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Self-consistent solutions to nonlinear spinor field equations in general relativity
have been studied for the case of Bianchi type-l1 space-time filled with perfect
fluid. The initial and the asymptotic behaviors of the field functions and the metric
one have been thoroughly studied. The absence of initial singularity for some types
of solutions and also the isotropic mode of space—time expansion in some special
cases should be emphasized. © 1997 American Institute of Physics.
[S0022-2488(97)02009-4]

I. INTRODUCTION

The quantum field theory in curved space—time has been a matter of great interest in recent
years because of its applications to cosmology and astrophysics. The evidence of existence of
strong gravitational fields in our Universe led to the study of the quantum effects of material fields
in external classical gravitational field. After the appearance of Parker’s paper on scalar fields® and
spin-1 fields,? several authors have studied this subject. Although the Universe seems homogenous
and isotropic at present, there are no observational data guaranteeing the isotropy in the era prior
to the recombination. In fact, there are theoretical arguments that sustain the existence of an
anisotropic phase that approaches an isotropic one.® Interest in studying Klein—Gordon and Dirac
equations in anisotropic models has increased since Hu and Parker* have shown that the creation
of scalar particles in anisotropic backgrounds can dissipate the anisotropy as the Universe ex-
pands.

A Bianchi type-l (B-1) Universe, being the straightforward generalization of the flat
Robertson—Walker (RW) Universe, is one of the simplest models of an anisotropic Universe that
describes a homogenous and spatially flat Universe. Unlike the RW Universe which has the same
scale factor for each of the three spatial directions, a B-1 Universe has a different scale factor in
each direction, thereby introducing an anisotropy to the system. It moreover has the agreeable
property that near the singularity it behaves like a Kasner Universe, even in the presence of matter,
and consequently falls within the general analysis of the singularity given by Belinskii et al.> Also
in a Universe filled with matter for p= ye, y<1, it has been shown that any initial anisotropy in
a B-1 Universe quickly dies away and a B-l Universe eventually evolves into a RW Universe.®
Since the present-day Universe is surprisingly isotropic, this feature of the B-1 Universe makes it
a prime candidate for studying the possible effects of an anisotropy in the early Universe on
present-day observations. In light of the importance of mentioned above, several authors have
studied linear spinor field equations”® and the behavior of gravitational waves (GWs)*™! in a B-I
Universe. Nonlinear spinor field (NLSF) in external cosmological gravitational field was first
studied by G. N. Shikin in 1991.1? This study was extended by us for the more general case where
we consider the nonlinear term as an arbitrary function of all possible invariants generated from
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spinor bilinear forms. In that paper we also studied the possibility of elimination of initial singu-
larity especially for the Kasner Universe’® In a recent paper’* we studied the behavior of self-
consistent NLSF in a B-l Universe that was followed by Refs. 15 and 16 where we studied the
self-consistent system of interacting spinor and scalar fields. The purpose of the paper is to extend
our study for more general NLSF in the presence of perfect fluid. In Sec. |1 we derive fundamental
equations corresponding to the Lagrangian for the self-consistent system of spinor and gravita-
tional fields in the presence of a perfect fluid and seek their general solutions. In Sec. 111 we give
adetailed analysis of the solutions obtained for different kinds of nonlinearity. In Sec. 1V we study
the role of a perfect fluid and in Sec. V we sum up the results obtained.

II. FUNDAMENTAL EQUATIONS AND GENERAL SOLUTIONS

The Lagrangian for the self-consistent system of spinor and gravitational fields in the presence
of a perfect fluid is

R i — — —
L= ot 5 [V =V gy Y=yt L+ L, (22)

with R being the scalar curvature and « being the Einstein gravitational constant. The nonlinear
term Ly describes the self-interaction of a spinor field and can be presented as some arbitrary
functions of invariants generated from the real bilinear forms of a spinor field having the form

S=yih, P=igySy, vF=(gy ), AF=(PySyRy), TH'=(gaty),

where o*?=(i/12)[ v*v"— v"v*]. Invariants, corresponding to the bilnear forms, look like
1=, J=P%  1,=v,0= (7" 18, (b7 V).

L= A A= (U3 v )G, (675" 8),  17=T,, TH'= (o™ 1) 0 al,p($T P ).

According to the Pauli—Fierz theorem,!” among the five invariants only | and J are independent as
all others can be expressed by them: |,=—1,=1+J and I+=1-J. Therefore we choose the
nonlinear term Ly=F(l,J), thus claiming that it describes the nonlinearity in the most general of
its form. L, is the Lagrangian of perfect fluid.

We choose B-I space—time metric in the form

ds?=dt?— y;;(t)dx'dxl. (2.2)

As it admits no rotational matter, the spatial metric y;;(t) can be put into diagonal form. Now we
can rewrite the B-1 space—time metric in the form*®

ds?=dt?—a?(t)dx®—b?(t)dy?—c?(t)dz?, (2.3

where the velocity of light is taken to be unity. Einstein equations for a(t), b(t), and c(t)
corresponding to the metric (2.3) and Lagrangian (2.1) read™®

2,8 bJr(.:— oy 24
atalpte/= < 2T) @9
b bac_ T2 1_|_ 25
ptolatc/m KTz T) 25)
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C cla b_ 13 1T v6
ctela®p/ = B2 T) (28
é+b+é— -7 2.7
atpteT T2 ) @7)

where points denote differentiation with respect to t, and T=T/,.
The NL SF equations and components of the energy-momentum tensor for the spinor field and
perfect fluid corresponding to (2.1) are

i y*V , —my+F 2Sy+ F32Pi y =0,

(2.8)
iV, gy +my—F,2Sy— F 2Pi ry5=0,
where F|:=dF/dl and F;:=dF/3J. Here
i _ _ _ _
TZ:Z gpu( (v[/‘)/,uvvl//—i_ lzb'}’vv,ul)[f_ V,ulr[/')/vw_ Vu'ﬁ?’,ﬁﬂ) - 5ZLsp+ TZ(m) ’ (29)

while L, on account of spinor field equations, takes the form

1(—&LN Il
¢a¢ Iy

Lspz —{E

Here Tﬁ(m) is the energy-momentum tensor of a perfect fluid. For a Universe filled with perfect
fluid, in the concomitant system of reference (u’=1, u'=0, i=1,2,3) we have

¢> —LN} = —[2IF,+2JF;—Ly].

T m=(pte)u,u’=é.p=(s,—p,—p,—p), (2.10)

where energy ¢ is related to the pressure p by the equation of state p=ye. The genera solution
has been derived by Jacobs.® Here vy varies between the interval 0<7y=<1, whereas y=0 describes
the dust Universe, y=3 presents radiation Universe, 3<y<1 ascribes hard Universe, and y=1
corresponds to the stiff matter. In (2.8) and (2.9) V, denotes the covariant derivative of spinor,
having the form'®

Y

V=Tt (2.12)

where I" ,(x) are spinor affine connection matrices. The y*(x) matrices are defined for the metric
(2.3) as follows. Using the equalities’®?*

9 (X)=€500EX) 7ap, V(X)) =€5(X) 77,

where 5,=diag (1,—1,—1,— 1), vy, are the Dirac matrices of Minkowski space and eji(x) are
the set of tetradic four-vectors, we obtain the Dirac matrices y*(x) of curved space-time:

Y=9° ylt=yYat), y*=y%bt), y3=y3lc(t),

Yo=7Y0, vi=via(t), y2=y.b(t), y3=ysc(t).

The I' ,(x) matrices are defined by the equality

F,u(x) = %gpu(x)(ﬂuegeb_l—‘z&) 7075;
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which gives
Io=0, Ty;=%a(t)y™y° T,=(t)y%° TIs=(t)y%y° (2.12)

Flat space—time matrices we choose in the form given in Ref. 22,

10 0 0 0 0 01

01 0 O 0 0 10
7= yi=

00 -1 0] -1 0 o

00 0 -1 -1 0 00

0 00 —i 0 01 0

0 0i 0 0 00 -1
y?= 3=

0 i ol -1 00 0

—i o 0 0 10 0

Defining y° as follows,

i f
75: o Z E,uvop'yﬂ'yv'yg'ypv E,uvop: ~08uv0ps  E01237 L

70715 253=7>"

y3=—iN=0y"y vy =—iyPyTy?y

we obtain

We study the space-independent solutions to NL SF equation (2.8). In this case the first equation of
the system (2.8) together with (2.11) and (2.12) is

i?(%r z—i)w—mwywimw:q r(t)=a(t)b(t)c(t)=—g, (2.13)

where we denote . =2SF| and > =2PF;. For the components ¢,=V (t), where p=1,2,34,
from (2.13) one deduces the following system of equations:
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T

Vi+ 57 Vi+i(m=2)Vy— 2V3=0,

o
Vot 5= Vot i(m=9)V,— 2V,=0,

T
. T ' 7 7
V4+ Z_ V4_|(m_>%)V4+ -(;/VZZO.

Let us now define the equations for
P=i(ViVi —VEVa+V,VE —ViV,),
R=(V,V3 +VIiVa+V,Vi +V3V,),
S=(ViV,+VEV,—VEV3—ViV,).
After alittle manipulation one finds

ds,
—— <; =
G~ 27Ro=0,

dR,

gp +H2(m=)Po+275=0,

o 2 (m-)Ry=0
i 2m=2)Re=0,

where S;= 7S, Py= 7P, and Ry= 7R. From this system we obtain
3030+ RO.R0+ PO'P(): 0,
which gives

P +R%+P2=C?% 7%, C?=const.

5309

(2.14)

(2.15)

(2.16)

(2.17)

Let us go back to the system of equations (2.14). It can be written as follows if one defines W,

=7V,
W, +i®W; — SWa=0, Wy+idW,— SW,=0,

Wy— i W5+ SW, =0, W,—idW,+ LW,=0,

(2.18)

where ® = m— . Defining U (o) =W(t), where o= ¢ dt, we rewrite the foregoing system as

Ué—I(CI)/Z))U3+U1=O, U‘Il_|(q)/f§/)U4+U2:0,
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where prime (") denotes differentiation with respect to o.

Let us now solve the Einstein equations. To do it we first write the expressions for the
components of the energy-momentum tensor explicitly. Using the property of flat space—time
Dirac matrices and the explicit form of covariant derivative V,,, one can easily find

To=mS—F(1,J)+e, Ti=T3=T3=2IF+2JF,—F(l,J)—p. (2.20)

Summation of Einstein equations (2.4), (2.5), and (2.6) leads to the equation

7 3 3k
==& Ti+ T3+ T5— 5 T|= = (MS+21F +2JF; = 2F(1,J)+ £ —p). (2.21)

In the case of the right-hand side of (2.21) being the function of 7(t) =a(t)b(t)c(t), this equation
takes the form

T+®(7)=0. (2.22)

As is known, this equation possesses exact solutions for arbitrary function ®(7). Giving the
explicit form of Ly=F(l,J), from (2.21) one can find concrete function 7(t) =abc. Once the
value of 7is obtained, one can get expressions for components V ,(t), «=1,2,3,4. Let us express
a, b, c through 7. For this we natice that subtraction of Einstein equations (2.4) and (2.5) leads to
the equation

abacbc_d'abababc_o -
a btac bc atla b/ tlap/lathtc)=° 223
Equation (2.23) possesses the solution

a dt

BZDl exp(le 7), D,;=const, X;=const. (2.24)

Subtracting Egs. (2.4)—(2.6) and (2.5)—(2.6), one finds the equations similar to (2.23), having
solutions

a—D Xf dt b—D Xf dt 2.25
o 2 EXp | X2 S 3 EXp | A3 - (2.25)

where D,, D3, X,, X3 are integration constants. There is a functional dependence between the
constants D1, D,, D3, X;, X5, X3!

D2:D1D3, X2:X1+X3.

Using the equations (2.24) and (2.25), we rewrite a(t), b(t), and c(t) in the explicit form

2X;+Xg [ dt
a(t)=(DiDy) " exp | == sf ol
Xy—Xg [ dt
b(t)Z(Dl_le)ﬂsTﬂseXp[_ 13 3f =k (2.26)
X, +2Xg [ dt
c(t)=(DD3) ¥3,Y3 exp[——l 3 3f ol
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Thus the previous system of Einstein equations is completely integrated. In this process of inte-
gration only the first three of the complete system of Einstein egquations have been used. General
solutions to these three second-order equations have been obtained. The solutions contain six
arbitrary constants, D, D3, X4, X3, and two others, that were obtained while solving Eq. (2.22).
Equation (2.7) is the consequence of the first three Einstein equations. To verify the correctness of
obtained solutions, it is necessary to put a, b, c into (2.7). It should lead either to the identity or
to some additional constraint between the constants. Putting a, b, ¢ from (2.26) into (2.7) one can
get the following equality:

1. 7 2 5 o 1

3, 37'—274-E_(X1+X1X3+x3)}——K(TO—ET>, (2.27)

which guarantees the correctness of the solutions obtained. In fact we can rewrite (2.21) and (2.27)
as

7 3k 0 1
—=— (To+TY) (2.28)
and
T 27 2 Kk _, 1
32t g =7 (Tom 3T, (229

where .2 = X2+ X; X5+ X3. Combining (2.28) and (2.29) together one gets the solution for 7in
quadrature:

(2.30)

f dr .
3k’ To+.213

Let us note that in our further study we exploit the equations (2.21) to obtain 7 and (2.27) to
estimate integration constants.

It should be emphasized that we are dealing with a cosmological problem and our main goal
is to investigate the initial and the asymptotic behavior of the field functions and the metric ones.
As one sees, al of these functions are in some functional dependence with 7 y~1/\/7 and a;
~ 7Y3e*/ 47 Therefore in our further investigation we mainly look for 7, though in some par-
ticular cases we write down field and metric functions explicitly.

lll. ANALYSIS OF THE SOLUTIONS OBTAINED FOR SOME SPECIAL CHOICE OF
NONLINEARITY

Let us now study the system for some special choice of Ly . First we analyze the system only
for the NLSF which will be followed by the study when the Universe is filled with perfect fluid.
However, first of all we study the linear case. The reason for getting the solution to the self-
consistent system of equations for the linear spinor and gravitational fields is the necessity of
comparing this solution with that for the system of equations for the nonlinear spinor and gravi-
tational fields that permits clarification of the role of nonlinear spinor termsin the evolution of the
cosmological model in question. Using the equation (2.21) one gets

(1) =(U2)Mt?+y t+vyq, (3.1)

where M =3«kmC,, Co=C2+C35—C5—C3, and y,, Yy, are the constants. In this case we get
explicit expressions for the components of spinor field functions and metric functions:
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V. ()=(C,/yne ™ =12 V,(t)=(C//Jre™, 1=34. (3.2)
a(t)=(D§D3)”3(%Mt2+y1t+y0)”322(le+x3)/3‘3,
b(t)=(D; 'Dg) (Mt +yyt+y) oz 207X, (33)

c(t)=( Dng) —]JB( %M t24 yit+ yo) ]J3Z—2(X1+2X3)/38’

where Z=(t—t;)/(t—t,), B=M(t;—ty), and ty,=—y1 /M= (y;/M)?—2y,/M are the roots
of the quadratic equation Mt?+ 2y,t+ 2y,=0. Substituting 7(t) into (2.27), one gets

ya—2Myo= (X324 X1 X3+ X3)/3=.213>0. (3.4)

This means that the quadratic polynomial in (3.1) possesses real roots, i.e., 7(t) in (3.1) turnsinto
zero a t=t,;, and the solution obtained is the singular one. Let us now study the solutions
(3.1)—(3.3) at t—o. In this case we have

3
()~ kmCot?, a(t)=~b(t)~c(t)~t%3,

which leads to the conclusion about the asymptotical isotropization of the expansion process for
the initially anisotropic B-1 space. Thus the solution to the self-consistent system of equations for
the linear spinor and gravitational fields is the singular one at the initial time. In the initial state of
evolution of the field system the expansion process of space is anisotropic, but at t—oo there
happens isotropization of the expansion process.

Once the solutions to the linear spinor field equations and those corresponding to the metric
functions are obtained, let us study the nonlinear case.

|. Let us consider the case when Ly=F(l). It is clear that in this case £=0. From (2.16) we
find

S=Cy/7, Cy=const. (3.5
As in the considered case where Ly=F depends only on S, from (3.5) it follows that F(1) and
F,(1) are functions of 7=abc. Taking this fact into account, integration of the system of equa-
tions (2.14) leads to the expressions
V. ()=(C./yre'®, r=12 V(t)=(C /e 1=34, (3.6)
where C, and C, are integration constants and Q= [ddt. Putting (3.6) into (2.15) one gets
S=(C2+C3-C3-C)l/r. (3.7)
Comparison of (3.5) with (3.7) gives Co=C3+C5—C3—C2.
Let us consider the concrete type of NLSF equation with F(1)=\1{"2=)\S" where \ is the
coupling constant, n>1. In this case for 7 one gets
7=(3/2)kCo[Mm+A(n—2)C5 /7"~ 1]. (3.8)
The first integral of the foregoing equation takes form

72=3kCo[mr—\CJ ™Y "2+ ¢?], (3.9)
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where from (2.27) one determines g%=.279«C,. The sign C, is determined by the positivity of
the energy-density T of linear spinor field:

To=mCy/7>0. (3.10)

It is obvious from (3.10) that Cy,>0. Now one can write the solution to the equation (3.9) in
quadratures:

7_(n— 2)/2d T
f T =/3kCyt. (3.11)
.

n—1+927n—2_)\C8—1

The constant of integration in (3.11) has been taken to be zero, as it only gives the shift of the
initial time. Let us study the properties of solution to Eq. (3.8) for n>2. From (3.11) one gets

7(0) |10~ (3/4) kMCit?, (3.12)

which coincides with the asymptotic solution to the equation (3.3). It leads to the conclusion about
isotropization of the expansion process of the B-1 space. It should be remarked that the isotro-
pization takes place if and only if the spinor field equation contains the massive term [cf. the
parameter min (3.12)]. If m=0, the isotropization does not take place. In this case from (3.11) we
get

7(1) |~ V3kCog?t. (3.13)

Substituting (3.13) into (2.26) one comes to the conclusion that the functions a(t), b(t), and
c(t) are different. Let us consider the properties of solutions to Eq. (3.8) when t—0. For A<0
from (3.11) we get

7(t)=[(3/4)n?k|\|CH1¥"t?" -0, (3.14)

i.e., solutions are singular. For A>0, from (3.11) it follows that 7=0 cannot be reached for any
vaue of t asin this case when the denominator of the integrand in (3.11) becomes imaginary. It
means that for A>0 there exist regular solutions to the previous system of equations.** The
absence of the initial singularity in the considered cosmologica solution appears to be consistent
with the violation for A>0 of the dominant energy condition in the Hawking—Penrose theorem.®

Let us consider the Heisenberg—Ivanenko equation when in (3.8) n=2.2 In this case the
equation for 7(t) does not contain the nonlinear term and its solution coincides with that of the
linear equation (3.3). With such n chosen the metric functions a, b, ¢ are given by the equality
(3.2), and the spinor field functions are written as follows:

VT:(CT/\/;)e—imtz4i)\C0/B, VIZ(Cll\/;)eimtz—M)\CO/B. (315)

Asin the linear case, the obtained solution is singular at initial time and asymptotically isotropic
ast—oo.

We now study the properties of solutionsto Eq. (3.8) for 1<n< 2. Inthiscaseit is convenient
to present the solution (3.11) in the form

d
! = 3rCyt. (3.16)

f \/mT—)\TzfnCS*l—F 9° B

As t—oo, from (3.16) we get the equality (3.12), leading to the isotropization of the expansion
process. If m=0 and A>0, 7(t) lies on the interval
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O=r(t)<(g¥\C{~H¥E .
If m=0 and A<0, the relation (3.16) at t— o leads to the equality
m(t)~[(3/4)n?k|\|CHIVNt2", (3.17)

Substituting (3.17) into (2.26) and taking into account that at t— <

—~ t*ZI'H'l_)O

dt n(3x|x|n2CH¥n
f T (n=2)2%

.
due to —2/n+1<0, we obtain
a(t)~b(t)~c(t)~[7(t)]¥3~t¥¥ 00, (3.18)

This means that the solution obtained tends to the isotropic one. In this case the isotropization is
provided not by the massive parameter, but by the degree n in the term Ly=\S". Equation (3.16)
implies

7(t)]i—0~ V3xCog*t—0, (3.19)

which means the solution obtained is initially singular. Thus for 1<n<2 there exist only singular
solutions at initial time. At t— oo the isotropization of the expansion process of the B-1 space takes
place both for m# 0 and for m=0.

Finally, let us study the properties of the solution to the equation (3.8) for 0<n<1. In this
case we use the solution in the form (3.16). Since now 2—n>1, then with the increasing of
7(t) in the denominator of the integrand in (3.16) the second term )\72‘“C8_1 increases faster
than the first one. Therefore the solution describing the space expansion can be possible only for
A<<0. In this case at t—o, for m=0 as well as for m# 0, one can get the asymptotic represen-
tation (3.17) of the solution. This solution, as for the choice 1<n<2, provides asymptotically
isotropic expansion of the B-I space. For t— 0 in this case we shall get only the singular solution
of the form (3.19).

[I. We study the system when Ly=F(J), which means in the case considered &/=0. Let us
note that, in the unified nonlinear spinor theory of Heisenberg, the massive term remains absent,
and, according to Heisenberg, the particle mass should be obtained as a result of quantization of
spinor prematter®®. In the nonlinear generalization of classical field equations, the massive term
does not possess the significance that it possesses in the linear one, as it by no means defines total
energy (or mass) of the nonlinear field system. Thus without losing the generality we can consider
massless spinor field putting m=0 that leads to ®=0. This assumption metamorphoses (2.16) to
get

P(t)=Dgy/7, Dg=const. (3.20)
The system of equations (2.19) in this case reads

U,—U;=0, Uj,—U,=0,

: ; (3.21)
U3+U1:O, U4+U2:0.

Differentiating the first equation of system (3.21) and taking into account the third one we get
U%+U,;=0, (3.22)

which |leads to the solution
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U;=D,e'%+iDge ', Uz=iD,e'+Dge ', (3.23)
Analogicaly for U, and U, one gets

U,=D,e'%+iDe 7, U,=iD,e"+D,e ', (3.24)
where D; are the constants of integration. Finally, we can write

Vi=(UV7)(D1€"+iDge %), V,o=(U\7)(Do€'"+iDse %),

Vi=(U\7)(iD,e7+Dse %), V,=(U\7)(iD,e'+D4e 7). (3.25)
Putting (3.25) into the expressions (2.15) one finds
P=2(D?+D3-D3-D3)/r. (3.26)
Comparison of (3.20) with (3.26) gives Dy=2(D3+D35—D3—D3).
Let us now estimate 7 using the equation
7/ 7=3kx(n—1)P?", (3.27)
where we chose Ly=\P?". Putting the value of P into (3.20) and integrating one gets
7= —3K\D§" " +y?, (3.28)

where y? is the integration constant and can be defined from (2.27): y?=.273>0. The solution to
the equation (3.28) in quadrature reads

dr
f =t. (3.29)
V=3KAD2"2 24 y?

Let us now analyze the solution obtained here. As one can see the case n=1 isthe linear one. In
case of A<0 for n>1, i.e,, 2—2n<0, we get

7(t)|i—.o~[(V3KIN[Dgn)t]*"
and
T|tﬂw% 3ky2t

This means that for the term Ly considered with A<<0 and n>1, the solution is initially singular
and the space—time is anisotropic at t—. Let us nhow study it for n<<1. In this case we obtain

T|t~>0~ 3ky2t
and
7l ~[(V3KIX[DGM)]".
The solution is initially singular as in the previous case, but as far as 1/n>1, it provides an
asymptotically isotropic expansion of the B-1 space—time.
[11. In this case we study Ly=F(l,J). Choosing

Ly=F(Ks), Kio=l+J=l,=—1,, K_=I-J=Iy, (3.30)
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in the case of massless NL SF we find
@:ZSFKi, F/f’zﬂ:ZPFKi, FKi=dF/th.

Putting them into (2.16) we find

S5+ P2=D.. (3.31)
Choosing F=\K"l from (2.21) we get
7=3kA(n—1)D7 712", (3.32)
with the solution
" ldr
j Vg2 2-3k\D" -t (3.33)

where g2=.273. Let us study the case with A<0. For n<1 from (3.33) one gets
7(t)]i_o~gt—0, (3.34)

i.e., the solutions are initially singular, and

(1) ~[V(3x]\[DD)t]¥", (3.35)
which means that the anisotropy disappears as the Universe expands. In the case of n>1 we get
7(t)]o~t""—0

and

(1] ~0t,

i.e., the solutions are initially singular and the metric functions a(t), b(t), and c(t) are different
at t—o, i.e, the isotropization process remains absent. For A>0 we get that the solutions are
initially regular, but it violates the dominant energy condition in the Hawking—Penrose theorem?®®,
Note that one comes to the analogical conclusion choosing Ly=\S?"P?".

IV. ANALYSIS OF THE RESULTS OBTAINED WHEN THE B-I UNIVERSE IS FILLED
WITH PERFECT FLUID

Let us now anayze the system filled with perfect fluid. Let us recall that the energy-
momentum tensor of perfect fluid is

;<m):(p+s)u#u”—5;p=(e,—p,—p,—p). (4.2)

Aswe saw earlier the introduction of perfect fluid does not change the field equations, thus leaving

the solutions to the NL SF equations externally unchanged. Changes in the solutions performed by

perfect fluid are carried out through Einstein equations, namely through 7. So, let us first see how

the quantities ¢ and p connected with 7. In doing this we use the well-known equality T,.,=0,
which leads to

d
gt (re)+ 7p=0, (4.2)
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with the solution

B de
In T——J’ G+p) (4.3)

Recalling the equation of state p=¢&e, 0<¢<1, finaly we get

0 €0 2 3 806
Tom=¢e= e Ti(m)=T2(m)=T3(m)=—p=—m, (4.4)
where ¢ is the integration constant. Putting them into (2.21) we get
T 3k (é—1)egg
P M s (4.5)

which shows that for stiff matter (é=1) the contribution of fluid to the solution is missing. Let us
now study the system with nonlinearity type I. In this case we get

dr
\/mCOT— )\CS/T(H_Z)-I— 807(1_§)+ g°

=+ /3«t. (4.6)

As one can see in the case of dust (£€=0), the fluid term can be combined with the massive one,
whereas in the case of stiff matter (£é=1) it mixes up with the constant. Analyzing the equation
(4.6) one comes to the conclusion that the presence of perfect fluid does not influence the result
obtained earlier for the nonlinear term type |. One comes to the same conclusion analyzing the
system with perfect fluid for the other types of nonlinear terms considered here. At least both at
t—0 and at t—oo the key role is played by the other terms rather than the term presenting fluid.

V. CONCLUSIONS

Exact solutions to the NLSF equations have been obtained for the nonlinear terms being
arbitrary functions of the invariant | =S? and J= P2, where S= ¢y and P=iyy°y are the real
bilinear forms of spinor field, for B-I space—time. Equations with power nonlinearity in spinor
field Lagrangian Ly=\S", where \ is the coupling constant, have been thoroughly studied. In this
case it is shown that the equations mentioned possess solutions both regular and singular at the
initial moment of time for n>2. Singularity remains absent for the case of a field system with
broken dominant energy condition. It is aso shown that if in the NLSF equation the massive
parameter m#0 and n=2, then at t—oo isotropization of the B-1 space—time expansion takes
place, while for m=0 the expansion is anisotropic. Properties of the solutions to the spinor field
equation for 1<n<2 and 0<n<1 were also studied. It was found that in these cases there does
not exist a solution that is initialy regular. At t—co the isotropization process of the B-1 space—
time takes place both for m#0 and for m=0. In the case of the nonlinear term Ly=\P?", we
found the solutions are initially singular and the isotropization process of the B-I space-time
depends on the choice of n. For Ly=\(1+J)" we obtained the solutions that may be initialy
singular or regular, depending on the sign of coupling constant \, but the isotropization process
depends on the value of power n. It is also shown that the results remain unchanged even in the
case when the B-1 space—time is filled with perfect fluid.
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