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Abstract

We have determined the multiply differential cross sections (MDCS) of the vertical
photo-double ionization of diatomic nitrogen with coincidence detection of the ejected
electrons, for fixed and random orientations of the internuclear axis, using the correlated
product of two two-centre continuum Coulomb functions for the description of the two ejected
electrons, which satisfies the exact asymptotic conditions. To verify our procedure, we have
applied it to the photo-double ionization of diatomic hydrogen for which many experimental
and theoretical results are available. Our results on diatomic hydrogen show the influence of
the initial state correlation. In the case of diatomic nitrogen only, the photo-double ionization
of the 3o, orbital is considered resulting in the ! X, state of the residual N%* dication. The case
of the nearby *I1,, final state having an open shell configuration will be considered in a future
paper. Our results confirm the symmetry properties of the MDCS and give the optimal ejection

angles. A comparison is also made with results obtained by the Gaussian parametrization

method.

(Some figures may appear in colour only in the online journal)

1. Introduction

The double ionization by a single polarized photon is one
of the principle experimental means to study the electronic
structure of atoms and molecules and to probe electron—
electron correlation, which is the main factor which causes
double ionization of a target [1-3]. An abundant literature
is available for the particular case of (y,2e) photo-double
ionization, where the two ejected electrons are detected in
coincidence, especially for the helium and rare gas targets.
See [4-9] for the experimental aspects of this process, and
[10-17] for some of the theoretical approaches. In the case of
diatomic targets, theoretical results are relatively less frequent
for the multiply differential cross section (MDCS) [18], in spite
of the fact that experimental detection of the ejected electrons
from stable, naturally existing diatomic targets like H, or N;
is quite similar to that of atoms like helium or nitrogen. This
may come from the lack of theoretical support. In fact, after
eliminating the rotational and vibrational movements of the
diatomic target (for that see [19]), describing conveniently

0953-4075/13/185203+09$33.00

the two ejected electrons in the field of two attractive centres
remains much more difficult than in the atomic case [20-24].

To our knowledge, in spite of the large interest on
molecular dications in astrophysics and plasma science,
dications being very abundant in the ionosphere of many
planets and in interstellar clouds, no MDCS values are
available for the (y, 2e) photo-double ionization of diatomic
nitrogen with coincidence detection of the two ejected
electrons and the residual Nt (®P) ion. In fact the potential
energy of the fundamental state of N%+ has a potential well
around the equilibrium internuclear distance whose minimum
is higher than the level of the N*(*P)-N*(?P) separated
ions [25, 26]. This can be exploited in (y, 2¢) dissociative
ionization experiments with coincidence detection of the
residual N* fragments with the two ejected electrons. This type
of coincidence detection can give the orientation of the initial
target and permit the observation of two-centre interference
phenomena [27-29]. Similar complete experiments have been
performed recently in the case of dissociative (e, 2e) simple

© 2013 IOP Publishing Ltd  Printed in the UK & the USA
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ionization of diatomic hydrogen by electrons [30], where the
emerging proton was detected in coincidence with the ejected
electron.

The aim of the present work is to give the first MDCS
of (y,2e) photo-double ionization of the 30, orbital of N;
resulting in the ! &, state of the residual N§+ dication. The case
of the ionization to the neighbouring *I1, final state of Ng*
[31, 32], which has an open shell electronic configuration, will
be treated in a future paper. We extend here the computational
procedure with which we have recently obtained [33] the
MDCS of the (e, 3e) double ionization of N, and H, in which
we have applied the two-centre double continuum function
[29]. This has given a better agreement with the experimental
results on the (e, 3e — 1) double ionization of the hydrogen
molecule [34], and has shown that the introduction of the
electron—electron correlation in the final state is necessary.

2. Theory

Following Chang and Fano [35] and Ijima et al [19], we admit
that the target, during the inelastic collision, is found in its
fundamental electronic vibrational and rotational state and
apply the closure relation on all of the vibrational and rotational
levels of the final !X, state of the residual N3* dication
[19]. The MDCS of the photo-double ionization for fixed
internuclear distance p and orientation can then be written
in atomic units by

d*o 4r? 5
5 = ——akik|Ta", (1)
49,4240 d(K2/2) | o

where d€21, d2; and dS2, are respectively the elements of the
solid angles for the orientations of the ejected electrons and
the internuclear axis. k; and k, represent the moduli of the
wave vectors of the ejected electrons. @ = 7.29735 x 1073
is the fine-structure constant, w is the photon frequency. In
the case of randomly oriented targets, we must pass to the
triple differential cross section (TDCS) by integrating over all
possible and equally probable directions of the molecule in
space

a@(p) =

1
o® = s / dQ,0® (p). 2)

The conservation of the energy, for fixed internuclear distance
P, gives

Er=E+E =E+ o, 3

where E| = k}/2, E, = k3 /2 represent respectively the energy
values of the ejected electrons. E; represents the energy needed
to free the two bound electrons in N,. We define the transition
matrix element

ni= [an [angeuveee. @
Here V is given in the velocity gauge by
14 =€(Vr] +Vr2) )

with € representing the polarization vector for the photon. In
the length gauge, it can be given by

V = —we (r; +15). (6)

The symmetrized final state wave function describing the
state of the two equivalent ejected electrons coming from the
same molecular orbit is written in the following form

or ki, 1, Ko, 12) + ¢r(Ky, 12, Ko, 1p)
7 )

Xp(ry,r2) = @)

Here

or ki, r1, Ko, 12) = v(ki2) 1 Fi
x (1eia, 1, —t(kiari + kiorip)T (ki, r)T (kp, 12),  (8)
in which we have introduced, like in the case of atoms [36], the

electron—electron correlation. rj; = r; — r; gives the relative
position of the two electrons, and

vikio) = exp (= 52) T (1 —wana), ©)
represents the Gamow factor with
L ke=iki—k) (10)
A = —, = — — .
2= =5 2

The final state wave function satisfies the ortho-normality
condition in the sense

(pr(ki, 11, ko, 12) (K|, 11, K), 12))

=8(k; —K))8(ky — Kb). (11)

In equation (8), the one electron two-centre continuum (TCC)
wave function [29] is given by
% exp(ikr;)

T(k;, r;) =exp(—mo)(I'(1 — 1) RISEE

x 1F1Goy, 1, —1(kirjo +Kirja))
x 1F (e, 1, —l(k,'rjb + k,»rj;,)). (12)

It describes a slow electron in the field of two Coulomb centres.

Here
o = — l,j= 1727

13)

T, =r;+p/2, rjp=r;—p/2,

k_iv

and Z; = 1. Finally ¢;(ry, 1) represents the space part of the
initial state wave function.

Taking into account the symmetry of the final and initial
functions with respect to exchange of r; and r,, we can reduce
the expression of the transition matrix element to the following
six dimensional integral

1y =2 [[ar [ ded me Vo). a4
The space coordinates of the wave functions are defined in
the molecular frame of reference, whose origin is fixed on the
centre of mass of the molecule and whose z-axis is parallel to
the internuclear vector p of constant modulus.

3. The initial state wave functions

3.1. The case of H;

To show the importance of the initial state correlation, we
consider three different variational wave functions for the
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initial ' £, fundamental electronic state of H,. We first apply
the most elementary Heitler—London [37] wave function

@i(ri, 1) = N(p)laihy + axb],

A3 A
a; = Z e Ar,a’ bi — Z e )Lr,;,’
T 4

N(p) ! s=2

P hars 3
Here the ground state energy E; = —1.115 au at the
internuclear equilibrium distance p = 1.56 au. The
comparison of the results obtained by this function with those
given in [20] will permit us to verify our procedure.

We then apply the Mueller-Eyring wave function
borrowed from [38]

@i(r1, 12) = N(p)[p(DY (2) + ¥ (DHe(2)]
¢(J) = x.()) +€xp(j), ¥ () = €xa(j) +x()),

s)

0
[p°A* 4+ 3pr +3], A=1.

Xa(j) = exp(=B&; —yn;), xp(j) =exp(=B&; + vn;),
r'a+r‘b Via — Fjb
£ = g’ n; = g’
o P
B =0.835, y =0.775, € = 0.137, N(p) = 0.255 (16)
for which the ground state energy E; = —1.149 au at the

internuclear distance p = 1.4 au.

The Turbiner—Guevara wave function [39], gives the best
energy value E; = —1.1744196 au for the internuclear
distance p = 1.4 au. It is obtained by a variational method
having 14 parameters and includes the electron—electron
separation 7y

V(r, i) = A1 + Ay + Az,
Y1 = (14 Pi) (1 + Puy)

X eXp(—a1T1g — 0aF1p — U372 — 04F2p — V1T12)s
Yo = (14 Pp)

X exXp(—asriy — Qer'p — Qel2a — 05Ty — Yar12),
Y3 = (14 Pp)

X exXp(—Q7riq — 07r1p — Qgrag — gy — y3r12).  (17)
Here 1312 and f’ah are the operators that interchange electrons
(1 < 2) and the two nuclei (a < b), respectively. As we
will see later in the results, this function will modify the
behaviour of the MDCS obtained by the Heitler—London wave
function presented in [20], that we reproduced also. This shows
the necessity of introducing the initial state electron—electron
correlation in the transition matrix element.

3.2. The case of N,

The initial ground state configuration of N, is given by [40]
lo}16,20,20, 30, 17,,. (18)
The molecular orbitals o,, o, and m,-type mentioned above
are constructed by linear combinations of the following
double Slater type Is, 1s', 2s, 25’, 2p, 2p’ and single Slater

type 3d atomic orbitals [40] for the internuclear distance
p = 2.0675 au:

3 3
Is = \/gexp( £r), 15 = \/gexp( &r),

£ &
2s —=rexp(—&r), ——rexp(—&r),
3 3
£
2Pz—\/ 23 zexp(—ésr), \/ ZeXP( &er),
&

(222 —x* —y?) exp(—&77),

2pZ

5
\/ Py = \/ XCXP( &or),
2p, = &
Py = ;yCXP(—égr), 2p, =

Cxzexp(—§ior),

éxexp( &r), 2

exp( §or),

Sy zexp(—§ior). 19)

The o,, 0, and m,-type molecular orbitals are given
respectively by

Vi—e 1s, + 1sp te Ls, + 1s), te 25, + 2sp
i il ﬁ i2 ﬁ i3 ﬁ
Cia 2S/a + 2S;7 +¢is 2p;, — 2py, T 2p/za - zp/zr;
i ﬁ i «/E 1 \/5
3d 3d
e R F
V2
" Is, — 1sp Ls, — 1s}, 28, — 28p
Y =ca 7 +ci 7 +ci3 NG
+eu 25, — 2s), + cis 2p., +2p;, + e 2p/zg + 2p/z;7
[} \/E i ﬁ 1 \/E
3d,, —3d
+ Cl"] 2Za ZZp , l — 2’ 4’
V2
2p, +2p, 2p. +2p.
@ = cig p“jzph +cio p“ﬁ Pr
+cito 3dXZu - 3dxz;7 i=6
1 ,\/E b k]
/ /
¢ =cs 2py“j§2pyb + cig 2py“\-/i-§2pyb
3d,,, — 3d,,, .
=+ Cilo—“ s i=6. (20)
V2
The optimized orbital exponents &;, j = 1 — 10

[40], and the corresponding coefficients of the molecular
orbitals, which have been obtained by the Fortran code STOP
[41, 42], are shown in table 1. Our calculations are performed
with relative accuracy 107>. The comparison of the calculated
orbital energies, and the total energy values with those given
in [40, 43, 44] are displayed in table 2.

The initial wave function describing the valence electrons
of the 3o, orbital is given by

@i(r1,12) = 30,(r))30,(r2) = YE(r)Ys (r2).

In contrast to the case of diatomic hydrogen for which many
highly correlated wave functions are available, we will, at

ey
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Figure 1. The variation, in polar representation, of the fourfold differential cross section in atomic units equation (1), scaled by 10°, of the
photo-double ionization of H, obtained by the velocity gauge (left) and the length gauge (right). The polar angle represents the ejection
angle 0,. Here E; = E, = 10 eV and the polarization vector € is parallel to the internuclear axis p; k,, €, p are coplanar and k; is
perpendicular to them. (cf [20] figure 8(a).) The solid line gives the results obtained by the Turbiner—Guevara wave function, the dotted line
those obtained by the Mueller—Eyring wave function and the dashed line those obtained by the Heitler—London wave function.

Table 1. The basis exponents and coefficients for N,.

lo, lo, 20, 20, 30, 1m,
& 6.21292 ¢ 0.858 87 0.85912 —0.30267 —0.25463 0.07139
& 936827  cp 0.147 54 0.14773 0.026 56 0.01870 0.000 63
& 1.46786 c;3 —0.00037 —0.00605 0.08323 0.43095 —0.39926
&y 224642 ¢y 0.00323 0.003 65 0.604 23 0.65787 —0.23694
& 1.52853  ¢;5 —0.00017 —0.00403 0.23954 —0.27566 0.63748
& 333678 ¢ 0.00241 0.002 68 0.15870 —0.13960 0.28782
& 1.93500 ¢y 0.00084  —0.00020 0.095 60 0.00593 0.08390
&g 1.52853 ¢ 0.65087
& 3.33678 ¢ 0.25109
510 2.43700 Ci10 0.07359
Table 2. The molecular orbital energies and total energy of N,. 4. Results

Present [40] [43] [44]
lo, —15.69586 —15.69623 —15.68195 —15.72188
lo, —15.69225 —15.69262 —15.67833 —15.71978
20, —1.48670 —1.48569 —147360 —1.45270
20, —0.78760 —0.78581 —0.77960 —0.73059
30, —0.64773 —0.64278 —0.64278 —0.54458
17, —0.62138 —0.62261 —0.61554 —0.57973
Total —108.97854 —108.97143 —108.99280 —108.823 00
energy

this stage, apply only the above diatomic Hartree—Fock wave
function for the case of diatomic nitrogen in the frozen core
model. Applying models of wave functions going beyond
Hartree—Fock and including the electron—electron separation
ri2 is somewhat more complicated and time consuming
but not impossible. We will undertake this task in future
calculations.

In what follows we take the propagation of the linearly
polarized photon in the x direction with the polarization vector
€ parallel to the z axis of the laboratory frame. The orientation
of the internuclear axis, which will be considered as fixed
during the ionization process, will be given by the polar 6, and
azimuthal ¢, angles with respect to the laboratory frame.

We begin by verifying our procedure first by reproducing
exactly the results concerning the (y,2e) photo-double
ionization of H, given by [20], which are obtained by applying
the velocity gauge and using the simple Heitler—London wave
function. These are given by the curves with dashed lines in
figures 1-4.

In figure 1, concerning the situation € 11 p, we also
present the results obtained by the length gauge. We observe
that in this case the length gauge produces the same structure
as the velocity gauge with a magnitude about ten times bigger
for the result obtained by the Turbiner—Guevara wave function,
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Figure 2. Same as in figure 1, for p L €. The results are obtained by
the velocity gauge. Here the cross section with the Heitler—London
wave function is multiplied by 1.5. (cf [20] figure 8(d).)
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8,k1
210 330
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270

Figure 3. Same as in figure 1, for € 11 Kk;; k, coplanar with ¢, k;
and p is perpendicular to them. (cf [20] figure 10(a).) The results are
obtained by the velocity gauge.

about 15 times for those obtained by the Mueller—Eyring wave
function and about 20 times for those obtained by the Heitler—
London wave function. This shows that the quality of the
initial state function plays an important role, and that it is not
the only factor. It is now admitted that the coincidence of the
results obtained by the length and velocity gauges for low
ejection energy values is an excellent check for the quality
of the initial and also of the final state wave function. As
an example one can see the good agreement between the

90
120 60

150 30

180 0
\
210 3N 330
N - !
4
240 5 300
270

Figure 4. Same as in figure 1, for k; L €; p is coplanar with €. (cf
[20] figure 11(b).) The results are obtained by the velocity gauge.

results concerning the oscillator strength of He obtained by
three different gauges given in [45]. Other examples of such
coincidences can be found also in numerical convergent close
coupling calculations [46] or time-dependent close coupling
[47]. The examples, for which the two gauges do not produce
similar results, are numerous. We can mention the results of
Byron and Joachian in [48], Le Rouzo [49], Kornberg and
Miraglia [50] in the case of helium, and those of Kheifets
in the case of Be [16]. Now the reason of this disagreement
between the results of the different gauges can be diverse. The
quality of the wave functions should play the most important
role. There is also the fact that the velocity gauge is supposed to
be more appropriate to the cases of higher energy values [51].
Kheifets and Bray in [16] explain the disagreement between
the results of the length and velocity gauges by the fact that
they have used the frozen core model for Be. Now coming
back to our case of H,, where the description of the double
continuum in the final state is much more difficult, we think
that the disagreement could be due to the final state wave
function, which is given in the form of a correlated product of
the TCC wave function, which satisfies the correct asymptotic
conditions, but does not represent an exact solution of the
problem. The disagreement can also result from the fact that
the length gauge is less appropriate for the considered energy
domain as we mentioned above [51].

In figure 2 the structure of the curves obtained by the
three wave functions remains quite similar also, but the curve
obtained by the Heitler—London wave function presents four
lobes—two of them very small—which are attenuated in
the case of Mueller-Eyring and disappear completely in the
Turbiner—Guevara case.

In figure 3 the differences between the results of the three
initial state wave functions become somewhat more visible.
The three lobes do not have the same optimal directions for



J. Phys. B: At. Mol. Opt. Phys. 46 (2013) 185203

A A Bulychev et al

90
120 60

150 30

210

240 300

270

Figure 5. The variation, in polar representation, of the FDCS in
atomic units equation (2), scaled by 10°, of the photo-double
ionization of H; in the velocity gauge obtained by the
Turbiner-Guevara wave function. The polar angle represents the 6,
of the ejected electron. Here E; = E, = 12.5 eV and 6, = 10°. The
experimental data are from Weber [52]. (cf [21] figure 4.)

k;. In figure 4 the disagreement is more pronounced. This
verifies once more the fact that the initial state electron—
electron correlation is an important factor in this process.
This was pointed out in the very early stages of photo-double
ionization in [1].

In figure 5 we present the variation of the TDCS for
randomly oriented targets in atomic units obtained by the

360 0.0
300

240

180

6,

120

60

300

360

velocity gauge for £, = E, = 12.5 eV compared to
the experimental results of Weber [52] extracted from [21].
Here we have used the Turbiner—Guevara wave function,
which we admit is the most reliable, as it includes the
electronic correlation best. The polarization vector and the
wave vectors of the ejected electrons lie in the plane of
the figure. The ejection angle of one of the photoelectrons
is fixed at 6, = 10° with respect to the polarization vector,
and the second angle 6, is chosen as the polar angle of the
curve. Here, all molecular orientations are taken into account.
The experimental results are scaled in such a way to have
the theoretical and experimental maxima around 250° of the
same size.

Once we have tested our procedure and observed that
it produces the experimental results quite well, we pass to
the photo-double ionization of N, in the equal ejection energy
regime. Here we will also consider the photo-double ionization
of N, as a vertical transition from the fundamental electronic
state of the neutral target at its equilibrium internuclear
distance to the fundamental ', state of the residual N3*
dication. The case of the photo-double ionization to the
neighbouring *IT,, final state of N%*—which should contribute
to the results in experiments—have low energy resolution
and cannot distinguish between the two possible events (see
[31, 32]). The present work is a first tentative one to tackle
the photo-double ionization of N, by the correlated TCC
function. We will apply, at this stage, the wave function
described in section 3.2, which is constructed by the Hartree—
Fock diatomic orbital (see equation (21)). Higher quality
wave functions including the electron—electron separation r|
are more difficult to obtain, and their application is much
more time consuming. We will undertake this work in a
future paper. Our results will be compared to those obtained
by the best fit of the following Gaussian parametrization

360 0.00
0.48
0.96
300 1.44
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2.40
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432
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Figure 6. Left: greyscale representation (colourscale in the online version) of the variation of the TDCS in atomic units equation (2), scaled
by 10%, of the photo-double ionization of the 30, level of N, obtained by the velocity gauge in terms of the two ejection angles 6, and 6.
Here E; = E, = 10 eV, and the vectors ki, ks, € lie in the same plane. Right: the equivalent representation obtained by the Gaussian

parametrization fit.
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Figure 7. Polar representation of the variation of the TDCS in
atomic units, scaled by 10*, of the photo-double ionization of the
30, orbital of N, obtained by the velocity gauge. The polar angle
represents the 6, of the ejected electron. Here 6, = 27 — 6,,

E, = E, = 10 eV, and the vectors Kk, k;, € lie in the same plane.
The solid line represents the results obtained by equation (2). The
dashed line shows those obtained by the Gaussian parameterization.

formula [53]
f(61,6,) = a(cos(y) + cos(62))?
_ 0\2
X exp [—41n(2)w12r‘¢:|

The fitting is done by minimizing the following function with
respect to the parameters a, I', using a comprehensive modified
Newton algorithm:

, On=101—06,]. (22)

1 & o o
F(a,T) = 37 Z (0(3)(0f, 621) — f(Qf, 021))2 —>,r min,
i j=1

0l =10°G— 1), 6] =10 — 1), (23)

with o® (6!, G'Zi ) representing our calculated TDCS. The
reached accuracy is 1075, This gives the best correlation factor
width " = I'(E) = 1.7346 = 99.4° and

a=a(E)=1.2945x 1073, F(a,T) = 1.0029 x 107"
(24)

Figure 6 gives, in the greyscale representation (colourscale
in the online version), the variation of the TDCS for the photo-
double ionization of the 3o, orbital of N, in terms of the
two ejection angles for E; = E, = 10 eV. Here the vectors
ki, ky and € lie in the same plane. On the left we present our
results, and on the right those obtained by the parameterization
formula. We observe that, on the two curves, the symmetry
@ 61,0,) = 0@ (6,0, is respected. Then the diagonal
0) = 6, is an axis of symmetry, as we obtain practically the
same structure on both sides of this line. We must mention
here that perfect symmetry on the figure corresponding to

90
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150 30
K
180 0
3
210 330

240 2 300

Figure 8. Same as in figure 7 but with a fixed value of §; = 180°.
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K1
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\3
\
\

210 / 330

240 4 300

270

Figure 9. Same as in figure 7 but with a fixed value of 6, = 90°.

our results is obtained by employing accurate integration over
the molecular orientations. We also observe that the second
diagonal line defined by 6, + 6, = 27 is also a symmetry axis
as expected. In the same manner, the lines 6, = 6, &= 7 have
the same structure on both of their sides as expected also.
These symmetry situations can also be observed on the
three polar representations of figures 7-9, where we have
plotted the results of the two types of calculations to show their
differences. In figure 7, where 6, + 6, = 2w and E| = E,, the
four lobes of each curve are identical, as expected. In contrast
to the atomic case of He, we observe here the deflection
of the calculated TDCS from the Gaussian distribution.
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Figure 10. Same as in figure 7 but with a fixed value of 6; = 60°.

Figures 8 and 9 present two particular situations in polar
representation at respectively 6; = 180° and 6, = 90°. Here
the deflection of our results from the Gaussian shape is also
evident. In the first case, the electron with wave vector ki, is
ejected in the direction of € and in the second, perpendicular to
it. We see that, as expected, the latter geometry, which puts k;
far from the polarization vector ¢, is more efficient. Finally, in
figure 10, we show the variation for the situation, which gives
the largest lobe with respect to the preceding cases. This
happens for 6; = 60°. Here the comparison with the results of
the Gaussian parametrization also shows a deflection, which
is very similar to the one observed for the experimental results
concerning the photo-double ionization of D, for the same
ejection energy values of (see figure 3 in [18]).

5. Conclusion

We have determined the fourfold and triple differential
cross sections, corresponding respectively to the oriented and
randomly oriented diatomic molecules, of the photo-double
ionization of H, and N, diatomic systems, in the equal ejection
energy regime, by applying the correlated product of two TCC
functions, to describe the two equivalent ejected electrons,
which has the advantage of showing the influence of the
final state electron—electron correlation. We have applied three
different initial state wave functions for the fundamental state
of H,, shown the importance of the initial state correlation and
obtained quite good agreement with the experimental results.
In the case of N,, basic Hartree—Fock diatomic orbitals are
obtained and applied as a first attempt. The results verify
the symmetry conditions of the TDCS and show the optimal
ejection directions for an equal energy sharing geometry. The
comparison with the fitted Gaussian parametrization results
show some instructive deflections due to the diatomic nature
of the targets. The case of unequal ejection energy, and the

neighbouring 3I1, state of N2*, which presents open shell
configurations will be treated in a near future paper.
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