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We consider a system of nonlinear spinor and scalar fields with minimal coupling in
general relativity. The nonlinearity in the spinor field Lagrangian is given by an arbitrary
function of the invariants generated from the bilinear spinor forms S = 1) and P =
it)y5); the scalar Lagrangian is chosen as an arbitrary function of the scalar invariant
2 = p op*, that becomes linear at {2 — 0. The spinor and the scalar fields in question
interact with each other by means of a gravitational field which is given by a plane-
symmetric metric. Exact plane-symmetric solutions to the gravitational, spinor and scalar
field equations have been obtained. Role of gravitational field in the formation of the field
configurations with limited total energy, spin and charge has been investigated. Influence
of the change of the sign of energy density of the spinor and scalar fields on the properties
of the configurations obtained has been examined. It has been established that under the
change of the sign of the scalar field energy density the system in question can be realized
physically iff the scalar charge does not exceed some critical value. In case of spinor field
no such restriction on its parameter occurs. In general it has been shown that the choice
of spinor field nonlinearity can lead to the elimination of scalar field contribution to the
metric functions, but leaving its contribution to the total energy unaltered.

PACS: 03.65.Pm, 04.20.Ha, 04.20.Jb
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1 Introduction

Elementary particle solitons have been extensively investigated at the level of
special relativity first in the context of Abelian theories and later in non-Abelian
theories. At the general relativistic level less is known. In particular, the influence
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of the gravitational field on the known special relativistic structures has not been
extensively studied [1].

It is well known that the gravitational field is universal and unscreenable, i.e.,
it is present in microcosm. It is known as well that, at present there is no exper-
imental data on the role of gravitational field in microcosm. So the gravitational
interaction in the microcosm can be studied based on the qualitative systems only
allowing exact mathematical investigations. From the relative weakness of gravita-
tional interactions it does not follow that it can be overlooked while studying the
properties of microcosm. There are theoretical indications on the fact that consid-
eration of proper gravitational field may significantly influence the properties of
interacting particles, especially at high energies.

At present the nonlinear generalization of classical field theory remains one
of the possible ways to overcome the difficulties of the theory which considers
elementary particles as mathematical points. In this approach elementary particles
are modeled by soliton-like solutions of corresponding nonlinear equations. The
gravitational field equation is nonlinear by nature and the field itself is universal
and unscreenable. These properties lead to definite physical interest for the proper
gravitational field to be considered. The study of the role of the gravitational field
is important in its own right irrespective of the physical interpretations of the
exact solutions obtained. The existence of stable particle-like classical elementary
excitations in a model 5D universe was obtained in [2]. The authors showed that
if a torsion invariant is included in the free Lagrangian, the particle-like stable
solutions exist having definite positive rest energy, spin, and corresponding anti-
particles. Solitons with spherical and/or cylindrical symmetry in the interacting
system of scalar, electromagnetic, and gravitational fields were obtained in [3,4].
Nevertheless, papers dealing with soliton-like solutions of nonlinear field equations
ignore the proper gravitational field in the initial field system more often than not.

The purpose of the paper is to study the role of gravitational field in the for-
mation of extended objects in microcosm, e.g., solitons. The material fields are
given by a system of nonlinear spinor and scalar ones, since the inclusion of proper
gravitational field intensifies the nonlinearity of the fields in question. Within the
scope of this report we show that the spinor field is more sensitive to the proper
gravitational one than the scalar or electro-magnetic fields.

2 Fundamental equations and general solutions

The Lagrangian of the nonlinear spinor, scalar and gravitational fields can be
written in the form

R
L=—+1L, L 2.1
2/€ + P + ( )
with )
1| - _ _
Lg, = 3 YV = Vo oyt | — mypp + L, (2.2)
and
Lee =W(82), 2= 0. (2.3)
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Here R is the scalar curvature and k is the Einstein’s gravitational constant and
1 is the 4-component dirac spinor having the form ¢ = (v1, V2, V3, ¥4)T, where
T stands for transpose. The nonlinear term Ly in spinor Lagrangian describes the
self-interaction of a spinor field and can be presented as some arbitrary functions of
invariants generated from the real bilinear forms of a spinor field having the form

S=9y, P=wy’p, o' =@Un"y), A= (), T = (bohy),

where o#*” = (i/2)[y*+" — vY~+*]. Invariants, corresponding to the bilinear forms,
look like

I=8% J= P_Q, I = v, 0" = (DY) g (VY 1)),
Iy = A, A = (wf’v“w) gw(wv‘r’fw),
Ir =T, T = (wolwlp) guaguﬁ(waaﬁw)-

According to the Pauli-Fierz theorem [5], among the five invariants only I and .J
are independent as all others can be expressed by them: I, = —I4 = I + J and
Iy = I — J. Therefore we choose the nonlinear term Ly = F(I,J), thus claiming
that it describes the nonlinearity in the most general of its form.

The scalar Lagrangian L, is an arbitrary function of invariant £2 = ¢ ¢,
satisfying the condition

. 1
(lzlinoy?(g) =50+ (2.4)

The gravitational field in our case is given by a plane-symmetric space-time.
As was defined by Taub [6], a space-time will be said to have plane symmetry if it
admits the three parameter group generated by the transformation

*=y+a, (2.5a)
2" =2z4Db, (2.5b)
and
* = ycosfh + zsinb,
Y , (2.5¢)
z* = —ysinf + z cos .

The metric of space-time admitting plane symmetry may be written as [7]
ds? = e2Xdt? — e2*da? — e*P(dy? + dz?), (2.6)

where the speed of light ¢ is taken to be unity and y, «, § are functions of = and ¢
alone. Note that though (2.6) is one of the most general form of a universe admitting
plane symmetry, in this paper we consider the metric functions y, a, § to be time
independent and obey the coordinate condition

a=26+x. (2.7)

Let us now formulate the requirements to be fulfilled by particle-like solutions
(solitons). These are [3]:
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— Stationarity [applied to metric (2.6)], i.e.,
x=x(), a=a), B=7p).
— Regularity of the metric and the matter fields in the whole space-time.

— Localization in space-time (with finite energy)

E; = /TOO\/Jng < o0.

The last requirement assumes the rapid decreasing of the energy density of the
material field at spatial infinity, which together with the second one guarantees the
finiteness of Er. The second requirement means the regularity of material fields as
well as the regularity of metric functions, which entails the demand of finiteness of
the energy-momentum tensor of material fields all over the space.

Variation of (2.1) with respect to spinor field 9 (1) gives nonlinear spinor field
equations

WAV, — By + Gy = 0, (2.82)
iV 9y + &P — Gy = 0, (2.8b)
with OF OF

whereas, variation of (2.1) with respect to scalar field yields the following scalar

field equation:
1 0

L2 (V_gg”“j—gw> — 0. (2.9)

Varying (2.1) with respect to metric tensor g,,, we obtain the Einstein’s field equa-
tion

Rl — L6ER = —kT}), (2.10)
which in view of (2.6) and (2.7) is written as follows
G8 = ¢ 2 (Qﬁ” —2x'p — ﬁ’Q) = —,%TOO, (2.11a)
Gi = e 2™ (2} + B7?) = —kT}, (2.11b)
G =e (B + X" —2x'B — B?) = kT3, (2.11c)
Gy =G3, T3 =T3. (2.11d)

Here prime denotes differentiation with respect to x and T} is the energy-momentum
tensor of the spinor and scalar fields

T =T,0, + T, (2.12)

Sp [ scpu*

The energy-momentum tensor of the spinor field is
Tsppu = iig/w <¢%Vu¢ + 1;7uv;477/’ - VMZJ'YV?/’ - vuw%ﬂp) - 5ZLsp s (2-13)
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where Lg, with respect to (2.8) takes the form

1 /-0F OF
Lypy=—|Yp—+—9Y | - F 2.14
o=—3 (P55 + 557) (214)
and the energy-momentum tensor of the scalar field is
v dv N2 v 2 2« d@
Ty, = Qd—gw,usﬁ' -0, =—(p)e, o= o (2.15)

In (2.8) and (2.13) V,, denotes the covariant derivative of spinor, having the form
(8,9]

Mﬁ = w ,Lﬂ/}a (2'16)

where I, () are spinor affine connection matrices. v matrices in the above equations
are connected with the flat space-time Dirac matrices 7 in the following way:

(@) = € (@), (2)ab, V() = €fi(2)Ta, (2.17)

where 7, = diag(1, —1, 1, —1) and e, is a set of tetrad 4-vectors. Using (2.17) we
obtain

(@) =e30 ) =ey, Pl) =7, Al) = (218)
From
1(0) = 400 (0) Oyl — 1 )17 (219)
one finds

Lo=—37"7'e7x, I1=0, Dy=373'e” X8, Iy =355
(2.20)

Flat space-time matrices 7 we will choose in the form, given in [10]:

100 0 0 001
o _fo1o0 o o o o010
T =1oo=10 |7 = o =100]|
00 0 —1 -1000
000 —i 0010
5 [ 00io0 5 | 0oo00-1
T=loioo |° 7T T |-1000
—i00 0 010 0
Defining +° as follows,
Y’ = = 1iBuwepy" " Buvep = V=9uwap, o123 = 1,

7’ = —iv= Py = i1 = A7
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we obtain
0 0 -10
5 0 0 0 —1
-1 0 0 O
0 -10 O

The scalar field equation (2.9) has the solution

dv
d—ng' =, (o = const. (2.21)

The equality (2.21) for a given ¥({2) is an algebraic equation for ¢’, that is to be
defined through metric function e®(®).

We will consider the spinor field to be the function of the spatial coordinate =
only [¢p = v¥(z)]. Using (2.16), (2.18), and (2.20) we find

YA, = —1e %'y (2.22)

Then taking into account (2.22) we rewrite the spinor field equation (2.8a) as

o o
=1 [NeY a S, —
iy <_8:v + 5 )1/)+1e DY + eGP = 0. (2.23)

Further setting V (x) = e*/2¢)(z) for the components of spinor field from (2.23) one
deduces the following system of equations:

V) +ie“®V; —e*GV3 =0, (2.24a)

Vi +ie“®Vy — e*GVy = 0, (2.24b)

Vy —ie“®Vs +e*GVy = 0, (2.24c)

V) —ie“®Vy 4+ e*GVa = 0. (2.24d)
As one sees, the equation (2.24) gives following relation:

V2 - VP - V& +VE = const. (2.25)

Using the solutions obtained one can write the components of spinor current:
J* = Pyt (2.26)

Taking into account that v = %150, where ¥' = (¥F, 3, ¥35, ¥5) and ; =
e*”‘/QVj, 7 =1,2,3,4, for the components of spinor current we write

3= (Vi + Vi Vo + V5 Ve + Vi Vi) e (000, (2:27a)
it = Va4 Ve Vs + ViV + Vi) e 2, (2.27b)
5= (Ve = Vi Ve + V5Ve = Vi Vi) e 0+, (2.27¢)
3= (Vs = VsV + Ve Vi — Vg e (e49), (2.27d)
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Since we consider the field configuration to be a static one, the spatial compo-
nents of spinor current vanishes, i.e.,

jt=0, j>=0, j?=0. (2.28)

This assumption gives additional relation between the constant of integration. The
component j° defines the charge density of spinor field that has the following
chronometric-invariant form

0= (jo- ). (2.29)
The total charge of spinor field is defined as

Q= /g\/ —3gdV, dV = dzdydz. (2.30a)
Since ¢ = o(z), i.e., matter distribution takes place along z axis only, for @ to make

any sense we should integrate it for any finite range by y and z and then normalize
it to unity. Sometimes @ is defined as

1i

—8

0/ —3gdzdydz

[ dyd=
—c0

3

Q= (2.30b)

—38

3

In what follows we perform integration by y and z in the limit (0, 1) and define the
total charge (normalized) as

Q= /g\/—3gd:c. (2.30c)

Let us consider the spin tensor [10]
SHe = Lp {y ot + o'y L. (2.31)
We write the components S0 (i, k = 1,2,3), defining the spatial density of spin
vector explicitly. From (2.31) we have
S99 = 15 {207 + 5920} = a0 232)

that defines the projection of spin vector on k axis. Here i, j, k takes the value
1,2, 3 and ¢ # j # k. Thus, for the projection of spin vectors on the X, Y and Z
axis we find

52370 _ (‘/1*‘/2 4 ‘/2*‘/1 4 ‘/3*‘/21 4 ‘/4*‘/3) e—CE—Qﬁ_X’ (233&)
SO = (ViVa = V5 Vi + Vi Vy = Vi V) e 2P, (2.33b)
S0 = (ViVi = ViV + Vi Vg — VW) e 20X, (2.33¢)
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The chronometric invariant spin tensor takes the form
oy 1/2
Séfl’o = (Sij705”’0) / (234)

and the projection of the spin vector on k axis is defined by
Sy = / S0\ =3gd. (2.35)
—0o0

(In (2.35), as well as in (2.30c) integrations by y and z are performed in the limit
(0,1)). i _

~ From (2.8) one can write the equations for S = ¢, P = igy°, and A =
VYT

S +a'S+2*GA =0, (2.36a)
P4+ o'P 4200 A = 0, (2.36b)
A"+ A+ 2e*P P+ 2¢°GS = 0. (2.36¢)

Note that A in (2.36) is indeed the pseudo-vector A!. Here for simplicity, we use
the notation A. From (2.36) immediately follows

S% 4 P? — A% = Cye?*, Cp = const. (2.37)

Let us now solve the Einstein equations. To do it we first write the expression
for the components of the energy-momentum tensor explicitly. Using the property
of flat space-time Dirac matrices and the explicit form of covariant derivative V,,,
for the spinor field one finds

Toi=mS —F(I,J), T, =T5="T2%=DS+GP—F(,J). (2.38)
On the other hand, taking into account that the scalar field ¢ is also a function of
x only [p = ¢(x)] for the scalar field one obtains

dw
Tscll = 29@ - W(Q)’ Tsc% = Tsc22 = Tsc% = _W(Q) (239)
In view of T3) = T3, subtraction of Einstein equations (2.11a) and (2.11c) leads
to the equation
g =x"=0 (2.40)
with the solution

B(x) = x(x) + Ba, (2.41)

where B is the integration constant. The second constant has been chosen to be
trivial, since it acts on the scale of Y and Z axes only. In account of (2.40) from
(2.7) one obtains

ﬁ// — %a//7 X// — %O[”. (2.42)
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Solutions to the equation (2.42) together with (2.7) and (2.41) lead to the following
expression for f(z) and y(z):
B(z) = % [o(z) + BX], x(z)=2[a(z)—2Bz]. (2.43)

Equation (2.11b), being the first integral of (2.11a) and (2.11c), is a first order
differential equation. Inserting 8 and ~ from (2.43) and T} in account of (2.12),
(2.38), and (2.39) into (2.11b) for «, one gets

o? — B? = —3ke [mS —F(I,J)+ 29% - LD(.Q)] : (2.44)

As one sees from (2.36) and (2.37), the invariants are the functions of «, so is the
right hand side of (2.44), hence can be solved in quadrature:

da

|
8

(2.45)

dv
\/32 — 3Ke [mS —F(I1,J)+ 2!2@ - LZ/(Q)]
In the sections to follow, we analyze the equation (2.44) in details given the par-
ticular form of nonlinear term in spinor Lagrangian.

3 Analysis of the results

In this section we shall analyze the general results obtained in the previous
section for concrete nonlinear term.

A. Case with linear spinor and scalar fields

Let us consider the self-consistent system of linear spinor and massless scalar field
equations. By doing so we can compare the results obtained with those of the self-
consistent system of nonlinear spinor and scalar field equations, hence clarify the
role of nonlinearity of the fields in question in the formation of regular localized
solutions such as static solitary wave or solitons [11, 12].
In this case for the scalar field we have ¥(£2) = (2. Inserting this into (2.21)
we obtain
#() = po. (3.1)

From (2.39) in account of (3.1) we get

_Tcll = Tsc% = Tc22 = Tsc% =—30= %@%e_Qa' (3.2)

S| S| 2

On the other hand for the linear spinor field we have

T.

S

pll = mS, TS])OO = TS])22 = TSp33 = 0. (3.3)
As one can easily verify, for the linear spinor field the equation (2.36a) results in

S = Cpe™®. (3.4)
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Taking this relation into account and the fact that o/(x) = —(1/5)dS/dx from
(2.44) we write

¢2
/ =x, k= 3/<;B—02, (3.5)
\/ R)B2S2 — 35C2S

with the solution

2

S(x) = %COShQ(ﬁﬂf), M? =3kC5, H?=DB*1+ 1ik), H= 1H. (3.6

Further we define the functions ;. Taking into account that in this case

mCo

FO) = S e s

for N1 2 in view of (3.6) we find

2H
Nl,Q(fE) =+

tanh(H Ry 5.
3cCy anh(Hz) + B2

We can then finally write

Yn,2(x) = iay o E(x)cosh[f(z) + Ri 2],

V3.4(7) = az1 E(z)sinh[f(x) + Ra.1], (3.7)

where E(z) = /3xkmCo/H2cosh(Hz) and f(z) = (2H/3xkCo)tanh(Hz). For the
scalar field energy density we find

1 5 9a _ Mg
To(w) = Sge ™ = 02;4cosh4(Hﬂ:) (3.8)

It is clear from (3.8) that the scalar field energy density is not localized.
Let us consider the case when the scalar field possesses negative energy density.
Then we have ¥(§2) = —(1/2)12 and

1
Tscl -

Tsc% = TSC22 = sc[3 %Q = _%(p8672a- (39)

Then for S we get
ds

\/( — 1R)B2S2 — 3kC2S

=z. (3.10)

As one sees, the field system considered here is physically realizable iff 1 — /2 > 0,
i.e., the scalar charge |¢o| < 1/2/3kB. Moreover, in the specific case with B = 0,
independent to the quantity of scalar charge (g, the existence of scalar field with
negative energy density in general relativity is impossible (even in absence of linear
spinor field).
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For the total charge @ of the system in this case we have

r 4H -
_ 9.2
Q=2a / cosh (31%00 tanh(Hzx) + QR) (

— 00

3/2
00711’2) 25213 4 < oo
M2cosh?(Hz)

(3.11)
It can be shown that, in case of linear spinor and scalar fields with minimal coupling
both charge and spin of spinor field are limited. The energy density of the system,
in view of (3.3) is defined by the contribution of scalar field only:

1 @%M‘l
- 2C¢H!

T () = Tyep()

sc0

cosh*(Hz). (3.12)

From (3.12) follows that, the energy density of the system is not localized and the
total energy of the system £ = [ T§y/—3gdx is not finite.

B. Nonlinear spinor and linear scalar fields

In this subsection we study the system of nonlinear spinor and linear scalar fields
together with a plane-symmetric gravitational one. As a nonlinear spinor field La-
grangian we consider the following cases.
CaseI: F=F(I)

Let us consider the case when the nonlinear term in spinor field Lagrangian is
a function of I (82) only. This assumption leads to G = 0. From (2.36) as in case

of linear spinor field we find S = Cpe~ ). Proceeding as in foregoing subsection,
for S from (2.44) we write

v
ji =+£(S), L(S)= \/3252 — 3KC2 [mS — F(S) + 29:—9 —w(2)| (3.13)
with the solution
dsS
2 =t (2 + ). (3.14)

(5)
Given the concrete form of the functions F(S) and ¥(£2), from (3.14) yields S,
hence «, 3, x.
Let us now go back to spinor field equations (2.24). Setting V;(z) = U;(S),
j=1,2,3,4, and taking into account that in this case G = 0, for U;(S) we obtain

dUy

45 TiIFE)U =0, (3.15a)
i—[g’ +iF(S)Uy =0, (3.15b)
i—? —iF(S)Us = 0, (3.15¢)
% _iF(S)Us =0, (3.154)
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with F(S) = ®L(S)Cy/S. Differentiating (3.15a) with respect to S and inserting
(3.15d) into it for Uy we find

d?U, 1 dFdU4

B _ 2
ds?2  FdS dSs Us=0 (3.16)
that transforms to 1 d 1d
Uy
—_ ) U, = 1
Fds <}" dS) 1=0, (3 7)

with the first integral

du.
d—; =+4/U? + Cy - F(S), C; = const. (3.18)

For C; = a? > 0 from (3.18) we obtain
Uy(S) = agsinh N¢(S), N = i/]—'(S) dS+ Ry, R; = const., (3.19)

whereas, for C; = —b? < 0 from (3.18) we obtain
Us(S) = ajcosh N1 (5). (3.20)
Inserting (3.19) and (3.20) into (3.15d) one finds
U1(S) =iaicoshNy(S), Ui(S) = ibisinh N1 (5). (3.21)
Analogically, for U; and Us we obtain
Us(S) = agsinhNy(S), Us(S) = bacoshNy(S) (3.22)

and
UQ(S) = i(J,QCOShNQ(S), UQ(S) = ibQSinhNQ(S) y (323)

where No = £ [ F(S)dS + Ry and a, by, and Ry are the integration constants.
Thus we find the general solutions to the spinor field equations (3.15) containing
four arbitrary constants.

Using the solutions obtained, from (2.27) we find the components of spinor
current

7* = [afcosh(2N:(S)) + ajcosh(2N(S))] e~ (@), (3.24a)
it =0 (3.24)
j* = — [afsinh(2N1(S)) — a3sinh(2N2(9))] e~ (@A) (3.24¢)
i* =0 (3.24d)

The supposition (2.28) leads to the following relations between the constants: aq =
az = a and Ry = Ry = R, since Ny(S) = Nz(S) = N(S). The chronometric-
invariant form of the charge density and the total charge of spinor field are

0 = 2a*cosh(2N(S))e™, (3.25)
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Q = 2a* / cosh(2N(5))e* Xda. (3.26)

From (2.32) we find
S120 =0, 8§10 =0, $§20 = 4%cosh(2N(S))e 2" (3.27)

Thus, the only nontrivial component of the spin tensor is $2%° that defines the
projection of spin vector on X axis. From (2.34) we write the chronometric invariant
spin tensor

820 = a%cosh(2N(S))e ™2, (3.28)
and the projection of the spin vector on X axis
Sy = a? / cosh(2N(5))e* Xdx (3.29)
—o0

(in (2.35), as well as in (2.30c) integrations by y and z are performed in the limit
(0,1)). Note that the integrands in (3.26) and (3.29) coincide.

Let us now analyze the result obtained choosing the nonlinear term in the form
F(I) = AS™ = AI'V? with n > 2 and X is the parameter of nonlinearity. For n = 2
we have Heisenberg—Ivanenko type nonlinear spinor field equation [13]

ie”y" (0y + 3a’) 1 — myp 4+ 2A(Pap)p = 0. (3.30)

Setting F' = S? into (3.14) we come to the expression for S that is similar to that
for linear case with

H? — HY = B> + 35ACo + 3k}, (3.31)
Let us write the functions 9; explicitly. In this case we have
Cp—2AS
F() = )
S/ H?S% — M2S
and
2H, _ _ L
Ny Q(I)Z tanh(Hlx)—Z/\Cox—i—Rl 2, Hp = §H1.
’ 3kCy ’

We can then finally write

V3mC -
nm Ocosh(Hlx)costh,g(x),

\/ﬁ (3.32)
o cosh(H;x)coshNa 1 (z).

1

1 2(x) = iai e

Y3.4(z) = iaz;

Let us consider the energy-density distribution of the field system:
12\ M* _
0 0 4
Ty = <)\+ 502) T, cosh™ (Hix). (3.33)

Czech. J. Phys. 54 (2004) 609



Bijan Saha and G.N. Shikin

From (3.33) follows that, the energy density of the system is not localized and the
[ee]
total energy of the system E = [ T9+/—3gdz is not finite. Note that, the energy
—0o0
density of the system can be trivial, if
1 ¢
22
It is possible, iff the sign of energy density of spinor and scalar fields are different.
Let us write the total charge of the system.

A+ =0. (3.34)

C()H12 >3/2

7 AH, 7 f
= 242 /cosh tanh(Hiz) — 4\Cox + QR) (—_ e2B2/3 4.
@ ( () 0 M?2cosh?(H, )

3,‘4200

(3.35)
If 1202C3 4+ A\C (4B — kCp) — k3 /2 < 0, the integral (3.35) converges, that means
the possibility of existence of finite charge and spin of the system.
In case of n > 2, the energy density of the system in question is

0 _ y_1ygn o L8 g
T = Mn —1)8" 4 = 2352, (3.36)
2 C2

which shows that the regular solutions with localized energy density exists iff S =
1) is a continuous and limited function and lirjrzl S(z) — 0. The condition, when
r— oo

S possesses the properties mentioned above, is
/ ds
\/(1 + LR)B2S2 — 36C2(mS — AS™)

=zx. (3.37)

As one sees from (3.37), for m # 0 at no value of z S becomes trivial, since as
S — 0, the denominator of the integrant beginning from some finite value of S
becomes imaginary. It means that for S(z) to be trivial at spatial infinity (z —
00), it is necessary to choose massless spinor field setting m = 0 in (3.37). It
should be emphasized that, in the unified nonlinear spinor theory of Heisenberg,
the massive term is absent and, according to Heisenberg, the particle mass should be
obtained as a result of quantization of spinor prematter [14]. Indeed, in the nonlinear
generalization of classical field equations, the massive term does not possess the
significance that it possesses in the linear one, as it by no means defines total energy
(or mass) of the nonlinear field system [15]. Thus without losing the generality we
can consider massless spinor field putting m = 0.
From (3.37) for m =0, A > 0 and n > 2 for S(z) we obtain

2/(n—2) B
] , ¢ =cosh[(n —2)Hz], (3.38)

S(z) = {—Hl J\/3K0C2(¢2 — 1)

from which follows that lin%) |S(z)| — oo. It means that T (z) is not bounded at

x = 0 and the initial system of equations does not possess solutions with localized
energy density.
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If we set in (3.37) m =0, A = —A2 < 0, and n > 2, then for S we obtain

S(x) = S o (3.39)
VB ' '

It is seen from (3.39) that S(z) has maximum at = 0 and 1ir£ S(x) — 0. For
IT— 00

energy density we have

0 _ _ 42 _ n 1903 2
T = —A%(n —1)S™ + = =2 52, (3.40)

where S is defined by (3.39). In view of S it follows that 73 (x) is an alternating
function.
Let us find the condition when the total energy of the system is bound by

E= / T/ —3gdr < . (3.41)

For this we write the integrand of (3.41):

() = 1§/ =

1/3(n—2
_ 5/3 ( @3 (n—l)H%@) ( H}(¢ ) /3 )eQB”/?’. (3.42)

0 202 3RACE 3kA2C2

From (3.42) it follows that lim e(z) — 0 for any value of the parameters, while

lim e(x) — 0iff H > 2B or k3 > 2B2. Contribution of scalar field to the total

r—+00
energy in this case is positive and finite:

(o)
2
L% = 525 5%  Buc = / T.9v/—3gde < cc. (3.43)
0

Let us remark that in the case considered the scalar field is linear and massless. As
far as in absence of spinor field energy density of the linear scalar field is not local-
ized and the total energy in not finite, in the case considered the properties of the
field configurations are defined by those of nonlinear spinor field. The contribution
of nonlinear spinor field to the total energy is negative. Moreover, it remains finite
even in absence of scalar field for n > 2 [16].

The components of spinor field in this case have the form
P1,2(x) = iag 2 E(z)coshNy 2(x),
_ (3.44)
P3.4(x) = ag,1 E(x)sinh Ny 1 (),

where

1/(n—2)
Bl — L b
VCo \ \/3kA2C3¢
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and

2nH1\/(:2 -1

 3kCo(n —2)¢

For the solutions obtained we write the chronometric-invariant charge density
of the spinor field p:

242 AnHy/C —1 o\
a h( nHh e +2R> <71) . (3.45)

olw) = Freosh | =30 o 3rA2C2C2

Nio(x) = + Ry 0.

As one sees from (3.45), the charge density is localized, since hlf o(z) — 0.

Nevertheless, the charge density of the spinor field, coming to unit invariant volume
0v/ —3g, is not localized:

2/3
0v/—3g = 2a*cosh[2N (z)]e®™7 = 2a’cosh[2N ()] (%) e?B2/3, (3.46)

It leads to the fact that the total charge of the spinor field is not bounded as well.
As far as the expression for chronometric-invariant tensor of spin (3.28) coincides
with that of o(x)/2, the conclusions made for g(z) and @ will be valid for the spin
tensor SCQE”O and projection of spin vector on X axis S, i.e., SCQE”O is localized and
S is unlimited.

The solution obtained describes the configuration of nonlinear spinor and linear
scalar fields with localized energy density but with the metric that is singular at
spatial infinity, as in this case

o\ > 3kAC2C\ Y/ Y
o200 — (_0> -2 <70> |o—doo — 00 . (3.47)
S O\ m2

Let us consider the massless spinor field with
F=—-A?5"", v =const. > 0. (3.48)

In this case the energy density of the system of nonlinear spinor and linear scalar
fields with minimal coupling takes the form

2
70 = A2+ 1)S™" + 052 (3.49)
203

For S in this case we get

/ a5 =z (3.50)
\/(1 + LR)B2S? — 3kC2A2S—
with the solution
3k A202 1/(v+2) -
S(x) = ( KHQ £ Cf) , 1 = cosh[(v + 2)H;]. (3.51)
1
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For energy density in this case we have

H2 v/(v+2) (p2 3%02/12@ 2/(v+2)
TO(2) = A2 D[ —1 PO 20 S . (3.52
0(@) w+1) <3I€C02A2<12) bTe 2 (3.52)

It follows from (3.52) that the contribution of the spinor field in the energy density
is localized while for the scalar field it is not the case.

The energy density distribution of the field system, coming to unit invariant
volume is

2
e(x) = T()Ow/—?’g = |:/12(1/—|— 1)S™ + %52} o2y
0

1/3(v+2
3Kk(? 2 3kCEA2(2 ' '

As one sees from (3.53), £() is a localized function, i.e., ligl e(z) —» 0,if H > 2B
IT— 00

or kg > 2B2. In this case the total energy is also finite.
The components of spinor field in this case have the form

P1,2(x) = iag 2 E(x)coshNy 2(x),

. (3.54)
¥3.4(2) = ag1 E(z)sinh Ny 1 (z),
where Lw2)
B(z) = 1 \/3/%/12002(
- VG H} '
and

2 _
Nyo(z) = 2Hvy/G —1

YT T BkCo v+ 2)C

The chronometric-invariant charge density of the spinor field coming to unit
invariant volume with a1 = as = a and N; = N3 reads

+ RLQ.

0v/—3g = 2a*cosh[2N (z)]e®™ 7 = (3.55)
4H,v /<~2 1 H2 2/3(v+2) )
= 2a%(Cy)*3cosh | 2R — L L e?B2/3,
3kCo(v + 2)C1 3kCFA(

It follows from (3.55) that o4/ —3g is a localized function and the total charge @ is
finite. The spin of spinor field is limited as well.
Case II: F = F(J)

Here we consider the massless spinor field with the nonlinear term being a
function of J alone, i.e., F' = F(J). In this case from (2.36b) immediately follows
the relation

P = Dge=*®) Dy = const. (3.56)
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For the components of the spinor field from (2.24) one finds

V) —e*GV3 =0, (3.57a)
Vi~ e*GVy = 0, (3.57b)
Vy +e*GV =0, (3.57¢)
Vi +e%GVa = 0. (3.57d)
Defining A = [ e*Gdx solutions of (3.57) can be written as
Vi = Dysinh(—A + Ds), (3.582)
Vo = Djcosh(—A + D3), (3.58b)
Vs = Dsinh(A + Dy), (3.58¢)
Vi = Dscosh(A + Dy), (3.58d)

with Dy, Do, D3, and D4 being the constants of integration.
Using the solutions obtained, from (2.27) we now find the components of spinor
current

7 = {Cfcosh[2(—A + Cs)] + Cicosh[2(A + Cy)] e~ @™ (3.59a)
§' = [2C1 C3sinh(Cy + Cy)] e ™2, (3.59b)
2 =0, (3.59¢)
§3 = —[2C1C3cosh(24 — Cy + Cy)] e~ (@FA), (3.59d)

The supposition (2.28) that the spatial components of the spinor current are trivial
leads at least one of the constants (D, D3) to be zero. Let us set D; = 0. The
chronometric-invariant form of the charge density and the total charge of spinor
field are

0 = D2cosh[2(A + Dy)le™?, (3.60)
Q=D3 / cosh[2(A + Dy)le“ Xdzx. (3.61)

For the components of the spin tensor from (2.32) we find

§120 — _p2e=(atftn) - ¢80 — g 6230 — DIsinh[2(A + Dy)le™ 2. (3.62)

Thus, in this case we have two nontrivial components of the spin tensor $23:0 and

512.0 those define the projections of spin vector on X and Z axis, respectively.
From (2.34) we write the chronometric invariant spin tensor

S20 = D2sinh [2(A + Dy)] e, (3.63a)
SZ0 = plee (3.63D)
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and the projections of the spin vector on X and Z axes are

o0

S, = D2 / sinh[2(A + Dy)je® Xda, (3.64a)
S3 = D3 7eaxd:p. (3.64b)
For a, therefore for P we have Oo
% =+(x+m), L(P)= \/BQP2 —3kC? (F(P) + 29% — W(Q))

(3.65)
As one sees, Eq. (3.65) coincides with (3.14) if one sets spinor mass m = 0 in (3.14).
We would also note that for FF = K4 with K4+ = I £+ J in case of massless spinor
field we obtain K = Kpe 2* and equation for «, hence for K will be identical
to (3.65). A detailed description of spinor field components as well as the metric
functions for these cases can be found in [17].

C. Nonlinear scalar field in absence of spinor one

Let us consider the system of gravitational and nonlinear scalar fields. As a non-
linear scalar field equation we choose Born—Infeld one, given by the Lagrangian
[12]:

w(0) = 7% (1 - m) , (3.66)

with 2 = p,p® and o is the parameter of nonlinearity. Here we would like to note
that recently there has been a renewal interest for the Born—Infeld theory due partly
to its link with relativistic strings, membranes [18-20] and gravitation theory [21]
and partly to its nonlinear structure. From a natural generalization of Born—Infeld
Lagrangian, Boillat and Strumia [22] obtained solutions that appear to reflect the
influence of the states of spin on the electro-magnetic field.

Let us go back to our initial problem. From (3.66) we also have

lm ¥(2) =10 . (3.67)

o—0 T2
Inserting (3.66) into (2.21) for the scalar field we obtain the equation

¢ (z) = 20 (3.68)

V14 opie—2a(@)’

that gives
0= _((pl)Qe—Qa — 90(236_20((%)

_ 3.69
T3 ople2a) (3.69)

Czech. J. Phys. 54 (2004) 615



Bijan Saha and G.N. Shikin

From (3.68) follows that ¢’ |,—0 = 0.
For the case considered in this section we have

1 1
7O _72_ 73 _  _pgN==[1- 3.70
sc0 sc2 sc3 ( ) o ( 1+ O'(,O(Q)QQQ(I)> ( )

= - Y = l 20—2a(x)
T.h = QQdQ U= ( v/ 1+ opge . (3.71)

Putting (3.71) into (2.44), in account of m =0 and F(I,J) = 0 for o we find

3
o = \/32 — ;em (1 —4/1+4+ aap%e—m(x)). (3.72)

Integrating (3.72) one finds

da - f%m’w \/rz+§2‘ (3.73)

/\/32 31‘43 20 <1_ /1_'_0.(‘036—2@(3:))
o
[ln \/—B\/n+§2+\/_31/1+ SRE \/3Kp3(£2 — 2) H
B,/H%

with €2 =1+ /1 + opZe=2(). From (3.73) it follows that

and

+ ——— —In

eQa(CE |a:~>+oo ~ 10_80262\/1+R/2B:E — 00, (374)
@~ Lopie?P” — 0. (3.75)

Let us study the energy density distribution of nonlinear scalar field. From (3.70)
we find L

Tsc%(x) |33=—00 = ;’ Tsc%(‘r) |JC=OO = 0’ (376)
which shows that the energy density of the scalar field is not localized. Nevertheless,
the energy density on unit invariant volume is localized if k2 > 2B?:

1 (e} xT
scO /3. _ ( 7) obe/3+2Bx/3

O —0.  (3.77)

r—+o0

In this case the total energy of the scalar field is also bound. From (3.69) in
account of (3.74) and (3.75) we also have

) oo =~ 20 lempoo =0, (3.78)

showing that 2(x) is kink-like.

616 Czech. J. Phys. 54 (2004)



Plane-symmetric solitons of spinor and scalar fields

D. Nonlinear spinor and nonlinear scalar field

Finally we consider the self-consistent system of nonlinear spinor and scalar fields.
We choose the self-action of the spinor field as F' = AS™, n > 2, where as the scalar
field is taken in the form (3.66). Using the line of reasoning mentioned earlier,
we conclude that the spinor field considered here should be massless. Taking into
account that e=2® = §2/CZ for S, we write

/ ds o (3.79)

2 2 n 252 1
B +3/€CO )\S + 1+0’§000—3*1 ;

1
22/ (n-2)

From (3.79) one estimates

S(z) |z—0 ~ — 00. (3.80)

On the other hand for the energy density we have

1

S2
\/ 0

that states that for T¢) to be localized S should be localized too and 1ir£ S(x) — 0.
T—1L 00

1
79 = \(n—1)S™ + —|1- (3.81)

Hence from (3.80) we conclude that S(z) is singular and energy density in unlimited
at x = 0.
For A = —A2% and n > 2 we have

/ ds =z. (3.82)

2
B? 4+ 3kC3 | —A2S5" + (, 1+ agagS—Q - 1) l]
Cs o

In this case S(z) is finite and its maximum value is defined from

. 1 / 52 1
Sn(x) = ORI B%S% + 3kC2 ( 1+ agogc—g — 1) ;] : (3.83)

Noticing that at spatial infinity effects of nonlinearity vanish, from (3.82) we find

Hz Hzx

S(2) |ommoo e =0, S(2) |smtos e HT =0, (3.84)

with H = /B2 + 3kp3 /2 = By/1 + /2. In this case the energy density 7{ defined

by (3.81) is localized and the total energy of the system in bound. Nevertheless,
spin and charge of the system are unlimited.
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Let us go back to the general case. For F' = F(S) we now have

dv
T! =mS — F(S) + 20— —W. (3.85)
ds?
It follows that for the arbitrary choice of ¥({2), obeying (2.4), we can always choose
nonlinear spinor term that will eliminate the scalar field contribution in T}, i.e., by
virtue of total freedom we have here to choose F'(S), we can write

F(S) = Fi(S) + Fo(S), Fa(S) = 29% _w, (3.86)

since £2 = 2(S5?%). To prove this we go back to (2.21) that gives

A \? 282
Q(—) =0 . (3.87)
an C2

Since ¥ is the function of {2 only, (3.87) comprises an algebraic equation for defining
§2 as a function of S2. For (3.86) takes place, we find

3kC3
5

(a')2 — B? = S — Fi(S)]. (3.88)

As we see, the scalar field has no effect on space-time, but it contributes to energy
density and total energy of the system as in this case:

d aw an aw
0 __ / o | Rl e -
TO = SF(S) F1(5)+Sd0( 2QdQ+LD> o 2005 - V. (3.89)

Note that in (3.85) with F(S) arbitrary, we cannot choose ¥({2) such that

aw
2075~V =F(5), (3.90)

due to the fact that ¥(£2) is not totally arbitrary, since it has to obey

. 1 . dv I s
(lzlinokp(ﬂ) — 5(2, (1)1&102(2(1—9 —¥ = 2(2 = 20025 , (3.91)

whereas at S — 0, F'(S) behaves arbitrarily.

4 Conclusion and discussion

The system of nonlinear spinor and nonlinear scalar fields with minimal coupling
has been thoroughly studied within the scope of general relativity given by a plane-
symmetric space-time. Contrary to the scalar field, the spinor field nonlinearity
has direct effect on space-time. Energy density and the total energy of the linear
spinor and scalar field system are not bounded and the system does not possess real
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physical infinity, hence the configuration is not observable for an infinitely remote
observer, since in this case

o0 (o)
4CoH
R= /,/gudx: /eadx: ]\402 < 0. (4.1)

But introduction of nonlinear spinor term into the system eliminates these short-
comings and we have the configuration with finite energy density and limited total
energy which is also observable as in this case the system possesses real physical
infinity. Thus we see, spinor field nonlinearity is crucial for the regular solutions
with localized energy density. We also conclude that the properties of nonlinear
spinor and scalar field system with minimal coupling are defined by that part of
gravitational field which is generated by nonlinear spinor one. We would also like
to note that though the title of the paper may indicate otherwise, this report is
in no way devoted to finding and interpretations of soliton-like solutions to the
nonlinear field equations let alone the investigation of the possibilities of existence
of multidimensional solitons. As it was mentioned in the introduction and showed
later on, the gravitational field plays crucial role in the formation of soliton-like
solutions (solutions obeying three requirements formulated is Sect. 2) and it is the
central issue of the present report.
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