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‚ · ¡μÉ¥ ¶·μ¢¥¤¥´μ ¨¸¸²¥¤μ¢ ´¨¥ ·¥Ï¥´¨° ±¢ §¨¸É Í¨μ´ ·´ÒÌ ¸μ¸ÉμÖ´¨°
¢ · ³± Ì Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¶·¨ ±μ³¶²¥±¸´ÒÌ §´ Î¥´¨ÖÌ Ô´¥·£¨¨ ¸ ±Ê¸μÎ´μ-
¶μ¸ÉμÖ´´Ò³¨ ¶μÉ¥´Í¨ ² ³¨ ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ ¶μÉ¥´Í¨ ²μ¢.
� °¤¥´Ò ±¢ §¨Ê·μ¢´¨ ¤²Ö ¶μ¤¡ ·Ó¥·´μ£μ ¨ ´ ¤¡ ·Ó¥·´μ£μ ¸²ÊÎ ¥¢. „²Ö § ¤ ´´ÒÌ
¢Ò¸μÉ ¶μÉ¥´Í¨ ²Ó´ÒÌ ¡ ·Ó¥·μ¢ ±μ²¨Î¥¸É¢μ ¶μ¤¡ ·Ó¥·´ÒÌ ±¢ §¨Ê·μ¢´¥° ¤²Ö ¤¢ÊÌ-
¡ ·Ó¥·´μ£μ ¶μÉ¥´Í¨ ²  ¡μ²ÓÏ¥ ¶μ ¸· ¢´¥´¨Õ ¸ μ¤´μ¡ ·Ó¥·´Ò³ ¶μÉ¥´Í¨ ²μ³. ˆ§
· ¸Î¥Éμ¢ ¸²¥¤Ê¥É, ÎÉμ ¤¥°¸É¢¨É¥²Ó´ Ö Î ¸ÉÓ §´ Î¥´¨° Ô´¥·£¨¨ ³¥´Ö¥É¸Ö ¶² ¢´μ,
  ³´¨³ Ö Î ¸ÉÓ §´ Î¥´¨° Ô´¥·£¨¨ ³¥´Ö¥É¸Ö ¸²μ¦´Ò³ ´¥·¥£Ê²Ö·´Ò³ μ¡· §μ³ ¶·¨
¨§³¥´¥´¨¨ ¶ · ³¥É·μ¢ ¶μÉ¥´Í¨ ² .

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2016

Amirkhanov I. V. et al. P11-2016-4
Investigation of Quasi-Stationary States in the Double-Barrier Open Well

In this paper an investigation of solutions of quasi-stationary states in the frame-
work of the Schréodinger equation with complex energies with piecewise constant
potentials for various values of the parameters of the potential is conducted. Quasi-
levels are found for the under- and above-barrier cases. For the given potential
barrier heights the number of under-barrier quasi-levels for the double-barrier po-
tential is more than for the single-barrier potential. The calculations show that the
real part of the energy varies smoothly and the imaginary part of the energy changes
irregularly when changing the parameters of the potential.

The investigation has been performed at the Laboratory of Information Technolo-
gies, JINR.

Preprint of the Joint Institute for Nuclear Research. Dubna, 2016



‚‚…„…�ˆ…

‘μ¢·¥³¥´´Ò¥ Ô±¸¶¥·¨³¥´É ²Ó´Ò¥ ¢μ§³μ¦´μ¸É¨ ¸μ§¤ ´¨Ö ³´μ£μ¸²μ°´ÒÌ
´ ´μ£¥É¥·μ¸¨¸É¥³ ¶μ§¢μ²ÖÕÉ ¶μ²ÊÎ ÉÓ ¨ ¨¸¸²¥¤μ¢ ÉÓ ± ± § ±·ÒÉÒ¥, É ± ¨
μÉ±·ÒÉÒ¥ ±¢ ´Éμ¢Ò¥ ÉμÎ±¨ [1]. ‚ ¦´μ° μ¸μ¡¥´´μ¸ÉÓÕ μÉ±·ÒÉÒÌ ¸¨¸É¥³ ¶μ
¸· ¢´¥´¨Õ ¸ § ±·ÒÉÒ³¨ Ö¢²Ö¥É¸Ö ¢μ§³μ¦´μ¸ÉÓ Ê¶· ¢²¥´¨Ö ¤μ¶μ²´¨É¥²Ó´Ò³
± ´ ²μ³ ·¥² ±¸ Í¨¨ Ô´¥·£¨¨ ±¢ §¨Î ¸É¨Í ¨§-§  ¨Ì ÊÌμ¤  ¨§ ±¢ ´Éμ¢μ° ÉμÎ±¨
¢ μÉ±·ÒÉμ¥ ¶·μ¸É· ´¸É¢μ ¢´¥Ï´¥° ¸·¥¤Ò.

�É±·ÒÉÒ¥ ´ ´μ¸¨¸É¥³Ò ¶·¥¤¸É ¢²ÖÕÉ ´¥¸μ³´¥´´Ò° ¨´É¥·¥¸ ¨ ¸ É¥μ·¥É¨-
Î¥¸±μ° ÉμÎ±¨ §·¥´¨Ö, É ± ± ± ¶·¨ μ¶·¥¤¥²¥´´ÒÌ Ê¸²μ¢¨ÖÌ ¢ ´¨Ì ¢μ§´¨± ÕÉ
±¢ §¨¸É Í¨μ´ ·´Ò¥ ¸μ¸ÉμÖ´¨Ö ¸ ³ ²μ ¨§ÊÎ¥´´Ò³¨ ¨²¨ ¸μ¢¸¥³ ´¥¨§ÊÎ¥´´Ò³¨
¸¢μ°¸É¢ ³¨. ’ ± Ö ¸¨ÉÊ Í¨Ö ¨³¥¥É ³¥¸Éμ ¢ ´ ´μ¸¨¸É¥³ Ì ¸ ´¨§±¨³¨ ¨ Ê§-
±¨³¨ ¶μÉ¥´Í¨ ²Ó´Ò³¨ ¡ ·Ó¥· ³¨, ¨§-§  Î¥£μ ±¢ §¨Î ¸É¨ÍÒ ¢ ´¨Ì ¸² ¡μ ²μ± -
²¨§μ¢ ´Ò.

‚ μÉ±·ÒÉÒÌ ´ ´μ¸¨¸É¥³ Ì ¨§-§  ³ ²μ° ÔËË¥±É¨¢´μ° ³ ¸¸Ò Ô²¥±É·μ´μ¢
¨ ³ ²μ° Ô´¥·£¨¨ ¶μÉ¥´Í¨ ²Ó´ÒÌ ¡ ·Ó¥·μ¢ Ì · ±É¥· ±¢ §¨¸É Í¨μ´ ·´ÒÌ ¸μ-
¸ÉμÖ´¨° μ± §Ò¢ ¥É¸Ö ¢¥¸Ó³  ÎÊ¢¸É¢¨É¥²Ó´Ò³ ± Éμ²Ð¨´¥ ¸²μÖ ¡ ·Ó¥· . �μ-
ÔÉμ³Ê ¢μ§´¨± ¥É ´¥μ¡Ìμ¤¨³μ¸ÉÓ ¤¥É ²Ó´μ ¨¸¸²¥¤μ¢ ÉÓ ¸¶¥±É· ²Ó´Ò¥ Ì · ±É¥-
·¨¸É¨±¨.

�¥Ï¥´¨Ö Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¶·¨ ±μ³¶²¥±¸´ÒÌ §´ Î¥´¨ÖÌ Ô´¥·£¨¨
E = E1 + iE2 μ¶¨¸Ò¢ ÕÉ · §²¨Î´Ò¥ Ë¨§¨Î¥¸±¨¥ ¶·μÍ¥¸¸Ò [2, 3]. � ¶·¨³¥·,
¶·¨ ¢¥Ð¥¸É¢¥´´ÒÌ §´ Î¥´¨ÖÌ E μ¶¨¸Ò¢ ¥É · ¸¸¥Ö´¨¥, ±μÉμ·μ¥ ¢Ò· ¦ ¥É¸Ö
Î¥·¥§ ¢¥Ð¥¸É¢¥´´Ò¥ Ë §Ò · ¸¸¥Ö´¨Ö ¨ ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö. �μ²Õ¸Ò ³ É·¨ÍÒ
· ¸¸¥Ö´¨Ö ¶·¨ ³´¨³ÒÌ ¨ ±μ³¶²¥±¸´ÒÌ §´ Î¥´¨ÖÌ E μ¶¨¸Ò¢ ÕÉ ¸¢Ö§ ´´Ò¥,
¢¨·ÉÊ ²Ó´Ò¥ ¨ ±¢ §¨¸É Í¨μ´ ·´Ò¥ ¸μ¸ÉμÖ´¨Ö ¸¨¸É¥³Ò. �μ²Õ¸ ³ ³ É·¨ÍÒ
· ¸¸¥Ö´¨Ö ¢ ´¨¦´¥° ¶μ²Ê¶²μ¸±μ¸É¨ E, ´¥ ´ Ìμ¤ÖÐ¨³¸Ö ´  ³´¨³μ° μ¸¨, ¸μμÉ-
¢¥É¸É¢ÊÕÉ ±¢ §¨¸É Í¨μ´ ·´Ò¥ ¸μ¸ÉμÖ´¨Ö, μ¶¨¸Ò¢ ÕÐ¨¥ · ¸¶ ¤ ¨²¨ ¦¥ § Ì¢ É
¢ ¸¨¸É¥³¥. �·¨ ±μ³¶²¥±¸´ÒÌ §´ Î¥´¨ÖÌ Ô´¥·£¨¨, ¢ ¸¨²Ê Éμ£μ ÎÉμ ¶²μÉ´μ¸ÉÓ
¢¥·μÖÉ´μ¸É¨ Ê¡Ò¢ ¥É ¸μ ¢·¥³¥´¥³ ¶μ Ô±¸¶μ´¥´Í¨ ²Ó´μ³Ê § ±μ´Ê, ¸μÌ· ´¥´¨¥
¢¥·μÖÉ´μ¸É¨ ³μ¦¥É ¡ÒÉÓ μ¡¥¸¶¥Î¥´μ ¨ ¶·¨ ´ ²¨Î¨¨ Éμ²Ó±μ · ¸Ìμ¤ÖÐ¥°¸Ö
¢μ²´Ò ¢  ¸¨³¶ÉμÉ¨±¥ ·¥Ï¥´¨Ö.

1



�²μÉ´μ¸ÉÓ ¢¥·μÖÉ´μ¸É¨ ¤²Ö · ¸¶ ¤ ÕÐ¥£μ¸Ö ¸μ¸ÉμÖ´¨Ö, μ¶·¥¤¥²ÖÕÐ Ö¸Ö
±¢ ¤· Éμ³ ³μ¤Ê²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨, § ÉÊÌ ¥É ¶μ Ô±¸¶μ´¥´Í¨ ²Ó´μ³Ê § ±μ´Ê
|ψ(t)|2 ∼ exp (−(1/�)Γt). ‚ Î ¸É´μ¸É¨, ¶μ É ±μ³Ê ¦¥ § ±μ´Ê ¨§³¥´Ö¥É¸Ö
¸μ ¢·¥³¥´¥³ ¨ ¢¥·μÖÉ´μ¸ÉÓ ´ Ìμ¦¤¥´¨Ö Î ¸É¨ÍÒ ¢ ± ±μ°-²¨¡μ μ£· ´¨Î¥´´μ°
μ¡² ¸É¨ ¶·μ¸É· ´¸É¢ . ‚¥·μÖÉ´μ¸ÉÓ · ¸¶ ¤  ¢ ¥¤¨´¨ÍÊ ¢·¥³¥´¨ w = Γ/�. �μ-
ÔÉμ³Ê ¢·¥³Ö ¦¨§´¨ · ¸¶ ¤ ÕÐ¥£μ¸Ö ±¢ §¨¸É Í¨μ´ ·´μ£μ ¸μ¸ÉμÖ´¨Ö τ ³μ¦´μ
μ¶·¥¤¥²¨ÉÓ ¶μ¸·¥¤¸É¢μ³ · ¢¥´¸É¢  τ = �/Γ. „ ²¥¥ E = E1− iE2, £¤¥ E1 � 0,
E2 � 0 ¨ E2 = Γ/2.

‡ ³¥É¨³, ÎÉμ ¸¨¸É¥³ , · ¸¶ ¤ ÕÐ Ö¸Ö ¸μ ¢·¥³¥´¥³, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥
μ¡² ¤ ¥É ¤¨¸±·¥É´Ò³ ¸¶¥±É·μ³ Ô´¥·£¨°. ‚Ò²¥É ÕÐ Ö ¶·¨ · ¸¶ ¤¥ Î ¸É¨Í 
ÊÌμ¤¨É ´  ¡¥¸±μ´¥Î´μ¸ÉÓ, ¶μÔÉμ³Ê ¤¢¨¦¥´¨¥ ¸¨¸É¥³Ò ¨´Ë¨´¨É´μ, ¸²¥¤μ¢ -
É¥²Ó´μ, Ô´¥·£¥É¨Î¥¸±¨° ¸¶¥±É· ¸¨¸É¥³Ò ´¥¶·¥·Ò¢¥´. �¤´ ±μ ¥¸²¨ ¢ ¸¨²Ê
± ±¨Ì-²¨¡μ ¶·¨Î¨´ ¢¥·μÖÉ´μ¸ÉÓ · ¸¶ ¤  ¸¨¸É¥³Ò ³ ² , Éμ ³μ¦´μ ¢¢¥¸É¨ ¶μ´Ö-
É¨¥ μ ±¢ §¨¸É Í¨μ´ ·´μ³ ¸μ¸ÉμÖ´¨¨. ‚ É ±μ³ ±¢ §¨¸É Í¨μ´ ·´μ³ ¸μ¸ÉμÖ´¨¨
Î ¸É¨Í  ¢ É¥Î¥´¨¥ ¤²¨É¥²Ó´μ£μ ¢·¥³¥´¨ ¤¢¨¦¥É¸Ö ¢´ÊÉ·¨ ¸¨¸É¥³Ò, ¶μ±¨¤ Ö ¥¥
²¨ÏÓ ¶μ ¨¸É¥Î¥´¨¨ §´ Î¨É¥²Ó´μ£μ ¶·μ³¥¦ÊÉ±  ¢·¥³¥´¨ τ = 1/w. 	´¥·£¥É¨Î¥-
¸±¨° ¸¶¥±É· É ±¨Ì ±¢ §¨¸É Í¨μ´ ·´ÒÌ ¸μ¸ÉμÖ´¨° Ö¢²Ö¥É¸Ö ±¢ §¨¤¨¸±·¥É´Ò³
¨ ¸μ¸Éμ¨É ¨§ ·Ö¤  · §³ÒÉÒÌ Ê·μ¢´¥° E, Ï¨·¨´  ±μÉμ·ÒÌ Γ μ¶·¥¤¥²Ö¥É¸Ö
¢·¥³¥´¥³ ¦¨§´¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¸μ¸ÉμÖ´¨°: Γ = �/τ . �Î¥¢¨¤´μ, ¢¢¥¤¥´¨¥
±¢ §¨¸É Í¨μ´ ·´ÒÌ ¸μ¸ÉμÖ´¨° ¨³¥¥É ¸³Ò¸² Éμ²Ó±μ ¢ Éμ³ ¸²ÊÎ ¥, ¥¸²¨ Ï¨·¨´ 
¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ±¢ §¨¤¨¸±·¥É´ÒÌ Ê·μ¢´¥° μ± §Ò¢ ¥É¸Ö ³ ²μ° ¶μ ¸· ¢´¥´¨Õ
¸ · ¸¸ÉμÖ´¨Ö³¨ ³¥¦¤Ê Ê·μ¢´Ö³¨ Γ � D, £¤¥ D Å ¸·¥¤´¥¥ · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê
±¢ §¨¤¨¸±·¥É´Ò³¨ Ê·μ¢´Ö³¨.

� ·Ó¥·´Ò¥ § ¤ Î¨ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ Å § ¤ Î¨ μ ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸-
±μ³ ¤¢¨¦¥´¨¨ ¢ ¸·¥¤¥ ¸μ ¸± Î± ³¨ ¶μÉ¥´Í¨ ²  Å ¨¸¶μ²Ó§ÊÕÉ¸Ö ± ± ³μ¤¥²Ó-
´Ò¥ ¢μ ³´μ£¨Ì ´ ÊÎ´ÒÌ ¨ É¥Ì´¨Î¥¸±¨Ì ¶·¨²μ¦¥´¨ÖÌ. 	É¨ § ¤ Î¨ ¨³¥ÕÉ
¢Ò¸μ±ÊÕ §´ Î¨³μ¸ÉÓ, μ¸μ¡¥´´μ ¢ ¸¢Ö§¨ ¸ ¸μ¢·¥³¥´´Ò³¨ ¨¸¸²¥¤μ¢ ´¨Ö³¨ ¨
· §· ¡μÉ± ³¨ ¢ ´ ´μ¤¨ ¶ §μ´¥ [4].

‚ ¤ ´´μ° · ¡μÉ¥ ³Ò ¨¸¸²¥¤Ê¥³ ±¢ §¨¸É Í¨μ´ ·´Ò¥ ¸μ¸ÉμÖ´¨Ö ¢ · ³± Ì
Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· . ‚ ¡¥§· §³¥·´ÒÌ ¶¥·¥³¥´´ÒÌ (¤²Ö S-¢μ²´Ò, É. ¥. l = 0)

�¨¸. 1. �μÉ¥´Í¨ ²Ò ¸ ¤¢Ê³Ö ¡ ·Ó¥· ³¨ ( ), ¸ μ¤´¨³ Ï¨·μ±¨³ ¡ ·Ó¥·μ³ (¡) ¨ ¸ μ¤´¨³
Ê§±¨³ ¡ ·Ó¥·μ³ (¢) ¸ ¶ · ³¥É· ³¨ V0 = 10, V1 = 30, V2 = 30, r1 = π, r2 = r1+π/10,
r3 = r2 + π, r4 = r3 + π/10
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μ´μ ¨³¥¥É ¢¨¤ [
d2

dr2
− k2

]
ψ(r) = 0, (1)

£¤¥ k2 = V (r) − E, E = E1 − iE2.
ˆ¸¸²¥¤Ê¥³ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) ¤²Ö ±¢ §¨¸É Í¨μ´ ·´ÒÌ ¸μ¸ÉμÖ´¨°

¸ · §²¨Î´Ò³¨ ±Ê¸μÎ´μ-¶μ¸ÉμÖ´´Ò³¨ ¶μÉ¥´Í¨ ² ³¨, ±μÉμ·Ò¥ ¶μ± § ´Ò
´  ·¨¸. 1.

��‘’���‚Š� ‡�„�—ˆ

„²Ö ´ Ìμ¦¤¥´¨Ö ±¢ §¨¸É Í¨μ´ ·´ÒÌ ¸μ¸ÉμÖ´¨° Ê· ¢´¥´¨¥ (1) ·¥Ï ¥³ ¸μ
¸²¥¤ÊÕÐ¨³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨:

ψ(r)|r=0 = 0 ¨ ψ(r)|r→∞ ∼ exp (ikr) .

‘ ÊÎ¥Éμ³ ÔÉ¨Ì £· ´¨Î´ÒÌ Ê¸²μ¢¨° ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (1) ¤²Ö ¶·Ö³μÊ£μ²Ó´μ°
Ö³Ò (·¨¸. 1,  ) ¨Ð¥³ ¢ ¢¨¤¥

ψ1(r) = A1 sin (k1 r) , k1 =
√

V0 + E, V0 > 0, 0 � r � r1;

ψ2(r) = A2 exp (−k2r) + A3 exp (k2r) , k2 =
√

V1 − E, r1 < r < r2;

ψ3(r) = A4 cos (k3r) + A5 sin (k3r) , k3 =
√

E, r2 � r � r3; (2)

ψ4(r) = A6 exp (−k4r) + A7 exp (k4r) , k4 =
√

V2 − E, r3 � r � r4;
ψ5(r) = A8 exp (ik3 r) , r4 � r < ∞.

ˆ§ Ê¸²μ¢¨° ´¥¶·¥·Ò¢´μ¸É¨ ËÊ´±Í¨¨ ψ(r) ¨ ¥¥ ¶¥·¢μ° ¶·μ¨§¢μ¤´μ° ¢
ÉμÎ± Ì r1, r2, r3 , r4 ¤²Ö ´ Ìμ¦¤¥´¨Ö E1, E2 ¶μ²ÊÎ ¥³ ¸¨¸É¥³Ê μ¤´μ·μ¤´ÒÌ
 ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°

WA =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

W11 W12 W13 0 0 0 0 0
W21 W22 W23 0 0 0 0 0
0 W32 W33 W34 W35 0 0 0
0 W42 W43 W44 W45 0 0 0
0 0 0 W54 W55 W56 W57 0
0 0 0 W64 W65 W66 W67 0
0 0 0 0 0 W76 W77 W78

0 0 0 0 0 W86 W87 W88

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

A1

A2

A3

A4

A5

A6

A7

A8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

= 0, (3)
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£¤¥

W11 = sin (k1r1), W12 = − exp (−k2r1), W13 = − exp (k2r1),

W21 = k1 cos (k1r1), W22 = −k2W12, W23 = k2W13,

W32 = exp (−k2r2), W33 = exp (k2r2), W34 = − sin (k3r2),

W35 = − cos(k3r2), W42 = −k2W32, W43 = k2W33,

W44 = k3W35, W45 = −k3W34, W54 = sin (k3r3),

W55 = cos (k3r3), W56 = − exp (−k4r3), W57 = − exp(k4r3),
W64 = k3W55, W65 = −k3W54, W66 = −k4W56,

W67 = k4W57, W76 = exp (−k4r4), W77 = exp (k4r3),

W78 = − exp (ik3r4), W86 = −k4W76, W87 = k4W77,

W88 = ik3W78.

‡´ Î¥´¨Ö Ô´¥·£¨¨ ±¢ §¨Ê·μ¢´¥° E = E1 − iE2 μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ê¸²μ¢¨Ö
det(W ) = FRe + iFIm = 0:

FRe (E1, E2) = 0,

FIm (E1, E2) = 0.
(4)

„²Ö ¤·Ê£¨Ì ¶μÉ¥´Í¨ ²μ¢ (·¨¸. 1, ¡, ¢) § ¤ Î  ¸É ¢¨É¸Ö  ´ ²μ£¨Î´μ.
‘¨¸É¥³  ´¥²¨´¥°´ÒÌ É· ´¸Í¥´¤¥´É´ÒÌ Ê· ¢´¥´¨° (4) ·¥Ï¥´  ³¥Éμ¤μ³

�ÓÕÉμ´ . �·¨ ÔÉμ³ ´ Î ²Ó´Ò¥ ¶·¨¡²¨¦¥´¨Ö ¤²Ö ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨°
(E1, E2) ¢Ò¡· ´Ò · §²¨Î´Ò³ μ¡· §μ³, ¢ Î ¸É´μ¸É¨ ³¥Éμ¤μ³ Œμ´É¥-Š ·²μ.

��‘“†„…�ˆ… —ˆ‘‹…��›• �…˜…�ˆ‰

ƒ² ¢´ Ö ¨¤¥Ö ¨¸¸²¥¤μ¢ ´¨Ö ¶μ¸É ¢²¥´´μ° § ¤ Î¨ § ±²ÕÎ ¥É¸Ö ¢ ´ Ìμ¦¤¥-
´¨¨ E1, E2 ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ ¶μÉ¥´Í¨ ² , É. ¥., ³¥´ÖÖ
¶ · ³¥É·Ò

V0 = 10, V1 = 30, V2 = 30,

r1 = π, r2 = π +
π

10
, r3 = r2 + π, r4 = r3 +

π

10
,

¨§ÊÎ¨ÉÓ ¤¨´ ³¨±Ê ¶μ¢¥¤¥´¨Ö E1, E2.
‚ É ¡². 1Ä3 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ ·¥Ï¥´¨Ö É· ´¸Í¥´¤¥´É´ÒÌ Ê· ¢´¥-

´¨° (4) ¤²Ö É·¥Ì É¨¶μ¢ ¶μÉ¥´Í¨ ²μ¢. ‚ É ¡². 1 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ ·¥-
Ï¥´¨Ö (4) ¸ ¶ · ³¥É· ³¨ (·¨¸. 1,  ):

V0 = 10, V1 = 30, V2 = 30,

r1 = π, r2 = π +
π

10
, r3 = r2 + π, r4 = r3 +

π

10
;
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’ ¡²¨Í  1. �¥§Ê²ÓÉ ÉÒ ·¥Ï¥´¨Ö É· ´¸Í¥´¤¥´É´ÒÌ Ê· ¢´¥´¨° (4) ¤²Ö ¶μÉ¥´Í¨ ² ,
¶·¨¢¥¤¥´´μ£μ ´  ·¨¸. 1,  

E1 E2 FRe FIm

0,7945816627 1,8529202EÄ3 Ä1,514566EÄ12 1,375955EÄ11
3,1334752243 1,4458915EÄ2 Ä3,183564EÄ13 Ä7,685519EÄ13
4,3721276838 1,6625567EÄ3 Ä9,182585EÄ14 4,801714EÄ14
7,1419268623 5,4204324EÄ2 7,549516EÄ15 Ä8,54872EÄ15
11,874943138 5,1702684EÄ2 9,662493EÄ12 4,085538EÄ14
13,121150972 9,3246721EÄ2 1,526778EÄ12 1,536548EÄ13
19,365814555 0,2537267944 3,937905EÄ12 Ä5,294653EÄ13
22,332512649 6,9861138EÄ2 2,320366EÄ14 Ä6,641909EÄ14
28,069082803 0,5037686613 2,116862EÄ11 1,954170EÄ11
33,436631230 0,1678846677 5,273981EÄ12 1,245634EÄ11
38,469042234 0,8376436418 4,476891EÄ11 2,827464EÄ11
45,893855574 0,4793321234 2,322163EÄ12 Ä0,139935EÄ12
50,789255561 1,2025901554 Ä5,722126EÄ11 Ä2,167546EÄ11
59,600208173 1,0986117606 9,271544EÄ12 3,409678EÄ11
74,673325781 1,9918607026 2,405691EÄ11 2,534573EÄ11
81,427352154 2,2095729066 1,676937EÄ11 9,511328EÄ11

’ ¡²¨Í  2. �¥§Ê²ÓÉ ÉÒ ·¥Ï¥´¨Ö É· ´¸Í¥´¤¥´É´ÒÌ Ê· ¢´¥´¨° (4) ¤²Ö ¶μÉ¥´Í¨ ² ,
¶·¨¢¥¤¥´´μ£μ ´  ·¨¸. 1, ¡

E1 E2 FRe FIm

4,338100230 6,455927EÄ02 9,277751EÄ12 4,173923EÄ11
12,34195453 0,1966712341 1,059588EÄ11 Ä1,58553EÄ011
22,07458257 0,4440861477 1,534680EÄ10 Ä6,8173223EÄ9
33,52456040 0,8763077811 2,328467EÄ12 4,108369EÄ12
46,69513520 1,5798293705 Ä2,526830EÄ12 9,694537EÄ12
61,60014648 2,6605887131 2,107604EÄ12 Ä6,082593EÄ12
78,24299789 4,2711654236 Ä5,420580EÄ12 2,007110EÄ11
96,54866418 6,7244199942 Ä5,094055EÄ12 6,942621EÄ12

¢ É ¡². 2 Å ¸ ¶ · ³¥É· ³¨ (·¨¸. 1, ¡):

V0 = 10, V1 = 30,

r1 = π, r4 = r1 +
6π

5
;

¢ É ¡². 3 Å ¸ ¶ · ³¥É· ³¨ (·¨¸. 1, ¢):

V0 = 10, V1 = 30, r2 = r1 +
π

10
.
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’ ¡²¨Í  3. �¥§Ê²ÓÉ ÉÒ ·¥Ï¥´¨Ö É· ´¸Í¥´¤¥´É´ÒÌ Ê· ¢´¥´¨° (4) ¤²Ö ¶μÉ¥´Í¨ ² ,
¶·¨¢¥¤¥´´μ£μ ´  ·¨¸. 1, ¢

E1 E2 FRe FIm

4,403099342 2,849640EÄ15 7,211464EÄ08 2,6192966EÄ6
12,38233155 4,938341EÄ14 3,0869375EÄ8 Ä8,665453EÄ07
21,90576604 1,114146EÄ09 1,1054157EÄ9 Ä1,231767EÄ10
30,57736878 4,821866EÄ02 3,0664800EÄ9 4,4439328EÄ9
31,85465278 0,1006095347 4,882069EÄ11 2,898085EÄ11
33,46202096 0,2426668178 4,7945312EÄ8 1,4163378EÄ7
36,52406660 0,5397857089 Ä6,9227316EÄ7 4,8686710EÄ6
40,74726603 0,8179035585 Ä4,319570EÄ10 Ä8,140671EÄ10
45,01756025 0,7800700011 1,179658EÄ13 2,176429EÄ11
47,440749084 0,6538421485 Ä4,7872552EÄ6 4,9219989EÄ6
48,907240396 1,1231457262 1,8792713EÄ6 3,3029011EÄ6
54,708214968 1,6307266312 Ä6,3383075EÄ7 4,8319201EÄ7
60,638313460 1,4730314467 5,994909EÄ11 Ä2,452084EÄ11
65,992583270 1,9438290278 Ä4,1008052EÄ8 5,4809764EÄ8
73,362955306 2,4323029886 1,2336351EÄ9 2,2934613EÄ9
80,148040586 2,1652587514 5,511449EÄ10 Ä1,0866106EÄ9
87,332377918 3,0120074519 Ä2,624738EÄ11 1,699224EÄ12

�¨¸. 2. „¨´ ³¨±  Ô´¥·£¨¨ ±¢ §¨Ê·μ¢´¥° ¤²Ö ¶μÉ¥´Í¨ ²  (·¨¸. 1,  ) ¶·¨ ¨§³¥´¥´¨¨
£²Ê¡¨´Ò Ö³Ò V0
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�¨¸. 3. „¨´ ³¨±  Ô´¥·£¨¨ ±¢ §¨Ê·μ¢´¥° ¤²Ö ¤¢ÊÌ¡ ·Ó¥·´μ£μ ¶μÉ¥´Í¨ ²  ¶·¨ V2 → 0

�¨¸. 4. „¨´ ³¨±  Ô´¥·£¨¨ ±¢ §¨Ê·μ¢´¥° ¶·¨ Ê¢¥²¨Î¥´¨¨ r2 ¤²Ö § ¤ Î¨ ¸ μ¤´¨³ ¡ -
·Ó¥·μ³
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�·¨ 0 < E1 < 30 ¶μ²ÊÎ¥´Ò ·¥Ï¥´¨Ö ¤²Ö ¶μ¤¡ ·Ó¥·´ÒÌ ¸²ÊÎ ¥¢,   ¶·¨
E1 > 30 Å ¤²Ö ´ ¤¡ ·Ó¥·´ÒÌ.

ˆ§ É ¡². 1 ¸²¥¤Ê¥É, ÎÉμ ±μ²¨Î¥¸É¢μ ±¢ §¨Ê·μ¢´¥° § ¢¨¸¨É μÉ ±μ²¨Î¥¸É¢ 
¶μÉ¥´Í¨ ²Ó´ÒÌ ¡ ·Ó¥·μ¢. Œμ¦´μ μÉ³¥É¨ÉÓ, ÎÉμ ¤²Ö § ¤ ´´μ£μ §´ Î¥´¨Ö ¢Ò-
¸μÉÒ ¶μÉ¥´Í¨ ²Ó´ÒÌ ¡ ·Ó¥·μ¢ ±μ²¨Î¥¸É¢μ ¶μ¤¡ ·Ó¥´ÒÌ Ê·μ¢´¥° (E1) ¤²Ö
¤¢ÊÌ¡ ·Ó¥·´μ£μ ¶μÉ¥´Í¨ ²  ¡μ²ÓÏ¥, Î¥³ ¤²Ö ¸²ÊÎ Ö μ¤´μ¡ ·Ó¥·´μ£μ ¶μÉ¥´-
Í¨ ² . �·¨Î¥³ ³´¨³ Ö Î ¸ÉÓ (E2) ´¨¦¥²¥¦ Ð¨Ì Ê·μ¢´¥° ¢ μ¸´μ¢´μ³ Ê³¥´Ó-
Ï ¥É¸Ö, É. ¥. ¢·¥³¥´  ¦¨§´¨ ÔÉ¨Ì ±¢ §¨Ê·μ¢´¥° Ê¢¥²¨Î¨¢ ÕÉ¸Ö. ‚ μÉ²¨Î¨¥
μÉ ÔÉμ£μ ¤²Ö ´ ¤¡ ·Ó¥·´ÒÌ Ê·μ¢´¥° E2 Ê¢¥²¨Î¨¢ ¥É¸Ö ¨ ¢·¥³¥´  ¦¨§´¨ ÔÉ¨Ì
Ê·μ¢´¥° Ê³¥´ÓÏ ÕÉ¸Ö.

�  ·¨¸. 2 ¶·¨¢¥¤¥´Ò § ¢¨¸¨³μ¸É¨ E1 ¨ E2 μÉ £²Ê¡¨´Ò Ö³Ò V0.
‚¨¤´μ, ÎÉμ ¶·¨ Ê¢¥²¨Î¥´¨¨ ¶ · ³¥É·  V0 Ô´¥·£¨Ö Ê·μ¢´¥°, ´ Ìμ¤ÖÐ¨Ì¸Ö

´¨¦¥ ¡ ·Ó¥· , Ê³¥´ÓÏ ¥É¸Ö ¨ ¶·¨ ´¥±μÉμ·ÒÌ §´ Î¥´¨ÖÌ V0 Ô´¥·£¨Ö ¸ ³ÒÌ
´¨¦¥²¥¦ Ð¨Ì Ê·μ¢´¥° ¶μ¸É¥¶¥´´μ ¸É·¥³¨É¸Ö ± ´Ê²Õ (É ± ± ± E1 ¸É ´μ¢¨É¸Ö
μÉ·¨Í É¥²Ó´μ°, ±¢ §¨Ê·μ¢¥´Ó ¶¥·¥Ìμ¤¨É ¢ ¸¢Ö§ ´´μ¥ ¸μ¸ÉμÖ´¨¥), Ô´¥·£¨Ö ´ ¤-
¡ ·Ó¥·´ÒÌ Ê·μ¢´¥° Ê³¥´ÓÏ ¥É¸Ö ¨ μ´¨ ¸É ´μ¢ÖÉ¸Ö ¶μ¤¡ ·Ó¥·´Ò³¨. � ¸Î¥ÉÒ
¶μ± §Ò¢ ÕÉ, ÎÉμ E1 ³¥´Ö¥É¸Ö ¶² ¢´μ,   E2 ³¥´Ö¥É¸Ö ¸²μ¦´Ò³ μ¡· §μ³ ¨
μÎ¥´Ó ÎÊ¢¸É¢¨É¥²Ó´  ± ¨§³¥´¥´¨Ö³ ¶ · ³¥É·μ¢ ¶μÉ¥´Í¨ ² .

Š ± Ê¦¥ μÉ³¥Î¥´μ, ±μ²¨Î¥¸É¢μ ±¢ §¨Ê·μ¢´¥° § ¢¨¸¨É μÉ ±μ²¨Î¥¸É¢  ¶μ-
É¥´Í¨ ²Ó´ÒÌ ¡ ·Ó¥·μ¢. ‚ ¸¢Ö§¨ ¸ ÔÉ¨³ ¨´É¥·¥¸´μ ¡Ò²μ ·¥Ï ÉÓ ¸¨¸É¥³Ê Ê· ¢-
´¥´¨° (4) ¸ ¤¢Ê³Ö ¡ ·Ó¥· ³¨ ¶·¨ V2 → 0. —¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ (·¨¸. 3)
¶μ¤É¢¥·¦¤ ÕÉ, ÎÉμ ¶·¨ V2 → 0 É·¨ ·¥Ï¥´¨Ö ¨§ ¤¥¢ÖÉ¨ ¸É·¥³ÖÉ¸Ö ± ·¥Ï¥´¨Ö³
¸ μ¤´¨³ ¡ ·Ó¥·μ³,   Ê μ¸É ²Ó´ÒÌ Ï¥¸É¨ ·¥Ï¥´¨° ³´¨³ Ö Î ¸ÉÓ ¸É ´μ¢¨É¸Ö
¡μ²ÓÏμ° ¨ ´¥ Ê¤μ¢²¥É¢μ·Ö¥É ±·¨É¥·¨Ö³ ±¢ §¨Ê·μ¢´¥°.

�Ò²μ ¨´É¥·¥¸´μ ¶μ¸³μÉ·¥ÉÓ ¤¨´ ³¨±Ê ±¢ §¨Ê·μ¢´¥° ¸ μ¤´¨³ Ê§±¨³ ¡ -
·Ó¥·μ³ (·¨¸. 1, ¢) ¶·¨ Ê¢¥²¨Î¥´¨¨ r2. —¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¶·¨¢¥¤¥´Ò ´ 
·¨¸. 4. ‚¨¤´μ, ÎÉμ ¶·¨ Ê¢¥²¨Î¥´¨¨ r2 ·¥Ï¥´¨¥ ¸ Ê§±¨³ ¡ ·Ó¥·μ³ ¸É·¥³¨É¸Ö
± ·¥Ï¥´¨Õ ¸ Ï¨·μ±¨³ ¡ ·Ó¥·μ³ (·¨¸. 1, ¡).

�  ·¨¸. 5 ¶·¨¢¥¤¥´Ò § ¢¨¸¨³μ¸É¨ ·¥ ²Ó´μ° ¨ ³´¨³μ° Î ¸É¥° ¢μ²´μ¢ÒÌ
ËÊ´±Í¨° ¨ ¨Ì ±¢ ¤· É  ³μ¤Ê²Ö ¤²Ö ¶¥·¢ÒÌ É·¥Ì ´¨¦´¨Ì ±¢ §¨Ê·μ¢´¥° ¤²Ö
¶μÉ¥´Í¨ ²  ¸ ¤¢Ê³Ö ¡ ·Ó¥· ³¨ (·¨¸. 1,  ).

‚›‚�„›

�¨¦¥ ¶·¨¢¥¤¥´Ò ´¥±μÉμ·Ò¥ ¢ ¦´Ò¥ ·¥§Ê²ÓÉ ÉÒ ·¥Ï¥´¨° ¶μ¸É ¢²¥´´ÒÌ
§ ¤ Î.

1. Šμ²¨Î¥¸É¢μ ¶μ¤¡ ·Ó¥·´ÒÌ ±¢ §¨Ê·μ¢´¥° § ¢¨¸¨É μÉ ±μ²¨Î¥¸É¢ 
¡ ·Ó¥·μ¢.

2. ‚·¥³Ö ¦¨§´¨ ´¨¦¥²¥¦ Ð¨Ì ¶μ¤¡ ·Ó¥·´ÒÌ ±¢ §¨Ê·μ¢´¥° ¡μ²ÓÏ¥, Î¥³
¢ÒÏ¥²¥¦ Ð¨Ì ±¢ §¨Ê·μ¢´¥°.
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3. �·¨ ¨§³¥´¥´¨¨ ¶ · ³¥É·μ¢ ¶μÉ¥´Í¨ ²  E1 ³¥´Ö¥É¸Ö ¶² ¢´μ,   E2 ³¥-
´Ö¥É¸Ö ¸²μ¦´Ò³ μ¡· §μ³ ¨ μÎ¥´Ó ÎÊ¢¸É¢¨É¥²Ó´  ± ¨§³¥´¥´¨Ö³ ¶ · ³¥É·μ¢
¶μÉ¥´Í¨ ² .

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ £· ´É  �””ˆ
º14-01-00628 .
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