
P4-2016-58

‚.‚.�Ê¶ÒÏ¥¢*

„‚“Œ…���… Ÿ„…���-Š“‹���‚‘Š�… ��‘‘…Ÿ�ˆ…
Œ…„‹…���‰ Š‚��’�‚�‰ —�‘’ˆ–›

� ¶· ¢²¥´μ ¢ ¦Ê·´ ² ®’¥μ·¥É¨Î¥¸± Ö ¨ ³ É¥³ É¨Î¥¸± Ö Ë¨§¨± ¯

∗ E-mail: pupyshev@theor.jinr.ru



�Ê¶ÒÏ¥¢ ‚. ‚. P4-2016-58
„¢Ê³¥·´μ¥ Ö¤¥·´μ-±Ê²μ´μ¢¸±μ¥ · ¸¸¥Ö´¨¥ ³¥¤²¥´´μ° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ

ˆ¸¸²¥¤Ê¥É¸Ö ¤¢Ê³¥·´μ¥ · ¸¸¥Ö´¨¥ ³¥¤²¥´´μ° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¸Ê¶¥·¶μ-
§¨Í¨¥° ±Ê²μ´μ¢¸±μ£μ ¨ Í¥´É· ²Ó´μ£μ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ²μ¢. „ ´
 ´ ²¨§ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì  ¸¨³¶ÉμÉ¨± ¢¸¥Ì · ¤¨ ²Ó´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°,
¶ ·Í¨ ²Ó´ÒÌ Ë § ¨ ¸¥Î¥´¨° · ¸¸¥Ö´¨Ö É ±μ° Î ¸É¨ÍÒ. �·¥¤²μ¦¥´Ò ¤¢  ¸¶μ¸μ¡ 
¢ÒÎ¨¸²¥´¨Ö ¤²¨´Ò · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ .

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ É¥μ·¥É¨Î¥¸±μ° Ë¨§¨±¨ ¨³. �.�. �μ£μ²Õ¡μ¢ 
�ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2016

Pupyshev V.V. P4-2016-58
Two-Dimensional Nuclear-Coulomb Scattering of a Slow Quantum Particle

The two-dimensional scattering of a slow quantum particle by the superposition
of the Coulomb and short-range potential is studied. The analysis of low-energy
asymptotics of all radial wave-functions, partial phase-shifts and cross-sections is
given. Two methods for calculation of the scattering length and effective radius are
proposed.

The investigation has been performed at the Bogoliubov Laboratory of Theoretical
Physics, JINR.

Preprint of the Joint Institute for Nuclear Research. Dubna, 2016



‚‚…„…�ˆ…

�¡Ñ¥±É ´ Ï¥£μ ¨¸¸²¥¤μ¢ ´¨Ö Å Ê¶·Ê£μ¥ · ¸¸¥Ö´¨¥ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1

¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ P ´¥¶μ¤¢¨¦´Ò³ ¸¨²μ¢Ò³ Í¥´É·μ³ O, ²¥¦ Ð¨³ ¢ Éμ°
¦¥ ¶²μ¸±μ¸É¨ ¨ ¢μ§¤¥°¸É¢ÊÕÐ¨³ ´  ÔÉÊ Î ¸É¨ÍÊ ¶μ¸·¥¤¸É¢μ³ ¸Ê¶¥·¶μ§¨Í¨¨
V c + V s ±Ê²μ´μ¢¸±μ£μ ¶μÉ¥´Í¨ ²  V c ¨ Í¥´É· ²Ó´μ£μ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ
¶μÉ¥´Í¨ ²  V s. ‘²¥¤ÊÖ É¥·³¨´μ²μ£¨¨, ¶·¨´ÖÉμ° ¢ Ö¤¥·´μ° Ë¨§¨±¥, É ±μ¥
· ¸¸¥Ö´¨¥ ´ §μ¢¥³ ¤¢Ê³¥·´Ò³ Ö¤¥·´μ-±Ê²μ´μ¢¸±¨³ · ¸¸¥Ö´¨¥³.

„¢Ê³¥·´μ¥ Ö¤¥·´μ-±Ê²μ´μ¢¸±μ¥ · ¸¸¥Ö´¨¥ ¨ ¥£μ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ ¶ -
· ³¥É·Ò: ¤²¨´  · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸, ¨¸¸²¥¤μ¢ ²¨¸Ó Éμ²Ó±μ ¢
· ¡μÉ¥ [1] ¨ ²¨ÏÓ ¢ Î ¸É´μ³ ¸²ÊÎ ¥, ´ §¢ ´´μ³ ®s-¢μ²´μ¢Ò³¯. „ ¦¥ ÔÉμÉ
Î ¸É´Ò° ¸²ÊÎ ° ´¥ Ê¶μ³¨´ ¥É¸Ö ¢ ¸μ¢·¥³¥´´μ° ³μ´μ£· Ë¨¨ ¶μ É¥μ·¨¨ · ¸¸¥-
Ö´¨Ö [2]. �μÔÉμ³Ê ¨¸Î¥·¶Ò¢ ÕÐ¨°  ´ ²¨§ ¤¢Ê³¥·´μ£μ Ö¤¥·´μ-±Ê²μ´μ¢¸±μ£μ
· ¸¸¥Ö´¨Ö ¶·¥¤¸É ¢²Ö¥É¸Ö  ±ÉÊ ²Ó´Ò³ ¨ ´¥μ¡Ìμ¤¨³Ò³ ¤²Ö · ¸Ï¨·¥´¨Ö É¥μ·¨¨
¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö.

‚Ò¶μ²´¨³ É ±μ°  ´ ²¨§. ‚ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥ ¸Ëμ·³Ê²¨·Ê¥³ ¨ μ¡¸Ê¤¨³
¨¸Ìμ¤´ÊÕ § ¤ ÎÊ ˜·¥¤¨´£¥·  ¤²Ö · ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ±¢ ´Éμ¢μ°
Î ¸É¨ÍÒ. ‚ · §¤. 2 ¸¢¥¤¥³ ÔÉÊ § ¤ ÎÊ ± Í¥¶μÎ±¥ ·¥±Ê··¥´É´ÒÌ ¨ Ô´¥·£μ´¥-
§ ¢¨¸¨³ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢μ£μ ¶μ·Ö¤±  ¸ ¶·μ¸ÉÒ³¨ ´ -
Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨. 	É¨ Í¥¶μÎ±¨ ¨¸¸²¥¤Ê¥³ ¢ · §¤. 3 ¨ ¨¸¶μ²Ó§Ê¥³ ¢ · §¤. 4
¤²Ö ¢Ò¢μ¤  ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì  ¸¨³¶ÉμÉ¨± ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ ,
· ¤¨ ²Ó´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°, ¶ ·Í¨ ²Ó´ÒÌ Ë § ¨ ¸¥Î¥´¨° · ¸¸¥Ö´¨Ö ±¢ ´-
Éμ¢μ° Î ¸É¨ÍÒ. ˆÉμ£¨ ¢Ò¶μ²´¥´´ÒÌ ¨¸¸²¥¤μ¢ ´¨° ¶μ¤¢¥¤¥³ ¢ § ±²ÕÎ¥´¨¨.

1. ˆ‘•�„��Ÿ ��„ˆ�‹œ��Ÿ ‡�„�—� ˜�…„ˆ�ƒ…��

� Î´¥³ ¸ μ¶·¥¤¥²¥´¨° ¶ · ³¥É·μ¢,  ·£Ê³¥´Éμ¢ ¨ ¶μÉ¥´Í¨ ²μ¢.
‚ ¶²μ¸±μ¸É¨ P ¢¢¥¤¥³ ¸É ´¤ ·É´Ò³ μ¡· §μ³ ¶μ²Ö·´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨-

´ É ¸ ´ Î ²Ó´μ° ÉμÎ±μ°, ¸μ¢¶ ¤ ÕÐ¥° ¸ ¸¨²μ¢Ò³ Í¥´É·μ³ O. �μ²μ¦¥´¨¥
±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1 ¢ ¶²μ¸±μ¸É¨ P § ¤ ¤¨³ ¥¥ ¶μ²Ö·´Ò³¨ ±μμ·¤¨´ É ³¨
r = (r, ϕ). ‘¨³¢μ² ³¨ m1, z1, E ¨ k μ¡μ§´ Î¨³ ³ ¸¸Ê, ±Ê²μ´μ¢¸±¨° § ·Ö¤,
¶μ²´ÊÕ Ô´¥·£¨Õ ¨ ¢μ²´μ¢μ° ¢¥±Éμ· ÔÉμ° Î ¸É¨ÍÒ. ‘Î¨É ¥³, ÎÉμ ¢μ²´μ¢μ°
¢¥±Éμ· k0 ¥¥ ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö ¨³¥¥É ´Ê²¥¢μ°  §¨³ÊÉ ²Ó´Ò° Ê£μ²,   ¸¨-
²μ¢μ° Í¥´É· O μ¡² ¤ ¥É ±Ê²μ´μ¢¸±¨³ § ·Ö¤μ³ Z. �μ μ¶·¥¤¥²¥´¨Õ § ·Ö¤Ò z1
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¨ Z ±· É´Ò § ·Ö¤Ê Ô²¥±É·μ´ . �Ê¸ÉÓ � Å ¶μ¸ÉμÖ´´ Ö �² ´± . �μ²μ¦¨³

k = |k| ≡
√

2 m1E

�2
, R ≡ �

2

2m1z1Z
, q ≡ k|R| ,

α ≡ signR , η ≡ 1
2kR

=
α

2q
, ρ ≡ kr = q

r

|R| , v ≡
√

8ρ|η| .

‡¤¥¸Ó ¨ ¤ ²¥¥ q Å ¡¥§· §³¥·´μ¥ ¢μ²´μ¢μ¥ Î¨¸²μ Î ¸É¨ÍÒ p1, η Å ¶ · ³¥É·
‡μ³³¥·Ë¥²Ó¤ ,   ρ ¨ v Å ¡¥§· §³¥·´Ò¥ ´¥μÉ·¨Í É¥²Ó´Ò¥ ¶¥·¥³¥´´Ò¥. � §-
³¥·´ Ö ¶μ²´ Ö Ô´¥·£¨Ö E ¢ÒÎ¨¸²Ö¥É¸Ö ¶μ Ëμ·³Ê² ³

E =
2m1

�2
k2 =

2m1

(�R)2
q2 .

ŠÊ²μ´μ¢¸±¨° ¶μÉ¥´Í¨ ² V c μ¶·¥¤¥²¨³ · ¢¥´¸É¢μ³ V c(r) = z1Z/r. �·¨-
¤¥É¸Ö · §²¨Î ÉÓ ¤¢  ¸²ÊÎ Ö: ¸²ÊÎ ° ±Ê²μ´μ¢¸±μ£μ μÉÉ ²±¨¢ ´¨Ö (α = 1) ¨
¸²ÊÎ ° ±Ê²μ´μ¢¸±μ£μ ¶·¨ÉÖ¦¥´¨Ö (α = −1). „²Ö ±· É±μ¸É¨ § ¶¨¸¨ ¨¸¶μ²Ó-
§Ê¥³ ¸¨³¢μ² Š·μ´¥±¥·  δiα ¨ Ëμ·³Ê²Ò ¸ ¢¥·Ì´¨³¨ ¨ ´¨¦´¨³¨ §´ ± ³¨ ¶²Õ¸
¨ (¨²¨) ³¨´Ê¸. ‚ É ±¨Ì Ëμ·³Ê² Ì ¢¸¥ ¢¥·Ì´¨¥ §´ ±¨ ¡¥·ÊÉ¸Ö ¢ ¸²ÊÎ ¥ α = 1,
  ¢¸¥ ´¨¦´¨¥ Å ¢ ¸²ÊÎ ¥ α = −1. � ¶·¨³¥·, Ëμ·³Ê² 

A± = a± +
{

b
c

}

μ§´ Î ¥É, ÎÉμ A+ = a+ + b, ¥¸²¨ α = 1, ¨ A− = a− + c, ¥¸²¨ α = −1.
‘Î¨É ¥³, ÎÉμ Í¥´É· ²Ó´Ò° ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¨° ¶μÉ¥´Í¨ ² V s(r) § ¢¨-

¸¨É Éμ²Ó±μ μÉ ¶¥·¥³¥´´μ° r, ¶·¨´ ¤²¥¦¨É ±² ¸¸Ê C0
(0,∞] ËÊ´±Í¨°, ´¥¶·¥·Ò¢-

´ÒÌ ¢ μ¡² ¸É¨ r > 0, ¨ ¶·¨ ²Õ¡μ³ ¶μ± § É¥²¥ β, ¡μ²ÓÏ¥³ ¤¢ÊÌ, Ê¤μ¢²¥É¢μ·Ö¥É
¸²¥¤ÊÕÐ¨³ Ê¸²μ¢¨Ö³:

lim
r→0

r2 |V s(r)| = 0,

lim
r→∞

rβ |V s(r)|
[
δ1,α exp (4

√
r/|R|) + δ−1,α

]
= 0, α = ±1.

(1)

�μÔÉμ³Ê ¡¥§· §³¥·´Ò° ¶μÉ¥´Í¨ ² V , μ¶·¥¤¥²¥´´Ò° Ëμ·³Ê² ³¨

V (v) ≡ (2m1R
2/�

2)V s(r = x|R|) , x = 2ρ|η| = v2/4 , r = v2|R|/4 ,

¶μ¤Î¨´Ö¥É¸Ö Ê¸²μ¢¨Ö³

lim
v→0

v4|V (v)| = 0 , V (v) ∈ C
0
(0,∞] , α = ±1 , (2)

¨ ¶·¨ ²Õ¡μ³ β > 2 Ê¤μ¢²¥É¢μ·Ö¥É ¸μμÉ´μÏ¥´¨Ö³

lim
v→∞

v2β |V (v)| [ δ1,α exp (2v) + δ−1,α ] = 0 , α = ±1 . (3)
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�μÖ¸´¨³ Ê¸²μ¢¨Ö (1). …¸²¨ r → 0, Éμ ¢ μ¡μ¨Ì ¸²ÊÎ ÖÌ (α = 1 ¨²¨ α = −1)
³μ¤Ê²Ó ¶μÉ¥´Í¨ ²  V s(r) ³μ¦¥É ¨³¥ÉÓ ±μ´¥Î´Ò° ¶·¥¤¥² ²¨¡μ ´¥μ£· ´¨Î¥´´μ
¢μ§· ¸É ÉÓ, ´μ ´¥ ¡Ò¸É·¥¥, Î¥³ ËÊ´±Í¨Ö r−2. ‚ ¸²ÊÎ ¥ α = −1, r → ∞ ³μ-
¤Ê²Ó ¶μÉ¥´Í¨ ²  V s(r) ¤μ²¦¥´ Ê¡Ò¢ ÉÓ ¡Ò¸É·¥¥ ËÊ´±Í¨¨ r−β ¶·¨ ²Õ¡μ³ ¥¥
¶ · ³¥É·¥ β, Ê¤μ¢²¥É¢μ·ÖÕÐ¥³ ´¥· ¢¥´¸É¢Ê β > 2. ‚ ¸²ÊÎ ¥ α = 1, r → ∞
³μ¤Ê²Ó ¶μÉ¥´Í¨ ²  V s(r) ¤μ²¦¥´ Ê¡Ò¢ ÉÓ £μ· §¤μ ¡Ò¸É·¥¥,   ¨³¥´´μ, ¡Ò-
¸É·¥¥ ¶·μ¨§¢¥¤¥´¨Ö Ô±¸¶μ´¥´Í¨ ²Ó´μ° ËÊ´±Í¨¨ exp (−4

√
r/|R|) ¨ ËÊ´±Í¨¨

r−β ¸ ¶·μ¨§¢μ²Ó´Ò³ ¶ · ³¥É·μ³ β, ¶μ¤Î¨´¥´´Ò³ ´¥· ¢¥´¸É¢Ê β > 2. ‚ ´¥-
±μÉμ·ÒÌ ¸²ÊÎ ÖÌ μ£· ´¨Î¥´¨Ö ´  ¤μ¶Ê¸É¨³μ¥ ¶μ¢¥¤¥´¨¥ ¶μÉ¥´Í¨ ²μ¢ V s(r) ¨
V (v) ¶·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ¨Ì  ·£Ê³¥´Éμ¢ ³μ¦´μ μ¸² ¡¨ÉÓ. ‚¸¥ É ±¨¥ ¸²Ê-
Î ¨ Ê± ¦¥³. �·¨Î¨´Ê § ¢¨¸¨³μ¸É¨ Ê¸²μ¢¨° (1) ¨ (3) μÉ ¶ · ³¥É·  α ¢ÒÖ¢¨³
¢ ±μ´Í¥ ¶. 3.1.

�¥·¥°¤¥³ ± Ëμ·³Ê²¨·μ¢±¥ · ¤¨ ²Ó´μ° § ¤ Î¨ ˜·¥¤¨´£¥·  ¢ ¸²ÊÎ ¥ ¸Ê³-
³ ·´μ£μ ¶μÉ¥´Í¨ ²  V c(r) + V s(r), ´¥ § ¢¨¸ÖÐ¥£μ μÉ Ê£²  ϕ. Š ± ¨§¢¥¸É´μ
¨§ É¥μ·¨¨ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö [2, 3], ¢ ÔÉμ³ ¸²ÊÎ ¥ ¤¢Ê³¥·´ Ö § ¤ Î  ˜·¥-
¤¨´£¥·  ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Î ¸É¨ÍÒ p1 ¤μ¶Ê¸± ¥É · §¤¥²¥´¨¥ ¶¥·¥³¥´´ÒÌ
r ¨ ϕ ¨ ¸¢μ¤¨É¸Ö ± ¡¥¸±μ´¥Î´μ°, ´μ ¸Î¥É´μ° (2λ = −1, 1, . . .) ¸μ¢μ±Ê¶´μ¸É¨
· ¤¨ ²Ó´ÒÌ ±· ¥¢ÒÌ § ¤ Î ˜·¥¤¨´£¥· . ‚ ±Ê²μ´μ¢¸±¨Ì ¶¥·¥³¥´´ÒÌ ρ ¨ η
± ¦¤ Ö ¨§ É ±¨Ì § ¤ Î Ö¢²Ö¥É¸Ö μ¤´μ³¥·´Ò³ Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥· [

∂2
ρ − λ(λ + 1)

ρ2
+ 1 − 2η

ρ
− 4η2 V (

√
8ρ|η|)

]
uλ(ρ, η) = 0 ,

ρ > 0 , η ∈ (−∞,∞) ,

(4)

c Ê¸²μ¢¨¥³
lim
ρ→0

uλ(ρ, η)/Fλ(ρ, η) = N(η) (5)

¨ Ê¸²μ¢¨¥³

uλ(ρ, η) = sin [ρ − η ln (2ρ) − πλ/2 + δc
λ(η) + δλ(η) ] + O(ρ−1) , ρ → ∞ .

(6)
‚ ÔÉ¨Ì Ê¸²μ¢¨ÖÌ Fλ ¨ δc

λ Å ¨§¢¥¸É´Ò¥ ·¥£Ê²Ö·´ Ö ËÊ´±Í¨Ö ŠÊ²μ´  ¨ ±Ê-
²μ´μ¢¸± Ö Ë §  [4Ä6],   ´μ·³¨·μ¢μÎ´Ò° ³´μ¦¨É¥²Ó N ¨ Ë §  δλ · ¸¸¥Ö´¨Ö
¶μÉ¥´Í¨ ²μ³ V ¢ ±Ê²μ´μ¢¸±μ³ ¶μ²¥ 2η/ρ Ö¢²ÖÕÉ¸Ö ¨¸±μ³Ò³¨. �¥¶·¥·Ò¢-
´μ¥ ¢ μ¡² ¸É¨ 0 � ρ < ∞ ·¥Ï¥´¨¥ uλ § ¤ Î¨ (4)Ä(6) ´ §Ò¢ ¥É¸Ö ·¥£Ê²Ö·-
´μ° · ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥° Î ¸É¨ÍÒ p1 ¢ ¸μ¸ÉμÖ´¨¨ · ¸¸¥Ö´¨Ö |q, λ〉
¸ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ q ¨ λ.

� ¤¨ ²Ó´ Ö ±· ¥¢ Ö § ¤ Î  ˜·¥¤¨´£¥·  (4)Ä(6) ¡Ê¤¥É ¨¸Ìμ¤´μ° ¤²Ö ´ Ï¨Ì
¨¸¸²¥¤μ¢ ´¨°. „²Ö ¶μ²´μÉÒ ¥¥ ¶μ¸É ´μ¢±¨ ¸²¥¤Ê¥É ¶μÖ¸´¨ÉÓ ¸É·μ¥´¨¥ ¸¥Î¥´¨Ö
σcs

λ (η) · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ p1 ¢ ¸μ¸ÉμÖ´¨¨ |q, λ〉. ’ ±μ¥ ¸¥Î¥´¨¥ μ¶·¥¤¥²Ö¥É¸Ö
¨§¢¥¸É´Ò³¨ Ëμ·³Ê² ³¨ [3]

σcs
λ (η) = 8 R η ελ { sin [ δc

λ(η) + δλ(η) ] }2 , ελ ≡ 2 − δ−1,2λ ,

3



¨ ¢ ¸¨²Ê Éμ¦¤¥¸É¢ 

[ sin (δc
λ + δλ) ]2 ≡ [ sin δc

λ ]2 + [ sin δλ ]2 + 2 sin δc
λ sin δλ cos (δc

λ + δλ)

Ö¢²Ö¥É¸Ö ¸Ê³³μ° ¸² £ ¥³ÒÌ

σc
λ(η) ≡ 8 R η ελ sin2 δc

λ(η) ,

σint
λ (η) ≡ 16 R η ελ sin δc

λ(η) sin δλ(η) cos [ δc
λ(η) + δλ(η) ]

(7)

¨ ¸² £ ¥³μ£μ

σλ(η) ≡ 8 R η ελ sin2 δλ(η) =
σu

λ(η)

[ ctg δλ(η) ]2 + 1
, σu

λ(η) ≡ 8 R η ελ . (8)

‘² £ ¥³μ¥ σc
λ Å ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö μ¤´¨³ ±Ê²μ´μ¢¸±¨³ ¶μÉ¥´Í¨ ²μ³. ‘² -

£ ¥³μ¥ σint
λ Å ¢±² ¤ μÉ ¨´É¥·Ë¥·¥´Í¨¨ · ¸¸¥Ö´¨Ö ±Ê²μ´μ¢¸±¨³ ¶μÉ¥´Í¨ ²μ³

¨ ¶μÉ¥´Í¨ ²μ³ V . ‘² £ ¥³μ¥ σλ Å ¸¥Î¥´¨¥ · ¸¸¥Ö´¨Ö ÔÉ¨³ ¶μÉ¥´Í¨ ²μ³ ¢
±Ê²μ´μ¢¸±μ³ ¶μ²¥. �·¨ ²Õ¡μ³ η É ±μ¥ ¸¥Î¥´¨¥ ´¥ ¶·¥¢ÒÏ ¥É ¸¢μ¥£μ Ê´¨É ·-
´μ£μ ¶·¥¤¥²  σu

λ . Š ± ¨ ¢ Ö¤¥·´μ° Ë¨§¨±¥, ËÊ´±Í¨¨ δλ(η) ¨ σλ(η) ´ §Ò¢ ¥³
¶ ·Í¨ ²Ó´Ò³¨ Ö¤¥·´μ-±Ê²μ´μ¢¸±¨³¨ Ë §μ° ¨ ¸¥Î¥´¨¥³.

�¡¸Ê¤¨³ § ¤ ÎÊ ˜·¥¤¨´£¥·  (4)Ä(6). „²Ö ÔÉμ£μ ¸´ Î ²  ´ ¶μ³´¨³ μ¶·¥-
¤¥²¥´¨¥ ¶·¥¤¥²  ´¨§±¨Ì Ô´¥·£¨°. �·¥¤¥²μ³ ´¨§±¨Ì Ô´¥·£¨° ´ §Ò¢ ¥É¸Ö ¶·¥¤¥²
q → 0+ ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥´¨ÖÌ ±Ê²μ´μ¢¸±μ£μ ¶ · ³¥É·  R ¨ ±¢ ´-
Éμ¢μ£μ Î¨¸²  λ. ‚ ÔÉμ³ ¶·¥¤¥²¥ |η| → ∞. ‚ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²  V (v),
v =

√
8ρ|η|, Éμ¦¤¥¸É¢¥´´μ · ¢´μ£μ ´Ê²Õ, Ê· ¢´¥´¨Õ (4) Ê¤μ¢²¥É¢μ·ÖÕÉ ²¨-

´¥°´μ ´¥§ ¢¨¸¨³Ò¥ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ŠÊ²μ´  Fλ(ρ, η) ¨ Gλ(ρ, η) ¶μ²ÊÍ¥²μ£μ
¶μ·Ö¤±  λ = −1/2, 1/2, . . . , ¤¥É ²Ó´μ ¨¸¸²¥¤μ¢ ´´Ò¥ ¢ · ¡μÉ Ì [4Ä6]. Š ± ¤μ-
± § ´μ ¢ · ¡μÉ¥ [7], ¶·¨ ²Õ¡ÒÌ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨ÖÌ λ ¨ η ¨ Ê¸²μ¢¨ÖÌ

lim
v→0

v4 V (v) = 0 , V (v) ∈ C
0
(0,∞] , lim

v→∞
v4 V (v) = 0 (9)

§ ¤ Î  (4)Ä(6) ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥, ¶·¨Î¥³ ´¥¶·¥·Ò¢´μ¥ ¢ μ¡² ¸É¨ 0 � ρ < ∞
·¥Ï¥´¨¥ uλ. Šμ·μÉ±μ¤¥°¸É¢ÊÕÐ¨° ¶μÉ¥´Í¨ ² V ¶μ μ¶·¥¤¥²¥´¨Õ Ê¤μ¢²¥É¢μ-
·Ö¥É Ê¸²μ¢¨Ö³ (2) ¨ (3),   §´ Î¨É, ¨ Ê¸²μ¢¨Ö³ (9). ‚Ò¢μ¤ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì
(q → 0, |η| → ∞) ¶·¨¡²¨¦¥´¨° ËÊ´±Í¨° δλ(η), σλ(η), N(η) ¨ uλ(ρ, η) ¢ · ³-
± Ì § ¤ Î¨ (4)Ä(6) Å ¤μ¢μ²Ó´μ ¸²μ¦´ Ö ¶·μ¡²¥³ . „²Ö ¥¥ ´ ¨¡μ²¥¥ ¶·μ¸Éμ£μ
·¥Ï¥´¨Ö ¢ · §¤. 2 ¨ 3 ¶·¥¤² £ ¥É¸Ö ¸¶¥Í¨ ²Ó´Ò°  ¸¨³¶ÉμÉ¨Î¥¸±¨° ¢ ¶·¥¤¥²¥
q → 0 ³¥Éμ¤. �¥·¢Ò° ÔÉ ¶ ÔÉμ£μ ³¥Éμ¤  § ±²ÕÎ ¥É¸Ö ¢ ¶¥·¥Ëμ·³Ê²¨·μ¢±¥
§ ¤ Î¨ (4)Ä(6) ¨ ·¥ ²¨§Ê¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥.
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2. �…„“Š–ˆŸ ��„ˆ�‹œ��‰ ‡�„�—ˆ ˜�…„ˆ�ƒ…��

‚ ´ ¸ÉμÖÐ¥³ · §¤¥²¥ ¤ ´  ·¥¤Ê±Í¨Ö · ¤¨ ²Ó´μ° § ¤ Î¨ ˜·¥¤¨´£¥·  (4)Ä
(6) ± ¸¨¸É¥³ ³ ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¶¥·¢μ£μ ¶μ·Ö¤± ,
´ ¨¡μ²¥¥ Ê¤μ¡´ÒÌ ¤²Ö ¢Ò¢μ¤  ¨  ´ ²¨§  ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì  ¸¨³¶ÉμÉ¨±
Ë §Ò δλ, ¸¥Î¥´¨Ö σλ ¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨ uλ. ’ ± Ö ·¥¤Ê±Í¨Ö ·¥ ²¨§Ê¥É¸Ö ¢
É·¨ ÔÉ ¶ . Š ¦¤μ³Ê ¨§ ´¨Ì ¶μ¸¢ÖÐ¥´ μÉ¤¥²Ó´Ò° ¶Ê´±É.

2.1. �³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨. Š· É±μ ¨§²μ¦¨³ ¨ μ¡¸Ê¤¨³ ³¥Éμ¤  ³¶²¨-
ÉÊ¤´ÒÌ ËÊ´±Í¨°, ¶·¥¤²μ¦¥´´Ò° ¢ · ¡μÉ¥ [7]. ‚ ÔÉμ° · ¡μÉ¥, ¢ μÉ²¨Î¨¥ μÉ
´ ¸ÉμÖÐ¥°, ¨¸¶μ²Ó§μ¢ ²¸Ö ¶μÉ¥´Í¨ ² V (x), x ≡ v2/4 = 2ρ|η|.

‚ ³¥Éμ¤¥  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° ±Ê²μ´μ¢¸±¨¥ ËÊ´±Í¨¨ Fλ ¨ Gλ ¸Î¨É -
ÕÉ¸Ö ¨§¢¥¸É´Ò³¨,    ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c ¨ s Å ¨¸±μ³Ò³¨. �¥Ï¥´¨¥ uλ

§ ¤ Î¨ ˜·¥¤¨´£¥·  (4)Ä(6) ¶·¥¤¸É ¢²Ö¥É¸Ö ¶·μ¨§¢¥¤¥´¨¥³ ´μ·³¨·μ¢μÎ´μ£μ
³´μ¦¨É¥²Ö N ¨ ËÊ´±Í¨¨ U :

uλ(ρ, η) = N(η)U(ρ, η) , U(ρ, η) ≡ c(ρ, η)Fλ(ρ, η) + s(ρ, η)Gλ(ρ, η) . (10)

�μ¤¸É ´μ¢±μ° (10) Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  (4) ¸ ´ Î ²Ó´Ò³ Ê¸²μ¢¨¥³ (5) ¸¢μ-
¤¨É¸Ö ± § ¤ Î¥ ŠμÏ¨ ¤²Ö  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° c ¨ s ´  ¶μ²Êμ¸¨ ρ � 0,  
¨³¥´´μ, ± ´¥¤¨ £μ´ ²Ó´μ° ¸¨¸É¥³¥ ¤¢ÊÌ ²¨´¥°´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨° ¶¥·¢μ£μ ¶μ·Ö¤± :

∂ρc(ρ, η) = 4η2 V (
√

8ρ|η|) [ c(ρ, η)Fλ(ρ, η) + s(ρ, η)Gλ(ρ, η) ] Gλ(ρ, η) ,
(11)

∂ρs(ρ, η) = −4η2 V (
√

8ρ|η|) [ c(ρ, η)Fλ(ρ, η) + s(ρ, η)Gλ(ρ, η) ] Fλ(ρ, η) ,

¸ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨

c(ρ, η) = 1 , s(ρ, η) = 0 , ρ = 0 . (12)

‚ · ¡μÉ¥ [7] ¤μ± § ´μ ¸²¥¤ÊÕÐ¥¥ ÊÉ¢¥·¦¤¥´¨¥, ¸¶· ¢¥¤²¨¢μ¥ ¨ ¢ · ¸¸³ -
É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ²  V .

’¥μ·¥³  1. …¸²¨ ¶μÉ¥´Í¨ ² V (v), v =
√

8ρ|η|, Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ-
¢¨Ö³ (9), Éμ ¶·¨ ²Õ¡μ³ λ � −1/2 ¨ ²Õ¡μ³ η ∈ (−∞,∞) § ¤ Î  ŠμÏ¨ (11),
(12) μ¤´μ§´ Î´μ · §·¥Ï¨³  ¢ ±² ¸¸¥ ËÊ´±Í¨°, ´¥¶·¥·Ò¢´ÒÌ ´  ¢¸¥° ¶μ²Êμ¸¨
ρ � 0, a ±μ³¶μ´¥´ÉÒ c ¨ s ·¥Ï¥´¨Ö {c, s} ÔÉμ° § ¤ Î¨ ´¥ ¨³¥ÕÉ μ¡Ð¨Ì ´Ê²¥°.

Š ± ¶μ± § ´μ ¢ Éμ° ¦¥ · ¡μÉ¥ [7], ¢ ¸¨²Ê É¥μ·¥³Ò 1 ¶·¥¤¸É ¢²¥´¨Ö ³´μ-
¦¨É¥²Ö N , Ë §Ò δλ ¨ ¸¥Î¥´¨Ö σλ Î¥·¥§  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c ¨ s Ö¢²ÖÕÉ¸Ö
μ¤´μ§´ Î´Ò³¨ ¨ ´¥¶·¥·Ò¢´Ò³¨. �·¨¢¥¤¥³ É ±¨¥ ¶·¥¤¸É ¢²¥´¨Ö: ³´μ¦¨É¥²Ó
N μ¶·¥¤¥²Ö¥É¸Ö Ëμ·³Ê² ³¨

N(η) = lim
ρ→∞

N(ρ, η) , N(ρ, η) ≡
[
c2(ρ, η) + s2(ρ, η)

]−1/2
, (13)
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É ´£¥´¸ Ë §Ò · ¸¸¥Ö´¨Ö δλ Å Ëμ·³Ê² ³¨

tg δλ(η) = lim
ρ→∞

tg δλ(ρ, η) , tg δλ(ρ, η) ≡ s(ρ, η)/c(ρ, η), (14)

  ¸¥Î¥´¨¥ (8) ¢ÒÎ¨¸²Ö¥É¸Ö ± ±

σλ(η) = lim
ρ→∞

σλ(ρ, η) , σλ(ρ, η) ≡ σu
λ(η) [ s(ρ, η)N(ρ, η) ]2 . (15)

‚ ¶·¥¤¸É ¢²¥´´μ³ ¢ÒÏ¥ ³¥Éμ¤¥  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° [7] ¤²Ö ¶μ²´μ£μ
·¥Ï¥´¨Ö ±· ¥¢μ° § ¤ Î¨ ˜·¥¤¨´£¥·  (4)Ä(6) ´¥μ¡Ìμ¤¨³μ ¸´ Î ²  ´ °É¨ ·¥-
Ï¥´¨¥ {c, s} § ¤ Î¨ ŠμÏ¨ (11), (12),   § É¥³ μ¶·¥¤¥²¨ÉÓ ³´μ¦¨É¥²Ó N , Ë §Ê
δλ ¨ ¸¥Î¥´¨¥ σλ ¶μ Ëμ·³Ê² ³ (13)Ä(15) ¨, ´ ±μ´¥Í, ¢ÒÎ¨¸²¨ÉÓ · ¤¨ ²Ó´ÊÕ
¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ uλ ¶μ Ëμ·³Ê² ³ (10).

‘Éμ¨É ´ ¶μ³´¨ÉÓ, ÎÉμ ËÊ´±Í¨¨ δλ(ρ, η) ¨ σλ(ρ, η) μ¡² ¤ ÕÉ ¶·μ§· Î´Ò³
Ë¨§¨Î¥¸±¨³ ¸³Ò¸²μ³: §´ Î¥´¨Ö δλ(ρd, η) ¨ σλ(ρd, η) ÔÉ¨Ì ËÊ´±Í¨° ¢ ´¥±μ-
Éμ·μ° ÉμÎ±¥ ρ = ρd Ö¢²ÖÕÉ¸Ö Ë §μ° ¨ ¸¥Î¥´¨¥³ ¢ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²  V (v),
®μ¡·¥§ ´´μ£μ¯ ¢ ÉμÎ±¥ vd =

√
8ρd|η|.

‚ÒÖ¢¨³ ¶·¨Î¨´Ò, ¸ÊÐ¥¸É¢¥´´μ § É·Ê¤´ÖÕÐ¨¥ Î¨¸²¥´´Ò°  ´ ²¨§ § ¤ Î¨
ŠμÏ¨ (11), (12) ¨ ¶μ¸²¥¤ÊÕÐ¥¥ ¢ÒÎ¨¸²¥´¨¥ ËÊ´±Í¨° δλ, σλ ¨ uλ ¢ ¶·¥¤¥²¥
´¨§±¨Ì Ô´¥·£¨° (q → 0, |η| → ∞).

�·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ  ·£Ê³¥´É  ρ ËÊ´±Í¨¨ ŠÊ²μ´  ¨³¥ÕÉ  ¸¨³¶Éμ-
É¨±¨ [4]

Fλ(ρ, η) ∼ Cλ(η) ρλ+1 ,

Gλ(ρ, η) ∼ 1
Cλ(η) ρλ

{
− ln ρ , 2λ = −1 ,
(2λ + 1)−1 , 2λ > −1 ,

ρ → 0 ,
(16)

¢ ±μÉμ·ÒÌ ´¥ ´ ²¨É¨Î¥¸± Ö ËÊ´±Í¨Ö Cλ(η) ¶¥·¥³¥´μ° η μ¶·¥¤¥²Ö¥É¸Ö Ëμ·-
³Ê²μ°

Cλ(η) ≡ 2λ |Γ(λ + 1 + ı η)|
Γ(2λ + 2)

exp(−πη/2) . (17)

�μÔÉμ³Ê ±¢ ¤· É ËÊ´±Í¨¨ Cλ ¨³¥¥É  ¸¨³¶ÉμÉ¨±Ê

C2
λ(±|η|) ∼ π

(ν!)2
q−ν

{
exp (−π/q)

1

}
, ν = 2λ + 1 ,

q

|λ| → 0 . (18)

‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ q → 0 ¢ ¸²ÊÎ ¥ ±Ê²μ´μ¢¸±μ£μ μÉÉ ²±¨¢ ´¨Ö
(α ≡ sign η = 1) ËÊ´±Í¨Ö Cλ ¡Ò¸É·μ Ê¡Ò¢ ¥É,   ¢ ¸²ÊÎ ¥ ±Ê²μ´μ¢¸±μ£μ
¶·¨ÉÖ¦¥´¨Ö (α = −1) ¸Ìμ¤¨É¸Ö ± Î¨¸²Ê

√
π, ¥¸²¨ 2λ = −1, ¨ ¢μ§· ¸É ¥É ± ±

O(q−λ−1/2), ¥¸²¨ 2λ > −1.
‚¸²¥¤¸É¢¨¥ ¸¢μ°¸É¢ (16)Ä(18) ±Ê²μ´μ¢¸±¨Ì ËÊ´±Í¨° ¢ ¸²ÊÎ ¥ q → 0 ¨

ρ 	 1 ¶· ¢Ò¥ Î ¸É¨ Ê· ¢´¥´¨° (11) ¸μ¤¥·¦ É ± ± ¡Ò¸É·μ Ê¡Ò¢ ÕÐ¨° ³´μ¦¨-
É¥²Ó F 2

λ , É ± ¨ ¡Ò¸É·μ ¢μ§· ¸É ÕÐ¨° ³´μ¦¨É¥²Ó G2
λ. �μÔÉμ³Ê ¶·¨ Ê³¥´ÓÏ¥-

´¨¨ ¢μ²´μ¢μ£μ Î¨¸²  q Î¨¸²¥´´μ¥ ¨´É¥£·¨·μ¢ ´¨¥ É ±¨Ì Ê· ¢´¥´¨° ¢ μ¡² ¸É¨
ρ 	 1 ¸É ´μ¢¨É¸Ö ¢¸¥ ¡μ²¥¥ ¸²μ¦´μ° § ¤ Î¥°.
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‚ ¶·¥¤¥²¥ ρ → ∞ ËÊ´±Í¨¨ ŠÊ²μ´  ¨³¥ÕÉ  ¸¨³¶ÉμÉ¨±¨ [4]

Fλ(ρ, η) ∼ sin χλ(ρ, η) , Gλ(ρ, η) ∼ cosχλ(ρ, η) ,

χλ(ρ, η) ≡ ρ − η ln (2ρ) − πλ/2 + δc
λ(η) ,

¢ ±μÉμ·ÒÌ ³μ¤Ê²Ó Ë §Ò δc
λ(η) ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ¥É, ¥¸²¨ q/|λ| → 0:

δc
λ(η) ∼ η

2
ln

[
(λ + 1)2 + η2

]
− η +

(
λ +

1
2

)
arctg

η

λ + 1
,

q

|λ| → 0 . (19)

‘²¥¤μ¢ É¥²Ó´μ, ¢ ¶·¥¤¥²¥ q → 0, ´μ ¢ μ¡² ¸É¨ ρ 
 1 ¶·μ¨§¢¥¤¥´¨Ö F 2
λ ,

FλGλ ¨ G2
λ ¡Ò¸É·μ μ¸Í¨²²¨·ÊÕÉ. �μÔÉμ³Ê ¸²¥¤Ê¥É μ¦¨¤ ÉÓ, ÎÉμ ¶·¨ É¥Ì ¦¥

Ê¸²μ¢¨ÖÌ q → 0 ¨ ρ 
 1 ¶· ¢Ò¥ Î ¸É¨ Ê· ¢´¥´¨° (11),   §´ Î¨É, ¨ ¶·μ¨§¢μ¤-
´Ò¥ ∂ρc, ∂ρs, ¨ ËÊ´±Í¨¨ c, s ¡Ê¤ÊÉ ¡Ò¸É·μ μ¸Í¨²²¨·μ¢ ÉÓ. �´ ²¨§ ¡Ò¸É·μ
μ¸Í¨²²¨·ÊÕÐ¨Ì ËÊ´±Í¨° Å μ¤´  ¨§ ´ ¨¡μ²¥¥ É·Ê¤´ÒÌ § ¤ Î Î¨¸²¥´´μ£μ ¨´-
É¥£·¨·μ¢ ´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°.

”Ê´±Í¨Ö Gλ Ö¢²Ö¥É¸Ö ¸Ê³³μ° [4]

Gλ(ρ, η) = − hc(η)
C2

−1/2(η)
Fλ(ρ, η) +

1
qλ Cλ(η)

Θλ(ρ, η) . (20)

‚ ÔÉμ° ¸Ê³³¥ Θλ Å Î¥É´ Ö ËÊ´±Í¨Ö  ·£Ê³¥´É  q,   hc(η) Å ´¥ ´ ²¨É¨Î¥¸± Ö
¨ Î¥É´ Ö ËÊ´±Í¨Ö ¶¥·¥³¥´´μ° η. 	É  ËÊ´±Í¨Ö ¸μ¤¥·¦¨É ¢ ± Î¥¸É¢¥ ¸² £ ¥-
³μ£μ ¢¥Ð¥¸É¢¥´´ÊÕ Î ¸ÉÓ Ψ-ËÊ´±Í¨¨,   ¢ ¶·¥¤¥²¥ q → 0  ¶¶·μ±¸¨³¨·Ê¥É¸Ö
¶μ²¨´μ³μ³ ¶¥·¥³¥´´μ° q2:

hc(η) ≡ ReΨ(1/2 + ı η) − ln |η| ;

hc(η) = −1
6

q2 − 7
60

q4 + O(q6), η =
α

2q
, q → 0 .

(21)

�· ¢Ò¥ Î ¸É¨ μ¡μ¨Ì μ¡¸Ê¦¤ ¥³ÒÌ Ê· ¢´¥´¨° (11) ¸μ¤¥·¦ É ¨ ËÊ´±Í¨Õ
Fλ, ¨ ËÊ´±Í¨Õ Gλ, μ¡² ¤ ÕÐ¨¥ ¸¢μ°¸É¢ ³¨ (16) ¨ (20). ‘²¥¤μ¢ É¥²Ó´μ, ¶μ
±· °´¥° ³¥·¥ μ¤´  ¨§  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° c ¨²¨ s ¤μ²¦´  ¸μ¤¥·¦ ÉÓ ´¥-
 ´ ²¨É¨Î¥¸±¨¥ ËÊ´±Í¨¨ Cλ(η) ¨ hc(η) ¢ ± Î¥¸É¢¥ ³´μ¦¨É¥²¥° ¨²¨ ¸² £ ¥³ÒÌ.
‚ ¸¨²Ê ¶·¥¤¸É ¢²¥´¨° (10) ¨ (13)Ä(15) ÔÉ¨³ ¦¥ ¸¢μ°¸É¢μ³ ¤μ²¦´Ò μ¡² ¤ ÉÓ
¨ ËÊ´±Í¨¨ U , N , uλ, δλ ¨ σλ. �μÔÉμ³Ê ¢Ò¢μ¤ Ö¢´ÒÌ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì
 ¸¨³¶ÉμÉ¨± ÔÉ¨Ì ËÊ´±Í¨° ¶·¥¤¸É ¢²Ö¥É¸Ö ¤μ¢μ²Ó´μ ¸²μ¦´Ò³ ¨ É·¥¡Ê¥É μ¸μ-
¡μ£μ ¶μ¤Ìμ¤ .

ˆ§ ¤ ´´μ£μ ¢ÒÏ¥ μ¡¸Ê¦¤¥´¨Ö § ¤ Î¨ (11), (12) ¸²¥¤Ê¥É, ÎÉμ ¥¥ ´¥μ¡Ìμ¤¨³μ
¸¢¥¸É¨ ±  ²ÓÉ¥·´ É¨¢´μ° § ¤ Î¥ ŠμÏ¨, ´ ¨¡μ²¥¥ Ê¤μ¡´μ° ¤²Ö Î¨¸²¥´´μ£μ  ´ -
²¨§  ¢ ¶·¥¤¥²¥ ´¨§±¨Ì Ô´¥·£¨°, ¨ ¶μ¶ÊÉ´μ ´ °É¨ ¶·¥¤¸É ¢²¥´¨Ö  ³¶²¨ÉÊ¤´ÒÌ
ËÊ´±Í¨° c ¨ s, ¢ ±μÉμ·ÒÌ ´¥ ´ ²¨É¨Î¥¸±¨¥ ËÊ´±Í¨¨ Cλ ¨ hc ¢Ò¤¥²¥´Ò ¢
Ö¢´μ³ ¢¨¤¥. ‚Ò¢μ¤Ê ¨ μ¡¸Ê¦¤¥´¨Õ É ±¨Ì ¶·¥¤¸É ¢²¥´¨° ¶μ¸¢ÖÉ¨³ ¸²¥¤ÊÕÐ¨°
¶Ê´±É.
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2.2. �¥¤ÊÍ¨·μ¢ ´´Ò¥  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨. �·¥¤²μ¦¨³ ´μ¢ÊÕ Ëμ·³Ê-
²¨·μ¢±Ê ³¥Éμ¤   ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨°, ´ ¨¡μ²¥¥  ¤ ¶É¨·μ¢ ´´ÊÕ ¤²Ö  ´ ²¨§ 
· ¤¨ ²Ó´μ° § ¤ Î¨ ˜·¥¤¨´£¥·  (4)Ä(6) ¢ ¶·¥¤¥²¥ ´¨§±¨Ì Ô´¥·£¨°. �¸´μ¢´Ò³¨
¢ É ±μ° Ëμ·³Ê²¨·μ¢±¥ ¡Ê¤ÊÉ ·¥¤ÊÍ¨·μ¢ ´´Ò¥  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c± ¨ s±.

ˆ¸¶μ²Ó§Ê¥³  ·£Ê³¥´É v =
√

8ρ|η| ¨ ¨§¢¥¸É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö [4] ËÊ´±Í¨°
Fλ ¨ Θλ:

Fλ(ρ,±|η|) = qλ+1 Cλ(η) ν! v f±
λ (v, q) ,

Θλ(ρ,±|η|) =
v

ν!
θ±λ (v, q) , ρ � 0 , ν ≡ 2λ + 1 .

(22)

�μ²μ¦¨³

s(ρ,±|η|) = (ν!)2 q2λ+1 C2
λ(±|η|) s±(v, q) ,

(23)

c(ρ,±|η|) = c±(v, q) +
hc(±|η|)

C2
−1/2(±|η|) s(ρ,±|η|) = c±(v, q) + h(q) s±(v, q) ,

£¤¥ Î¥É´ Ö ËÊ´±Í¨Ö h(q) ¶¥·¥³¥´´μ° q · ¢´  ¶·μ¨§¢¥¤¥´¨Õ

h(q) ≡ (ν!)2 hc(η)Pλ(q2) , Pλ(q2) ≡ q2λ+1 C2
λ(η)

C2
−1/2(η)

, (24)

¢ ±μÉμ·μ³ hc Å ËÊ´±Í¨Ö (21),   Pλ Å ¨§¢¥¸É´Ò° ¶μ²¨´μ³ [4] ¸É¥¶¥´¨ 2λ+1:

Pλ(q2) =
1

( ν! )2

{
1 +

2
3
λ(λ + 1)(2λ + 1) q2 ×

×
[
1 +

1
15

(λ − 1)(2λ − 1)(5λ + 6) q2 + . . .

] }
. (25)

�μÔÉμ³Ê h(q) = hc(η) ¢ ¸²ÊÎ ¥ 2λ = −1,   ¶·¨ ²Õ¡μ³ λ > −1/2 ¡² £μ¤ ·Ö
Ëμ·³Ê² ³ (21)

h(q) = −1
6

q2 − 1
3

[
7
20

+
1
3
λ(λ + 1)(2λ + 1)

]
q4 + O(q6) , q → 0 . (26)

‚ μ¶·¥¤¥²¥´¨¨ (10) ËÊ´±Í¨¨ U ¨ ¢ § ¤ Î¥ (11), (12) § ³¥´¨³ ËÊ´±Í¨Õ Gλ

¸Ê³³μ° (20), ËÊ´±Í¨¨ Fλ ¨ Θλ ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥ (22),   ËÊ´±Í¨¨ c ¨ s Å
¢ ¢¨¤¥ (23). ‚ ¶μ²ÊÎ¥´´ÒÌ ¸μμÉ´μÏ¥´¨ÖÌ ¶·¨¢¥¤¥³ ¶μ¤·μ¡´Ò¥ ¸² £ ¥³Ò¥.
‚ ¨Éμ£¥ ¤²Ö ËÊ´±Í¨¨ U ¢Ò¢¥¤¥³ ¶·¥¤¸É ¢²¥´¨¥

U(ρ,±|η|) = ν! qλ+1Cλ(±|η|)U±(v, q) ,

U±(v, q) ≡ v
{

c±(v, q) f±
λ (v, q) + s±(v, q) θ±λ (v, q)

}
,

(27)
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¢ ±μÉμ·μ³ ËÊ´±Í¨¨ c± ¨ s± ¢ μ¡² ¸É¨ v > 0 ¶μ¤Î¨´ÖÕÉ¸Ö ¸¨¸É¥³¥ Ê· ¢´¥´¨°

∂vc±(v, q) = v3 V (v)
[
c±(v, q) f±

λ (v, q) + s±(v, q) θ±λ (v, q)
]

θ±λ (v, q) ,

∂vs±(v, q) = −v3 V (v)
[
c±(v, q) f±

λ (v, q) + s±λ (v, q) θ±λ (v, q)
]

f±
λ (v, q) ,

(28)

  ¢ ÉμÎ±¥ v = 0 Å ´ Î ²Ó´Ò³ Ê¸²μ¢¨Ö³

c±(v, q) = 1 , s±(v, q) = 0 , v = 0 . (29)

‚¸²¥¤¸É¢¨¥ É¥μ·¥³Ò 1 ¨ μ¤´μ§´ Î´μ¸É¨ ¶·¥¤¸É ¢²¥´¨° (23) ËÊ´±Í¨° c ¨
s Î¥·¥§ ËÊ´±Í¨¨ c± ¨ s± ¢¥·´μ ¸²¥¤ÊÕÐ¥¥ ¢ ¦´μ¥ ÊÉ¢¥·¦¤¥´¨¥.

’¥μ·¥³  2. …¸²¨ ¶μÉ¥´Í¨ ² V Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Ö³ (9), Éμ ¶·¨
²Õ¡μ³ λ � −1/2 ¨ ²Õ¡μ³ q � 0 § ¤ Î  ŠμÏ¨ (28), (29) ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥,
¶·¨Î¥³ ´¥¶·¥·Ò¢´μ¥ ´  ¢¸¥° ¶μ²Êμ¸¨ v � 0 ·¥Ï¥´¨¥ {c±, s±}.

‡ ¢¥·Ï¨³ ·¥¤Ê±Í¨Õ · ¤¨ ²Ó´μ° § ¤ Î¨ ˜·¥¤¨´£¥·  (4)Ä(6) ¢Ò¢μ¤μ³ ¸¶¥-
Í¨ ²Ó´ÒÌ ¶·¥¤¸É ¢²¥´¨° ËÊ´±Í¨° N , δλ, σλ ¨ uλ, ¢ ±μÉμ·ÒÌ ¢¸¥ ´¥ ´ ²¨-
É¨Î¥¸±¨¥ ËÊ´±Í¨¨  ·£Ê³¥´É  q ¢Ò¤¥²¥´Ò ¢ Ö¢´μ³ ¢¨¤¥. „²Ö ÔÉμ£μ ¢ · ¢¥´-
¸É¢ Ì (13)Ä(15) ¢Ò· §¨³ ËÊ´±Í¨¨ c ¨ s Î¥·¥§ ËÊ´±Í¨¨ c± ¨ s± ¶μ Ëμ·³Ê-
² ³ (23). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¨¸±μ³Ò¥ ¸μμÉ´μÏ¥´¨Ö

N(±|η|) = lim
v→∞

N±(v, q) ,

(30)

N±(v, q) ≡
{[

c±(v, q) + h(q) s±(v, q)
]2+

[
(ν!)2q2λ+1C2

λ(±|η|)s±(v, q)
]2

}−1/2

,

Ëμ·³Ê²Ò

tg δλ(±|η|) = lim
v→∞

tg δ±λ (v, q),

tg δ±λ (v, q) ≡ (ν!)2 q2λ+1C2
λ(±|η|) s±(v, q)

[c±(v, q) + h(q) s±(v, q)]

(31)

¨ ¶·¥¤¸É ¢²¥´¨Ö

σλ(±|η|) = σ±
λ (q) ≡ lim

v→∞
σ±

λ (v, q) ,

σ±
λ (v, q) ≡ 4 ελ |R| q

[
ν! qλCλ(±|η|)

]4 [
s±(v, q)N±(v, q)

]2
.

(32)

ˆ¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨Ö (10), (27) ¨ (30), ¶·¥¤¸É ¢¨³ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ uλ

¢ ¢¨¤¥

uλ(ρ,±|η|) = ν! qλ+1Cλ(±|η|)N(±|η|)U±(v, q) ,

U±(v, q) = v
[
c±(v, q) f±

λ (v, q) + s±(v, q) θ±λ (v, q)
]

.
(33)

ˆÉ ±, ¤²Ö ¶μ²´μ£μ ·¥Ï¥´¨Ö ¨¸Ìμ¤´μ° § ¤ Î¨ (4)Ä(6) ´¥μ¡Ìμ¤¨³μ ¸´ Î ² 
·¥Ï¨ÉÓ § ¤ ÎÊ (28), (29), § É¥³ ´ °É¨ ³´μ¦¨É¥²Ó N , Ë §Ê δλ ¨ ¸¥Î¥´¨¥ σλ ¶μ
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Ëμ·³Ê² ³ (30)Ä(32) ¨, ´ ±μ´¥Í, ¢ÒÎ¨¸²¨ÉÓ ËÊ´±Í¨Õ uλ ¶μ Ëμ·³Ê² ³ (33).
‚ ¸¨²Ê É¥μ·¥³Ò 2 ¶·¨ Ê¸²μ¢¨ÖÌ (9) É ± Ö ËÊ´±Í¨Ö ¡Ê¤¥É ¥¤¨´¸É¢¥´´Ò³ ¨
´¥¶·¥·Ò¢´Ò³ ·¥Ï¥´¨¥³ § ¤ Î¨ (4)Ä(6).

�¡¸Ê¤¨³ ¶·¥¨³ÊÐ¥¸É¢  ´μ¢ÒÌ Ê· ¢´¥´¨° (28) ¶μ ¸· ¢´¥´¨Õ ¸ ¨¸Ìμ¤-
´Ò³¨ Ê· ¢´¥´¨Ö³¨ (11). ‚¸²¥¤¸É¢¨¥ ¶·¥¤¸É ¢²¥´¨° (22) Ê· ¢´¥´¨Ö (28) ¢³¥-
¸Éμ ËÊ´±Í¨° ŠÊ²μ´  Fλ ¨ Gλ ¸μ¤¥·¦ É ËÊ´±Í¨¨ f±

λ ¨ θ±λ . Š ± ¨§¢¥¸É´μ [6],
¢ μ¡² ¸É¨ (0 � v < ∞, 0 � q < ∞) ÔÉ¨ ËÊ´±Í¨¨ Ö¢²ÖÕÉ¸Ö · ¢´μ³¥·´μ
¸Ìμ¤ÖÐ¨³¨¸Ö ·Ö¤ ³¨ ¶μ Î¥É´Ò³ ¸É¥¶¥´Ö³  ·£Ê³¥´É  q:

f±
λ (v, q) =

∞∑
n=0

q2n f±
λn(v) , θ±λ (v, q) =

∞∑
n=0

q2n θ±λn(q) . (34)

�μÔÉμ³Ê μ¡¥ ±μ³¶μ´¥´ÉÒ c± ¨ s± ·¥Ï¥´¨Ö {c±, s±} § ¤ Î¨ ŠμÏ¨ (28), (29),
¢ μÉ²¨Î¨¥ μÉ ËÊ´±Í¨° c ¨ s, ´¥ ¸μ¤¥·¦ É ¢ ± Î¥¸É¢¥ ³´μ¦¨É¥²¥° ¨²¨ ¸² £ -
¥³ÒÌ ´¨± ±¨Ì ´¥ ´ ²¨É¨Î¥¸±¨Ì ËÊ´±Í¨° ¶¥·¥³¥´´μ° q. �μ²¥¥ Éμ£μ, ¸²¥¤Ê¥É
μ¦¨¤ ÉÓ, ÎÉμ ¢ μ¡² ¸É¨ (0 � v < ∞, 0 � q < ∞) μ¡¥ ËÊ´±Í¨¨ c± ¨ s± ¡Ê¤ÊÉ
· ¢´μ³¥·´μ ¸Ìμ¤ÖÐ¨³¨¸Ö ·Ö¤ ³¨ Éμ£μ ¦¥ É¨¶ , ÎÉμ ¨ ·Ö¤Ò (34):

c±(v, q) =
∞∑

n=0

q2nc±n (v) , s±(v, q) =
∞∑

n=0

q2ns±n (v) . (35)

‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨¨ c± ¨ s± Ê¸É·μ¥´Ò ¡μ²¥¥ ¶·μ¸Éμ, Î¥³ ¶μ·μ¤¨¢Ï¨¥
¨Ì ËÊ´±Í¨¨ c ¨ s. �² £μ¤ ·Ö Ê± § ´´Ò³ ¢ÒÏ¥ ¸¢μ°¸É¢ ³ ËÊ´±Í¨° f±

λ , θ±λ , c±

¨ s± Î¨¸²¥´´μ¥ ¨´É¥£·¨·μ¢ ´¨¥ Ê· ¢´¥´¨° (28) ¢ ¶·¥¤¥²¥ ´¨§±¨Ì Ô´¥·£¨° Å
¤μ¢μ²Ó´μ ¶·μ¸É Ö § ¤ Î .

2.3. “· ¢´¥´¨Ö ¤²Ö ±μ³¶μ´¥´É ·¥¤ÊÍ¨·μ¢ ´´ÒÌ  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±-
Í¨°. ‚Ò¢¥¤¥³ ¨ μ¡¸Ê¤¨³ § ¤ Î¨ ŠμÏ¨ ¤²Ö ¨¸±μ³ÒÌ ±μ³¶μ´¥´É c±n ¨ s±n ·Ö-
¤μ¢ (35). „²Ö ÔÉμ£μ ¢ ¸¨¸É¥³¥ Ê· ¢´¥´¨° (28) ¨ ¢ ¥¥ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨ÖÌ (29)
¶·¥¤¸É ¢¨³ ËÊ´±Í¨¨ f±

λ ¨ θ±λ ¨§¢¥¸É´Ò³¨ ·Ö¤ ³¨ (34),   ·¥¤ÊÍ¨·μ¢ ´´Ò¥
 ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c± ¨ s± Å ¨¸±μ³Ò³¨ ·Ö¤ ³¨ (35). �μ²ÊÎ¨¢Ï¨¥¸Ö
· ¢¥´¸É¢  § ¶¨Ï¥³ ¢ ¢¨¤¥ ¡¥¸±μ´¥Î´ÒÌ ¶μ²¨´μ³μ¢ ¶μ Î¥É´Ò³ ¸É¥¶¥´Ö³ ¶ -
· ³¥É·  q. �² £μ¤ ·Ö ²¨´¥°´μ° ´¥§ ¢¨¸¨³μ¸É¨ ¸¨¸É¥³Ò {q2n}∞n=0 ¸É¥¶¥´´ÒÌ
ËÊ´±Í¨° q2n ÔÉ¨ ¶μ²¨´μ³Ò Éμ¦¤¥¸É¢¥´´μ · ¢´Ò ´Ê²Õ Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ ,
±μ£¤  · ¢´Ò ´Ê²Õ ¢¸¥ ¨Ì ®±μÔËË¨Í¨¥´ÉÒ¯, § ¢¨¸ÖÐ¨¥ ²¨ÏÓ μÉ ¶¥·¥³¥´´μ°
v. �·¨³¥´¨¢ ÔÉμ ¶· ¢¨²μ, ¤²Ö ± ¦¤μ£μ §´ Î¥´¨Ö n = 0, 1, . . . ´  ¨´É¥·¢ ²¥
v > 0 ¶μ²ÊÎ¨³ ¨¸±μ³ÊÕ ¸¨¸É¥³Ê ¤¢ÊÌ Ê· ¢´¥´¨°

∂vc
±
n = v3V

[
c±n f±

λ0 + s±n θ±λ0

]
θ±λ0 + v3V

n−1∑
k=0

∑
�+p=n−k

[
c±k f±

λ� + s±i θ±λ�

]
θ±λp ,

(36)

∂vs
±
n = −v3V

[
c±n f±

λ0 + s±n θ±λ0

]
f±

λ0 − v3V

n−1∑
k=0

∑
�+p=n−k

[
c±k f±

λ� + s±i θ±λ�

]
f±

λp
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¸ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨

c±0 (v) = δn0 , s±n (v) = 0 , v = 0 . (37)

�¡¸Ê¤¨³ ¸É·μ¥´¨¥ Í¥¶μÎ±¨ § ¤ Î ŠμÏ¨ (36), (37). ‚ Ê· ¢´¥´¨ÖÌ (36)
¶μ μ¶·¥¤¥²¥´¨Õ ¸Ê³³Ò ¸ ¢¥·Ì´¨³ ¨´¤¥±¸μ³ n− 1 ¶μ² £ ÕÉ¸Ö · ¢´Ò³¨ ´Ê²Õ
Éμ²Ó±μ ¶·¨ n = 0. ‚ μÉ²¨Î¨¥ μÉ ¨¸Ìμ¤´μ° § ¤ Î¨ (28), (29) ¢¸¥ (n = 0, 1, . . .)
§ ¤ Î¨ (36), (37) ´¥ ¸μ¤¥·¦ É ¢μ²´μ¢μ£μ Î¨¸²  q ¨ ¶μÔÉμ³Ê ´ §Ò¢ ÕÉ¸Ö Ô´¥·-
£μ´¥§ ¢¨¸¨³Ò³¨. �¥·¢ Ö (n = 0) ¸¨¸É¥³  (36) μ¤´μ·μ¤´ Ö,   ²Õ¡ Ö (n > 0)
¤·Ê£ Ö ¸¨¸É¥³  (36) Å ´¥μ¤´μ·μ¤´ Ö ¨ ¸μ¤¥·¦¨É ¢ ¸¢μ¥° ¶· ¢μ° Î ¸É¨ ±μ³-
¶μ´¥´ÉÒ c±m ¨ s±m ·¥Ï¥´¨° {c±m, s±m} ¢¸¥Ì ¶·¥¤Ò¤ÊÐ¨Ì (m = 0, 1, . . . , n − 1)
¸¨¸É¥³ (36). ‘²¥¤μ¢ É¥²Ó´μ, Í¥¶μÎ±  § ¤ Î (36), (37) Ö¢²Ö¥É¸Ö ·¥±Ê··¥´É´μ°
¶μ ¨´¤¥±¸Ê n. ‘¨¸É¥³  Ê· ¢´¥´¨° (36) ¸ ´μ³¥·μ³ n = 0 ¡² £μ¤ ·Ö ¶·¥¤¸É -
¢²¥´¨Ö³ (47) Ö¢²Ö¥É¸Ö ´ ¨¡μ²¥¥ ¶·μ¸Éμ°: ¢ ¸²ÊÎ ¥ ±Ê²μ´μ¢¸±μ£μ μÉÉ ²±¨¢ ´¨Ö
μ´  ¨³¥¥É ¢¨¤

2 ∂vc
+
0 = v3 V

[
c+
0 Iν + 2 s+

0 Kν

]
Kν ,

4 ∂vs
+
0 = −v3 V

[
c+
0 Iν + 2 s+

0 Kν

]
Iν ,

  ¢ ¸²ÊÎ ¥ ±Ê²μ´μ¢¸±μ£μ ¶·¨ÉÖ¦¥´¨Ö ¶·¥¤¸É ¢²Ö¥É¸Ö Ê· ¢´¥´¨Ö³¨

4 ∂vc
−
0 = −π v3 V

[
c−0 Jν − πs+

0 Yν

]
Yν ,

4 ∂vs
−
0 = −v3 V

[
c−0 Jν − πs+

0 Yν

]
Jν .

‘¨¸É¥³  Ê· ¢´¥´¨° (36) ¸ ´μ³¥·μ³ n = 1 Ê¸É·μ¥´  ¡μ²¥¥ ¸²μ¦´μ:

∂vc
±
1 = v3V

[
(c±1 f±

λ0 + s±1 θ±λ0) θ±λ0 + (c±0 f±
λ0 + s±0 θ±λ0) θ±λ1 +

+ (c±0 f±
λ1 + s±0 θ±λ1) θ±λ0

]
,

∂vs
±
1 = −v3V

[
(c±1 f±

λ0 + s±1 θ±λ0)f
±
λ0 + (c±0 f±

λ0 + s±0 θ±λ0)f
±
λ1+

+ (c±0 f±
λ1 + s±0 θ±λ1)f

±
λ0

]
.

‡ ³¥É¨³, ÎÉμ  ´ ²¨§ ¸¨¸É¥³Ò (36) ³¥Éμ¤μ³ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨-
¦¥´¨° �¨± · Ä‹¨´¤¥²ßË  [8] § É·Ê¤´Ö¥É¸Ö ¤¢Ê³Ö μ¡¸ÉμÖÉ¥²Ó¸É¢ ³¨: ¶·¨ ²Õ-
¡μ³ n É ± Ö ¸¨¸É¥³  ´¥¤¨ £μ´ ²Ó´ Ö,   ³ ¦μ· ´É´Ò¥ μÍ¥´±¨ ¶·μ¨§¢¥¤¥´¨°
f±

λ0(w) θ±λ0(v), w > v, ´¥¨§¢¥¸É´Ò.
—Éμ¡Ò ¶·¥μ¤μ²¥ÉÓ μ¡  Ê± § ´´ÒÌ § É·Ê¤´¥´¨Ö, ¸¢¥¤¥³ ± ¦¤ÊÕ (n =

= 0, 1, . . .) § ¤ ÎÊ ŠμÏ¨ (36), (37) ± ¤¨ £μ´ ²Ó´μ° ¸¨¸É¥³¥ ¨´É¥£· ²Ó´ÒÌ
Ê· ¢´¥´¨° ¤²Ö ËÊ´±Í¨° y±

1n ¨ y±
2n.

„²Ö ÔÉμ£μ ¸´ Î ²  μ¶·¥¤¥²¨³ ¨´É¥£· ² b± ¨ ËÊ´±Í¨¨ p±1 ¨ p±2 Ëμ·³Ê²μ°

b±(v) ≡
∫ v

0

t3 V (t) f±
λ0(t) θ±λ0(t) dt (38)
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¨ Ëμ·³Ê² ³¨

p±1 (v) ≡ v3 V (v)
[
θ±λ0(v)

]2
exp

[
−2 b±(v)

]
,

p±2 (v) ≡ −v3 V (v)
[
f±

λ0(v)
]2

exp
[
+2 b±(v)

]
.

(39)

‡ É¥³ ¶μ¤¸É ´μ¢±μ°

c±n (v) = y±
1n(v) exp

[
b±(v)

]
, s±n (v) = y±

2n(v) exp
[
−b±(v)

]
(40)

¸¢¥¤¥³ ¨¸Ìμ¤´ÊÕ § ¤ ÎÊ ŠμÏ¨ (36), (37) ± ¸¨¸É¥³¥ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢-
´¥´¨°

∂vy±
in(v) = p±i (v) y±

jn(v) + a±
in(v) , i = 1, 2 , j = 1 + δi1 , v > 0 , (41)

¸ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨ y±
in(v) = δn0 δi1, i = 1, 2, ¢ ÉμÎ±¥ v = 0 ¨ ËÊ´±Í¨Ö³¨

a±
1n ¨ a±

2n. 	É¨ ËÊ´±Í¨¨ Éμ¦¤¥¸É¢¥´´μ · ¢´Ò ´Ê²Õ, ¥¸²¨ n = 0,   ¶·¨
n > 0 Ö¢²ÖÕÉ¸Ö ±μ´¥Î´Ò³¨ ¤¢ÊÌ±· É´Ò³¨ ¸Ê³³ ³¨. �¶Ê¸É¨¢ ¤²Ö ±· É±μ¸É¨
 ·£Ê³¥´É v, § ¶¨Ï¥³ ÔÉ¨ ¸Ê³³Ò ¢ ¢¨¤¥

a±
1n ≡ v3V

n−1∑
k=0

∑
�+p=n−k

{
y±
1k f±

λ� + y±
2k θ±λ� exp (−2b±)

}
θ±λp ,

a±
2n ≡ −v3V

n−1∑
k=0

∑
�+p=n−k

{
y±
1k f±

λ� exp (2b±) + y±
2k θ±λ�

}
f±

λp .

(42)

’¥¶¥·Ó ¶·¥¤¸É ¢¨³ ¸¨¸É¥³Ê ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (41) ¢ ¢¨¤¥
´¥¤¨ £μ´ ²Ó´μ° ¸¨¸É¥³Ò ¤¢ÊÌ (i = 1, 2 ; j = 1 + δi1) ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°:

y±
in(v) = d±in(v) +

∫ v

0

p±i (t) y±
jn(t) dt ,

d±in(v) = δn0 δi1 +
∫ v

0

a±
in(t) dt .

(43)

� ±μ´¥Í, ¨É¥· Í¨¥° ÔÉ¨Ì Ê· ¢´¥´¨° ¢Ò¢¥¤¥³ ¨¸±μ³ÊÕ ¤¨ £μ´ ²Ó´ÊÕ ¸¨-
¸É¥³Ê:

y±
in(v) = r±in(v) +

∫ v

0

p±i (t1) dt1

∫ t1

0

p±j (t) y±
in(t) dt ,

r±in(v) = d±in(v) +
∫ v

0

p±i (t) d±jn(t) dt .

(44)

�¥·¢μ¥ (i = 1, j = 2) Ê· ¢´¥´¨¥ ÔÉμ° ¸¨¸É¥³Ò ´¥ ¸μ¤¥·¦¨É ËÊ´±Í¨Õ y±
2n,

  ¢Éμ·μ¥ (i = 2, j = 1) ´¥ ¸μ¤¥·¦¨É ËÊ´±Í¨Õ y±
1n. �μÔÉμ³Ê ÔÉ¨ Ê· ¢´¥´¨Ö
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³μ¦´μ ¨¸¸²¥¤μ¢ ÉÓ ´¥§ ¢¨¸¨³μ ¤·Ê£ μÉ ¤·Ê£ . ‚ ÔÉμ³ § ±²ÕÎ ¥É¸Ö ¶¥·¢μ¥ ¨
´¥μ¸¶μ·¨³μ¥ ¶·¥¨³ÊÐ¥¸É¢μ μ¡¸Ê¦¤ ¥³μ° ¸¨¸É¥³Ò (44) ¶μ ¸· ¢´¥´¨Õ ¸ ´¥-
¤¨ £μ´ ²Ó´μ° ¸¨¸É¥³μ° (36). ‚Éμ·μ¥ ¶·¥¨³ÊÐ¥¸É¢μ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¤μ-
¸É ÉμÎ´μ ·¥Ï¨ÉÓ Éμ²Ó±μ ¶¥·¢μ¥ (i = 1, j = 2) ¨§ Ê· ¢´¥´¨° ¸¨¸É¥³Ò (44),  
§ É¥³ ¢ÒÎ¨¸²¨ÉÓ ËÊ´±Í¨Õ y±

2n ± ± ¨´É¥£· ²Ó´Ò° μ¡· § (43) (i = 2, j = 1) Ê¦¥
´ °¤¥´´μ° ËÊ´±Í¨¨ y±

1n. …Ð¥ μ¤´μ ¶·¥¨³ÊÐ¥¸É¢μ ¸¨¸É¥³Ò (44) ¶μ·μ¦¤ ¥É¸Ö
¸É·μ¥´¨¥³ ¸Ê³³ (42): ¶·¨ ²Õ¡μ³ n ÔÉ¨ ¸Ê³³Ò,   §´ Î¨É, ¨ ¨´É¥£· ²Ò d±in
¨ r±in, ¸ÉμÖÐ¨¥ ¢ Ê· ¢´¥´¨ÖÌ (43) ¨ (44), ¸μ¤¥·¦ É ¨¸±μ³Ò¥ ËÊ´±Í¨¨ y±

1k ¨
y±
2k c ´μ³¥·μ³ k � n − 1. �μÔÉμ³Ê ¸¨¸É¥³Ò ¤¢ÊÌ Ê· ¢´¥´¨° (44) μ¡· §ÊÕÉ

·¥±Ê··¥´É´ÊÕ ¶μ ¨´¤¥±¸Ê n Í¥¶μÎ±Ê ¸¨¸É¥³, ±μÉμ·Ò¥ ³μ¦´μ ¨¸¸²¥¤μ¢ ÉÓ ¢
¶μ·Ö¤±¥ ¢μ§· ¸É ´¨Ö ÔÉμ£μ ¨´¤¥±¸ .

‚ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥ ¨¸¶μ²Ó§Ê¥³ ¢¸¥ ¶·¥¨³ÊÐ¥¸É¢  ¸¨¸É¥³ (44).

3. ‘‚�‰‘’‚� Š�Œ���…�’
�…„“–ˆ��‚���›• �Œ�‹ˆ’“„�›• ”“�Š–ˆ‰

‘²¥¤ÊÕÐ¨° ÔÉ ¶ ¶μ¸É·μ¥´¨Ö ¶·¥¤² £ ¥³μ£μ  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ³¥Éμ¤  Å
 ´ ²¨§ ¸¢μ°¸É¢ ±μ³¶μ´¥´É c±n ¨ s±n . � Ï  μÎ¥·¥¤´ Ö § ¤ Î  Å ¤μ± § ÉÓ
¸ÊÐ¥¸É¢μ¢ ´¨¥ ¨ ¥¤¨´¸É¢¥´´μ¸ÉÓ ¢¸¥Ì É ±¨Ì ±μ³¶μ´¥´É Éμ²Ó±μ ¢ Éμ³ ¸²ÊÎ ¥,
±μ£¤  ¢¸¥ ¢¸¶μ³μ£ É¥²Ó´Ò¥ ËÊ´±Í¨¨ d±in ¨ r±in ¨ y±

in, i = 1, 2, n = 0, 1, . . .,
´¥¶·¥·Ò¢´Ò ´  ¶μ²Êμ¸¨ v � 0 ¨, ¸²¥¤μ¢ É¥²Ó´μ, ¢ μ¡μ¨Ì ¶·¥¤¥² Ì v → 0 ¨
v → ∞ ¶·¨´¨³ ÕÉ ¢¶μ²´¥ μ¶·¥¤¥²¥´´Ò¥ ±μ´¥Î´Ò¥ §´ Î¥´¨Ö.

„²Ö ·¥Ï¥´¨Ö ¶μ¸É ¢²¥´´μ° § ¤ Î¨ ¨¸¶μ²Ó§Ê¥³ ¶·¥¤¸É ¢²¥´¨Ö (40) ±μ³-
¶μ´¥´É c±n ¨ s±n Î¥·¥§ ËÊ´±Í¨¨ y±

1n ¨ y±
2n, ¨´É¥£· ²Ó´Ò¥ ¸μμÉ´μÏ¥´¨Ö (43)

¨ Ê· ¢´¥´¨Ö (44). ‚ ¶. 3.1 ¶·¨¢¥¤¥³ ¨ μ¡¸Ê¤¨³ ¨§¢¥¸É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö
±μ³¶μ´¥´É f±

λn ¨ θ±λn · §²μ¦¥´¨° (34). ‚ ¶. 3.2 ¨¸¶μ²Ó§Ê¥³ ¶·¥¤¸É ¢²¥´¨Ö
±μ³¶μ´¥´É f±

λ0 ¨ θ±λ0 ¤²Ö Éμ£μ, ÎÉμ¡Ò ¤μ± § ÉÓ ¢¸¶μ³μ£ É¥²Ó´Ò¥ ÊÉ¢¥·¦¤¥´¨Ö,
¸Ëμ·³Ê²¨·μ¢ ´´Ò¥ ¢ ¢¨¤¥ ²¥³³ 1 ¨ 2. ‚ ¶. 3.3 ¢μ¸¶μ²Ó§Ê¥³¸Ö ÔÉ¨³¨ ²¥³³ ³¨
¤²Ö ¤μ± § É¥²Ó¸É¢  É¥μ·¥³ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¨ ¥¤¨´¸É¢¥´´μ¸É¨.

3.1. Šμ³¶μ´¥´ÉÒ · §²μ¦¥´¨° ËÊ´±Í¨° ŠÊ²μ´  ¨ μ£· ´¨Î¥´¨Ö ´  ¶μ-
É¥´Í¨ ². Š ± ¤μ± § ´μ ¢ · ¡μÉ¥ [6], ±μ³¶μ´¥´ÉÒ f±

λn ¨ θ±λn ·Ö¤μ¢ (34) μ¶·¥-
¤¥²ÖÕÉ¸Ö Ëμ·³Ê²μ°

f±
λn(v) ≡ (−1)n

23n+1

1
n!

3n∑
s=2n

bns vs

{
(−1)s Iν+s(v)

Jν+s(v)

}
, ν ≡ 2λ + 1 , (45)

¨ Ëμ·³Ê²μ°

θ±λn(v) ≡
(
−1

8

)n 1
n!

3n∑
s=2n

(−1)s bns vs ×

×
{

α+
ns Iν+s(v) + β+

nsKν+s(v)
(−1)s α−

ns Jν+s(v) + β−
ns (−π/2)Yν+s(v)

}
. (46)
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‚ ÔÉ¨Ì Ëμ·³Ê² Ì Iμ, Jμ ¨ Kμ, Yμ Å ËÊ´±Í¨¨ �¥¸¸¥²Ö ¶¥·¢μ£μ ¨ ¢Éμ·μ£μ
·μ¤ ,   b±ns, α±

ns ¨ β±
ns Å ±μÔËË¨Í¨¥´ÉÒ. ŠμÔËË¨Í¨¥´ÉÒ bns ¶μ¤Î¨´ÖÕÉ¸Ö

·¥±Ê··¥´É´μ° Í¥¶μÎ±¥ Ê· ¢´¥´¨°

s bns = n [ bn−1,s−3 + 2 (2λ + s) bn−2,s−2 ] ,

¢ ±μÉμ·μ° s = 2n, 2n + 1, . . . 3n ¶·¨ ± ¦¤μ³ n = 0, 1, . . ., ±μÔËË¨Í¨¥´É
b00 · ¢¥´ ¥¤¨´¨Í¥,   ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ bmt · ¢´Ò ´Ê²Õ, ¥¸²¨ t < 2m ¨²¨
t > 3m. ŠμÔËË¨Í¨¥´ÉÒ α±

ns ¨ β±
ns ³μ¦´μ ¢Ò· §¨ÉÓ Î¥·¥§ ±μÔËË¨Í¨¥´ÉÒ bns

¨ ±μÔËË¨Í¨¥´ÉÒ ·Ö¤μ¢ Œ ±²μ·¥´  ¤²Ö ËÊ´±Í¨° c±λ (q) ¨ d±λ (q), ´ °¤¥´´ÒÌ
¢ · ¡μÉ¥ [6]. „·Ê£μ° ¸¶μ¸μ¡ ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ α±

ns ¨ β±
ns ¶μ± 

´¥¨§¢¥¸É¥´.
„²Ö ¶·¨³¥·  ¶·¨¢¥¤¥³ Ö¢´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ±μ³¶μ´¥´É f±

λn ¨ θ±λn, n =
0, 1. Šμ³¶μ´¥´ÉÒ f±

λ0 ¨ θ±λ0 ¶·μ¶μ·Í¨μ´ ²Ó´Ò ËÊ´±Í¨Ö³ �¥¸¸¥²Ö:

f±
λ0(v) =

1
2

{
Iν(v)
Jν(v)

}
, θ±λ0(v) =

{
Kν(v)

(−π/2)Yν(v)

}
. (47)

Šμ³¶μ´¥´É  f±
λ1 Å ¸Ê³³  ¤¢ÊÌ ¸² £ ¥³ÒÌ:

f±
λ1(v) = −(λ + 1)

v2

8

{
Iν+2(v)
Jν+2(v)

}
+

v3

48

{
Iν+3(v)
−Jν+3(v)

}
.

Šμ³¶μ´¥´É  θ±λ1 Å ¡μ²¥¥ ¸²μ¦´ Ö ¸Ê³³ :

θ±λ1(v) = − 1
12

{
Iν(v)
Jν(v)

}
+

2
3
λ(λ + 1)(2λ + 1)

{
Kν(v)

(−π/2)Yν(v)

}
−

− (ν + 1)
v2

8

{
Kν(v)

(−π/2)Yν+2(v)

}
+

v3

24

{
Kν+3(v)

(−π/2)Yν+3(v)

}
.

’μ²Ó±μ ¢ ¸²ÊÎ ¥ 2λ = −1 ¢Éμ·μ¥ ¸² £ ¥³μ¥ É ±μ° ¸Ê³³Ò Éμ¦¤¥¸É¢¥´´μ · ¢´μ
´Ê²Õ.

ˆ¸¸²¥¤Ê¥³ ¶μ¢¥¤¥´¨¥ ±μ³¶μ´¥´É f±
λn(v) ¨ θ±λn(v) ¢ ¤¢ÊÌ ¶·¥¤¥² Ì: v →

0 ¨ v → ∞. „²Ö ÔÉμ£μ ¨¸¶μ²Ó§Ê¥³ ¶·¥¤¸É ¢²¥´¨Ö (45)Ä(47),  ¸¨³¶ÉμÉ¨±¨
ËÊ´±Í¨° �¥¸¸¥²Ö [9] ¨ ËÊ´±Í¨Õ

ϑμ(v) ≡ v − π

2

(
μ +

1
2

)
.

…¸²¨ 2λ � −1 ¨ n � 0, Éμ ±μ³¶μ´¥´É  f±
λn, n � 0, Ê¤μ¢²¥É¢μ·Ö¥É ¸μμÉ´μÏ¥-

´¨Ö³

f±
λn(v) ∼ v2n+ν , v → 0 ;

f±
λn(v) ∼ v3n−1/2

{
exp v

sinϑν+3n(v)

}
,

v

ν + 3n
→ ∞ .

(48)
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�¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¶μ¢¥¤¥´¨¥ ±μ³¶μ´¥´ÉÒ θ±λn · ¤¨± ²Ó´μ § ¢¨¸¨É μÉ ¨´¤¥±¸μ¢
λ ¨ n. ‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ 2λ > −1 ¨²¨ 2λ = −1 ¨ ¶·¨ ²Õ¡μ³ n � 1 ¢¥·´Ò
Ëμ·³Ê²Ò

θ±λn(v) ∼ v−ν , v → 0 ;

θ±λn(v) ∼ v3n−1/2

{
exp v

cosϑν+3n(v)

}
,

v

ν + 3n
→ ∞ .

(49)

‚ ¸²ÊÎ ¥ 2λ > −1 ¨ n = 0 ¶¥·¢ Ö ¨§ ÔÉ¨Ì Ëμ·³Ê² μ¸É ¥É¸Ö ¢ ¸¨²¥,  
¢Éμ· Ö ¢³¥¸Éμ · ¸ÉÊÐ¥° Ô±¸¶μ´¥´ÉÒ exp v ¸μ¤¥·¦¨É Ê¡Ò¢ ÕÐÊÕ Ô±¸¶μ´¥´ÉÊ
exp (−v):

θ±λ0(v) ∼ v−ν , v → 0 ; θ±λ0(v) ∼ v−1/2

{
exp (−v)
cosϑν(v)

}
,

v

ν
→ ∞ . (50)

’μ²Ó±μ ¢ μ¸É ¢Ï¥³¸Ö ¸²ÊÎ ¥ 2λ = −1 ¨ n = 0 ¢Ò¶μ²´ÖÕÉ¸Ö ¸μμÉ´μÏ¥´¨Ö

θ±λ0(v) ∼ ln v , v → 0 ; θ±λ0(v) ∼ v−1/2

{
exp (−v)
cosϑ0(v)

}
, v → ∞ .

(51)
�¡¸Ê¤¨³  ¸¨³¶ÉμÉ¨±¨ (48)Ä(51). …¸²¨ v → 0, 2λ > −1 ¨ n > 0, Éμ ±μ³¶μ-

´¥´ÉÒ f+
λn ¨ f−

λn ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ ¶μ μ¤´μ³Ê ¨ Éμ³Ê ¦¥ § ±μ´Ê (f±
λn ∼ vν+2n),

  ³μ¤Ê²¨ ±μ³¶μ´¥´É θ+
λn ¨ θ−λn ¢μ§· ¸É ÕÉ μ¤¨´ ±μ¢Ò³ μ¡· §μ³ (|θ±λn| ∼ v−ν).

‚ ¸²ÊÎ ¥ v → 0, 2λ > −1 ¨ n > 0 ±μ³¶μ´¥´ÉÒ f+
λn, θ+

λn ¨ ±μ³¶μ´¥´ÉÒ f−
λn,

θ−λn ¨³¥ÕÉ · ¤¨± ²Ó´μ · §´Ò¥  ¸¨³¶ÉμÉ¨±¨. „¥°¸É¢¨É¥²Ó´μ, ³μ¤Ê²¨ ±μ³¶μ-
´¥´É f+

λn ¨ θ+
λn ¡Ò¸É·μ · ¸ÉÊÉ ± ± ¶·μ¨§¢¥¤¥´¨¥ ËÊ´±Í¨° v3n−1/2 ¨ exp v,

  ±μ³¶μ´¥´ÉÒ f−
λn ¨ θ−λn μ¸Í¨²²¨·ÊÕÉ ¸  ³¶²¨ÉÊ¤μ° ¶μ·Ö¤±  O(v3n−1/2).

’μ²Ó±μ ¢ ¸²ÊÎ ¥ 2λ = −1, n = 0 ¨ v → 0 ±μ³¶μ´¥´ÉÒ θ+
λ0 ¨ θ−λ0 · ¸Ìμ¤ÖÉ¸Ö

± ± ²μ£ ·¨Ë³ ln v.
’¥¶¥·Ó ·¥Ï¨³ ¸²¥¤ÊÕÐÊÕ § ¤ ÎÊ: ¢ ¸²ÊÎ ¥ 2λ > −1, �+p = n > 0, p > 0

¨ v � 0 ´ °É¨ μ£· ´¨Î¥´¨Ö ´  ¶μÉ¥´Í¨ ² V , ¤μ¸É ÉμÎ´Ò¥ ¤²Ö ¸Ìμ¤¨³μ¸É¨
¨´É¥£· ²μ¢

γ+(v) ≡
∫ v

0

t3 V (t) f+
λ�(t) θ+

λp(t) dt , γ−(v) ≡
∫ v

0

t3 V (t) f−
λ�(t) θ−λp(t) dt.

(52)
�¥Ï¥´¨¥ ´ Î´¥³ ¸ ¶μÖ¸´¥´¨Ö: ¨´É¥£· ² γ+ μÉ¢¥Î ¥É ¸²ÊÎ Õ ±Ê²μ´μ¢¸±μ£μ

μÉÉ ²±¨¢ ´¨Ö (α = 1),   ¨´É¥£· ² γ−
1n Å ¸²ÊÎ Õ ±Ê²μ´μ¢¸±μ£μ ¶·¨ÉÖ¦¥´¨Ö

(α = −1).
�Ê¸ÉÓ v → 0, Éμ£¤  f±

λ� θ±λp ∼ O(v2�). �μÔÉμ³Ê μ¤´¨ ¨ É¥ ¦¥ Ê¸²μ¢¨Ö (2),
´¥ § ¢¨¸ÖÐ¨¥ μÉ α, Ö¢²ÖÕÉ¸Ö ¤μ¸É ÉμÎ´Ò³¨ ¤²Ö ¸Ìμ¤¨³μ¸É¨ μ¡μ¨Ì ¨´É¥£· -
²μ¢ (52) ´  ´¨¦´¥³ ¶·¥¤¥²¥ ¨ ´  ¨´É¥·¢ ²¥ 0 < v < ∞. ’¥¶¥·Ó ¶Ê¸ÉÓ v → ∞,
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Éμ£¤ 

t3 |V (t)| |f+
λ�(t) θ+

λp(t)| ∼ t3n+2 |V (t)| exp (2t) ,

t3 |V (t)| |f−
λ�(t) θ−λp(t)| ∼ t3n+2 |V (t)| .

�μÔÉμ³Ê Ê¸²μ¢¨Ö, ¤μ¸É ÉμÎ´Ò¥ ¤²Ö ¸Ìμ¤¨³μ¸É¨ ¨´É¥£· ²μ¢ γ+ ¨ γ− ¢ ÉμÎ±¥
v = ∞, · ¤¨± ²Ó´μ · §´Ò¥: ¨´É¥£· ² γ+ § ¢¥¤μ³μ ¸Ìμ¤¨É¸Ö ¶·¨ Ê¸²μ¢¨ÖÌ (3),
α = 1, 2β > 3(n + 1),   ¨´É¥£· ² γ− Å ¶·¨ ¡μ²¥¥ ¸² ¡ÒÌ Ê¸²μ¢¨ÖÌ (3),
α = −1, 2β > 3(n+1). ‘²¥¤μ¢ É¥²Ó´μ, § ¢¨¸¨³μ¸ÉÓ Ê¸²μ¢¨° (3) μÉ ¶ · ³¥É· 
α ¶μ·μ¦¤ ¥É¸Ö É¥³, ÎÉμ ¢ ¶·¥¤¥²¥ v → ∞ ¶μ¢¥¤¥´¨¥ ±μ³¶μ´¥´É f+

λk ¨ θ+
λk

μÉ²¨Î ¥É¸Ö μÉ ¶μ¢¥¤¥´¨Ö ±μ³¶μ´¥´É f−
λk ¨ θ−λk. �·¨ Ê¸²μ¢¨ÖÌ (3), α = ±1,

´μ 2β � 3(n + 1), μ¡  ¨´É¥£· ²  (52) ³μ£ÊÉ · ¸Ìμ¤¨ÉÓ¸Ö ¢ ÉμÎ±¥ v = ∞.
3.2. ‹¥³³Ò μ ³ ¦μ· ´É´ÒÌ μÍ¥´± x. � ¸¸³μÉ·¨³ ¤¢  ¸²ÊÎ Ö: ¸´ Î ² 

¸²ÊÎ ° 2λ > −1,   § É¥³ ¸²ÊÎ ° 2λ = −1. ‚ ± ¦¤μ³ ¨§ ´¨Ì ¤μ± ¦¥³ ²¥³³Ê
μ ³ ¦μ· ´É´μ° μÍ¥´±¥ ¶·μ¨§¢¥¤¥´¨Ö p±1 p±2 ËÊ´±Í¨° (39).

‹¥³³  1. �Ê¸ÉÓ 2λ > −1 ¨ ¶μ μ¶·¥¤¥²¥´¨Õ

�(v) ≡ aλ

∫ v

0

t3 |V (t)| dt , aλ ≡
√

2π

2λ + 1
, 2 τ(v) ≡ exp [ 2�(v) ]−1 . (53)

’μ£¤  ¶·¨ Ê¸²μ¢¨ÖÌ (9) ¶·μ¨§¢¥¤¥´¨¥ p±1 p±2 ËÊ´±Í¨° (39) Ê¤μ¢²¥É¢μ·Ö¥É ´¥-
· ¢¥´¸É¢Ê ∣∣ p±1 (v) p±2 (w)

∣∣ � ∂vτ(v) ∂wτ(w) , 0 � w � v � ∞ . (54)

„μ± § É¥²Ó¸É¢μ ´ Î´¥³ ¸  ´ ²¨§  ¨´É¥£· ²  � ¨ ËÊ´±Í¨¨ τ . ‚¸²¥¤¸É¢¨¥
Ê¸²μ¢¨° (9) ¨´É¥£· ² � ¸Ìμ¤¨É¸Ö ´  ´¨¦´¥³ ¶·¥¤¥²¥, ¸ÊÐ¥¸É¢Ê¥É ¶·¨ ²Õ¡μ³
v > 0, ¢ Éμ³ Î¨¸²¥ ¨ ¢ ¸²ÊÎ ¥ v = ∞. �μÔÉμ³Ê ¨§ μ¶·¥¤¥²¥´¨Ö (53) ËÊ´±Í¨¨
τ Î¥·¥§ ¨´É¥£· ² � ¸²¥¤ÊÕÉ ¥¥ ¢ ¦´Ò¥ ¸¢μ°¸É¢ . �¥·¥Î¨¸²¨³ ¨Ì. ”Ê´±Í¨Ö τ
· ¢´  ´Ê²Õ ¢ ÉμÎ±¥ v = 0, ³μ´μÉμ´´μ ¢μ§· ¸É ¥É, ´μ μ£· ´¨Î¥´  ´  ¶μ²Êμ¸¨
v � 0. �·μ¨§¢μ¤´ Ö ∂vτ μ£· ´¨Î¥´  ¢ μ¡² ¸É¨ v > 0, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥
μ£· ´¨Î¥´  ¢ ÉμÎ±¥ v = 0, ´μ ¨´É¥£·¨·Ê¥³  ´  ¢¸¥° ¶μ²Êμ¸¨ v � 0.

�·μ¤μ²¦¨³ ¤μ± § É¥²Ó¸É¢μ. ‚ ¨§¢¥¸É´μ° ³ ¦μ· ´É´μ° μÍ¥´±¥ [5]

|Fλ(ρ′, η)Gλ(ρ, η) | � aλ

√
ρ′ρ , 0 � ρ′ � ρ � ∞ , 2λ > −1 ,

§ ³¥´¨³ ËÊ´±Í¨Õ Gλ ¸Ê³³μ° (20), ËÊ´±Í¨¨ Fλ ¨ Θλ ¢Ò· §¨³ Î¥·¥§ ËÊ´±-
Í¨¨ f±

λ ¨ θ±λ ¶μ Ëμ·³Ê² ³ (22), ¢μ¸¶μ²Ó§Ê¥³¸Ö ¸¢μ°¸É¢ ³¨ (21), (24) ¨ (25)
ËÊ´±Í¨° hc ¨ Pλ ¨, ´ ±μ´¥Í, ¶·¥¤¸É ¢¨³ ËÊ´±Í¨¨ f±

λ ¨ θ±λ ·Ö¤ ³¨ (34).
‚ ¶μ²ÊÎ¥´´μ³ ´¥· ¢¥´¸É¢¥ ¶μ²μ¦¨³ ρ = v2/(8|η|), ρ′ = w2/(8|η|) ¨ ¶¥·¥°¤¥³
± ¶·¥¤¥²Ê q → 0. ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ μÍ¥´±Ê∣∣ f±

λ0(w) θ±λ0(v)
∣∣ � aλ , 0 � w � v � ∞ , 2λ > −1 . (55)
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�¥·¥°¤¥³ ± ¢Ò¢μ¤Ê ¤·Ê£¨Ì ¢¸¶μ³μ£ É¥²Ó´ÒÌ ¸μμÉ´μÏ¥´¨°. �² £μ¤ ·Ö
μÍ¥´±¥ (55) ¨´É¥£· ² b±, § ¤ ´´Ò° Ëμ·³Ê²μ° (38), Ê¤μ¢²¥É¢μ·Ö¥É ¸²¥¤ÊÕÐ¥°
Í¥¶μÎ±¥ ´¥· ¢¥´¸É¢:

|b±(v)| =
∣∣∣∣
∫ v

0

t3 V (t) f±
λ0(t) θ±λ0(t) dt

∣∣∣∣ �
∫ v

0

t3 |V (t)|
∣∣ f±

λ0(t) θ±λ0(t)
∣∣ dt �

� aλ

∫ v

0

t3 |V (t)| dt = �(v) < ∞ , v � 0 .

‘²¥¤μ¢ É¥²Ó´μ, |b±(v)| � �(v), v � 0, ¨ ¶μÔÉμ³Ê ¢¥·´Ò ´¥· ¢¥´¸É¢ 

exp
[
−2b±(v)

]
� exp [ 2�(v) ] < ∞ ,

exp
[
2b±(v)

]
� exp [ 2�(v) ] < ∞ , v � 0 .

‚¸²¥¤¸É¢¨¥ ÔÉ¨Ì ´¥· ¢¥´¸É¢ ¨ μ¶·¥¤¥²¥´¨° (53) ¶·¨ ²Õ¡μ³ v � 0 ¨³¥¥³

aλ v3 |V (v) | exp
[
±2b±(v)

]
� aλ v3 |V (v) | exp [ 2�(v) ] =

= ∂v�(v) exp [ 2�(v) ] = ∂vτ(v) . (56)

’¥¶¥·Ó ¤μ± ¦¥³ ´¥· ¢¥´¸É¢μ (54). ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥ (39) ËÊ´±Í¨°
p±1 ¨ p±2 , μÍ¥´±Ê (55) ¨ ¸μμÉ´μÏ¥´¨Ö (56), ¶·¨ Ê¸²μ¢¨¨ 0 � w � v � ∞
¶μ²ÊÎ ¥³∣∣ p±1 (v) p±2 (w)

∣∣ �
{∣∣ v3 V (v)

∣∣ exp
[
2b±(v)

]} {
w3 |V (w) | exp

[
−2b±(w)

]}
×

×
∣∣ θ±λ0(v) f±

λ0(w)
∣∣2 �

{
aλ v3 |V (v) | exp [ 2�(v)]

}
×

×
{

aλ w3 |V (w) | exp [ 2�(w)]
}

= ∂vτ(v) ∂wτ(w).

‘²¥¤μ¢ É¥²Ó´μ, ´¥· ¢¥´¸É¢μ (54) ¢¥·´μ, ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¶μ± § ÉÓ.
‘Éμ¨É ¸¤¥² ÉÓ ¤¢  ¢ ¦´ÒÌ § ³¥Î ´¨Ö. ˆ§ ¶·¥¤¸É ¢²¥´¨° (47) ËÊ´±Í¨°

f±
λ0 ¨ θ±λ0 ¨ μÍ¥´±¨ (55) ¸²¥¤ÊÕÉ · ´¥¥ ´¥¨§¢¥¸É´Ò¥ ³ ¦μ· ´É´Ò¥ μÍ¥´±¨

¶·μ¨§¢¥¤¥´¨° ËÊ´±Í¨° �¥¸¸¥²Ö Î¥É´μ£μ ¶μ·Ö¤± :

| Iν(v)Kν(w) | �
√

π

2ν
, | Jν(v)Yν(w) | � 2

√
2
πν

,

ν = 2λ + 1 = 2, 4, . . . , 0 � v � w � ∞ .

�Í¥´±¨ ¶·μ¨§¢¥¤¥´¨° ËÊ´±Í¨° �¥¸¸¥²Ö ¶¥·¢μ£μ ·μ¤  ¨ ¶μ²ÊÍ¥²μ£μ ¶μ·Ö¤± ,

∣∣ Jm+1/2(v)Ym+1/2(w)
∣∣ �

√
2

π(2m + 1)
, m = 0, 1, . . . , 0 � v � w � ∞ ,

¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´Ò �. Œ ·É¨´μ³ ¢ ¥£μ · ¡μÉ¥ [10].
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‹¥³³  2. �Ê¸ÉÓ 2λ = −1, γ Å ¶μ¸ÉμÖ´´ Ö �°²¥· , ¨´É¥£· ² �± § ¤ ´
Ëμ·³Ê² ³¨

�±(v) =
1
2

∫ v

0

t3 |V (t)|φ2(t)
{

ch2v
1

}
dt , φ(v) ≡

∣∣∣∣ ln
(

t

2

)
+ γ

∣∣∣∣+1 , (57)

  ËÊ´±Í¨Ö τ±(v) Å Ëμ·³Ê²μ°

2 τ±(v) = exp
[
2�±(v)

]
− 1 . (58)

’μ£¤  ¶·¨ Ê¸²μ¢¨ÖÌ (2) ¨ (3), β > 2, ¤²Ö ¶·μ¨§¢¥¤¥´¨Ö p±1 p±2 ËÊ´±Í¨° (39)
¢¥·´  μÍ¥´± ∣∣ p±1 (v) p±2 (w)

∣∣ � ∂vτ±(v) ∂wτ±(w) , v � 0 , w � 0 . (59)

„μ± § É¥²Ó¸É¢μ ´ Î´¥³ ¸²¥¤ÊÕÐ¨³ § ³¥Î ´¨¥³: ¨´É¥£· ² �± ¨ ËÊ´±Í¨Ö
τ± μ¡² ¤ ÕÉ É¥³¨ ¦¥ ¸¢μ°¸É¢ ³¨, ÎÉμ ¨ ¨´É¥£· ² � ¨ ËÊ´±Í¨Ö τ , § ¤ ´-
´Ò¥ Ëμ·³Ê²μ° (53) ¨ ¨¸¶μ²Ó§μ¢ ´´Ò¥ ¢ ²¥³³¥ 1. �¥·¥Î¨¸²¨³ ÔÉ¨ ¸¢μ°¸É¢ .
�·¨ Ê¸²μ¢¨ÖÌ (2) ¨ (3), β > 2, ¨´É¥£· ² �± ¸Ìμ¤¨É¸Ö ´  ´¨¦´¥³ ¶·¥¤¥²¥ ¨
¸ÊÐ¥¸É¢Ê¥É ¶·¨ ²Õ¡μ³ v > 0, ¢ Éμ³ Î¨¸²¥ ¨ ¢ ¸²ÊÎ ¥ v = ∞. ‘μ£² ¸´μ μ¶·¥-
¤¥²¥´¨Õ (58) ËÊ´±Í¨Ö τ± · ¢´  ´Ê²Õ ¢ ÉμÎ±¥ v = 0, ³μ´μÉμ´´μ ¢μ§· ¸É ¥É,
´μ μ£· ´¨Î¥´  ´  ¶μ²Êμ¸¨ v � 0. �·μ¨§¢μ¤´ Ö ∂vτ

± μ£· ´¨Î¥´  ¢ μ¡² ¸É¨
v > 0, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥ μ£· ´¨Î¥´  ¢ ÉμÎ±¥ v = 0, ´μ ¨´É¥£·¨·Ê¥³  ´  ¢¸¥°
¶μ²Êμ¸¨ v � 0.

‚Ò¢¥¤¥³ § ¢¥¤μ³μ § ¢ÒÏ¥´´Ò¥, ´μ § Éμ Ê¤μ¡´Ò¥ ¤²Ö ¤ ²Ó´¥°Ï¨Ì ¨¸¸²¥-
¤μ¢ ´¨° ³ ¦μ· ´É´Ò¥ μÍ¥´±¨ ËÊ´±Í¨° �¥¸¸¥²Ö ´Ê²¥¢μ£μ ¶μ·Ö¤± . Š ± ¨§-
¢¥¸É´μ [9], ¢ ¶·¥¤¥²¥ v → ∞ μ¡¥ ËÊ´±Í¨¨ Y0 ¨ K0 ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ,   ¢
¶·¥¤¥²¥ v → 0 ¨³¥ÕÉ μ¤´μÉ¨¶´Ò¥  ¸¨³¶ÉμÉ¨±¨:

Y0(v) ∼ 2
π

[
ln

(v

2

)
+ γ

]
, K0(v) ∼ −

[
ln

(v

2

)
+ γ

]
, v → 0 .

�μÔÉμ³Ê ³μ¦´μ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ÔÉ¨ ËÊ´±Í¨¨ Ê¤μ¢²¥É¢μ·ÖÕÉ ¸μμÉ´μÏ¥-
´¨Ö³ {

K0(v)
|Y0(v)|

}
� φ(v)

{
ch(v)

1

}
, v � 0 .

‚ ·¥§Ê²ÓÉ É¥ ¢ÒÎ¨¸²¥´¨° Ê¤ ²μ¸Ó ¶μ± § ÉÓ, ÎÉμ ÔÉ¨ ¸μμÉ´μÏ¥´¨Ö ¸¶· ¢¥¤-
²¨¢Ò. ˆ§¢¥¸É´μ [9], ÎÉμ |J0(v)| � 1 ¨ I0(v) � ch(v) ¶·¨ ²Õ¡μ³ v � 0.
‘²¥¤μ¢ É¥²Ó´μ, {

I0(v)
|J0(v)|

}
� φ(v)

{
ch(v)

1

}
, v � 0 .

�Í¥´¨³ ³μ¤Ê²Ó ¶·μ¨§¢¥¤¥´¨Ö f±
λ0 θ±λ0 ¸¢¥·ÌÊ. �² £μ¤ ·Ö · ¢¥´¸É¢ ³ (47)

¨ ¶μ²ÊÎ¥´´Ò³ ¢ÒÏ¥ μÍ¥´± ³ ËÊ´±Í¨° �¥¸¸¥²Ö ´Ê²¥¢μ£μ ¶μ·Ö¤±  ¨³¥¥É ³¥¸Éμ
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· ¢´μ³¥·´ Ö ¨ ¸¨³³¥É·¨Î´ Ö μÉ´μ¸¨É¥²Ó´μ ¶¥·¥¸É ´μ¢±¨  ·£Ê³¥´Éμ¢ v ¨ w
³ ¦μ· ´É´ Ö μÍ¥´± 

|f±
λ0(v) θ±λ0(w)| � 1

2
φ(v)φ(w)

{
ch(v)ch(w)

1

}
, v � 0 , w � 0 , 2λ = −1 .

(60)
’¥¶¥·Ó ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ´¥· ¢¥´¸É¢  (59) ¶μ  ´ ²μ£¨¨ ¸ ¢Ò¢μ¤μ³ ´¥· -

¢¥´¸É¢ (54), ¶μ¤·μ¡´μ ¨§²μ¦¥´´Ò³ ¢ ²¥³³¥ 1. „²Ö ÔÉμ£μ ¢³¥¸Éμ μÍ¥´±¨ (55)
¨¸¶μ²Ó§Ê¥³ μÍ¥´±Ê (60),   ¢³¥¸Éμ ËÊ´±Í¨° � ¨ τ Å ËÊ´±Í¨¨ �± ¨ τ±. �£· -
´¨Î¨³¸Ö ±· É±¨³¨ ¶μÖ¸´¥´¨Ö³¨. ‚ ¸¨²Ê μ¶·¥¤¥²¥´¨° (38) ¨ (57) ¨´É¥£· ²μ¢
b± ¨ �± ¨ μÍ¥´±¨ (60) ¢¥·´Ò É·¨ ´¥· ¢¥´¸É¢ :∣∣ b±(v)

∣∣ � �±(v) ,

exp
[
−2 b±(v)

]
� exp

[
2 �±(v)

]
, exp

[
2 b±(v)

]
� exp

[
2 �±(v)

]
, v � 0.

�² £μ¤ ·Ö ¢Éμ·μ³Ê ¨ É·¥ÉÓ¥³Ê ¨§ ´¨Ì,   É ±¦¥ μ¶·¥¤¥²¥´¨Ö³ (39), (58) ËÊ´±-
Í¨° p±1 , p±2 , τ± ¨ μÍ¥´±¥ (60) ¸¶· ¢¥¤²¨¢μ ´¥· ¢¥´¸É¢μ (59). Š²ÕÎ¥¢Ò³¨ ¶·¨
¢Ò¢μ¤¥ ÔÉμ£μ ´¥· ¢¥´¸É¢  Ö¢²ÖÕÉ¸Ö Éμ¦¤¥¸É¢ 

2 ∂vτ
±(v) ≡ 2 ∂v�

±(v) exp
[
2 �±(v)

]
≡

≡ v3 |V (v)|φ2(v)
{

ch2(v)
1

}
exp

[
2 �±(v)

]
.

	É¨³ § ³¥Î ´¨¥³ § ±μ´Î¨³ ¤μ± § É¥²Ó¸É¢μ ²¥³³Ò 2.
3.3. ’¥μ·¥³Ò ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¨ ¥¤¨´¸É¢¥´´μ¸É¨. �μ¸²¥¤μ¢ É¥²Ó´μ ¤μ-

± ¦¥³ É¥μ·¥³Ò ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¨ ¥¤¨´¸É¢¥´´μ¸É¨ ´¥¶·¥·Ò¢´μ£μ ´  ¶μ²Êμ¸¨
·¥Ï¥´¨Ö {y±

1n, y±
2n} ± ¦¤μ° (n = 0, 1, . . . , m) ¸¨¸É¥³Ò ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥-

´¨° (44). ‡ É¥³, ¨¸¶μ²Ó§ÊÖ É ±¨¥ É¥μ·¥³Ò, ¶μ± ¦¥³, ÎÉμ ¶·¨ n = 1, 2, . . . , m
§ ¤ Î  ŠμÏ¨ (11), (12), ¨³¥¥É ´¥¶·¥·Ò¢´μ¥ ´  ¶μ²Êμ¸¨ ·¥Ï¥´¨¥ {c±n , s±n }.
‚ ¸²ÊÎ ¥ 2λ > −1, n = 0 ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¨ ¥¤¨´¸É¢¥´´μ¸ÉÓ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò
¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨° (44) ¤μ± ¦¥³ ¶μ¤·μ¡´μ. 	Éμ ¶μ§¢μ²¨É ¸ÊÐ¥¸É¢¥´´μ
¸μ±· É¨ÉÓ  ´ ²¨§ ¸²ÊÎ ¥¢ 2λ > −1, n > 0 ¨ 2λ = −1, n � 0.

’¥μ·¥³  3. …¸²¨ 2λ > −1 ¨ n = 0, Éμ ¶·¨ Ê¸²μ¢¨ÖÌ (9) ¸¨¸É¥³ 
Ê· ¢´¥´¨° (44) ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ {y±

10, y
±
20}. …£μ ±μ³¶μ´¥´ÉÒ

y±
10 ¨ y±

20 ´¥¶·¥·Ò¢´Ò ´  ¶μ²Êμ¸¨ v � 0 ¨ ¢ ¶·¥¤¥²¥ v → 0 Ê¤μ¢²¥É¢μ·ÖÕÉ
¸μμÉ´μÏ¥´¨Ö³ y±

10 → 1, y±
20 = o(v2ν ), ν = 2λ + 1 .

„μ± § É¥²Ó¸É¢μ ´ Î´¥³ ¶μÖ¸´¥´¨Ö³¨. ’μ²Ó±μ ¶·¨ n = 0 ¨§ Ëμ·³Ê² (41)Ä
(44) ¸²¥¤ÊÕÉ Éμ¦¤¥¸É¢  a±

i0(v) ≡ 0, d±i0(v) ≡ δi1 ¨ ri0(v) ≡ δi1, £¤¥ i = 1, 2,
a v � 0. �μÔÉμ³Ê ¶¥·¢μ¥ (i = 1, j = 2) Ê· ¢´¥´¨¥ ¸¨¸É¥³Ò (44) § ¶¨¸Ò¢ ¥É-
¸Ö ± ±

y±
10(v) = 1 +

∫ v

0

p±1 (v1) dv1

∫ v1

0

p±2 (v2) y±
10(v2) dv2 , v � 0 , (61)
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¢Éμ·μ¥ (i = 2, j = 1) Ê· ¢´¥´¨¥ ¸¨¸É¥³Ò (43) ¸¢μ¤¨É¸Ö ± ¨´É¥£· ²Ó´μ³Ê
¸μμÉ´μÏ¥´¨Õ

y±
20(v) =

∫ v

0

p±2 (t) y±
10(t) dt , v � 0 , (62)

  ¶¥·¢μ¥ (i = 1, j = 2) Ê· ¢´¥´¨¥ ÔÉμ° ¦¥ ¸¨¸É¥³Ò ¶·¨´¨³ ¥É ¢¨¤

y±
10(v) = 1 +

∫ v

0

p±1 (t) y±
20(t) dt , v � 0 . (63)

ˆ¸¸²¥¤Ê¥³ Ê· ¢´¥´¨¥ (61) ³¥Éμ¤μ³ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° �¨-
± · Ä‹¨´¤¥²ßË  [8]. �¶·¥¤¥²¨³ ¢¸¥ Ô²¥³¥´ÉÒ z±m(v) ¡¥¸±μ´¥Î´μ° ¨É¥· Í¨-
μ´´μ° ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ {z±m}∞m=0. �Ê¸ÉÓ z±0 (v) ≡ 1 ¶·¨ ²Õ¡μ³ v � 0,
  ± ¦¤Ò° (m = 1, 2, . . .) Ô²¥³¥´É z±m Å ¶· ¢ Ö Î ¸ÉÓ Ê· ¢´¥´¨Ö (61), ¢ ±μÉμ-
·μ° ¨¸±μ³ Ö ±μ³¶μ´¥´É  y±

1 § ³¥´¥´  Ô²¥³¥´Éμ³ z±m−1:

z±m(v) = 1 +
∫ v

0

p±1 (v1) dv1

∫ v1

0

p±2 (v2) z±m−1(v2) dv2 , m � 1 .

‘²¥¤μ¢ É¥²Ó´μ, Ô²¥³¥´É z±m Ö¢²Ö¥É¸Ö ¶μ¤¸Ê³³μ° W±
m ¸² £ ¥³ÒÌ z±0 ≡ 1 ¨ w±

k ,
k = 1, . . . , m,

w±
k (v) ≡

∫ v

0

p1(v1) dv1

∫ v1

0

p±2 (v2) dv2 . . .

. . .

∫ v2k−2

0

p±1 (v2k−1) dv2k−1

∫ v2k−1

0

p±2 (v2k) dv2k (64)

¡¥¸±μ´¥Î´μ£μ ·Ö¤ 

W±(v) = 1 +
∞∑

k=1

w±
k (v) . (65)

�μÔÉμ³Ê ¨É¥· Í¨μ´´ Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ {z±m}∞m=0 ¨³¥¥É ¶·¥¤¥² z±∞ = W±,
Ö¢²ÖÕÐ¨°¸Ö ¨¸±μ³Ò³ ·¥Ï¥´¨¥³ y±

1 , Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¸Ìμ¤¨É¸Ö
·Ö¤ W±.

�μ± ¦¥³, ÎÉμ ·Ö¤ W± ¸Ìμ¤¨É¸Ö ´  ¢¸¥° ¶μ²Êμ¸¨ v � 0, ¶·¨Î¥³  ¡¸μ²ÕÉ´μ
¨ · ¢´μ³¥·´μ. � Î´¥³ ¸ μÍ¥´±¨ ³μ¤Ê²Ö ± ¦¤μ£μ ¸² £ ¥³μ£μ w±

k , k � 1, ÔÉμ£μ
·Ö¤ . �μ μ¶·¥¤¥²¥´¨Õ (64) ¸² £ ¥³μ¥ w±

k Å ¨´É¥£· ² ±· É´μ¸É¨ 2k. 	ÉμÉ
¨´É¥£· ² ¸μ¤¥·¦¨É k ¶·μ¨§¢¥¤¥´¨° ËÊ´±Í¨° p±1 (vp) ¨ p±2 (vp+1) ¸ ´μ³¥·μ³
p = 1, 2, . . . , 2k− 1 ¨  ·£Ê³¥´É ³¨ vp ¨ vp+1, Ê¤μ¢²¥É¢μ·ÖÕÐ¨³¨ ´¥· ¢¥´¸É¢Ê
vp+1 � vp. ‘μ£² ¸´μ μ¶·¥¤¥²¥´¨Ö³ (53) ¨ ´¥· ¢¥´¸É¢Ê (54), ¤μ± § ´´μ³Ê
¢ ²¥³³¥ 1, ³μ¤Ê²Ó É ±μ£μ ¶·μ¨§¢¥¤¥´¨Ö ´¥ ¶·¥¢μ¸Ìμ¤¨É ¶·μ¨§¢¥¤¥´¨Ö ¶·μ¨§-
¢μ¤´ÒÌ ∂vpτ(vp) ¨ ∂vp+1τ(vp+1),   ËÊ´±Í¨Ö τ(v) · ¢´  ´Ê²Õ ¢ ÉμÎ±¥ v = 0.
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�μÔÉμ³Ê ¨§ · ¢¥´¸É¢  (64) ¸²¥¤Ê¥É · ¢´μ³¥·´ Ö ¶μ ¶¥·¥³¥´´μ° v ¨ ¤μ¢μ²Ó´μ
¶·μ¸É Ö ³ ¦μ· ´É´ Ö μÍ¥´± 

∣∣ w±
k (v)

∣∣ �
∫ v

0

∂v1τ(v1) dv1

∫ v1

0

∂v2τ(v2) dv2 . . .

. . .

∫ v2k−2

0

∂v2k−1τ(v2k−1) dv2k−1

∫ v2k−1

0

∂v2k
τ(v2k) dv2k =

τ2k(v)
(2k)!

. (66)

ˆ¸¶μ²Ó§ÊÖ e¥ ¨ ¨§¢¥¸É´μ¥ · §²μ¦¥´¨¥ £¨¶¥·¡μ²¨Î¥¸±μ£μ ±μ¸¨´Ê¸  ch τ , ¶μ²Ê-
Î¨³ ¸²¥¤ÊÕÐÊÕ · ¢´μ³¥·´ÊÕ ¶μ  ·£Ê³¥´ÉÊ v μÍ¥´±Ê ·Ö¤  (65):

∣∣ W±(v)
∣∣ � 1 +

∞∑
k=1

|wk(v) | � 1 +
∞∑

k=1

τ2k(v)
(2k)!

= ch τ(v) < ∞ , v � 0 .

‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨Ö ch τ ,  ·£Ê³¥´É ±μÉμ·μ° τ ¢¸¥£¤  ¶·¨´¨³ ¥É Éμ²Ó±μ
±μ´¥Î´Ò¥ §´ Î¥´¨Ö, Ö¢²Ö¥É¸Ö μ£· ´¨Î¥´´μ° ³ ¦μ· ´Éμ° ·Ö¤  W±. �μÔÉμ³Ê
´  ¶μ²Êμ¸¨ v � 0 ·Ö¤ W± ¸Ìμ¤¨É¸Ö · ¢´μ³¥·´μ ¨  ¡¸μ²ÕÉ´μ ¶μ ³ ¦μ· ´É-
´μ³Ê ¶·¨§´ ±Ê ‚¥¥·ÏÉ· c¸  [11].

�·μ¤μ²¦¨³ ¨¸¸²¥¤μ¢ ´¨¥ ·Ö¤  W±. �Í¥´±  (66) μ§´ Î ¥É, ÎÉμ ¶·¨ ²Õ¡μ³
k = 1, 2, . . . ¨´É¥£· ² ¢ ¶· ¢μ° Î ¸É¨ · ¢¥´¸É¢  (64) ¸Ìμ¤¨É¸Ö ¶·¨ ²Õ¡μ³ v �
0. ‘²¥¤μ¢ É¥²Ó´μ, ²¥¢ Ö Î ¸ÉÓ ÔÉμ£μ · ¢¥´¸É¢  Å ËÊ´±Í¨Ö w±

k Å ´¥¶·¥·Ò¢´ 
¶·¨ ²Õ¡ÒÌ k = 1, 2, . . . ¨ v � 0.

ˆÉ ±, ¶·¨ v � 0 ·Ö¤ W± ¸Ìμ¤¨É¸Ö  ¡¸μ²ÕÉ´μ ¨ · ¢´μ³¥·´μ,   ¢¸¥ ¥£μ
¸² £ ¥³Ò¥ w±

k Å ´¥¶·¥·Ò¢´Ò¥ ËÊ´±Í¨¨. ‘μ£² ¸´μ É¥μ·¨¨ ·Ö¤μ¢ [11] ·Ö¤,
μ¡² ¤ ÕÐ¨° É ±¨³¨ ¸¢μ°¸É¢ ³¨, Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´μ° ËÊ´±Í¨¥° ´  ¶μ²Êμ¸¨
v � 0. ‚ ¸¨²Ê μ¶·¥¤¥²¥´¨° (64) ¨ (65) ¸² £ ¥³ÒÌ w±

n ¨ ¨Ì ¸Ê³³Ò W± ÔÉ 
¸Ê³³  Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ y±

10 = W± Ê· ¢´¥´¨Ö (61).
�μ± ¦¥³ μÉ ¶·μÉ¨¢´μ£μ, ÎÉμ ÔÉμ Ê· ¢´¥´¨¥ ´¥ ¨³¥¥É ¤·Ê£μ£μ ·¥Ï¥´¨Ö,

´¥¶·¥·Ò¢´μ£μ ¶·¨ v � 0. �Ê¸ÉÓ ỹ±
10 Å ¥Ð¥ μ¤´μ ·¥Ï¥´¨¥. ’μ£¤  · §´μ¸ÉÓ

ζ± = y±
10 − ỹ±

10 Ê¤μ¢²¥É¢μ·Ö¥É Éμ¦¤¥¸É¢Ê

ζ±(v) ≡
∫ v

0

p±1 (v1) dv1

∫ v1

0

p±2 (v2) ζ±(v2) dv2 , v � 0 .

�μ¸²¥ k � 2 ¨É¥· Í¨° ÔÉμ Éμ¦¤¥¸É¢μ ¡² £μ¤ ·Ö · ¢¥´¸É¢Ê (64) ¸É ´¥É Éμ¦¤¥-
¸É¢μ³

ζ±(v) ≡
∫ v

0

p±1 (v1) dv1

∫ v1

0

p±2 (v2)w±
k−1(v2) ζ±(v2) dv2, n = 2, 3, . . . , v � 0.

’ ±μ¥ Éμ¦¤¥¸É¢μ ¨ μÍ¥´±¨ (54), (66) ËÊ´±Í¨° p±1 p±2 ¨ w±
k−1 ¶μ·μ¦¤ ÕÉ ´¥-

· ¢¥´¸É¢μ

∣∣ ζ±(v)
∣∣ � max

0�t<v

∣∣ ζ±(t)
∣∣ τ2k(v)

(2k)!
, n = 2, 3, . . . , v � 0 .
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‚ ¶·¥¤¥²¥ k → ∞ ÔÉμ ´¥· ¢¥´¸É¢μ ¢Ò·μ¦¤ ¥É¸Ö ¢ ¸μμÉ´μÏ¥´¨¥ |ζ±(v)| � 0,
v � 0, ¨§ ±μÉμ·μ£μ ¸²¥¤Ê¥É, ÎÉμ y±

10 = ỹ±
10 ¶·¨ ²Õ¡μ³ v � 0. ‡´ Î¨É,

¨¸¸²¥¤Ê¥³μ¥ Ê· ¢´¥´¨¥ (61) ¨³¥¥É Éμ²Ó±μ μ¤´μ ·¥Ï¥´¨¥ y±
10 = W±.

’¥¶¥·Ó ¶μ¸É·μ¨³ ¨ ¨¸¸²¥¤Ê¥³ ·¥Ï¥´¨¥ y±
20 ¢Éμ·μ£μ Ê· ¢´¥´¨Ö ¸¨¸É¥-

³Ò (44). 	Éμ ·¥Ï¥´¨¥ Ö¢²Ö¥É¸Ö ¨´É¥£· ²μ³ (62). �μ²μ¦¨¢ ¢ ÔÉμ³ ¨´É¥-
£· ²¥ y±

10 = W±, ¶μ²ÊÎ ¥³ ¨´É¥£· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¨¸±μ³μ£μ ·¥Ï¥´¨Ö
y±
20 Î¥·¥§ Ê¦¥ ´ °¤¥´´Ò° ·Ö¤ W±:

y±
20(v) =

∫ v

0

p±2 (t)W±(t) dt , v � 0 . (67)

�¡¸Ê¤¨³ ¶μ¤Ò´É¥£· ²Ó´ÊÕ ËÊ´±Í¨Õ, ¶·¥¤¸É ¢²¥´´ÊÕ ¶·μ¨§¢¥¤¥´¨¥³ p±2 W±.
�  ¢¸¥° ¶μ²Êμ¸¨ v � 0 ·Ö¤ W± Å μ£· ´¨Î¥´´ Ö ¨ ´¥¶·¥·Ò¢´ Ö ËÊ´±Í¨Ö.
�μ μ¶·¥¤¥²¥´¨Õ ËÊ´±Í¨Ö p±2 Å ¶·μ¨§¢¥¤¥´¨¥ (39). ‚ ÔÉμ³ ¶·μ¨§¢¥¤¥´¨¨
¶μÉ¥´Í¨ ² V Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Ö³ (9), ËÊ´±Í¨¨ f+

λ0 ¨²¨ f−
λ0 ´¥¶·¥·Ò¢´Ò

´  ¨´É¥·¢ ²¥ 0 � v < ∞ ¨ ¨³¥ÕÉ  ¸¨³¶ÉμÉ¨±¨ (48),   ¨´É¥£· ² b± ´¥¶·¥·Ò¢¥´
´  ¶μ²Êμ¸¨ v � 0. �μÔÉμ³Ê ¶·¨ ²Õ¡μ³ v � 0 ¨´É¥£· ² (67) ¸Ìμ¤¨É¸Ö ¨
Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´μ° ËÊ´±Í¨¥°.

�¥·¥°¤¥³ ± ¢Ò¢μ¤Ê ¸μμÉ´μÏ¥´¨Ö y±
20(v) = o(v4λ+2), v → 0. ’ ± ± ±

ËÊ´±Í¨Ö y±
10 ´¥¶·¥·Ò¢´  ¢ ÉμÎ±¥ v = 0 ¸¶· ¢  ¨ · ¢´  ¥¤¨´¨Í¥ ¢ ÔÉμ° ÉμÎ±¥,

Éμ y±
10(v) ∼ 1+o(1) ¶·¨ v → 0. �μ± ¦¥³, ÎÉμ ¢ ÔÉμ³ ¦¥ ¶·¥¤¥²¥ ËÊ´±Í¨Ö y±

20

¡Ò¸É·μ ¸Ìμ¤¨É¸Ö ± ´Ê²Õ. „²Ö ÔÉμ£μ ¢ ¶·¥¤¸É ¢²¥´¨¨ (62) ¶μ²μ¦¨³ y±
10(v) =

1 + o(1), ¢μ¸¶μ²Ó§Ê¥³¸Ö μ¶·¥¤¥²¥´¨¥³ (39) ËÊ´±Í¨¨ p±2 ¨ § ³¥´¨³ ËÊ´±Í¨Õ
f±

λ0 ¥¥  ¸¨³¶ÉμÉ¨±μ° (48) ¶·¨ v → 0. ’ ±¨³ μ¡· §μ³ ¶μ²ÊÎ¨³ ¸É ·Ï¥¥
¸² £ ¥³μ¥  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨¨ y±

20 ¢ ¢¨¤¥ ¨´É¥£· ² 

y±
20(v) ∼ −

∫ v

0

t4λ+5 V (t) dt , v → 0 .

’ ±μ° ¨´É¥£· ² Ê¡Ò¢ ¥É ± ± o(v4λ+2). „¥°¸É¢¨É¥²Ó´μ, ¶μ ¶· ¢¨²Ê ‹μ¶¨-
É ²Ö [11]

lim
v→0

v−4λ−2

∫ v

0

t4λ+5 V (t) dt =
1

4λ + 2
lim
v→0

v4 V (v) = 0 .

�¸É ²μ¸Ó Ê¡¥¤¨ÉÓ¸Ö ¢ Éμ³, ÎÉμ ¨´É¥£· ² (67) Å ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥
¢Éμ·μ£μ Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (44) ¢ ±² ¸¸¥ ËÊ´±Í¨°, ´¥¶·¥·Ò¢´ÒÌ ´  ¶μ²Êμ¸¨
v � 0. �·¥¤¶μ²μ¦¨³ ¶·μÉ¨¢´μ¥: ¶Ê¸ÉÓ ¨³¥¥É¸Ö ¥Ð¥ μ¤´μ ·¥Ï¥´¨¥ ỹ±

20. ’μ£¤ 
¸μ£² ¸´μ · ¢¥´¸É¢Ê (63) ËÊ´±Í¨Ö y±

10 = W± Ö¢²Ö¥É¸Ö ¨´É¥£· ²Ó´Ò³ μ¡· §μ³
¨ ËÊ´±Í¨¨ y±

20, ¨ ËÊ´±Í¨¨ ỹ±
20:

W±(v) = 1 +
∫ v

0

p±1 (t) y±
20(t) dt , W±(v) = 1 +

∫ v

0

p±1 (t) ỹ±
20(t) dt , v � 0 .
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‘²¥¤μ¢ É¥²Ó´μ, · §´μ¸ÉÓ y±
20 − ỹ±

20 Ê¤μ¢²¥É¢μ·Ö¥É Éμ¦¤¥¸É¢Ê∫ v

0

p±1 (t)
[
y±
20(t) − ỹ±

20(t)
]

dt ≡ 0 , v � 0 .

�μ¸²¥ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¶μ  ·£Ê³¥´ÉÊ v ÔÉμ Éμ¦¤¥¸É¢μ ¸É ´μ¢¨É¸Ö ¸μμÉ´μ-
Ï¥´¨¥³

p±1 (v)
[
y±
20(v) − ỹ±

20(v)
]
≡ 0 , v � 0 ,

±μÉμ·μ¥ ¢Ò¶μ²´Ö¥É¸Ö Éμ²Ó±μ ¢ ¸²ÊÎ ¥ y±
20(v) ≡ ỹ±

20(v), v � 0. ‘²¥¤μ¢ É¥²Ó´μ,
¨´É¥£· ² (67) Å ¥¤¨´¸É¢¥´´μ¥ ´¥¶·¥·Ò¢´μ¥ ¶·¨ v � 0 ·¥Ï¥´¨¥ ¢Éμ·μ£μ
Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (44). 	Éμ ÊÉ¢¥·¦¤¥´¨¥ § ¢¥·Ï ¥É ¤μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò
¨  ´ ²¨§ ¸¨¸É¥³Ò (44) ¶·¨ 2λ > −1 ¨ n = 0.

�¥·¥°¤¥³ ±  ´ ²¨§Ê ÔÉμ° ¦¥ ¸¨¸É¥³Ò ¢ ¸²ÊÎ ¥ 2λ > −1, ´μ n > 0.
‚ ÔÉμ³ ¸²ÊÎ ¥ ¸μ£² ¸´μ · ¢¥´¸É¢ ³ (41)Ä(44) ¸² £ ¥³Ò¥ r±1n ¨ r±2n Å ¤μ-
¢μ²Ó´μ ¸²μ¦´Ò¥ ËÊ´±Í¨¨. �μÔÉμ³Ê ¸´ Î ²  ´¥μ¡Ìμ¤¨³μ ¤μ± § ÉÓ ²¥³³Ê 3
μ ¶·¥¤¶μ² £ ¥³ÒÌ ¸¢μ°¸É¢ Ì É ±¨Ì ¸² £ ¥³ÒÌ.

‹¥³³  3. �·¥¤¶μ²μ¦¨³, ÎÉμ ¢ ¸²ÊÎ ¥ 2λ > −1, n > 0 ¢¸¥ ËÊ´±Í¨¨ y±
1k

¨ y±
2k, ¸μ¤¥·¦ Ð¨¥¸Ö ¢ ¸Ê³³ Ì (42), ´¥¶·¥·Ò¢´Ò ¶·¨ v � 0 ¨ É ±μ¢Ò, ÎÉμ

y±
1k = o(1), y2k = o(v2ν), ¥¸²¨ v → 0. ’μ£¤  ¶·¨ Ê¸²μ¢¨ÖÌ (2) ¨ (3), 2β >

3(n + 1), ¸² £ ¥³Ò¥ r±1n ¨ r±2n ¸¨¸É¥³Ò (44) ´¥¶·¥·Ò¢´Ò ´  ¶μ²Êμ¸¨ v � 0 ¨
¨³¥ÕÉ  ¸¨³¶ÉμÉ¨±¨ r±1n = o(1) ¨ r±2n = o(v2ν ), £¤¥ v → 0.

„²Ö ¤μ± § É¥²Ó¸É¢  ¶μÉ·¥¡ÊÕÉ¸Ö  ¸¨³¶ÉμÉ¨±¨ (48)Ä(50) ±μ³¶μ´¥´É f±
λn

¨ θ±λn, μ¶·¥¤¥²¥´¨Ö (42)Ä(44) ËÊ´±Í¨° a±
in, d±in, r±in, ¶·¥¤¸É ¢²¥´¨Ö (39) ËÊ´±-

Í¨° p±1 ¨ p±2 ,   É ±¦¥ ¸¢μ°¸É¢  ËÊ´±Í¨° y±
10 ¨ y±

20, Ê¸É ´μ¢²¥´´Ò¥ ¢ É¥μ·¥³¥ 3.
”Ê´±Í¨¨ a±

1n, a±
2n ¨ ¨´É¥£· ²Ò d±1n, d±2n ¨¸¸²¥¤Ê¥³ ¶μ  ´ ²μ£¨¨ c ¤ ´´Ò³

¢ ¶. 3.1  ´ ²¨§μ³ ¨´É¥£· ²μ¢ (52).
�Ê¸ÉÓ v → 0. ’μ£¤  ¶·¨ Ê¸²μ¢¨ÖÌ (2) ¨ ²Õ¡ÒÌ k ¨ �, ´¥ ¶·¥¢μ¸Ìμ¤ÖÐ¨Ì

n − 1,

v3V (v) = o(v−1) , f±
λ� = o(v2ν+2�) , θ±λ� = o(v−2ν) ,

y±
1k = δ0k + o(1) , y±

2k = o(v2ν ) .

�μÔÉμ³Ê ¸Ê³³Ò a±
1n ¨ a±

2n ¶μ¤Î¨´ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³ ¸μμÉ´μÏ¥´¨Ö³:

a±
1n ∼ y±

10 v3 V f±
λ0 θ±λn = o(v−1) ,

a±
2n ∼ v3 V f±

λ0

n−1∑
k=0

y±
2k

∑
p=n−k

θ±λp = o(v2ν−1), v → 0 .

‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ v → 0 ¨´É¥£· ²Ò d±1n ¨ d±2n μÉ ¸Ê³³ a±
1n ¨ a±

1n ¨³¥ÕÉ
 ¸¨³¶ÉμÉ¨±¨ d±1n = o(1), d±2n = o(v2ν),   ËÊ´±Í¨¨ p±1 ¨ p±2 É ±μ¢Ò, ÎÉμ
p±1 = o(v−2ν−1) ¨ p±2 = o(v2ν−1). ’ ± ± ± ¸² £ ¥³Ò¥ r±1n ¨ r±2n ¸μ¤¥·¦ É
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Éμ²Ó±μ ¨´É¥£· ²Ò d±1n, d±1n ¨ ËÊ´±Í¨¨ p±1 , p±2 , Éμ r±1n = o(1),   r±2n = o(v2ν),
¥¸²¨ v → 0.

ˆÉ ±, ¶·¨ Ê¸²μ¢¨ÖÌ (2) ËÊ´±Í¨¨ d±in ¨ r±in, i = 1, 2, ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ
¢ ÉμÎ±¥ v = 0 ¨ Ö¢²ÖÕÉ¸Ö ´¥¶·¥·Ò¢´Ò³¨ ´  ¶μ²Ê¨´É¥·¢ ²¥ 0 � v < ∞.
�¸É ²μ¸Ó ¨¸¸²¥¤μ¢ ÉÓ ¶μ¢¥¤¥´¨¥ ÔÉ¨Ì ËÊ´±Í¨° ¢ ¶·¥¤¥²¥ v → ∞.

�Ê¸ÉÓ v → ∞. ’μ£¤  ¢ ¸Ê³³ Ì a±
1n ¨ a±

1n ¢¸¥ ËÊ´±Í¨¨ y±
1k ¨ y±

2k, k �
n − 1, ¸Ìμ¤ÖÉ¸Ö ± ¨Ì ±μ´¥Î´Ò³ §´ Î¥´¨Ö³ ¢ ÉμÎ±¥ v = ∞,    ¸¨³¶ÉμÉ¨±¨
¢¸¥Ì ¶·μ¨§¢¥¤¥´¨° f±

λ� f±
λp, f±

λ� θ±λp ¨ θ±λ� θ±λp ¸μ¤¥·¦ É ¢ ± Î¥¸É¢¥ ³´μ¦¨É¥²Ö

¸É¥¶¥´´ÊÕ ËÊ´±Í¨Õ v3(�+p)−1, � + p = n = k. …¥ ¶μ± § É¥²Ó ¶·¨´¨³ ¥É
³ ±¸¨³ ²Ó´μ¥ §´ Î¥´¨¥, · ¢´μ¥ 3n − 1 ¶·¨ k = 0. �μÔÉμ³Ê

a±
in(v) ∼ v3n+2V (v)

{
exp (2v)

1

}
, i = 1, 2, v → ∞ .

’ ± ± ± ¶μÉ¥´Í¨ ² V Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ (3), 2β > 3(n + 1), ¢ ¶·¥¤¥²¥
v → ∞ ¸Ê³³Ò a±

1n ¨ a±
1n ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ ¡Ò¸É·¥¥ ËÊ´±Í¨¨ v−1. �μÔÉμ³Ê

¨´É¥£· ²Ò d±1n ¨ d±1n μÉ É ±¨Ì ¸Ê³³ ¢ ÉμÎ±¥ v = ∞ ¶·¨´¨³ ÕÉ ±μ´¥Î´Ò¥
§´ Î¥´¨Ö. ‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨¨ r±1n ¨ r±2n μ± ¦ÊÉ¸Ö ´¥¶·¥·Ò¢´Ò³¨ ¢ ÉμÎ±¥
v = ∞ ¸¶· ¢ , ¥¸²¨ ¨´É¥£· ²Ò μÉ ËÊ´±Í¨° |p±1 (t)| ¨ |p±2 (t)| ¶μ μ¡² ¸É¨ v > 0
¸μ°¤ÊÉ¸Ö ´  ¨Ì ¢¥·Ì´¥³ ¶·¥¤¥²¥ v = ∞. „²Ö É ±μ° ¸Ìμ¤¨³μ¸É¨ ¤μ¸É ÉμÎ´Ò³¨
Ö¢²ÖÕÉ¸Ö Ê¸²μ¢¨Ö (2) ¨ Ê¸²μ¢¨¥ (3), β > 2. „¥°¸É¢¨É¥²Ó´μ, ¡² £μ¤ ·Ö É ±¨³
Ê¸²μ¢¨Ö³ ¨  ¸¨³¶ÉμÉ¨± ³ (48) ¨ (49) ±μ³¶μ´¥´É f±

λ0 ¨ θ±λ0 ËÊ´±Í¨¨ p±1 ¨ p±2
´¥¶·¥·Ò¢´Ò ¢ μ¡² ¸É¨ 0 < v < ∞ ¨ ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ ¶·¨ v → ∞ ¡Ò¸É·¥¥
ËÊ´±Í¨¨ v−1.

‘Ëμ·³Ê²¨·Ê¥³ ¤¢  ¢Ò¢μ¤ . …¸²¨ ¶μÉ¥´Í¨ ² V Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ (3),
2β > 3(n + 1), Éμ ¢¸¥ ËÊ´±Í¨¨ a±

in, d±in ¨ r±in μ£· ´¨Î¥´Ò ¢ ÉμÎ±¥ v = ∞.
B ¸²ÊÎ ¥ 2β � 3(n + 1) ¨´É¥£· ²Ò d±1n ¨ d±2n,   §´ Î¨É, ¨ ËÊ´±Í¨¨ r±1n ¨
r±2n, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥ ¨³¥ÕÉ μ¶·¥¤¥²¥´´ÒÌ ¶·¥¤¥²μ¢ ¢ ÉμÎ±¥ v = ∞. 	É¨³¨
¢Ò¢μ¤ ³¨ § ¢¥·Ï¨³ ¤μ± § É¥²Ó¸É¢μ ²¥³³Ò.

’¥μ·¥³  4. �Ê¸ÉÓ 2λ > −1, n = 1, 2, . . . , m ¨ ¢Ò¶μ²´¥´Ò Ê¸²μ¢¨Ö (2) ¨ (3),
2β > 3(m + 1). ’μ£¤  ¸¨¸É¥³  Ê· ¢´¥´¨° (44) ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ´¥¶·¥-
·Ò¢´μ¥ ´  ¶μ²Êμ¸¨ v � 0 ·¥Ï¥´¨¥ {y±

1n, y±
2n}, ¶·¨Î¥³ É ±μ¥, ÎÉμ y±

1n = o(1),
y±
2n = o(v2ν), ¥¸²¨ v → 0.

„²Ö ¤μ± § É¥²Ó¸É¢  ¨¸¶μ²Ó§Ê¥³ ²¥³³Ò 1 ¨ 3 ¨ ¶·¨³¥´¨³ ¤¢  ³¥Éμ¤ : ³¥Éμ¤
¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° ¨ ³¥Éμ¤ ³ É¥³ É¨Î¥¸±μ° ¨´¤Ê±Í¨¨.

�Ê¸ÉÓ n = 1. Œ¥Éμ¤μ³ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° ¶μ¸É·μ¨³ Ëμ·-
³ ²Ó´μ¥ ·¥Ï¥´¨¥ y±

1n ¶¥·¢μ£μ (i = 1, j = 2) Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (44) ¢ ¢¨¤¥
¡¥¸±μ´¥Î´μ£μ ·Ö¤ 

X±(v) = r±1n(v) +
∞∑

k=1

x±
k (v) (68)
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¸μ ¸² £ ¥³Ò³¨

x±
k (v) ≡

∫ v

0

p±1 (v1) dv1

∫ v1

0

p±2 (v2) dv2 . . .

. . .

∫ v2k−2

b

p±1 (v2k−1) dv2k−1

∫ v2k−1

0

p±1 (v2k) r±1n(v2k) dv2k , k � 1 . (69)

ˆ¸¸²¥¤Ê¥³ ·Ö¤ X±. ‘μ£² ¸´μ ²¥³³¥ 3 ¸² £ ¥³μ¥ r±1n, n = 1, Ö¢²Ö-
¥É¸Ö ¢¸Õ¤Ê (v � 0) ´¥¶·¥·Ò¢´μ° ËÊ´±Í¨¥°. Œ ±¸¨³ ²Ó´μ¥ §´ Î¥´¨¥ T±

0

³μ¤Ê²Ö É ±μ° ËÊ´±Í¨¨ Å ±μ´¥Î´μ¥ Î¨¸²μ. �μ¸É·μ¨³ ³ ¦μ· ´É´ÊÕ μÍ¥´±Ê
T±

k ¸² £ ¥³μ£μ x±
k ¸ ´μ³¥·μ³ k � 1. ‘´ Î ²  ¢ ¨´É¥£· ²¥ (69) § ³¥´¨³ ¢¸¥

ËÊ´±Í¨¨ ¨Ì ³μ¤Ê²Ö³¨. ‡ É¥³ § ³¥´¨³ ËÊ´±Í¨Õ
∣∣ r±1n

∣∣ Î¨¸²μ³ T±
0 ,   ± ¦¤μ¥

(p = 1, 2, . . . , 2k − 1) ¶·μ¨§¢¥¤¥´¨¥ ËÊ´±Í¨°
∣∣ p±1 (vp)

∣∣ ¨
∣∣ p±2 (vp+1)

∣∣ § ³¥-
´¨³ ¶·¥¢μ¸Ìμ¤ÖÐ¨³ ¥£μ ¸μ£² ¸´μ ¤μ± § ´´μ³Ê ¢ ²¥³³¥ 1 ´¥· ¢¥´¸É¢Ê (54)
¶·μ¨§¢¥¤¥´¨¥³ ¶·μ¨§¢μ¤´ÒÌ ∂vpτ(vp) ¨ ∂vp+1τ(vp+1). ˆ¸¶μ²Ó§ÊÖ · ¢¥´¸É¢μ
τ(v) = 0, v = 0, ¢ÒÎ¨¸²¨³ ¶μ²ÊÎ¥´´Ò° ¨´É¥£· ² T±

k ¨ § ¶¨Ï¥³ ¨¸±μ³ÊÕ
μÍ¥´±Ê ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

∣∣ x±
k (v)

∣∣ � T±
k (v) ≡ T±

0

τ2k(v)
(2k)!

< ∞ , k = 1, 2, . . . , v � 0 . (70)

�² £μ¤ ·Ö É ±μ° μÍ¥´±¥ ³μ¤Ê²Ó |X±| ·Ö¤  (68) ´¥ ¶·¥¢μ¸Ìμ¤¨É ¶·μ¨§¢¥¤¥´¨Ö
T±

0 ch τ ´  ¢¸¥° ¶μ²Êμ¸¨ v � 0. �μÔÉμ³Ê ´  Éμ° ¦¥ ¶μ²Êμ¸¨ ·Ö¤ X± ¸Ìμ-
¤¨É¸Ö  ¡¸μ²ÕÉ´μ ¨ · ¢´μ³¥·´μ ¨ Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´Ò³ ·¥Ï¥´¨¥³ y±

1n = X±

¶¥·¢μ£μ (i = 1, j = 2) Ê· ¢´¥´¨Ö ¸¨¸É¥³Ò (44).
ˆ¸¸²¥¤Ê¥³ ¶μ¢¥¤¥´¨¥ ÔÉμ£μ ·¥Ï¥´¨Ö ¶·¨ v → 0. ‚ ÔÉμ³ ¶·¥¤¥²¥ ¸μ£² ¸´μ

²¥³³¥ 1 ËÊ´±Í¨Ö τ ¸Ìμ¤¨É¸Ö ± ´Ê²Õ, ¶μÔÉμ³Ê ¨§ μÍ¥´±¨ (70) ¸²¥¤Ê¥É, ÎÉμ ¢¸¥
¸² £ ¥³Ò¥ x±

k ·Ö¤  X± Ê¡Ò¢ ÕÉ ¡Ò¸É·¥¥ ¸² £ ¥³μ£μ r±1n. ‘μ£² ¸´μ ²¥³³¥ 3
¶·¨ n = 1 ¢¥·´μ ¸μμÉ´μÏ¥´¨¥ r±1n = o(1). ‡´ Î¨É, X± ∼ r±1n = o(1) ¨
y±
1n = o(1), ¥¸²¨ v → 0.

’¥¶¥·Ó ¶μ¸É·μ¨³ ·¥Ï¥´¨¥ y±
2n ¢Éμ·μ£μ (i = 2, j = 1) Ê· ¢´¥´¨Ö ¸¨-

¸É¥³Ò (44) ± ± μ¡· § (43), i = 2, j = 1, ·Ö¤  (68). ’ ±μ° μ¡· § μ¶·¥¤¥²Ö¥É¸Ö
· ¢¥´¸É¢μ³

y±
2n(v) = d±2n(v) +

∫ v

0

p±2 (t)X±(t) dt . (71)

‡ ³¥´μ° X → d±1n ÔÉμ · ¢¥´¸É¢μ ¸¢μ¤¨É¸Ö ± μ¶·¥¤¥²¥´¨Õ (44) Ê¦¥ ¨¸¸²¥-
¤μ¢ ´´μ° ¢ ²¥³³¥ 3 ËÊ´±Í¨¨ r±2n. �¡¥ ËÊ´±Í¨¨ X± ¨ d±1n ´¥¶·¥·Ò¢´Ò ´ 
¶μ²Êμ¸¨ v � 0 ¨ Ê¡Ò¢ ÕÉ ± ± o(1) ¶·¨ v → 0. �μÔÉμ³Ê ËÊ´±Í¨¨ r±2n ¨
y±
2n μ¡² ¤ ÕÉ μ¤¨´ ±μ¢Ò³¨ ¸¢μ°¸É¢ ³¨: μ´¨ ´¥¶·¥·Ò¢´Ò ´  ¶μ²Êμ¸¨ v � 0 ¨

Ê¡Ò¢ ÕÉ ± ± o(v2ν) ¶·¨ v → 0.
ˆÉ ±, ¸¨¸É¥³¥ (44) ¸ ´μ³¥·μ³ n = 1 Ê¤μ¢²¥É¢μ·ÖÕÉ ·Ö¤ X± ¨ ¥£μ

μ¡· § (71). „·Ê£μ£μ ´¥¶·¥·Ò¢´μ£μ ´  ¶μ²Êμ¸¨ v � 0 ·¥Ï¥´¨Ö ´¥ ¸ÊÐ¥¸É¢Ê¥É,
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ÎÉμ ´¥É·Ê¤´μ ¶μ± § ÉÓ μÉ ¶·μÉ¨¢´μ£μ ¸¶μ¸μ¡ ³¨, ¶μ¤·μ¡´μ ¨§²μ¦¥´´Ò³¨ ¶·¨
¤μ± § É¥²Ó¸É¢¥ ¶·¥¤Ò¤ÊÐ¥° É¥μ·¥³Ò 3. 	É¨³ § ³¥Î ´¨¥³ § ¢¥·Ï¨³ ¤μ± § -
É¥²Ó¸É¢μ É¥μ·¥³Ò ¢ ¸²ÊÎ ¥ n = 1.

‘μ£² ¸´μ É¥μ·¥³¥ 3 ¨ ¤ ´´μ³Ê ¢ÒÏ¥  ´ ²¨§Ê ¸²ÊÎ Ö n = 1 ±μ³¶μ´¥´ÉÒ
y±
1n ¨ y±

2n ¥¤¨´¸É¢¥´´ÒÌ ·¥Ï¥´¨° ¸¨¸É¥³ (44) ¸ ´μ³¥·μ³ n = 0, 1 ´¥¶·¥-
·Ò¢´Ò ´  ¶μ²Êμ¸¨ v � 0 ¨ Ê¡Ò¢ ÕÉ ± ± o(1) ¨ o(v2ν), ¥¸²¨ v → 0. ’ ±¨³
μ¡· §μ³ ¶¥·¢Ò° ÔÉ ¶ ³¥Éμ¤  ³ É¥³ É¨Î¥¸±μ° ¨´¤Ê±Í¨¨ § ¢¥·Ï¥´. �¥ ²¨§Ê¥³
¢Éμ·μ° ÔÉ ¶ ÔÉμ£μ ³¥Éμ¤ . ‘´ Î ²  ¶·¥¤¶μ²μ¦¨³, ÎÉμ ¶·¨ ´¥±μÉμ·μ³ Í¥²μ³
p > 1 ¢¸¥ ¸¨¸É¥³Ò (44) ¸ ´μ³¥· ³¨ n � p μ¤´μ§´ Î´μ · §·¥Ï¨³Ò ¢ ±² ¸¸¥
´¥¶·¥·Ò¢´ÒÌ ´  ¶μ²Êμ¸¨ v � 0 ËÊ´±Í¨°, Ê¤μ¢²¥É¢μ·ÖÕÐ¨Ì ¸μμÉ´μÏ¥´¨Ö³
y1n = o(1) y2n = o(v2ν), ¥¸²¨ v → 0 ¨ n = 0, 1, . . . , p. ’¥¶¥·Ó ¤μ± ¦¥³,
ÎÉμ ¸¨¸É¥³  (44) ¸ ´μ³¥·μ³ n = p + 1 ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ ¢ Éμ³
¦¥ ±² ¸¸¥ ËÊ´±Í¨°. �² £μ¤ ·Ö ¶·¥¤¶μ²μ¦¥´´Ò³ ¢ÒÏ¥ ¸¢μ°¸É¢ ³ ±μ³¶μ´¥´É
yin, n � p, ¢¸¥ ÊÉ¢¥·¦¤¥´¨Ö ²¥³³Ò 3 μ¸É ÕÉ¸Ö ¢ ¸¨²¥ ¨ ¢ ¸²ÊÎ ¥ n = p + 1.
‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨¨ r±in, n = p + 1, ´¥¶·¥·Ò¢´Ò ´  ¶μ²Êμ¸¨ v � 0,  
¢ ¶·¥¤¥²¥ v → 0 Ê¤μ¢²¥É¢μ·ÖÕÉ ¸μμÉ´μÏ¥´¨Ö³ r±1n = o(1) ¨ r±2n = o(v2ν).
	É¨Ì ¸¢μ°¸É¢ ¢¶μ²´¥ ¤μ¸É ÉμÎ´μ ¤²Ö Éμ£μ, ÎÉμ¡Ò ¤μ¸²μ¢´μ ¶μ¢Éμ·¨ÉÓ ¢Ò¢μ¤
¢¸¥Ì Ëμ·³Ê² (68)Ä(71) ¨ ¨Ì ¸²¥¤¸É¢¨°, ´μ Ê¦¥ ¢ ¸²ÊÎ ¥ n = p + 1, ¨ É ±¨³
μ¡· §μ³ ¤μ± § ÉÓ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¥¤¨´¸É¢¥´´μ£μ ¨ ´¥¶·¥·Ò¢´μ£μ ´  ¶μ²Êμ¸¨
v � 0 ·¥Ï¥´¨Ö ¸¨¸É¥³Ò (44) ¶·¨ ²Õ¡μ³ ¥¥ ´μ³¥·¥ n = 1, 2, . . . , m.

�·¨¸ÉÊ¶¨³ ±  ´ ²¨§Ê μ¸É ¢Ï¥£μ¸Ö ¸²ÊÎ Ö 2λ = −1.
’¥μ·¥³  5. �Ê¸ÉÓ 2λ = −1, ¶·¨ n = 0 ¢Ò¶μ²´¥´Ò Ê¸²μ¢¨Ö (9),   ¶·¨

n = 1, 2, . . . , m Å Ê¸²μ¢¨Ö (2) ¨ (3), 2β > 3(m+1). ’μ£¤  ¸¨¸É¥³  (44) ¨³¥¥É
¥¤¨´¸É¢¥´´μ¥ ´¥¶·¥·Ò¢´μ¥ ´  ¶μ²Êμ¸¨ v � 0 ·¥Ï¥´¨¥ {y±

1n, y±
2n}, ¶·¨Î¥³

É ±μ¥, ÎÉμ y±
1n(v) = δn0+o

(
ln3 v

)
ln3 v,   y±

2n(v) = o
(
ln2 v

)
ln v, ¥¸²¨ v → 0.

„μ± § É¥²Ó¸É¢μ μÉ²¨Î ¥É¸Ö μÉ ¤μ± § É¥²Ó¸É¢ ²¥³³Ò 3 ¨ É¥μ·¥³ 3 ¨ 4
Éμ²Ó±μ É¥³, ÎÉμ ¢³¥¸Éμ  ¸¨³¶ÉμÉ¨± (48)Ä(50) ËÊ´±Í¨° f±

λn ¨ θ±λn, 2λ > −1,
¨¸¶μ²Ó§ÊÕÉ¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥  ¸¨³¶ÉμÉ¨±¨ (48), (50) ¨ (51) ËÊ´±Í¨° f±

λn ¨
θ±λn, 2λ = −1,   ¤²Ö μÍ¥´±¨ ¶·μ¨§¢¥¤¥´¨Ö |p±1 p±2 | ¢³¥¸Éμ ´¥· ¢¥´¸É¢  (54)
¶·¨³¥´Ö¥É¸Ö ´¥· ¢¥´¸É¢μ (59), ¤μ± § ´´μ¥ ¢ ²¥³³¥ 2.

’μ²Ó±μ É¥¶¥·Ó ³μ¦´μ ¸Ëμ·³Ê²¨·μ¢ ÉÓ ¨ ¤μ± § ÉÓ ¨Éμ£μ¢ÊÕ É¥μ·¥³Ê.
’¥μ·¥³  6. �Ê¸ÉÓ 2λ � −1, ¶·¨ n = 0 ¢Ò¶μ²´¥´Ò Ê¸²μ¢¨Ö (9),   ¶·¨

n = 1, 2, . . . , m Å Ê¸²μ¢¨Ö (2) ¨ (3), 2β > 3(m + 1). ’μ£¤  § ¤ Î  ŠμÏ¨ (11),
(12) ¨³¥¥É ´¥¶·¥·Ò¢´μ¥ ´  ¶μ²Êμ¸¨ v � 0 ·¥Ï¥´¨¥ {c±n , s±n }, ¶·¨Î¥³ É ±μ¥,
ÎÉμ

c±n (v) = δn0 + o
(
ln3 v

)
ln3 v, s±n (v) = o

(
ln2 v

)
ln v, 2λ = −1, v → 0;

c±n (v) = δn0 + o(1), s±n (v) = o(v2λ+4), 2λ > −1, v → 0.

�  ¶μ²Êμ¸¨ v � 0 ±μ³¶μ´¥´ÉÒ c+
0 ¨ s+

0 ¨²¨ c−0 ¨ s−0 ´¥ ¨³¥ÕÉ μ¡Ð¨Ì ´Ê²¥°.
„μ± § É¥²Ó¸É¢μ ´¥¸²μ¦´μ¥. „¥°¸É¢¨É¥²Ó´μ, ¸ÊÐ¥¸É¢μ¢ ´¨¥, ¥¤¨´¸É¢¥´-

´μ¸ÉÓ ¨ ´¥¶·¥·Ò¢´μ¸ÉÓ ËÊ´±Í¨° c±n ¨ s±n ´  ¶μ²Êμ¸¨ v � 0 ¸²¥¤Ê¥É ¨§
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μ¤´μ§´ Î´μ¸É¨ ¨ ´¥¶·¥·Ò¢´μ¸É¨ ¶·¥¤¸É ¢²¥´¨° (40) ÔÉ¨Ì ËÊ´±Í¨° Î¥·¥§ ËÊ´±-
Í¨¨ y±

1n ¨ y±
2n ¨ É¥μ·¥³ 3Ä5. �² £μ¤ ·Ö É¥³ ¦¥ ¶·¥¤¸É ¢²¥´¨Ö³ ¢ ¶·¥¤¥²¥

v → 0 ËÊ´±Í¨¨ c±n ¨ s±n ¢¥¤ÊÉ ¸¥¡Ö É ± ¦¥, ± ± ËÊ´±Í¨¨ y±
1n ¨ y±

2n.
�¸É ²μ¸Ó ¤μ± § ÉÓ, ÎÉμ ¶·¨ ²Õ¡μ³ λ � −1/2 ´  ¶μ²Êμ¸¨ v � 0 ´¥É

ÉμÎ±¨, ¢ ±μÉμ·μ° μ¡¥ ËÊ´±Í¨¨ c+
0 ¨ s+

0 ¨²¨ c−0 ¨ s−0 · ¢´Ò ´Ê²Õ. Š²ÕÎ¥¢Ò³¨
¤²Ö ¤μ± § É¥²Ó¸É¢  μÉ ¶·μÉ¨¢´μ£μ ¡Ê¤ÊÉ ¤¢  Ë ±É : ËÊ´±Í¨Ö c±0 ´¥¶·¥·Ò¢´ 
¢ ÉμÎ±¥ v = 0 ¨ · ¢´  ¥¤¨´¨Í¥ ¢ ÔÉμ° ÉμÎ±¥.

�·¥¤¶μ²μ¦¨³ ¶·μÉ¨¢´μ¥: ¶Ê¸ÉÓ c±0 (v) = 0 ¨ s±0 (v) = 0 ¢ ÉμÎ±¥ v = ∞.
	É¨ · ¢¥´¸É¢  ¨¸¶μ²Ó§Ê¥³ ± ± ´ Î ²Ó´Ò¥ Ê¸²μ¢¨Ö ¤²Ö Ê· ¢´¥´¨° (36), n = 0,
¢ μ¡² ¸É¨ v > 0. ˆ¸¸²¥¤Ê¥³ ¸Ëμ·³Ê²¨·μ¢ ´´ÊÕ É ±¨³ μ¡· §μ³ § ¤ ÎÊ ŠμÏ¨.
�μ¤¸É ´μ¢±μ°

t = 1 − exp(−v) , c±0 (v) = x±
1 (t) , s±0 (v) = x±

2 (t)

¸¢¥¤¥³ ¥¥ ± ²¨´¥°´μ° μÉ´μ¸¨É¥²Ó´μ ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° x±
1 ¨ x±

2 § ¤ Î¥
ŠμÏ¨ ´  μÉ·¥§±¥ 0 � t � 1. ‡ ¶¨Ï¥³ É ±ÊÕ § ¤ ÎÊ ¢ ¢¨¤¥ ¸¨¸É¥³Ò ¤¢ÊÌ
Ê· ¢´¥´¨°

∂tx
±
i (t) = g±i (t, x±

1 , x±
2 ) , i = 1, 2 , t ∈ [0, 1] ,

¸ É·¨¢¨ ²Ó´Ò³¨ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨ x±
i (t) = 0, i = 1, 2, ¢ ÉμÎ±¥ t = 1.

�  ¶μ²Ê¨´É¥·¢ ²¥ 0 < t � 1 ËÊ´±Í¨¨ g±1 ¨ g±2 ´¥¶·¥·Ò¢´Ò ¶μ ¶¥·¥³¥´-
´μ° t ¨ ¨³¥ÕÉ ´¥¶·¥·Ò¢´Ò¥ Î ¸É´Ò¥ ¶·μ¨§¢μ¤´Ò¥ ¶μ ¶¥·¥³¥´´Ò³ x±

1 ¨ x±
2 .

‘²¥¤μ¢ É¥²Ó´μ, ¢Ò¶μ²´¥´Ò μ¡  ¤μ¸É ÉμÎ´ÒÌ Ê¸²μ¢¨Ö É¥μ·¥³Ò �¨± ·μ [8].
�μ ÔÉμ° É¥μ·¥³¥ ´  ¶μ²Ê¨´É¥·¢ ²¥ 0 < t � 1 μ¡¸Ê¦¤ ¥³ Ö § ¤ Î  ŠμÏ¨ ¤²Ö
ËÊ´±Í¨° x±

i , i = 1, 2, ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ¨ ¶·¨Éμ³ ´¥¶·¥·Ò¢´μ¥ ·¥Ï¥´¨¥.
�Î¥¢¨¤´μ, ÎÉμ ¨³ Ö¢²Ö¥É¸Ö É·¨¢¨ ²Ó´μ¥ ¨ ´¥¶·¥·Ò¢´μ¥ ·¥Ï¥´¨¥ x±

i (t) ≡ 0,
i = 1, 2, ¤²Ö ¢¸¥Ì t ∈ (0, 1]. ’ ± ± ± c±0 (v) = x±

1 (t), Éμ c±0 (v) = 0 ¶·¨
²Õ¡μ³ v > 0, ´μ c±0 (v) = 1 ¢ ÉμÎ±¥ v = 0. ‘²¥¤μ¢ É¥²Ó´μ, ¢ ÔÉμ° ÉμÎ±¥
ËÊ´±Í¨Ö c±0 É¥·¶¨É · §·Ò¢ ¶¥·¢μ£μ ·μ¤ , ´μ ¶μ É¥μ·¥³¥ 6 ÔÉ  ËÊ´±Í¨Ö ´¥¶·¥-
·Ò¢´  ¢ ÉμÎ±¥ v = 0 ¸¶· ¢ . �μ²ÊÎ¥´´μ¥ ¶·μÉ¨¢μ·¥Î¨¥ μ§´ Î ¥É, ÎÉμ · ´¥¥
¢Ò¸± § ´´μ¥ ¶·¥¤¶μ²μ¦¥´¨¥ μ Éμ³, ÎÉμ c±0 (∞) = 0 ¨ s±0 (∞) = 0, ´¥ ¢¥·´μ.
�´ ²μ£¨Î´Ò³ μ¡· §μ³ ´¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ ´¥ ¸ÊÐ¥¸É¢Ê¥É ±μ´¥Î´μ£μ §´ Î¥-
´¨Ö ¶¥·¥³¥´´μ° v, ¶·¨ ±μÉμ·μ³ μ¡¥ ±μ³¶μ´¥´ÉÒ c±0 ¨ s±0 μ¡· Ð ÕÉ¸Ö ¢ ´Ê²Ó.
’¥μ·¥³  ¤μ± § ´ .

‘Ëμ·³Ê²¨·Ê¥³ ¢ ¦´Ò¥ ¸²¥¤¸É¢¨Ö ²¥³³Ò 3 ¨ É¥μ·¥³ 4Ä6. “¸²μ¢¨Ö (2)
¨ (3), 2β > 3(m + 1), Ö¢²ÖÕÉ¸Ö ¤μ¸É ÉμÎ´Ò³¨ ¤²Ö Éμ£μ, ÎÉμ¡Ò ¢¸¥ ËÊ´±Í¨¨
d±in, r±in, y±

in, c±in ¨ s±in ¸ ´μ³¥·μ³ n = 1, 2, . . .m μ± § ²¨¸Ó ´¥¶·¥·Ò¢´Ò³¨
´  ¶μ²Êμ¸¨ v � 0 ¨, ¸²¥¤μ¢ É¥²Ó´μ, μ£· ´¨Î¥´´Ò³¨ ¢ ÉμÎ±¥ v = ∞. Š ±
¶μÖ¸´Ö²μ¸Ó ¢ ²¥³³¥ 3, ¶·¨ Ê¸²μ¢¨ÖÌ (2) ¨ (3), 2β � 3(m + 2), ¨´É¥£· ²Ò d±1n

¨ d±2n, n = m + 1, ³μ£ÊÉ · ¸Ìμ¤¨ÉÓ¸Ö ¢ ¶·¥¤¥²¥ v → ∞. �μÔÉμ³Ê ¢ ÔÉμ³
¦¥ ¸²ÊÎ ¥ ¸μ£² ¸´μ ¤μ± § É¥²Ó¸É¢ ³ É¥μ·¥³ 4Ä6 ¢¸¥ ËÊ´±Í¨¨ y±

in, c±in ¨ s±in
¸ ´μ³¥·μ³ n = m + 1, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥ ¶·¨´¨³ ÕÉ μ¶·¥¤¥²¥´´ÒÌ §´ Î¥´¨°
¢ ÉμÎ±¥ v = ∞.
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4. �ˆ‡Š���…�ƒ…’ˆ—…‘Šˆ… �‘ˆŒ�’�’ˆŠˆ

‚ ´ ¸ÉμÖÐ¥³ · §¤¥²¥ ·¥Ï¨³ ¸²¥¤ÊÕÐÊÕ § ¤ ÎÊ: ¶·¨ ²Õ¡μ³ §´ Î¥´¨¨
±¢ ´Éμ¢μ£μ Î¨¸²  λ ¢Ò¢¥¸É¨ ¨ ¨¸¸²¥¤μ¢ ÉÓ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥  ¸¨³¶ÉμÉ¨±¨
(q → 0) ·¥¤ÊÍ¨·μ¢ ´´ÒÌ  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨° c± ¨ s±, ËÊ´±Í¨¨ ÔËË¥±-
É¨¢´μ£μ · ¤¨Ê¸ , Ë §Ò δ±λ , ¸¥Î¥´¨Ö σ±

λ ¨ · ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ u±
λ

Ö¤¥·´μ-±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö. „²Ö ·¥Ï¥´¨Ö ¶μ¸É ¢²¥´´μ° § ¤ Î¨ ¨¸¶μ²Ó-
§Ê¥³ ¤μ± § ´´Ò¥ ¢ É¥μ·¥³¥ 6 ¸¢μ°¸É¢  ±μ³¶μ´¥´É c±n ¨ s±n .

4.1. �¸¨³¶ÉμÉ¨±¨ ·¥¤ÊÍ¨·μ¢ ´´ÒÌ  ³¶²¨ÉÊ¤´ÒÌ ËÊ´±Í¨°. ‘Ëμ·³Ê²¨-
·Ê¥³ É¥μ·¥³Ê μ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì  ¸¨³¶ÉμÉ¨± Ì ËÊ´±Í¨° c± ¨ s±.

’¥μ·¥³  7. �Ê¸ÉÓ 2λ � −1, m � 1 ¨ ¢Ò¶μ²´¥´Ò Ê¸²μ¢¨Ö (2) ¨ (3),
2β > 3(m + 1). ’μ£¤  ¨³¥ÕÉ ³¥¸Éμ · §¡¨¥´¨Ö

c±(v, q) =
m−1∑
n=0

q2n c±n (v) + q2m C±(v, q) ,

s±(v, q) =
m−1∑
n=0

q2n s±n (v) + q2m S±(v, q) ,

(72)

¢ ±μÉμ·ÒÌ ËÊ´±Í¨¨ C± ¨ S± Ö¢²ÖÕÉ¸Ö ´¥¶·¥·Ò¢´Ò³¨ ´  ¶μ²Êμ¸¨ v � 0 ¨
¸Ìμ¤ÖÉ¸Ö ± ±μ³¶μ´¥´É ³ c±m ¨ s±m ¢ ¶·¥¤¥²¥ q → 0.

„²Ö ¤μ± § É¥²Ó¸É¢  ¢ § ¤ Î¥ ŠμÏ¨ (28), (29) § ³¥´¨³ ËÊ´±Í¨¨ c± ¨ s±

¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸Ê³³ ³¨ (72). ‡ É¥³, ¨¸¶μ²Ó§ÊÖ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (36) ¸
´μ³¥· ³¨ n < m, ¶·¨¢¥¤¥³ ¶μ¤μ¡´Ò¥ ¸² £ ¥³Ò¥. ‚ ·¥§Ê²ÓÉ É¥ ´  ¨´É¥·¢ ²¥
v > 0 ¶μ²ÊÎ¨³ ¸¨¸É¥³Ê Ê· ¢´¥´¨°

∂vC±(v, q) =

= v3 V
{ [

C±(v, q) f±
λ (v, q) + S±(v, q) θ±λ (v, q)

]
θ±λ (v, q) + R±

1 (v, q)
}

,

(73)
∂vS±(v, q) =

= −v3 V
{ [

C±(v, q) f±
λ (v, q) + S±(v, q) θ±λ (v, q)

]
f±

λ (v, q) + R±
2 (v, q)

}
¸ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨

C±(v, q) = 0 , S±(v, q) = 0 , v = 0 . (74)

�¡¸Ê¤¨³ ¸² £ ¥³Ò¥ R±
1 ¨ R±

2 ¸¨¸É¥³Ò (73). 	É¨ ¸² £ ¥³Ò¥ ¸μ¤¥·¦ É
±μ³¶μ´¥´ÉÒ c±n , s±n , n < m, ¨ ËÊ´±Í¨¨ A±

λ ¨ B±
λ , ±μÉμ·Ò¥ ¶μ·μ¦¤ ÕÉ¸Ö

¸²¥¤ÊÕÐ¨³¨ · §¡¨¥´¨Ö³¨ ·Ö¤μ¢ (34):

f±
λ (v, q) =

m−1∑
n=0

q2n f±
λn(v) + q2m A±

λ (v, q),

θ±λ (v, q) =
m−1∑
n=0

q2n θλn(v) + q2m B±
λ (v, q).

(75)
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�μ É¥μ·¥³¥ 6 ¢¸¥ ±μ³¶μ´¥´ÉÒ c±n ¨ s±n ¸ ´μ³¥· ³¨ n < m ´¥¶·¥·Ò¢´Ò ´ 
¶μ²Êμ¸¨ v � 0. Š ± ¶μ± § ´μ ¢ · ¡μÉ¥ [6], ·Ö¤Ò (34) ¸Ìμ¤ÖÉ¸Ö · ¢´μ³¥·´μ.
‘²¥¤μ¢ É¥²Ó´μ, ÔÉ¨³ ¦¥ ¸¢μ°¸É¢μ³ μ¡² ¤ ÕÉ ¨ ¨Ì μ¸É É±¨ q2m A±

λ ¨ q2m B±
λ ,

¸μ¤¥·¦ Ð¨¥ ±μ³¶μ´¥´ÉÒ f±
λn ¨ θ±λn, n � m. ’ ±¨¥ ±μ³¶μ´¥´ÉÒ ¨³¥ÕÉ  ¸¨³-

¶ÉμÉ¨±¨ (48)Ä(51) ¨ ¶μÔÉμ³Ê ¶·¨ μ£· ´¨Î¥´¨ÖÌ (2) ¨ (3), 2β > 3(m + 1), ´ 
¶μÉ¥´Í¨ ² V ¨´É¥£·¨·Ê¥³Ò ´  ²Õ¡μ³ μÉ·¥§±¥ [0, v], v > 0, ¸ ¢¥¸μ³ t3V (t).
‚ ¸¨²Ê ¶¥·¥Î¨¸²¥´´ÒÌ ¢ÒÏ¥ ¸¢μ°¸É¢ ËÊ´±Í¨° c±n , s±n , f±

λn, θ±λn ¨ μ¸É É±μ¢
q2m A±

λ ¨ q2m B±
λ ¶·μ¨§¢¥¤¥´¨Ö t3V (t)R±

1 (t, q) ¨ t3V (t)R±
2 (t, q) ¨´É¥£·¨·Ê-

¥³Ò ´  ²Õ¡μ³ μÉ·¥§±¥ [0, v], v > 0, ¨ ¶·¨ ²Õ¡μ³ q � 0. 	Éμ ¸¢μ°¸É¢μ
¸² £ ¥³ÒÌ R±

1 ¨ R±
2 Ö¢²Ö¥É¸Ö ¤μ¸É ÉμÎ´Ò³ ¤²Ö ¤μ± § É¥²Ó¸É¢  μ¤´μ§´ Î´μ°

· §·¥Ï¨³μ¸É¨ § ¤ Î¨ ŠμÏ¨ (73), (74) ¢ ±² ¸¸¥ ËÊ´±Í¨°, ´¥¶·¥·Ò¢´ÒÌ ´ 
¶μ²Êμ¸¨ v � 0.

�μÖ¸´¨³ ±²ÕÎ¥¢Ò¥ ÔÉ ¶Ò ¤ ²Ó´¥°Ï¥£μ  ´ ²¨§  ÔÉμ° § ¤ Î¨. ‘´ Î ²  ¢¢μ-
¤¨É¸Ö ¨´É¥£· ²

B±(v, q) ≡
∫ v

0

t3 V (t) f±
λ (t) θ±λ (t) dt ,

§ É¥³ ¶μ¤¸É ´μ¢±μ°

C±(v) = z±1 (v) exp
[
B±(v, q)

]
, S±(v) = z±2 (v) exp

[
−B±(v, q)

]
§ ¤ Î  ŠμÏ¨ (73), (74) ¸¢μ¤¨É¸Ö ± ´¥¤¨ £μ´ ²Ó´μ° ¸¨¸É¥³¥ ¨´É¥£· ²Ó´ÒÌ
Ê· ¢´¥´¨° ¤²Ö ¨¸±μ³ÒÌ ËÊ´±Í¨° z±1 ¨ z±2 . ˆ§ É ±μ° ¸¨¸É¥³Ò ¶μ¸²¥ μ¤-
´μ° ¨É¥· Í¨¨ ¶μ²ÊÎ ¥É¸Ö ¤¨ £μ´ ²Ó´ Ö ¸¨¸É¥³  ¨´É¥£· ²Ó´ÒÌ Ê· ¢´¥´¨°. 	É 
¸¨¸É¥³  ¨¸¸²¥¤Ê¥É¸Ö ³¥Éμ¤μ³ ¶μ¸²¥¤μ¢ É¥²Ó´ÒÌ ¶·¨¡²¨¦¥´¨° ¶μ ¸Ì¥³¥, ¶μ-
¤·μ¡´μ ¨§²μ¦¥´´μ° ¢ · ¡μÉ¥ [7]. ’ ±¨³ μ¡· §μ³, ¤μ± §Ò¢ ¥É¸Ö, ÎÉμ § ¤ Î 
ŠμÏ¨ (73), (74) ¨³¥¥É ¥¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ {C±, S±}, ±μ³¶μ´¥´ÉÒ C± ¨
S± ±μÉμ·μ£μ ´¥¶·¥·Ò¢´Ò ¶·¨ v � 0 ¨ q � 0. �μÔÉμ³Ê ¨ ¢ Ê· ¢´¥´¨ÖÌ (73),
¨ ¢ ´ Î ²Ó´ÒÌ Ê¸²μ¢¨ÖÌ (74) ³μ¦´μ ¶¥·¥°É¨ ± ¶·¥¤¥²Ê q → 0. ‚ ¨Éμ£¥ ¶μ²Ê-
Î¨É¸Ö § ¤ Î  ŠμÏ¨ ¤²Ö ËÊ´±Í¨° C±(v, 0) ¨ S±(v, 0). ‡ ³¥´μ° μ¡μ§´ Î¥´¨°
C±(v, 0) → c±m(v) ¨ S±(v, 0) → s±m(v) ÔÉ  § ¤ Î  ¸¢μ¤¨É¸Ö ± Ê¦¥ ¨¸¸²¥-
¤μ¢ ´´μ° § ¤ Î¥ ŠμÏ¨ (36), (37) ¤²Ö ±μ³¶μ´¥´É c±m ¨ s±m. ‘²¥¤μ¢ É¥²Ó´μ,
C±(v, q) → c±m(v) ¨ S±(v, q) → s±m(v), ¥¸²¨ q → 0.

�¸É ²μ¸Ó ¢ÒÖ¢¨ÉÓ ¸³Ò¸² · §¡¨¥´¨° (72). „²Ö ÔÉμ£μ ¸¨³¢μ² ³¨ T±
1 ¨ T±

2

μ¡μ§´ Î¨³ ¸Ê³³Ò ËÊ´±Í¨° q2nc±n ¨ q2ns±n (v) c ´μ³¥·μ³ n = 0, 1, . . . , m − 1.
� §¡¨¥´¨Ö (72) μ§´ Î ÕÉ, ÎÉμ ´  ¢¸¥° ¶μ²Êμ¸¨ v � 0 ¨, ¢ Î ¸É´μ¸É¨, ¢ ¥¥ ¡¥¸-
±μ´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±¥ v = ∞ ¸Ê³³Ò T±

1 ¨ T±
2 Ö¢²ÖÕÉ¸Ö ´¨§±μÔ´¥·£¥É¨-

Î¥¸±¨³¨ ¶·¨¡²¨¦¥´¨Ö³¨ ËÊ´±Í¨° c± ¨ s± ¸  ¡¸μ²ÕÉ´μ° ÉμÎ´μ¸ÉÓÕ O(q2m).
	É¨³ ¶μÖ¸´¥´¨¥³ § ¢¥·Ï¨³ ¤μ± § É¥²Ó¸É¢μ É¥μ·¥³Ò.

’¥¶¥·Ó μ¡¸Ê¤¨³ ¶·¥¤² £ ¥³Ò° ¸¶μ¸μ¡ ¶μ¸É·μ¥´¨Ö ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì
¶·¨¡²¨¦¥´¨° ´μ·³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö N±, Ë §Ò δ±λ , ¸¥Î¥´¨Ö σ±

λ ¨ · -
¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ u±

λ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1 ¢ ¸μ¸Éμ-
Ö´¨¨ |λ, q〉. ”Ê´±Í¨¨ N±

m(q), tg δ±λm(q), σ±
λm(q) ¨ u±

λm(v, q) ¨ μ¶·¥¤¥²¨³
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± ± ¶· ¢Ò¥ Î ¸É¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì · ¢¥´¸É¢ (30)Ä(33), ¢ ±μÉμ·ÒÌ ËÊ´±Í¨¨
c± ¨ s± § ³¥´¥´Ò ¨Ì ¶·¨¡²¨¦¥´¨Ö³¨ T±

1 ¨ T±
2 . �μ μ¶·¥¤¥²¥´¨Õ ËÊ´±Í¨¨

N±
m, tg δ±λm, σ±

λm ¨ u±
λm ¸μ¤¥·¦ É Éμ²Ó±μ ¨§¢¥¸É´Ò¥ ËÊ´±Í¨¨ Cλ, h, fλn,

θλn ¨ ±μ³¶μ´¥´ÉÒ c±n , s±n , n � m − 1, ¨ Ö¢²ÖÕÉ¸Ö ´¨§±μÔ´¥·£¥É¨Î¥¸±¨³¨
¶·¨¡²¨¦¥´¨Ö³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ËÊ´±Í¨° N±, tg δ±λ ¨ σ±

λ ¸  ¡¸μ²ÕÉ´μ°
ÉμÎ´μ¸ÉÓÕ ¶μ·Ö¤±  O(q2m). ‘²¥¤μ¢ É¥²Ó´μ, § ¤ Î  μ ¶μ¸É·μ¥´¨¨ ´¨§±μÔ´¥·-
£¥É¨Î¥¸±¨Ì ¶·¨¡²¨¦¥´¨° N±

m, tg δ±λm, σ±
λm ¨ u±

λm ¸¢μ¤¨É¸Ö ± ¢ÒÎ¨¸²¥´¨Õ
±μ´¥Î´μ£μ Î¨¸²  ±μ³¶μ´¥´É c±n ¨ s±n , n = 0, 1, . . .m − 1. ‚ ÔÉμ³ § ±²ÕÎ -
¥É¸Ö ¶¥·¢μ¥ ¶·¥¨³ÊÐ¥¸É¢μ ¶·¥¤² £ ¥³μ£μ  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ ³¥Éμ¤ . ‚Éμ·μ¥
¶·¥¨³ÊÐ¥¸É¢μ ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¢¸¥ É ±¨¥ ±μ³¶μ´¥´ÉÒ Ê¤μ¢²¥É¢μ·ÖÕÉ ±μ-
´¥Î´μ°, Ô´¥·£μ´¥§ ¢¨¸¨³μ° ¨ ·¥±Ê··¥´É´μ° Í¥¶μÎ±¥ § ¤ Î ŠμÏ¨ (36), (37),
Î¨¸²¥´´Ò°  ´ ²¨§ ±μÉμ·ÒÌ ¤μ¢μ²Ó´μ ¶·μ¸É.

‚ ¸²¥¤ÊÕÐ¨Ì ¶. 4.2Ä4.4 ¤²Ö  ´ ²¨§  μ¸μ¡¥´´μ¸É¥° ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì
¶·¨¡²¨¦¥´¨° ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ , Ë §Ò δ±λ , ¸¥Î¥´¨Ö σ±

λ ¨ ´μ·-
³¨·μ¢μÎ´μ£μ ³´μ¦¨É¥²Ö N± ¶μÉ·¥¡ÊÕÉ¸Ö ¸¢μ°¸É¢  ¶·¥¤¥²Ó´ÒÌ ¶·¨ v → ∞
§´ Î¥´¨° ±μ³¶μ´¥´É c±0 ¨ s±0 .

�μ± ¦¥³, ÎÉμ c+
0 (v) �= 0 ¶·¨ ²Õ¡μ³ v � 0. �μ É¥μ·¥³¥ 1 ¶·¨ ²Õ¡μ³

q > 0  ³¶²¨ÉÊ¤´Ò¥ ËÊ´±Í¨¨ c ¨ s ´¥ ¨³¥ÕÉ μ¡Ð¨Ì ´Ê²¥°. ‘²¥¤μ¢ É¥²Ó´μ,
¢¥·´μ ¸μμÉ´μÏ¥´¨¥

|c(ρ, η)| + |s(ρ, η)| �= 0 , ρ � 0 .

‡ ³¥´¨³ ¢ ´¥³ ËÊ´±Í¨¨ c ¨ s ¶· ¢Ò³¨ Î ¸ÉÖ³¨ · ¢¥´¸É¢ (23), ¢ ±μÉμ·ÒÌ
¶·¥¤¸É ¢¨³ ËÊ´±Í¨¨ c± ¨ s± ·Ö¤ ³¨ (35). �μ É¥μ·¥³¥ 7 É ±¨¥ ·Ö¤Ò ¸Ìμ¤ÖÉ¸Ö
· ¢´μ³¥·´μ, ¶μÔÉμ³Ê ¢ ¶μ²ÊÎ¥´´μ³ ¸μμÉ´μÏ¥´¨¨ ³μ¦´μ ¶¥·¥°É¨ ± ¶·¥¤¥²Ê
q → 0 ¨, ¨¸¶μ²Ó§ÊÖ  ¸¨³¶ÉμÉ¨±¨ (18) ¨ (26) ËÊ´±Í¨° C2

λ ¨ h, ¢Ò¢¥¸É¨ ¤¢ 
´¥· ¢¥´¸É¢ :

|c+
0 (v)| �= 0 , |c−0 (v)| + π|s−0 (v)| �= 0 , v � 0 .

�¥·¢μ¥ ¨§ ´¨Ì μ§´ Î ¥É, ÎÉμ ±μ³¶μ´¥´É  c+
0 ¢¸¥£¤  μÉ²¨Î´  μÉ ´Ê²Ö,   ¢Éμ·μ¥

¶μ¤É¢¥·¦¤ ¥É ÊÉ¢¥·¦¤¥´¨¥ É¥μ·¥³Ò 6 μ¡ μÉ¸ÊÉ¸É¢¨¨ μ¡Ð¨Ì ´Ê²¥° Ê ±μ³¶μ´¥´É
c−0 ¨ s−0 .

‘Ëμ·³Ê²¨·Ê¥³ ¢ ¦´μ¥ ¸²¥¤¸É¢¨¥ ÔÉμ° É¥μ·¥³Ò ¨ ¤μ± § ´´μ£μ ¢ÒÏ¥ ´¥-
· ¢¥´¸É¢  c+

0 (v) �= 0, v � 0. �·¨ v = ∞ ¢μ§³μ¦´Ò Éμ²Ó±μ É·¨ ¸²ÊÎ Ö.
‘²ÊÎ ° 1: c±0 (v) �= 0 ¨ s±0 (v) �= 0. ‘²ÊÎ ° 2: s±0 (v) = 0, ´μ c±0 (v) �= 0.
‘²ÊÎ ° 3: c−0 (v) = 0, ´μ s−0 (v) �= 0.

‚ ¶. 4.2Ä4.4 ¤²Ö ¶μ²´μÉÒ ¨¸¸²¥¤Ê¥³ ¢¸¥ É ±¨¥ ¸²ÊÎ ¨. �·¥¤¶μ² £ ¥É¸Ö,
ÎÉμ ¶μÉ¥´Í¨ ² V Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Ö³ (2) ¨ Ê¸²μ¢¨Ö³ (3), ¢ ±μÉμ·ÒÌ 2β >
3(m + 1),   m = 3. �·¨ É ±¨Ì Ê¸²μ¢¨ÖÌ ¶μ É¥μ·¥³¥ 6 ±μ³¶μ´¥´ÉÒ c±n
¨ s±n , n = 0, 1, 2, 3, μ£· ´¨Î¥´Ò ¢ ÉμÎ±¥ v = ∞,   ¶μ É¥μ·¥³¥ 7 ¢¥·´Ò
· §¡¨¥´¨Ö (35) ¸ ´μ³¥·μ³ m = 3. ‚ ¶. 4.5 ¢ÒÖ¸´¨³, ± ±¨¥ ¨§ ¶μ²ÊÎ¥´´ÒÌ
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¢ ¶. 4.2Ä4.4  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì ¸μμÉ´μÏ¥´¨° μ¸É ÕÉ¸Ö ¢ ¸¨²¥ ¶·¨ ¡μ²¥¥ ¸² ¡ÒÌ
Ê¸²μ¢¨ÖÌ (3) ¸ ¶ · ³¥É·μ³ 2β > 3(m + 1), ´μ m < 3.

4.2. ”Ê´±Í¨Ö ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¨ ¥¥  ¸¨³¶ÉμÉ¨± . „²Ö ¤ ´´μ£μ
¸μ¸ÉμÖ´¨Ö |q, λ〉 · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1 μ¶·¥¤¥²¨³ ËÊ´±Í¨Õ ÔË-
Ë¥±É¨¢´μ£μ · ¤¨Ê¸  ± ± ËÊ´±Í¨Õ ¢μ²´μ¢μ£μ Î¨¸²  q, Ê¤μ¢²¥É¢μ·ÖÕÐÊÕ É·¥³
Ê¸²μ¢¨Ö³. 	É  ËÊ´±Í¨Ö ¤μ²¦´  ¸μ¤¥·¦ ÉÓ ±μÉ ´£¥´¸ Ë §Ò δ±λ (q) ¨ ¨³¥ÉÓ ´¨§-
±μÔ´¥·£¥É¨Î¥¸±ÊÕ (q → 0)  ¸¨³¶ÉμÉ¨±Ê ¢ ¢¨¤¥ ·Ö¤  Œ ±²μ·¥´  ¶μ Î¥É´Ò³
¸É¥¶¥´Ö³  ·£Ê³¥´É  q, ¸É ·Ï¥¥ ¸² £ ¥³μ¥ ÔÉμ£μ ·Ö¤  ¤μ²¦´μ ¡ÒÉÓ ±μ´¥Î´μ°,
´μ ´¥´Ê²¥¢μ° ±μ´¸É ´Éμ°.

�·¨¸ÉÊ¶¨³ ± ¶μ¸É·μ¥´¨Õ ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¤²Ö ¸μ¸ÉμÖ´¨Ö
|q, λ〉. ‚¢¥¤¥³ ¢¸¶μ³μ£ É¥²Ó´ÊÕ ËÊ´±Í¨Õ K±(v, q). �Ê¸ÉÓ

K±(v, q) ≡ (ν!)2 q2λ+1 C2
λ(±|η|) ctg δ±λ (v, q) − h(q) , (76)

£¤¥ ËÊ´±Í¨¨ Cλ(±|η|) ¨ h(q) § ¤ ´Ò · ¢¥´¸É¢ ³¨ (17) ¨ (21), (24), (25),  
Ë §μ¢ Ö ËÊ´±Í¨Ö δ±λ (v, q) ¶·¥¤¸É ¢²Ö¥É¸Ö Î¥·¥§ ËÊ´±Í¨¨ c±(v, q) ¨ s±(v, q)
Ëμ·³Ê²μ° (31). ˆ¸¶μ²Ó§ÊÖ ÔÉÊ Ëμ·³Ê²Ê ¨ · §¡¨¥´¨Ö (35), m = 3, § ¶¨Ï¥³
ËÊ´±Í¨Õ K±(v, q) ¢ ¢¨¤¥

K±(v, q) =
c±(v, q)
s±(v, q)

=
c±0 (v) + q2 c±1 (v) + q4 c±2 (v) + q6 C±(v, q)
s±0 (v) + q2 s±1 (v) + q4 s±2 (v) + q6 S±(v, q)

. (77)

„ ²¥¥ ¤²Ö ±· É±μ¸É¨ ¸¨³¢μ² ³¨ A(q) ¨ B ¡Ê¤¥³ μ¡μ§´ Î ÉÓ §´ Î¥´¨Ö
ËÊ´±Í¨° A(v, q) ¨ B(v) ¢ ¡¥¸±μ´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±¥ v = ∞. ‘μ£² ¸´μ
É¥μ·¥³ ³ 2 ¨ 6 ËÊ´±Í¨¨ c±(v, q) ¨ s±(v, q) ¨ ¢¸¥ ¨Ì ±μ³¶μ´¥´ÉÒ c±n (v),
s±n (v), n � m = 3, ´¥¶·¥·Ò¢´Ò ¢ ¡¥¸±μ´¥Î´μ Ê¤ ²¥´´μ° ÉμÎ±¥ v = ∞ ¨,
¸²¥¤μ¢ É¥²Ó´μ, ¶·¨´¨³ ÕÉ ¢ ÔÉμ° ÉμÎ±¥ ¢¶μ²´¥ μ¶·¥¤¥²¥´´Ò¥ ¨ ±μ´¥Î´Ò¥
§´ Î¥´¨Ö c±(q), s±(q) ¨ c±n , s±n . �μÔÉμ³Ê ¢ ¸μμÉ´μÏ¥´¨ÖÌ (76) ¨ (77) ³μ¦´μ
¶¥·¥°É¨ ± ¶·¥¤¥²Ê v → ∞ ¨ É ±¨³ μ¡· §μ³ ¶μ²ÊÎ¨ÉÓ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨
K(q) Î¥·¥§ Ë §Ê · ¸¸¥Ö´¨Ö δ±λ (q) ¨ ¶·¥¤¸É ¢²¥´¨¥ ÔÉμ° ¦¥ ËÊ´±Í¨¨ Î¥·¥§
¶·¥¤¥²Ó´Ò¥ §´ Î¥´¨Ö ËÊ´±Í¨° c±(v, q) ¨ s±(v, q) ¨ ¨Ì ±μ³¶μ´¥´É c±n (v),
s±n (v):

K±(q) = (ν!)2 q2λ+1 C2
λ(±|η|) ctg δ±λ (q) − h(q) =

=
c±(q)
s±(q)

=
c±0 + q2 c±1 + q4 c±2 + q6 C±(q)
s±0 + q2 s±1 + q4 s±2 + q6 S±(q)

. (78)

ˆ§ · ¢¥´¸É¢ (77) ¨ (78) ¸²¥¤Ê¥É, ÎÉμ μ¡¥ ËÊ´±Í¨¨ K(v, q) ¨ K(q) Ö¢²ÖÕÉ¸Ö
Î¥É´Ò³¨ ËÊ´±Í¨Ö³¨ ¶¥·¥³¥´´μ° q � 0. ˆ¸¸²¥¤Ê¥³ ÔÉ¨ · ¢¥´¸É¢  ¢ É·¥Ì
¸²ÊÎ ÖÌ.

‘²ÊÎ ° 1. �Ê¸ÉÓ ¢ ÉμÎ±¥ v = ∞ μ¡¥ ËÊ´±Í¨¨ c±0 (v) ¨ s±0 (v) ´¥ · ¢´Ò ´Ê²Õ
(c±0 �= 0, s±0 �= 0). ‡ ¶¨Ï¥³ ËÊ´±Í¨Õ K±(v, q), ¶·¥¤¸É ¢²¥´´ÊÕ ¤·μ¡ÓÕ (77),
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¢ ¢¨¤¥ ·Ö¤  Œ ±²μ·¥´  ¶μ  ·£Ê³¥´ÉÊ q ¸ μ¸É ÉμÎ´Ò³ ¸² £ ¥³Ò³ P±(v, q) =
O(q6)

K±(v, q) =
2∑

n=0

q2n M±
n (v, q) + P±(v, q) . (79)

‚ ÔÉμ³ ·Ö¤Ê

M±
0 (v) = c±0 (v)/s±0 (v) , M1(v) =

[
(c±1 (v) − s±1 (v)M±

0 (v)
]
/s±0 (v) , (80)

¨ ± ¦¤ Ö ËÊ´±Í¨Ö M±
n (v), n = 0, 1, 2, ¶·¥¤¸É ¢²Ö¥É¸Ö ±μ´¥Î´μ° ¸Ê³³μ° ¤·μ-

¡¥°, §´ ³¥´ É¥²¨ ±μÉμ·ÒÌ Å Í¥²Ò¥ ¸É¥¶¥´¨ (s±0 (v))p, p � 2n,   Î¨¸²¨É¥²¨
¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ±μ³¶μ´¥´ÉÒ c±m(v) ¨ s±m(v) ¸ ´μ³¥· ³¨ m � n. �μÔÉμ³Ê
μ¡¸Ê¦¤ ¥³Ò° ·Ö¤ Œ ±²μ·¥´  (79) ¸Ìμ¤¨É¸Ö ¶·¨ ²Õ¡μ³ §´ Î¥´¨¨  ·£Ê³¥´É  v,
μÉ²¨Î´μ³ μÉ ´Ê²Ö, ËÊ´±Í¨¨ s±0 (v). ‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ÔÉ  ËÊ´±Í¨Ö ´¥
· ¢´  ´Ê²Õ ¢ ÉμÎ±¥ v = ∞. ‘²¥¤μ¢ É¥²Ó´μ, ¢¸¥ ËÊ´±Í¨¨ P±(v, q) ¨ M±

n (v),
n = 0, 1, 2,   §´ Î¨É, ¨ ËÊ´±Í¨¨ a±

1 (v) ¨ r±1 (v), § ¤ ´´Ò¥ Ëμ·³Ê² ³¨

a±
1 (v) ≡ − 1

M±
0 (v)

= −s±0 (v)
c±0 (v)

,

r±1 (v) ≡ 2 M±
1 (v) =

2
s±0 (v)

[
c±1 (v) − s±1 (v)

c±0 (v)
s±0 (v)

]
,

(81)

μ£· ´¨Î¥´Ò ¢ ¶·¥¤¥²¥ v → ∞,   ËÊ´±Í¨Ö a±
1 (v) ¢ ÔÉμ³ ¦¥ ¶·¥¤¥²¥ ¶·¨´¨³ ¥É

´¥´Ê²¥¢μ¥ §´ Î¥´¨¥. �μÔÉμ³Ê ¨ ¢ μ¶·¥¤¥²¥´¨¨ (77) ËÊ´±Í¨¨ K(v, q), ¨ ¢μ ¢¸¥Ì
¸μμÉ´μÏ¥´¨ÖÌ (79)Ä(81) ³μ¦´μ ¶μ²μ¦¨ÉÓ v = ∞. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨É¸Ö
¸²¥¤ÊÕÐ¥¥ ¶·¥¤¸É ¢²¥´¨¥ ¶·¥¤¥²  K±(q) ¨¸¸²¥¤Ê¥³μ° ËÊ´±Í¨¨ K±(v, q):

K±(q) = (ν!)2 q2λ+1 C2
λ(±|η|) ctg δ±λ (q) − h(q) =

=
c±(q)
s±(q)

= − 1
a±
1

+
1
2

r±1 q2 + t±1 (q) . (82)

‚ ÔÉμ³ ¶·¥¤¸É ¢²¥´¨¨ a±
1 �= 0 ¨ r±1 Å ¶·¥¤¥²Ó´Ò¥ (v → ∞) §´ Î¥´¨Ö ËÊ´±-

Í¨° a±
1 (v) ¨ r±1 (v),   μ¸É ÉμÎ´μ¥ ¸² £ ¥³μ¥ t±1 (q) Ê¡Ò¢ ¥É ± ± O(q4), ¥¸²¨

q → 0. �μÔÉμ³Ê ¢ ÔÉμ³ ¶·¥¤¥²¥ μ¡¸Ê¦¤ ¥³μ¥ ¶·¥¤¸É ¢²¥´¨¥ Ö¢²Ö¥É¸Ö ´¨§-
±μÔ´¥·£¥É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±μ° ËÊ´±Í¨¨ K±(q). ”Ê´±Í¨Õ K±

1 (q), · ¢´ÊÕ
ËÊ´±Í¨¨ K±(q), ¨ ±μÔËË¨Í¨¥´ÉÒ a±

1 ¨ r±1 ´ §μ¢¥³ ËÊ´±Í¨¥° ÔËË¥±É¨¢´μ£μ
· ¤¨Ê¸ , ¤²¨´μ° · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´Ò³ · ¤¨Ê¸μ³.

”Ê´±Í¨Ö ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¤²Ö ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ¸Ê¶¥·¶μ§¨Í¨¥°
V c+V s ¢¶¥·¢Ò¥ ¨¸¸²¥¤μ¢ ´  ¢ · ¡μÉ¥ [1], ´μ Éμ²Ó±μ ¢ ¸²ÊÎ ¥ 2λ = −1. �μ²Ê-
Î¥´´μ¥ ¢ ÔÉμ° · ¡μÉ¥ ¶·¥¤¸É ¢²¥´¨¥ É ±μ° ËÊ´±Í¨¨ ¸μ¢¶ ¤¥É ¸ Ëμ·³Ê²μ° (82),
¥¸²¨ ¢ ´¥° ¶μ²μ¦¨ÉÓ λ = −1/2.
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’¥¶¥·Ó ¶μÖ¸´¨³ ¶¥·¢Ò° ¸¶μ¸μ¡ ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨° K±(v, q), a±
1 (v) ¨

r±1 (v). ‘´ Î ²  ´¥μ¡Ìμ¤¨³μ ·¥Ï¨ÉÓ § ¤ Î¨ ŠμÏ¨ (28), (29) ¨ (36), (37) ¤²Ö
ËÊ´±Í¨° c±(v, q) ¨ s±(v, q) ¨ ¨Ì ±μ³¶μ´¥´É c±n (v) ¨ s±n (v), n = 0, 1,   § É¥³
¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ¶·¥¤¸É ¢²¥´¨Ö³¨ (77) ¨ (81).

�·¥¤²μ¦¨³ ¤·Ê£μ° ¸¶μ¸μ¡ ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨° K(v, q), a±
1 (v) ¨ r±1 (v),

¢ ±μÉμ·μ³ ´¥ É·¥¡Ê¥É¸Ö ·¥Ï¥´¨¥ Ê¶μ³Ö´ÊÉÒÌ ¢ÒÏ¥ § ¤ Î ŠμÏ¨.
� Î´¥³ ¸ ËÊ´±Í¨¨ K(v, q), · ¢´μ° μÉ´μÏ¥´¨Õ ËÊ´±Í¨° c±(v, q)

¨ s±(v, q). ‘μ£² ¸´μ Ê¸²μ¢¨Ö³ (29) ¢ ÉμÎ±¥ v = 0 ËÊ´±Í¨Ö s±(v, q) · ¢´ 
´Ê²Õ. ‘²¥¤μ¢ É¥²Ó´μ, ¢ ÔÉμ° ÉμÎ±¥ ËÊ´±Í¨Ö K(v, q) ´¥μ£· ´¨Î¥´ . �μÔÉμ³Ê
¢³¥¸Éμ ´¥¥ Ê¤μ¡´¥¥ ¨¸¶μ²Ó§μ¢ ÉÓ ËÊ´±Í¨Õ L±(v, q), μ¶·¥¤¥²¥´´ÊÕ · ¢¥´-
¸É¢ ³¨

L±(v, q) =
1

K±(v, q)
=

s±(v, q)
c±(v, q)

,

¨ ¶μÔÉμ³Ê · ¢´ÊÕ ´Ê²Õ ¢ ÉμÎ±¥ v = 0. ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ · ¢¥´¸É¢ , ¢Ò· §¨³
¶·μ¨§¢μ¤´ÊÕ ∂vL

± Î¥·¥§ ¶·μ¨§¢μ¤´Ò¥ ∂vc± ¨ ∂vs±, ±μÉμ·Ò¥ § ³¥´¨³ ¶· -
¢Ò³¨ Î ¸ÉÖ³¨ Ê· ¢´¥´¨° (28) ¨ ¢ ·¥§Ê²ÓÉ É¥ ¤²Ö ËÊ´±Í¨¨ ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐÊÕ
´¥²¨´¥°´ÊÕ § ¤ ÎÊ:

2∂vL
±(v, q) = v3V (v)

[
f±

λ (v, q) − L±(v, q)θ±λ (v, q)
]2

, v > 0; L(v, q)|v=0 = 0.

’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ËÊ´±Í¨Õ a±
1 (v), · ¢´ÊÕ ¶μ ¥¥ μ¶·¥¤¥²¥´¨Õ (81) ¤·μ¡¨

−s±0 (v)/c0(v). ‘μ£² ¸´μ ´ Î ²Ó´Ò³ Ê¸²μ¢¨Ö³ (37) ¢ ÉμÎ±¥ v = 0 Î¨¸²¨É¥²Ó
ÔÉμ° ¤·μ¡¨ · ¢¥´ ´Ê²Õ. �μÔÉμ³Ê a±

1 (v) = 0, ¥¸²¨ v = 0. �·μ¤¨ËË¥·¥´Í¨·Ê¥³
μ¶·¥¤¥²¥´¨¥ (81) ËÊ´±Í¨¨ a±

1 (v) ¶μ ¶¥·¥³¥´´μ° v,   § É¥³ § ³¥´¨³ ¶·μ¨§-
¢μ¤´Ò¥ ∂vc±0 ¨ ∂vs±0 ¶· ¢Ò³¨ Î ¸ÉÖ³¨ Ê· ¢´¥´¨° (36) ¨ ¢ ¨Éμ£¥ ¶μ± ¦¥³, ÎÉμ
ËÊ´±Í¨Ö a±

1 (v) ¶μ¤Î¨´Ö¥É¸Ö ´¥²¨´¥°´μ° § ¤ Î¥

∂va±
1 (v) = v3 V (v)

[
f±

λ0(v) − a±
1 (v) θ±λ0(v)

]2
, v > 0 ; a±

1 (v)|v=0 = 0 .

’¥¶¥·Ó ¸Ëμ·³Ê²¨·Ê¥³ ¨ ·¥Ï¨³ § ¤ ÎÊ ŠμÏ¨ ¤²Ö ËÊ´±Í¨¨ r±1 (v). …¸²¨
¢ ¥¥ μ¶·¥¤¥²¥´¨¨ (81) Ê¸É·¥³¨ÉÓ  ·£Ê³¥´É v ± ´Ê²Õ ¨ § ³¥´¨ÉÓ ¢¸¥ ±μ³¶μ-
´¥´ÉÒ c±n (v) ¨ s±n (v), n = 0, 1, ¨Ì  ¸¨³¶ÉμÉ¨± ³¨, Ê¶μ³Ö´ÊÉÒ³¨ ¢ É¥μ·¥³¥ 6,
Éμ ¶μ²ÊÎ¨É¸Ö ´ Î ²Ó´μ¥ Ê¸²μ¢¨¥ r±1 (v) = 0, v = 0. �·μ¤¨ËË¥·¥´Í¨·Ê¥³
μ¶·¥¤¥²¥´¨¥ (81) ËÊ´±Í¨¨ r±1 (v) ¶μ ¶¥·¥³¥´´μ° v. ‚ ¶μ²ÊÎ¥´´μ³ · ¢¥´-
¸É¢¥ § ³¥´¨³ ¶·μ¨§¢μ¤´Ò¥ ∂vc

±
n ¨ ∂vs

±
n ¶· ¢Ò³¨ Î ¸ÉÖ³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì

Ê· ¢´¥´¨° (36),   § É¥³, ¨¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ò (81), ¢Ò· §¨³ ¢¸¥ ±μ³¡¨´ Í¨¨
±μ³¶μ´¥´É c±n (v) ¨ s±n (v), n = 0, 1, Î¥·¥§ ËÊ´±Í¨¨ a±

1 (v) ¨ r±1 (v). ‚ ¨Éμ£¥
¢Ò¢¥¤¥³ ¸²¥¤ÊÕÐÊÕ § ¤ ÎÊ ŠμÏ¨:

∂vr±1 (v) + ξ±(v)
[
(r±1 (v) − φ±(v)

]
= 0 , v > 0 ; r±1 (v)|v=0 = 0 ,
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£¤¥ ¶μ μ¶·¥¤¥²¥´¨Õ

ξ±(v) ≡ 2 v3V (v) f±
λ0(v)

[
f±

λ0(v)
a±
1 (v)

− θ±λ0

]
,

φ±(v) ≡ 2
f±

λ0(v)

[
f±

λ1(v)
a±
1 (v)

− θ±λ1(v)
]

.

…¤¨´¸É¢¥´´μ¥ ·¥Ï¥´¨¥ É ±μ° § ¤ Î¨ ŠμÏ¨ ¨³¥¥É ¢¨¤

r±1 (v) =
1

z±(v)

∫ v

0

∂tz
±(t)φ±(t) dt , z±(v) ≡ exp

( ∫ v

0

ξ±(t) dt

)
,

¨ ¶μÔÉμ³Ê Ö¢²Ö¥É¸Ö ¨´É¥£· ²Ó´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ ËÊ´±Í¨¨ r±1 (v) Î¥·¥§ ËÊ´±-
Í¨Õ a±

1 (v).
‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ μ¡¥ ËÊ´±Í¨¨ a±

1 (v) ¨ r±1 (v) μ¡² ¤ ÕÉ ¶·μ§· Î´Ò³
Ë¨§¨Î¥¸±¨³ ¸³Ò¸²μ³: §´ Î¥´¨Ö a±

1 (d) ¨ r±1 (d) ÔÉ¨Ì ËÊ´±Í¨° ¢ ´¥±μÉμ·μ°
ÉμÎ±¥ vd � 0 Ö¢²ÖÕÉ¸Ö ¤²¨´μ° · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´Ò³ · ¤¨Ê¸μ³ ¢ ¸²ÊÎ ¥
¶μÉ¥´Í¨ ²  V (v), ®μ¡·¥§ ´´μ£μ¯ ¢ ÔÉμ° ÉμÎ±¥.

‘²ÊÎ ° 2. �·¥¤¶μ²μ¦¨³, ÎÉμ ¢ ÉμÎ±¥ v = ∞ ËÊ´±Í¨Ö s±0 (v) μ¡· Ð ¥É¸Ö
¢ ´Ê²Ó,   ËÊ´±Í¨Ö s±1 (v) ¶·¨´¨³ ¥É ´¥´Ê²¥¢μ¥ §´ Î¥´¨¥ s±1 . �μ É¥μ·¥³¥ 6 ¢
Éμ° ¦¥ ÉμÎ±¥ v = ∞ ËÊ´±Í¨Ö c±0 (v) μÉ²¨Î´  μÉ ´Ê²Ö. ˆÉ ±, s±0 = 0, s±1 �= 0
¨ c±0 �= 0. ‘²¥¤μ¢ É¥²Ó´μ, ¤²¨´  · ¸¸¥Ö´¨Ö a±

1 = −s±0 /c±0 · ¢´  ´Ê²Õ, ¨ ¶μ-
ÔÉμ³Ê ´¥μ¡Ìμ¤¨³μ ¶¥·¥μ¶·¥¤¥²¨ÉÓ ËÊ´±Í¨Õ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ . „²Ö ÔÉμ£μ
¸´ Î ²  · ¸¸³μÉ·¨³ ¶·¥¤¸É ¢²¥´¨¥ ËÊ´±Í¨¨ K(q) ¢ ¢¨¤¥ ¤·μ¡¨ (78), ¸μ¤¥·¦ -
Ð¥° ¶·¥¤¥²Ó´Ò¥ §´ Î¥´¨Ö ±μ³¶μ´¥´É c±n (v) ¨ s±n (v). ’ ± ± ± s±0 = 0, s±1 �= 0
¨ c±0 �= 0, ¶·μ¨§¢¥¤¥´¨¥ K±

2 ≡ q2K±(q) ¢ ¶·¥¤¥²¥ q → 0 · ¢´μ ±μ´¥Î´μ° ¨
´¥´Ê²¥¢μ° ±μ´¸É ´É¥. �μÔÉμ³Ê ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ É ±μ¥ ¶·μ¨§¢¥¤¥´¨¥
¸Î¨É ¥³ ËÊ´±Í¨¥° ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ . �·¥¤¸É ¢¨³ ¥¥ Ëμ·³Ê² ³¨

K±
2 (q) ≡ lim

v→∞
q2 K(v, q) = (ν!)2 q2λ+3 C2

λ(±|η|) ctg δ±λ (q) − q2 h(q) =

= − 1
a±
2

+
1
2

q2 r±2 + t±2 (q) , (83)

£¤¥ t±2 (q) = O(q4) ¶·¨ q → 0,   ¤²¨´  · ¸¸¥Ö´¨Ö a±
2 ¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸

r±2 μ¶·¥¤¥²ÖÕÉ¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¶·¥¤¥² ³¨:

a±
2 ≡ − lim

v→0

s±1 (v)
c±0 (v)

, r±2 ≡ lim
v→0

2
s±1 (v)

[
c±1 (v) +

s±2 (v)
a±
2 (v)

]
.

‘²ÊÎ ° 3. �Ê¸ÉÓ ¢ ÉμÎ±¥ v = ∞ ËÊ´±Í¨Ö c−0 (v) μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó,
´μ ËÊ´±Í¨Ö c−1 (v) ¶·¨´¨³ ¥É ´¥´Ê²¥¢μ¥ §´ Î¥´¨¥ c−1 . ’μ£¤  ¶μ É¥μ·¥³¥ 6
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¢ ÔÉμ° ¦¥ ÉμÎ±¥ s−0 ≡ s−0 (v) �= 0. ˆÉ ±, c−0 = 0, c−1 �= 0 ¨ s−0 �= 0. ‘²¥-
¤μ¢ É¥²Ó´μ, ¤²¨´  · ¸¸¥Ö´¨Ö a−

1 = −s−0 /c−0 ´¥ Ö¢²Ö¥É¸Ö ±μ´¥Î´Ò³ Î¨¸²μ³,
¨ ¶μÔÉμ³Ê É·¥¡Ê¥É¸Ö ¶¥·¥μ¶·¥¤¥²¥´¨¥ ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ . „²Ö
ÔÉμ£μ ¢μ¸¶μ²Ó§Ê¥³¸Ö ¶·¥¤¸É ¢²¥´¨¥³ ËÊ´±Í¨¨ K(q) ¢ ¢¨¤¥ ¤·μ¡¨ (78). ’ ±
± ± c−0 = 0, c−1 �= 0 ¨ s−0 �= 0, ¶·μ¨§¢¥¤¥´¨¥ K±

3 ≡ q−2K±(q) ¢ ¶·¥¤¥²¥ q → 0
· ¢´μ ±μ´¥Î´μ° ¨ ´¥´Ê²¥¢μ° ±μ´¸É ´É¥. �μÔÉμ³Ê ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥
É ±μ¥ ¶·μ¨§¢¥¤¥´¨¥ ¸Î¨É ¥³ ËÊ´±Í¨¥° ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ . �·¥¤¸É ¢¨³ ¥¥
Ëμ·³Ê² ³¨

K−
3 (q) ≡ lim

v→∞
q−2K−(v, q) = (ν!)2 q2λ−1 C2

λ(−|η|) ctg δ−λ (v, q)− q−2 h(q) =

= − 1
a−
3

+
1
2

q2 r−3 + t−3 (q) , (84)

£¤¥ μ¸É ÉμÎ´μ¥ ¸² £ ¥³μ¥ t−3 (q) ¶·¨ q → 0 Ê¡Ò¢ ¥É ± ± O(q4),   ¤²¨´  · ¸-
¸¥Ö´¨Ö a±

3 ¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸ r±3 μ¶·¥¤¥²¥´Ò ¸²¥¤ÊÕÐ¨³¨ ¶·¥¤¥²Ó´Ò³¨
¸μμÉ´μÏ¥´¨Ö³¨:

a−
3 ≡ − lim

v→0

s−0 (v)
c−1 (v)

, r−3 ≡ lim
v→0

2
s−0 (v)

[
c−2 (v) +

s−1 (v)
a−
3 (v)

]
.

4.3. �¸¨³¶ÉμÉ¨±¨ ¶ ·Í¨ ²Ó´ÒÌ Ë § ¨ ¸¥Î¥´¨°. ‚Ò¢¥¤¥³ ¨ μ¡¸Ê¤¨³ ¸É ·-
Ï¨¥ ¸² £ ¥³Ò¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì  ¸¨³¶ÉμÉ¨± (q → 0) ±Ê²μ´μ¢¸±μ° Ë §Ò
δc
λ(±|η|), Ö¤¥·´μ-±Ê²μ´μ¢¸±μ° Ë §Ò δ±λ (q) = δλ(±|η|) ¨ É·¥Ì ¸² £ ¥³ÒÌ ¶ ·-

Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö σcs
λ (±|η|),   ¨³¥´´μ, ±Ê²μ´μ¢¸±μ£μ, Ö¤¥·´μ-±Ê²μ´μ¢¸±μ£μ

¨ ¨´É¥·Ë¥·¥´Í¨μ´´μ£μ ¸¥Î¥´¨° σc
λ(±|η|), σ±

λ (q) = σλ(±|η|) ¨ σint
λ (±|η|). ˆ¸-

¶μ²Ó§Ê¥³ μ¶·¥¤¥²¥´¨Ö (7), (8) É ±¨Ì ¸¥Î¥´¨° ¨ μ¶·¥¤¥²¥´¨Ö (82)Ä(84) ËÊ´±-
Í¨° ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ . ‘μ£² ¸´μ ¶· ¢¨²Ê, ¶·¨´ÖÉμ³Ê ¢ · §¤. 1, ¢ ¸¨³¢μ²¥
A(±|η|) ¨²¨ B±(q) ¡¥·¥³ ¢¥·Ì´¨° §´ ± ¢ ¸²ÊÎ ¥ ±Ê²μ´μ¢¸±μ£μ μÉÉ ²±¨¢ ´¨Ö,
  ´¨¦´¨° Å ¢ ¸²ÊÎ ¥ ±Ê²μ´μ¢¸±μ£μ ¶·¨ÉÖ¦¥´¨Ö.

� Î´¥³ ¸ μ¡¸Ê¦¤¥´¨Ö ¶μ¢¥¤¥´¨Ö Ë §Ò δc
λ(η) ¨ ¸¥Î¥´¨Ö σc

λ(η) ±Ê²μ´μ¢-
¸±μ£μ · ¸¸¥Ö´¨Ö ¢ ¶·¥¤¥²¥ q → 0. ‚ ÔÉμ³ ¶·¥¤¥²¥ ¸μ£² ¸´μ Ëμ·³Ê²¥ (19)
³μ¤Ê²¨ Ë § δc

λ(+|η|) ¨ δc
λ(−|η|) ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ÕÉ ± ± O(q−1| ln q|),

¶μÔÉμ³Ê ¸¥Î¥´¨Ö σc
λ(+|η|) ¨ σc

λ(−|η|) ¡Ò¸É·μ μ¸Í¨²²¨·ÊÕÉ,   ¨Ì ³ ±¸¨³ ²Ó-
´Ò¥ §´ Î¥´¨Ö Ê¢¥²¨Î¨¢ ÕÉ¸Ö ± ± O(q−1).

’¥¶¥·Ó · ¸¸³μÉ·¨³ É¥ ¦¥ É·¨ ¸²ÊÎ Ö, ÎÉμ ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¶Ê´±É¥.
‘²ÊÎ ° 1. Bμ¸¶μ²Ó§Ê¥³¸Ö ¶·¥¤¸É ¢²¥´¨¥³ (82) ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ

· ¤¨Ê¸  K±
1 (q) ≡ K(q). ‘´ Î ²  ¢Ò· §¨³ É ´£¥´¸ Ë §Ò δ±λ (q) Î¥·¥§ ±μÔË-

Ë¨Í¨¥´ÉÒ a±
1 ¨ r±1 ¨ ËÊ´±Í¨¨ C2

λ ¨ h. ‡ É¥³ § ³¥´¨³ ÔÉ¨ ËÊ´±Í¨¨ ¨Ì
 ¸¨³¶ÉμÉ¨± ³¨ (18) ¨ (26) ¨ ¢ ¨Éμ£¥ ¤μ± ¦¥³, ÎÉμ

tg δ±λ (q) = −a±
1 (ν!)2 qνC2

λ(±η)
[
1 + O(q2)

]
∼ −πa±

1

{
exp (−π/q)

1

}
, q → 0.

(85)
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‘²¥¤μ¢ É¥²Ó´μ, ¢ ¶·¥¤¥²¥ q → 0 Ë §  δ+
λ (q) ¡Ò¸É·μ Ê¡Ò¢ ¥É,   Ë §  δ−λ (q)

¸Ìμ¤¨É¸Ö ± ¥¥ §´ Î¥´¨Õ δ−λ (0) ≡ −arctg (πa−
1 ) ¢ ÉμÎ±¥ q = 0. �μÔÉμ³Ê ¢¥·´Ò

¶·¨¡²¨¦¥´¨Ö

σ+
λ (q) ∼ |R|

q
ελ(2πa+

1 )2 exp (−2π/q), σ−
λ (q) ∼ |R|

q
ελ

(2π a−
1 )2

1 + (πa−
1 )2

, q → 0,

(86)
‡´ Î¨É, ¢ ¶·¥¤¥²¥ q → 0 ¸¥Î¥´¨¥ σ−

λ · ¸É¥É ± ± O(q−1),   ¸¥Î¥´¨¥ σ+
λ ¡Ò¸É·μ

Ê¡Ò¢ ¥É ¨ Ô±¸¶μ´¥´Í¨ ²Ó´μ ³ ²μ ¶μ ¸· ¢´¥´¨Õ ¸ ¸¥Î¥´¨¥³ σc
λ.

ˆ§ Ëμ·³Ê² (19) ¨ (85) ¸²¥¤Ê¥É, ÎÉμ |δc
λ(±|η|)| 
 |δ±λ (q)|, ¥¸²¨ q → 0.

�μÔÉμ³Ê

σint
λ (±|η|) ∼ 4

|R|
q

ελ sin [2δc
λ(±|η|)]

{
−π a±

1 exp (−π/q)
sin δ−λ (0)

}
, q → 0 .

‘²¥¤μ¢ É¥²Ó´μ, ¢ ¶·¥¤¥²¥ q → 0 ¸¥Î¥´¨¥ σint
λ (+|η|), μ¸Í¨²²¨·ÊÖ, ¸Ìμ¤¨É¸Ö

± ´Ê²Õ, ¸¥Î¥´¨¥ σint
λ (−|η|) Éμ¦¥ μ¸Í¨²²¨·Ê¥É, ´μ  ³¶²¨ÉÊ¤  ¥£μ μ¸Í¨²²ÖÍ¨°

¢μ§· ¸É ¥É ± ± O(q−1).
‘²ÊÎ ° 2. ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥ (83) ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  ¨

É¥ ¦¥ ¸¶μ¸μ¡Ò, ÎÉμ ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¸²ÊÎ ¥ 1, ´¥É·Ê¤´μ ¢Ò¢¥¸É¨  ¸¨³¶ÉμÉ¨-
Î¥¸±¨¥ (q → 0) ¸μμÉ´μÏ¥´¨Ö

δ±λ (q) ∼ −πa±
2 q2

{
exp (−π/q)

1

}
,

σ±
λ (q) ∼ (2πa±

2 )2 |R| ελ q3

{
exp (−2π/q)

1

}
,

(87)

  § É¥³ ¶μ± § ÉÓ, ÎÉμ

σint
λ (±|η|) ∼ −4π a±

1 |R| q ελ sin [2 δc
λ(±|η|)]

{
exp (−π/q)

1

}
, q → 0 .

‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ¢ μÉ²¨Î¨¥ μÉ ¶·¥¤Ò¤ÊÐ¥£μ Ë §  δ−λ ¨ ¸¥Î¥´¨Ö σ−
λ ,

σint
λ (−|η|) ³μ´μÉμ´´μ ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ, ¥¸²¨ q → 0.

‘²ÊÎ ° 3. ‚ ÔÉμ³ ¸²ÊÎ ¥ ËÊ´±Í¨Ö ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸  μ¶·¥¤¥²Ö¥É¸Ö
¸μμÉ´μÏ¥´¨Ö³¨ (84). Cμ£² ¸´μ Ëμ·³Ê²¥ (26) ¢ ¶¥·¢μ³ ¨§ ´¨Ì q−2h(q) =
−1/6 + O(q2) . �μÔÉμ³Ê

tg δ−λ (q) ∼ ψ(q) ≡ −6π

q2

a−
3

6 + a−
3 (1 − 3 q2 r−3 )

,

σ−
λ (q) ∼ 4

|R|
q

ελ
ψ2(q)

1 + ψ2(q)
, q → 0 .

(88)
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‘²¥¤μ¢ É¥²Ó´μ, ¢ ¶·¥¤¥²¥ q → 0 Ë §  δ−λ ¸Ìμ¤¨É¸Ö ± Î¨¸²Ê −α3 π/2, £¤¥ α3 Å
§´ ± ±μÔËË¨Í¨¥´É  a−

3 ¨²¨ r−3 , ¥¸²¨ a−
3 �= −6 ¨²¨ a−

3 = −6. ˆ§-§  ÔÉμ°
μ¸μ¡¥´´μ¸É¨ Ë §Ò δ−λ ¸¥Î¥´¨¥ σ−

λ ¸μ¤¥·¦¨É ±¢ ¤· É ËÊ´±Í¨¨ sin δc
λ(−|η|) ¨

· ¸É¥É ± ± O(q−1):

σint
λ (−|η|) ∼ 4

|R|
q

ελ sin2 δc
λ(−|η|) , q → 0 .

4.4. �¸¨³¶ÉμÉ¨±¨ ´μ·³¨·μ¢μÎ´ÒÌ ³´μ¦¨É¥²¥° ¨ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°.
‚ÒÖ¢¨³ ¶μ¢¥¤¥´¨¥ ³´μ¦¨É¥²Ö N±(q) ¶·¨ q → 0. „²Ö ÔÉμ£μ ¢ μ¶·¥¤¥²¥-
´¨¨ (30) ÔÉμ£μ ³´μ¦¨É¥²Ö § ³¥´¨³ ËÊ´±Í¨¨ C2

λ ¨ h ¨Ì  ¸¨³¶ÉμÉ¨± ³¨ (18) ¨
(26),   ËÊ´±Í¨¨ c±(v) ¨ s±(v) ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥ · §¡¨¥´¨° (35) ¸ ´μ³¥·μ³
m = 1. ‡ É¥³ ¢μ¸¶μ²Ó§Ê¥³¸Ö ¸¢μ°¸É¢ ³¨ ¶·¥¤¥²Ó´ÒÌ (v → ∞) §´ Î¥´¨° c±0
¨ s±0 ±μ³¶μ´¥´É c±0 (v) ¨ s±0 (v),   ¨³¥´´μ É¥³, ÎÉμ c+

0 �= 0,   ¥¸²¨ c−0 = 0, Éμ
s−0 �= 0 ¨ ´ μ¡μ·μÉ. �² £μ¤ ·Ö ÔÉ¨³ ¸μμÉ´μÏ¥´¨Ö³ ¢ ²Õ¡μ³ ¨§ ¸²ÊÎ ¥¢ 1Ä3,
· ¸¸³μÉ·¥´´ÒÌ ¢ ¶. 4.2 ¨ 4.3, ¨³¥¥³

N+(q) =
1

|c±0 |
+ O(q2) , N−(q) =

1√
(c−0 )2 + (πs−0 )2

+ O(q2) , q → 0 .

’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ · ¤¨ ²Ó´ÊÕ ¢μ²´μ¢ÊÕ ËÊ´±Í¨Õ uλ, ¶·¥¤¸É ¢²¥´´ÊÕ
Ëμ·³Ê² ³¨ (33) Î¥·¥§ ËÊ´±Í¨¨ f±

λ , θ±λ ¨ c±, s±. Š ± ¨§¢¥¸É´μ [4], ¢ ¶·¥-
¤¥²¥ q → 0 ¶·¨ ²Õ¡μ³ v � 0 · §²μ¦¥´¨Ö (34) ËÊ´±Í¨° f±

λ ¨ θ±λ ¸Ìμ¤ÖÉ¸Ö ±
±μ³¶μ´¥´É ³ f±

λ0 ¨ θ±λ0, ±μÉμ·Ò¥ ¸μ£² ¸´μ Ëμ·³Ê² ³ (47) ¶·μ¶μ·Í¨μ´ ²Ó´Ò
ËÊ´±Í¨Ö³ �¥¸¸¥²Ö. ‚ ¸¨²Ê É¥μ·¥³Ò 7 ¢ ¶·¥¤¥²¥ q → 0 · §²μ¦¥´¨Ö (35)
ËÊ´±Í¨° c±(v, q) ¨ s±(v, q) ¢Ò·μ¦¤ ÕÉ¸Ö ¢ ±μ³¶μ´¥´ÉÒ c±0 (v) ¨ s±0 (v). ‘²¥-
¤μ¢ É¥²Ó´μ, ¢ ¶·¥¤¸É ¢²¥´¨¨ (33) ËÊ´±Í¨¨ uλ ³μ¦´μ ¶¥·¥°É¨ ± ¶·¥¤¥²Ê q → 0
¨, ¨¸¶μ²Ó§ÊÖ ¶·¨¢¥¤¥´´Ò¥ ¢ÒÏ¥  ¸¨³¶ÉμÉ¨±¨ ³´μ¦¨É¥²Ö N±, ¶μ²ÊÎ¨ÉÓ ¤¢ 
¶·¥¤¥²Ó´ÒÌ ¸μμÉ´μÏ¥´¨Ö: ¢ ¸²ÊÎ ¥ ±Ê²μ´μ¢¸±μ£μ μÉÉ ²±¨¢ ´¨Ö

u+
λ0(v) ≡ lim

q→0

uλ(ρ, +|η|
qλ+1 Cλ(+|η|) =

ν!
2|c+

0 |
[
c+
0 (v) Iν (v) + 2 s+

0 (v)Kν(v)
]
,

  ¢ ¸²ÊÎ ¥ ±Ê²μ´μ¢¸±μ£μ ¶·¨ÉÖ¦¥´¨Ö

u−
λ0(v) ≡ lim

q→0

uλ(ρ,−|η|)
qλ+1 Cλ(−|η|) =

=
ν!

2
√

(c−0 )2 + (πs−0 )2

[
c−0 (v)Jν(v) − π s−0 (v)Yν(v)

]
.

‘Ëμ·³Ê²¨·Ê¥³ ¤¢  ¸²¥¤¸É¢¨Ö ÔÉ¨Ì ¶·¥¤¥²Ó´ÒÌ ¸μμÉ´μÏ¥´¨°. ‚μ-¶¥·¢ÒÌ, ¶·μ-
¨§¢¥¤¥´¨¥ ËÊ´±Í¨° qλ+1Cλ(±|η|) ¨ u±

λ0(v) Ö¢²Ö¥É¸Ö ¸É ·Ï¨³ ¸² £ ¥³Ò³ ´¨§-
±μÔ´¥·£¥É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±¨ ¢μ²´μ¢μ° ËÊ´±Í¨¨ uλ(ρ,±|η|). ‚μ-¢Éμ·ÒÌ,
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ËÊ´±Í¨Ö u±
λ0(v) Ö¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´Ò³ ·¥Ï¥´¨¥³ ¨¸Ìμ¤´μ° ±· ¥¢μ° § ¤ Î¨

˜·¥¤¨´£¥·  (4)Ä(6) ¢ ¸²ÊÎ ¥ ´Ê²¥¢μ° ¶μ²´μ° Ô´¥·£¨¨ E.

4.5. “¸²μ¢¨Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¤²¨´Ò · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´μ£μ · ¤¨-
Ê¸ . ‚ÒÖ¸´¨³, ± ± ¶μÉ¥´Í¨ ² V (v) ¤μ²¦¥´ Ê¡Ò¢ ÉÓ ¢ ¶·¥¤¥²¥ v → ∞, ÎÉμ¡Ò
¢μ ¢¸¥Ì ¸²ÊÎ ÖÌ 1Ä3 ¤²¨´  · ¸¸¥Ö´¨Ö ¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸ μ± § ²¨¸Ó ±μ-
´¥Î´Ò³¨ ±μ´¸É ´É ³¨. „²Ö ÔÉμ£μ ¨¸¶μ²Ó§Ê¥³ ¸μμÉ´μÏ¥´¨Ö (3), ¸μ¤¥·¦ Ð¨¥
¶ · ³¥É· β, ¨ ¢ ± ¦¤μ³ ¨§ ¸²ÊÎ ¥¢ 1Ä3 ´ °¤¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ Î¨¸²μ, ±μÉμ-
·μ¥ ÔÉμÉ ¶ · ³¥É· ¤μ²¦¥´ ¶·¥¢ÒÏ ÉÓ.

�μ μ¶·¥¤¥²¥´¨Õ, ¤ ´´μ³Ê ¢ · §¤. 1, ±μ·μÉ±μ¤¥°cÉ¢ÊÕÐ¨° ¶μÉ¥´Í¨ ² V
Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Ö³ (3) ¶·¨ ²Õ¡μ³ ¸±μ²Ó Ê£μ¤´μ ¡μ²ÓÏμ³ §´ Î¥´¨¨ ¶ · -
³¥É·  β. �μÔÉμ³Ê ¤²Ö É ±μ£μ ¶μÉ¥´Í¨ ²  ¶·¨ ²Õ¡μ³ ¸±μ²Ó Ê£μ¤´μ ¡μ²ÓÏμ³
´μ³¥·¥ m ²¥³³Ò 1Ä3 ¨ É¥μ·¥³Ò 1Ä7 μ¸É ÕÉ¸Ö ¢ ¸¨²¥. ‘²¥¤μ¢ É¥²Ó´μ, · §¡¨-
¥´¨Ö (72) ¸ÊÐ¥¸É¢ÊÕÉ ¢ ¶·¥¤¥²¥ m → ∞ ¨ ¢Ò·μ¦¤ ÕÉ¸Ö ¢ ÔÉμ³ ¶·¥¤¥²¥ ¢
¡¥¸±μ´¥Î´Ò¥ ·Ö¤Ò,   ¢¸¥ ±μ³¶μ´¥´ÉÒ c±n (v) ¨ s±n (v), n = 0, 1, . . ., ÔÉ¨Ì ·Ö-
¤μ¢ ¢ ÉμÎ±¥ v = ∞ ¶·¨´¨³ ÕÉ ±μ´¥Î´Ò¥ §´ Î¥´¨Ö c±n ¨ s±n . Š ± ¶μ± § ´μ ¢
¶. 4.2, ¤²¨´Ò · ¸¸¥Ö´¨Ö a±

i , i = 1, 2, 3, ¨ ÔËË¥±É¨¢´Ò¥ · ¤¨Ê¸Ò r±i , i = 1, 2, 3,
¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¶·¥¤¥²Ó´Ò¥ §´ Î¥´¨Ö c±n ¨ s±n , n = 0, 1, 2. ‘²¥¤μ¢ É¥²Ó´μ,
¢ ¸²ÊÎ ¥ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ²  V ¢¸¥ É ±¨¥ ¤²¨´Ò · ¸¸¥Ö´¨Ö ¨
ÔËË¥±É¨¢´Ò¥ · ¤¨Ê¸Ò ¸ÊÐ¥¸É¢ÊÕÉ ¨ Ö¢²ÖÕÉ¸Ö ±μ´¥Î´Ò³¨ ±μ´¸É ´É ³¨. �μ-
ÔÉμ³Ê ¢ ÔÉμ³ ¦¥ ¸²ÊÎ ¥ ¢¥·´Ò ¢¸¥  ¸¨³¶ÉμÉ¨Î¥¸±¨¥ ¸μμÉ´μÏ¥´¨Ö, ¢Ò¢¥¤¥´´Ò¥
¢ ¶. 4.2Ä4.4.

‘Î¨É Ö Ê¸²μ¢¨Ö (2) ¢Ò¶μ²´¥´´Ò³¨, · ¸¸³μÉ·¨³ É¥ ¦¥ É·¨ ¸²ÊÎ Ö, ÎÉμ ¨
¢ ¶. 4.2.

‘²ÊÎ ° 1. ‘μ£² ¸´μ Ëμ·³Ê² ³ (81) ¤²¨´  · ¸¸¥Ö´¨Ö a±
1 · ¢´  ¤·μ¡¨

−s±0 /c±0 , ¢ ±μÉμ·μ° c±0 ¨ s±0 Å §´ Î¥´¨Ö ËÊ´±Í¨° c±0 (v) ¨ s±0 (v) ¢ ÉμÎ±¥
v = ∞. Š ± ¶μ± § ´μ ¢ É¥μ·¥³ Ì 3 ¨ 6, É ±¨¥ §´ Î¥´¨Ö ¸ÊÐ¥¸É¢ÊÕÉ ¨ Ö¢²Ö-
ÕÉ¸Ö ±μ´¥Î´Ò³¨, ¥¸²¨ ¢Ò¶μ²´¥´Ò Ê¸²μ¢¨Ö (9). ‘μ£² ¸´μ ¶μ¸²¥¤´¥³Ê ¨§ ´¨Ì
V (v) = o(v−4), ¥¸²¨ v → ∞,   α = 1 ¨²¨ α = −1. ’¥¶¥·Ó § ³¥É¨³, ÎÉμ
±μÔËË¨Í¨¥´É −1/a±

1 ¡Ê¤¥É ¸É ·Ï¨³ ¸² £ ¥³Ò³ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ°  ¸¨³-
¶ÉμÉ¨±¨ (82) ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ , ¥¸²¨ ¸²¥¤ÊÕÐ¥¥ ¸² £ ¥³μ¥ É -
±μ°  ¸¨³¶ÉμÉ¨±¨ ¡Ê¤¥É ¸Ìμ¤¨ÉÓ¸Ö ± ´Ê²Õ ± ± O(q2). „²Ö É ±μ° ¸Ìμ¤¨³μ¸É¨
¸μ£² ¸´μ É¥μ·¥³¥ 7 ¤μ²¦´Ò ¸ÊÐ¥¸É¢μ¢ ÉÓ · §¡¨¥´¨Ö (72) ¸ ´μ³¥·μ³ m = 1.
„²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´Ò³ Ö¢²Ö¥É¸Ö Ê¸²μ¢¨¥ (3), ¢ ±μÉμ·μ³ 2β > 3(m + 1),  
m = 1. ‘²¥¤μ¢ É¥²Ó´μ, ¤²¨´  · ¸¸¥Ö´¨Ö a±

1 ¸ÊÐ¥¸É¢Ê¥É, ¥¸²¨ ¢ Ê¸²μ¢¨¨ (3)
¶ · ³¥É· β ¡μ²ÓÏ¥ É·¥Ì. �·¨¡²¨¦¥´¨Ö (85) ¨ (86) Ë §Ò δ±λ ¨ ¸¥Î¥´¨Ö σ±

λ

¸μ¤¥·¦ É ¥¤¨´¸É¢¥´´Ò° ¶ · ³¥É· Å ¤²¨´Ê · ¸¸¥Ö´¨Ö a±
1 . �μÔÉμ³Ê ÔÉ¨ ¶·¨-

¡²¨¦¥´¨Ö ¨ ¢¸¥ ¢Ò¢¥¤¥´´Ò¥ ¢ ¶. 4.4  ¸¨³¶ÉμÉ¨±¨ ¸¶· ¢¥¤²¨¢Ò ¶·¨ Éμ³ ¦¥
Ê¸²μ¢¨¨ (3), β > 3. …¸²¨ ±Ê²μ´μ¢¸±¨° ¶μÉ¥´Í¨ ² 2η/ρ Ö¢²Ö¥É¸Ö ¶·¨ÉÖ£¨¢ Õ-
Ð¨³ (α = −1), Éμ μ¡¸Ê¦¤ ¥³μ³Ê Ê¸²μ¢¨Õ (3), β > 3, Ê¤μ¢²¥É¢μ·Ö¥É ¤μ¢μ²Ó´μ
³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¨° ¶μÉ¥´Í¨ ² V , ´ ¶·¨³¥·, ¶μÉ¥´Í¨ ² c  ¸¨³¶ÉμÉ¨±μ°
V = O(v−2p), ¢ ±μÉμ·μ° v → ∞,   p > β > 3.
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’¥¶¥·Ó ¢ÒÖ¢¨³ Ê¸²μ¢¨Ö, ¤μ¸É ÉμÎ´Ò¥ ¤²Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö ÔËË¥±É¨¢´μ£μ
· ¤¨Ê¸  r±1 . ‘μ£² ¸´μ Ëμ·³Ê² ³ (81) ÔÉμÉ ¶ · ³¥É· ¶·¥¤¸É ¢²Ö¥É¸Ö Î¥·¥§
§´ Î¥´¨Ö c±n ¨ s±n , n � m = 1, ËÊ´±Í¨° c±n (v) ¨ s±n (v), n � m = 1,
¢ ÉμÎ±¥ v = ∞. Š ± ¶μ± § ´μ ¢ É¥μ·¥³ Ì 3 ¨ 6, É ±¨¥ §´ Î¥´¨Ö ¸ÊÐ¥-
¸É¢ÊÕÉ ¨ Ö¢²ÖÕÉ¸Ö ±μ´¥Î´Ò³¨ ¶·¨ Ê¸²μ¢¨ÖÌ (3), ¢ ±μÉμ·ÒÌ β > 3(m + 1),
  m = 1. ‘² £ ¥³μ¥ q2 r±1 ¡Ê¤¥É ¸² £ ¥³Ò³ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ°  ¸¨³¶Éμ-
É¨±¨ (82) ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ , ¥¸²¨ ¸²¥¤ÊÕÐ¥¥ ¸² £ ¥³μ¥ É ±μ°
 ¸¨³¶ÉμÉ¨±¨ ¡Ê¤¥É ¸Ìμ¤¨ÉÓ¸Ö ± ´Ê²Õ ± ± O(q4). ‘μ£² ¸´μ É¥μ·¥³¥ 7 ¤²Ö ÔÉμ£μ
¤μ²¦´Ò ¸ÊÐ¥¸É¢μ¢ ÉÓ · §¡¨¥´¨Ö (72) ¸ ´μ³¥·μ³ m = 2. ’ ±¨¥ · §¡¨¥´¨Ö,  
§´ Î¨É, ¨ ÔËË¥±É¨¢´Ò° · ¤¨Ê¸ r±1 , ¸ÊÐ¥¸É¢ÊÕÉ ¶·¨ Ê¸²μ¢¨ÖÌ (3), ¢ ±μÉμ·ÒÌ
2β > 3(m + 1),   m = 2. 	É¨ Ê¸²μ¢¨Ö μ§´ Î ÕÉ, ÎÉμ β > 9/2, ¨ Ö¢²ÖÕÉ¸Ö
¤μ¸É ÉμÎ´Ò³¨.

‘²ÊÎ ¨ 2 ¨ 3. ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨Ö (83) ¨ (84) ËÊ´±Í¨° ÔËË¥±É¨¢´μ£μ
· ¤¨Ê¸  ¨ É¥ ¦¥ ¸¶μ¸μ¡Ò, ÎÉμ ¨ ¢ · ¸¸³μÉ·¥´´μ³ ¢ÒÏ¥ ¸²ÊÎ ¥ 1, ´¥É·Ê¤´μ
¶·¨°É¨ ± ¸²¥¤ÊÕÐ¨³ ¢Ò¢μ¤ ³. “¸²μ¢¨Ö (3), ¢ ±μÉμ·ÒÌ β > 3(m + 1),  
m = 2, Ö¢²ÖÕÉ¸Ö ¤μ¸É ÉμÎ´Ò³¨ ¤²Ö ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¤²¨´ · ¸¸¥Ö´¨Ö a±

2 ¨ a±
3

¨ ¶·¨¡²¨¦¥´¨° (87) Ë §Ò δ±λ ¨ ¸¥Î¥´¨Ö σ±
λ . �·¨ Ê¸²μ¢¨ÖÌ (3), ¢ ±μÉμ·ÒÌ

β > 3(m + 1),   m = 3, § ¢¥¤μ³μ ¸ÊÐ¥¸É¢ÊÕÉ ÔËË¥±É¨¢´Ò¥ · ¤¨Ê¸Ò r±2 ¨ r±3 ,
  Ë §  δ−λ ¨ ¸¥Î¥´¨¥ σ−

λ ¨³¥ÕÉ  ¸¨³¶ÉμÉ¨±¨ (88).

‡�Š‹	—…�ˆ…

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¢¶¥·¢Ò¥ ¤ ´μ · ¸Ï¨·¥´¨¥ É¥μ·¨¨ ¤¢Ê³¥·´μ£μ ¶μÉ¥´-
Í¨ ²Ó´μ£μ · ¸¸¥Ö´¨Ö ´  ¸²ÊÎ ° ¸Ê¶¥·¶μ§¨Í¨¨ ±Ê²μ´μ¢¸±μ£μ ¨ Í¥´É· ²Ó´μ£μ
±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ²μ¢. ‚ · §¤. 2 ¨ 3 ¶·¥¤²μ¦¥´ ¨ μ¡μ¸´μ¢ ´
 ¸¨³¶ÉμÉ¨Î¥¸±¨° ¢ ¶·¥¤¥²¥ ´¨§±¨Ì Ô´¥·£¨° ³¥Éμ¤. ‚ ÔÉμ³ ³¥Éμ¤¥ ±²ÕÎ¥¢μ°
Ö¢²Ö¥É¸Ö ·¥±Ê··¥´É´ Ö ¶μ ´μ³¥·Ê n = 0, 1, . . . ¨ Ô´¥·£μ´¥§ ¢¨¸¨³ Ö Í¥¶μÎ± 
²¨´¥°´ÒÌ § ¤ Î ŠμÏ¨ (36), (37) ¤²Ö ±μ³¶μ´¥´É c±n ¨ s±n . „μ± § ´μ, ÎÉμ ¶·¨
²Õ¡μ³ §´ Î¥´¨¨ ±¢ ´Éμ¢μ£μ Î¨¸²  λ ÔÉ  Í¥¶μÎ±  μ¤´μ§´ Î´μ · §·¥Ï¨³  ¢
±² ¸¸¥ ËÊ´±Í¨°, ´¥¶·¥·Ò¢´ÒÌ ´  ¶μ²Êμ¸¨ v � 0. ‚ · §¤. 4 ¶·¥¤²μ¦¥´´Ò°
³¥Éμ¤ ¶·¨³¥´¥´ ¤²Ö ¢Ò¢μ¤  ¨  ´ ²¨§  ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì ¶·¨¡²¨¦¥´¨°
ËÊ´±Í¨¨ ÔËË¥±É¨¢´μ£μ · ¤¨Ê¸ , · ¤¨ ²Ó´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨°, ¶ ·Í¨ ²Ó-
´ÒÌ Ë § ¨ ¸¥Î¥´¨° ¤¢Ê³¥·´μ£μ Ö¤¥·´μ-±Ê²μ´μ¢¸±μ£μ · ¸¸¥Ö´¨Ö. ’ ±¨¥ ¶·¨-
¡²¨¦¥´¨Ö ¶μ²ÊÎ¥´Ò ¢¶¥·¢Ò¥ ¨ ¢ ± Î¥¸É¢¥ ´¥¨§¢¥¸É´ÒÌ ËÊ´±Í¨° ¸μ¤¥·¦ É
²¨ÏÓ ±μ³¶μ´¥´ÉÒ c±n ¨ s±n , n � 2, ¢ÒÎ¨¸²¥´¨¥ ±μÉμ·ÒÌ ´¥ ³μ¦¥É ¢Ò§¢ ÉÓ
± ±¨Ì-²¨¡μ ¶·¨´Í¨¶¨ ²Ó´ÒÌ § É·Ê¤´¥´¨°.
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