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In а ('ecent рарег [1] а modit'ied sуstеrл ot' equatl0ns of' еlесtгосlупаmlСS ot' mо\'шg сопtШll

OLlS medla has Ьееп оЬtшпе(i 111 account of tОГОld роlапzаtюпs. 1п thls ktteI" It has Ьееп 

sho\\"J1 that these equatlons аге шvапапt ul1deI" Lогепtz tпшsf'ОГl1шtюпs. T!k~ tгапst'огrлаtlОl1 

law {ог the tОГОld роlапzаtl0ПS 11as also Ьееl1 \vогkеd out. 

Ке\'н'оп/,) tОГОldаl mоrлепts. Iлгеl1tz tгаJ1st'огmаtlОJ1S 

111 the early fifties, while solving the problem of the multipole radiation of а spa
tially bOllnded source, Franz and Wallace [2,3] found а contribution to the elec
tric part of radiation at the expense of magnetization. Further Уа. Zel'dovich [4] 
pointed out the поп-соrrеsропdепсеbetween the existence of two known mul
tipole sets, Coulomb and magnetic, and the number of form-factors for а spln 
- ! charged particles. Following the parity non-conservation law in weak inter
actions Zel'dovich suggested а third forrn-factor in the parametrization of the 
Dirac spinor particle current. As а classical cOllnterpart of this form-factor he 
introduced anapole in connection with the global electromagnetic properties of а 

toroid coil that are impossible to describe within the charge or magnetic dipole 
moments in spite of explicit axial symmetry of the toroid соН. In 1963 Shi
rokov and Cheshkov [5] constructed the parametrization for relativistic matrix 
elements of currents of charged and spinning particle, which contain the third set 
of form-factors. Finally, in 1974 Dubovik and Cheskov [6] determined the toroid 
moment in the framework of classical electrodynamics. Note that anapole and 
toro'ld d'lpole are not the different names of опе and the same thing. ТЬеу are 
indeed quite different in nature. For example, the anapole cannot radiate at аН 

while the toroid соН and its point-like model, toroid dipole, сап. The matter is 
that the anapole is some composition of electric dipole and actual toroid dipole 
giving destructive interference of their radiation. 

Recently а principally new type of magnetism known as aroтagnetzsт was 
observed in а class of organic substances, suspended either in water or in other 
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liQUlds [7]. Lat.er 1 it was shown that this рЬепоmепа of агоmаgпеtlSП1 cannotJ Ье 

explalned in а standard way, e.g., Ьу ferromagnetism, since the organlc П101есulеs 

do not, possess rnagnetlc mOlnents of either orbital or spin origln. It \\'as also 
shоv,тп that the origin of aromagnet1sm 1S the interaction of vortex еlесt,пс field 
induced Ьу alternatlve Пlаgl1еtiс опе with the axial toroid moments in аГОПlаtlС 

substances [8]. 
In а recent work Dubovik and Kuzl1etsov [9] calculated the toroid mornent, of 

1/fajorana пеutппо. It was also pointed out that the magnitude of the toroid 
dipole moment of а Dirac neutrino (Vd) is just the half of that of а Majorana опе 

(ит ) and both of them possesses non-trivial toroid moments even if m v == О [10]. 
The study of toroid moments in high energy physics indicates its importance 
in modern physics. Beside the works mentioned аЬоуе we would like to refer 
the paper Ьу Rubin [11] 1 about applieations of Toroidal momel1ts in relativistic 
anyons theory and the need in considering generalized Toroidal 4-moments as 
effective 4-vector potentlals. 

The latest theoretical and experimental development foree the lntroductioIl of 
toroid moments ln the frarnework of conventional elassical electrodynamlcs that 
in lts part inevitably leads to the modifieation of the equations of electromag
netism and the equations of motion of particles in external electromagnetic field. 
Two alternative schemes of introduction of toroid polarizations in the electro
magnetic equations and two potential formalism of electrodynamics were glven 
in (1,12]. 

In this letter we will consider the toroid polarizations subject to Lorentz trans
formation. For histories sake, we note that опе to the earliest attempts to give 
ап alternative description of electrodynamies of moving bodies was undertaken 
Ьу Е Cohn as early as 1902 [13]. Нете we will work within the framework of 
Lorentz transformation. 
То begin with we wпtе the Maxwell equations for electrolnagnetlc fields iп 

\TaCUUm, 111 the presence of extraneous elect.ric eharge р and electric current, l.e., 
charge - in - n1otlon, of density j. 

1 дЕ 41r . 
curlB - -~ == -] (la)

с Bt с
 

divE == 41rp (lЬ)
 

1дВ 
eurlE+ -- = о (lc)

с Bt 
divB =О (ld) 

where Е and В аге the flux densities of electric field and magnetie induetion, 
respectlvely As we mentioned earlier, the system (1) should Ье rewritten taking 
the t,oro1d polarizations into aecount. ТЬе details of the ealculations опе mау 

find ln [1,12]. Нете we write the final system as follows: 

1 д1) 41r . 
curl1i == - +-J 

с Bt с 
(2а) 

divV = 41rp (2Ь) 

1 дВ 
eurlE == --

с Bt 
(2с) 

divB = О (2d) 
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where we define 

е == Е + 41rcurlT e
, 1t == н - 4JrcurlT 

Тn 

, 

D == D + 41rCllrlTe 
, В == В - 4JrcurlTffi , (3) 

D == е + 4п Р, 1t == В - 47ГМ. 

D == Е + 41rP, Н == В - 4пМ. 

Indeed, due to the lntroduction of toroid polarizations, having independent origln 
in t,erms of аtОШlС and molecular current and charge distributions, the quantlties 
В апd D as well as Е and Н lost their initial meanil1g. The existence of the 
vortlclties те and тт 

, generally speaking, сап Ье imputed to the опе and the 
same physical volume. 

Finally we introdocuce the two-potentia1 formalism that was developed Ьу us 
earlier [1.12] definlng В and Е in the following way: 

1 Ва е 

В == curla 
т + --д + \l<pffi, (4а) 

с t 
1 е 1 дот \l е 

Е == cur а - ~ дt - <р (4Ь) 

Inserting (4) into (2) we find the potential form of the electro-magnet,o-toroic 
еquаt.lопs· 

т 4тг(" дР 1М)
о а == --;; Jfree + дt + ccur (5а) 

О <рт == О (БЬ) 

Dо. 
е == О (5с) 

о l{Je == -41r (р - divP) (5d) 

We поw write the tгапsfогmаtiопlaw that leaves the systems (5) and (2) Lогепtz 

covariant l1nder 

dlV ат,е + (1/с)(д<ре,т /Dt) == О. (6) 

Connectillg the fields in stJationary frame (unprimed) with those in moving опе 

(primed) lП the following way 

р = ,(р' + f3 хМ') - ';; 1 (р' . fЗ)fЗ (7а) 

М = ,(М' - f3 х р') - ';; 1(М' . fЗ)fз (7Ь) 
,-1

о.т == от! + ,(3<ре! + у(ат , . (3)fЗ (7с) 

<ре == ,(<ре' + (3 . ат ,) (7d) 

ае = а" + ,fЗ<рт' + ';; 1(а " . fЗ)fЗ (7е) 

<рт == ,(<рт' + ,в .0(') (7f) 

р == ,(р' + ~(f3' J')) (7g) 
с 

"'1-1 
J == J' + ,f3р' + -{P-(J' . fЗ)fЗ (7h) 
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опе сап easily show that the system (5) is Lorentz covariant. Inserting (7с - 7f) 
into (4\ 1пе finds that the vectors Е and 8 transform in the followlng way 

[ = ,,([' + (3 х В') - "~1 (е' . (3)(3 

(8) 

В = ,,(В' - (3 х е') - "~1 (В' . (3)(3 

Finally, we write the transformation law for toroid dipole polarizations. In 
doing 80, we underline а very original relation between the vector potential and 
toroid moment [14] 

curl curl А = 41rccurl cUl'l T8(r) (9) 

Оп the other hand we determine 

в =в + curl тт = curlA + cUl'l тт 

. 

АВ these facts suggest us to handle А and Т in the same manner. In other 
words, те,т should fOl'm the space part of some four-vectors. То this end, we 
introduce two four-vectors 

(10) 

with фе,m being the scalar parts of the four-vectors пе,m. Now we сап wпtе 

dоwп the transformation law for toroid polarization, which is exactly the sаП1е 

for vector potentials, precisely, 

'"У-1 
т
т = тт 

/ + ,{3фm l + 7(ттl 
. (3){3 (11а) 

фm = ,(фml + (3 . T 7n1 ) (11Ь) 

те = те, + ,,(3фе' + "~1 (Т" . (3)(3 (11c) 

фе = ,(феl + (3. T el ) (lld) 

\vith the additional condition 

1 дтт,е 

curlTe,m =±(
с at + vфm,е) (12) 

to Ье fulfil1ed. Naturally arises the question "what do the фе,m stand for"? То 

answer this question let us write the multipole expansions of scalar Ф and vector 
А potentlals: 

(13а) 



(13b) 

\\Т }lere \Ve denot,e 

• D(O) == J р(г, t)dr - total charge 

• D~O) ::=; .f 1'2 р(г, t)dr - scalar lllean-squarp radii 

• D~~ == .r 1,21'0. р(г, t)dr - vector mean-squ.are radii 

• D~l) == J 7'~1) р(г, t)dr - electric dipole moment 

• D~~~ == J г~2~ р(г, t)dr - electric quadrupole moment 

• D~3d" == J 1'~j/, р(г, t)dr - electric octupole moment, 

• Л1~l) == ~ J [г х j]adr - Iпаgпеtiс dipole moment 

• A1~i = tfc I {[l' Х Лй Т{3 + [г х j]rЗ7'а }dr - magnetic qlladrupole moment 

• Il1
) == lЬС I (То.Т{3JП - r 2Jc.)dr - torold dlpole moment 

\\·here 1'1 - r 1'(2) - 1(1' Т .- 1],25 ) апd 1'(3) - 1 (Т т г - ~(г 6, +
о. - О, , 0.13 - 2 (Х {3 3 й/З - аfЗ ') - 6 Q З', ,') й rз ~y 

Т:з6,о + т"до.В)). n'om (13) follow that the toroid 1110mel1t cont.alnS lП tlle tlllrrl 
orrle[ of Taylor expaIlsloIl of А wherea.." the tl1ird order multlpole expansioll of 
Ф COll~lsts о!' scalar mean-square-radii and electric qaadrupole mОffiЕ'пt ТIПlS 

it Jnakes sense t,o connect tlle scalar part of four-vectors П, l.e., Ф ~rlth tll(~ 

scalar Il1eaIl-squаге radil and quadl'upole moment depel1dillg 011 t.he опеlltаt,10П 

of motjon of t,he tОПlS itself. Неге we wOHld like to note that а dеtдI1еd analysls 
of tlle Ip.latlonS between А aIld Т iпdiсаtеs that beside tfle scalar ПlеаП-SЧl1а1'е 

radii and quadrt1pole nloment t,he quantity Ф сап also Ье соппесt,еd wlth the 
tiipole ПlОПlепt. TllllS we сап write ciown the transformat,loIl law [ог the torold 
polarizatjol1s as 

(тт ), = (тт,), + 'У{Э,DiО) + 'У; 1(Т т / (Э){Э, 

( Тт) == (Тт ,) + "'V{3 D(2) -+ ~=-~(Tт, ('){3.
~ \ ~ I k k ~ /32 ", 
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