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�·¥¤¸É ¢²¥´¨¥ ·¥Ï¥´¨° ¸¨¸É¥³Ò Ê· ¢´¥´¨° �¨±± É¨
Î¥·¥§ μ¶¥· Éμ·Ò · §¤¥²¥´´ÒÌ · §´μ¸É¥°

�¥§Ê²ÓÉ ÉÒ ¤¥°¸É¢¨Ö μ¶¥· Éμ·μ¢ · §¤¥²¥´´ÒÌ · §´μ¸É¥° ´  ¸É¥¶¥´´Ò¥ ¨ Ô±¸-
¶μ´¥´Í¨ ²Ó´Ò¥ ËÊ´±Í¨¨ ¶·¥¤¸É ¢²¥´Ò ¢ ¢¨¤¥ ³ É·¨Í É·¥Ê£μ²Ó´μ° Ëμ·³Ò ¸ Ô²¥-
³¥´É ³¨, § ¢¨¸ÖÐ¨³¨ μÉ ±μÔËË¨Í¨¥´Éμ¢ Ì · ±É¥·¨¸É¨Î¥¸±μ£μ ¶μ²¨´μ³ . �μ± -
§ ´μ, ÎÉμ ¢ ¶·¥¤¥²¥ ¢Ò·μ¦¤¥´´ÒÌ §´ Î¥´¨° ±μ·´¥° Ì · ±É¥·¨¸É¨Î¥¸±μ£μ ¶μ²¨-
´μ³  É ¡²¨Í  ·¥§Ê²ÓÉ Éμ¢ ¶·¥¤¸É ¢²Ö¥É¸Ö ³ É·¨Í¥° � ¸± ²Ö. �μ¸É·μ¥´Ò ËÊ´±-
Í¨¨, ¨´¢ ·¨ ´É´Ò¥ ¶μ μÉ´μÏ¥´¨Õ ± ¤ ´´Ò³ μ¶¥· Éμ· ³, Å  ´ ²μ£¨ Ô±¸¶μ´¥´-
Í¨ ²Ó´μ° ËÊ´±Í¨¨. �¡μ¡Ð¥´´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° �¨±± É¨, ¸μμÉ¢¥É¸É¢ÊÕÐ Ö
μ¡Ò±´μ¢¥´´μ³Ê ¤¨ËË¥·¥´Í¨ ²Ó´μ³Ê Ê· ¢´¥´¨Õ ¢Ò¸μ±μ£μ ¶μ·Ö¤± , ¨ ·¥Ï¥´¨Ö
ÔÉμ° ¸¨¸É¥³Ò ¶·¥¤¸É ¢²¥´Ò Î¥·¥§ μ¶¥· Éμ·Ò · §¤¥²¥´´ÒÌ · §´μ¸É¥°.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

‘μμ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2018

Yamaleev R.M. P5-2018-65
Representation of Solutions of the System of Riccati Equations
via Operators of Divided Differences

Results of the action of divided difference operators on power and exponential
functions are given by triangle matrices with elements depending on coefˇcients of
the characteristic polynomial. It is shown, if distances between nodes are tending to
zero, then the triangle matrices transform into the Pascal matrix. Invariant functions
with respect to the operators of degenerated divided differences are constructed.
The generalized system of Riccati equations corresponding to high-order ordinary
differential equations and their solutions are presented via the divided difference
operators.
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‚‚…„…�ˆ…

� §¤¥²¥´´Ò¥ · §´μ¸É¨ (¤ ²¥¥ Å ��) μÉ´μ¸ÖÉ¸Ö ± Ìμ·μÏμ ¨§¢¥¸É´Ò³ ¨
Ï¨·μ±μ ¨¸¶μ²Ó§Ê¥³Ò³ ³ É¥³ É¨Î¥¸±¨³ μ¶¥· Í¨Ö³ [1]. ’ ±¨¥ μ¶¥· Í¨¨, ± ±
±μ´¥Î´Ò¥ · §´μ¸É¨, q-¤¨ËË¥·¥´Í¨·μ¢ ´¨¥, Ö¢²ÖÕÉ¸Ö ¶·μ¨§¢μ¤´Ò³¨ μÉ μ¶¥-
· Í¨¨ ��.

‚ ¦´μ° μ¸μ¡¥´´μ¸ÉÓÕ ÔÉμ° μ¶¥· Í¨¨ Ö¢²Ö¥É¸Ö Éμ, ÎÉμ ·¥§Ê²ÓÉ É ¤¥°-
¸É¢¨° �� ´  ¸É¥¶¥´´Ò¥ ·Ö¤Ò (±μ´¥Î´Ò¥ ¨²¨ ¡¥¸±μ´¥Î´Ò¥) § ¢¨¸¨É μÉ ±μ-
ÔËË¨Í¨¥´Éμ¢ Ì · ±É¥·¨¸É¨Î¥¸±μ£μ ¶μ²¨´μ³ , ´  ±μ·´ÖÌ ±μÉμ·μ£μ ´ Ìμ¤ÖÉ¸Ö
Ê§²Ò μ¶¥· Éμ·  ��. …¸²¨ Ì · ±É¥·¨¸É¨Î¥¸±¨° ¶μ²¨´μ³ ¨³¥¥É ¢Ò·μ¦¤¥´´Ò¥
±μ·´¨, ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ¸μ¢¶ ¤¥´¨Õ Ê§²μ¢ ��, Éμ ·¥§Ê²ÓÉ ÉÒ ¤¥°¸É¢¨° μ¶¥· -
Éμ·μ¢ �� ´  ¸É¥¶¥´´Ò¥ ËÊ´±Í¨¨ ¶·¥¤¸É ¢²ÖÕÉ¸Ö ³ É·¨Í¥° � ¸± ²Ö. �μ¤μ¡´μ
Ô±¸¶μ´¥´Í¨ ²Ó´μ° ËÊ´±Í¨¨, ±μÉμ· Ö Ö¢²Ö¥É¸Ö ¨´¢ ·¨ ´Éμ³ ¶μ μÉ´μÏ¥´¨Õ
± μ¶¥· Í¨¨ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö, ¤²Ö ¢Ò·μ¦¤¥´´ÒÌ μ¶¥· Éμ·μ¢ �� ¢¢μ¤¨É¸Ö
¶μ´ÖÉ¨¥ ¨´¢ ·¨ ´É´μ° ËÊ´±Í¨¨.

�¸μ¡Ò° ¨´É¥·¥¸ ¶·¥¤¸É ¢²ÖÕÉ �� μÉ Ô±¸¶μ´¥´Í¨ ²Ó´μ° ËÊ´±Í¨¨, ¶μ-
¸±μ²Ó±Ê ÔÉ¨ ËÊ´±Í¨¨ μ¡· §ÊÕÉ ¡ §¨¸ μ¡μ¡Ð¥´´ÒÌ É·¨£μ´μ³¥É·¨Î¥¸±¨Ì ËÊ´±-
Í¨°. ‚ ¸¢μÕ μÎ¥·¥¤Ó, ¸¨¸É¥³  μ¡μ¡Ð¥´´ÒÌ É·¨£μ´μ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° ¸μ-
¸É ¢²Ö¥É ¡ §¨¸, ´  μ¸´μ¢¥ ±μÉμ·μ£μ ¸É·μÖÉ¸Ö ·¥Ï¥´¨Ö ¸¨¸É¥³Ò Ê· ¢´¥´¨°
�¨±± É¨.

� ¡μÉ  ¸μ¸Éμ¨É ¨§ É·¥Ì Î ¸É¥°. ‚ ¶¥·¢μ° Î ¸É¨ ¶·¥¤¸É ¢²¥´μ ¨¸Î¨¸²¥´¨¥
· §¤¥²¥´´ÒÌ · §´μ¸É¥° ¶·¨³¥´¨É¥²Ó´μ ± ¸É¥¶¥´´Ò³ ËÊ´±Í¨Ö³. ‚μ ¢Éμ·μ°
Î ¸É¨ · ¸¸³ É·¨¢ ÕÉ¸Ö ¢Ò·μ¦¤¥´´Ò¥ μ¶¥· Éμ·Ò · §¤¥²¥´´ÒÌ · §´μ¸É¥° ¨ ¨Ì
¨´¢ ·¨ ´ÉÒ. ‚ É·¥ÉÓ¥° Î ¸É¨ Ëμ·³Ê²Ò É¥μ·¨¨ ¸¨¸É¥³ μ¡μ¡Ð¥´´ÒÌ Ê· ¢´¥´¨°
�¨±± É¨ ¶·¥¤¸É ¢²¥´Ò Î¥·¥§ μ¶¥· Éμ·Ò · §¤¥²¥´´ÒÌ · §´μ¸É¥°.

1. ��‡„…‹…��›… ��‡��‘’ˆ ��‹ˆ��Œ�‚
ˆ ���‹ˆ’ˆ—…‘Šˆ• ”“�Š–ˆ‰

1.1. �¶·¥¤¥²¥´¨¥ μ¶¥· Í¨¨ · §¤¥²¥´´ÒÌ · §´μ¸É¥°. �¶¥· Í¨Ö �� ¨³¥¥É
· §²¨Î´Ò¥ Ô±¢¨¢ ²¥´É´Ò¥ μ¶·¥¤¥²¥´¨Ö [2], ¢ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥ μ¶·¥¤¥²¥´¨¥
�� ¨³¥¥É ¢¨¤

D2f(x) =
f(x1) − f(x2)

x1 − x2
. (1.1)
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�É  Ëμ·³Ê²  μ¶·¥¤¥²Ö¥É ¸É·Ê±ÉÊ·Ê μ¶¥· Í¨¨ ��, § ¢¨¸ÖÐ¥° μÉ ¤¢ÊÌ §´ Î¥-
´¨° ¶¥·¥³¥´´μ° ¨ §´ Î¥´¨° ËÊ´±Í¨¨ ¢ ÔÉ¨Ì ÉμÎ± Ì. �¡μ¡Ð¥´¨¥ ´  ¡μ²¥¥
¢Ò¸μ±¨¥ ¶μ·Ö¤±¨ Ê¤μ¡´μ Ëμ·³Ê²¨·μ¢ ÉÓ, ¨¸¶μ²Ó§ÊÖ ³ É·¨ÍÊ ‚ ´¤¥·³μ´¤  ¨
¤¥É¥·³¨´ ´É ÔÉμ° ³ É·¨ÍÒ [3].

�Ê¸ÉÓ  ´ ²¨É¨Î¥¸± Ö ËÊ´±Í¨Ö f(x) μ¶·¥¤¥²¥´  ¢ n Ê§²μ¢ÒÌ ÉμÎ± Ì, ¸μ-
μÉ¢¥É¸É¢ÊÕÐ¨Ì §´ Î¥´¨Ö³ ¶¥·¥³¥´´μ° xk, k = 1, . . . , n. �¡· §Ê¥³ ¢¥±Éμ·Ò

vk = [xk
1 , xk

2 , . . . , xk
n]T , k = 0, 1, . . . , n − 1, (1.2)

¨§ ±μÉμ·ÒÌ ¸μ¸É ¢¨³ ³ É·¨ÍÊ ‚ ´¤¥·³μ´¤ 

VM (x; n) =

⎛
⎜⎜⎜⎜⎜⎜⎝

xn−1
1 xn−2

1 . . . x2
1 x1 1

xn−1
2 xn−2

2 . . . x2
2 x2 1

xn−1
3 xn−2

3 . . . x2
3 x3 1

. . . . . . . . . . . . . . . . . .

xn−1
n xn−2

n . . . x2
n xn 1

⎞
⎟⎟⎟⎟⎟⎟⎠

(1.3)

¸ μ¶·¥¤¥²¨É¥²¥³

V (x; n) = Det (VM (x; n)) =
∏
i>k

(xi − xk). (1.4)

�¡· §Ê¥³ ¢¥±Éμ· ¨§ §´ Î¥´¨° ËÊ´±Í¨¨ ¢ § ¤ ´´ÒÌ ÉμÎ± Ì xk, k = 1, . . . , n:

f(v) := [f(x1), f(x2), f(x3), . . . , f(xn−1), f(xn)]T . (1.5)

‡ ³¥´¨³ ¢¥±Éμ· vn−1 ¢ ³ É·¨Í¥ ‚ ´¤¥·³μ´¤  Vm(x; n) ´  ¢¥±Éμ· f(v). ’ ±¨³
¸¶μ¸μ¡μ³ ¶μ¸É·μ¨³ ³ É·¨ÍÊ

WM (f ; x; n) =

⎛
⎜⎜⎜⎜⎜⎜⎝

f(x1) xn−2
1 . . . x2

1 x1 1

f(x2) xn−2
2 . . . x2

2 x2 1
f(x3) xn−2

3 . . . x2
3 x3 1

. . . . . . . . . . . . . . . . . .

f(xn) xn−2
n . . . x2

n xn 1

⎞
⎟⎟⎟⎟⎟⎟⎠

(1.6)

¸ μ¶·¥¤¥²¨É¥²¥³ W (f ; x; n) = Det (WM (f ; x; n)).
� §¤¥²¥´´ Ö · §´μ¸ÉÓ ¶μ·Ö¤±  n μÉ ËÊ´±Í¨¨ f(x) μ¶·¥¤¥²Ö¥É¸Ö ± ± μÉ-

´μÏ¥´¨¥ ¤¥É¥·³¨´ ´Éμ¢

Dnf(x) =
W (f ; x; n)
V (x; n)

. (1.7)
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�¥¶μ¸·¥¤¸É¢¥´´μ ¨§ μ¶·¥¤¥²¥´¨Ö ¤¥É¥·³¨´ ´É  ³ É·¨ÍÒ WM (f ; x; n) ¸²¥-
¤ÊÕÉ ¸²¥¤ÊÕÐ¨¥ μ£· ´¨Î¥´¨Ö ¤²Ö �� μÉ ¸É¥¶¥´´μ° ËÊ´±Í¨¨:

Dnxk = 1, ¥¸²¨ k = n − 1,
(1.8)

Dnxk = 0, ¥¸²¨ k < n − 1.

�¶·¥¤¥²¨³ Ì · ±É¥·¨¸É¨Î¥¸±¨° ¶μ²¨´μ³ ± ± ³´μ£μÎ²¥´, ±μ·´¨ ±μÉμ·μ£μ
¸ÊÉÓ §´ Î¥´¨Ö Ê§²μ¢, ´  ±μÉμ·ÒÌ μ¶·¥¤¥²¥´  μ¶¥· Í¨Ö · §¤¥²¥´´ÒÌ · §´μ¸É¥°.
�Ê¸ÉÓ P (X) Å § ¤ ´´Ò° Ì · ±É¥·¨¸É¨Î¥¸±¨° ¶μ²¨´μ³

P (X) = Xn − a1X
n−1 + a2X

n−2 + . . . + (−1)nan (1.9)

¸ · §¤¥²¥´´Ò³¨ ±μ·´Ö³¨ x1, x2, . . . , xn.
‹¥³³  1.1. ‘É¥¶¥´´ Ö ËÊ´±Í¨Ö f(x) = xk, k > n − 1, § ¤ ´´ Ö ¶·¨ §´ -

Î¥´¨ÖÌ ±μ·´¥° Ì · ±É¥·¨¸É¨Î¥¸±μ£μ ¶μ²¨´μ³  P (X), ³μ¦¥É ¡ÒÉÓ ¸¢¥¤¥´  ±
³´μ£μÎ²¥´Ê

xk
j = Rm

j = bmxm
j + . . . + b0, j = 1, 2, . . . , n, (1.10)

£¤¥ deg (Rm
j ) = deg (P (X)) − 1,   ¸É ·Ï¨° ±μÔËË¨Í¨¥´É ³´μ£μÎ²¥´  μ¶·¥-

¤¥²Ö¥É¸Ö ¸ ¶μ³μÐÓÕ  ²£μ·¨É³  1.1 [4].
�²£μ·¨É³ 1.1:

bi =
i−1∑
j=1

(−1)j+1ajbi−j , b1 = 1, b2 = a1. (1.11)

’¥μ·¥³  1.1. ˆ³¥¥É ³¥¸Éμ ¸²¥¤ÊÕÐ¥¥ § ³¥Î É¥²Ó´μ¥ Éμ¦¤¥¸É¢μ, Ê¸É -
´ ¢²¨¢ ÕÐ¥¥ ¸¢Ö§Ó ³¥¦¤Ê ¤¥É¥·³¨´ ´É ³¨ W (xk; x; n) ¨ V (x; n):

W (xk; x; n) = V (x; n) bk(a1, . . . , an), k � n − 1, (1.12)

£¤¥ bk(a1, . . . , an) Å ¸É ·Ï¨° ±μÔËË¨Í¨¥´É ³´μ£μÎ²¥´  Rm.
„μ± § É¥²Ó¸É¢μ. ‚ ³ É·¨ÍÊ WM (xk; x; n) ¸É¥¶¥´´ Ö ËÊ´±Í¨Ö ¢Ìμ¤¨É Éμ²Ó-

±μ ¶·¨ §´ Î¥´¨ÖÌ ±μ·´¥° Ì · ±É¥·¨¸É¨Î¥¸±μ£μ ¶μ²¨´μ³  P (X), ¸²¥¤μ¢ -
É¥²Ó´μ, ¸μ£² ¸´μ ²¥³³¥ 1.1 ËÊ´±Í¨Ö xk ³μ¦¥É ¡ÒÉÓ § ³¥´¥´  ³´μ£μÎ²¥-
´μ³ Rm

j :

WM (Rm; x; n) =

⎛
⎜⎜⎜⎜⎜⎜⎝

Rm
1 xn−2

1 . . . x2
1 x1 1

Rm
2 xn−2

2 . . . x2
2 x2 1

Rm
3 xn−2

3 . . . x2
3 x3 1

. . . . . . . . . . . . . . . . . .

Rm
n xn−2

n . . . x2
n xn 1

⎞
⎟⎟⎟⎟⎟⎟⎠

.
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�¶·¥¤¥²¨É¥²Ó ÔÉμ° ³ É·¨ÍÒ ¸μ¸Éμ¨É ¨§ ¸Ê³³Ò μ¶·¥¤¥²¨É¥²¥°

DetWM (Rm; x; n) = Det WM (bmxm; x; n) + . . . + DetWM (1; x; n).

’μ²Ó±μ ¶¥·¢Ò° μ¶·¥¤¥²¨É¥²Ó ÔÉμ° ¸Ê³³Ò, ¸μ¤¥·¦ Ð¨° ¸É ·Ï¨° Î²¥´ bmxm

³´μ£μÎ²¥´  Rm, ´¥ É·¨¢¨ ²¥´. ‚Ò´μ¸Ö Ë ±Éμ· bm §  §´ ± μ¶·¥¤¥²¨É¥²Ö,
¶μ²ÊÎ¨³ Ëμ·³Ê²Ê (1.12). �

‚ ¶·μ¸É¥°Ï¥³ ¸²ÊÎ ¥ ¶·¨ n = 2 Ëμ·³Ê²  (1.12) ¢Ò£²Ö¤¨É É ±:

uk − vk = (u − v)
k−1∑
i=0

uivk−1−i,

É. ¥. · §´μ¸ÉÓ ¤¢ÊÌ ¸É¥¶¥´´ÒÌ ËÊ´±Í¨°, § ¤ ´´ÒÌ ¢ ¶¥·¥³¥´´ÒÌ u, v, · ¢´ 
· §´μ¸É¨ ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ, Ê³´μ¦¥´´μ° ´  ¸¨³³¥É·¨Î¥¸±ÊÕ ±μ³¡¨´ Í¨Õ μÉ
ÔÉ¨Ì ¶¥·¥³¥´´ÒÌ. ‘²¥¤μ¢ É¥²Ó´μ, μÉ´μÏ¥´¨¥ Ê± § ´´ÒÌ · §´μ¸É¥° ¥¸ÉÓ ¶μ²-
´μ¸ÉÓÕ ¸¨³³¥É·¨Î¥¸±¨° ¶μ²¨´μ³ μÉ ¤¢ÊÌ ¶¥·¥³¥´´ÒÌ.

‚ ¸²ÊÎ ¥ �� É·¥ÉÓ¥£μ ¶μ·Ö¤±  ¤ ´´μ¥ ¶· ¢¨²μ Ëμ·³Ê²¨·Ê¥É¸Ö ¢ Éμ³ ¦¥
±μ´É¥±¸É¥, £¤¥ ¶μ´ÖÉ¨¥ ®· §´¨Í  ³¥¦¤Ê ¤¢Ê³Ö ¢¥²¨Î¨´ ³¨¯ § ³¥´Ö¥É¸Ö ´ 
¶μ´ÖÉ¨¥ ®· §´¨Í  ³¥¦¤Ê É·¥³Ö ¢¥²¨Î¨´ ³¨¯,   ¶μ²´μ¸ÉÓÕ ¸¨³³¥É·¨Î¥¸±¨°
¶μ²¨´μ³ ¸μ¸É ¢²Ö¥É¸Ö ³¥¦¤Ê É·¥³Ö ¢¥²¨Î¨´ ³¨. �Éμ ¶μ´ÖÉ¨¥ ¢¢μ¤¨É¸Ö ¥¸É¥-
¸É¢¥´´Ò³ μ¡· §μ³ ¢ · ³± Ì ¸¢μ°¸É¢ ³ É·¨ÍÒ ‚ ´¤¥·³μ´¤  [5]. —Éμ¡Ò μ¡μ¡-
Ð¨ÉÓ μ¡Ð¥¶·¨´ÖÉÊÕ ¡¨´ ·´ÊÕ μ¶¥· Í¨Õ, ´ §Ò¢ ¥³ÊÕ ®· §´¨Í  ³¥¦¤Ê ¤¢Ê³Ö
¢¥²¨Î¨´ ³¨¯, [u, v] = u− v, £² ¢´μ¥ ¸¢μ°¸É¢μ ±μÉμ·μ° ¢Ò· ¦ ¥É¸Ö Ëμ·³Ê²μ°

[u, v] = [u, d] + [d, v],

´  É·¨ ¨ ¡μ²¥¥ ¢¥²¨Î¨´, ¶·¥¤¸É ¢¨³ [u, v] ± ± μ¶·¥¤¥²¨É¥²Ó ³ É·¨ÍÒ

[u, v] = Det
(

u v
1 1

)
.

�Éμ ¶·¥¤¸É ¢²¥´¨¥ ¤ ¥É ¶μ¤¸± §±Ê, ÎÉμ μ¶·¥¤¥²¨É¥²Ó ³ É·¨ÍÒ ‚ ´¤¥·³μ´¤ 
É·¥ÉÓ¥£μ ¶μ·Ö¤± 

[u, v, w] = Det

⎛
⎝ u2 v2 w2

u v w
1 1 1

⎞
⎠ = (u − v)(v − w)(w − u) (1.13)

³μ¦¥É ¡ÒÉÓ ¶·¨´ÖÉ ¢ ± Î¥¸É¢¥ μ¶·¥¤¥²¥´¨Ö · §´¨ÍÒ ³¥¦¤Ê ¢¥²¨Î¨´ ³¨ u, v, w.
�É  Ëμ·³Ê²  Ê¤μ¢²¥É¢μ·Ö¥É μ¸´μ¢´μ³Ê ¸¢μ°¸É¢Ê,   ¨³¥´´μ ¶μ μÉ´μÏ¥´¨Õ ±
¤μ¶μ²´¨É¥²Ó´μ° ¶¥·¥³¥´´μ° ¨³¥¥É ³¥¸Éμ ¸²¥¤ÊÕÐ¥¥ · §²μ¦¥´¨¥ [6]:

[u, v, w] = [u, v, d] + [u, d, w] + [d, v, w]. (1.14)
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�Éμ Éμ¦¤¥¸É¢μ ¤μ± §Ò¢ ¥É¸Ö ¶ÊÉ¥³ · ¸±·ÒÉ¨Ö § ¢¥¤μ³μ É·¨¢¨ ²Ó´μ£μ ¤¥É¥·-
³¨´ ´É :

Det

⎛
⎜⎜⎝

u2 v2 w2 d2

u v w d
1 1 1 1
1 1 1 1

⎞
⎟⎟⎠ = −[u, v, w]+[u, v, d]+[u, d, w]+[d, v, w] = 0. (1.15)

„²Ö n = 3 ¢ ¶· ¢μ° Î ¸É¨ Ê· ¢´¥´¨Ö (1.12) ¶μ²ÊÎ¨³ Ë ±Éμ·, ±μÉμ·Ò° ³μ¦¥É
¡ÒÉÓ ¶·¥¤¸É ¢²¥´ ± ± ®· §´¨Í  ³¥¦¤Ê É·¥³Ö ¢¥²¨Î¨´ ³¨¯,   ¨³¥´´μ:

uk(v − w) + vk(w − u) + wk(u − v) =

= (u − v)(v − w)(w − u)
∑

i+l+j=k−2

(viwjul), k � 2. (1.16)

�¸´μ¢´ Ö É¥μ·¥³  É¥μ·¨¨ ¸¨³³¥É·¨Î¥¸±¨Ì ³´μ£μÎ²¥´μ¢ ÊÉ¢¥·¦¤ ¥É, ÎÉμ
²Õ¡μ° ¸¨³³¥É·¨Î¥¸±¨° ³´μ£μÎ²¥´ Ö¢²Ö¥É¸Ö ³´μ£μÎ²¥´μ³ μÉ Ô²¥³¥´É ·´ÒÌ
¸¨³³¥É·¨Î¥¸±¨Ì ³´μ£μÎ²¥´μ¢ [7]. ‘ ¤·Ê£μ° ¸Éμ·μ´Ò, ¶μ Ëμ·³Ê² ³ ‚¨¥É  ±μ-
ÔËË¨Í¨¥´ÉÒ Ì · ±É¥·¨¸É¨Î¥¸±μ£μ ¶μ²¨´μ³  ¸ ÉμÎ´μ¸ÉÓÕ ¤μ §´ ±  ¸ÊÉÓ §´ -
Î¥´¨Ö Ô²¥³¥´É ·´ÒÌ ¸¨³³¥É·¨Î¥¸±¨Ì ³´μ£μÎ²¥´μ¢. ‘²¥¤μ¢ É¥²Ó´μ, ·¥§Ê²ÓÉ É
¤¥°¸É¢¨Ö ��-μ¶¥· Éμ·  ´  ¸É¥¶¥´´ÊÕ ËÊ´±Í¨Õ ¶·¥¤¸É ¢²Ö¥É¸Ö ³´μ£μÎ²¥´μ³
μÉ ±μÔËË¨Í¨¥´Éμ¢ Ì · ±É¥·¨¸É¨Î¥¸±μ£μ ¶μ²¨´μ³ .

�·¨¢¥¤¥³ ´¥¸±μ²Ó±μ ¶·¨³¥·μ¢.
�·¨³¥· 1:

u2 − v2

u − v
= a1,

u3 − v3

u − v
= a2

1 − a2,
u4 − v4

u − v
= a3

1 − 2a1a2, (1.17)

£¤¥ a1, a2 Å ±μÔËË¨Í¨¥´ÉÒ ¶μ²¨´μ³ 

P (X) = X2 − a1X + a2. (1.18)

�·¨³¥· 2:

u4(v − w) + v4(w − u) + w4(u − v)
(u − v)(v − w)(w − u)

= a2
1 − a2,

(1.19)u5(v − w) + v5(w − u) + w5(u − v)
(u − v)(v − w)(w − u)

= a3 − 2a1a2 + a3
1,

£¤¥ a1, a2, a3 Å ±μÔËË¨Í¨¥´ÉÒ ¶μ²¨´μ³ 

P (X) = X3 − a1X
2 + a2X + a3. (1.20)

�É¨ ·¥§Ê²ÓÉ ÉÒ § ¶¨Ï¥³ ¢ ¢¨¤¥ É ¡². 1.
‘ Í¥²ÓÕ ¶·¨¤ ÉÓ ÔÉ¨³ Ëμ·³Ê² ³ ´ ¨¡μ²¥¥ Ê¤μ¡´ÊÕ Ëμ·³Ê ¢Ò¢¥¤¥³ μ¡-

ÐÊÕ Ëμ·³Ê²Ê.
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’ ¡²¨Í  1.

n = 3 f(x) = xk

k = 0 D(3)f = 0

k = 1 D(3)f = 0

k = 2 D(3)f = 1

k = 3 D(3)f = a1

k = 4 D(3)f = a2
1 − a2

k = 5 D(3)f = a3 − 2a1a2 + a3
1

k = 6 D(3)f = 2a1a3 − 3a2
1a2 + a2

2 + a4
1

1.2. �¡Ð Ö Ëμ·³Ê²  ¤²Ö · §¤¥²¥´´ÒÌ · §´μ¸É¥° μÉ ¸É¥¶¥´´ÒÌ ËÊ´±Í¨°.
�Ê¸ÉÓ Z μ¡μ§´ Î ¥É ´¨²Ó¶μÉ¥´É´ÊÕ ³ É·¨ÍÊ ¢¨¤ 

Z ≡

⎛
⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 . . . 0 0
0 0 1 0 . . . 0 0
. . . . . . . . . . . . . . . . . . . . .

0 0 0 0 . . . 0 1
0 0 0 0 . . . 0 0

⎞
⎟⎟⎟⎟⎟⎟⎠

. (1.21)

�μ¸É·μ¨³ ¶μ²¨´μ³ ¢ ¡ §¨¸¥ ´¨²Ó¶μÉ¥´É´μ° ³ É·¨ÍÒ Z ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

F (a;Z; n) = I +
n−1∑
k=1

akZk. (1.22)

� ¶·¨³¥·, ³ É·¨Î´ Ö Ëμ·³  ¶μ²¨´μ³  F ((−a);Z; 4) ¢Ò£²Ö¤¨É É ±:

F ((−a);Z) =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 −a1 a2 −a3 a4

0 1 −a1 a2 −a3

0 0 1 −a1 a2

0 0 0 1 −a1

0 0 0 0 1

⎞
⎟⎟⎟⎟⎟⎟⎠

. (1.23)

�²¥³¥´ÉÒ μ¡· É´μ° ³ É·¨ÍÒ F−1((−a);Z; n) ¢ÒÎ¨¸²ÖÕÉ¸Ö ¸ ¶μ³μÐÓÕ  ²£μ-
·¨É³  1.1. �μ²Ó§ÊÖ¸Ó ÔÉ¨³  ²£μ·¨É³μ³, ¶μ¸É·μ¨³ É ¡². 2.
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’ ¡²¨Í  2.

Dnxn−1 = b1 = 1

Dnxn = b2 = a1

Dnxn+1 = b3 = −a2 + a2
1

Dnxn+2 = b4 = a3 − 2a1a2 + a3
1

Dnxn+3 = b5 = −a4 + 2a1a3 − 3a2
1a2 + a2

2 + a4
1

. . . . . .

Dnxn+k = bk+2 =
k+1∑

j=1

(−1)j+1ajbi−j

�·¨³¥· 3:

F−1(a;Z) =

=

⎛
⎜⎜⎜⎜⎝

1 a1 −a2 + a2
1 a3 − 2a1a2 + a3

1 −a4 + 2a1a3 − 3a2
1a2 + a2

2 + a4
1

0 1 a1 −a2 + a2
1 a3 − 2a1a2 + a3

1

0 0 1 a1 −a2 + a2
1

0 0 0 1 a1

0 0 0 0 1

⎞
⎟⎟⎟⎟⎠ .

(1.24)

„ ²¥¥, ¸ ¶μ³μÐÓÕ Éμ° ¦¥ ´¨²Ó¶μÉ¥´É´μ° ³ É·¨ÍÒ μ¡· §Ê¥³ ¶μ²¨´μ³
¸²¥¤ÊÕÐ¥£μ ¢¨¤ :

F (x;Z; n) = I + xZ + . . . + xkZk + . . . + xn−1Zn−1. (1.25)

‚ ÔÉ¨Ì μ¡μ§´ Î¥´¨ÖÌ μ¡Ð¨° ·¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö μ¶¥· Éμ·  �� ´  ¸É¥¶¥´´ÊÕ
ËÊ´±Í¨Õ ¢Ò· ¦ ¥É¸Ö Ëμ·³Ê²μ°

Dn(xn−1F (x;Z; n)) = (F ((−a);Z; n))−1. (1.26)

Š ± ¢¨¤´μ ¨§ Ëμ·³Ê²Ò (1.26), μ¶¥· Éμ· �� ¶·¨ ¤¥°¸É¢¨¨ ´  ³ É·¨ÍÊ
xn−1F (x;Z; n), ¸μ¸ÉμÖÐÊÕ ¨§ ¸É¥¶¥´´ÒÌ ËÊ´±Í¨°, ¶¥·¥¸É ¢²Ö¥É ³μ´μ³Ò
xn−1+k ´  ±μÔËË¨Í¨¥´ÉÒ Ì · ±É¥·¨¸É¨Î¥¸±μ£μ ¶μ²¨´μ³  ak ¨ μ¡μ· Î¨¢ ¥É
¶μ²ÊÎ¥´´ÊÕ ³ É·¨ÍÊ.

�·¨¢¥¤¥³ ´¥±μÉμ·Ò¥ ¶·¨³¥·Ò, ¶μÖ¸´ÖÕÐ¨¥ ÔÉÊ Ëμ·³Ê²Ê.
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�·¨³¥· 4:

D2

(
x x2

0 x

)
=

(
1 −a1

0 1

)−1

,

D3

⎛
⎝ x2 x3 x4

0 x2 x3

0 0 x2

⎞
⎠ =

⎛
⎝ 1 −a1 a2

0 1 −a1

0 0 1

⎞
⎠

−1

, (1.27)

D4

⎛
⎜⎜⎝

x3 x4 x5 x6

0 x3 x4 x5

0 0 x3 x4

0 0 0 x3

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

1 −a1 a2 −a3

0 1 −a1 a2

0 0 1 −a1

0 0 0 1

⎞
⎟⎟⎠

−1

.

1.3. �¶¥· Éμ·Ò · §¤¥²¥´´ÒÌ · §´μ¸É¥° · §´μ° · §·Ö¤´μ¸É¨. �¡· §ÊÖ
³ É·¨ÍÊ WM (f ; x; n) ¨§ ³ É·¨ÍÒ ‚ ´¤¥·³μ´¤  (¸³. Ëμ·³Ê²Ê 1.6), ³Ò ¨¸¶μ²Ó-
§μ¢ ²¨ Éμ²Ó±μ μ¤´Ê ¨§ n ¢μ§³μ¦´μ¸É¥°. „¥°¸É¢¨É¥²Ó´μ, ±·μ³¥ ¶¥·¢μ£μ ¸Éμ²¡Í 
¢¥±Éμ·μ³, ¸μ¸É ¢²¥´´Ò³ ¨§ §´ Î¥´¨° ËÊ´±Í¨¨, ³μ¦´μ ¡Ò²μ § ³¥´¨ÉÓ ¢Éμ·μ°,
É·¥É¨° ¨²¨ k-° ¸Éμ²¡¥Í. �¡μ§´ Î¨³ ¶μ²ÊÎ¥´´Ò¥ É ±¨³ ¸¶μ¸μ¡μ³ ³ É·¨ÍÒ
Î¥·¥§

WM,k(f ; x; n), k = 1, 2, . . . , n,

£¤¥ ¨´¤¥±¸ k ¸μμÉ¢¥É¸É¢Ê¥É ´μ³¥·Ê § ³¥´Ö¥³μ£μ ¸Éμ²¡Í . �μ²ÊÎ¥´´Ò¥ É ±¨³
¸¶μ¸μ¡μ³ ³ É·¨ÍÒ ¶μ§¢μ²ÖÕÉ ¢¢¥¸É¨ ¸¨¸É¥³Ê ��-μ¶¥· Éμ·μ¢

Dk(p), k = 1, 2, . . . , n, p = 1, 2, . . . , n,

£¤¥

Dn(k) =
Det (WM,k(f ; x; n))

Det (VM (x; n))
, k = 1, 2, . . . , n. (1.28)

�·¨³¥· 5. ‚ ¸²ÊÎ ¥ ³ É·¨Í É·¥ÉÓ¥£μ ¶μ·Ö¤±  ¨³¥ÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¢μ§-
³μ¦´μ¸É¨:

⎛
⎜⎝

x2
1 x1 1

x2
2 x2 1

x2
3 x3 1

⎞
⎟⎠ →

⎛
⎜⎝

x2
1 f(x1) 1

x2
2 f(x2) 1

x2
3 f(x3) 1

⎞
⎟⎠ →

⎛
⎜⎝

x2
1 x1 f(x1)

x2
2 x2 f(x2)

x2
3 x3 f(x3)

⎞
⎟⎠ . (1.29)
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‘μμÉ¢¥É¸É¢¥´´μ, ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¨¥ É·¨ μ¶·¥¤¥²¥´¨Ö μ¶¥· Éμ·  · §¤¥²¥´´ÒÌ
· §´μ¸É¥°:

D3(1) =
1

V (x; 3)
Det

⎛
⎜⎝

f(x1) x1 1
f(x2) x2 1
f(x3) x3 1

⎞
⎟⎠ ,

D3(2) =
1

V (x; 3)
Det

⎛
⎜⎝

x2
1 f(x1) 1

x2
2 f(x2) 1

x2
3 f(x3) 1

⎞
⎟⎠ , (1.30)

D3(3) =
1

V (x; 3)
Det

⎛
⎜⎝

x2
1 x1 f(x1)

x2
2 x2 f(x2)

x2
3 x3 f(x3)

⎞
⎟⎠ .

‡ ³¥É¨³, ÎÉμ ÔÉÊ  ²£¥¡· ¨Î¥¸±ÊÕ ¸¨¸É¥³Ê ³μ¦´μ · ¸¸³ É·¨¢ ÉÓ ± ± ·¥-
§Ê²ÓÉ É ·¥Ï¥´¨Ö ²¨´¥°´μ£μ  ²£¥¡· ¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö ³¥Éμ¤μ³ Š· ³¥· . ‚
¸²ÊÎ ¥ ³ É·¨ÍÒ É·¥ÉÓ¥£μ ¶μ·Ö¤±  ¤ ´´ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¢Ò£²Ö¤¨É É ±:

⎛
⎜⎝

x2
1 x1 1

x2
2 x2 1

x2
3 x3 1

⎞
⎟⎠

⎛
⎜⎝

D3(1)f(x)
D3(2)f(x)
D3(3)f(x)

⎞
⎟⎠ =

⎛
⎜⎝

f(x1)
f(x2)
f(x3)

⎞
⎟⎠ . (1.31)

�¥Ï¥´¨¥ ÔÉμ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° ³μ¦¥É ¡ÒÉÓ ¶·¥¤¸É ¢²¥´μ ¸ ¶μ³μÐÓÕ
¸μ¶·μ¢μ¦¤ ÕÐ¥° ³ É·¨ÍÒ

f(E) = I D3(1)f(x) + E D3(2)f(x) + E2 D3(3)f(x). (1.32)

�μ²Ó§ÊÖ¸Ó ÔÉμ° Ëμ·³Ê²μ°, ´ °¤¥³ ¶·¥¤¸É ¢²¥´¨¥ ·¥§Ê²ÓÉ É  ¤¥°¸É¢¨Ö μ¶¥-
· Éμ·μ¢ Dn(k) ´  ³μ´μ³Ò ¸μ¶·μ¢μ¦¤ ÕÐ¨³¨ ³ É·¨Í ³¨ ¨¸Ìμ¤´μ£μ ¶μ²¨-
´μ³  P (X).

�·¨³¥· 6:

(
D2(2)
D2(1)

) ⊗
(x x2) =

(
0 −a2

1 a1

)
= E,

(
D2(2)
D2(1)

) ⊗
(x2 x3) =

(
−a2 a2a1

a1 (a2
1 − a2)

)
= E2,

(
D2(2)
D2(1)

) ⊗
(xk xk+1) = Ek

2 , n = 2;
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⎛
⎝ D3(3)

D3(2)
D3(1)

⎞
⎠ ⊗

(x x2 x3) =

⎛
⎝ 0 0 a3

1 0 −a2

0 1 a1

⎞
⎠ = E3,

⎛
⎝ D3(3)

D3(2)
D3(1)

⎞
⎠⊗

(x2 x3 x4) =

⎛
⎝ 0 a3 a1a3

0 −a2 a3 − a1a2

1 a1 a2
1 − a2

⎞
⎠ = E2

3 ,

⎛
⎝ D3(3)

D3(2)
D3(1)

⎞
⎠ ⊗

(xk xk+1 xk+2) = Ek
3 , n = 3.

�¡μ¡Ð¥´¨¥ ´  ¸²ÊÎ ° ³ É·¨Í ¶·μ¨§¢μ²Ó´μ£μ ¶μ·Ö¤±  μÎ¥¢¨¤´μ. �μ ¨´-
¤Ê±Í¨¨ ´ Ìμ¤¨³ μ¡ÐÊÕ Ëμ·³Ê²Ê:

[Dn(n), Dn(n − 1), . . . , Dn(1)]T
⊗

[xk, xk+1, . . . , xk+n−1] = Ek
n. (1.33)

2. ‚›��†„…��›… ��…��’��› ��‡„…‹…��›• ��‡��‘’…‰
ˆ ˆ• ˆ�‚��ˆ��’›

…¸²¨ ¨´É¥·¢ ² ³¥¦¤Ê Ê§² ³¨ Ê¸É·¥³¨ÉÓ ± ´Ê²Õ, Éμ μ¶¥· Éμ· · §¤¥²¥´-
´ÒÌ · §´μ¸É¥° ¢Éμ·μ£μ ¶μ·Ö¤±  ¶¥·¥°¤¥É ¢ μ¡ÒÎ´ÊÕ ¶·μ¨§¢μ¤´ÊÕ ¶¥·¢μ£μ
¶μ·Ö¤±  [8]. „²Ö ¸É¥¶¥´´μ° ËÊ´±Í¨¨ ¨³¥¥³

D2(1)xk|x1=x2=x = kxk−1. (2.1)

�μ¸±μ²Ó±Ê ·¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö μ¶¥· Éμ·  �� ´  ¸É¥¶¥´´ÊÕ ËÊ´±Í¨Õ ¢Ò· ¦ -
¥É¸Ö ¸¨³³¥É·¨Î¥¸±μ° Ëμ·³μ°, Éμ ¶·¨ ¢Ò·μ¦¤¥´¨¨ ±μ·´¥° ¶μ²¨´μ³  ·¥§Ê²ÓÉ É
´ Ìμ¤¨É¸Ö ¶·μ¸ÉÒ³ ¶·¨· ¢´¨¢ ´¨¥³ ±μ·´¥° ± ¤ ´´μ³Ê  ·£Ê³¥´ÉÊ ËÊ´±Í¨¨.
� ¶·¨³¥·, ¤²Ö É·¥ÉÓ¥£μ ¶μ·Ö¤±  ¢Ò·μ¦¤¥´¨¥ ±μ·´¥° ¶μ²¨´μ³  ³μ¦´μ § ¶¨-
¸ ÉÓ É ±:

D3(1)xk|x1=x2=x3=x = Ck−2
k xk−2, Ck

n =
n!

k!(n − k)!
. (2.2)

�¡μ§´ Î¨³ ¢Ò·μ¦¤¥´´Ò° μ¶¥· Éμ· Î¥·¥§ Dxn.
‚ μ¡Ð¥³ ¸²ÊÎ ¥ ¤²Ö ¸É¥¶¥´´μ° ËÊ´±Í¨¨ ¨³¥¥É ³¥¸Éμ ¸²¥¤ÊÕÐ Ö Ëμ·³Ê² :

Dxn xk = Ck−n+1
k xk−n+1. (2.3)

‘μ¸É ¢¨³ É ¡²¨ÍÊ ¤¥°¸É¢¨° ¢Ò·μ¦¤¥´´μ£μ μ¶¥· Éμ·  �� ´  ¸É¥¶¥´´ÊÕ
ËÊ´±Í¨Õ (É ¡². 3).
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’ ¡²¨Í  3.

Dxn 1 x x2 x3 x4 x5 x6 x7 x8

Dx2 0 1 2x 3x2 4x3 5x4 6x5 7x6 8x7

Dx3 0 0 1 3x 6x2 10x3 15x4 21x5 28x6

Dx4 0 0 0 1 4x 10x2 20x3 35x4 56x5

Dx5 0 0 0 0 1 5x 15x2 35x3 70x4

Dx6 0 0 0 0 0 1 6x 21x2 56x3

‚ É ¡². 3 ¢ ®Ï ¶±¥¯ ¸μ¤¥·¦ É¸Ö ËÊ´±Í¨¨, ´  ±μÉμ·Ò¥ ¤¥°¸É¢ÊÕÉ μ¶¥· -
Éμ·Ò, · ¸¶μ²μ¦¥´´Ò¥ ¢ ¡μ±μ¢¨±¥. �  ¶¥·¥¸¥Î¥´¨¨ Å ¢ ¶·μ£· Ë±¥ Å ´ Ìμ-
¤¨É¸Ö ·¥§Ê²ÓÉ É. ’ ±¨³ μ¡· §μ³, ·¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö ¢Ò·μ¦¤¥´´μ£μ μ¶¥· Éμ· 
�� ´  ¸É¥¶¥´´ÊÕ ËÊ´±Í¨Õ ¢Ò· ¦ ¥É¸Ö É·¥Ê£μ²Ó´μ° ³ É·¨Í¥° � ¸± ²Ö.

Š ± ¨§¢¥¸É´μ (¸³. [9Ä11]), É·¥Ê£μ²Ó´ÊÕ ³ É·¨ÍÊ � ¸± ²Ö ³μ¦´μ ¶·¥¤-
¸É ¢¨ÉÓ ± ± Ô±¸¶μ´¥´Í¨ ²Ó´ÊÕ ËÊ´±Í¨Õ μÉ ´¨²Ó¶μÉ¥´É´μ° ³ É·¨ÍÒ ¸ ´ ÉÊ-
· ²Ó´Ò³ ·Ö¤μ³ ´ ¤ ¤¨ £μ´ ²ÓÕ. ‚ ÔÉ¨Ì É¥·³¨´ Ì É ¡². 3 Ëμ·³ ²Ó´μ ³μ¦´μ
¶·¥¤¸É ¢¨ÉÓ É ±:

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

I

Dx2

Dx3

Dx4

Dx5

Dx6

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⊗
(1 x x2 x3 x4 x5) = exp

⎡
⎢⎢⎢⎢⎢⎢⎢⎣
x

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 0 0 0 0
0 0 2 0 0 0 0
0 0 0 3 0 0 0
0 0 0 0 4 0 0
0 0 0 0 0 5 0
0 0 0 0 0 0 6

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

. (2.4)

�´ ²μ£¨Î´μ Ô±¸¶μ´¥´Í¨ ²Ó´μ° ËÊ´±Í¨¨, ±μÉμ· Ö ¨´¢ ·¨ ´É´  ¶μ μÉ´μ-
Ï¥´¨Õ ± ¤¨ËË¥·¥´Í¨·μ¢ ´¨Õ, ¸ ¶μ³μÐÓÕ ¸É¥¶¥´´ÒÌ ·Ö¤μ¢ ³μ¦´μ ¶μ¸É·μ¨ÉÓ
ËÊ´±Í¨¨, ¨´¢ ·¨ ´É´Ò¥ ¶μ μÉ´μÏ¥´¨Õ ± μ¶¥· Í¨¨ ¢Ò·μ¦¤¥´´ÒÌ · §¤¥²¥´-
´ÒÌ · §´μ¸É¥°. ‚ ¸²ÊÎ ¥ n = 3 ¨³¥¥³ ¶ ·Ê É ±¨Ì ËÊ´±Í¨°:

exp(1)
3 (x) = 1 +

x2

C0
2

+
x4

C0
2C2

4

+
x6

C0
2C2

4C4
6

+ . . . , (2.5)

exp(2)
3 (x) = x +

x3

C1
3

+
x5

C1
3C3

5

+
x7

C1
3C3

5C5
7

+ . . . (2.6)

’ ±¨³ μ¡· §μ³, ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ³μ¦´μ ¶μ¸É·μ¨ÉÓ ¤¢¥ ËÊ´±Í¨¨, ¶·¥¤¸É ¢-
²¥´´Ò¥ ¢ Ëμ·³¥ ¡¥¸±μ´¥Î´μ£μ ¸Ìμ¤ÖÐ¥£μ¸Ö ·Ö¤ , ±μÉμ·Ò¥ ¶¥·¥Ìμ¤ÖÉ ¸ ³¨ ¢
¸¥¡Ö ¶μ¤ ¤¥°¸É¢¨¥³ ¢Ò·μ¦¤¥´´μ£μ ��-μ¶¥· Éμ·  É·¥ÉÓ¥£μ ¶μ·Ö¤± . �·¨ n = 4
Î¨¸²μ ¨´¢ ·¨ ´É´ÒÌ ËÊ´±Í¨° · ¢´μ É·¥³. �´¨ § ¤ ÕÉ¸Ö ¸ ¶μ³μÐÓÕ ¸É¥¶¥´-
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´ÒÌ ·Ö¤μ¢ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

exp(1)
4 (x) = 1 +

x3

C0
3

+
x6

C0
3C3

6

+
x9

C0
3C3

6C6
9

+ . . . ,

exp(2)
4 (x) = x +

x4

C1
4

+
x7

C1
4C4

7

+
x10

C1
4C4

7C7
10

+ . . . , (2.7)

exp(3)
4 (x) = x2 +

x5

C2
5

+
x8

C2
5C5

8

+
x11

C2
5C5

8C8
11

+ . . .

�´ ²μ£¨Î´Ò³ ¸¶μ¸μ¡μ³ ³μ¦´μ ¶μ¸É·μ¨ÉÓ n − 1 ËÊ´±Í¨Õ, ¨´¢ ·¨ ´É´ÊÕ ¶μ
μÉ´μÏ¥´¨Õ ± ¢Ò·μ¦¤¥´´¥³Ê ��-μ¶¥· Éμ·Ê ¶μ·Ö¤±  n. �¡Ð Ö Ëμ·³Ê²  ¨³¥¥É
¢¨¤

exp(m)
n (x) = xm−1 +

∞∑
k=1

xm−1+k(n−1)
r=k∏
r=1

{Cm−1+(r−1)(n−1)
m−1+r(n−1) }−1,

m = 1, 2, . . . , n − 1. (2.8)

3. ��…„‘’�‚‹…�ˆ… �…˜…�ˆ‰ ‘ˆ‘’…Œ› “��‚�…�ˆ‰
�ˆŠŠ�’ˆ —…�…‡ ��…��’��› ��‡„…‹…��›• ��‡��‘’…‰

„¨ËË¥·¥´Í¨ ²Ó´μ¥ Ê· ¢´¥´¨¥ ¢Éμ·μ£μ ¶μ·Ö¤± 

P

(
d

dφ

)
Ψ =

d2

dφ2
Ψ − a1

d

dφ
Ψ + a2Ψ = 0, ak ∈ C (3.1)

¨³¥¥É ¤¢  ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ·¥Ï¥´¨Ö: g0(φ), g1(φ). …¸²¨ ¢Ò¡· ÉÓ ´ -
Î ²Ó´Ò¥ §´ Î¥´¨Ö É ±, ÎÉμ g0(0) = 1, g1(0) = 0, Éμ μÉ´μÏ¥´¨¥ ÔÉ¨Ì ·¥Ï¥´¨°

U(φ) = −g0(φ)
g1(φ)

(3.2)

¡Ê¤¥É Ê¤μ¢²¥É¢μ·ÖÉÓ Ê· ¢´¥´¨Õ �¨±± É¨

d

dφ
U = P (U). (3.3)

‘²¥¤Ê¥É μÉ³¥É¨ÉÓ, ÎÉμ ¸É·Ê±ÉÊ·  Ê· ¢´¥´¨° (3.1) ¨ (3.3) μ¶·¥¤¥²Ö¥É¸Ö ¥¤¨´Ò³
Ì · ±É¥·¨¸É¨Î¥¸±¨³ ¶μ²¨´μ³μ³ ¢Éμ·μ£μ ¶μ·Ö¤± :

P (X) = X2 − a1X + a2. (3.4)
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“· ¢´¥´¨¥ �¨±± É¨Ä�¡¥²Ö, ±μÉμ·μ¥ μ¶·¥¤¥²Ö¥É¸Ö ¶μ²¨´μ³μ³ É·¥ÉÓ¥£μ ¶μ-
·Ö¤± 

d

dφ
U = U3 − a1U

2 + a2U − a3, (3.5)

Ö¢²Ö¥É¸Ö ¸²¥¤ÊÕÐ¨³ Ï £μ³ ¢ μ¡μ¡Ð¥´¨¨ Ê· ¢´¥´¨Ö �¨±± É¨.
„²Ö ¶μ¸ÉμÖ´´ÒÌ §´ Î¥´¨° ±μÔËË¨Í¨¥´Éμ¢ Ê· ¢´¥´¨¥ �¨±± É¨Ä�¡¥²Ö ´¥-

¶μ¸·¥¤¸É¢¥´´μ ¨´É¥£·¨·Ê¥É¸Ö. �·μ¢μ¤Ö ¨´É¥£·¨·μ¢ ´¨¥ ¢ μ¶·¥¤¥²¥´´ÒÌ ¶·¥-
¤¥² Ì, ¶·¨Ìμ¤¨³ ± ¸²¥¤ÊÕÐ¥° Ëμ·³Ê²¥ [4]:

D3(1) log
u − x

v − x
=

1
w − v

w∫
v

du

u3 − a1u2 + a2u − a3
, (3.6)

£¤¥ ¢ ²¥¢μ° Î ¸É¨ μ¶¥· Éμ· �� μ¶·¥¤¥²¥´ ´  ±μ·´ÖÌ ±Ê¡¨Î¥¸±μ£μ ¶μ²¨´μ³  ¢
¶μ¤Ò´É¥£· ²Ó´μ³ ¢Ò· ¦¥´¨¨.

…¸É¥¸É¢¥´´μ ¶·¥¤¶μ²μ¦¨ÉÓ, ÎÉμ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö �¨±± É¨Ä�¡¥²Ö ± ±-
Éμ ¸¢Ö§ ´Ò ¸ ¸¨¸É¥³μ° ²¨´¥°´μ ´¥§ ¢¨¸¨³ÒÌ ·¥Ï¥´¨° ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ
Ê· ¢´¥´¨Ö É·¥ÉÓ¥£μ ¶μ·Ö¤±  ¸ É¥³ ¦¥ Ì · ±É¥·¨¸É¨Î¥¸±¨³ ¶μ²¨´μ³μ³, ÎÉμ ¨
Ê· ¢´¥´¨¥ �¨±± É¨Ä�¡¥²Ö. ‚ · ¡μÉ Ì [13, 14] § ¤ Î  ¢§ ¨³μ¸¢Ö§¨ ²¨´¥°´μ
´¥§ ¢¨¸¨³ÒÌ ·¥Ï¥´¨° y1, y2, y3 ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö É·¥ÉÓ¥£μ ¶μ-
·Ö¤±  ¸ ·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨Ö �¨±± É¨Ä�¡¥²Ö ¡Ò²  ¢ μ¡Ð¥³ ¢¨¤¥ ¶μ¸É ¢²¥´ 
¨ ·¥Ï¥´ . ‚ ¸²ÊÎ ¥ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö ¢Ò¸μ±μ£μ ¶μ·Ö¤±  ¸ Ì -
· ±É¥·¨¸É¨Î¥¸±¨³ ¶μ²¨´μ³μ³

P (X) = Xn−a1X
n−1 +a2X

n−2 + . . .+(−1)kakXn−k + . . .+(−1)nan (3.7)

²¨´¥°´μ ´¥§ ¢¨¸¨³Ò¥ ·¥Ï¥´¨Ö ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö

P

(
d

dφ

)
gk(φ) = 0 (3.8)

¸ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨ g0(0) = 1, gk(0) = 0, k = 1, . . . , n−1, Ê¤μ¢²¥É¢μ·ÖÕÉ
¸¨¸É¥³¥ Ê· ¢´¥´¨° [12]

n∑
j=1

[E]jkgj−1 =
d

dφ
gk−1, (3.9)

£¤¥ E Å ¸μ¶·μ¢μ¦¤ ÕÐ Ö ³ É·¨Í  ¶μ²¨´μ³  P (X). ‘¨¸É¥³  ËÊ´±Í¨¨ gk(φ),
k = 0, 1, 2, . . . , n−1, ¸μ¸É ¢²Ö¥É ¡ §¨¸ μ¡μ¡Ð¥´´μ° É·¨£μ´μ³¥É·¨¨. �μ¸±μ²Ó±Ê
¸μ¶·μ¢μ¦¤ ÕÐ Ö ³ É·¨Í  E Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ

P (E) = 0, (3.10)
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Éμ  ´ ²¨É¨Î¥¸± Ö ËÊ´±Í¨Ö μÉ E § ¤ ¥É¸Ö ¶μ²¨´μ³μ³ ¢ (n − 1) ¸É¥¶¥´¨. „²Ö
Ô±¸¶μ´¥´Í¨ ²Ó´μ° ËÊ´±Í¨¨ ÔÉμÉ ¶μ²¨´μ³ ¨³¥¥É ¢¨¤

Q(E) = exp (Eφ) = Ig0 + Eg1 + E2g2 + . . . + En−1gn−1. (3.11)

�·¨ n = 2 ÔÉ  Ëμ·³Ê²  ·¥¤ÊÍ¨·Ê¥É¸Ö ¢ Ëμ·³Ê²Ê �°²¥· 

exp (Eφ) = g0(φ) + E g1(φ), (3.12)

£¤¥ Ö¢´Ò° ¢¨¤ ËÊ´±Í¨¨ g0(φ), g1(φ) § ¤ ¥É¸Ö ²¨´¥°´μ° ±μ³¡¨´ Í¨¥° Ô±¸¶μ-
´¥´É:

g1(φ) =
exp (x2φ) − exp (x1φ)

x2 − x1
, (3.13 )

g0(φ) =
x2 exp (x1φ) − x1 exp (x2φ)

x2 − x1
. (3.13¡)

Š ± ¢¨¤´μ, Ëμ·³Ê²Ò (3.13 ) ¨ (3.13¡) ¸μ¢¶ ¤ ÕÉ ¸ μ¶·¥¤¥²¥´¨Ö³¨ ��-μ¶¥· -
Éμ·μ¢ ¢Éμ·μ£μ ¶μ·Ö¤± , ¤¥°¸É¢ÊÕÐ¨Ì ´  Ô±¸¶μ´¥´Í¨ ²Ó´ÊÕ ËÊ´±Í¨Õ, É. ¥.

D2(1) exp (xφ) = g1(φ),

D2(2) exp (xφ) = g0(φ).
(3.14)

�Éμ μ¡Ð¥¥ ¶· ¢¨²μ ¤²Ö ¢¸¥Ì ¶μ·Ö¤±μ¢. � ¶·¨³¥·, ¥¸²¨ Ì · ±É¥·¨¸É¨Î¥-
±¨° ¶μ²¨´μ³ § ¤ ¥É¸Ö ±Ê¡¨Î¥¸±¨³ ¶μ²¨´μ³μ³

P (E) = E3 − a1E
2 + a2E − a3, (3.15)

Éμ μ¡μ¡Ð¥´´Ò¥ É·¨£μ´μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ±μ³¶ ±É´μ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§
��-μ¶¥· Éμ·Ò ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

D3(1) exp (xφ1 + x2φ2) = g2(φ1, φ2),

D3(2) exp (xφ1 + x2φ2) = g1(φ1, φ2),

D3(3) exp (xφ1 + x2φ2) = g0(φ1, φ2).

(3.16)

�¡μ¡Ð¥´´Ò¥ É·¨£μ´μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ É·¥ÉÓ¥£μ ¶μ·Ö¤±  Ö¢²ÖÕÉ¸Ö ¤¢Ê-
¶ · ³¥É·¨Î¥¸±¨³¨ ËÊ´±Í¨Ö³¨. ”μ·³Ê²  (3.11),  ´ ²μ£ Ëμ·³Ê²Ò �°²¥· , ¤²Ö
Ô±¸¶μ´¥´Í¨ ²Ó´μ° ËÊ´±Í¨¨ μÉ E ¨³¥¥É ¢¨¤

Q(E) = exp (Eφ1+E2φ2) = Ig0(φ1, φ2)+Eg1(φ1, φ2)+E2g2(φ1, φ2). (3.17)

�¡μ¡Ð¥´´Ò¥ É·¨£μ´μ³¥É·¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¶μ·Ö¤±  n § ¢¨¸ÖÉ μÉ n − 1 ¶ -
· ³¥É· . ‚ É¥·³¨´ Ì ��-μ¶¥· Éμ·μ¢ ÔÉ¨ ËÊ´±Í¨¨ μ¶·¥¤¥²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¥°
¸¨¸É¥³μ° Ê· ¢´¥´¨°:

gn−k(φ) = Dn(k) exp (xφ), k = 1, . . . , n, (3.18)
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£¤¥ ¶μ¤ φ ¶μ¤· §Ê³¥¢ ¥É¸Ö ´ ¡μ· ¨§ (n− 1) ¶¥·¥³¥´´μ£μ, φ = (φ1, . . . , φn−1),
¶·¨ ÔÉμ³ Ô±¸¶μ´¥´Í¨ ²Ó´ Ö ËÊ´±Í¨Ö ¨³¥¥É ¢¨¤

exp (xφ) = exp (xφ1 + x2φ2 + . . . + xn−1φn−1).

”Ê´±Í¨¨ g0, g1 Ö¢²ÖÕÉ¸Ö ¶·μÉμÉ¨¶ ³¨ ¨§¢¥¸É´ÒÌ É·¨£μ´μ³¥É·¨Î¥¸±¨Ì
ËÊ´±Í¨° ±μ¸¨´Ê¸  ¨ ¸¨´Ê¸ . �É´μÏ¥´¨¥ ËÊ´±Í¨° g0, g1

U = −g0

g1
= −G01 (3.19)

μ¶·¥¤¥²Ö¥É  ´ ²μ£ É ´£¥´¸ , ±μÉμ·Ò° Ê¤μ¢²¥É¢μ·Ö¥É Ê· ¢´¥´¨Õ �¨±± É¨

dU

dφ
= P (U) = U2 − a1U + a2. (3.20)

‚ μ¡Ð¥³ ¸²ÊÎ ¥ ËÊ´±Í¨¨ Uk(φ), k = 1, . . . , n − 1, ´ Ìμ¤ÖÉ¸Ö ¨§ ·¥Ï¥´¨Ö
 ²£¥¡· ¨Î¥¸±μ£μ Ê· ¢´¥´¨Ö

Q(U) = 0. (3.21)

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¡μ²¥¥ ¶μ¤·μ¡´μ · ¸¸³μÉ·¨³ ¸²ÊÎ ° n = 4. ”Ê´±Í¨¨ U1,
U2, U3 μ¶·¥¤¥²ÖÕÉ¸Ö ¨§ Ê· ¢´¥´¨Ö

Q(U) = U3 + G2U
2 + G1U + G0 = 0, (3.22)

£¤¥
G2 =

g2

g3
, G1 =

g1

g3
, G2 =

g0

g3
. (3.23)

�μ²¨´μ³ Q(U) μ¡² ¤ ¥É É·¥³Ö ±μ·´Ö³¨ U1, U2, U3, § ¢¨¸ÖÐ¨³¨ μÉ É·¥Ì
¶ · ³¥É·μ¢ φ = φ1, φ2, φ3.

ˆ§ ¸¨¸É¥³Ò Ô¢μ²ÕÍ¨μ´´ÒÌ Ê· ¢´¥´¨° (3.9) ¤²Ö μ¡μ¡Ð¥´´ÒÌ É·¨£μ´μ³¥-
É·¨Î¥¸±¨Ì ËÊ´±Í¨° g0(φ), g1(φ), g2(φ), g3(φ) ³μ¦´μ ¢Ò¢¥¸É¨ ¤¨ËË¥·¥´Í¨-
 ²Ó´Ò¥ Ê· ¢´¥´¨Ö ¤²Ö U1, U2, U3. �É  § ¤ Î  ¡Ò²  ·¥Ï¥´  ¢ · ¡μÉ¥ [14].
‘μμÉ¢¥É¸É¢ÊÕÐ Ö ¸¨¸É¥³  Ê· ¢´¥´¨° ¨³¥¥É ¢¨¤

Φ(U1)(∂3 − a1∂2 + a2∂1)U1 = A3 P (U1),

Φ(U1)(∂2 − a1∂1)U1 = A2 P (U1), (3.24)

Φ(U1)∂1U1 = A1 P (U1),

£¤¥ U1 Å μ¤´μ ¨§ ·¥Ï¥´¨° Ê· ¢´¥´¨Ö (3.24),

A1 = 1, −A2 = U2 + U3, A3 = U2U3, Φ(U1) = (U1 − U2)(U1 − U3).

�ÊÉ¥³ ¶¥·¥¸É ´μ¢±¨ ¨´¤¥±¸μ¢ ¶μ²ÊÎ¨³ É ±¨¥ ¦¥ Ê· ¢´¥´¨Ö ¤²Ö U2 ¨ U3.
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ŠμÔËË¨Í¨¥´É G2(φ) Ê¤μ¢²¥É¢μ·Ö¥É É ±μ° ¸¨¸É¥³¥ Ê· ¢´¥´¨°, ±μÉμ·ÊÕ ¢
É¥·³¨´ Ì μ¶¥· Éμ·μ¢ �� ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

−

⎛
⎜⎝

∂3

∂2

∂1

⎞
⎟⎠G2(φ) =

⎛
⎜⎝

1 a1 −a2 + a2
1

0 1 a1

0 0 1

⎞
⎟⎠

⎛
⎜⎝

D3(3)
D3(2)
D3(1)

⎞
⎟⎠ P (U). (3.25)

�  μ¸´μ¢¥ ¢ÒÏ¥¶·¨¢¥¤¥´´ÒÌ Ê· ¢´¥´¨° ¤¥°¸É¢¨¥ μ¶¥· Éμ·μ¢ �� ´  Ì · ±-
É¥·¨¸É¨Î¥¸±¨° ¶μ²¨´μ³ P (X), μ¶·¥¤¥²¥´´Ò° ¶·¨ X = U , ³μ¦¥É ¡ÒÉÓ ¶¥-
·¥μ¶·¥¤¥²¥´μ ¢ ¶·μ§¢μ¤´ÊÕ ¶¥·¢μ£μ ¶μ·Ö¤±  μÉ ±μÔËË¨Í¨¥´Éμ¢ ¶μ²¨´μ³ 
Q(U), É. ¥. Gk, k = 0, . . . , n − 2:

dG2

dφ
= D3(1)P (U),

dG1

dφ
= D3(2)P (U), (3.26)

dG0

dφ
= D3(3)P (U).

„¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö (3.24), § ¶¨¸ ´´Ò¥ ¤²Ö ± ¦¤μ° ¨§ ËÊ´±Í¨°
U1, U2, U3 μÉ¤¥²Ó´μ, ³μ¦´μ μ¡Ñ¥¤¨´¨ÉÓ ¢ μ¤´μ ³ É·¨Î´μ¥ Ê· ¢´¥´¨¥:

⎛
⎝ 1 −a1 a2

0 1 −a1

0 0 1

⎞
⎠

⎛
⎜⎝

∂φ3U1 ∂φ3U2 ∂φ3U3

∂φ2U1 ∂φ2U2 ∂φ2U3

∂φ1U1 ∂φ1U2 ∂φ1U3

⎞
⎟⎠ =

=

⎛
⎜⎝

U2U3 U3U1 U1U2

−U2 − U3 −U3 − U1 −U1 − U2

1 1 1

⎞
⎟⎠×

×

⎛
⎜⎜⎜⎜⎜⎝

1
Φ(U1)

0 0

0
1

Φ(U2)
0

0 0
1

Φ(U3)

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎝

P (U1) 0 0
0 P (U2) 0
0 0 P (U3)

⎞
⎟⎠ . (3.27)

‡ ³¥É¨³, ÎÉμ ¶·μ¨§¢¥¤¥´¨¥ ¤¢ÊÌ ³ É·¨Í ¢ ¶· ¢μ° Î ¸É¨ Ê· ¢´¥´¨Ö ¥¸ÉÓ ´¨ÎÉμ
¨´μ¥, ± ± ³ É·¨Í , μ¡· É´ Ö ³ É·¨Í¥ ‚ ´¤¥·³μ´¤ :
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⎛
⎝ U2U3 U3U1 U1U2

−U2 − U3 −U3 − U1 −U1 − U2

1 1 1

⎞
⎠×

×

⎛
⎜⎜⎜⎜⎜⎝

1
Φ(U1)

0 0

0
1

Φ(U2)
0

0 0
1

Φ(U3)

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎝

1 U1 U2
1

1 U2 U2
2

1 U3 U2
3

⎞
⎟⎠

−1

. (3.28)

‘ ÊÎ¥Éμ³ ÔÉμ£μ ´ ¡²Õ¤¥´¨Ö ¶¥·¥¶¨Ï¥³ (3.27) É ±:

⎛
⎝ ∂φ3U1 ∂φ3U2 ∂φ3U3

∂φ2U1 ∂φ2U2 ∂φ2U3

∂φ1U1 ∂φ1U2 ∂φ1U3

⎞
⎠ =

⎛
⎝ 1 −a1 a2

0 1 −a1

0 0 1

⎞
⎠

−1

×

×

⎛
⎝ 1 U1 U2

1

1 U2 U2
2

1 U2 U2
3

⎞
⎠

−1 ⎛
⎝ P (U1) 0 0

0 P (U2) 0
0 0 P (U3)

⎞
⎠ . (3.29)

�Éμ Ê· ¢´¥´¨¥ ¸²¥¤Ê¥É ¨´É¥·¶·¥É¨·μ¢ ÉÓ ± ± μ¶·¥¤¥²¥´¨¥ ³ É·¨ÍÒ ¶·¥μ¡· -
§μ¢ ´¨Ö μÉ ¶¥·¥³¥´´ÒÌ φk, k = 1, . . . , n−1, ± ¶¥·¥³¥´´Ò³ Uk, k = 1, . . . , n−1.

� ¢¥´¸É¢μ ¤¥É¥·³¨´ ´Éμ¢ ³ É·¨Î´μ£μ Ê· ¢´¥´¨Ö ¶·¨¢μ¤¨É ± ¸²¥¤ÊÕÐ¥°
Ëμ·³Ê²¥ ¤²Ö Ö±μ¡¨ ´ :

J

(∣∣∣∣
∣∣∣∣∂Uk

∂φj

∣∣∣∣
∣∣∣∣
)

=
P (U1)P (U2)P (U3)

V (U ; 3)
, (3.30)

£¤¥ P (U) Å Ì · ±É¥·¨¸É¨Î¥¸±¨° ¶μ²¨´μ³, V (U ; n) Å ¤¥É¥·³¨´ ´É ‚ ´¤¥·-
³μ´¤ .

�μ¸±μ²Ó±Ê μ¡· É´Ò¥ ³ É·¨ÍÒ ¢ ¶· ¢μ° Î ¸É¨ Ê· ¢´¥´¨Ö (3.29) ¨§¢¥¸É´Ò,
²¥£±μ ´ Ìμ¤¨³ Ö±μ¡¨ ´ μ¡· É´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö:

⎛
⎝ ∂u1φ1 ∂u1φ2 ∂u1φ3

∂u2φ1 ∂u2φ2 ∂u2φ3

∂u3φ1 ∂u3φ2 ∂u3φ3

⎞
⎠ =

⎛
⎜⎜⎜⎜⎜⎝

1
P (U1)

0 0

0
1

P (U2)
0

0 0
1

P (U3)

⎞
⎟⎟⎟⎟⎟⎠

×

×

⎛
⎝ 1 U1 U2

1

1 U2 U2
2

1 U3 U2
3

⎞
⎠

⎛
⎝ 1 −a1 a2

0 1 −a1

0 0 1

⎞
⎠ . (3.31)
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�·¨· ¢´¨¢ Ö ¤¥É¥·³¨´ ´ÉÒ, ´ Ìμ¤¨³ Ö±μ¡¨ ´ μ¡· É´μ£μ ¶·¥μ¡· §μ¢ ´¨Ö:

J

∣∣∣∣
∣∣∣∣∂φk

∂Uj

∣∣∣∣
∣∣∣∣ =

V (U ; 3)
P (U1)P (U2)P (U3)

. (3.32)

Œ É·¨Î´ Ö Ëμ·³  ¢ÒÏ¥¶·¨¢¥¤¥´´ÒÌ Ê· ¢´¥´¨° § ¶¨¸ ´  É ±, ÎÉμ μ¡μ¡-
Ð¥´¨¥ ÔÉ¨Ì ·¥§Ê²ÓÉ Éμ¢ ´  ¢Ò¸Ï¨¥ ¶μ·Ö¤±¨ Ö¢²Ö¥É¸Ö ²¥£±μ ¢Ò¶μ²´¨³μ° § -
¤ Î¥°.

‡�Š‹�—…�ˆ…

Œ¥Éμ¤ · §¤¥²¥´´ÒÌ · §´μ¸É¥° ´ Ìμ¤¨É Ï¨·μ±μ¥ ¶·¨³¥´¥´¨¥ ¢ ·¥Ï¥´¨¨
¶· ±É¨Î¥¸±¨Ì § ¤ Î. �¤´  ¨§ ´¨Ì Å ¶·¨¡²¨¦¥´¨¥ ³´μ£μÎ²¥´ ³¨ £² ¤±¨Ì
ËÊ´±Í¨°, § ¤ ´´ÒÌ  ´ ²¨É¨Î¥¸±¨ ¨²¨ ´ ¡μ· ³¨ ÉμÎ¥± ´  ¶²μ¸±μ¸É¨ ¨²¨ ¢
¶·μ¸É· ´¸É¢¥. �ËË¥±É¨¢´μ¸ÉÓ ¨¸Î¨¸²¥´¨Ö · §¤¥²¥´´ÒÌ · §´μ¸É¥° É·¥ÉÓ¥£μ
¶μ·Ö¤±  ¶·¨ ·¥Ï¥´¨¨ É ±μ£μ ·μ¤  § ¤ Î ¶μ± § ´  ¢ · ¡μÉ Ì [15Ä17].

ˆ¸Î¨¸²¥´¨¥ �� ¨³¥¥É ¸²¥¤ÊÕÐ¨¥ Ì · ±É¥·´Ò¥ μ¸μ¡¥´´μ¸É¨.
1. �¶¥· Éμ·Ò �� μ¶·¥¤¥²ÖÕÉ¸Ö ±μ´¥Î´Ò³ ±μ²¨Î¥¸É¢μ³ Ê§²μ¢, §´ Î¥´¨Ö

¶¥·¥³¥´´ÒÌ ¢ Ê§²μ¢ÒÌ ÉμÎ± Ì ¨´É¥·¶·¥É¨·ÊÕÉ¸Ö ± ± ±μ·´¨ Ì · ±É¥·¨¸É¨Î¥-
¸±μ£μ ¶μ²¨´μ³ .

2. �¥§Ê²ÓÉ É ¤¥°¸É¢¨Ö μ¶¥· Éμ·  �� ´  ¸É¥¶¥´´μ° ·Ö¤ ¢Ò· ¦ ¥É¸Ö ³´μ£μ-
Î²¥´μ³ μÉ ±μÔËË¨Í¨¥´Éμ¢ Ì · ±É¥·¨¸É¨Î¥¸±μ£μ ¶μ²¨´μ³  ¨ ¶·¥¤¸É ¢²Ö¥É¸Ö
É·¥Ê£μ²Ó´μ° ³ É·¨Í¥°.

3. „¥°¸É¢¨¥ μ¶¥· Éμ·  �� ´  Ô±¸¶μ´¥´Í¨ ²Ó´ÊÕ ËÊ´±Í¨Õ μ¶·¥¤¥²Ö¥É ¸¨-
¸É¥³Ê μ¡μ¡Ð¥´´ÒÌ É·¨£μ´μ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° ¨ ·¥Ï¥´¨Ö Ê· ¢´¥´¨° É¨¶ 
�¨±± É¨.

�¢Éμ· ¢Ò· ¦ ¥É ¡² £μ¤ ·´μ¸ÉÓ �. „. „¨±Ê¸ ·Ê §  ³´μ£μ±· É´Ò¥ ¨ ¶²μ¤μ-
É¢μ·´Ò¥ ¤¨¸±Ê¸¸¨¨, ±μÉμ·Ò¥ ¸É¨³Ê²¨·μ¢ ²¨ · ¡μÉÊ ´  ¤ ´´ÊÕ É¥³Ê, §  ¶μ-
³μÐÓ ¢ ¶μ¤¡μ·¥ ²¨É¥· ÉÊ·Ò ¨ Í¥´´Ò¥ § ³¥Î ´¨Ö ¶μ É¥±¸ÉÊ ·Ê±μ¶¨¸¨.

‹ˆ’…��’“��

1. De Boor C. Divided Differenes // Surv. Approx. Theory 1. 2005. P. 46Ä69.

2. ƒ¥²ÓËμ´¤ �. �. ˆ¸Î¨¸²¥´¨¥ ±μ´¥Î´ÒÌ · §´μ¸É¥°. Œ.: � Ê± , 1967. ‘. 37.

3. Klinger A. The Vandermonde Matrix // Amer. Math. Monthly. 1967. V. 74. P. 571Ä
574.

4. Yamaleev R. M. Solutions of RiccatiÄAbel Equation in Terms of Characteristics of
General Complex Algebra. JINR Commun. E5-2012-129. Dubna, 2012.

5. Yamaleev R. M. Difference between Three Quantities. arXive: 1209.5012va(mat.HO).
2012.

6. Vein R., Dale P. Determinants and Their Applications in Mathematical Physics. New
York: Springer-Verlag, Inc., 1999.

18



7. �μ²ÉÖ´¸±¨° ‚. ƒ., ‚¨²¥´±¨´ �. Ÿ. ‘¨³³¥É·¨Ö ¢  ²£¥¡·¥. Œ.: Œ–�Œ�, 2002. 240 ¸.

8. �μ³ ´±μ ‚. Š. ŠÊ·¸ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¨ ¢ ·¨ Í¨μ´´μ£μ ¨¸Î¨¸²¥´¨Ö.
Œ.: ‹ ¡μ· Éμ·¨Ö ¡ §μ¢ÒÌ §´ ´¨°, ’¥Ì´. Ê´-É, 2002.

9. Aceto L., Trigiante D. The Matrices of Pascal and Other Greats // Amer. Math.
Monthly. 2001. V. 108. P. 232Ä245.

10. Aceto L., Trigiante D. The Matrices of Pascal and Classical Polynomials. Rendicoti
del Circol Matematico in Palermo. Ser. II, Suppl. 68. 2002. P. 219Ä228.

11. Yamaleev R. M. Pascal Matrix Representation of Evolution of Polynomials // Intern.
J. Appl. Comput. Math. 2015. V. 1, iss. 4. P. 513Ä525.

12. Yamaleev R.M. Multicomplex Algebras on Polynomials and Generalized Hamilton
Dynamics // J. Math. Anal. Appl. 2006. V. 322. P. 815Ä824.

13. Yamaleev R. M. Representation of Solution of n-Order Riccati Equation via General-
ized Trigonometric Functions // J. Math. Anal. Appl. 2014. V. 420, No. 1. P. 334Ä347.

14. Yamaleev R.M. Derivation of the System of Generalized Riccati Equations from the
System of Evolution Equations // Asian-Eur. J. Math. 2017. V. 10, No. 4. P. 133Ä148.

15. Dikoussar N.D. Function Parametrization by Using 4-Point Transforms // Comput.
Phys. Commun. 1997. V. 99. P. 235Ä254.

16. Dikoussar N.D. Method of Basic Elements // Math. Models Comput. Simulations.
2011. V. 3, No. 4. P. 492Ä507.

17. Dikusar N. D. Higher-Order Polynomial Approximation // Math. Models Comput.

Simulations. Pleiades Publishing, Ltd., 2016. V. 8, No. 2. P. 183Ä200.

�μ²ÊÎ¥´μ 4 ¤¥± ¡·Ö 2018 £.



�¥¤ ±Éμ· …. ‚. ƒ·¨£μ·Ó¥¢ 

�μ¤¶¨¸ ´μ ¢ ¶¥Î ÉÓ 26.12.2018.
”μ·³ É 60× 90/16. 	Ê³ £  μË¸¥É´ Ö. �¥Î ÉÓ μË¸¥É´ Ö.

“¸². ¶¥Î. ². 1,25. “Î.-¨§¤. ². 1,54. ’¨· ¦ 220 Ô±§. ‡ ± § º 59580.

ˆ§¤ É¥²Ó¸±¨° μÉ¤¥² �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°
141980, £. „Ê¡´ , Œμ¸±μ¢¸± Ö μ¡²., Ê².†μ²¨μ-ŠÕ·¨, 6.

E-mail: publish@jinr.ru
www.jinr.ru/publish/



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


