ¦¨¢
x = r cosϕ ¨ y = r sin ϕ, μ¶·¥¤¥²¨³ ¶μ²Ö·´Ò¥ ±μμ·¤¨´ ÉÒ (r, ϕ) · ¤¨Ê¸ -
¢¥±Éμ·  r Î ¸É¨ÍÒ p1: · ¸¸ÉμÖ´¨¥ r � 0 ¨  §¨³ÊÉ ²Ó´Ò° Ê£μ² ϕ ∈ [0, 2π].
‚ ¸¨²Ê ¶·¥¤¶μ²μ¦¥´¨° μ ±Ê²μ´μ¢¸±μ³ ¶μÉ¥´Í¨ ²¥ ¢μ²´μ¢μ° ¢¥±Éμ· k ¸μ¸Éμ-
Ö´¨Ö Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö ÔÉμ° ¦¥ Î ¸É¨ÍÒ ²¥¦¨É ¢ ¶²μ¸±μ¸É¨ P ,   ¢μ²´μ¢μ¥
Î¨¸²μ k ≡ |k| · ¢´μ ´ Î ²Ó´μ³Ê ¢μ²´μ¢μ³Ê Î¨¸²Ê k0.

�¥·¥°¤¥³ ± μ¶¨¸ ´¨Õ ¶ · ³¥É·μ¢ ¨  ·£Ê³¥´Éμ¢.
‘¨³¢μ²μ³ � μ¡μ§´ Î¨³ ±μ´¸É ´ÉÊ �² ´± . � ¶μ³´¨³, ÎÉμ ¢μ²´μ¢μ¥ Î¨¸²μ

k Î ¸É¨ÍÒ p1 ¸¢Ö§ ´μ ¸ ¥¥ ¶μ²´μ° Ô´¥·£¨¥° E · ¢¥´¸É¢μ³ k =
√

2 m1E/�2,
  ³μ¤Ê²Ó ¶ · ³¥É·  R ≡ �

2/(2m1z1Z) ¢ ¸²ÊÎ ¥ z1Z < 0 Ö¢²Ö¥É¸Ö  ´ ²μ£μ³
¡μ·μ¢¸±μ£μ · ¤¨Ê¸  [4]. …¸²¨ ¶μÉ·¥¡Ê¥É¸Ö, Éμ ¡Ê¤¥³ · §²¨Î ÉÓ ¤¢  ¸²ÊÎ Ö:
¸²ÊÎ ° ±Ê²μ´μ¢¸±μ£μ ¶·¨ÉÖ¦¥´¨Ö (R < 0) ¨ ¸²ÊÎ ° ±Ê²μ´μ¢¸±μ£μ μÉÉ ²±¨¢ -
´¨Ö (R > 0). �μ μ¶·¥¤¥²¥´¨Õ ¢¥±Éμ· r′ ¶·¨´ ¤²¥¦¨É ¶²μ¸±μ¸É¨ P ¨ ¨³¥¥É
¶μ²Ö·´Ò¥ ±μμ·¤¨´ ÉÒ (r′, ϕ′).

� ·Ö¤Ê ¸ · §³¥·´Ò³¨ ¶¥·¥³¥´´Ò³¨ r, x = r cosϕ, r′ ¨ k ¡Ê¤¥³ ¨¸-
¶μ²Ó§μ¢ ÉÓ ¡¥§· §³¥·´Ò¥  ·£Ê³¥´ÉÒ: ¡¥§· §³¥·´Ò¥ · ¸¸ÉμÖ´¨Ö ρ ≡ kr ¨
ρ′ ≡ kr′, ¡¥§· §³¥·´μ¥ ¢μ²´μ¢μ¥ Î¨¸²μ q ≡ k|R| ¨ ¶ · ³¥É· ‡μ³³¥·Ë¥²Ó¤ 
η ≡ 1/(2kR) = signR/(2q). �¥§· §³¥·´Ò¥ ®· ¡μÎ¨¥¯ ¶¥·¥³¥´´Ò¥ ξ, s ¨ t
¶·¨ ´¥μ¡Ìμ¤¨³μ¸É¨ ¶¥·¥μ¶·¥¤¥²Ö¥³.

�·¨¢¥¤¥³ ¨ μ¡¸Ê¤¨³ ¨¸Ìμ¤´Ò¥ Ê· ¢´¥´¨Ö. ’ ±μ¢Ò³¨ ¤²Ö ´ Ï¨Ì ¨¸¸²¥-
¤μ¢ ´¨° ¡Ê¤ÊÉ ¤¢  Ê· ¢´¥´¨Ö ¢ ¶²μ¸±μ¸É¨ P : Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  [5] ¤²Ö
¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψc(r,k, η) ¤¢Ê³¥·´μ£μ ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ°
Î ¸É¨ÍÒ p1:[

− �
2

2m1

(
∂2

r +
1
r

∂r +
1
r2

∂2
ϕ

)
+

z1Z

r

]
Ψc(r;k, η) = E Ψc(r;k, η), (1)
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¨ ¶μ·μ¦¤¥´´μ¥ ÔÉ¨³ Ê· ¢´¥´¨¥³ Ê· ¢´¥´¨¥ ¤²Ö ËÊ´±Í¨¨ ƒ·¨´  Gc(r, r′;k, η):[
− �

2

2m1

(
∂2

r +
1
r

∂r +
1
r2

∂2
ϕ

)
+

z1Z

r
− E

]
Gc(r, r′;k, η) = −δ(r−r′) . (2)

‡¤¥¸Ó ¨ ¤ ²¥¥ ¶μ μ¶·¥¤¥²¥´¨Õ δ(r − r′) Å ¤¥²ÓÉ -ËÊ´±Í¨Ö.
‚ Ê· ¢´¥´¨¨ (1) cÊ³³  ¢¸¥Ì μ¶¥· Éμ·μ¢, § ±²ÕÎ¥´´ÒÌ ¢ ±¢ ¤· É´Ò¥ ¸±μ¡-

±¨, Ö¢²Ö¥É¸Ö ¶μ²´Ò³ £ ³¨²ÓÉμ´¨ ´μ³. �´ ±μ³³ÊÉ¨·Ê¥É ¸ μ¶¥· Éμ·μ³ ∂2
ϕ. �μ-

ÔÉμ³Ê ¸Î¥É´μ¥ ³´μ¦¥¸É¢μ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨°

gm(ϕ) = (2π)−1/2 exp (ı mϕ) = (2π)−1/2 cosmϕ + ı (2π)−1/2 sin mϕ ,

m = 0,±1,±2, . . . ,

μ¶¥· Éμ·  ∂2
ϕ Ö¢²Ö¥É¸Ö Ê¤μ¡´Ò³ Ê£²μ¢Ò³ ¡ §¨¸μ³ ¤²Ö ·¥¤Ê±Í¨¨ μ¡μ¨Ì ¤¢Ê³¥·-

´ÒÌ Ê· ¢´¥´¨° (1) ¨ (2) ± μ¤´μ³¥·´Ò³ · ¤¨ ²Ó´Ò³ Ê· ¢´¥´¨Ö³.
� ¶μ³´¨³ ¢ ¦´μ¥ ¸¢μ°¸É¢μ É ±μ£μ ¡ §¨¸ , ¨§¢¥¸É´μ¥ ¢ É¥μ·¨¨ ·Ö¤μ¢

”Ê·Ó¥ [6. —. 2]. …¸²¨ ËÊ´±Í¨Ö f(r, ϕ) ´¥¶·¥·Ò¢´  ¶μ μ¡μ¨³  ·£Ê³¥´É ³ ¨
¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ ¨´¢¥·¸¨¨ ϕ → −ϕ, Éμ ¥¥ · §²μ¦¥´¨¥ ¶μ ËÊ´±-
Í¨Ö³ gm(ϕ),

f(r, ϕ) =
∑

m=0,±1,±2,...

gm(ϕ)
[∫ 2π

0

f(r, ϕ′) gm(ϕ′) dϕ′
]

,

¢Ò·μ¦¤ ¥É¸Ö ¢ ±μ¸¨´Ê¸-·Ö¤ ”Ê·Ó¥

f(r, ϕ) =
∑

m=0,1,2,...

fm(r) gm(ϕ) =
1√
2π

{
f0(r) +

∑
m=1,2,...

[2 fm(r)] cosmϕ

}
(3)

c · ¤¨ ²Ó´Ò³¨ ±μ³¶μ´¥´É ³¨

fm(r) ≡ 1
2π

∫ 2π

0

f(r, ϕ) cosmϕ dϕ , m = 0, 1, 2, . . .

’¥¶¥·Ó ¢ÒÖ¢¨³ ¢ ¦´μ¥ ¸²¥¤¸É¢¨¥ ¶·¥¤¶μ²μ¦¥´¨° μ ´ Î ²Ó´μ³ ¸μ¸ÉμÖ´¨¨
±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1. Š ± ¶·¥¤¶μ² £ ²μ¸Ó ¢ÒÏ¥, Î ¸É¨Í  p1 ¨¸¶Ê¸± ¥É¸Ö ¨§
¡¥¸±μ´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±¨ x = −∞ μ¸¨ OX ¨ ¤¢¨¦¥É¸Ö ¢¤μ²Ó μ¸¨ OX ,
¶·¨Î¥³ ¢ ¥¥ ¶μ²μ¦¨É¥²Ó´μ³ ´ ¶· ¢²¥´¨¨. ’ ±μ¥ ¤¢¨¦¥´¨¥ μ¶¨¸Ò¢ ¥É¸Ö ËÊ´±-
Í¨¥° exp (ıkx), ±μÉμ· Ö ¸μ£² ¸´μ É¥μ·¨¨ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö [5] Ö¢²Ö¥É¸Ö
¸É ·Ï¨³ ¸² £ ¥³Ò³  ¸¨³¶ÉμÉ¨±¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψc ¢ ¶·¥¤¥²¥ kr → ∞.
’ ± ± ± x = r cosϕ, ËÊ´±Í¨Ö exp (ıkx) ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ ¨´¢¥·¸¨¨
ϕ → −ϕ. ‘²¥¤μ¢ É¥²Ó´μ, ¢μ²´μ¢ Ö ËÊ´±Í¨Ö · ¸¸¥Ö´¨Ö Ψc ¤μ²¦´  μ¡² ¤ ÉÓ
É¥³ ¦¥ ¸¢μ°¸É¢μ³ ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ ¥¥  ·£Ê³¥´Éμ¢. �μÔÉμ³Ê ÔÉ  ËÊ´±Í¨Ö
Ö¢²Ö¥É¸Ö ±μ¸¨´Ê¸-·Ö¤μ³ ”Ê·Ó¥ É¨¶  (3).
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�¡¸Ê¤¨³ ¸¢μ°¸É¢  ·¥Ï¥´¨Ö Gc Ê· ¢´¥´¨Ö (2). �· ¢ Ö Î ¸ÉÓ ÔÉμ£μ Ê· ¢-
´¥´¨Ö ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ ¶¥·¥¸É ´μ¢±¨ ¢¥±Éμ·μ¢ r ¨ r′ ¨ μÉ´μ¸¨-
É¥²Ó´μ μ¤´μ¢·¥³¥´´μ° ¨´¢¥·¸¨¨ ϕ → −ϕ, ϕ′ → −ϕ′ Ê£²μ¢ÒÌ ±μμ·¤¨´ É
ÔÉ¨Ì ¢¥±Éμ·μ¢. ‘²¥¤μ¢ É¥²Ó´μ, ¨¸±μ³ Ö ËÊ´±Í¨Ö ƒ·¨´  Gc ¤μ²¦´  μ¡² -
¤ ÉÓ É¥³¨ ¦¥ ¸¢μ°¸É¢ ³¨. “£²μ¢Ò¥ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ (2π)−1/2 cosm(ϕ−ϕ′),
m = 0, 1, 2, . . ., ¨´¢ ·¨ ´É´Ò μÉ´μ¸¨É¥²Ó´μ Ê¶μ³Ö´ÊÉμ° ¢ÒÏ¥ ¨´¢¥·¸¨¨. �μ-
ÔÉμ³Ê ËÊ´±Í¨Ö Gc · ¸±² ¤Ò¢ ¥É¸Ö ¢ ·Ö¤ É¨¶  (3), ´μ ¶μ É ±¨³ Ê£²μ¢Ò³ ËÊ´±-
Í¨Ö³, § ¢¨¸ÖÐ¨³ μÉ · §´μ¸É¨ Ê£²μ¢ ϕ ¨ ϕ′.

�É³¥É¨³ ¥Ð¥ μ¤´μ ¸¢μ°¸É¢μ ËÊ´±Í¨¨ Gc. ‚ ¸²ÊÎ ¥ ¢Ò±²ÕÎ¥´´μ£μ ±Ê²μ-
´μ¢¸±μ£μ ¢§ ¨³μ¤¥°¸É¢¨Ö (qQ = 0) ¸μ£² ¸´μ ¶·¨´ÖÉÒ³ ¢ÒÏ¥ μ¶·¥¤¥²¥´¨Ö³
|R| = ∞,   η = 0, ¶μÔÉμ³Ê Ê· ¢´¥´¨¥ (2) ¸É ´μ¢¨É¸Ö Ê· ¢´¥´¨¥³ ¤²Ö ¸¢μ¡μ¤-
´μ° ËÊ´±Í¨¨ ƒ·¨´  G0(r, r′;k). ‘²¥¤μ¢ É¥²Ó´μ, ±Ê²μ´μ¢¸± Ö ËÊ´±Í¨Ö ƒ·¨´ 
Gc(r, r′;k, η), ¢§ÖÉ Ö ¢ ÉμÎ±¥ η = 0, · ¢´  ËÊ´±Í¨¨ G0(r, r′;k).

’¥¶¥·Ó ¶¥·¥Î¨¸²¨³ ²¨ÏÓ É¥ ¨§¢¥¸É´Ò¥ ¢ É¥μ·¨¨ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨Ì
ËÊ´±Í¨° [7] ¸μμÉ´μÏ¥´¨Ö, ±μÉμ·Ò¥ μ± ¦ÊÉ¸Ö ±²ÕÎ¥¢Ò³¨ ¢ · §¤. 2 ¨ 4.

‘¨³¢μ² ³¨ Γ(t), Ψ(t) ≡ ∂tΓ(t)/Γ(t) ¨ (a)n μ¡μ§´ Î ¥³ £ ³³ - ¨ ¶¸¨-
ËÊ´±Í¨¨ ¨ ¸¨³¢μ² �μÌ£ ³³¥· :

(a)0 = 1 , (a)n ≡ a(a+1)(a+2) . . . (a+n−1) = Γ(a+n)/Γ(a) , n = 1, 2, . . .

”Ê´±Í¨Ö ŠÊ³³¥·  Φ(a, c; ξ) ¨ ËÊ´±Í¨Ö ’·¨±μ³¨ Ψ(a, c; ξ) Å ²¨´¥°´μ
´¥§ ¢¨¸¨³Ò¥ ·¥Ï¥´¨Ö ¢Ò·μ¦¤¥´´μ£μ £¨¶¥·£¥μ³¥·¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö[

ξ ∂2
ξ + (c − ξ) ∂ξ − a

]
U(ξ) = 0 . (4)

”Ê´±Í¨Ö ŠÊ³³¥·  Φ(a, c; ξ) Ö¢²Ö¥É¸Ö ¸É¥¶¥´´Ò³ ·Ö¤μ³

Φ(a, c; ξ) ≡
∞∑

n=0

(a)n

(c)n

ξn

n!
= 1 +

a

c

ξ

1!
+

a(a + 1)
c(c + 1)

ξ2

2!
+ . . . (5)

¨ Ê¤μ¢²¥É¢μ·Ö¥É Éμ¦¤¥¸É¢Ê (¶·¥μ¡· §μ¢ ´¨Õ) ŠÊ³³¥· 

Φ(a, c; ξ) ≡ exp (ξ)Φ(c − a, c;−ξ) . (6)

	É  ¦¥ ËÊ´±Í¨Ö · ¢´  ¥¤¨´¨Í¥ ¢ ÉμÎ±¥ |ξ| = 0,   ¢ ¶·¥¤¥²¥ |ξ| → ∞ ¨³¥¥É
 ¸¨³¶ÉμÉ¨±Ê

Φ(a, c; ξ) =
Γ(c)

Γ(c − a)

[
exp (ıπs)

ξ

]a

+ O(|ξ|−a−1)+

+
Γ(c)
Γ(a)

ξa−c exp (ξ) + O(| exp (ξ)ξ−a−c−1|) , |ξ| → ∞ , (7)

£¤¥ s = 1, ¥¸²¨ 2 arg ξ ∈ (−π, 3π), ¨ s = −1, ¥¸²¨ 2 arg ξ ∈ (−3π,−π].

4



„²Ö Ê· ¢´¥´¨Ö (4) ¸²ÊÎ ° ´¥μÉ·¨Í É¥²Ó´μ£μ, ´μ Í¥²μ£μ §´ Î¥´¨Ö n + 1,
n = 0, 1, . . ., ¶ · ³¥É·  c Ö¢²Ö¥É¸Ö μ¸μ¡Ò³ ¨ ´ §Ò¢ ¥É¸Ö ²μ£ ·¨Ë³¨Î¥¸±¨³.
‚ ÔÉμ³ ¸²ÊÎ ¥ ËÊ´±Í¨Ö ’·¨±μ³¨ Ψ(a, c; ξ) ¨³¥¥É ¤μ¢μ²Ó´μ ¸²μ¦´μ¥ ¸É·μ¥´¨¥
¨ ¶·¥¤¸É ¢²Ö¥É¸Ö ¢ ¢¨¤¥ ¸Ê³³Ò É·¥Ì ¸² £ ¥³ÒÌ:

Ψ(a, n + 1; ξ) =
(−1)n−1

n! Γ(a − n)

{
Φ(a, n + 1; ξ) ln ξ +

+
∞∑

p=0

(a)p

(n + 1)p
[Ψ(a + p) − Ψ(1 + p) − Ψ(1 + n + p) ]

ξp

p!

}
+

+
(n − 1)!

Γ(a)

n−1∑
p=0

(a − n)p

(1 − n)p

ξp−n

p!
. (8)

�¥·¢μ¥ ¸² £ ¥³μ¥ ÔÉμ° ¸Ê³³Ò Å ¶·μ¨§¢¥¤¥´¨¥ ²μ£ ·¨Ë³¨Î¥¸±μ° ËÊ´±Í¨¨
ln (ξ) ¨ ËÊ´±Í¨¨ Φ(a, c; ξ), ¢Éμ·μ¥ ¸² £ ¥³μ¥ Å ¡¥¸±μ´¥Î´Ò° ·Ö¤, ¸μ¤¥·¦ -
Ð¨° ¶¸¨-ËÊ´±Í¨¨,   É·¥ÉÓ¥ ¸² £ ¥³μ¥ Å ±μ´¥Î´ Ö ¸Ê³³ , ±μÉμ· Ö ¶μ² £ ¥É¸Ö
· ¢´μ° ´Ê²Õ ¢ ¸²ÊÎ ¥ n = 0.

”Ê´±Í¨Ö Ψ(a, c; ξ), c = 1, 2, . . ., ¸μ¤¥·¦¨É ¶μ¸ÉμÖ´´ÊÕ 	°²¥· 
γ = 0,577215 . . ., ¢ ¶·¥¤¥²¥ |ξ| → 0 ¨³¥¥É  ¸¨³¶ÉμÉ¨±Ê

Ψ(a, c; ξ) = − 1
Γ(a)

[ ln ξ + Ψ(a) − 2γ] + O(|ξ ln ξ|) , c = 1 , |ξ| → 0 ,

Ψ(a, c; ξ) = ξ1−c Γ(c − 1)
Γ(a)

+ O(| ln ξ|) , c = 2 , |ξ| → 0 , (9)

Ψ(a, c; ξ) = ξ1−c Γ(c − 1)
Γ(a)

+ O(|ξ|c−2) , c = 3, 4, . . . , |ξ| → 0 ,

  ¢ ¶·¥¤¥²¥ |ξ| → ∞ Å  ¸¨³¶ÉμÉ¨±Ê

Ψ(a, c; ξ) = ξ−a + O(|ξ|−a−1) , |ξ| → ∞ , 2 arg ξ ∈ (−3π, 3π) . (10)

�¡¸Ê¦¤ ¥³ Ö ËÊ´±Í¨Ö Ψ(a, c; ξ) ³´μ£μ§´ Î´ Ö. „ ²¥¥ ¨¸¶μ²Ó§Ê¥³ Éμ²Ó±μ ¥¥
£² ¢´ÊÕ ¢¥É¢Ó, ¢Ò¤¥²¥´´ÊÕ Ê¸²μ¢¨¥³ arg ξ ∈ (−π, π].

� ¶μ³´¨³, ÎÉμ ¢Ò·μ¦¤¥´´Ò¥ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ Φ(a, c; ξ) ¨
Ψ(a, c; ξ) ¸¢Ö§ ´Ò ¸ ËÊ´±Í¨Ö³¨ “¨ÉÉ¥±¥·  Mα,β(ξ) ¨ Wα,β(ξ) · ¢¥´¸É¢ ³¨

Φ(a, c; ξ) = exp (ξ/2) ξ−1/2−β Mα,β(ξ) ,

Ψ(a, c; ξ) = exp (ξ/2) ξ−1/2−β Wα,β(ξ) , (11)

α = c/2 − a , β = (c − 1)/2 .

	É¨³ § ³¥Î ´¨¥³ § ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° · §¤¥².
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2. ��„ˆ�‹œ�›… ”“�Š–ˆˆ Š“‹��� ˆ ƒ�ˆ��

‚ ¤ ´´μ³ · §¤¥²¥ ±²ÕÎ¥¢Ò³¨ ¡Ê¤ÊÉ ¶·¥¤¸É ¢²¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨
Ψc ¨ ËÊ´±Í¨¨ ƒ·¨´  Gc ¢ ¢¨¤¥ ·Ö¤μ¢ É¨¶  (3). „²Ö  ´ ²¨§  É ±¨Ì ·Ö¤μ¢
¢³¥¸Éμ ¨´¤¥±¸  m = 0, 1, 2, . . . Ê¤μ¡´¥¥ ¨¸¶μ²Ó§μ¢ ÉÓ ¨´¤¥±¸ λ = m − 1/2 =
−1/2, 1/2, . . ., ¨ ¤²Ö ¸μ±· Ð¥´¨Ö § ¶¨¸¨ ¸Î¨É ÉÓ, ÎÉμ ελ = 1, ¥¸²¨ 2λ = −1,
¨ ελ = 2 ¢ ¸²ÊÎ ¥ 2λ � 1.

“£²μ¢Ò¥ ¡ §¨¸´Ò¥ ËÊ´±Í¨¨ ζλ(ϕ) μ¶·¥¤¥²¨³ Ëμ·³Ê² ³¨

ζλ(ϕ) ≡ 1√
2π

cos [ (2λ + 1)ϕ/2 ] =
1√
2π

cosmϕ ,

2λ = −1, 1, 3, . . . , m = λ + 1/2 .

�¡Ñ¥±É ³¨ ´ Ï¥£μ ¨¸¸²¥¤μ¢ ´¨Ö ¡Ê¤ÊÉ ¶·μ¥±Í¨¨ uλ ¨ Gc
λ ËÊ´±Í¨° Ψc

¨ Gc ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ê£²μ¢Ò¥ ËÊ´±Í¨¨ ζλ(ϕ) ¨ ζλ(ϕ − ϕ′). ’ ±¨¥ ¶·μ-
¥±Í¨¨ ´ §Ò¢ ¥³ · ¤¨ ²Ó´Ò³¨ ±μ³¶μ´¥´É ³¨ ËÊ´±Í¨° Ψc ¨ Gc ¨²¨ · ¤¨ ²Ó-
´Ò³¨ ¢μ²´μ¢Ò³¨ ËÊ´±Í¨Ö³¨ ŠÊ²μ´  ¨ · ¤¨ ²Ó´Ò³¨ ±Ê²μ´μ¢¸±¨³¨ ËÊ´±Í¨-
Ö³¨ ƒ·¨´ .

2.1. � ¤¨ ²Ó´Ò¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ŠÊ²μ´  ¶μ²ÊÍ¥²μ£μ ¶μ·Ö¤± . ˆ¸-
¶μ²Ó§ÊÖ ¨´¤¥±¸ λ ¨ ¸¨³¢μ² ελ, ¶·¥¤¸É ¢¨³ ËÊ´±Í¨Õ Ψc ·Ö¤μ³ É¨¶  (3):

Ψc(r;k, η) = (2πρ)−1/2
∑

2λ=−1,1,3,...

ελ uλ(ρ, η) cos [ (2λ + 1)ϕ/2 ] . (12)

‚ Ê· ¢´¥´¨¨ ˜·¥¤¨´£¥·  (1) § ³¥´¨³ ËÊ´±Í¨Õ Ψc É ±¨³ ·Ö¤μ³. �μ²ÊÎ¥´´μ¥
Ê· ¢´¥´¨¥ ¶μ¸²¥¤μ¢ É¥²Ó´μ ¸¶·μ¥Í¨·Ê¥³ ´  ¢¸¥ ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò¥ Ê£²μ-
¢Ò¥ ËÊ´±Í¨¨ ζλ(ϕ) ¨ É ±¨³ μ¡· §μ³ ¢Ò¢¥¤¥³ ¸Î¥É´ÊÕ (2λ = −1, 1, 3, . . .)
¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ ´¥ § Í¥¶²ÖÕÐ¨Ì¸Ö ¤·Ê£ ¸ ¤·Ê£μ³ · ¤¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
˜·¥¤¨´£¥· :[

∂2
ρ − λ(λ + 1)

ρ2
+ 1 − 2η

ρ

]
uλ(ρ, η) = 0 , ρ > 0 , η ∈ (−∞,∞) . (13)

�¡¸Ê¤¨³ μ¤´μ ¨§ ´¨Ì. ’μ²Ó±μ ´  ¢·¥³Ö μ¡¸Ê¦¤¥´¨Ö ¶μ§¢μ²¨³ ¨´¤¥±¸Ê λ
¶·¨´¨³ ÉÓ ²Õ¡Ò¥ ¢¥Ð¥¸É¢¥´´Ò¥ §´ Î¥´¨Ö. ˆ¸¶μ²Ó§Ê¥³ ¨§¢¥¸É´Ò¥ ¢ É¥μ·¨¨
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° Ë ±ÉÒ [6. ’. 3. —. 2]. „²Ö Ê· ¢´¥´¨Ö (13) ¶·¨
Ê¸²μ¢¨¨ λ � −1/2 ÉμÎ±  ρ = 0 Ö¢²Ö¥É¸Ö ·¥£Ê²Ö·´μ°,   ÉμÎ±  ρ = ∞ Å ¸ÊÐ¥-
¸É¢¥´´μ μ¸μ¡μ°. „²Ö ÉμÎ±¨ ρ = 0 μ¶·¥¤¥²ÖÕÐ¥¥ Ê· ¢´¥´¨¥ s(s−1) = λ(λ+1)
¨³¥¥É ¤¢  ±μ·´Ö: s1 = λ + 1 ¨ s2 = −λ. � §´μ¸ÉÓ s1 − s2 = 2λ + 1
É ±¨Ì ±μ·´¥° · ¢´  Í¥²μ³Ê Î¨¸²Ê, ¥¸²¨ λ Å ¶μ²ÊÍ¥²μ¥ ¨²¨ Í¥²μ¥ Î¨¸²μ.
’μ²Ó±μ ¶·¨ É ±¨Ì §´ Î¥´¨ÖÌ λ ·¥ ²¨§Ê¥É¸Ö ²μ£ ·¨Ë³¨Î¥¸±¨° ¸²ÊÎ °: Ê· ¢´¥-
´¨¥ (13) ¨³¥¥É ·¥Ï¥´¨¥ Fλ(ρ, η), ¶·¥¤¸É ¢¨³μ¥ ·Ö¤μ³ ¶μ ¸É¥¶¥´Ö³  ·£Ê³¥´É 
ρ,   ²Õ¡μ¥ ¤·Ê£μ¥ ·¥Ï¥´¨¥, ²¨´¥°´μ ´¥§ ¢¨¸¨³μ¥ ¸ É ±¨³ ·Ö¤μ³, ¸μ¤¥·¦¨É ¢
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± Î¥¸É¢¥ ¸² £ ¥³μ£μ ¶·μ¨§¢¥¤¥´¨¥ Fλ(ρ, η) ln ρ. ‘¨³¢μ²μ³ Hλ(ρ, η) μ¡μ§´ -
Î¨³ μ¤´μ ¨§ ·¥Ï¥´¨°, ¸μ¤¥·¦ Ð¨Ì É ±μ¥ ¶·μ¨§¢¥¤¥´¨¥. „²Ö ¶μ²´μ£μ  ´ ²¨§ 
Ê· ¢´¥´¨Ö (13) ¤μ¸É ÉμÎ´μ §´ ÉÓ ¤¢  ¥£μ ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ·¥Ï¥´¨Ö Fλ

¨ Hλ, ¶μÉμ³Ê ÎÉμ ²Õ¡μ¥ ¤·Ê£μ¥ ·¥Ï¥´¨¥ Ö¢²Ö¥É¸Ö ²¨´¥°´μ° ±μ³¡¨´ Í¨¥°
ÔÉ¨Ì ·¥Ï¥´¨°. ‚ ¸²ÊÎ ¥ Í¥²ÒÌ §´ Î¥´¨° λ = � = 0, 1, 2, . . . μ¡¸Ê¦¤ ¥³μ¥
Ê· ¢´¥´¨¥ (13) ¸É ´μ¢¨É¸Ö ¤ ¢´μ ¨§¢¥¸É´Ò³ ¢ É¥μ·¨¨ É·¥Ì³¥·´μ£μ · ¸¸¥Ö´¨Ö
· ¤¨ ²Ó´Ò³ Ê· ¢´¥´¨¥³ ŠÊ²μ´  [4]. Œ´μ£¨¥ ¸¢μ°¸É¢  ¥£μ ·¥Ï¥´¨° Å · ¤¨-
 ²Ó´ÒÌ ±Ê²μ´μ¢¸±¨Ì ¢μ²´μ¢ÒÌ ËÊ´±Í¨° F	(ρ, η) ¨ H	(ρ, η) Í¥²μ£μ ¶μ·Ö¤± 
� Å ¤¥É ²Ó´μ ¨§ÊÎ¥´Ò [8].

ˆ§ ¤ ´´μ£μ ¢ÒÏ¥ ± Î¥¸É¢¥´´μ£μ  ´ ²¨§  Ê· ¢´¥´¨Ö (13) ¸²¥¤ÊÕÉ
¤¢  ¢Ò¢μ¤ . „μ¸É ÉμÎ´μ ´ °É¨ ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò¥ ·¥Ï¥´¨Ö Fλ ¨ Hλ,
2λ = −1, 1, 3, . . ., ÔÉμ£μ Ê· ¢´¥´¨Ö. �·¥¤¸É ¢²Ö¥É¸Ö ²μ£¨Î´Ò³ μ¶·¥¤¥²¨ÉÓ
ÔÉ¨ ·¥Ï¥´¨Ö ¶μ  ´ ²μ£¨¨ ¸ ËÊ´±Í¨Ö³¨ F	 ¨ H	, � = 0, 1, 2, . . . �μ¸ÉÊ¶¨³
¨³¥´´μ É ±¨³ μ¡· §μ³.

�¥£Ê²Ö·´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥° ŠÊ²μ´  Fλ(ρ, η) ¶μ²ÊÍ¥²μ£μ ¶μ·Ö¤±  λ =
−1/2, 1/2, . . . ´ §μ¢¥³ ¢¥Ð¥¸É¢¥´´μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (13), μ¡² ¤ ÕÐ¥¥
 ¸¨³¶ÉμÉ¨±μ°

Fλ(ρ, η) = O(ρλ+1) , ρ → 0 , (14)

¨  ¸¨³¶ÉμÉ¨±μ°

Fλ(ρ, η) = sin[ ρ − η ln (2ρ) − πλ/2 + δc
λ(η) ] + O(1/ρ) , ρ → ∞ . (15)

‘μ¤¥·¦ ÐÊÕ¸Ö ¢ ÔÉμ°  ¸¨³¶ÉμÉ¨±¥ ¶μ±  ´¥¨§¢¥¸É´ÊÕ ËÊ´±Í¨Õ δc
λ(η) ¶¥·¥-

³¥´´μ° η ²μ£¨Î´μ ´ §¢ ÉÓ ¶ ·Í¨ ²Ó´μ° ±Ê²μ´μ¢¸±μ° Ë §μ° ¤¢Ê³¥·´μ£μ ±Ê²μ-
´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1.

�¥·¥£Ê²Ö·´μ° ±μ³¶²¥±¸´μ§´ Î´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥° ŠÊ²μ´  ¶μ²ÊÍ¥-
²μ£μ ¶μ·Ö¤±  λ = −1/2, 1/2, . . . ¸Î¨É ¥³ ·¥Ï¥´¨¥ Hλ(ρ, η) Ê· ¢´¥´¨Ö (13),
Ê¤μ¢²¥É¢μ·ÖÕÐ¥¥ Ê¸²μ¢¨Õ

Hλ(ρ, η) =
{

O(
√

ρ ln ρ) , 2λ = −1 ,
O(ρ−λ) , 2λ > −1 ,

ρ → 0 , (16)

¨ Ê¸²μ¢¨Õ

Hλ(ρ, η) = exp {ı [ ρ − η ln (2ρ) − πλ/2 + δλ(η) ] }+ O(1/ρ) , ρ → ∞ . (17)

Š·μ³¥ ·¥Ï¥´¨° Fλ ¨ Hλ ¶μÉ·¥¡Ê¥É¸Ö ¨ ¢¥Ð¥¸É¢¥´´ Ö ´¥·¥£Ê²Ö·´ Ö ËÊ´±-
Í¨Ö ŠÊ²μ´  ¶μ²ÊÍ¥²μ£μ ¶μ·Ö¤±  Gλ. �¶·¥¤¥²¨³ ¥¥ Ëμ·³Ê²μ°

Gλ(ρ, η) ≡ Hλ(ρ, η) − ıFλ(ρ, η) , 2λ = −1, 1, 3, . . . (18)

‚¸²¥¤¸É¢¨¥ É ±μ£μ μ¶·¥¤¥²¥´¨Ö ¨ Ëμ·³Ê² (14)Ä(17) ËÊ´±Í¨Ö Gλ ¢ ¶·¥¤¥²¥
ρ → 0 ¢¥¤¥É ¸¥¡Ö É ± ¦¥, ± ± ËÊ´±Í¨Ö Hλ,   ¢ ¶·¥¤¥²¥ ρ → ∞ ¨³¥¥É
 ¸¨³¶ÉμÉ¨±Ê

Gλ(ρ, η) = cos [ ρ − η ln (2ρ) − πλ/2 + δc
λ(η) ] + O(1/ρ) , ρ → ∞ . (19)
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„μ± ¦¥³, ÎÉμ ·¥Ï¥´¨Ö Fλ, Hλ ¨ Gλ Ê· ¢´¥´¨Ö (13), Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥
¸μμÉ¢¥É¸É¢ÊÕÐ¨³ Ê¸²μ¢¨Ö³ (14)Ä(19), ¸ÊÐ¥¸É¢ÊÕÉ. �μ¶ÊÉ´μ ¶μ²ÊÎ¨³ ¶·¥¤-
¸É ¢²¥´¨Ö ÔÉ¨Ì ·¥Ï¥´¨° Î¥·¥§ ¢Ò·μ¦¤¥´´Ò¥ £¨¶¥·£¥μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨.

‘´ Î ²  ¶μ¤¸É ´μ¢±μ°

ξ = −2ıρ , uλ(ρ, η) = ρλ+1 exp (ıρ)U(ξ)

¸¢¥¤¥³ ¨¸¸²¥¤Ê¥³μ¥ Ê· ¢´¥´¨¥ (13) ± ¢Ò·μ¦¤¥´´μ³Ê £¨¶¥·£¥μ³¥É·¨Î¥¸±μ³Ê
Ê· ¢´¥´¨Õ (4) ¸ ¶ · ³¥É· ³¨ a = λ + 1 + ı η ¨ c = 2λ + 2. �·¨¢¥¤¥³
¶μ²ÊÎ¥´´μ¥ Ê· ¢´¥´¨¥:[

ξ ∂2
ξ + (2λ + 2 − ξ) ∂ξ − (λ + 1 + ı η)

]
U(ξ) = 0 . (20)

�·¨ É¥Ì ¦¥ ¶ · ³¥É· Ì a ¨ c ÔÉμ³Ê Ê· ¢´¥´¨Õ Ê¤μ¢²¥É¢μ·ÖÕÉ ËÊ´±Í¨¨
Φ(a, c; ξ) ¨ Ψ(a, c; ξ), § ¤ ´´Ò¥ Ëμ·³Ê² ³¨ (5) ¨ (8). ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨
²Õ¡ÒÌ ³´μ¦¨É¥²ÖÌ Cλ(η) ¨ Dλ(η) ·¥Ï¥´¨Ö³¨ ¨¸Ìμ¤´μ£μ Ê· ¢´¥´¨Ö (13) ¡Ê-
¤ÊÉ ¶·μ¨§¢¥¤¥´¨Ö

Fλ(ρ, η) ≡ Cλ(η) ρλ+1 exp (ıρ)Φ(λ + 1 + ı η, 2λ + 2;−2 ıρ) ,
(21)

Hλ(ρ, η) ≡ Dλ(η) ρλ+1 exp (ıρ)Ψ(λ + 1 + ı η, 2λ + 2;−2 ıρ) .

’¥¶¥·Ó ´Ê¦´μ ¶μ± § ÉÓ, ÎÉμ ÔÉ¨ ¶·μ¨§¢¥¤¥´¨Ö ¶·¨ ¢¶μ²´¥ μ¶·¥¤¥²¥´´μ³
¢Ò¡μ·¥ ³´μ¦¨É¥²¥° Cλ(η) ¨ Dλ(η) ¸É ´ÊÉ ¨¸±μ³Ò³¨ ËÊ´±Í¨Ö³¨ ŠÊ²μ´ , Ê¤μ-
¢²¥É¢μ·ÖÕÐ¨³¨ £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³ (14)Ä(17). ˆ¸¶μ²Ó§ÊÖ  ¸¨³¶ÉμÉ¨±¨ (7),
(9) ¨ (10) £¨¶¥·£¥μ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° Φ(a, c; ξ) ¨ Ψ(a, c; ξ) c ¶ · ³¥É· ³¨
a = λ + 1 + ı η ¨ c = 2λ + 2, Ê¡¥¤¨³¸Ö ¢ Éμ³, ÎÉμ μ¡¸Ê¦¤ ¥³Ò¥ ¶·μ¨§¢¥¤¥-
´¨Ö Fλ(ρ, η) ¨ Hλ(ρ, η) ¡Ê¤ÊÉ ¨³¥ÉÓ É·¥¡Ê¥³Ò¥  ¸¨³¶ÉμÉ¨±¨ (14)Ä(17) Éμ£¤ 
¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ËÊ´±Í¨¨ δc

λ(η), Cλ(η) ¨ Dλ(η) ¶¥·¥³¥´´μ° η § ¤ ´Ò
· ¢¥´¸É¢ ³¨

δc
λ(η) = argΓ(λ + 1 + ıη) , Cλ(η) = 2λ |Γ(λ + 1 + ı η)|

Γ(2λ + 2)
exp (−πη/2) ,

Dλ(η) = (−1)λ+1/2 2λ+1 exp [ ı δc
λ(η) + πη/2 ] = (22)

= (−1)λ+1/2 22λ+1 Γ(λ + 1 + ı η)
Γ(2λ + 2)Cλ(η)

.

ˆ¸±μ³ÊÕ ËÊ´±Í¨Õ ŠÊ²μ´  Gλ ¶μ¸É·μ¨³ ¶μ Ëμ·³Ê²¥ (18), § ³¥´¨¢ ¢ ´¥°
Ê¦¥ ´ °¤¥´´Ò¥ ËÊ´±Í¨¨ Fλ ¨ Hλ ¶· ¢Ò³¨ Î ¸ÉÖ³¨ · ¢¥´¸É¢ (21).

�·μ¤μ²¦¨³ ¨¸¸²¥¤μ¢ ´¨¥ ±Ê²μ´μ¢¸±¨Ì ËÊ´±Í¨° ¶μ²ÊÍ¥²μ£μ ¶μ·Ö¤± .
‘´ Î ²  ´ °¤¥³ ¨Ì ¢·μ´¸±¨ ´Ò. “· ¢´¥´¨¥ ŠÊ²μ´  (13) Ö¢²Ö¥É¸Ö ¤¨ËË¥-

·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨¥³ ¢Éμ·μ£μ ¶μ·Ö¤±  ¨ ´¥ ¸μ¤¥·¦¨É ¶·μ¨§¢μ¤´μ° ¶¥·-
¢μ£μ ¶μ·Ö¤± . Š ± ¨§¢¥¸É´μ [6], ¢·μ´¸±¨ ´ ¤¢ÊÌ ²Õ¡ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨°
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É ±μ£μ ±² ¸¸  · ¢¥´ ¶μ¸ÉμÖ´´μ°, ¨ ¥¥ ³μ¦´μ ´ °É¨, § ³¥´¨¢ ÔÉ¨ ·¥Ï¥´¨Ö ¨Ì
 ¸¨³¶ÉμÉ¨± ³¨. ‘²¥¤ÊÖ ÔÉμ³Ê ¶· ¢¨²Ê ¨ ¨¸¶μ²Ó§ÊÖ  ¸¨³¶ÉμÉ¨±¨ (15), (17) ¨
(19), ¶μ²ÊÎ ¥³ ¨¸±μ³Ò¥ ¢·μ´¸±¨ ´Ò:

W (Fλ, Hλ) ≡ Fλ∂ρHλ − Hλ∂ρFλ = −1 ,
(23)

W (Fλ, Gλ) ≡ −1 , W (Gλ, Hλ) ≡ ı .

’¥¶¥·Ó Ê¡¥¤¨³¸Ö ¢ Éμ³, ÎÉμ μ¡¥ ËÊ´±Í¨¨ Fλ ¨ Gλ Ö¢²ÖÕÉ¸Ö ¢¥Ð¥¸É¢¥´-
´Ò³¨.

� Î´¥³ ¸ ËÊ´±Í¨¨ Fλ. ‡ ³¥´¨¢ ¢ ¥¥ ¶·¥¤¸É ¢²¥´¨¨ (21) £¨¶¥·£¥μ³¥É·¨-
Î¥¸±ÊÕ ËÊ´±Í¨Õ Φ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ·Ö¤μ³ (5), ¶μ²ÊÎ¨³

Fλ(ρ, η) = Cλ(η) ρλ+1 exp (ıρ)
∞∑

n=0

(λ + 1 + ıη)n

(2λ + 2)n

(−2 ıρ)n

n!
. (24)

Šμ³¶²¥±¸´μ¥ ¸μ¶·Ö¦¥´¨¥ É ±μ£μ ·Ö¤  · ¢´μ¸¨²Ó´μ § ³¥´¥ ı → −ı. ‘²¥¤μ¢ -
É¥²Ó´μ,

F ∗
λ (ρ, η) = Cλ(η) ρλ exp (−ıρ)Φ(λ + 1 − ı η, 2λ + 2, 2 ıρ) .

�· ¢ Ö Î ¸ÉÓ ÔÉμ£μ · ¢¥´¸É¢  ¢ ¸¨²Ê Éμ¦¤¥¸É¢  ŠÊ³³¥·  (6) · ¢´  ¨¸Ìμ¤´μ°
ËÊ´±Í¨¨ Fλ, μ¶·¥¤¥²¥´´μ° ¶¥·¢μ° ¨§ Ëμ·³Ê² (21). ‡´ Î¨É, Fλ Å ¢¥Ð¥¸É¢¥´-
´ Ö ËÊ´±Í¨Ö.

�·¥¤¶μ²μ¦¨³, ÎÉμ ËÊ´±Í¨Ö Gλ ¨³¥¥É μÉ²¨Î´ÊÕ μÉ Éμ¦¤¥¸É¢¥´´μ£μ ´Ê²Ö
³´¨³ÊÕ Î ¸ÉÓ T . ’μ£¤  ¢μ§³μ¦´Ò ¤¢  ¸²ÊÎ Ö: ¢·μ´¸±¨ ´ W (Fλ, T ) · ¢¥´
³´¨³μ³Ê Î¨¸²Ê ¨²¨ ´Ê²Õ. ‚ ¶¥·¢μ³ ¸²ÊÎ ¥ ¢·μ´¸±¨ ´ W (Fλ, Gλ) μ± -
¦¥É¸Ö ±μ³¶²¥±¸´Ò³ Î¨¸²μ³. ‘μ£² ¸´μ ¢Éμ·μ³Ê · ¢¥´¸É¢Ê (23) ¢·μ´¸±¨ ´
W (Fλ, Gλ) Å ¢¥Ð¥¸É¢¥´´μ¥ Î¨¸²μ. ‚μ ¢Éμ·μ³ ¸²ÊÎ ¥ ËÊ´±Í¨¨ Fλ ¨ T
²¨´¥°´μ § ¢¨¸¨³Ò¥. ‡´ Î¨É, ¸ÊÐ¥¸É¢Ê¥É ±μ´¸É ´É  t, É ± Ö, ÎÉμ T = t Fλ.
�μÔÉμ³Ê ¢ ¶·¥¤¥²¥ ρ → ∞  ¸¨³¶ÉμÉ¨±  ËÊ´±Í¨¨ Gλ ¤μ²¦´  ¸μ¤¥·¦ ÉÓ ¢
± Î¥¸É¢¥ ¸² £ ¥³μ£μ ¶·μ¨§¢¥¤¥´¨¥ ±μ´¸É ´ÉÒ t ¨ ¸É ·Ï¥£μ Î²¥´   ¸¨³¶Éμ-
É¨±¨ (15) ËÊ´±Í¨¨ Fλ. ‚  ¸¨³¶ÉμÉ¨±¥ (19) ËÊ´±Í¨¨ Gλ É ±μ£μ ¶·μ¨§¢¥¤¥´¨Ö
´¥É. ‚ μ¡μ¨Ì · ¸¸³μÉ·¥´´ÒÌ ¸²ÊÎ ÖÌ ¶μ²ÊÎ¥´Ò ¶·μÉ¨¢μ·¥Î¨Ö. ‡´ Î¨É, Gλ Å
¢¥Ð¥¸É¢¥´´ Ö ËÊ´±Í¨Ö.

‚Ò¢¥¤¥³ ¶·¥¤¸É ¢²¥´¨Ö ËÊ´±Í¨° ŠÊ²μ´  Fλ ¨ Hλ Î¥·¥§ ËÊ´±Í¨¨ “¨É-
É¥±¥·  Mα,β ¨ Wα,β . „²Ö ÔÉμ£μ ¢ · ¢¥´¸É¢ Ì (21) ¢Ò· §¨³ ËÊ´±Í¨¨ Φ ¨
Ψ Î¥·¥§ ËÊ´±Í¨¨ Mα,β ¨ Wα,β ¶μ Ëμ·³Ê² ³ (11). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³
¨¸±μ³Ò¥ ¶·¥¤¸É ¢²¥´¨Ö:

Fλ(ρ, η) = exp (−πη/2) ıλ+1 |Γ(λ + 1 + ı η)|
2 Γ(2λ + 2)

M−ıη,λ+1/2(−2ıρ) ,

(25)

Hλ(ρ, η) = exp (πη/2) ı−λ Γ(λ + 1 + ı η)
|Γ(λ + 1 + ı η)| W−ıη,λ+1/2(−2ıρ) .
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‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° ¶Ê´±É ¸²¥¤ÊÕÐ¨³ § ³¥Î ´¨¥³: ¸É·μ¥´¨¥ ±Ê²μ´μ¢-
¸±¨Ì ËÊ´±Í¨° Fλ ¨ Gλ ¶μ¤·μ¡´μ ¨¸¸²¥¤μ¢ ´μ ¢ · ¡μÉ¥ [10], ´μ ²¨ÏÓ ¢ ¸²ÊÎ ¥
2λ = −1.

2.2. � ¤¨ ²Ó´Ò¥ ËÊ´±Í¨¨ ƒ·¨´  ¶μ²ÊÍ¥²μ£μ ¶μ·Ö¤± . ˆ¸¶μ²Ó§ÊÖ ¨§-
¢¥¸É´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤¥²ÓÉ -ËÊ´±Í¨¨ ¢ ¶μ²Ö·´ÒÌ ±μμ·¤¨´ É Ì [4]

δ(r − r′) = (rr′)−1/2 δ(r − r′) δ(ϕ − ϕ′) ,

¸¢¥¤¥³ Ê· ¢´¥´¨¥ (2) ¤²Ö ËÊ´±Í¨¨ ƒ·¨´  Gc ± Ê· ¢´¥´¨Õ(
∂2

r +
1
r

∂r +
1
r2

∂2
ϕ − 1

rR
+ k2

)
Gc(r, r′,k, η) =

2m1

�2

1√
rr′

δ(r−r′) δ(ϕ−ϕ′).

(26)
�· ¢ Ö Î ¸ÉÓ ÔÉμ£μ Ê· ¢´¥´¨Ö ¸μ¤¥·¦¨É ¤¥²ÓÉ -ËÊ´±Í¨Õ δ(ϕ−ϕ′),  ·£Ê³¥´Éμ³
±μÉμ·μ° Ö¢²Ö¥É¸Ö · §´μ¸ÉÓ Ê£²μ¢ ϕ ¨ ϕ′. ‘²¥¤μ¢ É¥²Ó´μ, ¨¸±μ³μ¥ ·¥Ï¥´¨¥
Gc ¤μ²¦´μ ¡ÒÉÓ · §²μ¦¥´¨¥³ É¨¶  (3), ´μ ¶μ Ê£²μ¢Ò³ ËÊ´±Í¨Ö³ ζλ(ϕ − ϕ′):

Gc(r, r′,k, η) =
m1

π�2

1√
ρρ′

∑
2λ=−1,1,3,...

ελ Gc
λ(ρ, ρ′, η) cos [(λ + 1/2)(ϕ − ϕ′)] .

(27)
‚ Ê· ¢´¥´¨¨ (26) § ³¥´¨³ ËÊ´±Í¨Õ Gc É ±¨³ ·Ö¤μ³. �μ²ÊÎ¥´´μ¥ ¸μμÉ-

´μÏ¥´¨¥ ¸¶·μ¥Í¨·Ê¥³ ´  ¢¸¥ Ê£²μ¢Ò¥ ËÊ´±Í¨¨ ζλ(ϕ − ϕ′), ¢Ò¶μ²´¨¢ ¨´É¥-
£·¨·μ¢ ´¨¥ ¶μ μ¡¥¨³ ¶¥·¥³¥´´Ò³ ϕ ¨ ϕ′ ´  μÉ·¥§±¥ [0, 2π], § É¥³ ¶·¨³¥´¨³
¨§¢¥¸É´μ¥ · ¢¥´¸É¢μ [4]

δ(r − r′) = k δ(ρ − ρ′) .

‚ ·¥§Ê²ÓÉ É¥ ¢Ò¢¥¤¥³ ¸Î¥É´ÊÕ (2λ = −1, 1, 3, . . .) ¸μ¢μ±Ê¶´μ¸ÉÓ ´¥§ Í¥¶²ÖÕ-
Ð¨Ì¸Ö Ê· ¢´¥´¨° ¤²Ö · ¤¨ ²Ó´ÒÌ ±μ³¶μ´¥´É Gc

λ ËÊ´±Í¨¨ ƒ·¨´  Gc:[
∂2

ρ − λ(λ + 1)
ρ2

+ 1 − 2η

ρ

]
Gc

λ(ρ, ρ′, η) = δ(ρ − ρ′) . (28)

‡ ³¥É¨³, ÎÉμ ± ¦¤μ³Ê É ±μ³Ê ´¥μ¤´μ·μ¤´μ³Ê Ê· ¢´¥´¨Õ μÉ¢¥Î ¥É · ´¥¥
¨¸¸²¥¤μ¢ ´´μ¥ · ¤¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· , § ¶¨¸ ´´μ¥ ¢ ¢¨¤¥ Ê· ¢-
´¥´¨Ö ŠÊ²μ´  (13). �μÔÉμ³Ê ¶·¨ ²Õ¡μ³ §´ Î¥´¨¨ λ ËÊ´±Í¨Ö Gc

λ Ö¢²Ö¥É¸Ö
· ¤¨ ²Ó´μ° ±Ê²μ´μ¢¸±μ° ËÊ´±Í¨¥° ƒ·¨´  ¤²Ö § ¤ Î¨ · ¸¸¥Ö´¨Ö ´  ¶μ²Ê¶·Ö-
³μ° ρ > 0.

‘ ³Ò° ¶·μ¸Éμ° ¸¶μ¸μ¡ ¶μ¸É·μ¥´¨Ö · ¤¨ ²Ó´μ° ËÊ´±Í¨¨ ƒ·¨´  ¤²Ö § -
¤ Î¨ · ¸¸¥Ö´¨Ö μ¶¨¸ ´ ¢ ³μ´μ£· Ë¨¨ [3] ´  ¶·¨³¥·¥ · ¤¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö
˜·¥¤¨´£¥·  ¸ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨³ ¶μÉ¥´Í¨ ²μ³. �·¨³¥´¨¢ ÔÉμÉ ¸¶μ¸μ¡ ±
Ê· ¢´¥´¨Õ (28), ¶μ²ÊÎ¨³ ¶·¥¤¸É ¢²¥´¨¥ ± ¦¤μ° (2λ = −1, 1, 3, . . .) · ¤¨ ²Ó-
´μ° ËÊ´±Í¨¨ ƒ·¨´  Gc

λ Î¥·¥§ ËÊ´±Í¨¨ ŠÊ²μ´ :

Gc
λ(ρ, ρ′, η) = −Fλ(ρ<, η)Hλ(ρ>, η) , ρ, ρ′ > 0 , −∞ < η < ∞ , (29)
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£¤¥ ρ< = ρ′, ρ> = ρ, ¥¸²¨ ρ′ < ρ,   ¢ ¸²ÊÎ ¥ ρ′ > ρ ´ μ¡μ·μÉ: ρ< = ρ,  
ρ> = ρ.

‚Ò¶μ²´¨³ ¶·μ¢¥·±Ê. ‚ Ê· ¢´¥´¨¨ (28) § ³¥´¨³ ËÊ´±Í¨Õ Gc
λ ¶· ¢μ°

Î ¸ÉÓÕ · ¢¥´¸É¢  (29). ‚ ²Õ¡μ³ ¨§ ¸²ÊÎ ¥¢ ρ′ < ρ ¨²¨ ρ′ > ρ μ¤´  ¨§ ËÊ´±Í¨°
Fλ(ρ<, η) ¨²¨ Hλ(ρ>, η) Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö (13),   ¶·¨ ρ′ = ρ
¢·μ´¸±¨ ´ É ±¨Ì ËÊ´±Í¨° · ¢¥´ ¥¤¨´¨Í¥. �μÔÉμ³Ê ¨¸¸²¥¤Ê¥³μ¥ Ê· ¢´¥´¨¥
¢Ò·μ¦¤ ¥É¸Ö ¢ Éμ¦¤¥¸É¢μ.

�·¨¸ÉÊ¶¨³ ± ¢Ò¢μ¤Ê ¨´É¥£· ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ËÊ´±Í¨¨ Gc
λ.

‘´ Î ²  ¢ · ¢¥´¸É¢¥ (29) ¢Ò· §¨³ ËÊ´±Í¨¨ ŠÊ²μ´  Î¥·¥§ ËÊ´±Í¨¨ “¨É-
É¥±¥·  ¶μ Ëμ·³Ê² ³ (25). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ · ¢¥´¸É¢μ

Gc
λ(ρ, ρ′, η) = −ı

Γ(λ + 1 + ı η)
2 Γ(2λ + 2)

M−ıη,λ+1/2(−2ıρ<)W−ıη,λ+1/2(−2ıρ>) .

(30)
�É³¥É¨³, ÎÉμ ÔÉμ · ¢¥´¸É¢μ ¢μ¸¶·μ¨§¢μ¤¨É ¤ ¢´μ ¨§¢¥¸É´μ¥ ¸μμÉ´μÏ¥-

´¨¥, ¢Ò¢¥¤¥´´μ¥ ¢ · ¡μÉ¥ [11] ¤·Ê£¨³ ¸¶μ¸μ¡μ³, μ¸´μ¢ ´´Ò³ ´  μ¸Í¨²²Ö-
Éμ·´μ³ ¶·¥¤¸É ¢²¥´¨¨ Ê· ¢´¥´¨Ö ŠÊ²μ´  ¢ ³´μ£μ³¥·´μ³ ±μ´Ë¨£Ê· Í¨μ´´μ³
¶·μ¸É· ´¸É¢¥.

„ ²¥¥ ¶μÉ·¥¡Ê¥É¸Ö ¨§¢¥¸É´μ¥ ¨´É¥£· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¶·μ¨§¢¥¤¥´¨Ö
ËÊ´±Í¨° “¨ÉÉ¥±¥·  [9] Î¥·¥§ ³μ¤¨Ë¨Í¨·μ¢ ´´ÊÕ ËÊ´±Í¨Õ �¥¸¸¥²Ö I2β :

Mα,β(ac)Wα,β(bc) =
c
√

ab Γ(1 + 2β)
Γ(1/2 + β − α)

×

×
∫ ∞

0

exp [−(c/2)(a + b) ch (u) ] [ cth (u/2)]2α
I2β(c

√
ab sh (u)) du . (31)

	Éμ ¶·¥¤¸É ¢²¥´¨¥ ¢¥·´μ ¶·¨ Ê¸²μ¢¨ÖÌ b > a, Re (1/2 + β − α) > 0 ¨, ± ±
μÉ³¥É¨² ‘.Š² ·¸Ë¥²Ó¤ [12], ¢μ ¢¸¥° ±μ³¶²¥±¸´μ° ¶μ²Ê¶²μ¸±μ¸É¨ Re β >
−1/2 ¶ · ³¥É·  β.

’¥¶¥·Ó ¶·μ¨§¢¥¤¥´¨¥ ËÊ´±Í¨° “¨ÉÉ¥±¥· , ¸μ¤¥·¦ Ð¥¥¸Ö ¢ ¶·¥¤¸É ¢²¥-
´¨¨ (30), § ³¥´¨³ É ¡²¨Î´Ò³ ¨´É¥£· ²μ³ (31), ¶μ²μ¦¨¢ ¢ ´¥³ α = ı η,
β = λ + 1/2 ¨ c = −2 ı,   É ±¦¥ a = ρ′, b = ρ ¶·¨ ρ > ρ′ ¨ ´ μ¡μ·μÉ
a = ρ, b = ρ′ ¢ ¸²ÊÎ ¥ ρ < ρ′. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¨¸±μ³μ¥ ¨´É¥£· ²Ó´μ¥
¶·¥¤¸É ¢²¥´¨¥ · ¤¨ ²Ó´μ° ËÊ´±Í¨¨ ƒ·¨´ :

Gc
λ(ρ, ρ′, η) = ı(λ+3/2)

√
ρρ′

∫ ∞

0

[ th (u/2)]2ıη ×

× exp [ ı(ρ + ρ′) ch (u) ] J2λ+1(2
√

ρρ′ sh (u)) du , (32)

£¤¥ J2λ+1 Å ËÊ´±Í¨Ö �¥¸¸¥²Ö ¶¥·¢μ£μ ·μ¤ . ‡ ¶¨Ï¥³ ¶μ²ÊÎ¥´´μ¥ ¶·¥¤¸É -
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¢²¥´¨¥ ¢ ¶¥·¥³¥´´ÒÌ s = t sh (u) ¨ t ≡ 2
√

ρρ′ ¢ ¢¨¤¥ · ¢¥´¸É¢ 

Gc
λ(ρ, ρ′, η) = (−1)(λ+3/2) t

2

∫ ∞

0

[
s√

s2 + t2 + t

]2ıη

×

× exp
[
ı(ρ + ρ′)

√
1 + (s/t)2

]
J2λ+1(s)

ds√
s2 + t2

. (33)

‚ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥ ÔÉμ · ¢¥´¸É¢μ μ± ¦¥É¸Ö ±²ÕÎ¥¢Ò³.

3. Œ�†����’�›… �–…�Šˆ ��„ˆ�‹œ�›• ”“�Š–ˆ‰ ƒ�ˆ��
ˆ Š“‹���

‚ ´ ¸ÉμÖÐ¥³ · §¤¥²¥ ¨¸¶μ²Ó§Ê¥É¸Ö μ¡μ§´ Î¥´¨¥ t ≡ 2
√

ρρ′ ¨ ·¥Ï ¥É¸Ö
¸²¥¤ÊÕÐ Ö § ¤ Î : ¸É ·ÉÊÖ ¸ ¨´É¥£· ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö (33) ËÊ´±Í¨¨ Gc

λ,
¶μ¸²¥¤μ¢ É¥²Ó´μ ¢Ò¢¥¸É¨ ¶·μ¸ÉÒ¥, ´μ · ¢´μ³¥·´Ò¥ ¶μ ¶ · ³¥É·Ê η ¨ ¨´¤¥±¸Ê
λ ³ ¦μ· ´É´Ò¥ μÍ¥´±¨ ËÊ´±Í¨° |Gc

λ(ρ, ρ′, η)|, |Fλ(ρ′, η)Hλ(ρ, η)|, |Fλ(ρ, η)|
¨ |Fλ(ρ′, η)Gλ(ρ, η)|.

�·¨¸ÉÊ¶¨³ ± ·¥Ï¥´¨Õ. Š ± ¨§¢¥¸É´μ [6], ³μ¤Ê²Ó μ¶·¥¤¥²¥´´μ£μ ¨´É¥-
£· ²  μÉ ´¥±μÉμ·μ° ¶μ¤Ò´É¥£· ²Ó´μ° ËÊ´±Í¨¨ ´¥ ¶·¥¢ÒÏ ¥É ¨´É¥£· ²  μÉ
³μ¤Ê²Ö ÔÉμ° ¦¥ ËÊ´±Í¨¨. �μÔÉμ³Ê ¨§ ¶·¥¤¸É ¢²¥´¨Ö (33) ¸²¥¤Ê¥É, ÎÉμ ¶·¨
²Õ¡ÒÌ λ ¨ η

|Gc
λ(ρ, ρ′, η)| � Bλ(t) ≡ t

2

∫ ∞

0

|J2λ+1(s)|√
s2 + t2

ds . (34)

�·¥¤¶μ²μ¦¨³, ÎÉμ Ê¤ ²μ¸Ó ´ °É¨ ¤μ¢μ²Ó´μ ¶·μ¸ÉÊÕ ËÊ´±Í¨Õ Pλ(t), ¶·¥-
¢ÒÏ ÕÐÊÕ ¨´É¥£· ² Bλ(t) ¶·¨ ²Õ¡ÒÌ λ ¨ t. ’μ£¤  ¢¸²¥¤¸É¢¨¥ ¸μμÉ´μÏ¥-
´¨° (34) ÔÉ  ËÊ´±Í¨Ö ¡Ê¤¥É ¨¸±μ³μ° ³ ¦μ· ´É´μ° μÍ¥´±μ° ¤²Ö ËÊ´±Í¨¨ |Gc

λ|
¢ ¸²¥¤ÊÕÐ¥³ ¸³Ò¸²¥:

|Gc
λ(ρ, ρ′, η)| � Bλ(t) < Pλ(t) . (35)

�μ± ¦¥³, ± ±, ¨¸¶μ²Ó§ÊÖ ÔÉÊ μÍ¥´±Ê, ¢Ò¢¥¸É¨ ¢¸¥ μ¸É ²Ó´Ò¥ ¨¸±μ³Ò¥
μÍ¥´±¨. ‘´ Î ²  ¢ ´¥· ¢¥´¸É¢ Ì (35) § ³¥´¨³ ËÊ´±Í¨Õ ƒ·¨´  Gc

λ ¶·μ¨§¢¥¤¥-
´¨¥³ (29), ¨ É ±¨³ μ¡· §μ³ ¤μ± ¦¥³ μÍ¥´±Ê

|Fλ(ρ′, η)Hλ(ρ, η)| < Pλ(t) , ρ′ � ρ . (36)

�¥·¥°¤¥³ ¢ ÔÉμ° μÍ¥´±¥ ± ¶·¥¤¥²Ê ρ → ∞ ¶·¨ Éμ³ ¦¥ Ê¸²μ¢¨¨ ρ′ < ρ.
‘μ£² ¸´μ Ëμ·³Ê²¥ (17) ËÊ´±Í¨Ö |Hλ(ρ, η)| ¢ ÔÉμ³ ¶·¥¤¥²¥ ´¥ ¶·¥¢μ¸Ìμ¤¨É
¥¤¨´¨ÍÊ, ¶μÔÉμ³Ê ¢ ¨Éμ£¥ ¶μ²ÊÎ¨³ μÍ¥´±Ê

|Fλ(ρ′, η)| < Pλ(2ρ′) , ρ′ � 0 . (37)

12



‚Ò¢¥¤¥³ ¥Ð¥ ¤¢¥ μÍ¥´±¨. ‚¸²¥¤¸É¢¨¥ μ¶·¥¤¥²¥´¨Ö (18) ËÊ´±Í¨¨ Gλ(ρ, η)
¨³¥¥³

|Fλ(ρ′, η)Hλ(ρ, η)| =
{

[ Fλ(ρ′, η)Fλ(ρ, η) ]2 + [ Fλ(ρ′, η)Gλ(ρ, η) ]2
}1/2

,

¶μÔÉμ³Ê ¢¥·´μ ´¥· ¢¥´¸É¢μ

|Fλ(ρ′, η)Gλ(ρ, η)| < |Fλ(ρ′, η)Hλ(ρ, η)| , ρ′ � ρ .

�· ¢ Ö Î ¸ÉÓ ÔÉμ£μ ´¥· ¢¥´¸É¢  ¶μ¤Î¨´Ö¥É¸Ö ¸μμÉ´μÏ¥´¨Õ (36). ‘²¥¤μ¢ -
É¥²Ó´μ, ¨ ²¥¢ Ö Î ¸ÉÓ ÔÉμ£μ ¦¥ ´¥· ¢¥´¸É¢  Ê¤μ¢²¥É¢μ·Ö¥É Éμ³Ê ¦¥ ¸μμÉ´μÏ¥-
´¨Õ:

|Fλ(ρ′, η)Gλ(ρ, η)| < Pλ(t) , ρ′ � ρ . (38)

ˆÉ ±, ¥¸²¨ ¨§¢¥¸É´  ËÊ´±Í¨Ö Pλ(t), ³ ¦μ·¨·ÊÕÐ Ö ¨´É¥£· ² Bλ(t), Éμ
¢¥·´Ò μÍ¥´±¨ (35)Ä(38). �¸É ²μ¸Ó ´ °É¨ É ±ÊÕ ËÊ´±Í¨Õ. „²Ö ÔÉμ£μ ¶·¨¤¥É¸Ö
μÉ¤¥²Ó´μ · ¸¸³μÉ·¥ÉÓ · §´Ò³¨ ¸¶μ¸μ¡ ³¨ ¤¢  ¸²ÊÎ Ö: 2λ � 1 ¨ 2λ = −1.

‘²ÊÎ ° 2λ � 1. ‡¤¥¸Ó ¸Ê³³  2λ + 1 ¡μ²ÓÏ¥ ¨²¨ · ¢´  ¤¢Ê³,   ¨§¢¥¸É´Ò¥
´¥· ¢¥´¸É¢  [12]

∫ ∞

0

|Jν(s)|√
s2 + t2

ds <

∫ ∞

0

|Jν(s)| ds

s
<

√
2π

ν
(39)

¢Ò¶μ²´ÖÕÉ¸Ö ¶·¨ Ê¸²μ¢¨¨ ν � 1. �μÔÉμ³Ê ¢ ÔÉ¨Ì ´¥· ¢¥´¸É¢ Ì ³μ¦´μ ¶μ²μ-
¦¨ÉÓ ν = 2λ+1,   § É¥³ Ê³´μ¦¨ÉÓ ¶μ²ÊÎ¨¢Ï¨¥¸Ö ¸μμÉ´μÏ¥´¨Ö ´  ³´μ¦¨É¥²Ó
t/2. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨É¸Ö ¢¥·Ì´ÖÖ μÍ¥´±  ¨´É¥£· ²  Bλ(t) ¨ ¨¸±μ³μ¥ ¶·¥¤-
¸É ¢²¥´¨¥ ËÊ´±Í¨¨ Pλ(t):

Bλ(t) ≡ t

2

∫ ∞

0

|J2λ+1(s)|√
s2 + t2

ds < Pλ(t) ≡ t

2

√
2π

2λ + 1
, 2λ � 1 . (40)

�μ¤¸É ¢¨³ ´ °¤¥´´ÊÕ ËÊ´±Í¨Õ Pλ(t) ¢ ¤μ± § ´´Ò¥ ¢ÒÏ¥ ´¥· ¢¥´¸É-
¢  (35)Ä(38). �¡¸Ê¤¨³ ¶μ²ÊÎ¥´´Ò¥ É ±¨³ μ¡· §μ³ μÍ¥´±¨. � Î´¥³ ¸ ¶·¥-
¨³ÊÐ¥¸É¢. ‚¸¥ ÔÉ¨ μÍ¥´±¨ Ê¡Ò¢ ÕÉ ¢ ¶·¥¤¥²¥ λ → ∞ ± ± O(λ−1/2) ¨ ¸μ-
¤¥·¦ É ËÊ´±Í¨Õ Pλ(t), ±μÉμ·ÊÕ ´¥É·Ê¤´μ ¢ÒÎ¨¸²¨ÉÓ ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ
 ·£Ê³¥´Éμ¢ ρ, ρ′, η ¨ ¨´¤¥±¸  λ. �¸´μ¢´μ° ´¥¤μ¸É Éμ± μ¡¸Ê¦¤ ¥³ÒÌ μÍ¥´μ±
¶·μÖ¢²Ö¥É¸Ö ¢ ¶·¥¤¥²¥ ¡μ²ÓÏ¨Ì §´ Î¥´¨°  ·£Ê³¥´Éμ¢ ρ ¨ ρ′, ±μ£¤  ²¥¢Ò¥ Î ¸É¨
ÔÉ¨Ì μÍ¥´μ± ¡²¨§±¨ ± ¥¤¨´¨Í¥,   ¶· ¢Ò¥ Î ¸É¨ ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ÕÉ ± ±
O(

√
ρρ′). ‚ ÔÉμ³ ¶·¥¤¥²¥ ¢¸¥ μÍ¥´±¨ (35)Ä(38) ¸É ´μ¢ÖÉ¸Ö ¸²¨Ï±μ³ £·Ê¡Ò³¨.

Ÿ¢´μ § ¢ÒÏ¥´´μ° Ö¢²Ö¥É¸Ö ¨ μÍ¥´±  (36) ¤²Ö ËÊ´±Í¨¨ Fλ(ρ′, η) ¢ ¶·¥¤¥²¥
ρ′ → 0. „¥°¸É¢¨É¥²Ó´μ, ¢ ÔÉμ³ ¶·¥¤¥²¥ ¸μ£² ¸´μ Ëμ·³Ê²¥ (14) É ± Ö ËÊ´±Í¨Ö
Ê¡Ò¢ ¥É ¡Ò¸É·¥¥, Î¥³ ËÊ´±Í¨Ö ρ′,   ¨³¥´´μ ± ± O(ρ′λ+1).

‘²ÊÎ ° 2λ = −1. ‡¤¥¸Ó ν ≡ 2λ + 1 = 0,   ´¥· ¢¥´¸É¢μ (39) ¢¥·´μ ¶·¨
Ê¸²μ¢¨¨ ν � 1. �μÔÉμ³Ê ÔÉμ ´¥· ¢¥´¸É¢μ ´¥²Ó§Ö ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö μÍ¥´±¨
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ËÊ´±Í¨¨ |J0(s)|. ‚ ¨§¢¥¸É´ÒÌ ¸¶· ¢μÎ´¨± Ì [7, 8] ¤²Ö ÔÉμ° ËÊ´±Í¨¨ ¶·¨-
¢μ¤¨É¸Ö ²¨ÏÓ μ¤´  μÍ¥´±  ¸¢¥·ÌÊ |J0(s)| � 1, s � 0, ±μÉμ· Ö ¶μ·μ¦¤ ¥É¸Ö
¨´É¥£· ²μ³ �Ê ¸¸μ´ :

J0(s) =
1
π

∫ π

0

dw cos (s sin w) .

„·Ê£¨¥ ³ ¦μ· ´É´Ò¥ μÍ¥´±¨ ËÊ´±Í¨¨ |J0(s)|, ¸¶· ¢¥¤²¨¢Ò¥ ¶·¨ ²Õ¡μ³
s � 0, ¶μ-¢¨¤¨³μ³Ê, ´¥¨§¢¥¸É´Ò. �μÔÉμ³Ê ¶·¨¤¥É¸Ö ¤μ± § ÉÓ · ¢´μ³¥·´ÊÕ
μÍ¥´±Ê

|J0(s)| <

√
2
πs

, s � 0 . (41)

…¸²¨ 0 � s � 2/π, Éμ
√

2/(πs) � 1, ´μ |J0(s)| � 1 ¶·¨ ²Õ¡μ³ s � 0.
�μÔÉμ³Ê ´  μÉ·¥§±¥ 0 � s � 2/π μ¡¸Ê¦¤ ¥³ Ö μÍ¥´±  (41) § ¢¥¤μ³μ ¢¥·´ .
’¥¶¥·Ó ¢μ¸¶μ²Ó§Ê¥³¸Ö ¨§¢¥¸É´μ°  ¸¨³¶ÉμÉ¨±μ° [8] ¸Ê³³Ò ±¢ ¤· Éμ¢ ËÊ´±Í¨°
�¥¸¸¥²Ö J0(s) ¨ Y0(s) ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ ·μ¤μ¢. ‡ ¶¨Ï¥³ ÔÉÊ  ¸¨³¶ÉμÉ¨±Ê ¢
¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö

J2
0 (s) +Y 2

0 (s) =
2
πs

[
1 − 1

8s2
+ ε(s)

]
, ε(s) > 0, ε = O(s−4) , s → ∞ .

ˆ¸¸²¥¤Ê¥³ ¥£μ ¢Éμ·μ° ¸μ³´μ¦¨É¥²Ó S(s), · ¢´Ò° ¸Ê³³¥, § ±²ÕÎ¥´´μ° ¢ ±¢ -
¤· É´Ò¥ ¸±μ¡±¨. ‘² £ ¥³μ¥ ε(s) ¶μ²μ¦¨É¥²Ó´μ¥ ¨ Ê¡Ò¢ ¥É ¡Ò¸É·¥¥ ¸² £ ¥³μ£μ
(8s2)−1. �μÔÉμ³Ê ¸ÊÐ¥¸É¢Ê¥É ±μ´¥Î´μ¥ §´ Î¥´¨¥ s0  ·£Ê³¥´É  s, É ±μ¥, ÎÉμ
´  ¢¸¥° ¶μ²Ê¶·Ö³μ° s � s0 ËÊ´±Í¨Ö S(s) ³¥´ÓÏ¥ ¥¤¨´¨ÍÒ. ‘²¥¤μ¢ É¥²Ó´μ,
´  ÔÉμ° ¦¥ ¶μ²Ê¶·Ö³μ° μ¡¥ ËÊ´±Í¨¨ |J2

0 (s)| ¨ |Y 2
0 (s)| ´¥ ¶·¥¢ÒÏ ÕÉ ¶¥·¢μ£μ

¸μ³´μ¦¨É¥²Ö μ¡¸Ê¦¤ ¥³μ°  ¸¨³¶ÉμÉ¨±¨. ‡´ Î¨É, μÍ¥´±  (41) ¢¥·´  ¢ ¸²ÊÎ ¥
s � s0. „μ± § ÉÓ ÔÉÊ μÍ¥´±Ê ¢ μ¸É ¢Ï¥³¸Ö ¸²ÊÎ ¥ 2/π < s < s0 Ê¤ ²μ¸Ó, ´μ
²¨ÏÓ ¶ÊÉ¥³ ¢ÒÎ¨¸²¥´¨° ËÊ´±Í¨¨ |J0(s)| ¸ Î¥ÉÒ·´ ¤Í É¨§´ Î´μ° ÉμÎ´μ¸ÉÓÕ
´  μÉ·¥§±¥ 2/π � s � 1015.

„²Ö ¨¸¸²¥¤μ¢ ´¨Ö ³ ¦μ· ´É´μ° μÍ¥´±¨ P−1/2(t) ¨´É¥£· ²  (34), 2λ = −1,
±·μ³¥ ´¥· ¢¥´¸É¢  (41) ¶μÉ·¥¡Ê¥É¸Ö Ô²²¨¶É¨Î¥¸±¨° ¨´É¥£· ² ¶¥·¢μ£μ ·μ¤ 
F (ϕ|α). � ¶μ³´¨³ μ¶·¥¤¥²¥´¨¥ É ±μ£μ ¨´É¥£· ²  ¨ ¥£μ ¨§¢¥¸É´Ò¥ ¶·¥¤-
¸É ¢²¥´¨Ö [8, 9]. ˆ´É¥£· ² F (ϕ|α) ¸  ·£Ê³¥´Éμ³ ϕ ¨ ³μ¤Ê²Ö·´Ò³ Ê£²μ³ α
μ¶·¥¤¥²Ö¥É¸Ö · ¢¥´¸É¢μ³

F (ϕ|α) ≡
∫ ϕ

0

dθ√
1 − (sin α)2 (sin θ)2

, ϕ ∈ [0, π/2] ,

¨ ¶μÔÉμ³Ê Ö¢²Ö¥É¸Ö Î¥É´μ° ËÊ´±Í¨¥° Ê£²  α. ‚ ¸²ÊÎ ¥ ϕ = π/2 ¨´É¥£· ²
F (ϕ|α) ´ §Ò¢ ¥É¸Ö ¶μ²´Ò³ ¨ μ¡μ§´ Î ¥É¸Ö ¸¨³¢μ²μ³ K(α). ‚ ¸²ÊÎ ¥ α = π/4
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¤²Ö ¨´É¥£· ²  F (ϕ|α) ¨³¥ÕÉ¸Ö ¤¢  ¶·¥¤¸É ¢²¥´¨Ö [9]:

F (ϕ|π/4) = 2
∫ w

0

du√
1 + u4

, ϕ = arccos
[
(1 − w2)/(1 + w2)

]
, 0 � w � 1 ;

(42)

F (ϕ|π/4) = 2
∫ ∞

w

du√
1 + u4

, ϕ = arccos
[
(w2 − 1)/(1 + w2)

]
, w � 1 .

�¥·¥°¤¥³ ±  ´ ²¨§Ê ¨´É¥£· ²  (34) ¢ ¸²ÊÎ ¥ 2λ = −1. ‡ ³¥´¨³ ¢ ´¥³
ËÊ´±Í¨Õ |J0(s)| ¶· ¢μ° Î ¸ÉÓÕ ´¥· ¢¥´¸É¢  (41). �μ²ÊÎ¥´´Ò° ¨´É¥£· ² ¶μ¤-
¸É ´μ¢±μ° s = t u2 ¸¢¥¤¥³ ± ¸Ê³³¥ ¤¢ÊÌ ¨´É¥£· ²μ¢ (42) c μ¤´¨³ ¨ É¥³ ¦¥
¶·¥¤¥²μ³ w = 1. ’ ± Ö ¸Ê³³  ¶μ μ¶·¥¤¥²¥´¨Õ Ö¢²Ö¥É¸Ö ¶μ²´Ò³ Ô²²¨¶É¨Î¥-
¸±¨³ ¨´É¥£· ²μ³ K(π/4) = 1,85407647 . . . ¶¥·¢μ£μ ·μ¤  c ³μ¤Ê²Ö·´Ò³ Ê£²μ³
α = π/4. ‡ ¶¨Ï¥³ ¢Ò¶μ²´¥´´Ò¥ ¶·¥μ¡· §μ¢ ´¨Ö ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¥° Í¥¶μÎ±¨
¸μμÉ´μÏ¥´¨°:∫ ∞

0

|J0(s)|√
s2 + t2

ds <

√
2
π

∫ ∞

0

ds√
s

1√
s2 + t2

=

=

√
8
πt

∫ ∞

0

du√
1 + u4

=

√
8
πt

K(π/4) .

�¸´μ¢´μ¥ ¸²¥¤¸É¢¨¥ ÔÉμ° Í¥¶μÎ±¨ Å · ¢´μ³¥·´ Ö ¶μ ¶¥·¥³¥´´μ° t ≡ 2
√

ρρ′

μÍ¥´± 

B−1/2(t) < P−1/2(t) ≡
√

2t

π
K(π/4) == β (ρ ρ′)1/4 ,

(43)

β ≡ 2K(π/4)√
π

= 2,09209924 . . .

�¥·¥°¤¥³ ± ¶μ¸É·μ¥´¨Õ ¡μ²¥¥ ÉμÎ´ÒÌ μÍ¥´μ± ¨´É¥£· ²  B−1/2(t). � -
Î´¥³ ¸ Éμ£μ, ÎÉμ ¢¢¥¤¥³ ´¥μÉ·¨Í É¥²Ó´Ò° ¶ · ³¥É· b ¨ § ¶¨Ï¥³ ÔÉμÉ ¨´É¥£· ²
¢ ¢¨¤¥ ¸Ê³³Ò ¨´É¥£· ²  ¶μ μÉ·¥§±Ê [0, b] ¨ ¨´É¥£· ²  ¶μ ¶μ²Ê¶·Ö³μ° [b,∞).
‚ ¶¥·¢μ³ ¨´É¥£· ²¥ § ³¥´¨³ ËÊ´±Í¨Õ |J0(s)| ¥¤¨´¨Í¥°,   ¢μ ¢Éμ·μ³ Å ¶· -
¢μ° Î ¸ÉÓÕ ´¥· ¢¥´¸É¢  (41). ’ ±¨³ μ¡· §μ³ ¶μ²ÊÎ¨³ ¸¶· ¢¥¤²¨¢ÊÕ ¶·¨
²Õ¡μ³ b > 0 μÍ¥´±Ê

B−1/2(t) < Q(t, b) ≡ t

2

∫ b

0

ds√
s2 + t2

+
t

2

√
2
π

∫ ∞

b

ds√
s

1√
s2 + t2

. (44)

ˆ§ ¢¸¥Ì É ±¨Ì μÍ¥´μ± ¢Ò¡¥·¥³ ´ ¨²ÊÎÏÊÕ. „²Ö ÔÉμ£μ ´ °¤¥³ ¶·μ¨§¢μ¤-
´ÊÕ

∂bQ(t, b) =
t

2

(
1 −

√
2
πb

)
1√

b2 + t2

¨ § ³¥É¨³, ÎÉμ μ´  ¨³¥¥É ¥¤¨´¸É¢¥´´Ò° ´Ê²Ó b = 2/π ¨ Ö¢²Ö¥É¸Ö μÉ·¨Í -
É¥²Ó´μ°, ¥¸²¨ b < 2/π, ¨ ¶μ²μ¦¨É¥²Ó´μ°, ¥¸²¨ b > 2/π. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨
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²Õ¡μ³ t � 0 ËÊ´±Í¨Ö Q(t, b) ¶μ ¶¥·¥³¥´´μ° b ¨³¥¥É ¥¤¨´¸É¢¥´´Ò° ²μ± ²Ó´Ò°
³¨´¨³Ê³ ¨ É ±μ° ³¨´¨³Ê³ ¤μ¸É¨£ ¥É¸Ö ¢ ÉμÎ±¥ b = 2/π. �μÔÉμ³Ê ´ ¨²ÊÎÏ¥°
Ö¢²Ö¥É¸Ö μÍ¥´±  Q(t, b) ¶·¨ §´ Î¥´¨¨ b = 2/π.

ˆ¸¸²¥¤Ê¥³ ÔÉÊ μÍ¥´±Ê. ‚ ¸Ê³³¥ Q(t, b) ¤¢ÊÌ ¨´É¥£· ²μ¢ (44) ¶μ²μ¦¨³
b = 2/π, ¶¥·¢Ò° ¨´É¥£· ² ¸Î¨É ¥³ ËÊ´±Í¨¥° f(t),   ¢Éμ·μ° Å ËÊ´±Í¨¥° g(t):

Q(t; 2/π) = f(t) + g(t) , f(t) ≡ t

2

∫ 2/π

0

ds√
s2 + t2

,

(45)

g(t) ≡ t√
2π

∫ ∞

2/π

ds√
s

1√
s2 + t2

.

�¡  ¨´É¥£· ²  ¸¢¥¤¥³ ± É ¡²¨Î´Ò³ [9],   § É¥³ ¨¸¸²¥¤Ê¥³. �¥·¥Î¨¸²¨³ ¨Éμ-
£μ¢Ò¥ ¢Ò¢μ¤Ò. ˆ´É¥£· ² f(t) ¸μ¤¥·¦¨É ²μ£ ·¨Ë³¨Î¥¸±ÊÕ ËÊ´±Í¨Õ,

f(t) =
t

2
ln

⎡
⎣

√
1 +

(
2
πt

)2

+
2
πt

⎤
⎦ , (46)

  ¨´É¥£· ² g(t) ¢ ¸¨²Ê · ¢¥´¸É¢ (42) ¢Ò· ¦ ¥É¸Ö Î¥·¥§ Ô²²¨¶É¨Î¥¸±¨¥ ¨´É¥-
£· ²Ò:

g(t) =

√
t

2π

{
F (ϕ|π/4) , t � 2/π ,

2 K(π/4)− F (ϕ|π/4) , t � 2/π ,
ϕ ≡ arccos

(
|2 − πt|
2 + πt

)
.

(47)
�μÔÉμ³Ê μ¡¥ ËÊ´±Í¨¨ f(t) ¨ g(t) ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ ¢ ¶·¥¤¥²¥ t → 0 ± ±
O(t ln t) ¨ O(t) ¨ ³μ´μÉμ´´μ ¢μ§· ¸É ÕÉ ¶·¨ Ê¢¥²¨Î¥´¨¨  ·£Ê³¥´É  t. ‡´ -
Î¥´¨Ö ËÊ´±Í¨¨ f(t) μ£· ´¨Î¥´Ò ¸¢¥·ÌÊ Î¨¸²μ³ 1/π,   ËÊ´±Í¨Ö g(t) É ±μ¢ ,
ÎÉμ g(t) = O(t1/2), ¥¸²¨ t → ∞. ‚ ¸¨²Ê ¶¥·¥Î¨¸²¥´´ÒÌ ¸¢μ°¸É¢ ËÊ´±Í¨°
¢ ¨Ì ¸Ê³³¥ ¶·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ  ·£Ê³¥´É  ¤μ³¨´¨·Ê¥É ¶¥·¢μ¥ ¸² £ ¥³μ¥
(f(t) � g(t)),   ¶·¨ ¡μ²ÓÏ¨Ì Å ¢Éμ·μ¥ (g(t) � f(t)). 	ÉμÉ ¢Ò¢μ¤ ¨²²Õ-
¸É·¨·Ê¥É ·¨¸. a, ´  ±μÉμ·μ³ ¨§μ¡· ¦¥´Ò £· Ë¨±¨ μÉ´μÏ¥´¨° ËÊ´±Í¨° f(t)
¨ g(t) ± ¨Ì ¸Ê³³¥ Q(t, 2/π). ‘É ·Ï¨¥ ¸² £ ¥³Ò¥ Q−(t) ¨ Q+(t)  ¸¨³¶ÉμÉ¨±
ÔÉμ° ¸Ê³³Ò ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¶·¥¤¥² Ì t → 0 ¨ t → ∞ Ö¢²ÖÕÉ¸Ö ¤μ¢μ²Ó´μ
¶·μ¸ÉÒ³¨ ËÊ´±Í¨Ö³¨:

Q−(t) ≡ t

2

(
ln

4
πt

+ 2
)

, Q+(t) ≡
√

2 t

π
K(π/2) . (48)

�¥·¥Î¨¸²¨³ ¸²¥¤¸É¢¨Ö μ¡¸Ê¦¤¥´´ÒÌ ¢ÒÏ¥ ¸¢μ°¸É¢ ËÊ´±Í¨° Q(t, 2/π) ¨
¥¥  ¸¨³¶ÉμÉ¨± Q±(t). „²Ö ¨´É¥£· ²  B−1/2(t), § ¤ ´´μ£μ Ëμ·³Ê²μ° (34),
ËÊ´±Í¨Ö Q−(t) Ö¢²Ö¥É¸Ö μÍ¥´±μ° ¸¢¥·ÌÊ ¶·¨ ¤μ¸É ÉμÎ´μ ³ ²ÒÌ §´ Î¥´¨ÖÌ t;
ËÊ´±Í¨Ö Q(t, 2/π) Å ¢¥·Ì´ÖÖ μÍ¥´± , ´μ ¶·¨ ²Õ¡ÒÌ §´ Î¥´¨ÖÌ t; ÔÉ¨³ ¦¥
¸¢μ°¸É¢μ³ μ¡² ¤ ¥É ¨ ËÊ´±Í¨Ö Q+(t), ¶μÉμ³Ê ÎÉμ μ´  ¸μ¢¶ ¤ ¥É ¸ ËÊ´±Í¨¥°
P−1/2(t), μ¶·¥¤¥²¥´´μ° Ëμ·³Ê² ³¨ (43). Š Î¥¸É¢μ μÍ¥´μ± Q(t, 2/π) ¨ Q±(t)
¶μÖ¸´Ö¥É ·¨¸. ¡, ´  ±μÉμ·μ³ ¨§μ¡· ¦¥´Ò £· Ë¨±¨ μÉ´μÏ¥´¨° ÔÉ¨Ì ËÊ´±Í¨°
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a) �É´μÏ¥´¨Ö f(t)/Q(t, 2/π) ¨ g(t)/Q(t,2/π) ËÊ´±Í¨° f(t) ¨ g(t), μ¶·¥¤¥²¥´´ÒÌ

· ¢¥´¸É¢ ³¨ (46) ¨ (47), ± ¨Ì ¸Ê³³¥ Q(t, 2/π) Å ¸¶²μÏ´ Ö ¨ ÏÉ·¨Ìμ¢ Ö ±·¨¢Ò¥;
ËÊ´±Í¨¨ c1(t) ≡ 1 ¨ c2(t) ≡ 0 Å ¸¶²μÏ´ Ö ¨ ÏÉ·¨Ìμ¢ Ö ¶·Ö³Ò¥. ¡) �É´μÏ¥´¨Ö

B−1/2(t)/Q(t, 2/π)), B−1/2(t)/Q−(t) ¨ B−1/2(t)/Q+(t) ¨´É¥£· ²  (34) ± ËÊ´±Í¨Ö³

Q(t, 2/π) ¨ Q−(t), Q+(t), § ¤ ´´ÒÌ Ëμ·³Ê² ³¨ (45) ¨ (48), Å ¸¶²μÏ´ Ö, ÏÉ·¨Ìμ¢ Ö
¨ ÏÉ·¨Ì¶Ê´±É¨·´ Ö ±·¨¢Ò¥; ËÊ´±Í¨¨ c1(t) ≡ 1 ¨ c3(t) = 0,63667807 . . . Å ¸¶²μÏ´ Ö

¨ ÏÉ·¨Ìμ¢ Ö ¶·Ö³Ò¥

± ¨´É¥£· ²Ê B−1/2(t), ¢ÒÎ¨¸²¥´´μ³Ê ¸ Î¥ÉÒ·´ ¤Í É¨§´ Î´μ° ÉμÎ´μ¸ÉÓÕ. Š ±
¢¨¤´μ, μÍ¥´±  B−1/2(t) < Q−(t) Ö¢²Ö¥É¸Ö ¤μ¢μ²Ó´μ ÉμÎ´μ°, ¥¸²¨ 10−4 < t <
10−1, ¨ ´¥¶·¨³¥´¨³  ¢ μ¡² ¸É¨ t > 10; μÍ¥´±  B−1/2(t) < Q(t, 2/π) ¢¥·´ 
´  ¢¸¥³ μÉ·¥§±¥ 10−4 � t � 104, ´μ ¸²¨Ï±μ³ § ¢ÒÏ¥´  ¢ μ¡² ¸É¨ 10−4 < t <
1; μÍ¥´±  B−1/2(t) < Q+(t) ²¨Ï¥´  ¢¸¥Ì ´¥¤μ¸É É±μ¢ ¶·¥¤Ò¤ÊÐ¨Ì μÍ¥´μ±
¨ Ö¢²Ö¥É¸Ö ´ ¨¡μ²¥¥ ÉμÎ´μ° ¶·¨ ¢¸¥Ì §´ Î¥´¨ÖÌ  ·£Ê³¥´É  t ≡ 2

√
ρρ′ ∈

[10−4, 104].
�´ ²¨§ ¸²ÊÎ Ö 2λ = −1 § ±μ´Î¨³ ¸²¥¤ÊÕÐ¨³ § ³¥Î ´¨¥³: ¢ ÔÉμ³ ¸²ÊÎ ¥

¢ ± Î¥¸É¢¥ ´ ¨¡μ²¥¥ ¶·μ¸ÉÒÌ ³ ¦μ· ´É´ÒÌ μÍ¥´μ± ËÊ´±Í¨° |Gc
λ(ρ, ρ′, η)|,

|Fλ(ρ′, η)Hλ(ρ, η)|, |Fλ(ρ, η)| ¨ |Fλ(ρ′, η)Gλ(ρ, η)| ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ´¥-
· ¢¥´¸É¢  (35)Ä(38), ¶μ² £ Ö ¢ ÔÉ¨Ì ´¥· ¢¥´¸É¢ Ì P−1/2(t) = Q−(t), ¥¸²¨
0 < t < 0,1, ¨ P−1/2(t) = Q+(t), ¥¸²¨ t � 0.

4. ��…„‘’�‚‹…�ˆŸ ‚�‹��‚O‰ ”“�Š–ˆˆ ˆ �Œ�‹ˆ’“„›
„‚“Œ…���ƒ� Š“‹���‚‘Š�ƒ� ��‘‘…Ÿ�ˆŸ

‚ ´ ¸ÉμÖÐ¥³ · §¤¥²¥ ¨¸¸²¥¤Ê¥É¸Ö ¸É·μ¥´¨¥ ·¥£Ê²Ö·´μ° ¢μ²´μ¢μ° ËÊ´±-
Í¨¨ · ¸¸¥Ö´¨Ö Ψc, ¶μ¤Î¨´¥´´μ° Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥·  (1). ‘´ Î ²  ¢Ò¢μ-
¤ÖÉ¸Ö ¶·¥¤¸É ¢²¥´¨Ö ÔÉμ° ËÊ´±Í¨¨ Î¥·¥§ ËÊ´±Í¨¨ ŠÊ³³¥·  ¨ Î¥·¥§ ËÊ´±Í¨¨
ŠÊ²μ´  Fλ. ‡ É¥³ ¤²Ö  ³¶²¨ÉÊ¤Ò ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö f c ¸É·μ¨É¸Ö ¨
 ´ ²¨§¨·Ê¥É¸Ö ·Ö¤ É¨¶  (3), ¸μ¤¥·¦ Ð¨° ¶ ·Í¨ ²Ó´Ò¥ Ë §Ò δc

λ.
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4.1. �·¥¤¸É ¢²¥´¨Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Î¥·¥§ ËÊ´±Í¨¨ ŠÊ³³¥· . ”¨-
§¨Î¥¸±¨ ¶·¨¥³²¥³μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1) ¢ ¸²ÊÎ ¥ Ê¶·Ê£μ£μ
· ¸¸¥Ö´¨Ö ¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´μ ¢ · ¡μÉ¥ [13] ¸ ¶μ³μÐÓÕ ¶ · ¡μ²¨Î¥¸±¨Ì ±μμ·-
¤¨´ É.

�·¥¤²μ¦¨³ ¨´μ° ¸¶μ¸μ¡. �Ê¸ÉÓ C(η) Å ´¥±μÉμ·Ò° ³´μ¦¨É¥²Ó. �μ¤¸É -
´μ¢±μ°

Ψc(r;k, η) = C(η) exp (ıkx)U(ξ) , ξ ≡ 2ıkr (sin ϕ/2)2 = ık(r − x) , (49)

¸¢¥¤¥³ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (1) ± £¨¶¥·£¥μ³¥É·¨Î¥¸±μ³Ê Ê· ¢´¥´¨Õ (4) ¸
¶ · ³¥É· ³¨ a = −ıη ¨ c = 1/2. ‚ ± Î¥¸É¢¥ ·¥Ï¥´¨Ö U(ξ) É ±μ£μ Ê· ¢´¥-
´¨Ö ¢μ§Ó³¥³ ËÊ´±Í¨Õ ŠÊ³³¥·  Φ(−ıη, 1/2, ξ). Œ´μ¦¨É¥²Ó C(η) μ¶·¥¤¥²¨³
· ¢¥´¸É¢μ³

C(η) =
[
Γ(1/2 + ı η)/

√
π

]
exp (−πη/2) . (50)

ˆ¸¶μ²Ó§ÊÖ  ¸¨³¶ÉμÉ¨±Ê (7) ËÊ´±Í¨¨ Φ(−ıη, 1/2, ξ), ¶·μ¢¥·¨³, ÎÉμ Éμ²Ó±μ ¶·¨
É ±μ³ μ¶·¥¤¥²¥´¨¨ ÔÉμ£μ ³´μ¦¨É¥²Ö μ¡¸Ê¦¤ ¥³μ¥ ·¥Ï¥´¨¥

Ψc(r;k, η) = C(η) exp (ıkx)Φ(−ıη, 1/2, ξ) ,
(51)

Φ(−ıη, 1/2; ξ) =
∞∑

n=0

(−ıη)n

(1/2)n

ξn

n!
,

Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1) ¢ ¸²ÊÎ ¥ ρ ≡ kr → ∞, x �= r, É. ¥. ϕ �= 0, ¨³¥¥É
 ¸¨³¶ÉμÉ¨±Ê

Ψc(r;k, η) = exp { ıkx + ıη ln [ k(r − x) ] }+

+ r−1/2 exp [ ıkr − ıη ln (2kr) ] f c(ϕ; k, η) + O(|ξ|3/2) . (52)

�¡¸Ê¤¨³ ÔÉÊ  ¸¨³¶ÉμÉ¨±Ê. �¡  ¥¥ ¸² £ ¥³ÒÌ μ¡² ¤ ÕÉ ¶·μ§· Î´Ò³ Ë¨-
§¨Î¥¸±¨³ ¸³Ò¸²μ³: ¶¥·¢μ¥ ¸² £ ¥³μ¥ μ¶¨¸Ò¢ ¥É ²¨´¥°´ÊÕ ¢μ²´Ê, · ¸¶·μ¸É· -
´ÖÕÐÊÕ¸Ö ¢¤μ²Ó μ¸¨ OX ±μ²²¨´¥ ·´μ μ·ÉÊ e1, ¢Éμ·μ¥ ¸² £ ¥³μ¥ ¢ ± Î¥¸É¢¥
³´μ¦¨É¥²¥° ¸μ¤¥·¦¨É · ¸Ìμ¤ÖÐÊÕ¸Ö ±·Ê£μ¢ÊÕ ¢μ²´Ê ¨  ³¶²¨ÉÊ¤Ê ±Ê²μ´μ¢-
¸±μ£μ · ¸¸¥Ö´¨Ö

f c(ϕ; k, η) ≡ Γ(1/2 + ıη)
Γ(−ıη)

(2ık)−1/2 [ sin (ϕ/2) ]−1−2ıη
, ϕ �= 0 . (53)

‚¸²¥¤¸É¢¨¥ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¥° ¶·¨·μ¤Ò ±Ê²μ´μ¢¸±¨Ì ¸¨²  ³¶²¨ÉÊ¤Ò

exp [ ıη ln (k(r − x) ] = [ k(r − x) ]ıη ¨ exp [−ıη ln (2kr) ] = (2kr)−ıη

²¨´¥°´μ° ¨ ±·Ê£μ¢μ° ¢μ²´ ¡Ò¸É·μ μ¸Í¨²²¨·ÊÕÉ ¢ μ¡² ¸É¨ ¡μ²ÓÏ¨Ì §´ Î¥-
´¨° ¨Ì  ·£Ê³¥´Éμ¢, ±Ê²μ´μ¢¸± Ö  ³¶²¨ÉÊ¤  ¢ ´ ¶· ¢²¥´¨¨ · ¸¸¥Ö´¨Ö ¢¶¥·¥¤
(ϕ = 0) ´¥ μ¶·¥¤¥²¥´ , ÉμÎ±  ϕ = 0 Ö¢²Ö¥É¸Ö ¸ÊÐ¥¸É¢¥´´μ μ¸μ¡μ°. ‘μ-
£² ¸´μ Ëμ·³Ê² ³ (51) ¢ ÔÉμ° ÉμÎ±¥ ¶·¨ ²Õ¡ÒÌ r, k ¨ η ¢¥·´μ Éμ¦¤¥¸É¢μ
Ψc(r;k, η) ≡ C(η) exp (ıkx).
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’¥¶¥·Ó ¢ Ëμ·³Ê² Ì (51) ¶·¨³¥´¨³ ± ËÊ´±Í¨¨ Φ(−ıη, 1/2, ξ) ¶·¥μ¡· -
§μ¢ ´¨¥ ŠÊ³³¥·  (6) ¨ É ±¨³ μ¡· §μ³ ¢Ò¢¥¤¥³ ¥Ð¥ μ¤´μ ¶·¥¤¸É ¢²¥´¨¥ ·¥-
Ï¥´¨Ö Ψc:

Ψc(r;k, η) = C(η) exp (ıkr)Φ(1/2 + ıη, 1/2,−ξ) =

= C(η) exp (ıkr)
∞∑

n=0

(1/2 + ıη)n

(1/2)n

(−ξ)n

n!
. (54)

�μ¸É·μ¥´´μ¥ ·¥Ï¥´¨¥ (51), (54) Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1) Ê¤μ¢²¥É¢μ·Ö¥É
¢¸¥³ ¶·¨´ÖÉÒ³ ¢ É¥μ·¨¨ · ¸¸¥Ö´¨Ö [2,3] μ£· ´¨Î¥´¨Ö³ ´  ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ
Ê¶·Ê£μ£μ · ¸¸¥Ö´¨Ö. „¥°¸É¢¨É¥²Ó´μ, É ±μ¥ ·¥Ï¥´¨¥ ¨³¥¥É ´¥¶·¥·Ò¢´Ò¥ ¶·μ-
¨§¢μ¤´Ò¥ ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ ¶μ·Ö¤±  ¶μ μ¡μ¨³  ·£Ê³¥´É ³ r ¨ ϕ ¨ μ¡² ¤ ¥É
Ë¨§¨Î¥¸±¨ ¶·¨¥³²¥³μ°  ¸¨³¶ÉμÉ¨±μ° (52), ¸μ¤¥·¦ Ð¥° ¶ ¤ ÕÐÊÕ ¨ · ¸¸¥-
Ö´´ÊÕ ¢μ²´Ò ¨  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö (53). �μÔÉμ³Ê μ¡¸Ê¦¤¥´´μ¥ ·¥Ï¥´¨¥
¸Î¨É ¥³ Ë¨§¨Î¥¸±μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥° ¤¢Ê³¥·´μ£μ ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö
±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1.

4.2. � §²μ¦¥´¨¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¶μ ·¥£Ê²Ö·´Ò³ ËÊ´±Í¨Ö³ ŠÊ²μ´ .
„μ± ¦¥³, ÎÉμ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ Ψc, § ¤ ´´ÊÕ Ëμ·³Ê² ³¨ (50) ¨ (54), ³μ¦´μ
¶·¥¤¸É ¢¨ÉÓ Î¥·¥§ ·¥£Ê²Ö·´Ò¥ ËÊ´±Í¨¨ ŠÊ²μ´  Fλ ¨ ¶ ·Í¨ ²Ó´Ò¥ Ë §Ò δc

λ

¢ ¢¨¤¥

Ψc(r;k, η) =
√

2 ı

πρ

∑
2λ=−1,1,3,...

ελ ıλ exp [ ı δc
λ(η) ] Fλ(ρ, η) cos [(λ + 1/2)ϕ ] .

(55)
� Î´¥³ ¤μ± § É¥²Ó¸É¢μ. ˆ¸¶μ²Ó§Ê¥³ · §²μ¦¥´¨¥ (12) ¢μ²´μ¢μ° ËÊ´±-

Í¨¨ Ψc. ‹Õ¡ Ö · ¤¨ ²Ó´ Ö ±μ³¶μ´¥´É  uλ É ±μ£μ · §²μ¦¥´¨Ö Ö¢²Ö¥É¸Ö ¸²¥-
¤ÊÕÐ¨³ ¨´É¥£· ²μ³:

uλ(ρ, η) =
√

ρ

2π

∫ 2π

0

Ψc(r;k, η) cos [ (2λ + 1)ϕ/2 ] dϕ . (56)

‚Ò· §¨³ ÔÉμÉ ¨´É¥£· ² Î¥·¥§ ËÊ´±Í¨¨ δc
λ ¨ Fλ, μ¶·¥¤¥²¥´´Ò¥ Ëμ·³Ê-

² ³¨ (22) ¨ (24). „²Ö ÔÉμ£μ ËÊ´±Í¨Õ Ψc, ¸ÉμÖÐÊÕ ¶μ¤ μ¡¸Ê¦¤ ¥³Ò³ ¨´-
É¥£· ²μ³, § ³¥´¨³ ¶· ¢μ° Î ¸ÉÓÕ · ¢¥´¸É¢  (54), ¸μ¤¥·¦ Ð¥£μ ·Ö¤ ŠÊ³³¥· 
Φ(1/2+ıη, 1/2, ξ) ¨ ³´μ¦¨É¥²Ó C(η). 	ÉμÉ ³´μ¦¨É¥²Ó § ³¥´¨³ ¶· ¢μ° Î ¸ÉÓÕ
· ¢¥´¸É¢ 

C(η) =
Γ(2λ + 2)

2λ
√

π

Γ(1/2 + ı η)
Γ(λ + 1 + ı η)

exp [ (ı δc
λ(η) ] Cλ(η) ,

±μÉμ·μ¥ ¸²¥¤Ê¥É ¨§ μ¶·¥¤¥²¥´¨° (22) ¨ (50).
�μ¸²¥ Ê¶μ³Ö´ÊÉÒÌ ¢ÒÏ¥ § ³¥´ ¢ ¨´É¥£· ²¥ (56) ¶μ¤Ò´É¥£· ²Ó´ Ö ËÊ´±Í¨Ö

¶·¥¤¸É ¢¨É¸Ö ¡¥¸±μ´¥Î´Ò³ ·Ö¤μ³ ¸ ¨´¤¥±¸μ³ ¸Ê³³¨·μ¢ ´¨Ö n = 0, 1, . . . ,   ± -
¦¤μ¥ ¸² £ ¥³μ¥ ÔÉμ£μ ·Ö¤  ¡Ê¤¥É ¸μ¤¥·¦ ÉÓ ¶·μ¨§¢¥¤¥´¨¥ [sin (ϕ/2)]2n cosmϕ
c Ë¨±¸¨·μ¢ ´´Ò³ ¨´¤¥±¸μ³ m = λ + 1/2.
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�·μ¨´É¥£·¨·Ê¥³ μ¡¸Ê¦¤¥´´Ò° ·Ö¤ ¶μÎ²¥´´μ. „²Ö ÔÉμ£μ ¸¤¥² ¥³ § ³¥´Ê
ϕ → 2ϕ ¨ ¨¸¶μ²Ó§Ê¥³ É ¡²¨Î´Ò° ¨´É¥£· ² [9]∫ π

0

(sin 2ϕ)2n cos 2mϕ dϕ = π
(−1)m

4n

(2n)!
(n − m)! (n + m)!

, n � m , (57)

· ¢´Ò° ´Ê²Õ ¢ ¸²ÊÎ ¥ n < m. ‡ É¥³, ¶·¨³¥´¨¢ ¨§¢¥¸É´Ò¥ Ëμ·³Ê²Ò [8]

(1/2)n =
Γ(1/2 + n)

Γ(1/2
) = 2−n(2n − 1)!! ,

(
n
m

)
=

n!
m! (n − m)!

,

¸¢¥¤¥³ ¶μ²ÊÎ¥´´Ò° ·Ö¤ ± · §²μ¦¥´¨Õ (24) ËÊ´±Í¨¨ Fλ ¨ É ±¨³ μ¡· §μ³
¶μ± ¦¥³, ÎÉμ ¶·¨ ²Õ¡μ³ §´ Î¥´¨¨ λ ¨³¥¥É ³¥¸Éμ · ¢¥´¸É¢μ

uλ(ρ, η) = 2 ıλ+1/2 exp [ ı δc
λ(η) ] Fλ(ρ, η) . (58)

’¥¶¥·Ó ¢ ¨¸Ìμ¤´μ³ · §²μ¦¥´¨¨ (12) ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψc § ³¥´¨³ ± -
¦¤ÊÕ ±μ³¶μ´¥´ÉÊ uλ ¶· ¢μ° Î ¸ÉÓÕ É ±μ£μ · ¢¥´¸É¢ . ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ ¶·¥¤-
¸É ¢²¥´¨¥ (55).

4.3. �·¥¤¸É ¢²¥´¨¥  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö Î¥·¥§ ¶ ·Í¨ ²Ó´Ò¥ Ë §Ò. „μ-
± ¦¥³, ÎÉμ  ³¶²¨ÉÊ¤Ê ±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö f c, § ¤ ´´ÊÕ · ¢¥´¸É¢μ³ (53),
³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ Î¥·¥§ ¶ ·Í¨ ²Ó´Ò¥ Ë §Ò δc

λ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

f c(ϕ; k, η) =
1√

2 ı πk

∑
2λ=−1,1,...

ελ { exp [ 2 ı δc
λ(η) ] − 1 } cos [(λ + 1/2)ϕ ] ,

(59)
ϕ �= 0, π .

„²Ö ¤μ± § É¥²Ó¸É¢  ¶·¨³¥´¨³ ¸¶μ¸μ¡, ¤ ¢´μ ¨§¢¥¸É´Ò° ¢ É¥μ·¨¨ · ¸¸¥Ö-
´¨Ö [5] ¢ ¸²ÊÎ ¥ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ² . � ¶μ³´¨³ ¥£μ μ¸´μ¢´Ò¥
ÔÉ ¶Ò. ‘´ Î ²   ¸¨³¶ÉμÉ¨±  ¶μ²´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ · ¸¸¥Ö´¨Ö ¢ ¶·¥-
¤¥²¥ ¡μ²ÓÏ¨Ì · ¸¸ÉμÖ´¨° ¶·¥¤¸É ¢²Ö¥É¸Ö Î¥·¥§  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö. ‡ É¥³
¤²Ö ÔÉμ° ¦¥ ¢μ²´μ¢μ° ËÊ´±Í¨¨ ¨ ¢ Éμ³ ¦¥ ¶·¥¤¥²¥ ¢Ò¢μ¤¨É¸Ö  ¸¨³¶ÉμÉ¨-
Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ Î¥·¥§ ¶ ·Í¨ ²Ó´Ò¥ Ë §Ò · ¸¸¥Ö´¨Ö. � ±μ´¥Í, ´ °¤¥´-
´Ò¥  ¸¨³¶ÉμÉ¨±¨ ¶μ² £ ÕÉ¸Ö · ¢´Ò³¨ ¤·Ê£ ¤·Ê£Ê, ¨ ¨§ ¶μ²ÊÎ¥´´μ£μ É ±¨³
μ¡· §μ³ ¸μμÉ´μÏ¥´¨Ö ´ Ìμ¤¨É¸Ö ¶·¥¤¸É ¢²¥´¨¥  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö Î¥·¥§
¶ ·Í¨ ²Ó´Ò¥ Ë §Ò.

�μ¸²¥¤Ê¥³ ¶μÖ¸´¥´´μ° ¢ÒÏ¥ ¸Ì¥³¥ ¨ Ê¤¥²¨³ ¶·¨¸É ²Ó´μ¥ ¢´¨³ ´¨¥ ¤¢Ê³
μ¸μ¡Ò³ ¸²ÊÎ Ö³: · ¸¸¥Ö´¨Õ ¢¶¥·¥¤ (ϕ = 0) ¨ · ¸¸¥Ö´¨Õ ´ § ¤ (ϕ = π).

‘´ Î ²  ¶·¥μ¡· §Ê¥³  ¸¨³¶ÉμÉ¨±Ê (52) ËÊ´±Í¨¨ Ψc. ‚ ÔÉμ°  ¸¨³¶ÉμÉ¨±¥
¶¥·¥°¤¥³ ± ¶¥·¥³¥´´μ° ρ = kr,   ËÊ´±Í¨Õ exp (ıkx) § ³¥´¨³ ¥¥ ¨§¢¥¸É´Ò³
· §²μ¦¥´¨¥³ [7]

exp (ıkx) = exp (ıρ cosϕ) = J0(ρ) + 2
∑

m=1,2,...

ım cos (mϕ)Jm(ρ) , ρ = kr .
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‚ ÔÉμ³ · §²μ¦¥´¨¨ ¶μ²μ¦¨³ m = λ + 1/2,   ¢¸¥ ËÊ´±Í¨¨ �¥¸¸¥²Ö Jm  ¶-
¶·μ±¸¨³¨·Ê¥³ ¨Ì ¨§¢¥¸É´Ò³¨  ¸¨³¶ÉμÉ¨± ³¨ [7]

Jλ+1/2(ρ) ∼
√

2
πρ

sin (ρ − πλ/2) , ρ → ∞ .

‚ ·¥§Ê²ÓÉ É¥ ¨¸Ìμ¤´ Ö  ¸¨³¶ÉμÉ¨±  (52) ËÊ´±Í¨¨ Ψc ¶·¨³¥É ¸²¥¤ÊÕÐ¨° ¢¨¤:

Ψc(r;k, η) ∼
√

2ı

πρ
(2ρ)ıη [ sin (ϕ/2) ]2ıη×

×
∑

λ=−1,1,3,...

ıλ ελ sin (ρ − πλ/2) cos [ (λ + 1/2)ϕ ]+

+ r−1/2 (2ρ)−ıη exp (ıρ) f c(ϕ; k, η) , ρ → ∞ , ϕ �= 0 . (60)

’¥¶¥·Ó ¢Ò¢¥¤¥³ ¤·Ê£μ¥ ¶·¥¤¸É ¢²¥´¨¥  ¸¨³¶ÉμÉ¨±¨ ÔÉμ° ¦¥ ËÊ´±Í¨¨. „²Ö
ÔÉμ£μ ¨¸¶μ²Ó§Ê¥³ · ¢¥´¸É¢μ (55). ‚ ´¥³ ¶μ²μ¦¨³ ρ → ∞,   ¢¸¥ ËÊ´±Í¨¨ Fλ

 ¶¶·μ±¸¨³¨·Ê¥³ ¶μ Ëμ·³Ê² ³ (15). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¨¸±μ³μ¥ ¸μμÉ´μ-
Ï¥´¨¥

Ψc(r;k, η) ∼
√

2 ı

πρ

∑
2λ=−1,1,3,...

ελ ıλ exp [ ı δλ(η) ]×

× sin [ ρ − η ln (2ρ) − πλ/2 + δc
λ(η) ] cos [(λ + 1/2)ϕ ] , ρ → ∞ . (61)

ˆÉ ±, ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψc ¢ μ¤´μ³ ¨ Éμ³ ¦¥ ¶·¥¤¥²¥ ρ → ∞, ϕ �= 0,
¢Ò¢¥¤¥´Ò ¤¢  · §´ÒÌ  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì ¶·¥¤¸É ¢²¥´¨Ö: ¶·¥¤¸É ¢²¥´¨¥ (60)
Î¥·¥§  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö f c ¨ ¶·¥¤¸É ¢²¥´¨¥ (61) Î¥·¥§ Ë §Ò · ¸¸¥Ö´¨Ö
δc
λ. �·¨· ¢´Ö¥³ ¶· ¢Ò¥ Î ¸É¨ ÔÉ¨Ì ¸μμÉ´μÏ¥´¨° ¤·Ê£ ¤·Ê£Ê, § É¥³ ¶·¨³¥´¨³

Ëμ·³Ê²Ê
sin t = (−ı/2) [ exp (ıt) − exp (−ıt) ]

¨, · §·¥Ï¨¢ ¶μ²ÊÎ¨¢Ï¥¥¸Ö Ê· ¢´¥´¨¥ μÉ´μ¸¨É¥²Ó´μ  ³¶²¨ÉÊ¤Ò, ¶μ²ÊÎ¨³ · -
¢¥´¸É¢μ

f c(ϕ; k, η) =
1√

2 ı πk

∑
2λ=−1,1,3,...

ελ {exp [2 ı δc
λ(η)] − 1} cos [(λ + 1/2)ϕ]+

+
1√
2πk

{[
1 − (2ρ sin (ϕ/2))2ıη

]
S+(ϕ) +

[
1 − (sin (ϕ/2))2ıη

]
(2ρ)2ıη S−(ϕ)

}
,

(62)

£¤¥ ¸¨³¢μ² ³¨ S±(ϕ) μ¡μ§´ Î¥´Ò ¸²¥¤ÊÕÐ¨¥ ·Ö¤Ò:

S±(ϕ) ≡
∑

2λ=−1,1,3,...

ελ(±1)λ+1/2 cos [ (λ + 1/2)ϕ ] =

= 1 + 2
∑

m=1,2,...

(±1)m cosmϕ .
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„²Ö ¨¸¸²¥¤μ¢ ´¨Ö ÔÉ¨Ì ·Ö¤μ¢ ¨¸¶μ²Ó§Ê¥³ É ¡²¨Î´Ò¥ ¸Ê³³Ò [9]

s±(ϕ; a) ≡ 1 + 2
∑

m=1,2,...

(±1)m exp (−ma) cosmϕ =
sh (a)

ch (a) ∓ cosϕ
, a > 0.

‡ ³¥É¨³, ÎÉμ ¢ ¶·¥¤¥²¥ a → 0+ ¸Ê³³  s+(ϕ; a) ¸É ´μ¢¨É¸Ö ¸Ê³³μ° S+(ϕ),
  ¸Ê³³  s−(ϕ; a) ¶¥·¥Ìμ¤¨É ¢ ¸Ê³³Ê S−(ϕ). ‚ ÔÉμ³ ¶·¥¤¥²¥ ¸Ê³³  s+(ϕ; a)
Éμ¦¤¥¸É¢¥´´μ · ¢´  ´Ê²Õ, ¥¸²¨ ϕ �= 0, ¨ · ¸Ìμ¤¨É¸Ö ¶·¨ ϕ = 0; ¸Ê³³ 
s−(ϕ; a) ¢Ò·μ¦¤ ¥É¸Ö ¢ ´Ê²Ó, ¥¸²¨ ϕ �= π, ¨ ´¥ ¸ÊÐ¥¸É¢Ê¥É ¶·¨ ϕ = π.
‘²¥¤μ¢ É¥²Ó´μ, μ¡¥ ¸Ê³³Ò S±(ϕ) · ¢´Ò ´Ê²Õ ´  ¨´É¥·¢ ² Ì 0 < ϕ < π ¨
π < ϕ < 2π; ¸Ê³³  S+(ϕ) É¥·¶¨É · §·Ò¢ ¢Éμ·μ£μ ·μ¤  ¢ ÉμÎ±¥ ϕ = 0,   ¸Ê³³ 
S−(ϕ) Å ¢ ÉμÎ±¥ ϕ = π. �μÔÉμ³Ê · §²μ¦¥´¨¥ (62) É¥·Ö¥É ¸³Ò¸² ¢ ÉμÎ± Ì
ϕ = 0 ¨ ϕ = π,   ¶·¨ ¢¸¥Ì μ¸É ²Ó´ÒÌ §´ Î¥´¨ÖÌ Ê£²  ϕ ¨§ ÔÉμ£μ · §²μ¦¥´¨Ö
¸²¥¤Ê¥É ¶·¥¤¸É ¢²¥´¨¥ (59), ±μÉμ·μ¥ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ.

‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ¢ · ¡μÉ¥ [14] ¶·¥¤¸É ¢²¥´¨¥  ³¶²¨ÉÊ¤Ò f c ±Ê²μ´μ¢-
¸±μ£μ · ¸¸¥Ö´¨Ö Î¥·¥§ ¶ ·Í¨ ²Ó´Ò¥ Ë §Ò δc

λ ¶μ²ÊÎ¥´μ ¸¶μ¸μ¡μ³, μÉ²¨Î´Ò³
μÉ ¶μÖ¸´¥´´μ£μ ¢ÒÏ¥,   μ¸μ¡Ò¥ ¸²ÊÎ ¨ ϕ → 0 ¨ ϕ → π ´¥ ¨¸¸²¥¤μ¢ ²¨¸Ó.

5. ˆ�’…ƒ��‹œ��… ��…„‘’�‚‹…�ˆ… ”“�Š–ˆˆ ƒ�ˆ��

ˆ¸¶μ²Ó§Ê¥³ ¨´É¥£· ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö (32) · ¤¨ ²Ó´ÒÌ ËÊ´±Í¨° ƒ·¨´ 
Gc

λ ¤²Ö ¢Ò¢μ¤  ¨´É¥£· ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö ±Ê²μ´μ¢¸±μ° ËÊ´±Í¨¨ ƒ·¨´  Gc

¨ ¶·¥¤¸É ¢²¥´¨Ö ¸¢μ¡μ¤´μ° ËÊ´±Í¨¨ ƒ·¨´  G0 Î¥·¥§ ËÊ´±Í¨Õ • ´±¥²Ö H
(1)
0 .

‘´ Î ²  ¤μ± ¦¥³ · ¢¥´¸É¢μ

Gc(r, r′;k, η) = − m1

π�2

∫ ∞

0

[ th (u/2)]2ıη ×

× exp [ ı(ρ + ρ′) ch (u) ] cos
{

2
√

ρρ′ sh (u) cos [ (ϕ − ϕ′)/2 ]
}

du . (63)

„²Ö ÔÉμ£μ ¢ · §²μ¦¥´¨¨ (27) ËÊ´±Í¨¨ Gc § ³¥´¨³ ¢¸¥ ËÊ´±Í¨¨ Gc
λ ¸μ-

μÉ¢¥É¸É¢ÊÕÐ¨³¨ ¨´É¥£· ² ³¨ (32). ‡ É¥³ ¶μ³¥´Ö¥³ ¶μ·Ö¤μ± ¸Ê³³¨·μ¢ ´¨Ö ¨
¨´É¥£·¨·μ¢ ´¨Ö. �μ²ÊÎ¨¢ÏÊÕ¸Ö ¸Ê³³Ê ´ °¤¥³ ¶μ ¨§¢¥¸É´μ° Ëμ·³Ê²¥ [8]

J0(t) + 2
∞∑

m=1

J2m(t) cos (2mϕ) = cos ( t sin ϕ )

¨ É ±¨³ μ¡· §μ³ § ¢¥·Ï¨³ ¤μ± § É¥²Ó¸É¢μ · ¢¥´¸É¢  (63).
�¡¸Ê¤¨³ ¨´É¥£· ² ¢ ¶· ¢μ° Î ¸É¨ ÔÉμ£μ · ¢¥´¸É¢ . Œμ¤Ê²Ó ¶μ¤Ò´É¥£· ²Ó-

´μ° ËÊ´±Í¨¨ ´¥ ¶·¥¢ÒÏ ¥É ¥¤¨´¨ÍÊ ¢μ ¢¸¥° μ¡² ¸É¨ ¨´É¥£·¨·μ¢ ´¨Ö. �μ-
ÔÉμ³Ê μ¡¸Ê¦¤ ¥³Ò° ¨´É¥£· ² ¸Ìμ¤¨É¸Ö ´  ¶μ²Ê¨´É¥·¢ ²¥ 0 � u < ∞. „²Ö
¤μ± § É¥²Ó¸É¢  ¸Ìμ¤¨³μ¸É¨ ÔÉμ£μ ¦¥ ¨´É¥£· ²  ´  ¢¥·Ì´¥³ ¶·¥¤¥²¥ ¶·¨ ²Õ-
¡μ³ ¢¥Ð¥¸É¢¥´´μ³  ·£Ê³¥´É¥ η ¸´ Î ²  ¨¸¸²¥¤Ê¥³ ¸²ÊÎ ° η = 0 ¨ ¶μ¶ÊÉ´μ
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¶μ± ¦¥³, ÎÉμ ¨§ · ¢¥´¸É¢  (63) ¢ ÔÉμ³ ¸²ÊÎ ¥ ¸²¥¤ÊÕÉ ¸μμÉ´μÏ¥´¨Ö

Gc(r, r′;k, η)|η=0 = G0(r, r′;k) ≡ −ı
m1

2�2
H

(1)
0 (k|r − r′|) . (64)

ˆÉ ±, ¢ ¨¸Ìμ¤´μ³ ¨´É¥£· ²¥ (63) ¶μ²μ¦¨³ η = 0. ’μ£¤  ¶μ¤Ò´É¥£· ²Ó-
´ Ö ËÊ´±Í¨Ö ¸É ´¥É Î¥É´μ° μÉ´μ¸¨É¥²Ó´μ § ³¥´Ò u → −u. ˆ¸¶μ²Ó§ÊÖ ÔÉμ
¸¢μ°¸É¢μ, § ³¥´¨³ ¨¸¸²¥¤Ê¥³Ò° ¨´É¥£· ² ¶μ²μ¢¨´μ° ¨´É¥£· ²  ¸ É ±μ° ¦¥
¶μ¤Ò´É¥£· ²Ó´μ° ËÊ´±Í¨¥°, ´μ ¸ ´¨¦´¨³ ¶·¥¤¥²μ³, · ¢´Ò³ −∞. ‡ É¥³ ¢Ò-
¶μ²´¨³ § ³¥´Ê ¶¥·¥³¥´´μ° ¨´É¥£·¨·μ¢ ´¨Ö u ´  ¶¥·¥³¥´´ÊÕ t ¶μ Ëμ·³Ê² ³

t = exp (u) , dt = t du , ch (u) =
1
2

(
t +

1
t

)
, sh (u) =

1
2

(
t − 1

t

)

¨ ¤²Ö Ê¤μ¡¸É¢  ¢¢¥¤¥³ ËÊ´±Í¨¨ a± ¨ b± · ¢¥´¸É¢ ³¨

a± ≡ ρ + ρ′ ± 2
√

ρρ′ cos [ (ϕ − ϕ′)2 ] , b2
± = a∓/a± .

‡ ¶¨Ï¥³ ¶μ²ÊÎ¨¢Ï¥¥¸Ö ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö

Gc(r, r′,k, η)|η=0 = −ı
m1

4�2
[ I+(a+, b+) + I−(a−, b− ] ,

¸μ¤¥·¦ Ð¥£μ É ¡²¨Î´Ò¥ ¨´É¥£· ²Ò [7]

I±(a±, b±) ≡ − ı

π

∫ ∞

0

dt

t
exp

[
ı

2
a±

(
t +

b2
±
t

) ]
,

· ¢´Ò¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³ ËÊ´±Í¨Ö³ • ´±¥²Ö H
(1)
0 (a±b±). �¸É ²μ¸Ó § ³¥É¨ÉÓ,

ÎÉμ ¢ ¸¨²Ê μ¶·¥¤¥²¥´¨Ö ËÊ´±Í¨° a± ¨ b± ¢¥·´Ò · ¢¥´¸É¢  a±b± = |ρ− ρ′|, ¨
É¥³ ¸ ³Ò³ § ±μ´Î¨ÉÓ ¤μ± § É¥²Ó¸É¢μ ¶·¥¤¸É ¢²¥´¨Ö (64).

„μ± § ´´Ò¥ ¢ÒÏ¥ · ¢¥´¸É¢  (64) μ§´ Î ÕÉ, ÎÉμ ¢ ¸²ÊÎ ¥ η = 0 ¨´É¥-
£· ² (63) ¸Ìμ¤¨É¸Ö ´  ¢¥·Ì´¥³ ¶·¥¤¥²¥. �μ²μ¦¨³ ¢ ¥£μ ¶μ¤Ò´É¥£· ²Ó´μ°
ËÊ´±Í¨¨ η �= 0 ¨ u → ∞. ‚ ÔÉμ³ ¶·¥¤¥²¥ ³´μ¦¨É¥²Ó [th (u/2)]2ıη ¸Ìμ¤¨É
± ¥¤¨´¨Í¥. �μÔÉμ³Ê ¢ Éμ³ ¦¥ ¶·¥¤¥²¥ ¨¸¸²¥¤Ê¥³ Ö ¶μ¤Ò´É¥£· ²Ó´ Ö ËÊ´±-
Í¨Ö ¸Ìμ¤¨É¸Ö ± ¶μ¤Ò´É¥£· ²Ó´μ° ËÊ´±Í¨¨ ¢ ¸²ÊÎ ¥ η = 0. ‘²¥¤μ¢ É¥²Ó´μ,
¨´É¥£· ² (63) ¸ÊÐ¥¸É¢Ê¥É ¶·¨ ²Õ¡μ³ η.

‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° ¶Ê´±É ¢ ¦´Ò³¨ § ³¥Î ´¨Ö³¨. �·¥¤¸É ¢²¥´¨¥ ±Ê-
²μ´μ¢¸±μ° ËÊ´±Í¨¨ ƒ·¨´  Gc(r, r′;k, η) ¢ ¢¨¤¥ μ¤´μ±· É´μ£μ ¨´É¥£· ²  (63)
¶μ²ÊÎ¥´μ ¢¶¥·¢Ò¥. Š ¸μ¦ ²¥´¨Õ, ¢ ¸²ÊÎ ¥ η �= 0 ÔÉμÉ ¨´É¥£· ² ´¥ Ê¤ ²μ¸Ó ¢Ò-
· §¨ÉÓ Î¥·¥§ Ô²¥³¥´É ·´Ò¥ ¨²¨ ¨§¢¥¸É´Ò¥ ¸¶¥Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨. �¥ Ê¢¥´Î -
²¨¸Ó Ê¸¶¥Ìμ³ ¨ ¢¸¥ ¶μ¶ÒÉ±¨ ´ °É¨ É ±μ¥ ¶·¥¤¸É ¢²¥´¨¥, ± ± μ¡· É´Ò° ËÊ·Ó¥-
μ¡· § ËÊ´±Í¨¨ ƒ·¨´  G̃c(p,p′, η), ¶μ¸É·μ¥´´μ° ¢ · ¡μÉ¥ [15] ¢ ¨³¶Ê²Ó¸´μ³
¶·μ¸É· ´¸É¢¥. �·¥¤²μ¦¥´´Ò° ¢ÒÏ¥ ¢Ò¢μ¤ ¸μμÉ´μÏ¥´¨° (64) Ö¢²Ö¥É¸Ö  ²Ó-
É¥·´ É¨¢´Ò³ ¶μ μÉ´μÏ¥´¨Õ ± ¤ ¢´μ ¨§¢¥¸É´μ³Ê ¢Ò¢μ¤Ê [16] ¶·¥¤¸É ¢²¥´¨Ö

ËÊ´±Í¨¨ G0 Î¥·¥§ ËÊ´±Í¨Õ • ´±¥²Ö H
(1)
0 .
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‡�Š‹	—…�ˆ…

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´Ò ¸²¥¤ÊÕÐ¨¥ ¸μμÉ´μÏ¥´¨Ö: ³ -
¦μ· ´É´Ò¥ μÍ¥´±¨ (35), (38), (40), (43) ¢¸¥Ì (2λ = −1, 1, . . .) · ¤¨ ²Ó´ÒÌ
±μ³¶μ´¥´É Gc

λ ¨ Fλ ËÊ´±Í¨¨ ƒ·¨´  Gc ¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨ Ψc ¤¢Ê³¥·´μ£μ
±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ, ¶·¥¤¸É ¢²¥´¨Ö ¢μ²´μ¢μ° ËÊ´±-
Í¨¨ Ψc ¨  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö f c ¢ ¢¨¤¥ ±μ¸¨´Ê¸-·Ö¤μ¢ ”Ê·Ó¥ (55) ¨ (59),
¨´É¥£· ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö (33) ¨ (63) ¢¸¥Ì · ¤¨ ²Ó´ÒÌ ËÊ´±Í¨° ƒ·¨´  Gc

λ

¨ ËÊ´±Í¨¨ ƒ·¨´  Gc.
‚ § ±²ÕÎ¥´¨¥ μÉ³¥É¨³, ÎÉμ ´ ¸ÉμÖÐ Ö · ¡μÉ  Ö¢²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ §¢¥-

´μ³ Í¥¶μÎ±¨ ´¥¤ ¢´¨Ì ¨¸¸²¥¤μ¢ ´¨° [17] ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ°
Î ¸É¨ÍÒ.
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