Gravitation & Cosmology, Vol. 12 (2006), No. 2-3 (46-47), pp. 215–218 Proceedings of the International Conference on Gravitation, Cosmology, Astrophysics and Nonstationary Gas Dynamics, Dedicated to Prof. K.P. Staniukovich’s 90th birthday, Moscow, 2–6 March 2006 © 2006 Russian Gravitational Society

SPINOR FIELD AND ACCELERATED REGIMES IN COSMOLOGY

Bijan Saha^1

Laboratory of Information Technologies, JINR, Dubna, Russia

Received 25 April 2006

A self-consistent system of interacting nonlinear spinor and scalar fields is considered in a Bianchi type-I universe filled with a perfect fluid. The role of spinor field in the evolution of the Universe is studied. It is shown that for some special choice of nonlinearity the spinor field can explain the late-time accelerated expansion of the Universe.

Спинорное поле и ускоренные фазы в космологии Биджан Саха

Рассмотрена самосогласованная система взаимодействующих нелинейных спинорного и скалярного полей во Вселенной I типа Бианки, заполненной идеальной жидкостью. Исследуется роль спинорного поля в эволюции Вселенной. Показано, что при некотором специальном выборе нелинейности спинорное поле может объяснить позднее ускоренное расширение Вселенной.

1. Introduction

The accelerated expansion of the present-day Universe encourages many researchers to introduce different kinds of sources able to explain this. Among them most popular is the dark energy given by a Λ term [1–3], quintessence [4–7] and Chaplygin gas [8, 9]. Recently, cosmological models with spinor field have been extensively studied by a number of authors in a series of papers [10–15]. The principal motivation of Refs. [10–14] was to find regular solutions of the corresponding field equations. In some special cases, namely, with a cosmological constant (Λ term), which plays the role of an additional gravitation field, we indeed find singularityfree solutions. It was also found that introduction of a nonlinear spinor field results in a rapid growth of the Universe. This allows us to consider the spinor field as a possible candidate for explaining the accelerated expansion. Note that a similar attempt was made in a recent paper by Kremer et al. [16].

In this paper, we study the role of a spinor field in generating an accelerated mode of expansion of the Universe. Since similar systems, though from different aspects, were thoroughly studied in [13, 14], to avoid lengthy calculations regarding spinor and scalar fields, we mainly confine ourselves to studying the master

1e-mail: bijan@jinr.ru

equation describing the evolution of BI Universe. We here give solutions to the spinor and scalar field equations, whose details can be found in [13, 14].

2. Basic equations and their solutions

We consider a self-consistent system of nonlinear spinor and scalar fields in a Bianchi type-I universe filled with a perfect fluid. The spinor and the scalar field are given by the Lagrangian L = (i/2) [ ψ̄γ^μ∇_μψ − ∇_μψ̄γ^μψ ] − mψ̄ψ + F + (1/2)(1 + λ_1F_1) φ_{,α}φ^{,α}, (1)

where λ_1 is a coupling constant and F and F_1 are arbitrary functions of invariants generated by real bilinear forms of a spinor field. We assume F = F (I, J) and F_1 = F_1(I, J) with I = S^2 , S = ψ̄ψ , J = P^2 and P = iψ̄γ^5ψ .

The gravitational field is chosen in the form

ds^2 = dt^2 − a^2_1dx^2_1 − a^2dx^2 − a^2_3dx^2_3, (2)

where a_i are functions of t only and the speed of light is taken to be unity. We also define

τ = a_1a_2a_3. (3)

216 Bijan Saha

We assume the spinor and scalar field to be spaceindependent. Then, for the spinor and scalar fields and metric functions we find the following expressions [14].

For F = F (I), we find S = C_0/τ , C_0 being an integration constant, and the spinor field components read

ψ_{1,2}(t) = (C_{1,2}/ √ τ ) e^{−iβ} , ψ_{3,4}(t) = (C_{3,4}/ √ τ ) e^{iβ} , (4)

with the integration constants obeying

C_0 = C^2_1 + C^2_2 − C^2_3 − C^2_4 .

Here β = ∫ (m − D)dt with D = dF/dS + (λ_1φ̇^2/2)dF_1/dS. For F = F (J) and a massless spinor field we find P = D_0/τ . The corresponding components of the spinor field in this case read

ψ_{1,2} = ( D_{1,2} e^{iσ} + iD_{3,4} e^{−iσ} ) / √ τ , ψ_{3,4} = ( iD_{1,2} e^{iσ} + D_{3,4} e^{−iσ} ) / √ τ , (5)

where

D_0 = 2 (D^2_1 + D^2 − D^2_3 − D^2_4).

Here σ = ∫ Gdt with G = dF/dP + (λ_1φ̇^2/2)dF_1/dP. For the scalar field we find φ = C ∫ dt τ(1 + λ_1F_1)

+ C_1, (6)

where C and C_1 are integration constants.

Solving the Einstein equations, we find

a_i(t) = A_i [ τ(t)]^{1/3} exp [ X_i ∫ [τ(t^′)]^{−1}dt^′ ] , (7)

with the integration constants A_i and X_i obeying A_1A_2A_3 = 1 and X_1 + X_2 + X_3 = 0. Note that to evaluate the metric functions at any given time t̃ we should first integrate ∫ dt/τ , and only then substitute t by t̃.

Theoretical arguments [17] and the recent experimental data which support the existence of an anisotropic phase before an isotropic one, led us to consider models of the Universe with an anisotropic background. On the other hand, the isotropy of the present-day Universe lead us to study how the initially anisotropic BI space-time can evolve into an isotropic Friedmann- Robertson-Walker (FRW) one. Since for the FRW Universe a_1(t) = a_2(t) = a_3(t), for the BI universe to evolve into a FRW one we should set D_1 = D_2 = D_3 = 1. Moreover, the isotropic nature of the present Universe implies that the three other constants X_i should be close to zero as well, i.e., |X_i| ≪ 1 (i = 1, 2, 3), so that X_i ∫ [τ(t)]^{−1}dt → 0 for t < ∞ (for τ(t) = t^n with n > 1 the integral tends to zero as t → ∞ for any X_i ). A rapid growth of the Universe due to introduction of the nonlinear spinor field to the system results in earlier isotropization.

The spinor, scalar and metric functions functionally depend on τ , as well as other physical quantities such as the spin current, charge etc. and the space-time invariants [13, 14]. It should be noted that at any space-time point where τ = 0 the spinor, scalar and gravitational fields become infinite, hence the space-time becomes singular [14]. So it is very important to study the equation for τ (which can be viewed as the master equation) in detail, precisely what we will do in the next section. In doing so we analyze the role of the spinor field in the character of the evolution.

3. Evolution of a BI universe and the role of spinor field

In this section we study the role of the spinor field in the evolution of the Universe. From the Einstein equations one finds an equation for τ which is indeed the acceleration equation and has the following general form: τ̈ τ = 3 2 κ ( T^1_1 + T^0_0 ) . (8)

The Bianchi identity G^ν_{μ;ν} = 0 in our case gives

Ṫ^0_0 = − τ̇ τ ( T^0_0 − T^1_1 ) . (9)

The spinor field, as well as any other source, affects the evolution of the Universe by its energy-momentum tensor only. With p_{pf} = ζε_{pf} and ζ ∈ [0, 1], where ε_{pf} and p_{pf} are the energy density and pressure of a perfect fluid, for this fluid Eq. (9) gives

ε_{pf} = ε_0 τ^{1+ζ}

, p_{pf} = ζ_0ε_0 τ^{1+ζ} . Further we set ε_0 = 1. Assume that F = λS^q and F_1 = S^r where λ is a self-coupling constant. As was shown in [13], the spinor field equation, more precisely, the equations for bilinear spinor forms, in this case gives S = C_0/τ . Then, setting C_0 = 1, for the energy density and the pressure we find

T^0_0 = m τ − λ τ^q + τ^{r−2} 2(λ_1 + τ^r ) + 1 τ^{1+ζ} ≡ ε, T^1_1 = (q−1)λ τ^q − [(1−r)λ_1 + τ^r]τ^{r−2} 2(λ_1 + τ^r )^2 − ζ τ^{1+ζ} ≡ −p. (10)

Taking into account that ε and p are functions of τ only, Eq. (8) can now be presented as

τ̈ = F(q_1, τ), (11)

Spinor field and accelerated regimes in cosmology 217

Figure 1: Acceleration of BI universe caused by spinor and scalar fields

where we define

F(q_1, τ) = 3κ 2 ( m + λ(q − 2) τ^{q−1} + λ_1rτ^{r−1} 2(λ_1 + τ^r)^2 + 1 − ζ τ^ζ ) . (12)

Here q_1 = {κ, m, λ, λ_1, q, r, ζ} is the set of problem parameters. Eq. (11) allows the first integral

τ̇ = √ 2[E − U(q_1, τ)] (13)

where we denote

U(q_1, τ) = − 3κ 2 ( mτ − λ τ^{q−2} − λ_1 2(λ_1+τ^r) + τ^{1−ζ} ) . (14)

From a mechanical point of view, Eq. (11) can be interpreted as an equation of motion of a single particle with unit mass under the force F(q_1, τ). In (13), E is an integration constant which can be treated as an energy level, and U(q_1, τ) is the potential of the force F(q_1, τ). We solve Eq. (11) numerically using the Runge-Kutta method. The initial value of τ is taken to be reasonably small, while the corresponding first derivative τ̇ is evaluated from (13) for given E . As is seen, the positivity of the radical imposes some restriction on the value of τ , namely, in case λ > 0 and q ≥ 2 the value of τ cannot be too close to zero at any point. As can be easily seen from Eq. (14), there is a potential wall of infinite height in the vicinity of τ → 0. Thus we can see that, for some special choice of the problem parameters, introduction of a nonlinear spinor field provides

Figure 2: Energy density and pressure in three different cases

singularity-free solutions. As was shown in [13], a regular solution is obtained only at the expense of a broken dominant-energy condition in the Hawking-Penrose theorem [18]. It is also shown that the spinor field nonlinearity gives rise to an accelerated mode of expansion at an early stage of evolution. To show that, let us go back to Eq. (11). The left-hand side of this equation describes acceleration. From (12) one sees that, as τ → ∞, τ̈ → (3/2)κm > 0, i.e., a massive spinor field provides a nontrivial acceleration at large τ , while the spinor field nonlinearity generated by the self-action gives rise to an exponential mode of expansion at the early stage of evolution. As one sees from Fig. 1, with self-action, the acceleration at the early stage is very large, whereas in the case of induced nonlinearity it is not the case. With expansion, the acceleration becomes small and finally tends to (3/2)κm.

For numerical solutions we set κ = 1, the spinor mass m = 1, the power of nonlinearity q = 4, r = 4 and, for the perfect fluid, we set ζ = 1/3 which corresponds to radiation. We also set E = 1. The initial value of τ is taken to be τ_0 = 0.4. In the figures, we use the following notations: “1” corresponds to the case with self-action and interaction, λ = 0.5, λ_1 = 0.5; “2” to self-action only, λ = 0.5; “3” to interaction only, λ = 0, λ_1 = 0.5.

Fig. 2 shows the energy density and pressure of the source field. The purpose is to show that the energy density of the source field indeed decreases with the Universe expansion, whereas the pressure becomes negative, which lets us conclude that the spinor field can be viewed as an alternative to dark energy, since the

218 Bijan Saha

latter (e.g., quintessence or Chaplygin gas), invoked to explain the late-time acceleration of the Universe, has negative pressure.

4. Conclusion

We have considered a system of interacting nonlinear spinor and scalar fields in a BI universe filled with perfect fluid. It is shown that the spinor field nonlinearity generated by a self-action gives rise to a singularity-free evolution. But this regular solution violates the dominant energy condition which is essential in the Hawking- Penrose theorem. It is also shown that, at the early stage of evolution, the nonlinear spinor field generates an accelerated mode of evolution. Comparing the effective pressure of the nonlinear spinor field with that of quintessence we notice some similarities in their behaviour. It gives us a reason to consider a nonlinear spinor field as an alternative to dark energy.

References

[1] T. Padmanabhan, Phys. Rep. 380, 235 (2003).

[2] V. Sahni, “Dark Matter and Dark Energy”, astroph/0403324.

[3] Bijan Saha, “Anisotropic cosmological models with a perfect fluid and a Λ term”, gr-qc/0411080; to appear in Astrophys. Space Sci..

[4] R.R. Caldwell, R. Dave and P.J. Steinhardt, Phys. Rev.

Lett. 80, 1582 (1998).

[5] V. Sahni and A.A. Starobinsky, Int. J. Mod. Phys. D 9, 373 (2000).

[6] I. Zlatev, L. Wang and P.J. Steinhardt, Phys. Rev. Lett.

82, 896 (1999).

[7] Bijan Saha, “Anisotropic cosmological models with perfect fluid and dark energy reexamined”, gr-qc/0501067; to appear in Int. J. Theor. Phys.

[8] A.Yu. Kamenshchik, U. Moschella, and V. Pasquier, Phys. Lett. B 511, 265 (2001).

[9] Bijan Saha, Chinese J. Phys. 43, 1035 (2005).

[10] B. Saha and G.N. Shikin, J. Math. Phys. 38, 5305 (1997).

[11] B. Saha and G.N. Shikin, Gen. Rel. Grav. 29, 1099 (1997).

[12] Bijan Saha, Mod. Phys. Lett. A 16, 1287 (2001).

[13] Bijan Saha, Phys. Rev. D 64, 123501 (2001).

[14] Bijan Saha and T. Boyadjiev, Phys. Rev. D 69, 124010 (2004).

[15] C. Armendáriz-Picón and P.B. Greene, Gen. Rel. Grav.

35, 1637 (2003).

[16] M.O. Ribas, F.P. Devecchi and G.M. Kremer, Phys.

Rev. D 72 123502 (2005).

[17] C.W. Misner, Astrophys. J. 151, 431 (1968).

[18] S.W. Hawking and R. Penrose, Proc. R. Soc. London A 314, 528 (1970).