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JINR Collaboration with Scientiﬁc Institutions of Egypt
in the Field of Theoretical Research of Superconducting
Josephson Nanostructures
An overview of the results obtained in the framework of JINR collaboration
with Egyptian scientiﬁc institutions in the ﬁeld of theoretical research and
modeling of various superconducting Josephson nanostructures is presented. In
particular, systems of coupled Josephson junctions with various types of shunting
are considered, and results are presented that reﬂect their phase dynamics
and current–voltage characteristics for various resonance phenomena. Much
attention is paid to the study of superconducting structures with ferromagnetic
materials, which make it possible to control the magnetic properties of the
system by a superconducting current. An important place is occupied by joint
studies of topological and chaotic phenomena in Josephson structures.
The investigation has been performed at the Bogoliubov Laboratory of Theoretical Physics, JINR.
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1. INTRODUCTION
Collaboration between JINR and scientiﬁc institutions in Egypt in the
ﬁeld of theoretical studies of superconducting nanostructures was started in
2010. It was initiated by JINR University Center arranging the practice for
young scientists and students every year in JINR laboratories (Figs. 1–3).
In the next ﬁve years, eleven young scientists and students joined the
practice at BLTP on “Computer simulation of tunneling characteristics of
superconducting nanostructures”. Seven of them, Mahmoud Gaafar, Ahmed
Marawan, Hazem AbdelHaﬁz, Mostafa ElDemary, Radwa Dawood, Majed
Nashaat, and Ali Abouhaswa, continued their work after that in this ﬁeld and
contributed to collaborative publications [1–22].
Our main goal is to create a base for fundamental and applied research
in the ﬁeld of superconducting electronics and spintronics in both countries.
Currently, intensive joint work is being carried out on the simulation of
superconducting nanostructures, in particular, coupled Josephson junctions,
shunted systems, and hybrid Josephson structures with various types of
barriers. This makes it possible to study the phase dynamics, current–voltage
characteristics and obtain new information about various resonant phenomena
in these structures.
The collaborative research carried out so far has led to a number
of interesting results. In particular, a resonant-type hysteresis in the

Fig. 1. Participants of Practice for Young Scientists and Students 2010, including
Mahmoud Gaafar, Ahmed Marawan, Hazem Abdelhaﬁz, Majed Nashaat, and Ali
Abouhaswa, who continued their work on superconducting nanostructures and
contributed to collaborative publications
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Fig. 2. Participants of Practice for Young Scientists and Students 2019, including Sara
Ali Abdelmoneim who joined the project on spintronics eﬀects in Josephson junctions

Fig. 3. Participants of Practice for Young Scientists and Students 2022, including
Nayra Moussa who worked on the study of magnetization dynamics in SFS junction

current–voltage characteristic (CVC) is predicted, which occurs in layered
high-temperature superconductors [1]. The appearance of an electric charge in
the superconducting layers was demonstrated, and it was shown that a change
in the amplitude of external electromagnetic radiation changes the length of
the longitudinal plasma wave that occurs during parametric resonance [2–5].
The paper [6] reported on the occurrence of a charge density wave
in a system of coupled Josephson junctions, where the transformation of
a longitudinal plasma wave into a charge density wave was shown, and
transitions between various types of charge density waves were demonstrated.
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Ladder structures of Shapiro steps were found in the branching region of
the CVC [7].
Moreover, the eﬀects of non-stationary and stationary charge imbalance
in layered superconducting structures were demonstrated [8–11]. We found
that the charge imbalance eﬀect appears at the Shapiro step, which exhibits
a ﬁnite slope and deviation of the voltage magnitude from its canonical
value. The values of the shift and slope depend on the relaxation time of
the quasiparticles and the thickness of the superconducting layer. It opens a
possibility to determine the quasiparticle relaxation time by the slope of the
Shapiro step. In this connection, we have shown that a new possibility opens
up for determining the relaxation time of quasiparticles from the slope of the
Shapiro step. The transformation of traveling waves into standing waves in
shunted systems was observed in Ref. [12]
Our collaboration allowed us to develop a series of computer programs for
modeling the dynamics and CVC of Josephson structures and superconducting
quantum interference devices (SQUIDs) with nontrivial barriers [13–15]. It
has been shown that the current–voltage characteristics of shunted Josephson
junctions with localized subgap Majorana states provide a phase-sensitive
method for their detection. The appearance of additional ladder structures on
the current–voltage characteristics makes it possible to develop methods for
recording Majorana states in Josephson structures. In the case of SQUIDs
with nontrivial barriers, the corresponding resonant branch has a voltage shift,
which can also be used to experimentally detect Majorana fermions.
An important challenge in superconducting spintronics dealing with the
Josephson junctions coupled to magnetic systems is the achievement of
electric control over the magnetic properties by the Josephson current and
its counterpart, i.e., the achievement of magnetic control over the Josephson
current [23–27]. In such systems the spin–orbit coupling plays a major role
in the attainment of such control [28]. An example is a full magnetization
reversal in a superconductor/ferromagnet/superconductor (SFS) structure
with spin–orbit coupling by adding an electric current pulse [29]. Such a
reversal may be important for certain applications in quantum computing. In
this ﬁeld, we demonstrate interesting and important results by concentrating
our work on superconducting structures with magnetic materials. An
important place of joint studies is occupied by topological and chaotic
phenomena in diﬀerent types of Josephson structures.
It is well known that at ferromagnetic resonance (FMR), spin wave can be
excited by a microwave magnetic ﬁeld, when all the elementary spins precess
perfectly in phase [30]. The coupling between the Josephson phase and a spin
wave was studied in the series of papers [27, 31–36]. In the SFS Josephson
junction, we have discovered speciﬁc ladder structures that appear under the
action of a circularly polarized magnetic ﬁeld [16]. In [17], we have shown
that the ferromagnetic resonance linewidth and resonant frequency strongly
depend on the ratio of the Josephson and magnetic energies. We have also
shown that for SFS junctions on a topological insulator, the easy axis of
3

the ferromagnet splits. Such a splitting can lead to the stabilization of an
unconventional fourfold degenerate ferromagnetic state [18].
Other interesting results were obtained in the framework of our
collaboration by studing manifestation of Kapitza pendulum features in SFS
junctions. As is known, Kapitza’s pioneering work [37] initiated the ﬁeld of
vibrational mechanics, and his method was used to describe periodic processes
in a variety of diﬀerent physical systems, like atomic physics [38–41],
plasma physics, optics [42], condensed matter physics, biophysics [43]
and cybernetical physics (see [44–49]). In nonlinear control theory the
Kapitza pendulum is used as an example of a parametric oscillator that
demonstrates the concept of “dynamic stabilization”. In our collaboration
work we demonstrate that the Kapitza pendulum can be considered as a
mechanical analog of SFS junction, if we take into account the eﬀective
ﬁeld due to supercurrent and quasiparticle current [19]. In addition, in [20],
analytical formulas are obtained that determine the stable positions of the
magnetic moment both with and without external periodic excitation, when
the Josephson frequency is greater than the frequency of the ferromagnetic
resonance. Moreover, we demonstrated the eﬀect of external periodic
excitation on the total reorientation voltage and showed that it follows
the Bessel function. On the other hand, for the Josephson frequency near
the ferromagnetic resonance, we demonstrate a reorientation of the easy
axis of the ferromagnet associated with a change in the dynamics of the
magnetization [21].
Our recent work demonstrates a unique perspective for the control and
manipulation of magnetic moment in hybrid superconducting systems and the
appearance of locking step in magnetization due to external electric ﬁeld. This
opens up the possibility to manipulate the locking steps by superconducting
current [22].
Thus, our collaboration makes it possible to jointly solve urgent problems
of modern superconducting electronics and spintronics. We believe that it will
create the basis for their development in both countries.
2. PHYSICAL PHENOMENA IN THE SYSTEM
OF COUPLED JOSEPHSON JUNCTIONS
The intrinsic Josephson eﬀect, which consists in the tunneling of Cooper
pairs between adjacent superconducting CuO2 layers inside highly anisotropic
high-temperature superconductors (HTSC), gives the background to consider
HTSC as a system of coupled Josephson junctions (JJs) [50, 51]. This eﬀect
is a part of many theories of HTSC and is important for determining the
IV characteristic of HTSC-based tunnel structures and the properties of the
vortex lattice in these materials. At present, intrinsic tunneling is not only
an interesting subject and a powerful tool for studying the nature of HTSCs,
transport along a stack of superconducting layers and the physics of vortices,
but it ﬁnds applications in diﬀerent ﬁelds of superconducting electronics.
4

Observation of suﬃciently powerful coherent radiation from the stack of
intrinsic Josephson junctions (IJJs) presents broad prospects for various
applications [52]. The system of coupled JJs is a model for studying the
physical properties of IJJs in HTSCs, its nonlinear features, nonequilibrium
phenomena and a variety of resonant properties.
The discovery of the intrinsic Josephson eﬀect created a new line of
research in superconductivity and solid state physics. The diﬀerent types
of coupling between junctions that occurs in diﬀerent Josephson structures
determine the variety of IV characteristics observed in HTSCs. The question
of the relationship between IJJs in HTSCs, its nature and magnitude remains
one of the fundamental problems of modern research. Particularly, the value of
the capacitive coupling parameter is diﬀerent in diﬀerent HTSCs and organic
superconductors, i.e., it is actually tunable in these systems. Therefore, it is
of great interest to systematically study the dynamics of the system, with
an emphasis on the dependence of the phase dynamics on the value of the
coupling parameter, from weak to strong coupling. A detailed comparison of
the calculated and experimental IV characteristics of IJJs in HTSCs is still
missing.
Coherent electromagnetic radiation from the system of IJJs in the
terahertz frequency range, which signiﬁcantly exceeds previous results in
terms of power, presents wide opportunities for various applications. The main
directions of research here are related to the elucidation of the mechanism of
this radiation and the search for new possibilities for further increasing its
power, which according to the latest data, is about 1 mW at a frequency of
0.5 THz using several series-connected systems of IJJs.
The electrical and magnetic properties of IJJs in HTSCs are strongly
nonlinear and determined by their phase dynamics. The phase dynamics of
IJJs is used to explain the mechanism of coherent terahertz radiation [52–57].
One of the most spectacular indications of the Josephson eﬀect in HTSCs
is locking of the Josephson oscillations of each junction to the frequency of
external electromagnetic radiation. This locking leads to appearance of steps in
the IV characteristic (IVC) at quantized voltages Vn = nh̄ω/2e, called Shapiro
steps (SS), where ω is the frequency of the applied signal, and n is integer
number [58, 59].
3. MANIFESTATION OF PARAMETRIC RESONANCE
IN A SYSTEM OF COUPLED JOSEPHSON JUNCTIONS
As is known, the one-dimensional models with coupling between junctions
capture the main features of real IJJs, like hysteresis and branching of the
IVC, and help to understand their physics. An interesting and very important
fact is that the 1D models can also be used to describe the properties
of a parallel array of Josephson junctions, which is often considered as a
model for long Josephson junctions. In particular, the experimental data have
demonstrated a series of resonances in the IVC. They were analyzed using
5

the discrete sine-Gordon model and an extension of this model which includes
a capacitive interaction between neighboring Josephson junctions [60, 61].
The parametric instabilities of one-dimensional parallel array of N identical
Josephson junctions were predicted by theoretical analysis of the discrete
sine-Gordon equation (also known as the Frenkel–Kontorova model) and
observed experimentally in Ref. [62]. In particular, the novel resonant steps
related to the parametric instability were found in the IV characteristic of
discrete Josephson ring.
One of the ﬁrst scientiﬁc results of the joint study with fellow scholar
Mahmoud Gaafar was an observation of hysteresis in the IV characteristic
for a system of coupled JJs due to parametric resonance [1]. We found
that, in contrast to the McCumber–Stewart hysteresis, the value of the
resonant hysteresis is inversely proportional to the McCumber parameter, and
depends on the value of the coupling parameter and boundary conditions. The
study of the time dependence of the electric charge in the superconducting
layers shows that the origin of the resonant hysteresis is associated with
diﬀerent phase dynamics in the process of decreasing and increasing bias
current in the resonant region. In Fig. 4, which shows time dependence of the
charge along with the IV characteristic for 9 JJs in the stack, we see that
the charge in the superconducting layer with increasing current (Fig. 4, b)

Fig. 4. The paper [1] reported on the discovery of a new type of hysteresis in a system
of coupled Josephson junctions
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disappears at a diﬀerent value, in contrast to the case of decreasing current
(Fig. 4, a).
An interesting feature of IJJs is a longitudinal plasma wave (LPW)
propagating along the c axis [63, 64]. It follows from the fact that the
thickness of the S layers is comparable to the Debye screening length rD ,
and so there is no complete screening of electric charge in a separate S layer.
The frequency of Josephson oscillations ωJ is determined by the voltage in
the junction, and at ωJ = 2ωLPW (ωLPW is LPW frequency) the parametric
resonance (PR) is realized: the Josephson oscillations excite the LPW by their
periodical actions. IV characteristics of IJJs demonstrate the multiple branch
structure [1, 65–67] and have a breakpoint (BP) and some breakpoint region
(BPR) in the outermost branch before transition to the inner branch.
The next interesting results with fellow scholar Mahmoud Gaafar were
found in the study of phase dynamics in HTSCs in the presence of
external electromagnetic radiation [4]. We have observed the appearance
of an electric charge in superconducting layers in the range of the bias
current corresponding to the Shapiro step. The possibility of changing
the length of a longitudinal plasma wave under external electromagnetic
radiation at parametric resonance was demonstrated. It was shown that
the double resonance of Josephson oscillations with external radiation and
plasma oscillations leads to an additional parametric resonance and a Bessel
dependence of the Shapiro step width on the frequency and amplitude of the
external radiation.
One of the most important results related to the eﬀect of external radiation
is presented in Fig. 5. It shows three IV characteristics of a stack with
10 coupled JJs: without radiation (curve 1); under external radiation with
frequency ω = 2 and amplitude A = 0.1 (curve 2); with amplitude A = 0.5
at the same frequency (curve 3). We call the parametric resonance in the
absence of external radiation a fundamental parametric resonance (fPR). As
the radiation amplitude increases, the region of parametric resonance shifts
upward along the voltage axis. According to the external radiation frequency
ω = 2, the ﬁrst Shapiro step is observed at a voltage V = ωJ N = 20.
The dotted line emphasizes this fact. The ﬁlled arrows indicate the position
of fPR. Hollow arrows indicate the region of parametric resonance due to
radiation (rrPR).
We have demonstrated the inﬂuence of the external radiation amplitude on
the length of the longitudinal plasma wave in the fPR region. A change of
the longitudinal plasma wavelength that arises at parametric resonance was
demonstrated. This eﬀect at ω = 2 is shown in Figs. 5, a–d. In the absence
of radiation, there is no charge in the S layers before resonance (Fig. 5, a).
At resonance (Fig. 5, b) a longitudinal plasma wave with wave number k = π
(λ = 2d) is formed. At A = 0.14 the length of the longitudinal plasma wave
changes. Figure 5, c illustrates the charge distribution along the stack forming
the wave with λ = 10d. At A = 0.23, the length of the longitudinal plasma
wave becomes equal to λ = 5d, as shown in Fig. 5, d.
7

Fig. 5. In Ref. [4] the possibility to change the wavelength of longitudinal plasma
wave by external radiation is demonstrated. The ﬁgure presented an example of
such variation with increasing amplitude of the external radiation. It shows IV
characteristics of a stack with 10 coupled JJs without and with radiation at diﬀerent
amplitude

The results of a detailed study for ω = 2 in the amplitude range (0, 0.35)
are summarized in Fig. 6, a. Thus, in the case of fundamental parametric
resonance, we have registered the following changes in the length of the
longitudinal plasma wave: λ = 2d  λ = 10d  λ = 5d  λ = 3d  λ = 2d.
An increase in A also changes the length of the longitudinal plasma wave
in the region of parametric resonance due to the radiation: λ = 10d  λ =
= 5d  λ = 3d as A increases from zero to 0.35. As noted above, external
radiation can also lead to the appearance of an electric charge in the
superconducting layers in the range of the bias current corresponding to
the Shapiro step in the IV characteristic. In the region of double resonance,
when the frequency of Josephson oscillations coincides with the frequencies of
external radiation and longitudinal plasma oscillations, an additional resonance
arises in the system with a speciﬁc dependence of the width of the Shapiro
steps on the amplitude of external radiation. Figure 6, b demonstrates the
appearance of the charge in the layer at ω = 1.155. Inset (3) shows that the
charge oscillations correspond to the π mode of the longitudinal plasma wave.
Charge oscillations in the region of fundamental parametric resonance also
8

Fig. 6. Change in the length of the longitudinal plasma wave at fundamental parametric
resonance and demonstration of the appearance of a charge in the superconducting
layer of high-temperature superconductor

correspond to the π mode. However, in principle, there are no restrictions in
the creation of a longitudinal plasma wave with a diﬀerent wave number for
other system parameters [4].
4. CHARGE DENSITY WAVES
As we mentioned above, one of the interesting objects in Josephson
nanostructures are plasma waves. In a joint stydy with fellow scholar
Hazem Abdelhaﬁz (Fig. 7), we have demonstrated the occurrence of charge
density waves along a stack of coupled Josephson junctions in layered
superconductors [6]. The transformation of a longitudinal plasma wave into a
charge density wave (CDW), as well as transitions between CDWs of various
types, was found. The eﬀect of external electromagnetic radiation on the states
corresponding to CDWs is fundamentally diﬀerent from the case of a single
JJ. We have shown that the voltage values of the Shapiro steps in the JJ along
the stack do not directly reﬂect the frequency of the external radiation, but
correspond to the distribution of rotating and oscillating Josephson junctions
in the system. In Fig. 8 we show the distribution of charge along the stack
9

Fig. 7. Demonstration of charge distribution along the stack with rotating and
oscillating Josephson junctions

Fig. 8. The paper [6] reported the possibility of mutual transformation of longitudinal
plasma (LPW) and charge density waves (CDW) in the stack with 10 coupled
Josephson junctions
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presented demonstrating the LPWs and CDWs. Our ﬁndings demonstrate rich
physics of CDWs in IJJs. The transition from the outermost (with all junctions
in the rotating state) to the inner branch is caused by the transformation of
an LPW to a breathing CDW.
5. INVESTIGATION OF NONEQUILIBRIUM PHENOMENA
IN A SYSTEM OF COUPLED JOSEPHSON JUNCTIONS
Nonequilibrium eﬀects in layered materials created by stationary current
injection have been studied very intensively in the last years [68–73]. A
layered system of N + 1 superconducting layers forms a stack of Josephson
junctions. Since the 0th and N th layers are in contact with normal metal, their
l
thicknesses d0s and dN
s are diﬀerent from the thickness of the other S layers ds
inside the stack due to the proximity eﬀect. Actually, a system of IJJs in hightemperature superconductors cannot be in the equilibrium state at any value
of the electrical current [63, 74]. The study of nonequilibrium phenomena in a
system of coupled Josephson junctions is one of the most complicated sections
of the theory of high-temperature superconductivity, the ﬁnal form of which
has not yet been developed. The inﬂuence of charge coupling on Josephson
plasma oscillations has been stressed in Refs. [63, 71–75]. In the joint work
with fellow scholar Majed Nashaat, we have investigated non-stationary and
stationary charge imbalance eﬀects in stack of JJs. Precise numerical study
was done for the IV characteristic of capacitively coupled Josephson junctions
under external radiation. The inﬂuence of charge imbalance on the Shapiro
step is observed. The Shapiro step shows a ﬁnite slope and shift from its
canonical value. The shift and slope values depend on the relaxation time of
the quasiparticles and the thickness of the superconducting layer. We showed
that one can ﬁnd the relaxation time of the quasiparticles from the slope
of the Shapiro step. We showed that the coupling between junctions results
in a distribution of the magnitude of the slope along the stack. The IV
characteristic also shows a shift of the Shapiro step from its canonical position,
which is determined by the frequency of the external radiation. This fact makes
ambiguous the interpretation, presented by P. Müller, of the experimentally
found shift of the Shapiro step due to the charge imbalance eﬀect [75].
The stationary charge imbalance eﬀect in a system of coupled Josephson
junctions was studied in [11] (see Fig. 9). We showed that it leads to a
decrease in the Josephson frequency in the junctions of the stack. The
formed diﬀerence in frequencies leads to a nonuniform switch of junctions
along the stack to the Shapiro step regime in the presence of external
electromagnetic radiation. On the other hand, such nonuniform switching
leads to the appearance of voltage spikes on the IV characteristic of the stack.
It was shown that the imbalance of the stationary charge is the reason for
the tilt of the Shapiro step due to the diﬀerence in nonequilibrium potentials
at the edges of the step. The results obtained were compared with Josephson
junctions associated with voltage bias and experimental results.
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Fig. 9. Demonstration of the Shapiro step slope at diﬀerent nonequilibrium parameters
described in Ref. [11] for a system of ﬁve coupled JJs under external electromagnetic
radiation of amplitude A = 0.1 and frequency ω = 0.5

6. MANIFESTATIONS OF MAJORANA STATES
IN THE IV CHARACTERISTIC OF THE JJ AND IN SQUID
CHARACTERISTICS
Interesting properties of a Josephson junction with 2π- and 4π-periodic
superconducting current components are found in the joint work with Radwa
Dawood. In the range of low voltages, such junctions has a 4π periodicity
of the phase diﬀerence at a Majorana current amplitude much smaller
than the Josephson current, which makes it possible to observe Josephson
current oscillations with a fractional period at small dissipations β < 1 in
the hysteresis region. The eﬀect of the 4π-periodic Majorana component of
the current also manifests itself in a change in the sequence of steps of
the ladder structure that appears in the IV characteristic of the JJ. We
have demonstrated that the range of amplitudes of external electromagnetic
radiation is determined, in which the manifestation of the fractional Josephson
eﬀect on the IV characteristic is most signiﬁcant.
Figure 10 shows the ladder structures appearing in the IV characteristic
for various junctions. The ladder structure for a conventional Josephson
junction with amplitude A = 0.8 and frequency ω = 0.5 is shown in Fig. 10, a.
12

Fig. 10. Ladder structures in the IV curves of Josephson junction with semiconductor
wire under external radiation with frequency ω = 0.5 found in Ref. [14]

The order of formation of steps in such a structure can be described by
continued fraction V = (N + 1/n)ω. Conversely, the sequence appearing in
a junction sustaining the Majorana bound states is described by relation
V = (N + 2/n)ω (see Fig. 10, b). As noted in [76], the changes appearing
in ladder structures can be treated as a manifestation of Majorana states
in the junction. It can be seen from Fig. 10, c that a junction with two
superconducting current components demonstrates a sequence of steps, which
is described by continued fraction V = (N + 2/n)ω. Consequently, in spite
of the small value of the Majorana component amplitude γ = 0.316, the
ladder structure of such a junction reﬂects the 4π periodicity. We came
to the conclusion that the sequence of steps in the IV characteristic is a
universal method for detecting the Majorana fermions in the capacitively
shunted Josephson junction.
In the case of superconductor quantum interference device (SQUID) with
nontrivial barriers, the corresponding resonant branch has a voltage shift,
which can also be used to detect Majorana fermions. The results of a
numerical study of the phase dynamics of a DC SQUID with topologically
trivial and nontrivial barriers are presented. In our calculations, we take into
account two components of the superconducting current, currents of Cooper
pairs (2p-periodic) and Majorana fermions (4p-periodic). It was shown that in
13

the case of a two-component superconducting current, there is a periodicity
in the dependence of the reverse current on the magnetic ﬁeld displaced by
Cooper pairs and the Majorana fermion ratio with respect to the magnetic
ﬁeld. This eﬀect makes it possible to experimentally determine the ratio of
the currents of Cooper pairs and Majorana fermions.
7. RESONANCE PHENOMENA IN SHUNTED JOSEPHSON
STRUCTURES
Shunting of Josephson structures leads to the appearance of additional
resonances and opens up new possibilities in controlling their properties.
In a joint study [12] with Dr. A. S. Abouhaswa, we have investigated the
current–voltage characteristics and phase dynamics of intrinsic Josephson
junctions shunted with inductive and capacitive elements (Fig. 11). Double
and triple resonances are demonstrated and their inﬂuence on the appearance
of an electric charge in superconducting layers was shown. For a larger
number of junctions, shunting causes the appearance of a charge in
the states corresponding to the upper and resonant branches of the
current–voltage characteristic. A transformation of a traveling wave into a
standing longitudinal plasma wave was observed in the system.

Fig. 11. Demonstration of electric charge appearance in superconducting layers in
LC-shunted stack of coupled Josephson junctions
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8. INVESTIGATION OF
SUPERCONDUCTOR–FERROMAGNET–SUPERCONDUCTOR
STRUCTURES
Josephson junction with ferromagnet layer (F) is widely considered to
be the place where spintronics and superconductivity ﬁelds interact [77]. In
these junctions the supercurrent induces magnetization dynamics due to the
coupling between the Josephson and magnetic subsystems. The possibility
of achieving electric control over the magnetic properties of the magnet
via Josephson current and its counterpart, i.e., achieving magnetic control
over Josephson current, has recently attracted a lot of attention [23, 77–83].
The current–phase relation in SFS junctions is very sensitive to the mutual
orientation of the magnetizations in the F layer [84, 85].
9. STUDY OF SPINTRONIC EFFECTS
IN ANOMALOUS JOSEPHSON JUNCTIONS
In a joint work with fellow scholar Majed Nashaat we have started
to investigate the spintronic eﬀects in several superconducting Josephson
junctions coupled to ferromagnet. We studied the manifestation of diﬀerent
types of coupling between magnetization and Josephson phase on the
appearance of subharmonic steps which form the devil’s staircase (DS)
structure [86–89] in the IV characteristic of overdamped Josephson junction.
The DS structure is a universal phenomenon and appears in a wide
variety of diﬀerent systems, including inﬁnite spin chains with long-range
interactions [90], frustrated quasi-two-dimensional spin-dimer systems in
magnetic ﬁelds [91], and even in the fractional quantum Hall eﬀect [92].
The coupling between the superconducting current and magnetization
in the SFS Josephson junction in a circularly polarized magnetic ﬁeld is
studied. Particularly, we demonstrate the manifestation of ferromagnetic
resonance in the frequency dependence of the magnetization amplitude and
the average critical current density. The subharmonic ladder structures
were found in the IV characteristic for the ﬁrst time. This is due to
the inﬂuence of magnetization dynamics on the phase diﬀerence in the
Josephson junction, which follow the continued fraction algorithm. The
dynamics of the system was described by the generalized resistively
and capacitively shunted Josephson junctions model together with the
Landau–Lifshitz–Gilbert equation. Analytical formula is demonstrated for
the appearance conditions of fractional steps in the IV characteristic of the
SFS Josephson junction. We consider that the subharmonic ladder structures
can be used in various ﬁelds of superconducting spintronics particularly
for detecting Majorana states in Josephson nanostructures. In Ref. [93], the
authors reported the experimental observation of half-integer Shapiro steps in
the strong ferromagnetic Josephson junction (Nb–NiFe–Nb) by investigating
the current–phase relation under radio-frequency microwave excitation.
15

Fig. 12. Geometry of the SFS Josephson junction in uniform magnetic ﬁeld H0 and
circularly polarized magnetic ﬁeld Hac considered in Ref. [16]. The IV characteristic
demonstrates staircase structures which follow continued fraction formula

In our study we consider two superconductors separated by a
ferromagnetic layer d thick, as shown in Fig. 12. The junction area is
Ly Lz and the bias current ﬂows in the x direction. A uniaxial constant
magnetic ﬁeld H0 is applied in the z direction, and a circularly polarized
magnetic ﬁeld is applied in the xy plane Hac = (Hac cos Ωt, Hac sin Ωt, 0)
with amplitude Hac and frequency ω. The coupling between the Josephson
phase and magnetization in SFS junctions plays an important role in the
dynamics of this system. In the presence of this coupling, the manifestation
of ferromagnetic resonance in the dynamics of magnetization and critical
current is shown in both nonlinear and linearized schemes. The width of the
ferromagnetic resonance curve and the position of the resonant frequency are
strongly aﬀected by the ratio of the Josephson and magnetic energies.
In Fig. 13, a the IV characteristic shows current steps at V = mΩ0 , where
Ω0 is the ferromagnetic resonance frequency and m is integer, as well as some
fractional steps. In the case of regular JJs (see dashed line in Fig. 13, a), the
ﬁrst Shapiro’s step is wider than the second one. In this case, we see that
the width of the ﬁrst step is much less than the width of the second one.
So, the width of the harmonics is diﬀerent for even and odd m: large steps
for even m and small steps for odd m. In our case, taking into account the
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Fig. 13. Subharmonic ladder structures in various parts of the IV characteristic of the
SFS junction at ferromagnetic resonance

Josephson energy in the eﬀective ﬁeld, we obtained additional Shapiro steps
with odd and fractional values of m, as can be seen in Fig. 13, a. The structure
of these fractional steps can be clariﬁed by analyzing their position on the
voltage scale using an algorithm based on the generalized continued fraction
formula [87, 88]:
⎛
⎞
⎜
⎜
⎜
V =⎜
⎜N ±
⎜
n±
⎝

1
1
m±

1
p ± ..

⎟
⎟
⎟
⎟ Ω,
⎟
⎟
⎠

(1)

where N , n, m, p, ... are natural numbers. We demonstrate that the origin
of the fractional steps are due to synchronization of Josephson oscillations
and magnetic precession. Figures 13, b and 13, c show enlarged portions of
the IV characteristics shown in Fig. 13, a. There are fractional Shapiro steps
between V = 0 and V = 0.5, which can be described by second-level continued
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fractions [87] (N − 1) + 1/n and N − 1/n with N = 1 in both cases (see
Fig. 13, b). In addition, two third-level continued fractions (N − 1) + 1/(n −
− 1/m) with N = 1, n = 2 (shown in the inset) and n = 3 appear. Steps
between V = 0.5 and V = 1 follow second-level continued fractions (N − 1) +
+ 1/n and N − 1/n with N = 2 in both cases. Figure 13, c clearly shows the
manifestation of the second-level continued fraction N − 1/n with N = 3 and
(N − 1) + 1/n with N = 4 between V = 1 and V = 2.
The strong dependence of the Josephson energy on the orientation of
the magnetization in Josephson junctions with ferromagnetic layers and
spin–orbit coupling opens up the possibility of controlling the magnetization
by the Josephson current or the Josephson phase. We have studied
the perspectives of magnetization control in SFS Josephson junctions
on the surface of a three-dimensional topological insulator containing
Dirac quasiparticles (see Fig. 14) [18]. Because of the spin–momentum
synchronization of these Dirac quasiparticles, the Josephson current–phase
relation strongly depends on the orientation of the magnetization. It can lead
to splitting of the easy axis of the ferromagnet in the voltage-bias case. Such a
splitting can lead to the stabilization of an unconventional fourfold degenerate
ferromagnetic state.

Fig. 14. Sketch of the system considered in Ref. [18]. Superconducting leads and a
ferromagnetic inter-layer are deposited on top of the topological insulator. Figure
shows the time evolution of the magnetization starting from diﬀerent initial conditions,
corresponding to four possible stable states
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10. STUDIES OF THE JOSEPHSON
JUNCTION/NANOMAGNET SYSTEMS
Another approach of coupling between magnetic and superconductor
systems was presented in Refs. [94, 95], where the electromagnetic coupling of
a nanomagnet with a weak superconducting link was considered. The authors
investigated the reversal of single domain magnetic particle by an ac ﬁeld.
The superconducting current of a JJ coupled to nanomagnet driven by a timedependent magnetic ﬁeld was investigated in detail in Ref. [96]. The existence
of Shapiro-like steps in the IV characteristic of the JJ subjected to a voltage
bias for a constant or periodically varying magnetic ﬁeld was demonstrated.
And the eﬀect of rotation of the magnetic ﬁeld and the external ac drive on
these steps was explored. As we mentioned above, P. L. Kapitsa showed the
possibility of changing the equilibrium state of the pendulum by means of
rapid oscillations of its suspension point. In Ref. [97], the authors realized
experimentally the Kapitza pendulum at the micrometre scale using a colloidal
particle suspended in water and trapped by optical tweezers. Moreover, it was
analytically and experimentally demonstrated that if the oscillation direction
of the pendulum suspension point changes over time, so does the pendulum

Fig. 15. Manifestation of the ferromagnetic resonance in the dependence mmax
(V ) at
z
diﬀerent values of Gilbert damping α = 0.001, 0.3 and two diﬀerent ratios of Josephson
energy to the energy of the nanomagnet (G = 0.1 and 3π)
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equilibrium point and active damping control can take place. The Kapitsa
quantum pendulum can be stabilized in the form of quantum states near a
local minimum of the eﬀective potential energy [98].
We have demonstrated the manifestation of the Kapitza pendulum
properties in the “Josephson junction and nanomagnet” system, where the
direction of the easy axis of the nanomagnet [19] changes under the
action of an oscillating superconducting current. Although the magnetic
ﬁeld induced by the superconducting current in the Josephson junction
is very weak, the applied voltage can generate nonlinear dynamics of
the nanomagnet, which leads to a number of interesting phenomena. We
have shown that ferromagnetic resonance can arise when the frequency of
Josephson oscillations (ΩJ ) is equal to the natural frequency of the magnetic
system (ΩF ). We have demonstrated that the easy axis of a nanomagnet is
reoriented by an increase in the ratio of the Josephson energy to the magnetic
one, coupling parameter and the magnetization, and the frequency of the
Josephson oscillations.

Fig. 16. Dynamics of the magnetization mz of the nanomagnet as a function of
Josephson to the magnetic energies ratio G, demonstrating its reorientation. The
second ﬁgure shows the reorientation voltage as a function of the amplitude (A)
of the external AC drive. The inset demonstrates the averaged component of the
magnetization mz of the nanomagnet as a function of the DC voltage
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In our collaboration with Majed Nashaat, we have simulated the
magnetic precession of a nanomagnet which occurs due to interaction
with a superconducting current. We have considered a nanomagnet with
a magnetization M = (Mx , My , Mz ) located at a distance rM = aex from
the center of a short Josephson junction of length l, as shown in Fig. 15.
The interaction between two systems, superconducting and magnetic, was
considered purely electromagnetic. The magnetic ﬁeld of the nanomagnet
changes the Josephson current ﬂowing through the junction, while the
magnetic ﬂux generated by the Josephson junction aﬀects the magnetization
of the nanomagnet [94]. Figure 15 shows the calculated maximum amplitude
as a function of the voltage V of the Josephson junction at ΩF = 0.5
and two Gilbert damping parameters α = 0.001 and 0.3. In the chosen
normalization V = ΩJ , so the ferromagnetic resonance peak is observed at
a voltage corresponding to the Josephson frequency ΩJ = 0.5. The increase
of Gilbert damping in the system leads to a broadening of the resonance
and its shift towards lower frequencies, which can be seen in Fig. 15 for
α = 0.3. The positions of the peaks at weak damping are in good agreement
with the frequencies following from the analytical formulas obtained by the
linearization of the Landau–Lifshitz–Gilbert equations.

Fig. 17. In Ref. [20] analytical description of Kapitza pendulum manifestation of SFS
Josephson junction was presented
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The voltage applied to the Josephson junction generates a high-frequency
magnetic ﬁeld, which reorients the magnetization of the nanomagnet.
Figure 16 shows its reorientation depending on the DC bias voltage, i.e.,
there is a manifestation of the Kapitza pendulum features. When V exceeds a
certain value, a complete reorientation of the magnetization occurs.
Important results were obtained by analytical investigation of JJ
nanomagnet system in collaboration with another fellow scholar Muhammad
Sameh. We have obtained simple analytical formulas for the stable position of
the magnetization both with and without external periodic drive (see Fig. 17).
The eﬀect of an external periodic drive on the total reorientation voltage is
also demonstrated. Another important result was the demonstration of the
magnetization reversal of the nanomagnet by a current pulse [19], which
opens up new prospects for the application of this system in superconducting
spintronics. Chaotic features in such a system were also studied, and the
paper is submitted now for publication in “Chaos”.

11. LOCKING OF MAGNETIZATION
AND JOSEPHSON OSCILLATIONS AT FERROMAGNETIC
RESONANCE IN ϕ0 JUNCTION UNDER ELECTROMAGNETIC
RADIATION
Recently our collaboration has concentrated on the locking phenomenon
in ϕ0 junction. In collaboration with Ms. Sara Abdelmoneim, who visited
BLTP for practice, we have obtained very interesting results on locking
phenomena in ϕ0 JJ under external electromagnetic radiation (Fig. 18). We
have demonstrated the locking of magnetization and Josephson oscillations at
ferromagnetic resonance. We showed that the locking of magnetic precession
happens through the locking of the Josephson oscillations. This leads to
a step in the dependence of the magnetization on the bias current. The
step’s position is determined by the radiation frequency and the shape of the
resonance curve. In junctions with a strong spin–orbit coupling, states with
negative diﬀerential resistance appear in the IV characteristic, resulting in an
additional locking step. We have shown that the corresponding oscillations
have the same frequency as the oscillations at the ﬁrst step, but they have
a diﬀerent amplitude and diﬀerent dependence on the radiation frequency. We
found an important result demonstrating the possibility to control not only the
frequency, but also the amplitude of the magnetic precession in the locking
region. It opens up unique perspectives for the control and manipulation of
magnetic moment in hybrid superconducting systems. The important point is
the possibility to manipulate the locking steps by superconducting current.
We consider it will ﬁnd a wide application in future like Shapiro steps or even
more because of its magnetic nature. The corresponding paper is published in
“Physical Review B” [22].
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Fig. 18. Demonstration of magnetic precession locking through the locking of the
Josephson oscillations in the ferromagnetic resonance region

12. CONCLUSIONS
At present, a basis has been created for conducting joint research on
modeling various types of superconducting nanostructures, in particular,
systems of coupled Josephson junctions with various types of shunting, which
makes it possible to simulate phase dynamics, current–voltage characteristics
and various resonance phenomena. Interesting and important results have
been obtained in the study of superconducting structures with ferromagnetic
materials, which make it possible to control the magnetic properties by
superconducting current. An important place is occupied by joint studies of
topological and chaotic phenomena in Josephson structures (Fig. 19).
A signiﬁcant event took place in 2021 — Egypt became a full member
of JINR (Fig. 20). We believe that this event will bring JINR’s cooperation
with scientiﬁc institutions in Egypt in the ﬁeld of theoretical research
of superconducting Josephson nanostructures to a new level, creating a
basis for the development of applied research and various applications of
superconducting electronics and spintronics in both countries.
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Fig. 20. A signiﬁcant event took place in 2021 — Egypt became a full member of JINR
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