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„²Ö ´ Î ²  ¶¥·¥Î¨¸²¨³ μ¸´μ¢´Ò¥ ¶·¥¤¶μ²μ¦¥´¨Ö. �Ê¸ÉÓ ¢ É·¥Ì³¥·´μ³
¶·μ¸É· ´¸É¢¥ R3 ¸É ´¤ ·É´Ò³ μ¡· §μ³ [1] μ¶·¥¤¥²¥´  ¸Ë¥·¨Î¥¸± Ö ¸¨¸É¥³ 
±μμ·¤¨´ É S3(r, θ, ϕ) ¸ ´ Î ²Ó´μ° ÉμÎ±μ° O. �·¥¤¶μ²μ¦¨³, ÎÉμ ±¢ ´Éμ¢ Ö
Î ¸É¨Í  μ¡² ¤ ¥É ³ ¸¸μ° m, ¶μ²´μ° Ô´¥·£¨¥° E ¨ ¢ ¸¨¸É¥³¥ S3(r, θ, ϕ) ¨³¥¥É
· ¤¨Ê¸-¢¥±Éμ· r. �Ê¤¥³ ¸Î¨É ÉÓ ÉμÎ±Ê O ´¥¶μ¤¢¨¦´Ò³ ¸¨²μ¢Ò³ Í¥´É·μ³, ¢μ§-
¤¥°¸É¢ÊÕÐ¨³ ´  ±¢ ´Éμ¢ÊÕ Î ¸É¨ÍÊ ¶μ¸·¥¤¸É¢μ³ ¶·¨ÉÖ£¨¢ ÕÐ¥£μ Í¥´É· ²Ó-
´μ£μ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ² 

V (r) = −V0 r−α, V0 > 0, α ∈ (0, 2). (1)

’·¥Ì³¥·´μ¥ · ¸¸¥Ö´¨¥ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ ¶μ²¥ ¶μÉ¥´Í¨ ²  É¨¶  (1)
¤μ ¸¨Ì ¶μ· ´¥ ¨¸¸²¥¤μ¢ ´μ ¢ ¶μ²´μ³ μ¡Ñ¥³¥. ‡  ¨¸±²ÕÎ¥´¨¥³ ±Ê²μ´μ¢¸±μ£μ
¸²ÊÎ Ö (α = 1) ÉμÎ´Ò¥ ·¥Ï¥´¨Ö § ¤ Î¨ · ¸¸¥Ö´¨Ö ¨ § ¤ Î¨ ´  ¸¢Ö§ ´´Ò¥
¸μ¸ÉμÖ´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ É ±μ³ ¶μ²¥ ´¥¨§¢¥¸É´Ò. ‚ · ¡μÉ¥ [2] ¶·¨
Ê¸²μ¢¨ÖÌ α ∈ (1, 2) ¨ V0 < 0 ¨²¨ V0 > 0 ¢¶¥·¢Ò¥ ´ °¤¥´Ò ¤¢  ¶¥·¢ÒÌ
¸² £ ¥³ÒÌ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì  ¸¨³¶ÉμÉ¨± ¶ ·Í¨ ²Ó´ÒÌ Ë § É·¥Ì³¥·´μ£μ
· ¸¸¥Ö´¨Ö. ‘É ·Ï¥¥ ¸² £ ¥³μ¥  ³¶²¨ÉÊ¤Ò É·¥Ì³¥·´μ£μ · ¸¸¥Ö´¨Ö ¶·¨ É¥Ì ¦¥
Ê¸²μ¢¨ÖÌ ¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´μ ¢ · ¡μÉ¥ [3]. �¢Éμ·Ò · ¡μÉ [2, 3] ¨¸¶μ²Ó§μ¢ ²¨
³¥Éμ¤ ¶μ¸É·μ¥´¨Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì ·¥Ï¥´¨° ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
¢Éμ·μ£μ ¶μ·Ö¤±  ¸ ³ ²Ò³ ¶ · ³¥É·μ³ ¶¥·¥¤ ¸É ·Ï¥° ¶·μ¨§¢μ¤´μ° [4].


ÉμÉ ¦¥ ³¥Éμ¤ ¶·¨³¥´Ö¥É¸Ö ¢ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ¤²Ö  ²ÓÉ¥·´ É¨¢´μ£μ ¤μ-
± § É¥²Ó¸É¢  ¶· ¢¨²  ±¢ ´Éμ¢ ´¨Ö �μ· Ä‡μ³³¥·Ë¥²Ó¤  [1] ¨ ¢Ò¢μ¤  ¶·μ¸Éμ£μ
¶·¨¡²¨¦¥´¨Ö Ô´¥·£¨° ¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ ¶μ²¥
³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¥£μ ¶μÉ¥´Í¨ ²  (1).

1. ˆ‘•�„��Ÿ ��„ˆ�‹œ��Ÿ ‡�„�—�
�� ‘‚Ÿ‡���›… ‘�‘’�Ÿ�ˆŸ Š‚��’�‚�‰ —�‘’ˆ–›

�μ μ¶·¥¤¥²¥´¨Õ (1) ¸É¥¶¥´´μ° ¶μÉ¥´Í¨ ² § ¢¨¸¨É Éμ²Ó±μ μÉ · ¸¸ÉμÖ´¨Ö r
³¥¦¤Ê ±¢ ´Éμ¢μ° Î ¸É¨Í¥° ¨ ¸¨²μ¢Ò³ Í¥´É·μ³ O ¨ ¶μÔÉμ³Ê ¶·¨´ ¤²¥¦¨É
±² ¸¸Ê ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´ÒÌ ¶μÉ¥´Í¨ ²μ¢. Š ± ¨§¢¥¸É´μ [1], ¢ ¸²ÊÎ ¥
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¶μÉ¥´Í¨ ²μ¢ É ±μ£μ É¨¶  ¶¥·¥³¥´´Ò¥ r, θ ¨ ϕ · §¤¥²ÖÕÉ¸Ö. �μÔÉμ³Ê ¸μ¸Éμ-
Ö´¨Ö |E, �, m�〉 ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ Ì · ±É¥·¨§ÊÕÉ¸Ö É·¥³Ö ¸μÌ· ´ÖÕÐ¨³¨¸Ö
±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨: ¶μ²´μ° Ô´¥·£¨¥° E, Ê£²μ¢Ò³ ³μ³¥´Éμ³ � = 0, 1, . . . ¨
³ £´¨É´Ò³ ±¢ ´Éμ¢Ò³ Î¨¸²μ³ m� = −�,−� + 1, . . . , �. �μ Éμ° ¦¥ ¶·¨Î¨´¥
É·¥Ì³¥·´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¤²Ö ¶μ²´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¨ ±¢ ´Éμ¢μ°
Î ¸É¨ÍÒ ¸¢μ¤¨É¸Ö ± ¸Î¥É´μ° (� = 0, 1, . . .) ¸μ¢μ±Ê¶´μ¸É¨ · ¤¨ ²Ó´ÒÌ Ê· ¢´¥-
´¨° ˜·¥¤¨´£¥·  ¤²Ö · ¤¨ ²Ó´ÒÌ ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ũ�(r, E), ´¥ § ¢¨¸ÖÐ¨Ì
μÉ ±¢ ´Éμ¢μ£μ Î¨¸²  m�.

‚μ²´μ¢ Ö ËÊ´±Í¨Ö u�(r, E) ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö |E, �, m�〉, E < 0, ±¢ ´-
Éμ¢μ° Î ¸É¨ÍÒ ¶μ¤Î¨´Ö¥É¸Ö · ¤¨ ²Ó´μ³Ê Ê· ¢´¥´¨Õ ˜·¥¤¨´£¥· {

�
2

2m

[
∂2

r − �(� + 1)
r2

]
+ V0

1
rα

+ E

}
ũ�(r, E) = 0, r > 0, (2)

¸ Ê¸²μ¢¨¥³

ũ�(r, E) = O(r�+1), r → 0, (3)

¨ Ê¸²μ¢¨¥³

ũ�(r, E) = o(ρ−1/2), ρ = kr → ∞, k ≡
√
−2m

�2
E. (4)

‘Ëμ·³Ê²¨·μ¢ ´´ Ö ¢ÒÏ¥ ±· ¥¢ Ö § ¤ Î  (2)Ä(4) ¸μ¤¥·¦¨É ±μ´¸É ´ÉÊ
�² ´±  � ¨ Ö¢²Ö¥É¸Ö ¨¸Ìμ¤´μ° ¤²Ö ´ Ï¨Ì ¨¸¸²¥¤μ¢ ´¨° μ¤´μ³¥·´μ° § ¤ -
Î¥° ´  μÉ·¨Í É¥²Ó´Ò¥ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö E = En� < 0. ‘μ£² ¸´μ ±Ê·¸Ê
±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ [1], ± ¦¤μ¥ É ±μ¥ §´ Î¥´¨¥ Ö¢²Ö¥É¸Ö Ô´¥·£¨¥° ¸¢Ö§ ´-
´μ£μ ¸μ¸ÉμÖ´¨Ö |En�, �, m�〉 ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ, Î¨¸²μ n É ±¨Ì ¸¢Ö§ ´´ÒÌ ¸μ-
¸ÉμÖ´¨° · ¢´μ ¡¥¸±μ´¥Î´μ¸É¨, ¶·¨ Ê¢¥²¨Î¥´¨¨ ÔÉμ£μ Î¨¸²  ¢¸¥ Ô´¥·£¨¨ En�,
³μ´μÉμ´´μ ¢μ§· ¸É Ö, ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ ¸²¥¢ :

En� > En+1,�, n = 0, 1, . . . ; En� → 0−, n → ∞.

‘²¥¤μ¢ É¥²Ó´μ, ¸μ¸ÉμÖ´¨¥ ¸ |En�, �, m�〉 ¸ ´μ³¥·μ³ n = 0 Ö¢²Ö¥É¸Ö μ¸´μ¢-
´Ò³,   ¶·¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ³ §´ Î¥´¨¨ ´μ³¥·  n Ô´¥·£¨Ö ¸¢Ö§¨ Bn,� =
−En� ¸μ¸ÉμÖ´¨Ö |En�, �, m�〉 ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ´ ³´μ£μ ³¥´ÓÏ¥ Ô´¥·£¨¨
¸¢Ö§¨ B0� = −E0� ¥¥ μ¸´μ¢´μ£μ ¸μ¸ÉμÖ´¨Ö. �μÔÉμ³Ê ¢¸¥ ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö
|En�, �, m�〉 ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¸ ¡μ²ÓÏ¨³ (n � 1) ´μ³¥·μ³ n ´ §Ò¢ ÕÉ¸Ö
¸² ¡μ¸¢Ö§ ´´Ò³¨.

‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ ¸É¥¶¥´´μ£μ ¶μÉ¥´Í¨ ²  (1) ¤²Ö Ô´¥·£¨¨ En�

²Õ¡μ£μ (n = 0, 1, . . .) ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö c ´¥´Ê²¥¢Ò³ Ê£²μ¢Ò³ ³μ³¥´Éμ³ �
´¥É·Ê¤´μ ¶μ²ÊÎ¨ÉÓ ¶·μ¸ÉÊÕ ¨ Ö¢´ÊÕ μÍ¥´±Ê ¸´¨§Ê. „²Ö ¢Ò¢μ¤  É ±μ° μÍ¥´±¨
¢μ¸¶μ²Ó§Ê¥³¸Ö ¨§¢¥¸É´Ò³ ¢ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ [1] ¶· ¢¨²μ³: ¥¸²¨ Ê¡Ò¢ -
ÕÐ¨° ¢ ¶·¥¤¥²¥ r → ∞ ¶μÉ¥´Í¨ ² U(r) ¨³¥¥É ¥¤¨´¸É¢¥´´Ò° ²μ± ²Ó´Ò°
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³¨´¨³Ê³ ¢ ´¥±μÉμ·μ° ÉμÎ±¥ ru < ∞ ¨ ¥£μ §´ Î¥´¨¥ U(ru) ¢ ÔÉμ° ÉμÎ±¥ μÉ-
·¨Í É¥²Ó´μ¥, Éμ Ô´¥·£¨Ö E ²Õ¡μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ
¢ ¶μ²¥ É ±μ£μ ¶μÉ¥´Í¨ ²  ¡μ²ÓÏ¥ ÔÉμ£μ §´ Î¥´¨Ö: E > U(ru).

“· ¢´¥´¨¥ (2) ¨´É¥·¶·¥É¨·Ê¥³ ± ± · ¤¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥· 
¤²Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ, ¤¢¨¦ÊÐ¥°¸Ö ´  ¶μ²Êμ¸¨ r > 0 ¢ ¶μ²¥ ÔËË¥±É¨¢´μ£μ
¶μÉ¥´Í¨ ² 

U(r) =
�

2

2m

�(� + 1)
r2

− V0

rα
.

‚ ¸²ÊÎ ¥ � = 0 ¶μÉ¥´Í¨ ² U(r) ´¥μ£· ´¨Î¥´´μ Ê¡Ò¢ ¥É ¢ ¶·¥¤¥²¥ r → 0
¨ ³μ´μÉμ´´μ ¢μ§· ¸É ¥É ´  ¢¸¥° ¶μ²Êμ¸¨ r > 0. ‘²¥¤μ¢ É¥²Ó´μ, ¶μÉ¥´Í¨ ²
U(r) ¨³¥¥É ¥¤¨´¸É¢¥´´Ò° ³¨´¨³Ê³ ¢ ÉμÎ±¥ r = ru = 0, ´μ ¢ ÔÉμ° ÉμÎ±¥
U(ru) = −∞. �μÔÉμ³Ê μÍ¥´±  E > U(ru) ¢Ò·μ¦¤ ¥É¸Ö ¢ ³ ²μ¨´Ëμ·³ É¨¢-
´μ¥ ´¥· ¢¥´¸É¢μ E > −∞.

‚ ¸²ÊÎ ¥ � ≥ 1 ¶μÉ¥´Í¨ ² U(r) μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó ¢ μ¤´μ° ÉμÎ±¥ r = r0,

r0 =
[

�
2

2m

�(� + 1)
V0

]1/(2−α)

,

¢ μ¡² ¸É¨ r < r0 Ö¢²Ö¥É¸Ö μÉÉ ²±¨¢ ÕÐ¨³ (U > 0),   ¢ μ¡² ¸É¨ r > r0 Å
¶·¨ÉÖ£¨¢ ÕÐ¨³ (U < 0) ¶μÉ¥´Í¨ ²μ³. ‚ Éμ³ ¦¥ ¸²ÊÎ ¥ ¶μÉ¥´Í¨ ² U(r) ¨³¥¥É
¥¤¨´¸É¢¥´´Ò° ²μ± ²Ó´Ò° ³¨´¨³Ê³ ¨ ¢ ÉμÎ±¥ r = ru,

ru =
[

�
2

m

�(� + 1)
αV0

]1/(2−α)

, � ≥ 1,

¤μ¸É¨£ ¥É ¸¢μ¥£μ ³¨´¨³ ²Ó´μ£μ §´ Î¥´¨Ö U(ru). ‘²¥¤μ¢ É¥²Ó´μ, ¤²Ö Ô´¥·-
£¨¨ En� ²Õ¡μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö |En�, �, m�〉 ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢¥·´ 
μÍ¥´±  ¸´¨§Ê

En� > U(ru) = −2 − α

2

[
m

�2

αV
2/α
0

�(� + 1)

]α/(2−α)

V0, n = 0, 1, . . . , � ≥ 1.

‚¸²¥¤¸É¢¨¥ ÔÉμ° μÍ¥´±¨ Ô´¥·£¨Ö ¸¢Ö§¨ B0� = −E0� μ¸´μ¢´μ£μ ¸¢Ö§ ´´μ£μ
¸μ¸ÉμÖ´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ Ê³¥´ÓÏ ¥É¸Ö, ¥¸²¨ Ê³¥´ÓÏ ¥É¸Ö ¶ · ³¥É· V0

¶μÉ¥´Í¨ ²  (1) ¨²¨ ¦¥ ¢μ§· ¸É ¥É ±¢ ´Éμ¢μ¥ Î¨¸²μ �.

2. ��…‡��‡Œ…�…���Ÿ ��„ˆ�‹œ��Ÿ ‡�„�—�
�� ‘‚Ÿ‡���›… ‘�‘’�Ÿ�ˆŸ Š‚��’�‚�‰ —�‘’ˆ–›

‘¢¥¤¥³ ¨¸Ìμ¤´ÊÕ § ¤ ÎÊ ˜·¥¤¨´£¥·  (2)Ä(4) ± μ¡¥§· §³¥·¥´´μ° ±· ¥¢μ°
§ ¤ Î¥,  ¤ ¶É¨·μ¢ ´´μ° ¤²Ö ¨¸¸²¥¤μ¢ ´¨Ö ¨§¢¥¸É´Ò³  ¸¨³¶ÉμÉ¨Î¥¸±¨³ ³¥Éμ-
¤μ³ [4], ±μÉμ·Ò° ±· É±μ ¨§² £ ¥É¸Ö ¢ · §¤. 3 ¨ ¨¸¶μ²Ó§Ê¥É¸Ö ¢ · §¤. 4.
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� · ³¥É· ν ¨ Ê¤μ¡´ÊÕ ¥¤¨´¨ÍÊ ¨§³¥·¥´¨Ö rα · ¸¸ÉμÖ´¨Ö r μ¶·¥¤¥²¨³
Ëμ·³Ê² ³¨

ν ≡ 2 − α

α
, rα =

(
�

2

2mV0

)1/(2−α)

.

‚¢¥¤¥³ ¡¥§· §³¥·´Ò¥  ·£Ê³¥´ÉÒ q, x ¨ ρ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

q ≡ k = rα

√
2m

h2
(−E), x ≡ q2/α r

rα
, ρ ≡ kr = q−νx.

„ ²¥¥ ¡Ê¤¥³ ¨¸¶μ²Ó§μ¢ ÉÓ ¶μ¤¸É ´μ¢±Ê

r = q−2/α x rα, ũ�(r, E) = u�(x, q), s = qν
√

�(� + 1)

¨ ¶·¥¤¸É ¢²¥´¨¥ μÉ·¨Í É¥²Ó´μ° ¶μ²´μ° Ô´¥·£¨¨

E = − 1
2m

(
�q

rα

)2

= −Eα q2, Eα ≡
(

�
2

2m

)α/(α−2)

V
2/(2−α)
0 . (5)


Éμ° ¶μ¤¸É ´μ¢±μ° ¸¢¥¤¥³ ¨¸Ìμ¤´ÊÕ ±· ¥¢ÊÕ § ¤ ÎÊ (2)Ä(4) ± Ê· ¢´¥´¨Õ

[
q2ν ∂2

x + p2(x, s)
]

u�(x, q) = 0, x > 0, (6)

¢ ±μÉμ·μ³ ¶μ μ¶·¥¤¥²¥´¨Õ s = qν
√

�(� + 1),

p2(x, s) =
(

1
x

)α

−
( s

x

)2

− 1, (7)

  ¨¸±μ³ Ö ËÊ´±Í¨Ö u�(x, q) Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ

u�(x, q) = O
(
x�+1

)
, q2/αx → 0, (8)

¨ Ê¸²μ¢¨Õ

u�(x, q) = o(ρ−1/2), ρ = q−νx → ∞. (9)

‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ ¸μ£² ¸´μ Ëμ·³Ê² ³ (5) · §³¥·´ Ö ¢¥²¨Î¨´  Eα

¨³¥¥É ¸³Ò¸² ¥¤¨´¨ÍÒ ¨§³¥·¥´¨Ö Ô´¥·£¨¨ E ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö |En�, �, m�〉,
  ³ ²Ò³ §´ Î¥´¨Ö³ Ô´¥·£¨¨ ¸¢Ö§¨ Bn� = −En� μÉ¢¥Î ÕÉ ³ ²Ò¥ §´ Î¥´¨Ö
qn� =

√
Bn�/Eα ¶¥·¥³¥´´μ° q. �μÔÉμ³Ê ¸² ¡μ¸¢Ö§ ´´Ò³ ¸μ¸ÉμÖ´¨¥³ ¸Î¨-

É ¥³ ¸μ¸ÉμÖ´¨¥ |En�, �, m�〉 ¸ q = qn� 	 1.
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3. �‘ˆŒ�’�’ˆ—…‘Š�… “��‚�…�ˆ…
ˆ ���‚ˆ‹� Š‚��’�‚��ˆŸ ����Ä‡�ŒŒ…�”…‹œ„�

‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ q 	 1 Ê· ¢´¥´¨¥ (6) Ö¢²Ö¥É¸Ö Ê· ¢´¥´¨¥³
¢Éμ·μ£μ ¶μ·Ö¤±  ¸ ³ ²Ò³ ¶ · ³¥É·μ³ q2ν ¶¥·¥¤ ¸É ·Ï¥° ¶·μ¨§¢μ¤´μ°. �·¨-
¡²¨¦¥´´Ò¥ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° É ±μ£μ É¨¶  ³μ¦´μ ´ °É¨ ¨§¢¥¸É´Ò³  ¸¨³-
¶ÉμÉ¨Î¥¸±¨³ ³¥Éμ¤μ³ [4]. � ¶μ³´¨³ μ¸´μ¢´Ò¥ ÔÉ ¶Ò ·¥ ²¨§ Í¨¨ ÔÉμ£μ ³¥-
Éμ¤  ´  ¶·¨³¥·¥ ´ Ï¥° ±· ¥¢μ° § ¤ Î¨ (6)Ä(9) ¢ ¸²ÊÎ ¥, ±μ£¤  Ê· ¢´¥´¨¥
p2(x, s) = 0 ´  ¶μ²Êμ¸¨ x ≥ 0 ¨³¥¥É ¤¢  ¶·μ¸ÉÒÌ ±μ·´Ö x1(s) ¨ x2(s), É ±¨Ì
ÎÉμ x1(s) < x2(s).

�  ¶¥·¢μ³ ÔÉ ¶¥ ¸É·μÖÉ¸Ö ¤¢  ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ·¥Ï¥´¨Ö Ê· ¢´¥-
´¨Ö (6), ±μÉμ·Ò¥ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ¢ ¢¨¤¥

u±(x, q) =
1√

p(x, s)
exp

⎧⎪⎨
⎪⎩± ı

qν

x∫
v(s)

p(t, s) dt +
∞∑

j=1

(qν)k

x∫
v(s)

ωj(t, s) dt

⎫⎪⎬
⎪⎭ .

(10)
‚ ÔÉμ³ ¶·¥¤¸É ¢²¥´¨¨ qν → 0, ´¨¦´¨° ¶·¥¤¥² v(s) μ¡μ¨Ì ¨´É¥£· ²μ¢ ¢Ò-
¡¨· ¥É¸Ö ¨§ ¤μ¶μ²´¨É¥²Ó´ÒÌ Ê¸²μ¢¨°,   ¢¸¥ ËÊ´±Í¨¨ ωj(t, s), j = 1, 2, . . .,
Ê¤μ¢²¥É¢μ·ÖÕÉ ¨§¢¥¸É´Ò³ ·¥±Ê··¥´É´Ò³ ¶μ ´μ³¥·Ê j Ê· ¢´¥´¨Ö³. ‚ÒÎ¨¸²¥-
´¨¥ É ±¨Ì ËÊ´±Í¨° Å ¤μ¢μ²Ó´μ ¸²μ¦´ Ö § ¤ Î , ¶μÔÉμ³Ê ¢³¥¸Éμ ·¥Ï¥´¨° (10)
¨¸¶μ²Ó§ÊÕÉ¸Ö ¨Ì  ¸¨³¶ÉμÉ¨±¨

u±(x, q) =
1√

p(x, s)
exp

⎧⎪⎨
⎪⎩± ı

qν

x∫
b(s)

p(t, s) dt + O(qν)

⎫⎪⎬
⎪⎭ , qν → 0. (11)

‚Éμ·μ° ÔÉ ¶ ¸¢μ¤¨É¸Ö ± ÊÎ¥ÉÊ ¶μ¶· ¢±¨ ‹ ´£¥· . „²Ö ÔÉμ£μ ¶·μ¨§¢¥¤¥´¨¥
�(�+1) § ³¥´Ö¥É¸Ö ±¢ ¤· Éμ³ ¸Ê³³Ò �+1/2. �μ¸²¥ É ±μ° § ³¥´Ò ¢¥²¨Î¨´  s
¸É ´μ¢¨É¸Ö · ¢´μ° ¶·μ¨§¢¥¤¥´¨Õ qν(� + 1/2).

’·¥É¨° ÔÉ ¶ § ±²ÕÎ ¥É¸Ö ¢ ¶μ¸É·μ¥´¨¨ ¶·¨¡²¨¦¥´¨Ö ¨¸±μ³μ° ¢μ²´μ¢μ°
ËÊ´±Í¨¨ u�(x, q) ¢ ¢¨¤¥ É·¥Ì ²¨´¥°´ÒÌ ±μ³¡¨´ Í¨° ¤¢ÊÌ ËÊ´±Í¨° (11). � 
¨´É¥·¢ ²¥ 0 ≤ x < x1(s), ´  μÉ·¥§±¥ x1 ≤ x ≤ x2(s) ¨ ´  ¶μ²Ê¶·Ö³μ°
x > x2(s) ¨¸¶μ²Ó§ÊÕÉ¸Ö ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ ¸ § · ´¥¥ ´¥¨§¢¥¸É´Ò³¨ ±μ-
ÔËË¨Í¨¥´É ³¨,   ´¨¦´¨° ¶·¥¤¥² v(s) ¨´É¥£· ²  ¢ Ëμ·³Ê² Ì (11) μ¶·¥¤¥²Ö¥É¸Ö
¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ · ¢¥´¸É¢ ³¨ v(s) = 0, v(s) = x1(s) ¨²¨ v(s) = x2(s). ‚¸¥
±μÔËË¨Í¨¥´ÉÒ ´ Ìμ¤ÖÉ¸Ö ¨§ £· ´¨Î´ÒÌ Ê¸²μ¢¨° ¨ Ê¸²μ¢¨Ö ´¥¶·¥·Ò¢´μ¸É¨
¶·¨¡²¨¦¥´¨Ö ËÊ´±Í¨¨ u�(x, q) ¢ ÉμÎ± Ì x = x1(s) ¨ x = x2(s). �μ¸²¥¤´¥¥
Ê¸²μ¢¨¥ ¢Ò¶μ²´Ö¥É¸Ö Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ³ ²Ò° ¶ · ³¥É· qν Ö¢²Ö¥É¸Ö
±μ·´¥³  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö

1
qν

I(s) = π

(
n +

1
2

)
+ O

(
1
n

)
, n → ∞. (12)
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‚ ÔÉμ³ Ê· ¢´¥´¨¨ n Å ¡μ²ÓÏμ¥ Í¥²μ¥ Î¨¸²μ, s = qν (� + 1/2) ¨ ¶μ μ¶·¥¤¥-
²¥´¨Õ

I(s) =

x2(s)∫
x1(s)

p(x, s) dx. (13)

‘μ£² ¸´μ Ëμ·³Ê² ³ (5) ± ¦¤μ³Ê (n � 1, � = 0, 1, . . .) ±μ·´Õ q = qν
n� Ê· ¢-

´¥´¨Ö (12) μÉ¢¥Î ¥É Ô´¥·£¨Ö E = En� = −Eα q2
n� ¸² ¡μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö

|En�, �, m�〉.
’¥¶¥·Ó ¢ Ê· ¢´¥´¨¨ (12) μÉ¡·μ¸¨³ μ¸É ÉμÎ´Ò° Î²¥´ O(1/n), ´μ ¸μÌ· ´¨³

Ê¸²μ¢¨¥ n � 1. ‡ É¥³, ¶μ²μ¦¨¢ x = q2/α(r/rα) ¨ q =
√

E/Eα, ¶¥·¥°¤¥³ ±
· §³¥·´Ò³ ¶¥·¥³¥´´Ò³ r ¨ E, ¸¨³¢μ² ³¨ r1 ¨ r2 μ¡μ§´ Î¨³ ¶·μ¸ÉÒ¥ ´Ê²¨
ËÊ´±Í¨¨ E − W (r), ¢ ±μÉμ·μ° ¶μÉ¥´Í¨ ² W (r) μ¶·¥¤¥²¥´ Ëμ·³Ê²μ°

W (r) =
�

2

2m

(� + 1/2)2

r2
− V0

rα
.

‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ Ê· ¢´¥´¨¥ ¤²Ö ¨¸±μ³μ° Ô´¥·£¨¨ E = En� ¸¢Ö§ ´´μ£μ ¸μ¸Éμ-
Ö´¨Ö |En�, �, m�〉 c ¤ ´´Ò³¨ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ n � 1 ¨ �. �·¥¤¸É ¢¨³ ÔÉμ
Ê· ¢´¥´¨¥ ¢ ¢¨¤¥ Ê· ¢´¥´¨Ö

1
�

r2∫
r1

√
2m [E − W (r) ] dr = π

(
n +

1
2

)
, n � 1. (14)

’ ±μ¥ Ê· ¢´¥´¨¥ ¤ ¢´μ ¨§¢¥¸É´μ ± ± ¶· ¢¨²μ ±¢ ´Éμ¢ ´¨Ö �μ· Ä‡μ³³¥·-
Ë¥²Ó¤ . ‚ ±Ê·¸¥ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¨ [1] ÔÉμ ¶· ¢¨²μ ¤μ± § ´μ ±² ¸¸¨Î¥¸±¨³
³¥Éμ¤μ³ ‚Š�. ‚ ÔÉμ³ ³¥Éμ¤¥ ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò¥ ·¥Ï¥´¨Ö u±(r, E) ¨¸Ìμ¤-
´μ£μ · ¤¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (2) ¸É·μÖÉ¸Ö ¢ ¢¨¤¥ Ô±¸¶μ´¥´Í¨ ²Ó-
´ÒÌ ËÊ´±Í¨°

u±(r, E) = exp
[
± ı

�
S(r, E)

]
, S(r, E) =

∞∑
n=0

�
n Sn(r, E).

�·¥¤²μ¦¥´´Ò° ¢ÒÏ¥ ¢Ò¢μ¤ ¶· ¢¨²  �μ· Ä‡μ³³¥·Ë²Ó¤  (14) ¨§  ¸¨³-
¶ÉμÉ¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö (12) ¸ ³ ²Ò³ ¶ · ³¥É·μ³ qν Ö¢²Ö¥É¸Ö  ²ÓÉ¥·´ É¨¢-
´Ò³ ¨§¢¥¸É´μ³Ê ¤μ± § É¥²Ó¸É¢Ê [1] ÔÉμ£μ ¶· ¢¨²  ±² ¸¸¨Î¥¸±¨³ ³¥Éμ¤μ³ ‚Š�.
‚¸²¥¤¸É¢¨¥ · ¢¥´¸É¢  En� = −Eαq2

n� ¨³¥¥É¸Ö ¢§ ¨³´μ μ¤´μ§´ Î´μ¥ ¸μμÉ¢¥É-
¸É¢¨¥ ³¥¦¤Ê ±μ·´Ö³¨ qν

n� ¨ En� Ê· ¢´¥´¨° (12) ¨ (14). ‘²¥¤μ¢ É¥²Ó´μ, ÔÉ¨
Ê· ¢´¥´¨Ö Ô±¢¨¢ ²¥´É´Ò ¤·Ê£ ¤·Ê£Ê.

‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ μ¡¥§· §³¥·¨¢ ÕÐ¥° ¶μ¤¸É ´μ¢±μ° r = q−2/α x rα,
E = −Eα q2 ¶· ¢¨²μ ±¢ ´Éμ¢ ´¨Ö �μ· Ä‡μ³³¥·Ë¥²Ó¤  (14) ¸¢μ¤¨É¸Ö ±  ¸¨³-
¶ÉμÉ¨Î¥¸±μ³Ê Ê· ¢´¥´¨Õ (12) ¸ μÉ¡·μÏ¥´´Ò³ μ¸É ÉμÎ´Ò³ Î²¥´μ³ O(1/n).
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�μÔÉμ³Ê É ±μ¥ Ê· ¢´¥´¨¥ Ö¢²Ö¥É¸Ö μ¡¥§· §³¥·¥´´Ò³ ¶· ¢¨²μ³ ±¢ ´Éμ¢ ´¨Ö
�μ· Ä‡μ³³¥·Ë¥²Ó¤  ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ Ê¡Ò¢ ÕÐ¥£μ ¸É¥¶¥´´μ£μ ¶μ-
É¥´Í¨ ²  (1).

4. ���‹ˆ‡ �‘ˆŒ�’�’ˆ—…‘Š�ƒ� “��‚�…�ˆŸ

ˆ¸¸²¥¤Ê¥³  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ (12). �·¥¤¶μ²μ¦¨³, ÎÉμ s Ö¢²Ö-
¥É¸Ö ´¥μÉ·¨Í É¥²Ó´μ° ¶¥·¥³¥´´μ°, Ë¨§¨Î¥¸±¨¥ §´ Î¥´¨Ö ±μÉμ·μ° · ¢´Ò qν(�+
1/2), � = 0, 1, . . .

‘´ Î ²  ¢ÒÖ¢¨³ Ê¸²μ¢¨¥, ¶·¨ ±μÉμ·μ³ Ê· ¢´¥´¨¥ p2(x, s) = 0 ¨³¥¥É ¤¢ 
¶·μ¸ÉÒÌ ¢¥Ð¥¸É¢¥´´ÒÌ ±μ·´Ö x1(s) ¨ x2(s). „²Ö ÔÉμ£μ ¶¥·¥¶¨Ï¥³ Ê· ¢´¥´¨¥
p2(x, s) = 0 ¢ ¢¨¤¥ Ê· ¢´¥´¨Ö

x2−α − x2 = s2, x ≥ 0, s ≥ 0, α ∈ (0, 2). (15)

’ ±μ¥ Ê· ¢´¥´¨¥ ¨³¥¥É ±μ·´¨ Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¥£μ ¶· ¢ Ö Î ¸ÉÓ
s2 ´¥ ¶·¥¢ÒÏ ¥É ³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö ²¥¢μ° Î ¸É¨. 
ÉÊ Î ¸ÉÓ ¸Î¨É ¥³
ËÊ´±Í¨¥° f(x) ≡ x2−α − x2 ¶¥·¥³¥´´μ° x. ”Ê´±Í¨Ö f(x) μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó
¢ ÉμÎ± Ì x = 0 ¨ x = 1, Ö¢²Ö¥É¸Ö ¶μ²μ¦¨É¥²Ó´μ° ´  ¨´É¥·¢ ²¥ 0 < x < 1 ¨
μÉ·¨Í É¥²Ó´μ° ¢ μ¡² ¸É¨ x > 1. ’μ²Ó±μ ¢ μ¤´μ° ÉμÎ±¥ x = x0,

x0 =
(

2 − α

2

)1/α

,

¶·μ¨§¢μ¤´ Ö ∂xf(x) ËÊ´±Í¨¨ f(x) μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó, ¶μÔÉμ³Ê ¨³¥´´μ ¢
ÔÉμ° ÉμÎ±¥ ËÊ´±Í¨Ö f(x) ¤μ¸É¨£ ¥É ¸¢μ¥£μ ³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö, · ¢´μ£μ
Î¨¸²Ê s2

0 = (α/2)2/α νν . ”Ê´±Í¨Ö f(x) ³μ´μÉμ´´μ ¢μ§· ¸É ¥É ´  μÉ·¥§±¥
0 ≤ x ≤ x0 ¨ ³μ´μÉμ´´μ Ê¡Ò¢ ¥É ´  ¶μ²Ê¨´É¥·¢ ²¥ x0 < x ≤ 1. ‚¸²¥¤¸É¢¨¥
¶¥·¥Î¨¸²¥´´ÒÌ ¢ÒÏ¥ ¸¢μ°¸É¢ ËÊ´±Í¨¨ f(x) Ê· ¢´¥´¨¥ (15),   §´ Î¨É, ¨ ¨¸-
Ìμ¤´μ¥ Ê· ¢´¥´¨¥ p2(x, s) = 0 ¨³¥¥É ¤¢  ¶·μ¸ÉÒÌ ±μ·´Ö x1(s) ¨ x2(s) Éμ£¤  ¨
Éμ²Ó±μ Éμ£¤ , ±μ£¤  ¢¥²¨Î¨´  s2 ³¥´ÓÏ¥ ³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö s2

0 ËÊ´±Í¨¨
f(x). ‡ ¶¨Ï¥³ ÔÉμ Ê¸²μ¢¨¥ ¢ ¢¨¤¥ ¸²¥¤ÊÕÐ¥£μ μ£· ´¨Î¥´¨Ö ´  ¤μ¶Ê¸É¨³Ò¥
Ë¨§¨Î¥¸±¨¥ §´ Î¥´¨Ö ¶¥·¥³¥´´μ° s:

s = qν(� + 1/2) < s0, s0 =
(α

2

)1/α

νν/2. (16)

„²Ö ¶μ²´μÉÒ μÉ³¥É¨³, ÎÉμ ¶·¨ Ê¸²μ¢¨¨ s2 = s2
0 ¨¸¸²¥¤Ê¥³μ¥ Ê· ¢´¥´¨¥ (15)

¨³¥¥É μ¤¨´, ´μ ¢Ò·μ¦¤¥´´Ò° ±μ·¥´Ó x0. “± ¦¥³ ´¥±μÉμ·Ò¥ μÎ¥¢¨¤´Ò¥ ¸¢μ°-
¸É¢  ±μ·´¥° x1(s) ¨ x2(s), μ¡Ê¸²μ¢²¥´´Ò¥ Ê· ¢´¥´¨¥³ (15). �¡  É ±¨Ì ±μ·´Ö
Ö¢²ÖÕÉ¸Ö ´¥¶·¥·Ò¢´Ò³¨ ËÊ´±Í¨Ö³¨ ¶¥·¥³¥´´μ° s ´  μÉ·¥§±¥ 0 ≤ s ≤ s0.
‚ ¶·¥¤¥²¥ s → 0 ±μ·¥´Ó x1(s) ¸Ìμ¤¨É¸Ö ± ´Ê²Õ,   ±μ·¥´Ó x2(s) ± ¥¤¨´¨Í¥.
‚ ¶·¥¤¥²¥ s → s0 ±μ·´¨ x1(s) ¨ x2(s) ¸Ìμ¤ÖÉ¸Ö ± ¢Ò·μ¦¤¥´´μ³ ±μ·´Õ x0.
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’¥¶¥·Ó ¢ÒÖ¢¨³ μ¸´μ¢´Ò¥ ¸¢μ°¸É¢  ¨´É¥£· ²  I(s), μ¶·¥¤¥²¥´´μ£μ Ëμ·-
³Ê²μ° (13). �¡  ¶·¥¤¥²  x1(s) ¨ x2(s) ¨´É¥£· ²  I(s) Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨
¶¥·¥³¥´´μ° s ¨ ±μ·´Ö³¨ Ê· ¢´¥´¨Ö p2(x, s) = 0. �μÔÉμ³Ê ¤²Ö ¶·μ¨§¢μ¤´μ°
I ′(s) = ∂sI(s) É ±μ£μ ¨´É¥£· ²  ¢¥·´μ ¶·¥¤¸É ¢²¥´¨¥

I ′(s) = −s

x2(s)∫
x1(s)

dx

x2

1
p(x, s)

, 0 ≤ s < s0. (17)

‚¸²¥¤¸É¢¨¥ ÔÉμ£μ ¶·¥¤¸É ¢²¥´¨Ö ¶·μ¨§¢μ¤´ Ö I ′(s) ¢¸¥£¤  μÉ·¨Í É¥²Ó´ Ö. �μ-
ÔÉμ³Ê ¨´É¥£· ² I(s) ³μ´μÉμ´´μ Ê¡Ò¢ ¥É ¶·¨ ¢μ§· ¸É ´¨¨ ¥£μ  ·£Ê³¥´É  s ´ 
μÉ·¥§±¥ [0, s0]. ‚ ¸²ÊÎ ¥ s → s0 μ¡  ¶·¥¤¥²  x1(s) ¨ x2(s) ¨´É¥£· ²  I(s)
¸Ìμ¤ÖÉ¸Ö ± ¢Ò·μ¦¤¥´´μ³Ê ±μ·´Õ x0 Ê· ¢´¥´¨Ö p2(x, s) = 0, ¨ ¶μÔÉμ³Ê ¢ ÉμÎ±¥
s = s0 ¨´É¥£· ² I(s) μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó.

‚ÒÖ¢¨³ ¢ ¦´μ¥ ¸²¥¤¸É¢¨¥ ³μ´μÉμ´´μ£μ Ê¡Ò¢ ´¨Ö ¨´É¥£· ²  I(s). „²Ö
ÔÉμ£μ ¸´ Î ²  ¶μ¤¥²¨³ μ¡¥ Î ¸É¨  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö (12) ´  ¸Ê³³Ê
�+1/2,   § É¥³ Ê³´μ¦¨³ ´  s. ’ ±¨³ μ¡· §μ³ ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¥¥ Ê· ¢´¥´¨¥
μÉ´μ¸¨É¥²Ó´μ ´¥¨§¢¥¸É´μ£μ s:

I(s) = π
2n + 1
2� + 1

s + O

(
2s

n(2� + 1)

)
, n → ∞, 0 ≤ s ≤ s0.

‹¥¢ Ö Î ¸ÉÓ I(s) ÔÉμ£μ Ê· ¢´¥´¨Ö ³μ´μÉμ´´μ Ê¡Ò¢ ¥É. �μÔÉμ³Ê ¶·¨ ¢Ò¡· ´-
´ÒÌ §´ Î¥´¨ÖÌ Î¨¸¥² n ¨ � ¨³¥¥É¸Ö Éμ²Ó±μ μ¤¨´, ¶·¨Î¥³ ¶·μ¸Éμ° ±μ·¥´Ó sn�.
‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ É¥Ì ¦¥ §´ Î¥´¨ÖÌ Î¨¸¥² n ¨ � ¨¸Ìμ¤´μ¥ Ê· ¢´¥´¨¥ (12)
É ±¦¥ ¨³¥¥É μ¤¨´ ¶·μ¸Éμ° ±μ·¥´Ó

qν
n� =

2sn�

2� + 1
.

�¥·¥°¤¥³ ± ¢ÒÎ¨¸²¥´¨Õ ¨´É¥£· ²  I(s) ¨ ¥£μ ¶·μ¨§¢μ¤´μ° ∂sI(s) ¢ ÉμÎ±¥
s = 0.

‘μ£² ¸´μ μ¶·¥¤¥²¥´¨Õ (7) ËÊ´±Í¨Ö p(x, s) ¸μ¤¥·¦¨É ¤·μ¡Ó (s/x)2. …¸²¨
¢ ¶·¥¤¸É ¢²¥´¨¨ (13) ¨´É¥£· ²  I(s) ¶μ²μ¦¨ÉÓ s → 0, Éμ ¥£μ ´¨¦´¨° ¶·¥-
¤¥² x1(s) Ê¸É·¥³¨É¸Ö ± ´Ê²Õ ¨ ¶¥·¥³¥´´ Ö ¨´É¥£·¨·μ¢ ´¨Ö x ¢¡²¨§¨ ÔÉμ£μ
¶·¥¤¥²  μ± ¦¥É¸Ö ³ ²μ°. ‚ ·¥§Ê²ÓÉ É¥ ¢ ¤·μ¡¨ (s/x)2 ¢μ§´¨±´¥É ´¥μ¶·¥¤¥²¥´-
´μ¸ÉÓ É¨¶  0/0. �μÔÉμ³Ê §´ Î¥´¨¥ ¨´É¥£· ²  I(s) ¢ ÉμÎ±¥ s = 0 ´¥²Ó§Ö ´ °É¨
¶·¥¤¥²Ó´Ò³ ¶¥·¥Ìμ¤μ³ s → 0 ¢ μ¡¸Ê¦¤¥´´μ³ ¶·¥¤¸É ¢²¥´¨¨ (13). ‚¸²¥¤-
¸É¢¨¥ Éμ° ¦¥ ´¥μ¶·¥¤¥²¥´´μ¸É¨ §´ Î¥´¨¥ ¶·μ¨§¢μ¤´μ° I ′(s) ¶·¨ s = 0 ´¥²Ó§Ö
¢ÒÎ¨¸²¨ÉÓ, Ê¸É·¥³¨¢  ·£Ê³¥´É s ± ´Ê²Õ ¢ ¶·¥¤¸É ¢²¥´¨¨ (17).

‘²¥¤μ¢ É¥²Ó´μ, ´¥μ¡Ìμ¤¨³μ ¨§ ¨¸Ìμ¤´ÒÌ ¶·¥¤¸É ¢²¥´¨° (13) ¨ (17) ¢Ò-
¢¥¸É¨ ¤·Ê£¨¥ ¨´É¥£· ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö,  ¤ ¶É¨·μ¢ ´´Ò¥ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö
ËÊ´±Í¨° I(s) ¨ I ′(s) ¢ ÉμÎ±¥ s = 0.
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�·¨¸ÉÊ¶¨³ ± ¢Ò¢μ¤Ê É ±¨Ì ¶·¥¤¸É ¢²¥´¨°. ‘´ Î ²  ¶μ¤¸É ´μ¢±μ°

x =
s2/(2−α)

y(s)
(18)

¸¢¥¤¥³ Ê· ¢´¥´¨¥ (15) ± Ê· ¢´¥´¨Õ

yα(s) − y2(s) = s2/ν . (19)

�·¨ Ê¸²μ¢¨¨ 0 ≤ s < s0, £¤¥ Î¨¸²μ s0 μ¶·¥¤¥²¥´μ Ëμ·³Ê²μ° (16), ÔÉμ Ê· ¢-
´¥´¨¥ ¨³¥¥É ¤¢  ¶·μ¸ÉÒÌ ±μ·´Ö y1(s) ¨ y2(s). �μ²μ¦¨³ ¤²Ö μ¶·¥¤¥²¥´´μ¸É¨
y1(s) < y2(s). ‚ ¶·¥¤¥²¥ s → 0 ±μ·¥´Ó y1(s) ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ± ± ËÊ´±Í¨Ö
s2/(2−α),   ±μ·¥´Ó y2(s) ¸É·¥³¨É¸Ö ± ¥¤¨´¨Í¥:

y1(s) → s2/(2−α), y2(s) → 1, s → 0. (20)

’ ± ± ± Ê· ¢´¥´¨¥ (15) § ³¥´μ° (18) ¸¢¥²μ¸Ó ± Ê· ¢´¥´¨Õ (19), Éμ ¸ÊÐ¥¸É¢Ê¥É
μ¤´μ§´ Î´ Ö ¸¢Ö§Ó ³¥¦¤Ê ±μ·´Ö³¨ xj(s) ¨ yj(s), j = 1, 2, ÔÉ¨Ì Ê· ¢´¥´¨°.
„¥°¸É¢¨É¥²Ó´μ, ¥¸²¨ ¢ ¶· ¢μ° Î ¸É¨ · ¢¥´¸É¢  (18) § ³¥´¨ÉÓ ËÊ´±Í¨Õ y(s)
±μ·´¥³ y1(s) ¨²¨ ±μ·´¥³ y2(s) Ê· ¢´¥´¨Ö (19), Éμ ²¥¢ Ö Î ¸ÉÓ ÔÉμ£μ ¦¥ · -
¢¥´¸É¢  ¡Ê¤¥É ±μ·´¥³ x2(s) ¨²¨ ±μ·´¥³ x1(s) Ê· ¢´¥´¨Ö (15). ˆ¸¶μ²Ó§ÊÖ
Ê± § ´´ÊÕ ¸¢Ö§Ó, ¶μ¤¸É ´μ¢±Ê

x =
s2/ν

z y1(s)

¨ ¨§¢¥¸É´μ¥ ¶· ¢¨²μ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ Î ¸ÉÖ³, ¸¢¥¤¥³ ¨´É¥£· ² (13) ± ¨´É¥-
£· ²Ê

I(s) =
s

2

a(s)∫
1

αzα−2 yα−2
1 (s) − 2√

1 − z2 − yα−2
1 (s)(1 − zα)

dz, a(s) =
y2(s)
y1(s)

, 0 ≤ s ≤ s0.

(21)
�´ ²μ£¨Î´Ò³ ¸¶μ¸μ¡μ³, ´μ ¸ ¶μ³μÐÓÕ ¶μ¤¸É ´μ¢±¨

x =
s2/ν

z y2(s)

¨ ¡¥§ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ Î ¸ÉÖ³ ¨§ ¨´É¥£· ²  (17) ¶μ²ÊÎ¨³ ¨´É¥£· ²

I ′(s) =

b(s)∫
1

dz√
1 − z2 − yα−2

2 (s) (1 − zα)
, b(s) =

y1(s)
y2(s)

, 0 ≤ s ≤ s0. (22)
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’¥¶¥·Ó, ¶·¨´Ö¢ ¢μ ¢´¨³ ´¨¥ ¸μμÉ´μÏ¥´¨Ö (20), ¶¥·¥°¤¥³ ¢ ¶μ²ÊÎ¥´´ÒÌ ¶·¥¤-
¸É ¢²¥´¨ÖÌ (21) ¨ (22) ± ¶·¥¤¥²Ê s → 0,   § É¥³ ¢Ò· §¨³ ¨¸±μ³Ò¥ §´ Î¥´¨Ö
¨´É¥£· ²  I(s) ¨ ¥£μ ¶·μ¨§¢μ¤´μ° I ′(s) ¢ ÉμÎ±¥ s = 0 Î¥·¥§ É ¡²¨Î´Ò¥ ¨´É¥-
£· ²Ò [5]:

I(0) =
α

2

∞∫
1

z2−α dz√
1 − zα

=
1
2

B

(
ν

2
,
1
2

)
, I ′(0) = −

1∫
0

dz√
zα − z2

= − π

2 − α
.

(23)
�¥·¢Ò° ¨§ ´¨Ì ¸μ¤¥·¦¨É ¡¥É -ËÊ´±Í¨Õ B(ν/2, 1/2).

5. ��ˆ�‹ˆ†…�ˆ… „‹Ÿ ��…�ƒˆ‰ ‘‹���‘‚Ÿ‡���›•
‘�‘’�Ÿ�ˆ‰

� °¤¥³ ·¥Ï¥´¨¥ qν
n�  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö (12) ¢ ²¨´¥°´μ³ ¶μ

¶¥·¥³¥´´μ° qν ¶·¨¡²¨¦¥´¨¨ ¨´É¥£· ²  I(s). ‡ ³¥É¨³, ÎÉμ ¨§ ¶·¥¤¸É ¢²¥-
´¨Ö (22) ¶¥·¢μ° ¶·μ¨§¢μ¤´μ° I ′(s) ÔÉμ£μ ¨´É¥£· ²  ¸²¥¤Ê¥É ´¥¶·¥·Ò¢´μ¸ÉÓ
¶·μ¨§¢μ¤´μ° ¢Éμ·μ£μ ¶μ·Ö¤±  I ′′(s) = ∂2

sI(s) ´  ¨´É¥·¢ ²¥ 0 < s < s0. �μ-
ÔÉμ³Ê ¶·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ  ·£Ê³¥´É  s ËÊ´±Í¨Õ I(s) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢
¢¨¤¥ ·Ö¤  Œ ±²μ·¥´  ¸ μÉ¸É ÉμÎ´Ò³ ¸² £ ¥³Ò³ ¢ Ëμ·³¥ ‹ £· ´¦ :

I(s) ≈ I(0) + s I ′(0) +
s2

2
I ′′(ξs), s 	 1, ξ ∈ (0, 1).

ˆ§ É ±μ£μ ¶·¥¤¸É ¢²¥´¨Ö ¤²Ö ¢¸¥Ì ³ ²ÒÌ Ë¨§¨Î¥¸±¨Ì §´ Î¥´¨° qν (� + 1/2)
 ·£Ê³¥´É  s ¸²¥¤Ê¥É ²¨´¥°´μ¥ ¶μ ¶¥·¥³¥´´μ° qν ¶·¨¡²¨¦¥´¨¥

I(s) ≈ I(0) + qν (� + 1/2) I ′(0), qν (� + 1/2) 	 1. (24)

‚ ÔÉμ³ ¶·¨¡²¨¦¥´¨¨ Ê· ¢´¥´¨¥ (12) ¶·¨ ¤ ´´ÒÌ n ¨ � ¨³¥¥É μ¤¨´ ±μ·¥´Ó

qν
n� ≈

[
I(0)

n + 1/2 − (� + 1/2) I ′(0)

]
, n � 1. (25)

„²Ö É ±μ£μ ±μ·´Ö ¤μ¸É ÉμÎ´μ¥ Ê¸²μ¢¨¥ qν
n� (� + 1/2) 	 1 ¶·¨³¥´¨³μ¸É¨ ¨¸-

¶μ²Ó§μ¢ ´´μ£μ ¶·¨¡²¨¦¥´¨Ö (24) ¢Ò¶μ²´Ö¥É¸Ö Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤ 
� 	 n.

’¥¶¥·Ó ¢ ¶·¨¡²¨¦¥´¨¨ (25) § ³¥´¨³ ¢¥²¨Î¨´Ò I(0) ¨ I ′(0) ¶· ¢Ò³¨
Î ¸ÉÖ³¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì · ¢¥´¸É¢ (23),   § É¥³ ¢μ¸¶μ²Ó§Ê¥³¸Ö ¶·¥¤¸É ¢²¥-
´¨¥³ (5) Ô´¥·£¨¨ E = En� Î¥·¥§ Î¨¸²μ q = qn�. ‚ ·¥§Ê²ÓÉ É¥ ¤²Ö Ô´¥·£¨¨
En� ¸² ¡μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö |En�, �, m�〉 ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ ¶μ²¥ ¶μÉ¥´-
Í¨ ²  (1) ¶μ²ÊÎ¨³ Ö¢´μ¥ ¨ ¤μ¢μ²Ó´μ ¶·μ¸Éμ¥ ¶·¨¡²¨¦¥´¨¥

En� ≈ −Eα

{
1
2π

B

(
ν

2
,
1
2

)
1

n + 1/2 + (� + 1/2)/(2− α)

}2/ν

. (26)
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�¥·¥Î¨¸²¨³ ¢¸¥ Ê¸²μ¢¨Ö, ¤μ¸É ÉμÎ´Ò¥ ¤²Ö ¶·¨³¥´¨³μ¸É¨ ÔÉμ£μ ¶·¨¡²¨¦¥´¨Ö:
Î¨¸²μ α ¶·¨´ ¤²¥¦¨É ¨´É¥·¢ ²Ê (0, 2), ´μ³¥· n ¸² ¡μ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö
|En�, �, m�〉 Ö¢²Ö¥É¸Ö ¡μ²ÓÏ¨³ Í¥²Ò³ Î¨¸²μ³,   Ê£²μ¢μ° ³μ³¥´É � ³μ¦¥É ¶·¨-
´¨³ ÉÓ ²Õ¡Ò¥ Í¥²Ò¥ §´ Î¥´¨Ö, μ£· ´¨Î¥´´Ò¥ ¸¢¥·ÌÊ ´¥· ¢¥´¸É¢μ³ � 	 n.

‘¤¥² ¥³ ¤¢  § ³¥Î ´¨Ö.
‚ ±Ê²μ´μ¢¸±μ³ ¸²ÊÎ ¥ (α = 1) ¶·¨¡²¨¦¥´¨¥ (26) ¸É ´μ¢¨É¸Ö ¨§¢¥¸É´Ò³

ÉμÎ´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ [1] Ô´¥·£¨¨ En� ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö |En�, �, m�〉
±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¸ ²Õ¡Ò³¨ Í¥²Ò³¨ Î¨¸² ³¨ n ¨ �:

En� = −mV 2
0

2�2

1
(n + � + 1)2

, n = 0, 1, . . . , � = 0, 1, . . . .

‚ ¸¨²Ê ¢ÒÖ¢²¥´´μ° ¢ÒÏ¥ Ô±¢¨¢ ²¥´É´μ¸É¨  ¸¨³¶ÉμÉ¨Î¥¸±μ£μ Ê· ¢´¥-
´¨Ö (12) ¨ ¶· ¢¨²  ±¢ ´Éμ¢ ´¨Ö �μ· Ä‡μ³³¥·Ë¥²Ó¤  (14) ¶·¨¡²¨¦¥´¨¥ (26)
Ö¢²Ö¥É¸Ö ¸²¥¤¸É¢¨¥³ ÔÉμ£μ ¶· ¢¨² .

‡�Š‹	—…�ˆ…

�¥·¥Î¨¸²¨³ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ´ Ï¥° · ¡μÉÒ. �·¥¤²μ¦¥´ ¨ ³ É¥³ -
É¨Î¥¸±¨ μ¡μ¸´μ¢ ´ ´μ¢Ò° ¸¶μ¸μ¡ ¢ÒÎ¨¸²¥´¨Ö Ô´¥·£¨° ¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ-
¸ÉμÖ´¨° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ ¶μ²¥ Ê¡Ò¢ ÕÐ¥£μ ¸É¥¶¥´´μ£μ ¶μÉ¥´Í¨ ²  (1).
‚ ÔÉμ³ ¸¶μ¸μ¡¥ ±²ÕÎ¥¢Ò³ Ö¢²Ö¥É¸Ö  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ Ê· ¢´¥´¨¥ (12), Ô±¢¨-
¢ ²¥´É´μ¥ ¶· ¢¨²Ê ±¢ ´Éμ¢ ´¨Ö �μ· Ä‡μ³³¥·Ë¥²Ó¤  ¨ ¸μ¤¥·¦ Ð¥¥ ¨´É¥£· ²
I(s). „²Ö ÔÉμ£μ ¨´É¥£· ²  ¨ ¥£μ ¶·μ¨§¢μ¤´μ° I ′(s) ¢Ò¢¥¤¥´Ò Ê¤μ¡´Ò¥ ¨´É¥-
£· ²Ó´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö (21) ¨ (22). ˆ¸¶μ²Ó§ÊÖ É ±¨¥ ¶·¥¤¸É ¢²¥´¨Ö, Ê¤ ²μ¸Ó
´ °É¨ Ö¢´μ¥ ¶·¨¡²¨¦¥´¨¥ (26) ¤²Ö Ô´¥·£¨° ¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ±¢ ´-
Éμ¢μ° Î ¸É¨ÍÒ ¤²Ö ¸²ÊÎ Ö ±μ´¥Î´ÒÌ §´ Î¥´¨° ¥¥ Ê£²μ¢μ£μ ³μ³¥´É . 
Éμ ¶·¨-
¡²¨¦¥´¨¥ Ö¢²Ö¥É¸Ö Ë¨§¨Î¥¸±¨ ¨´É¥·¥¸´Ò³ ¸²¥¤¸É¢¨¥³ ¶· ¢¨²  ±¢ ´Éμ¢ ´¨Ö
�μ· Ä‡μ³³¥·Ë¥²Ó¤  ¤²Ö ¸²ÊÎ Ö Ê¡Ò¢ ÕÐ¥£μ ¸É¥¶¥´´μ£μ ¶μÉ¥´Í¨ ²  (1).
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