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„¨±Ê¸ · �. „. P5-2020-1
�μ²¨´μ³¨ ²Ó´Ò° ¶·μ£´μ§ ´  É·¥ÌÉμÎ¥Î´ÒÌ ¸¥É± Ì

‚ · ³± Ì ´¥¤ ¢´μ ¶·¥¤²μ¦¥´´μ£μ ³¥Éμ¤  ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢ (Œ�	) ¸¤¥² ´
´μ¢Ò° ¶μ¤Ìμ¤ ± ·¥Ï¥´¨Õ § ¤ Î¨ ¶μ²¨´μ³¨ ²Ó´μ£μ ¶·μ£´μ§  ¨ Ô±¸É· ¶μ²ÖÍ¨¨
Ï¥¸Éμ£μ ¶μ·Ö¤±  ¤²Ö £² ¤±¨Ì ËÊ´±Í¨°. �·μ£´μ§ ´  μ¤¨´ Ï £ ¢¶¥·¥¤ μ¶·¥¤¥²Ö-
¥É¸Ö ¸ ¶μ³μÐÓÕ ¤¢ÊÌ ³´μ£μÎ²¥´μ¢ ¶ÖÉμ° ¸É¥¶¥´¨. ”μ·³Ê²Ò ¤²Ö ±μÔËË¨Í¨¥´Éμ¢
Œ�	-³´μ£μÎ²¥´μ¢ § ¢¨¸ÖÉ μÉ Ï £  ¸¥É±¨, §´ Î¥´¨° ËÊ´±Í¨¨ ¨ ¥¥ ¶¥·¢μ° ¶·μ¨§-
¢μ¤´μ° ¢ Ê§² Ì ¤¢ÊÌ É·¥ÌÉμÎ¥Î´ÒÌ ¸¥Éμ±. Œ¥Éμ¤ ¶·μ¢¥·¥´ Î¨¸²¥´´Ò³ ·¥Ï¥´¨¥³
§ ¤ Î¨ ŠμÏ¨ ¤²Ö �„“. 	ËË¥±É¨¢´μ¸ÉÓ Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö μ¡¥¸¶¥Î¨-
¢ ¥É¸Ö É·¥Ì±· É´Ò³ ¢ÒÎ¨¸²¥´¨¥³ ¶· ¢μ° Î ¸É¨ Ê· ¢´¥´¨Ö ¨ ¶μ·Ö¤±μ³ ÉμÎ´μ¸É¨
O(h5). Œ�	-¶·μ£´μ§ ³μ¦¥É ¸²Ê¦¨ÉÓ μ¸´μ¢μ° ¤²Ö · §· ¡μÉ±¨ ¨ ¸μ§¤ ´¨Ö ÔËË¥±-
É¨¢´ÒÌ  ²£μ·¨É³μ¢ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö § ¤ Î ŠμÏ¨ ¤²Ö �„“, ¢±²ÕÎ Ö ¦¥¸É±¨¥.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

�·¥¶·¨´É �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2020

Dikusar N.D. P5-2020-1
A Three-Point Grid Based Polynomial Prediction

Within the framework of the recently proposed basic element method (BEM), a
new approach is made to the solution of the problem of polynomial prediction and
extrapolation of the sixth order for smooth functions. The one step forward forecast
is performed using two ˇfth degree polynomials. The formulae for the coefˇcients
of BEM-polynomials depend on the grid step, the values of the function and its
ˇrst derivative at the nodes of two three-point grids. The method was tested on
the numerical solution of the Cauchy problem for ODE. The efˇciency of numerical
integration is ensured by a threefold calculation of the right side of the equation and
the O(h5) accuracy of the solution. The BEM-prediction can serve as the core for
the development and creation of effective algorithms for numerically solving Cauchy
problems for ODEs, including stiff ones.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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‡ £²Ö¤Ò¢ ÉÓ ¸²¨Ï±μ³ ¤ ²¥±μ
¢¶¥·¥¤ Å ´¥¤ ²Ó´μ¢¨¤´μ.

“. —¥·Î¨²²Ó

‚‚…„…�ˆ…

�μ¢ÒÏ¥´¨¥ ÔËË¥±É¨¢´μ¸É¨ ³¥Éμ¤μ¢ ¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨ ¨
Ô±¸É· ¶μ²ÖÍ¨¨ Ö¢²Ö¥É¸Ö  ±ÉÊ ²Ó´μ° ¶·μ¡²¥³μ° ¢ μ¡² ¸É¨ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö
³´μ£¨Ì ¶· ±É¨Î¥¸±¨Ì § ¤ Î ¨ ¢ ´ ÊÎ´ÒÌ ¨¸¸²¥¤μ¢ ´¨ÖÌ. � ¶·¨³¥·, ·¥§Ê²Ó-
É É¨¢´μ¸ÉÓ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö § ¤ Î ¤²Ö μ¡Ò±´μ¢¥´´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ¸μ ¸²μ¦´Ò³¨ ¶· ¢Ò³¨ Î ¸ÉÖ³¨ ¸ÊÐ¥¸É¢¥´´μ § ¢¨¸¨É μÉ ÔËË¥±É¨¢-
´μ¸É¨ ³¥Éμ¤μ¢ Ô±¸É· ¶μ²ÖÍ¨¨.

Œ¥Éμ¤Ò ²μ± ²Ó´μ° Ô±¸É· ¶μ²ÖÍ¨¨ �¨Î ·¤¸μ´  ¤²Ö Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ-
¢ ´¨Ö ¦¥¸É±¨Ì ¸¨¸É¥³ ¸μ ¸²μ¦´Ò³¨ ¶· ¢Ò³¨ Î ¸ÉÖ³¨ Ì · ±É¥·¨§ÊÕÉ¸Ö ¡μ²Ó-
Ïμ° ¢ÒÎ¨¸²¨É¥²Ó´μ° ¸²μ¦´μ¸ÉÓÕ [1Ä3],   ¸μ¢·¥³¥´´Ò¥ ¶·μ£· ³³Ò ³¥Éμ¤ 
�Ê´£¥ÄŠÊÉÉÒ ´¥ ¸¶μ¸μ¡´Ò ÔËË¥±É¨¢´μ ·¥Ï ÉÓ ¦¥¸É±¨¥ § ¤ Î¨ [4], ±μÉμ·Ò¥
¢¸¥ Î Ð¥ ¢¸É·¥Î ÕÉ¸Ö ´  ¶· ±É¨±¥. �μ²¥¥ ÉμÎ´Ò¥ ³¥Éμ¤Ò ¸ Ï¥¸É¨±· É´Ò³
¢ÒÎ¨¸²¥´¨¥³ ¶· ¢μ° Î ¸É¨ É ±¦¥ Ê¢¥²¨Î¨¢ ÕÉ ¢ÒÎ¨¸²¨É¥²Ó´ÊÕ ¸²μ¦´μ¸ÉÓ.
�μÔÉμ³Ê ¨¸¸²¥¤μ¢ ´¨Ö ³¥Éμ¤μ¢ �Ê´£¥ÄŠÊÉÉÒ ¶μ-¶·¥¦´¥³Ê  ±É¨¢´μ ¶·μ¤μ²-
¦ ÕÉ¸Ö [4].

‚ ¤ ´´μ° · ¡μÉ¥ ¢ · ³± Ì ´¥¤ ¢´μ ¶·¥¤²μ¦¥´´μ£μ ³¥Éμ¤  ¡ §¨¸´ÒÌ Ô²¥-
³¥´Éμ¢ (Œ�	) [5Ä9] · §· ¡μÉ ´ ³¥Éμ¤ ¶μ²¨´μ³¨ ²Ó´μ£μ ¶·μ£´μ§  ¨ Ô±¸É· -
¶μ²ÖÍ¨¨ Ï¥¸Éμ£μ ¶μ·Ö¤± . �·μ£´μ§ ¢Ò¶μ²´Ö¥É¸Ö ¸ ¶μ³μÐÓÕ ³´μ£μÎ²¥´μ¢,
μ¶·¥¤¥²¥´´ÒÌ ´  É·¥ÌÉμÎ¥Î´μ° ¸¥É±¥, Å Œ�	-³´μ£μÎ²¥´μ¢. “§²Ò É·¥Ì-
ÉμÎ¥Î´μ° ¸¥É±¨ ¸¢Ö§ ´Ò ¸ ´¥§ ¢¨¸¨³μ° ¶¥·¥³¥´´μ° ¸¶¥Í¨ ²Ó´Ò³ ¶· ¢¨²μ³
¤¢μ°´μ£μ μÉ´μÏ¥´¨Ö Î¥ÉÒ·¥Ì ÉμÎ¥± [5].
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�·μ£´μ§ ÉμÎ±¨ f̂∗ ´  ±·¨¢μ° f ∈ C ´  Ï £ ¢¶¥·¥¤ μ¶·¥¤¥²Ö¥É¸Ö ¸ ¶μ³μ-
ÐÓÕ ¤¢ÊÌ Œ�	-³´μ£μÎ²¥´μ¢ ¶ÖÉμ° ¸É¥¶¥´¨, § ¤ ´´ÒÌ ´  ¤¢ÊÌ · ¢´μ³¥·´ÒÌ
É·¥ÌÉμÎ¥Î´ÒÌ ¸¥É± Ì ¸ μ¤´¨³ μ¡Ð¨³ Ê§²μ³ ¨ Ï £ ³¨ h ¨ ĥ, 0 < ĥ < h.

‚ Î¨¸²¥´´ÒÌ · ¸Î¥É Ì Œ�	-³´μ£μÎ²¥´Ò μ¡¥¸¶¥Î¨¢ ÕÉ ´¥μ¡Ìμ¤¨³ÊÕ
Ê¸Éμ°Î¨¢μ¸ÉÓ ¨ ÉμÎ´μ¸ÉÓ ¶·¨ ³¥´ÓÏ¥³ μ¡Ñ¥³¥ ¢ÒÎ¨¸²¥´¨° §  ¸Î¥É ¶ · ³¥-
É·¨§ Í¨¨ ¡ §¨¸´ÒÌ ËÊ´±Í¨°, Ê¶· ¢²¥´¨Ö ± Î¥¸É¢μ³ ·¥£·¥¸¸¨μ´´μ° ³ É·¨ÍÒ,
¶μ´¨¦¥´¨Ö ¶μ·Ö¤±  ¶·μ¨§¢μ¤´ÒÌ ¨ ¤·. [5Ä7].

� ¡μÉ  ¸É·Ê±ÉÊ·¨·μ¢ ´  ¸²¥¤ÊÕÐ¨³ μ¡· §μ³: ¢ ¶¥·¢μ³ · §¤¥²¥ ¤ ¥É¸Ö
±· É±μ¥ μ¶¨¸ ´¨¥ ±μ´¸É·Ê±Í¨¨ Œ�	-³´μ£μÎ²¥´ . ‚μ ¢Éμ·μ³ · §¤¥²¥ ¶·¥¤²μ-
¦¥´ ³¥Éμ¤ ¶·μ£´μ§  ´  · ¢´μ³¥·´ÒÌ É·¥ÌÉμÎ¥Î´ÒÌ ¸¥É± Ì. 	ËË¥±É¨¢´μ¸ÉÓ
Œ�	-¶·μ£´μ§  ¶μ¤É¢¥·¦¤ ¥É¸Ö ¢ É·¥ÉÓ¥³ · §¤¥²¥ ¶·¨³¥· ³¨ Î¨¸²¥´´μ£μ ¨´-
É¥£·¨·μ¢ ´¨Ö § ¤ Î¨ ŠμÏ¨. “¸Éμ°Î¨¢μ¸ÉÓ ³¥Éμ¤  ¶·μ£´μ§  μÉ´μ¸¨É¥²Ó´μ · §-
³¥·  ¤²¨´ h, ĥ ¨ ±μ´É·μ²Ó ¶μ£·¥Ï´μ¸É¨ · ¸Î¥Éμ¢ ¨²²Õ¸É·¨·ÊÕÉ¸Ö ¶·¨³¥· ³¨
¢ Î¥É¢¥·Éμ³ ¨ ¶ÖÉμ³ · §¤¥² Ì.

1. � Š��‘’�“Š–ˆˆ Œ��-Œ��ƒ�—‹…��

‚ μ¡Ð¥³ ¸²ÊÎ ¥ Œ�	-³´μ£μÎ²¥´ § ¢¨¸¨É μÉ ¤¢ÊÌ ´¥¶·¥·Ò¢´ÒÌ ¶ · ³¥-
É·μ¢ α ¨ β Å  ²£¥¡· ¨Î¥¸±¨Ì · ¸¸ÉμÖ´¨° ¤μ ¢´ÊÉ·¥´´¥£μ Ê§²  É·¥ÌÉμÎ¥Î´μ°
¸¥É±¨ Δαβ

3 : xα = x0 + α < x0 < x0 + β = xβ , αβ < 0, |α| �= |β|. “§²Ò

¸¥É±¨ Δαβ
3 ¨ ´¥§ ¢¨¸¨³ Ö ¶¥·¥³¥´´ Ö x ËÊ´±Í¨μ´ ²Ó´μ ¸¢Ö§ ´Ò ¸¶¥Í¨ ²Ó-

´Ò³ ¶· ¢¨²μ³ ¤¢μ°´μ£μ μÉ´μÏ¥´¨Ö Î¥ÉÒ·¥Ì ÉμÎ¥± {x, xα, x0, xβ} [5], ±μÉμ-
·μ¥ ¶μ·μ¦¤ ¥É É·¨ ¤·μ¡´μ-· Í¨μ´ ²Ó´Ò¥ ËÊ´±Í¨¨ μÉ´μ¸¨É¥²Ó´μ α, β, τ ¨²¨
±¢ ¤· É¨Î´Ò¥ ¶ · ¡μ²Ò μÉ´μ¸¨É¥²Ó´μ ¶¥·¥³¥´´μ° τ = x − x0:

w1 = −τ(τ − β)
αγ

, w2 =
τ(τ − α)

βγ
, w3 =

(τ − α)(τ − β)
αβ

,

3∑
i=1

wi = 1, αβγ �= 0, γ = β − α.

—¥É¢¥·É Ö ËÊ´±Í¨Ö μ¶·¥¤¥²Ö¥É¸Ö ¢ ¢¨¤¥ § ´Ê²ÖÕÐ¥° ±Ê¡¨Î¥¸±μ° ¶ · -
¡μ²Ò

Q(τ ; α, β) = αβτw3 = τ(τ − α)(τ − β).

�¶·¥¤¥²¥´¨¥ 1. ”Ê´±Í¨¨ w1, w2, w3 ¨ Q ´ §Ò¢ ÕÉ¸Ö ¡ §¨¸´Ò³¨ Ô²¥³¥´-
É ³¨. Œ�	-³´μ£μÎ²¥´ ¸É¥¶¥´¨ n ¢ Ëμ·³¥ ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢ ¶·¨´¨³ ¥É
¢¨¤

pn↓m(τ ; α, β, rj) =
∑

j=0...m

QjwT rj , m = �n/3� , (1)

£¤¥ w = [w1, w2, w3]T , rj = [rαj , rβj , r0j ]T Å ±μÔËË¨Í¨¥´ÉÒ, α = xα − x0,
β = xβ − x0 [5].
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�¨¸. 1.

�  · ¢´μ³¥·´μ° ¸¥É±¥ Δh
3 : x0 − h < x0 < x0 + h ¡ §¨¸´Ò¥ Ô²¥³¥´ÉÒ

§ ¢¨¸ÖÉ μÉ τ ¨ h:

w1 = τ(τ − h)/(2h2), w2 = τ(τ + h)/(2h2),

w3 = (h2 − τ2)/h2, Q = τ(τ2 − h2).
(2)

� §¨¸´Ò¥ ËÊ´±Í¨¨ ¶μ²¨´μ³¨ ²Ó´μ° ³μ¤¥²¨ f ≈ bT
0 r0 + bT

1 r1, f ∈ C,
Ö¢²ÖÕÉ¸Ö ±μ³¶μ´¥´É ³¨ ¢¥±Éμ·μ¢ b0 = w ¨ b1 = Qw (·¨¸. 1), £¤¥

b0 =
[
τ(τ − h)

2h2
,
τ(τ + h)

2h2
,
h2 − τ2

h2

]T

,

b1 =
[
τ2(τ + h)(τ − h)2

2h2
,
τ2(τ + h)2(τ − h)

2h2
,−τ(τ + h)2(τ − h)2

h2

]T

.

Šμ³¶μ´¥´ÉÒ ¢¥±Éμ·  r0 = [f−h, fh, f0]T · ¢´Ò §´ Î¥´¨Ö³ ËÊ´±Í¨¨ ¢ Ê§-
² Ì ¸¥É±¨ Δh

3 ,   ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·  r1 ¢ÒÎ¨¸²ÖÕÉ¸Ö ¶μ ¶¥·¢μ° ¶·μ¨§¢μ¤´μ°
¢ Ê§² Ì Δh

3 ¶²Õ¸ ¤μ¡ ¢±¨, § ¢¨¸ÖÐ¨¥ μÉ h ¨ ±μ³¶μ´¥´É r0:

r1 = [−f ′
−h + vT

−hr0/4h5, f ′
h − vT

h r0/4h5, f ′
0 + vT

0 r0/2h5]T ,

£¤¥ v−h =
[
2h2, h2,−4h2

]T
, vh =

[
h2,−3h2,−4h2

]T
¨ v0 =

[
−h2, h2, 0

]T
.

�μ¤¸É ¢²ÖÖ Ëμ·³Ê²Ò (2), τ = x − x0 ¨ ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·μ¢ rj , j =
0, 1, ¢ (1) ¨ ¸μ¡¨· Ö ¶μ¤μ¡´Ò¥ ¶·¨ (x − x0)i, ¶μ²ÊÎ¨³ Œ�	-³μ¤¥²Ó ¢ Ëμ·³¥
· §²μ¦¥´¨Ö ËÊ´±Í¨¨ f ¶μ ¸É¥¶¥´Ö³ (x − x0) ´  ¸¥É±¥ Δh

3 [7]

f(x) ≈
∑

i=0...5

di(x − x0)i, (3)
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£¤¥ ±μÔËË¨Í¨¥´ÉÒ di(h, f∗, f
′
∗) μ¶·¥¤¥²ÖÕÉ¸Ö ¸²¥¤ÊÕÐ¨³¨ Ëμ·³Ê² ³¨:

d0 = f0, d1 = f ′
0,

d2 = [(f−h − 2f0 + fh) + (f ′
−h − f ′

h)h/4]/h2,

d3 = [5(fh − f−h)/4 − (f ′
−h + 8f ′

0 + f ′
h)h/4]/h3,

d4 = [(−f−h + 2f0 − fh)/2 − (f ′
−h − f ′

h)h/4]/h4,

d5 = [3(f−h − fh)/4 + (f ′
−h + 4f ′

0 + f ′
h)h/4]/h5

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭

. (4)

‘ ¶μ³μÐÓÕ ¢¥±Éμ·μ¢ y = [f−h, f0, fh, f ′
−h, f ′

0, f
′
h]T ¨ ci, i = 0, 5, ¸ ±μ³-

¶μ´¥´É ³¨, · ¢´Ò³¨ ±μÔËË¨Í¨¥´É ³ ¶·¨ §´ Î¥´¨ÖÌ f∗ ¨ f ′
∗ ¢ (4),

c0 = [0, 1, 0, 0, 0, 0]T , c3 = [5/4, 0,−5/4,−h/4,−2h,−h]T,

c1 = [0, 0, 0, 0, 1, 0]T , c4 = [−1/2, 1,−1/2,−h/4, 0, h/4]T,

c2 = [1,−2, 1, h/4, 0,−h/4]T , c5 = [3/4, 0,−3/4, h/4, h, h/4]T

±μÔËË¨Í¨¥´ÉÒ di ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ É ±¦¥ ¢ ¢¥±Éμ·´μ° Ëμ·³¥:

di = cT
i yh−i, i = 0, 5. (5)

�μ¸²¥ ¶μ¤¸É ´μ¢±¨ (5) ¢ (3) Œ�	-³μ¤¥²Ó Ï¥¸Éμ£μ ¶μ·Ö¤±  ¶·¨´¨³ ¥É ¢¨¤

f(x) ≈ A(x,y, h) =
∑

i=0...5

cT
i yh−i(x − x0)i. (6)

2. Œ��-���ƒ��‡ �� ��‚��Œ…��›• ‘…’Š�• Δh
3

‘Ì¥³  Œ�	-¶·μ£´μ§  ¨¸¶μ²Ó§Ê¥É Ëμ·³Ê²Ò (4)Ä(6) ´  É·¥ÌÉμÎ¥Î´ÒÌ ¸¥É-
± Ì Δn

n−2 : xn−2 = xn−1 − h < xn−1 < xn−1 + h = xn ¨ Δm
l : xl = xn − ĥ <

xn < xn + ĥ = xm, 0 < ĥ < h, Δm
l ⊂ Δn+1

n−1, Δn+1
n−1 : xn−1 < xn < xn+1,

n = 3, 4, . . . , Δn
n−2 ⊂ Δb

a, £¤¥ Δm
l Å ¢¸¶μ³μ£ É¥²Ó´ Ö ¸¥É± ,   Δb

a Å £²μ-
¡ ²Ó´ Ö · ¢´μ³¥·´ Ö ¸¥É±  ¸ Ï £μ³ h : a = x1 < x2 < . . . < xN = b (·¨¸. 2).

�¨¸. 2.
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‡ ¤ Î  Œ�	-¶·μ£´μ§  § ±²ÕÎ ¥É¸Ö ¢ ¢ÒÎ¨¸²¥´¨¨ f̂n+1 ≈ f(xn+1) ¸ ¨¸-
¶μ²Ó§μ¢ ´¨¥³ h, f∗, f ′

∗ ¢ Ê§² Ì ¸¥Éμ± Δn
n−2 ¨ §´ Î¥´¨° ³´μ£μÎ²¥´μ¢ A(xl)

¨ A(xm) ¢ Ê§² Ì ¢¸¶μ³μ£ É¥²Ó´ÒÌ ¸¥Éμ± Δm
l ⊂ Δn+1

n−1, n = 4, 5, . . .
�¶·¥¤¥²¥´¨¥ 2. Œ�	-³´μ£μÎ²¥´

A(x,yn
n−2, h) =

∑
i=0...5

cT
i yn

n−2h
−i(x − xn−1)i (7)

´ §Ò¢ ¥É¸Ö  ¶¶·μ±¸¨³¨·ÊÕÐ¨³ ´  ¸¥É±¥ Δn
n−2, £¤¥ yn

n−2 = [fn−2, fn−1, fn,
f ′

n−2, f
′
n−1, f

′
n]T .

�¶·¥¤¥²¥´¨¥ 3. Œ�	-³´μ£μÎ²¥´

F (x, fm
l , ĥ) =

∑
i=0...5

cT
i fm

l ĥ−i(x − xn)i, 0 < ĥ < h, (8)

´ §Ò¢ ¥É¸Ö ¶·μ£´μ§¨·ÊÕÐ¨³ ´  ¢¸¶μ³μ£ É¥²Ó´μ° ¸¥É±¥ Δm
l , £¤¥ 1-Ö ¨ 3-Ö ±μ³-

¶μ´¥´ÉÒ ¢¥±Éμ·  fm
l = [Al, fn, Am, f ′

l , f
′
n, f ′

m]T · ¢´Ò §´ Î¥´¨Ö³ ³´μ£μÎ²¥´ 
A(x,yn

n−2, h) ¢ Ê§² Ì xl ¨ xm (¨´¤¥±¸Ò ¢ μ¡μ§´ Î¥´¨ÖÌ yn
n−2 ¨ fm

l Ê± §Ò¢ ÕÉ
´  ¶¥·¢Ò¥ ¨ ¶μ¸²¥¤´¨¥ Ê§²Ò ¢ ¸¥É± Ì Δn

n−2 ¨ Δm
l ).

‘Ì¥³  Œ�	-¶·μ£´μ§  ¨¸¶μ²Ó§Ê¥É ¨´Ëμ·³ Í¨Õ ¢ ¶ÖÉ¨ Ê§² Ì Å É·¥Ì Ê§² Ì
¸¥É±¨ Δn

n−2 ¨ ¤¢ÊÌ Ê§² Ì ¸¥É±¨ Δm
l ⊂ Δn+1

n−1. —Éμ¡Ò ¶μ²ÊÎ¨ÉÓ μÍ¥´±Ê f̂n+1 =
F (xn+1, fm

l , ĥ), ´Ê¦´μ É·¨¦¤Ò ¢ÒÎ¨¸²ÖÉÓ f ′
∗ ¢ Ê§² Ì xl, xm ¨ xn+1.

’μÎ´μ¸ÉÓ ¶·μ£´μ§  ³´μ£μÎ²¥´ ³¨ (7) ¨ (8) § ¢¨¸¨É μÉ ¸²μ¦´μ¸É¨ f , f ′

¨ Î¨¸²  K = ĥ/h, 0 < K < 1. ‘É¥¶¥´Ó ¢²¨Ö´¨Ö Î¨¸²  K ´  ¶μ¢¥¤¥´¨¥
³´μ£μÎ²¥´μ¢ Fi(x, fm

l , ĥi) § ¢¨¸¨É μÉ ¤²¨´Ò Ï £  h. ƒ· Ë¨±¨ F (x, fm
l , Kih)

¶μ± § ´Ò ´  ¶·¨³¥·¥ ËÊ´±Í¨¨ �Ê´£¥ ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ Ki (·¨¸. 3). ƒ· -

�¨¸. 3.
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’ ¡²¨Í  1.

� · ³¥É· h = 1 h = 0,1 h = 0,001

K3 0,75 0,759 0,7594 0,759339 0,75 0,759398 0,75 0,759398

e3 0,051 2 · 10−3 5,2 · 10−5 2,98 · 10−6 9,7 · 10−11 7,99 · 10−10 2 · 10−15 1 · 10−15

Ë¨± A(x,yn
n−2, h) ¶μ± § ´ ´  ¸¥É±¥ Δn

n−2 ¸ ¡μ²ÓÏ¨³ Ï £μ³ h = 1,   £· -

Ë¨±¨ Fi(x, fm
l , Kih) Å ´  ¸¥É± Ì x

(i)
l < xn < x

(i)
m , i = 1, 7. �  ±·¨¢μ°

A(x,yn
n−2, h) ¢Ò¤¥²¥´Ò μ¶μ·´Ò¥ ÉμÎ±¨ ³´μ£μÎ²¥´μ¢ Fi(x, fm

l , Kih) ¢ Ê§² Ì

x
(i)
l ¨ x

(i)
m . ’μÎ±¨ ¶¥·¥¸¥Î¥´¨Ö Fi(x, fm

l , Kih) ¸ ¶·Ö³μ° x = xn+1 ¶μ³¥-
Î¥´Ò ± ± Fi. ’μÎ´μ¸ÉÓ ¶μ¶ ¤ ´¨Ö Fi ¢ ÉμÎ±Ê fn+1 ´  ±·¨¢μ° f μ¶·¥¤¥²Ö¥É¸Ö
μÏ¨¡± ³¨ ei = |fn+1 − Fi|. �·¨ K3 = 0,75 ¨ h = 1 ´ ¨³¥´ÓÏ¥¥ · ¸¸ÉμÖ´¨¥
e3 = 0,051 (É ¡². 1).

‚ É ¡². 1 ³¨´¨³ ²Ó´ Ö μÏ¨¡±  ¶·μ£´μ§  · ¢´  2,983 · 10−6 ¶·¨ h = 1
¨ K3 = 0,759339. �·¨ Ï £¥ h = 0,001 ¨ Î¨¸²¥ K = 0,75 μÏ¨¡±  e3 =
2 · 10−15,   ¶·¨ K = 0,759398 e3 = 1 · 10−15, É. ¥. ¶·¨ ³ ²μ³ Ï £¥ ¶μ·Ö¤μ±
ÉμÎ´μ¸É¨ ¤²Ö μ¡μ¨Ì §´ Î¥´¨° Î¨¸²  K μ¤¨´ ±μ¢ ¨ · ¢¥´ O(h5).

�  ·¨¸. 4,   ¨ ¡ ¶μ± § ´Ò £· Ë¨±¨ ³´μ£μÎ²¥´μ¢ Fi(x, Kih), Ki = K0 +
(i − 1)δK . Œ¨´¨³ ²Ó´Ò¥ μÏ¨¡±¨ ¶·μ£´μ§  ef = min

Fi

{|fn+1 − Fi|}25
i=1 ¨ eg =

�¨¸. 4.
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’ ¡²¨Í  2. (K = 0,75)

h ef h eg

0,1 0,12177 0,05 0,02447
0,05 0,000254 0,01 0,0004905
0,001 1,1 · 10−13 0,005 2,29627 · 10−15

min
Fi

{|gn+1−Fi|}7
i=1 ¶·¨¢¥¤¥´Ò ¢ É ¡². 2. �Ï¨¡±¨ ¶μ²ÊÎ¥´Ò ´  ¶·¨³¥·¥ ¤¢ÊÌ

ËÊ´±Í¨°: f(x) = x+sin 25x+15 cos 25x ¨ g(x) = 5 exp [−(x−1)2/2/(0,0125+
0,75(x − 1))2] + 0,5 ¶·¨ h = 0,1, K0 = 0,7, δK = 0,01 ¤²Ö f ¨ ¶·¨ h = 0,05,
K0 = 0,55, δK = 0,1 ¤²Ö g.

ˆ§ É ¡². 2 ¢¨¤´μ, ÎÉμ ¶·¨ μ¤´μ³ ¨ Éμ³ ¦¥ §´ Î¥´¨¨ K = 0,75 ³¨´¨³ ²Ó-
´ Ö μÏ¨¡±  § ¢¨¸¨É μÉ ¤²¨´Ò Ï £  h ¨ μÉ ¸²μ¦´μ¸É¨ ¸ ³¨Ì ËÊ´±Í¨°. �·¨
§´ Î¨É¥²Ó´μ³ Ê³¥´ÓÏ¥´¨¨ Ï £  ÉμÎ´μ¸ÉÓ ¶·μ£´μ§  ¢μ§· ¸É ¥É. �μ²ÊÎ¥´´Ò¥
·¥§Ê²ÓÉ ÉÒ ¶μ§¢μ²ÖÕÉ ¸Ëμ·³Ê²¨·μ¢ ÉÓ ¸²¥¤ÊÕÐÊÕ É¥μ·¥³Ê.

’¥μ·¥³ . �Ê¸ÉÓ ´  ¸¥É±¥ Δn
n−2 ¸ Ï £μ³ h Œ�	-³´μ£μÎ²¥´ ¶ÖÉμ° ¸É¥-

¶¥´¨ A(x,yn
n−2, h)  ¶¶·μ±¸¨³¨·Ê¥É ËÊ´±Í¨Õ f(x) ∈ C. ’μ£¤  ´  ¸¥É±¥

Δn+1
n−1 ´ °¤ÊÉ¸Ö ÉμÎ±¨ xl = xn − Kh ¨ xm = xn + Kh, 0 < K < 1, É -

±¨¥, ÎÉμ F (xn+1, fm
l , Kh) = f̂n+1 ≈ fn+1, £¤¥ ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·  fm

l =
[Al, fn, Am, f ′

l , f
′
n, f ′

m]T ¢ÒÎ¨¸²ÖÕÉ¸Ö ¢ Ê§² Ì ¢¸¶μ³μ£ É¥²Ó´μ° · ¢´μ³¥·´μ°

¸¥É±¨ Δm
l ⊂ Δn+1

n−1 ¸ Ï £μ³ ĥ = Kh. �
C ÊÎ¥Éμ³ (4)Ä(8) ¶·¨ § ¤ ´´μ³ K ¸Ì¥³  Œ�	-¶·μ£´μ§  ´  ¸¥É± Ì Δn

n−2,
Δm

l ¨ Δn+1
n−1 ¤²Ö n � 3 ¸μ¸Éμ¨É ¨§ ¤¢ÊÌ ÔÉ ¶μ¢ Å  ¶¶·μ±¸¨³ Í¨¨ (A) ¨ ¶·μ-

£´μ§  (F):

(A)yn
n−2 = [f̂n−2, f̂n−1, f̂n, f ′

n−2, f
′
n−1, f

′
n]T → Al = A(xl,yn

n−2, h),
Am = A(xm,yn

n−2, h),

(F)fm
l = [Al, f̂n, Am, f ′

l , f
′
n, f ′

m]T → f̂n+1 = F (xn+1, fm
l , ĥ). �

(9)

ƒ· Ë¨Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö ¶·μ£´μ§  (9) ¤²Ö · §²¨Î´ÒÌ ±·¨¢ÒÌ ¶μ± -
§ ´Ò ´  ·¨¸. 5. �  ¸É ·É¥ ¶·¨ § ¤ ´´μ³ K ¢ÒÎ¨¸²ÖÕÉ¸Ö ´ Î ²Ó´Ò¥ §´ Î¥´¨Ö
±μ³¶μ´¥´É y3

1 = [f1, f2, f3, f
′
1, f

′
2, f

′
3]T ¢ Ê§² Ì ¸¥É±¨ Δ3

1: x1 < x2 < x3. ‡ -
É¥³ ¢ Ê§² Ì x2 − ĥ ¨ x2 + ĥ ¸Î¨É ¥³ Al, Am, f ′

l , f
′
m ¨ Ëμ·³¨·Ê¥³ ¢¥±Éμ·

fm
l = [Al, f2, Am, f ′

l , f
′
2, f

′
m]T ¤²Ö ¢ÒÎ¨¸²¥´¨Ö μÍ¥´±¨ f̂4 Å ±μ³¶μ´¥´ÉÒ ¢ y4

2

´  ´μ¢μ° ¸¥É±¥ Δ4
2 : x2 < x3 < x4 ¨ ¶·μÍ¥¸¸ ¶·μ¤μ²¦ ¥³ ´  ¸¥É± Ì Δn

n−2 ¤²Ö
n = 5, 6, . . .

‡ ³¥Î ´¨¥ 1. �Í¥´±¨ f̂∗, ¶μ²ÊÎ¥´´Ò¥ ´  ¶·¥¤Ò¤ÊÐ¨Ì Ï £ Ì, ¨¸¶μ²Ó-
§ÊÕÉ¸Ö ± ± ±μ³¶μ´¥´ÉÒ ¢¥±Éμ·  yn+1

n−1 = [f̂n−1, f̂n, f̂n+1, f
′
n−1, f

′
n, f ′

n+1]
T ¤²Ö

³´μ£μÎ²¥´  A(x,yn+1
n−1, h), Ô±¸É· ¶μ²¨·ÊÕÐ¥£μ f(x) ´  μÉ·¥§±¥ [xn, xn+1].
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�¨¸. 5.

Š·¨¢Ò¥ A(x), F (x), ÉμÎ±¨ Fn+i, i = 1, 5, ¨ £· Ë¨± μÏ¨¡μ± en+i =
|f(xn+i) − Fn+i| ¤²Ö £ Ê¸¸μ¶μ¤μ¡´μ° ËÊ´±Í¨¨ f(x) = 5 exp (−(x − 3,5)2/2/
(0,059+ 0,2(x− 3,5))2)+ 0,5 ¶μ± § ´Ò ´  ·¨¸. 5,  . �  ·¨¸. 5, ¡ ¶μ± § ´Ò £· -
Ë¨±¨ F (x) ´  ¶·¨³¥·¥ ³´μ£μÎ²¥´  ¢μ¸Ó³μ° ¸É¥¶¥´¨. �¥¸³μÉ·Ö ´  § ³¥É´Ò¥
μÉ±²μ´¥´¨Ö Fn+i μÉ £· Ë¨±  f , ´ Î¨´ Ö ¸ Î¥É¢¥·Éμ° ÉμÎ±¨, ÉμÎ´μ¸ÉÓ μÍ¥´μ±
f̂n+1 ¢μ§· ¸É ¥É (¸³. £· Ë¨±¨ en+i).

�  ¶·¨³¥·¥ ËÊ´±Í¨¨ y(x)=e−x2
sin(x)/x ¶·¨ h=0,1 (·¨¸. 6,  ) ¢¨¤´μ, ÎÉμ

¶·¨ Ê³¥´ÓÏ¥´¨¨ Ï £  ´  ¶μ·Ö¤μ± (h = 0,01) μÏ¨¡±  en = y(xm)− ŷn Ê³¥´Ó-
Ï¨² ¸Ó ´  ¶ÖÉÓ ¶μ·Ö¤±μ¢. �μ± § ´Ò £· Ë¨±¨ ±μÔËË¨Í¨¥´Éμ¢ din, i = 1, 5, ¢
Ëμ·³¥ log(|din|) ¤²Ö A(x,yn

n−2, h) ¨ F (xn+1, fm
l , Kh) (·¨¸. 6, ¡).

�  ·¨¸. 7,   ¶μ± § ´Ò ·¥§Ê²ÓÉ ÉÒ Œ�	-¶·μ£´μ§  ¨ μÏ¨¡±¨ ¤²Ö ËÊ´±-
Í¨¨ y(x) = 5 exp[−(x − 3,5)2/2/(0,025 + 7(x − 3,5))2 + 0,5] ¶·¨ K = 0,761
¨ h = 0,000125. „μ¡ ¢²¥´¨¥ ± ¶·¥¤¸± § ´´Ò³ §´ Î¥´¨Ö³ ´μ·³ ²Ó´μ · ¸¶·¥-
¤¥²¥´´ÒÌ ¸²ÊÎ °´ÒÌ μÏ¨¡μ± (σ = 0,12) § ³¥É´μ ¸´¨¦ ¥É ¶μ·Ö¤μ± ÉμÎ´μ¸É¨
¶·¨ ¸μÌ· ´¥´¨¨ Ê¸Éμ°Î¨¢μ¸É¨ ¢ÒÎ¨¸²¥´¨° (·¨¸. 7, ¡).

�·μ£´μ§ ÉμÎ¥± ´  ±·¨¢μ° f(x) = abs (tg x), x ∈ [−1,5, 1,5], ¨³¥ÕÐ¥°
· §·Ò¢ ¶·μ¨§¢μ¤´μ° ¢ ÉμÎ±¥ x = 0, ¶μ± § ´ ´  ·¨¸. 8.
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�¨¸. 6.

�¨¸. 7.
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�¨¸. 8.

�  ·¨¸. 8,   ¨ ¡ ¶·¨¢¥¤¥´Ò £· Ë¨±¨ f̂n ¶·¨ h = 0,003, 0,001 ¨ £· Ë¨±¨
μÏ¨¡μ± εn, ´  ±μÉμ·ÒÌ ¢¨¤¥´ ¡μ²ÓÏμ° ¸± Îμ± ¢ ÉμÎ±¥ x = 0, ¡Ò¸É·μ ¸¶ ¤ -
ÕÐ¨° ¤μ Ê·μ¢´Ö ´¨¦¥ h5. �  ·¨¸. 8, ¢ Å ·¥§Ê²ÓÉ É, ¶μ²ÊÎ¥´´Ò° ¶·¨ h = 0,03
¸ ¤μ¡ ¢²¥´¨¥³ μÏ¨¡μ± ± f̂n.

3. Œ��-���ƒ��‡
ˆ —ˆ‘‹…���… �…˜…�ˆ… ��—�‹œ��‰ ‡�„�—ˆ

ˆ§¢¥¸É´μ, ÎÉμ ³´μ£μ§´ Î´Ò¥ ³¥Éμ¤Ò ·¥Ï¥´¨Ö �„“ ¨¸¶μ²Ó§ÊÕÉ §´ Î¥´¨Ö
³´μ£μÎ²¥´  § ¤ ´´μ° ¸É¥¶¥´¨ ¢ ÉμÎ±¥ xn+1 ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ŷn+1 ¶μ Ëμ·³Ê²¥
’¥°²μ·  ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ ¶μ·Ö¤±  [4]. ˆ¸¶μ²Ó§μ¢ ´¨¥ Éμ²Ó±μ ¶¥·¢μ° ¶·μ-
¨§¢μ¤´μ° ¢ Œ�	-¶·μ£´μ§¥ ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ±μÔËË¨Í¨¥´Éμ¢ ³μ¤¥²¨ Ï¥¸Éμ£μ
¶μ·Ö¤±  ¶·¥¤¸É ¢²Ö¥É μ¸μ¡Ò° ¨´É¥·¥¸ ¤²Ö Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö § ¤ Î¨ ŠμÏ¨:

y′ = f(x, y), y(x0) = y0. (10)
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�¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (10) ¶·¨ ¸²μ¦´μ° ¶· ¢μ° Î ¸É¨
¸ÊÐ¥¸É¢¥´´μ § ¢¨¸ÖÉ μÉ ÔËË¥±É¨¢´μ¸É¨ ³¥Éμ¤μ¢ Ô±¸É· ¶μ²ÖÍ¨¨.

‡ ³¥Î ´¨¥ 2. Œ�	-¶·μ£´μ§ ¨¸¶μ²Ó§Ê¥É É·¨ §´ Î¥´¨Ö y(x) ¢ Ê§² Ì ´ -
Î ²Ó´μ° É·¥ÌÉμÎ¥Î´μ° ¸¥É±¨ Å y1 = y(x1 − h), y2 = y(x1) ¨ y3 = y(x1 + h),
¨§ ±μÉμ·ÒÌ y2 ¨ y3 ³μ¦´μ ¢ÒÎ¨¸²¨ÉÓ, ´ ¶·¨³¥·, ¸ ¶μ³μÐÓÕ ³¥Éμ¤  �Ê´£¥Ä
ŠÊÉÉÒ.

�·¨³¥· 1. � ¸¸³μÉ·¨³ Ê· ¢´¥´¨¥

y′ = −λ(y − sin x) + cosx, y0 = y(0) = 1, (11)

¸ ÉμÎ´Ò³ ·¥Ï¥´¨¥³ y(x) = exp (−λx) + sin x. �·¨ λ = 1000 ÔÉ  § ¤ Î  ´ 
μÉ·¥§±¥ 0 � x � 1 Ö¢²Ö¥É¸Ö ¦¥¸É±μ° [4, ¸. 334].

�  ·¨¸. 9 ¶μ± § ´Ò ·¥§Ê²ÓÉ ÉÒ Œ�	-·¥Ï¥´¨Ö § ¤ Î¨ (11) ¶·¨ · §²¨Î´ÒÌ
§´ Î¥´¨ÖÌ ¶ · ³¥É·μ¢ λ, h (·¨¸. 9,   ¨ ¡). �¥Ï¥´¨¥ § ¤ Î¨ ´  μÉ·¥§±¥ 0 �
x � 1 ¶·¨ λ = 1000 ¨ K = 0,7536 ¶μ²ÊÎ¥´μ ¸ μÏ¨¡±μ° μÉ O(h3) ¤μ O(h8)
(¸³. ·¨¸. 9,  ).

�  ·¨¸. 9, ¡ ¶μ± § ´μ ·¥Ï¥´¨¥ ´¥¦¥¸É±μ° § ¤ Î¨ (11) ¤²Ö λ = 10 ¨ Ï £ 
h = 0,02 ´  μÉ·¥§±¥ 0 � x � 5. ƒ· Ë¨± μÏ¨¡μ± ¶μ± §Ò¢ ¥É, ÎÉμ ¶μ·Ö¤μ± ÉμÎ-
´μ¸É¨ ´ Ìμ¤¨É¸Ö ¢ ¶·¥¤¥² Ì μÉ O(h4) ¤μ O(h6). �·¨ ¤μ¡ ¢²¥´¨¨ ¸²ÊÎ °´ÒÌ

�¨¸. 9.
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’ ¡²¨Í  3.

xn �Ï¨¡±  xn �Ï¨¡±  xn �Ï¨¡±  xn �Ï¨¡± 

0,1 1,27 · 10−9 0,6 3,62 · 10−6 1,1 −2,91 · 10−6 1,6 2,62 · 10−6

0,2 −2,62 · 10−9 0,7 5,20 · 10−6 1,2 −2,06 · 10−6 1,7 1,85 · 10−6

0,3 −8,60 · 10−7 0,8 4,56 · 10−6 1,3 1,80 · 10−7 1,8 1,23 · 10−6

0,4 −4,66 · 10−7 0,9 1,80 · 10−6 1,4 2,18 · 10−6 1,9 9,59 · 10−7

0,5 −1,40 · 10−6 0,10 −1,37 · 10−6 1,5 2,95 · 10−6 2,0 9,34 · 10−7

�¨¸. 10.
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´μ·³ ²Ó´μ · ¸¶·¥¤¥²¥´´ÒÌ μÏ¨¡μ± ± ŷn (h = 0,01 ¨ λ = 10) ¶μ·Ö¤μ± ÉμÎ´μ-
¸É¨ ¸´¨§¨²¸Ö ¤μ O(h) (¸³. ·¨¸. 9, ¢).

�·¨³¥· 2. ‚ É ¡². 3 ¶·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ Œ�	-·¥Ï¥´¨Ö § ¤ Î¨ ŠμÏ¨
y′ = −2λ(x − 1)y ´  μÉ·¥§±¥ [0, 2] ¶·¨ λ = 5, h = 0,1, K = 0,75, ¢§ÖÉμ°
¨§ [4, ¸É·. 336]. „ ´´Ò¥ ¢ É ¡². 3 ¶μ²ÊÎ¥´Ò ¶·¨ ´ Î ²Ó´ÒÌ §´ Î¥´¨ÖÌ y1 =
y(x1 − 0,1), y2 = y(x1) ¨ y3 = y(x1 + 0,1). ’μÎ´μ¥ ·¥Ï¥´¨¥ · ¢´μ y =
exp (−5(x − 1)2).

�  ·¨¸. 10 ¨ 11 ¶μ± § ´Ò £· Ë¨±¨ ŷn ¨ εn = log (|y(xn) − ŷn|) ¤²Ö
λ = 10. �·¨ ¨§³¥´¥´¨¨ Ï £  μÉ h = 0,005 ¤μ h = 0,020 ¶μ·Ö¤μ± ÉμÎ´μ-
¸É¨ ¶·μ£´μ§  ¸μ¸É ¢¨² μÉ O(h8) ¤μ O(h5) (¸³. ·¨¸. 10, ¡). �·¨ ¤μ¡ ¢²¥´¨¨
´μ·³ ²Ó´μ · ¸¶·¥¤¥²¥´´ÒÌ ¸²ÊÎ °´ÒÌ μÏ¨¡μ± en ≈ N(0, h2) ± ¤ ´´Ò³ ¶·μ-
£´μ§  ˜̂yn = ŷn + en ¶μ·Ö¤μ± ÉμÎ´μ¸É¨ ¸μ¸É ¢¨² O(h3)−O(h) (¸³. ·¨¸. 10, ¢).

�·¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ λ ÔÉ  § ¤ Î  ¸É ´μ¢¨É¸Ö ¦¥¸É±μ° ¢ Ê§±μ³ ¨´É¥·-
¢ ²¥ ¸ Í¥´É·μ³ ¢ ÉμÎ±¥ x = 1 (¸³. ·¨¸. 11). �·¨ λ = 100 ¨ Ï £¥ h = 0,002
¶μ·Ö¤μ± ÉμÎ´μ¸É¨ · ¢¥´ O(h3),   ¶·¨ h = 0,0002 ¶μ·Ö¤μ± ÉμÎ´μ¸É¨ ¸μ¸É ¢²Ö¥É
O(h5)P−O(h4) (¸³. ·¨¸. 11,   ¸¶· ¢ ). �·¨ λ = 100000 ¨ Ï £¥ h = 0,00125
¢´¥ ¡μ²¥¥ Ê§±μ£μ ¨´É¥·¢ ²  ¶μ·Ö¤μ± ÉμÎ´μ¸É¨ ¤μ¸É¨£ ¥É O(h6). �¤´ ±μ ¶·¨
É ±μ³ Ê·μ¢´¥ ¦¥¸É±μ¸É¨ ¢´ÊÉ·¨ ¨´É¥·¢ ²  ¶μ·Ö¤μ± ÉμÎ´μ¸É¨ ´ Ìμ¤¨É¸Ö ³¥¦¤Ê
O(h2) ¨ O(h5) (¸³. ·¨¸. 11, ¡).

�¨¸. 11.
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4. “‘’�‰—ˆ‚�‘’œ Œ��-���ƒ��‡�

� ¸¸³μÉ·¨³ Ê¸Éμ°Î¨¢μ¸ÉÓ ³¥Éμ¤  ¶·μ£´μ§  μÉ´μ¸¨É¥²Ó´μ h, εn ¨ K ´ 
¶·¨³¥· Ì. �  ·¨¸. 12 ¶·¥¤¸É ¢²¥´Ò ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö Ê· ¢´¥-
´¨Ö y′ = −50xy2, y1 = y(x1), y2 = y(x1 +h), y3 = y(x1 + 2h), ´  £²μ¡ ²Ó´μ°
¸¥É±¥ xn = x1 + (n − 1)h, n = 1, N, ¶μ ¸Ì¥³¥ Œ�	-¶·μ£´μ§ . ’μÎ´Ò³ ·¥Ï¥-
´¨¥³ ÔÉμ£μ Ê· ¢´¥´¨Ö Ö¢²Ö¥É¸Ö ËÊ´±Í¨Ö �Ê´£¥ y(x) = 1/(1 + 25x2).

ƒ· Ë¨±¨ μÏ¨¡μ± εn,m = log(|yn − ŷn,m|) ¶μ²ÊÎ¥´Ò ¶·¨ K = 0,75 ¤²Ö
¶ÖÉ¨ §´ Î¥´¨° Ï £  hm = 0,005, 0,0125, 0,02, 0,0275 ¨ 0,035.

�¨¸. 12.
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�·¨ Ê¢¥²¨Î¥´¨¨ Ï £  ³ ±¸¨³ ²Ó´Ò° ¶μ·Ö¤μ± ÉμÎ´μ¸É¨ ¨§³¥´Ö¥É¸Ö μÉ
O(h13) ¤μ O(h2) (¸³. ·¨¸. 12,  ). �  ·¨¸. 12, ¡ ¶μ± § ´Ò É¥ ¦¥ £· Ë¨±¨, ¶μ²Ê-
Î¥´´Ò¥ ¶·¨ ¨¸± ¦¥´¨¨ ŷn,m ¸²ÊÎ °´Ò³¨ ´μ·³ ²Ó´μ · ¸¶·¥¤¥²¥´´Ò³¨ μÏ¨¡-
± ³¨ ˜̂yn,m = ŷn,m + en, £¤¥ en ∼ N(0, h3). ‚ ·¥§Ê²ÓÉ É¥ ÉμÎ´μ¸ÉÓ ¸´¨§¨² ¸Ó
´  ´¥¸±μ²Ó±μ ¶μ·Ö¤±μ¢. �¥§Ê²ÓÉ ÉÒ · ¸Î¥É  ŷn ¶·¨ Ï £¥ h = 0,01 ¨ §´ Î¨-
É¥²Ó´ÒÌ ¨¸± ¦¥´¨ÖÌ ŷn μÏ¨¡± ³¨ en ∼ N(0, h) ¶μ± § ´Ò ´  ·¨¸. 12, ¢.

�μ¢¥¤¥´¨¥ μÏ¨¡μ± ¶·μ£´μ§  εn,m = {|yn − ŷn|}7
m=1, £¤¥ yn = 1/(1+x2

n),
¢ § ¢¨¸¨³μ¸É¨ μÉ ¢Ò¡μ·  ± ± Î¨¸²  K (Km = 0,48+0,1(m−1)), É ± ¨ Ï £  h
(h1 = 0,1, h2 = 0,01) ¶μ± § ´μ ´  ·¨¸. 13. �¥§Ê²ÓÉ ÉÒ ¶·¥¤¸É ¢²¥´Ò £· -
Ë¨± ³¨  ¶¶·μ±¸¨³¨·ÊÕÐ¨Ì ³´μ£μÎ²¥´μ¢. —¨¸²  Km Ê± § ´Ò ´  £· Ë¨± Ì
μÏ¨¡μ±. � ¨³¥´ÓÏ¨¥ μÏ¨¡±¨, ¶μ²ÊÎ¥´´Ò¥ ¶·¨ K = 0,751, ¶μ± § ´Ò ¦¨·-
´Ò³¨ ²¨´¨Ö³¨.

‚ Í¥²μ³ μÏ¨¡±¨ ¶·μ£´μ§  ¶·¨ h1 (¸³. ·¨¸. 13,  ) ´  ¶μ·Ö¤μ± ÌÊ¦¥ μÏ¨¡μ±,
¶μ²ÊÎ¥´´ÒÌ ¶·¨ h2 (¸³. ·¨¸. 13, ¡).

�¨¸. 13.
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5. Œ��-Š��’��‹œ ’�—��‘’ˆ �…˜…�ˆŸ
��—�‹œ��‰ ‡�„�—ˆ

�¡ÒÎ´μ ¶·¨ · ¸Î¥É Ì ´ Î ²Ó´μ° § ¤ Î¨ ¥¤¨´¸É¢¥´´Ò³ ¶ · ³¥É·μ³, ¢²¨-
ÖÕÐ¨³ ´  ÉμÎ´μ¸ÉÓ ·¥Ï¥´¨Ö, Ö¢²Ö¥É¸Ö Ï £ ¸¥É±¨ h. ‘ÊÐ¥¸É¢ÊÕÉ · §²¨Î´Ò¥
³¥Éμ¤Ò ¸ ±μ´É·μ²¥³ ¶μ£·¥Ï´μ¸É¨ ´  Ï £¥ [10]. Š ± ¶· ¢¨²μ, ±μ´É·μ²Ó
ÉμÎ´μ¸É¨ ¢Ò¶μ²´Ö¥É¸Ö ¶ÊÉ¥³ ¸· ¢´¥´¨Ö ·¥§Ê²ÓÉ Éμ¢ · ¸Î¥Éμ¢ ´  ¢²μ¦¥´´ÒÌ
¸¥É± Ì §  ¸Î¥É Ê³¥´ÓÏ¥´¨Ö Ï £ . ‚ · ¸¸³μÉ·¥´´ÒÌ ¢ÒÏ¥ ¶·¨³¥· Ì ¶μ·Ö¤μ±
ÉμÎ´μ¸É¨ ·¥Ï¥´¨Ö μ¶·¥¤¥²Ö²¸Ö ¶ÊÉ¥³ ¸· ¢´¥´¨Ö ŷ ¸ ¨§¢¥¸É´Ò³ ÉμÎ´Ò³ ·¥Ï¥-
´¨¥³ y(x) ¶·¨ K ≈ 0,75 ¨ · §²¨Î´ÒÌ h. �¤´ ±μ ´  ¶· ±É¨±¥ ËÊ´±Í¨Ö y(x)
´¥¨§¢¥¸É´ . ‚ Œ�	-¶·μ£´μ§¥, ±·μ³¥ h, ¨³¥¥É¸Ö ¤μ¶μ²´¨É¥²Ó´Ò° ¶ · ³¥É· K ,
±μÉμ·Ò° ³μ¦¥É ¡ÒÉÓ ¨¸¶μ²Ó§μ¢ ´ ¤²Ö μÍ¥´±¨ ¶μ£·¥Ï´μ¸É¨, ´ Î¨´ Ö ¸ Î¥É¢¥·-
Éμ£μ Ê§²  £²μ¡ ²Ó´μ° ¸¥É±¨ ¨ ¢ § ¢¨¸¨³μ¸É¨ μÉ ±² ¸¸  ¨¸±μ³μ° ËÊ´±Í¨¨.

’μÎ´μ¸ÉÓ ŷn+1 ³μ¦´μ μÍ¥´¨ÉÓ ¸ ¶μ³μÐÓÕ ¢ÒÎ¨¸²¥´¨Ö ¶²μÐ ¤¥° Im =
xn∫

xn−1

|An(x)−An+1(x, Km)|dx, μ£· ´¨Î¥´´ÒÌ  ¶¶·μ±¸¨³¨·ÊÕÐ¨³ ³´μ£μÎ²¥-

�¨¸. 14.
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’ ¡²¨Í  4.

� · ³¥É· h = 1 h = 0,1

K 0,65 0,75 0,85 0,65 0,75 0,85
Im 0,042061 0,000808 0,038145 3,7751 · 10−8 1,1626 · 10−9 3,3357 · 10−8

|yn+1 − ŷn+1| 0,970328 0,035011 0,779617 8,3809 · 10−6 1,0926 · 10−7 7,1335 · 10−6

´μ³ An(x) =
∑

i=0...5

cT
i yn

n−2h
−i(x − xn−1)i ¨ ¶·μ¡´Ò³¨ ³´μ£μÎ²¥´ ³¨

An+1(x, Km) =
∑

i=0...5

cT
i yn+1

n−1h
−i(x − xn)i, m = 1, 2, 3, ¶·¨ K1 = K2 − 0,1,

K2 = 0,75, K3 = K2+0,1. —¨¸²μ K , ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ Imin, ¡¥·¥É¸Ö ¤²Ö ¤ ²Ó-
´¥°Ï¨Ì · ¸Î¥Éμ¢. ƒ· Ë¨±¨ An(x), An+1(x, Km), x ∈ [xn−1, xn], (·¨¸. 14,  )
¨ Im ¤²Ö h = 1 ¨ h = 0,1 (·¨¸. 14, ¡) ¶μ²ÊÎ¥´Ò ´  ±·¨¢μ° y(x) = 1/(1+x2) Å
ÉμÎ´μ³ ·¥Ï¥´¨¨ Ê· ¢´¥´¨Ö y′ = −2xy2.

‡´ Î¥´¨Ö Im ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ μÏ¨¡±¨ ¶·μ£´μ§  ¶·¨¢¥¤¥´Ò ¢ É ¡². 4.

‡�Š‹	—…�ˆ…

�·¥¤²μ¦¥´ ´μ¢Ò° ¶μ¤Ìμ¤ ± ·¥Ï¥´¨Õ § ¤ Î¨ ¶μ²¨´μ³¨ ²Ó´μ£μ ¶·μ£´μ§ 
¨ Ô±¸É· ¶μ²ÖÍ¨¨ Ï¥¸Éμ£μ ¶μ·Ö¤±  ´  μ¸´μ¢¥ ³¥Éμ¤  ¡ §¨¸´ÒÌ Ô²¥³¥´Éμ¢. � 
n-³ Ï £¥ £²μ¡ ²Ó´μ° · ¢´μ³¥·´μ° ¸¥É±¨ Œ�	-¶·μ£´μ§ ¨¸¶μ²Ó§Ê¥É ¶ÖÉÓ Ê§²μ¢
¤¢ÊÌ ¶¥·¥±·Ò¢ ÕÐ¨Ì¸Ö É·¥ÌÉμÎ¥Î´ÒÌ ¸¥Éμ± ¸ Ï £ ³¨ h ¨ ĥ = Kh, 0 < K < 1.
„²Ö ¢ÒÎ¨¸²¥´¨Ö ¶·μ£´μ§  ¨¸¶μ²Ó§ÊÕÉ¸Ö §´ Î¥´¨Ö ËÊ´±Í¨¨ ¨ ¶¥·¢μ° ¶·μ¨§-
¢μ¤´μ° ¢ Ê§² Ì É·¥ÌÉμÎ¥Î´μ° ¸¥É±¨ Δh

3 ,   É ±¦¥ §´ Î¥´¨Ö Œ�	-³´μ£μÎ²¥´ 
¢ ¤¢ÊÌ Ê§² Ì ¢²μ¦¥´´μ° ¸¥É±¨ Δm

l . ’μÎ´μ¸ÉÓ ¶·μ£´μ§  § ¢¨¸¨É μÉ ¤²¨´Ò
Ï £  h, ±² ¸¸  ¨¸±μ³ÒÌ ËÊ´±Í¨° ¨ Î¨¸²  K . ‚ · ¡μÉ¥ Î¨¸²μ K μ¶·¥¤¥²¥´μ
Ô±¸¶¥·¨³¥´É ²Ó´μ (K ≈ 0,75). “¸Éμ°Î¨¢μ¸ÉÓ ³¥Éμ¤  ± μÏ¨¡± ³ μ¡¥¸¶¥Î¨-
¢ ¥É¸Ö Ëμ·³Ê² ³¨ ¢ÒÎ¨¸²¥´¨Ö ±μÔËË¨Í¨¥´Éμ¢ Œ�	-³´μ£μÎ²¥´μ¢ ¶ÖÉμ° ¸É¥-
¶¥´¨, § ¢¨¸ÖÐ¨Ì μÉ h, §´ Î¥´¨° ËÊ´±Í¨¨ ¨ ¥¥ ¶¥·¢μ° ¶·μ¨§¢μ¤´μ° ¢ Ê§² Ì
¸¥Éμ±. ˆ¸¶μ²Ó§μ¢ ´¨¥ Éμ²Ó±μ ¶¥·¢μ° ¶·μ¨§¢μ¤´μ° ´  ± ¦¤μ³ Ï £¥  ²£μ·¨É³ 
¨ É·¥Ì±· É´μ¥ μ¡· Ð¥´¨¥ ± ¶· ¢μ° Î ¸É¨ ¶μ´¨¦ ÕÉ ¢ÒÎ¨¸²¨É¥²Ó´ÊÕ ¸²μ¦-
´μ¸ÉÓ Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö �„“.

Œ�	-¶·μ£´μ§ ¨³¥¥É ¸²¥¤ÊÕÐ¨¥ ¸¢μ°¸É¢ :
• ¶ÖÉÒ° ¶μ·Ö¤μ± ÉμÎ´μ¸É¨ ¶·¨ ´ ²¨Î¨¨ Éμ²Ó±μ ¶¥·¢μ° ´¥¶·¥·Ò¢´μ° ¶·μ-

¨§¢μ¤´μ° ¢ ¶· ¢μ° Î ¸É¨;
• É·¨ μ¡· Ð¥´¨Ö ± ¶· ¢μ° Î ¸É¨;
• Ê¸Éμ°Î¨¢μ¸ÉÓ ± ¢ÒÎ¨¸²¨É¥²Ó´Ò³ ¶μ£·¥Ï´μ¸ÉÖ³;
• ±μ´É·μ²Ó ÉμÎ´μ¸É¨ ¶μ ¤¢Ê³ ¶ · ³¥É· ³;
• · ¸Î¥É ¶¥·¥³¥´´Ò³ Ï £μ³.
‚ ¤μ¶μ²´¥´¨¥ ± Ê± § ´´Ò³ ¸¢μ°¸É¢ ³ ·¥§Ê²ÓÉ ÉÒ Œ�	-·¥Ï¥´¨Ö ²¥£±μ

¶μ²ÊÎ¨ÉÓ ¢  ´ ²¨É¨Î¥¸±μ° Ëμ·³¥ ¸ ¶μ³μÐÓÕ ¸·¥¤´¥±¢ ¤· É¨Î´μ° ±Ê¸μÎ´μ-
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¶μ²¨´μ³¨ ²Ó´μ°  ¶¶·μ±¸¨³ Í¨¨ Œ�	-³´μ£μÎ²¥´ ³¨ ¢ÒÏ¥ ¶ÖÉμ° ¸É¥¶¥´¨ [7].
�¥¤μ¸É Éμ± ³¥Éμ¤  § ±²ÕÎ ¥É¸Ö ¢ ´¥μ¡Ìμ¤¨³μ¸É¨ ¢ÒÎ¨¸²¥´¨Ö ¸ ¶μ³μÐÓÕ ¤·Ê-
£¨Ì ³¥Éμ¤μ¢ ¤μ¶μ²´¨É¥²Ó´ÒÌ §´ Î¥´¨° y(x) ¢ ¤¢ÊÌ Ê§² Ì ´ Î ²Ó´μ° É·¥ÌÉμ-
Î¥Î´μ° ¸¥É±¨. „ ²Ó´¥°Ï¥¥ · §¢¨É¨¥ Œ�	-¶·μ£´μ§  ¸¢Ö§ ´μ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³
´¥· ¢´μ³¥·´μ° ¢¸¶μ³μ£ É¥²Ó´μ° ¸¥É±¨.
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