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1. Introduction

Solving a nonlinear equations is important in many mathematical and physical problems. In recent years, a number of
higher-order iterative methods have been developed and analyzed on this issue, see [1-11] and references therein. Motivated
by the recent results in [11] in this paper, we introduce a generating function method for the construction of new two and
three-point iterations with pth order of convergence.

This paper is organized as follows. Section 2 is devoted to the construction of a generated function for the optimal fourth-
order method. We then present some choices for the parameters 7, and «,. Some iterations are proposed among which
some are already well known. In Section3 we propose a family of optimal eighth-order methods, that include many well-
known methods as a particular case. We develop a proper representation of eighth-order methods. We also give necessary
and sufficient conditions for three-point iterations to be p order of convergence (p =5, 6, 7). In the last Section4 we employ
the new families of proposed methods to solve some nonlinear equations and compare them with some existing methods.

In our previous paper [11] we have considered two and three-point iterative methods

f(xn) f(xn)
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and

f(xn) ., = fGm) . fzn)
T M A N )

We have proved in [11] the following theorems

(2)

Yn =Xn —

Theorem 1. Assume that f{x) is smooth enough function with a simple root x* I and the initial approximation x is close enough
to x*. Then iterative method (1) has fourth-order of convergence if and only if the parameter T, is given by
fm)
On = . (3)
" f(xn)
Theorem 2. Assume that all assumptions of Theorem 1 are fulfilled. Then the three-point iterative methods (2) has an eighth-
order of convergence if and only if the parameters T, and oy, are given by

Tn =146, +202 +0(67),

Tn=1420,+BO2+y03 +---, (4a)
or

Tn=146,+202+B603+y0% +..., (fnzt”(g:]), (4b)
and

an=1+26,+ (B+ D6+ @B +y — 463+ (1 +460 T2 1 006, (5)

Our approach in [11] is constructive in the sense that it proposes a new way to obtain optimal order iterations (see
[11] in details).

2. Construction of optimal fourth-order methods
2.1. Generating function method

We show that Theorems 1 and 2 not only give sufficient conditions for iterations to be p =4, 8 order of convergence,
but also allow us to construct new iterations with p order of convergence. Obtaining new optimal methods of order four is

still important, because they combine higher-order of convergence and low computational cost. We consider the following
choice of the parameter 7,

Tn = H(6h), (6)
where H(f) is a real valued function to be determined properly. Obviously 7, will satisfy the condition (3) if
H@O)=1, H(©0)=1, H"(0) =4 (7)

We call the function H(6) satisfying conditions (7) generating one for iteration (1).
Construction of the generating function allows us to derive a new optimal order family of iterations. The following theo-
rem is a consequence of Theorem 1.

Theorem 3. Assume that all assumptions of Theorem 1 are fulfilled. Then the optimal fourth-order two-point iterations (1) are
obtained by the generating function (6) satisfying the conditions (7).

Of course, many different variants of the generating function H(x), satisfying condition (7) are possible. We cite here one
simple form of them

T+ (1—ma)x+ (2 —mo + 0D g2)x2 4 @y

(1 —ax)m ’
The optimal two-point iterations (1) with t, = H(6,) given by (8) include a lot of well-known iterations as a special cases.
For example, if =0, m=1and « =2 - b, beR, then (1) leads to King’s one [5]. f « =0, m=1 and w =1 in (8), then
(1) leads to new modification of Potra-Ptak’s one [4]. f « =m =1 and w = —1 in (8), then (1) leads to Maheshwari’s one [7].
Ifa=1, m=2and w =0 in (8), then (1) leads to Chun and Lee’s one [2] and so on (see Table 1). More recently, Behl et al.
[12] proposed a general class of fourth-order optimal methods that includes the well-known Ostrowski’s and King’s family
as special cases. We note that this general class of optimal fourth-order iterations is also included in our methods with t, =
H(6,) given by (8) as a special case. Namely, if m = 3, o replaced by —« and w = o2 + %a + % orw=(1- %)oz3 +a? - 2a,
then the iterations (1) with t, = H(6,) given by (8) reduce to (3.8) and (3.10) in [12], respectively. This shows that our
class of optimal fourth-order methods is wider than that of [12]. So, we have obtained an optimal fourth-order convergence
family of iterative methods with three degrees of freedom based on the generating function method.
Analogously, one can construct the generating function (6) for the third-order iterations (1). It has form

1+ (1+n)b,
l+7’]0n

H(x) = o, mweR. (8)

T, =H(O,) = , NeR. 9)
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Table 1
Some choices of generating function H(x).

Name of iterations

Ne m o w H(x) B 1% with function H(x)

1 0 v 0 14X+ 2x° 0 0 Bi et al. [1]

2 v 0 0

3 0 0 1 14+x4+2x2+x3 1 0 optimal Potra-Ptak (OP4)

4 1 2 0 = 8 Wang, Liu [10]
Cordero et al. [3]

5 1 9 0 L 2 8 Wang, Liu [10]

g

6 1 1 0 Lt 2 2 Chun, Lee’s [2] B =0

7 2 1 0 I 3 Chun, Lee’s [2]

8 1 v v 1 4 MEQarrod) 20 +w a2 + w)?

9 1 0 v 14X+ 2x2 4+ wx3 ® 0

10 1 2-b 0 14 20t 22-b) 2(2 - b)? King's [13], Thukral, Petkovic [14]
Sharma and Sharma [9]

1 1 25 0 1150 0.5¢ 5 12.5 Bi et al. [1]

12 1 1 -1 14 M) 1 1 Maheshwari [7]

2.2. Two-point iterations with two parameters

Let us consider the following two-point iterative method:

f(xn) f(xn)
—a , Xni1=2Xn— T, ,
Py T k)
where 7, is the iteration parameter to be determined properly.

Note that when a =1 the iteration (10) leads to (1). However, in some case the iteration (10) is applied with a#1.
Therefore, the study of convergence of iteration (10) is also interesting and we prove the following.

Yn =Xn (10)

Theorem 4. Assume that all assumptions of Theorem 1 are fulfilled. Then the two-point iteration (10) has a fourth-order of
convergence if and only if the parameter T, is given by

b —(1-a) +2(0n -« —a))z+ (1-a)@+4) (1 _JOw 20 -(-a)

=1
g + a2 a2 a3 (xn) a

) +0(f (). (1)

Proof. We use Taylor expansion of f(x,,1) at point xj.

1 f"X%n) o ( () \? _ (%) 3¢ f(xn) \? 4

Ftnin) = (1 =) fe) + T (08 ) = Egmd (G ) + 00 o).

Multiplying by (f'(x;))~! two-sides of last expression, we get
G F) = (1= 10+ 20— 5 (7707 60 (L2 )) (7)1 o) + 00 000 (12)
" ! 6 f'(xn) ’

where

5 P x) 7 xn) f(Xn)

6 = T Py = O ). (13)
We seek for 7, in the form:

Tn =1+ 6, +c02 +dy + O0(f3 (xn)). (14)

Substituting (14) into (12) we obtain

/ - ) 2] 2] 2] " (xn) ( f(xn)
(f (xn)) lf(xnﬂ) = (_Qn - Cer% —dn + 6y +29r% - 6 (xn) (f/(xn)

2
) )(f/(xn))_1f(xn)+O(f4(xn)),

because of T2 =1+ 20, + 0(f2(xn)), T3 =1+ 0(f(xn)).
From this we conclude that

f(xni1) = O(f*(xn)). (15)
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under condition

_ o (FG))
c=2, dy=—¢(f') 'S uw<ﬂ@“). (16)
Hence
1 Foa) \
_ a] N2 / —1¢m n 3
T = 14604207 — £ (f' o) ' ““(ﬂan) + 00 (xn)). (17)

It means that the iteration (10) has a fourth-order convergence if and only if 7, is given by (17).
Next, we using Taylor expansions of f{y,) and f(y,) at point x, we get

_ fm) 1 25 3 3
On = Foo) = (1 —a)+a“6, +a’d, +0(f>(xn)), (18a)
(' %)) f (vn) = 1 — 200, — 3a%dy + O(f> (n)). (18b)
From this we find 8,
Bo= (00— (1 - @) = @) + 0 (xo). (19)

Substituting &, given by (19) into (17), we get

bh— (1-0a) +2(9n—(1—a)

2
14220 a ) ca-o(1+ Ha o). (20)

Elimination &, from (18a) and (18b) gives us

1 20— (1—a))
a

@:@Q‘Wmnvwn— +0(f* (xn)). (21)

If we take into account (21) in (20), we get (11). The converse is evident from (12) and (14). O

Note that Theorem4 is converted to Theorem2 when a = 1. The iteration (10) with a#1 is not optimal although its
convergence order is four, because it requires four function evalutions f(x,),f{yn).f (xn) and f(yn) per iteration.
From (13) and (16) we find that

Y- 2 7 (xn) f (%n)
dn = (,()29,1, wy = §W (22)
Hence the expression (17) can be written as
Tn=1+6,+ (2 —02)02 +0(f*(xn)). (23)

2.3. Optimal Jarratt’s type iterations

Another class of optimal fourth-order methods appears when t, depends not only on 6,, but also on ?:gg; The well-

known Jarratt optimal fourth-order method [15] and method found in [16] has a form (10) with a = % and 7, = (1 + 1+13b )
7 n

and Ty =1— 3by + gb%, by = ch:((yxzz — 1, respectively.

It is easy to show that 7, in these methods satisfies the sufficient fourth-order convergence condition (17).
We consider another family of two-point iterative methods

f(xn) f(xn) (24)

Yn =Xn — s Xn41 =Xn — Tnpo
I (xn) ! I (xn)
where the iteration parameter t, is given by

_ 1= (Gama) G =D+ (g + 58 + "5 a?) (G = 1)?

n At+aE-D)m
1 3a\ (2(1 —a—6y)
+az(1—2")(2—(5n—1)), a.meR, (25)
with
Gn _ f(yn) and Sn _ f,(yn) (26)

— fx) T ()’
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Table 2
Some particular cases of (27).
Ne  Choices of parameters Methods
1 m=1, a=-3 %( T (E 1)) Jarratt’s [15]
2 m=0ora=0 1- %(S —1)+ (En—1) Petkovic et al. [16], Chun [17]
3 m=1a=-3 -1-30 -8+ 5 Chun [17]
2
4 m=2 a=-3 1_1+3.§ +(1+§§n) Chun [17]
5 m=1a=-1 8o g(1) =1,
g’(l)——f g=3 Lotfi [18]
6 m=0ora=0 1(3-&)G(E), G(1) =1,
=3 6 (1)=2 Jaisway [19]
4 :
7 m=0ora=0 1+ Y &l a1 = % — gy, Kattri, Abbasbandy [20]
j=
o =—3+30a4, a3 =L —3ay

Above, we prove that the necessary and sufficient condition for two-point iteration to be fourth-order convergence is (17).
Using (18b) and (21) it is easy to show that the parameter T, given in (25) satisfies the sufficient fourth-order convergence
condition (17).

From (25) we see that 7, depends in generally not only on &, but also on ;. The exception is the case a = % In this case
the second term in (25) disappears and 7, depends only on ratio £, and per iteration it requires evaluations of f(x,),f (xn)
and f(yn). So the two parameter family of iterations (24) is optimal one. When a = % the formula (25) leads to

1— (3 +ma)E —1)+ (8§ + ma + ™5-Da2) (& — 1)

(T +o(5n—1))m ’
The iterations (24) with the generating function given by (27) include many well-known iterations as a particular cases.
For example, when m=0, a =-3 3 the iteration (24) with (27) leads to Jarratt’s one [15]. When m =0 or o =0, then
the iteration (24) with (27) leads to the method presented in Chun [17] and Petkovic et al. [16]. When m =1, o = -3 3 and
m=2 o= —% the iterations (24) with (27) leads to the methods given in Chun [17]. When m =1 and o = —% the iteration
(24) with (27) leads to one found in Lotfi [18] (see Table 2). So our iterations (24), (27) can be considered as a generalization

of many optimal fourth-order convergence iterations. The fourth order convergent iterations (24), (25) are not optimal when
a# % Per iteration it requires evaluations of f(x), f{yn).f (xn) and f(yn).

Th =

o,meR. (27)

Remark 1. If, instead of a in (24) and (25), we take
=§+Cf(xn);é0, ceR, (28)

then the influence of second term in (25) is neglectible because it has a form O(f3(xy)).

Thus, the iterations (24) remain in the class of optimal fourth-order convergence methods under choice

1- (5k +ma) (& —1)+< ey Wcﬂ)(gn —1)2
™= a1 | 29)

where a,, is determined by (28). Thus, we extend significantly the class of optimal fourth-order methods due to (28), (29).

3. Proper representation of the optimal order three-point iterative methods

Recently, based on optimal fourth-order methods some higher-order, in particular eighth order three-point methods have
been proposed for solving nonlinear equations (see Table 1). It is easy to show that 7, = H(6,) given by (8) satisfies the
condition (4b) with constants

m(m-—1) m(m-1)(m-2)
5 o’ + 5 o,

B=w+2ma — (30a)

(m-1)m(m+ 1)a3 N (m-2)Y(m-1)m(m+ 1)054.

3 8

In Table 1 we present some function H(6,), satisfying the condition (4b).
The following is a consequence of Theorem 2.

y = oma +m(m+ 1)a? — (30b)
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Table 3
The optimal order three-point iterative methods.

N m — (1446, )f o) Methods
B =y =1, [14] Maheshwari-based

1 0 1420, +(B+1)02+B+y —4)02 B=4, y= .Methodl in [14] see [11]
B =3, y =4, Chun Lee [2]
p=d=w=0, [1-3,6,8-10,14]

BH1+(6=y)0n+((B+1)2-2(2B+y —4))6}

2 1 Sl B =4, y =8, Method 2 in [14]

p=d=w=b=0,
6

R R L)L B =4, y=8 g=2 Methods 3 in [14]
p=-3,d=0, g= 7, Maheshwari-based

4 1 69#2:% optimal methods [22]

2+(5+2B8)6,+2(3+B)02 _ _ 142,
5 1 2+ (1+2P )60 —2P02 d=0, q=--52 [22]
2(B2-4B+1 1+4
2B-1+2B(B-2)6, d:O’q:%’p:%’
—1+28(B~2)0n . .

6 1 T3R8, + ( TARVE King-based optimal methods [23]
B=4, y=8qg=2 p=1,d=w=0,

7 1 m method 4 in [14]

Theorem 5. Assume that all assumptions of Theorem 1 are fulfilled. Then the family of three-point iterative methods (2) has an
eighth-order of convergence if and only if the parameters T, and oy, are given by (6), (8) and

f(zn)
fm)’

Proof. It is easy to show that t, = H(6;) satisfies the condition (4b) with parameters 8 and y given in Table 1 and «; given
by (31) satisfies (5). Then by Theorem 2 the family of methods (2) has eighth-order of convergence. O

:(H(e,,)+9,,+(ﬂ—1)93+(ﬁ+y—4)93>+(1+49n) (31)

Thus, we propose the families of three-point iterative methods (2) with generating function t, = H(6,). They include
many well-known eighth-order methods, as a particular cases (see Table 1). The above mentioned methods differ from one
to another only by «;,. Moreover, they have the same asymptotic (5), although these are determined by different formulas.
Our approach proposed in [11] is constructive in the sense that it discovers a new way to obtain optimal eighth-order
iterations.

From (9) and (31) we see that the parameters 7, and «, are expressed through the generating function H(6,). It should
be pointed out that, to prove the convergence order of iterations usually computer algebraic systems such as Maple, Math-
ematica and so on are applied, whereas in our approach we use only easily verifiable sufficient conditions (5) and (5). The
expression in brackets in (31) can be approximated by a simple rational function without loss of generality. Then «, can be
represented as

_1-(2—mq)by + c62 + wb? f(zn)
= 1+ 46, , q,p.d, R, 32
(1 - 6n(d63 + pb + )" s )f(yn) ¢-pame G2)
where
c=ﬂ+1—m(p+2q+%(m71)q2),
w:(2ﬂ+y—4)—m(d+2p+(ﬂ+1+(1—m)p)q—(m—l)qz—i—(m_l)ém_z)q:") (33)

We call the optimal order three-point iterative methods (2) with parameters t, and o, given by (6), (8) and (32) re-
spectively proper representation. It is easy to show that all the well-known optimal order three-point iterative methods
can be represented in the proper form uniquely (see [1-3,6,8-11,13,14,21-23] and references therein). It should be men-
tioned that Wu and Lee in [10] first used proper representation of (2). Thus, by means of (6), (8) and (32) we find a unified
representation of all optimal order three-point iterations.

Our families of three-point iterative method (2) with parameters 7, and «, given by (6), (8) and (32) include the well-
known optimal order methods as a particular case (see Table 3).

Theorem 6. Assume that all assumptions of Theorem 1 are fulfilled. Then the iterations (2) has a pth order of convergence if and
only if the parameters T, and o, are given by formulas presented in Table 4.
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Table 4
The p-order iterative methods.
p Tn on
7 (6), (8) (34)
6 (6), (8) (35)
9) (34)
5 (6), (8) (36)
9) (35)

Table 5
Comparison of various fourth-order convergent iterative methods. The factor g in the brackets denotes 109.

=1+ 9nll+<2114;)99"n+w9n2)
fix) Xo a=0 =0 a=2-bb=3, =0 =0 w=1 =1 w=-1
n |x* — xn| coc n |x* — xn| CcocC n |X* — Xn| coc n |X* — Xn| CcocC
filx) 3.6 6 5.86(—642) 4.00 6 5.22(-525) 4.00 6 1.37(-796) 4.00 6 9.58(—686) 4.00
-1 5 5.84(-713) 4.00 5 5.03(—705) 4.00 5 2.84(-716) 4.00 5 8.77(-721) 4.00
fr(x) 4.86 6 1.11(-513) 4.00 6 712(—425) 4.00 6 3.08(—584) 4.00 6 9.41(-607) 4.00
1.6 5 7.20(—699) 4.00 5 9.05(—661) 4.00 5 2.16(—724) 4.00 5 1.37(-726) 4.00
f3(x) 3.2 6 6.86(—509) 4.00 6 2.87(—449) 4.00 6 8.22(-551) 4.00 6 6.79(—561) 4.00
2.2 5 1.65(—594) 4.00 5 5.31(-557) 4.00 5 4.37(-620) 4.00 5 6.24(—623) 4.00
fa(x) -0.8 5 3.99(-638) 4.00 5 2.95(-610) 4.00 5 1.21(-655) 4.00 5 7.72(—657) 4.00
—-0.65 4 1.43(-283) 4.00 4 4.59(—274) 4.00 4 1.25(—289) 4.00 4 7.98(—290) 4.00
f5(x) 4 14 8.81(—881) 4.00 14 4.55(—470) 4.00 13 3.06(—330) 4.00 13 2.05(—402) 4.00
45 18 3.81(-312) 4.00 19 3.01(—488) 4.00 18 2.26(—565) 4.00 18 4.70(—768) 4.00
fe(x) -4.2 16 5.87(-632) 4.00 16 6.35(—288) 4.00 15 4.20(—262) 4.00 15 1.78(—340) 4.00
-5.8 26 4.46(-579) 4.00 27 1.49(—548) 4.00 25 6.30(—363) 4.00 25 5.78(-595) 4.00

In Table 4 we used following formulae:
o= LF Q-+ (B+1 —2a)6? L f@n)

" 1= b, fom “PeR .

14+ 2-8)0,
oy = —1_f0, £ cR, (35)
1+ 819" £1,& € R. (36)

oy = —p,
" ]—829,1

Proof. The parameter 7, and o, given by (6), (8), (9) and (34)-(36) will satisfy conditions for 7, and o, of Theorem5 in
[11]. Hence, by Theorem 5 in [11], the order of iterations (2) is p. O

4. Numerical experiments

We consider six examples taken from [6]

fi(x) = x2 —exp(x) — 3x+ 2, x* = 0.25753028543983,
fo(x) = sin®(x) —x2 + 1, x* = 1.40449164885154,
L =x-1)3-1, Xt =2,

fa(x) = sin(x) exp(x) + In(x2 + 1), x* = —0.60323197152626,
fs(x) = exp(x2 +7x —30) — 1, Xt =3,

fo(x) = xexp(x?) — sin? (x) +3cos(x) +5, x*=-1.20764782713287.

All numerical calculations were performed using Maple 18 system. Also, to study the convergence of iterations (4a) and (4b),
we compute the computational order of convergence (COC) of dy, using the formula, which was taken from [6]

_ ln(lan —X*|/|Xn _X*|)
(0 — x|/ %0 —x7])

(37)

where x,,,1, Xn, X;_1 are three consecutive approximations of iterations. n displayed inTables5-8 is the number iteration
required such that |x, — x*| < 10720, In Tables5, 7 and 8 the factor g in the brackets denotes 109.
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Table 6
Some three-point iterative methods.

Ta=H(On). @n = HOn) + 6+ (B =102 + (B+y —4)62) + (1 +40,) $&.

Fyn)
H(x) fx) f(x) fa(x) fs(x) fe(x) Methods
Xo 3.2 -0.8 4.5 —4.2
o, B, vy, n coc n coc n coc n coc
a=0,
B =0, 4 7.99 3 7.99 13 7.99 12 7.99 Bi et al. [1]
y=0
a=1,
1+ M2 B =3, 4 8.00 3 7.99 12 7.99 1 8.00 Chun, Lee [2]
y=4
a=-1,
B =-5, 4 7.99 3 7.99 14 8.00 12 7.99 New method
y =8
o =2,
B =4, 4 8.00 3 7.99 1 7.99 10 8.00 Cordero [3]
y =8,
w=0
o =25,
B =5, 4 8.00 3 7.99 8 8.00 7 8.00 Bi et al. [1]
y =12.5,
w=0
a=1,
14 Mo B=2, 4 8.00 3 7.99 13 8.00 1 8.00 Chun, Lee [2],
y =2, b =0, Thukral,
w=0 Petkovic [14]
a=1,
p=1, 4 8.00 3 7.99 13 8.00 1 8.00 Maheshwari-based
y =1, methods in [8,14]
w=-1
a=-1,
B=0, 4 8.00 3 7.99 13 7.99 12 8.00 New method
y =0,
w=2
Table 7
Some particular cases of (29) and (28) with ¢ = 0. The factor q in the brackets denotes 109.
fi), % =-1 f2(x), %0 =4.86
Choices of parameters n |x* — xn| cocC n |x* — Xn| cocC Methods
m=1, a=-3 5 2.49(-847) 4.00 5 7.73(—-363) 4.00 Jarratt's [15]
m=0ora=0 5 3.76(—688) 4.00 6 1.42(—497) 4.00 Petkovic et al. [16], Chun [17]
m=1 a=-3 5 1.89(~745) 4.00 6 1.62(—696) 4.00 Chun [17]
m=2 a=-3 5 7.42(-832) 4.00 6 5.03(=924) 4.00 Chun [17]
m=1, a=-1 5 6.81(—755) 4.00 6 4.70(—604) 4.00 Lotfi [18]
m=0ora=0 5 3.76(—688) 4,00 6 1.42(—497) 4,00 Jaisway [19]
m=0ora=0 5 3.76(—688) 4.00 6 1.42(—497) 4.00 Kattri, Abbasbandy [20]

In Table5 we present results of various fourth-order methods corresponding to (8) with m = 1. In particular, the last
three columns correspond to King’s, modification of Potra-Ptak’s and Maheshwari’s methods, respectively.

Table 5 shows the methods: the King’s [13] method corresponds to @ =0, m=1and o« =2 — b, b e R in (8), the Potra-
Ptak’s [3] method corresponds to @ =0, m=1 and w =1 in (8), the Maheshwari’s [7,8] method corresponds to o« =m =1
and w = —1 in (8), Chun and Lee’s [2] method corresponds to « =1, m =2 and w =0 in (8) and so on. Fig.1 shows the
residual of the fi(x,) versus first five iteration numbers n for different parameters values.

From Table 6 we see that the convergence order of the proposed families with different parameters and the iteration
number n are the same as for all considered methods. But the dynamic behavior of iterations may depend on the concrete
choices of parameters [24-27]. Find the optimal choices of parameters is important task from practical point of view and
deserve additional study.

The results presented in Table 7 are obtained by the known optimal methods with a = % whereas results in Table 8 are
obtained by optimal methods with a # % (an = % +cf(xn)). From Tables5 to 8 we see that the COC coincides with theoret-
ical one.
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Table 8
Some particular cases of (28) and (29) with ¢ = —1. The factor q in the brackets denotes 109.
fi(), x0=-1 f2(x), xo =4.86 f3(x), x0 =22
Choices of parameters n [x* — Xn| CcocC n |X* — Xn| CcocC n |X* — Xn| CcocC
m=1a=-3 5 3.93(-563) 4.00 7 2.17(—-899) 4.00 5 9.56(—758) 4.00
m=0ora=0 5 1.97(-346) 4.00 6 5.21(-313) 4.00 5 2.70(-725) 4.00
m=1 a=-3 5 4.18(—473) 4.00 6 3.78(—304) 4.00 5 6.36(—753) 4.00
m=2 a=-3 5 7.22(-347) 4.00 8 3.78(-380) 4.00 5 2.29(-815) 4.00
m=1a=-1 5 1.50(—438) 4.00 7 1.45(— 9 2) 4.00 5 3.02(-739) 4.00
m=0ora=0 5 1.97(—346) 4.00 6 5.21(-3 ) 4.00 5 2.70(-725) 4.00
m=0ora=0 5 1.97(—-346) 4.00 6 5.21(-3 4.00 5 2.70(-725) 4,00
10°
107
1020
10°%°
104
10
10
107
10
& 10°%
= 10 x,=3.6
= qoM°
1072 —a— o=0=0
-130
10 —e— a=2-b, b=3, ®=0

10740
1071 —a— =0, o=1
10716 —v— o=1, o=-1
10-170
10—180
10-190
1 2 4 5
n

Fig. 1. The residual of the fi(x,) versus first five iteration numbers n for different parameters values (see Table 5).

Conclusions

The construction of the generating function for 7, and o, allows us to derive new optimal order family of iterations.
This family includes many known iterations as a special case. We develop a unified and proper representation of optimal
eighth-order three-point methods. The sufficient and necessary conditions for iterations (2) to be p (p=5,6,7) order of
convergence are also given in term of parameters 7, and «a,. We also select and propose a new family of two and three-

point iterations, for which the parameter t, depends not only on 8,, but also on f,?’"; ratio of first derivatives. For such
iterations we also give the necessary and sufficient conditions for the optimal fourth-order of convergence. We extend sig-
nificantly the class of optimal fourth-order Jarratt’s type iterations. It should be mentioned that the dynamic behavior of
iterations may depend on the specific choices of parameters. Finding the optimal choices of parameters are an important

task from a practical point of view and it deserves an additional analysis.

Acknowledgments

The work was supported partially by the Foundation of Science and Technology of Mongolia under grant SST_007/2015.
0. Ch. acknowledges support from the Hulubei-Meshcheryakov program JINR-Romania.

References

[1] W. Bi, H. Ren, Q. Wu, Three-step iterative methods with eighth-order convergence for solving nonlinear equations, J. Comput. Appl. Math. 225 (2009)
105-112.

[2] C. Chun, M.Y. Lee, A new optimal eighth-order family of iterative methods for the solution of nonlinear equations, Appl. Math. Comput. 223 (2013)
506-519.

[3] A. Cordero, J.R. Torregrosa, M.P. Vassileva, Three-step iterative methods with optimal eighth-order convergence, J. Comput. Appl. Math. 235 (2011)
3189-3194.


http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0001
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0001
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0001
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0001
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0002
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0002
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0002
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0003
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0003
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0003
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0003

T. Zhanlav et al./Applied Mathematics and Computation 315 (2017) 414-423 423

[4] A. Cordero, J.L. Hueso, E. Martinez, J.R. Torregrosa, New modifications of potra-ptak’s method with optimal fourth and eighth-orders of convergence, J.
Comput. Appl. Math. 234 (2010) 2969-2976.
[5] RE King, A family of fourth-order methods for nonlinear equations, SIAM, J. Numer. Anal. 10 (1973) 876-879.
[6] T. Lotfi, S. Sharifi, M. Salimi, S. Siegmund, A new class of three-point methods with optimal convergence order eight and its dynamics, Numer. Algor.
68 (2015) 261-288.
[7] AK. Maheshwari, A fourth-order iterative methods for solving nonlinear equations, Appl. Math. Comput. 211 (2009) 383-391.
[8] S. Sarifi, M. Ferrara, M. Salimi, S. Siegmant, New modification of maheshwari’s method with optimal eighth-order convergnce for solving nonlinear
equations, Open Math. 14 (2016) 443-451.
[9] J.R. Sharma, R. Sharma, A new family of modified ostrowski’s methods with accelerated eighth-order convergence, Numer. Algor. 54 (2010) 445-458.
[10] X. Wang, L. Liu, New eighth-order iterative methods for solving nonlinear equations, J. Comput. Appl. Math. 234 (2010) 1611-1620.
[11] T. Zhanlav, V. Ulziibayar, O. Chuluunbaatar, The necessary and sufficient convergence conditions for some two and three - point newton’s type itera-
tions, Comput. Math. Math. Phys. 57 (2017) 1090-1100.
[12] R. Behl, A. Cordero, S.S. Motsa, J.R. Torregrosa, Construction of fourth-order optimal families of iterative methods and their dynamics, Appl. Math.
Comput. 271 (2015) 89-101.
[13] T. Zhanlav, V. Ulziibayar, Modified king’s methods with optimal eighth-order convergence and high efficiency index, Am. J. Comput. Appl. Math. 6 (5)
(2016) 177-181.
[14] R. Thukral, M.S. Petkovic, A family of three-point methods of optimal order for solving nonlinear equations, ]. Comput. Appl. Math. 233 (2010)
2278-2284.
[15] P. Jarratt, Some fourth-order multipoint methods for solving equations, Math. Comput. 20 (1966) 434-437.
[16] M.S. Petkovic, B. Neta, L.D. Petkovic, ]. Dzenic, Multipoint methods for solving nonlinear equations, Appl. Math. Comput. 226 (2014) 635-660.
[17] C. Chun, M.Y. Lee, B. Neta, J. Dziinic, On optimal fourth-order iterative methods free from second derivative and their dynamics, Appl. Math. Comput.
218 (2012) 6427-6438.
[18] T. Lotfi, A new optimal method of fourth-order convergence for solving nonlinear equations, int, J. Ind. Math. 6 (2014) 121-124.
[19] J.P. Jaiswal, A class of iterative methods for solving nonlinear equations with optimal fourth-order convergence, Univers. ]J. Appl. Math. 2 (2014)
283-289.
[20] S.K. Khattri, S. Abbasbandy, Optimal fourth-order family of iterative methods, Mat. Vesnik 63 (2011) 67-72.
[21] C. Chun, B. Neta, An analysis of a new family of eighth-order optimal methods, Appl. Math. Comput. 245 (2014) 86-107.
[22] C. Chun, B. Neta, An analysis of a family of maheshwari-based optimal eighth-order methods, Appl. Math. Comput. 253 (2015a) 294-307.
[23] C. Chun, B. Neta, An analysis of a king-based family of optimal eighth-order methods, Am. ]. Algorithms Comput. 2 (1) (2015b) 1-17.
[24] C. Chun, B. Neta, Comparative study of eighth-order methods for finding simple roots of nonlinear equations, Numer. Algor. 74 (4) (2017) 1169-1201.
[25] C. Chun, B. Neta, Comparative of several families of optimal eighth order methods, Appl. Math. Comput. 274 (2016) 762-773.
[26] J.R. Sharma, H. Arora, A new family of optimal eighth-order methods with dynamics for nonlinear equations, Appl. Math. Comput. 273 (2016) 924-933.
[27] K. Modhu, ]. Jayaraman, Some higher order Newton-like methods for solving system of nonlinear equations and its applications, Int. J. Appl. Comput.
Math. 3 (2017) 2213-2230.


http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0004
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0004
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0004
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0004
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0004
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0005
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0005
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0006
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0006
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0006
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0006
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0006
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0007
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0007
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0008
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0008
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0008
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0008
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0008
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0009
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0009
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0009
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0010
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0010
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0010
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0011
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0011
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0011
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0011
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0012
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0012
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0012
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0012
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0012
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0013
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0013
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0013
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0014
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0014
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0014
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0015
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0015
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0016
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0016
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0016
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0016
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0016
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0017
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0017
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0017
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0017
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0017
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0018
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0018
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0019
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0019
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0020
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0020
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0020
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0021
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0021
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0021
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0022
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0022
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0022
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0023
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0023
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0023
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0024
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0024
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0024
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0025
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0025
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0025
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0026
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0026
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0026
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0026a
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0026a
http://refhub.elsevier.com/S0096-3003(17)30539-8/sbref0026a

	Generating function method for constructing new iterations
	1 Introduction
	2 Construction of optimal fourth-order methods
	2.1 Generating function method
	2.2 Two-point iterations with two parameters
	2.3 Optimal Jarratt’s type iterations

	3 Proper representation of the optimal order three-point iterative methods
	4 Numerical experiments
	 Conclusions
	 Acknowledgments
	 References


