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We present benchmark calculations of the boundary-value problem (BVP) for a systems of
second order ODEs of large dimension with help of KANTBP program using a finite element
method. In practice, for solving the BVPs with the long-range potentials and a large number of
open channels there is a necessity of solving boundary value problems of the large-scale systems
of differential equations that require further investigation of convergence and stability of the
algorithms and programs. With this aim we solve here the eigenvalue problem for an elliptic
differential equation in a two-dimensional domain with Dirichlet boundary conditions. The
solution is sought in the form of Kantorovich expansion over the parametric basis functions of
one of the independent variables with the second variable treated as a parameter. The basis
functions are calculated in an analytical form as solutions of the auxiliary parametric Sturm-
Lioville problem for a second-order ODE. As a result, the two-dimensional problem is reduced
to a boundary-value problem for a set of self-adjoint second-order ODEs for functions of the
second independent variable. The discrete formulation of the problem is implemented using the
finite element method. The efficiency, stability and convergence of the calculation scheme is
shown by benchmark calculations for a triangle membrane with a degenerate spectrum.
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1. Introduction

The solving quantum tunneling problem or calculations of spectral and optical prop-
erties of electronic states in axially symmetric quantum dots and Helium-like atom (sys-
tem of two-electron in the Coulomb field) is reduced to the solution of boundary-value
problems (BVP) for elliptic differential equations with nonseparable variables in a fi-
nite domain [1-3]. One of the ways to solve these problems is implemented as a set of
programs ODPEVP-POTHEA-KANTBP [4-6] basing on the Kantorovich method (KM)
that provides the reduction of the initial problem to a set of self-adjoint second-order
ODEs [7] with further discretization by the finite element method (FEM) [8]. In practice,
for solving problems with the long-range potential and a large number of open channels
there is a necessity of solving boundary value problems of the large-scale systems of the
ODEs that require further investigation of convergence and stability of the algorithms
and programs.

Testing such approach, algorithms and programs for the solution of two-dimensional
BVPs and large-scale systems of the ODFEs is the aim of the present work. We present
a computational scheme for solving the eigenvalue problem for an elliptic differential
equation in a two-dimensional finite domain with Dirichlet boundary conditions. The
solution is sought in the form of Kantorovich expansion over the basis functions of one
of the independent variables with the second variable treated as a parameter. The basis
functions are calculated as a solution of the parametric eigenvalue problem for an ordinary
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second-order differential equation. Finally, the initial problem is reduced to a BVP
for a set of self-adjoint second-order differential equations for functions of the second
independent variable. The discretization of the problems is carried out using the FEM
with Lagrange interpolating polynomials. The result is used to formulate a generalized
algebraic eigenvalue problem for higher-order matrices. We demonstrate the efficiency
of the KANTBP program for solving the boundary-value problem for a systems of the
ODEs of large dimension in benchmark calculations for the exactly solvable eigenvalue
problem of a triangle membrane with the degenerate spectrum.

2. Kantorovich Method

Let us consider the 2D BVP in the two-dimensional domain Q(xf,zs) C R*:

(- = o+ Viese) — B) ey =0, 1)

where V(zf,z,) is a real-valued function and W(zs,xs) satisfies the Dirichlet condition
at the boundary 0Q(x ¢, x5) of the domain Q(z ¢, z;)

U(xys,xs) =0. (2)

(zf,25)€0Qx s ws)

The solution ¥(xf,x,)EWZ(Q) of the BVP (1)-(2) is sought in the form of Kan-
torovich expansion [7]

jlnax
Ui(wp,as) = Y ®j(asms)X5(@s), (3)
j=1
using the set of eigenfunctions of the parametric BVP

32
(<30 + Vo) — () &g =0, (@)
f
defined in the interval zy € (x}“m(xs), z'7¥(z5)) = Q,(z5) and depending on the vari-

able x, € (zM" 2M%%) = ., as a parameter. These functions obey the boundary
conditions

(M (ws)ias) =0, By(a™(ws);25) =0 (5)
at the boundary points {x?in(xs), TP (zs)} = 0Qy, (w5), of the interval Q. (z5).

The eigenfunctions satisfy the orthonormality condition in the same interval z; €
Dy, (z5):
f S
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In Eq. (4) e1(zs) < ... < €j,..(s) < ... 1s the desired set of real-valued eigenval-
ues. If this parametric eigenvalue problem has no analytical solution, then it is solved
numerically using the ODPEVP program [4] or in the case of two variables POTHEA
program [5].

Substituting the expansion (3) into Eq. (1) with Egs. (5) and (6) taken into account,
we arrive at the set of self-adjoint ODEs for the unknown vector functions x*(z,, E) =
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Here U(z,) and Q(xs) are matrices of the dimension jmax X Jmax

Uij(xs) = €i(xs)0i; + Hij(xs), (8)
21 (z,)
H;j(zs) = Hji(zs) = / aq)ig;: Ts) a(pjézj;; ms)d:cf, (9)
P (zs)
2P ()
Qij(xs) = —Qji(xs) = — / ‘E(W;%)def
2R (.)

The solutions of the discrete spectrum E:EBi<Ex<..<E,<... that obey the
boundary conditions at the points z = {z™" z2**} = 90, | bounding the interval Q2 _,

S s

XP(al) =0, ol =o' 2P (10)

and the orthonormality conditions

max
Ts

/ (D ()X () s = 65, (11)

min
Ts

are calculated by means of the KANTBP program [6].

3. Benchmark Calculation: Triangular Membrane

As a benchmark example we consider the exactly solvable BVP for a triangular mem-
brane in conventional variables (zf,z,) € Q(zf, z)

0?2 0?2
<_3$§ - 875? - E) V(xs,xs) =0 (12)

with the Dirichlet conditions at the boundary 0€2(z,y) of the region Q(zf,xs)
U((xg,xs) € 0Nzyf,25)) = 0. (13)

In the considered case the parametric eigenvalue problem (4)-(6) has an exact so-
lution, i.e., the parametric eigenfunctions ®; (zs;z,) and potential curves ¢; (r5) are
expressed in the analytical form

- V2sin (;f@f—m’;"“(rs» )

T mzxx(ws)iwmin(ms)
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With the basis functions (14) the integration in the effective potentials (9) can be
carried out analytically, which yields the expressions

iy (-1t i)
1) s

dx dxg
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In the symmetric case 2**(z,) = —x‘}“in(:ﬂs) the matrix elements H;; and Q;; be-

tween even and odd indexes equal zero and one can solve the BVP for even (e) and odd
(o) solutions separately.

As a domain we chose the equilateral triangle with side equal to 47/3, in this case
the eigenvalues E; = p? +v? + pv = 3,7,7,12,13,13,19,19,21, 21,27, ..., where y,v =
1,2,..., are integer [9].

Case 1, x; is paralleled to a triangle side and x5 belong to a triangle height:

o () = 2m/3 — x5 /V3, J;}nin(ars) = —21/3 4+ x,/V3, x™P =0, P =271/V3.
Case 2, z; is paralleled to a triangle side and x¢ belong to a triangle height:
TP () = 21 /V/3 — V3|, 2PN ) =0, @ =-2m/3, a2 =27/3.

In both cases taking into account the symmetry properties of the equilateral tri-
angle, we apply the FEM for discretization of the BVP (7)—(11) using finite element
grid Q,, = (0(2)3v/4(2)v), v = 2** — 0.002, where the number of finite elements in
each subinterval is presented in parentheses, and Lagrangian interpolation polynomials

of p/ = 12th order, which provides the accuracy O(h? *1) of the vector-eigenfunctions
Xz, E) = xD(xs) = (Xgl)(ms),...,Xg.fjax(:cs))T and O(h?") of the ecigenvalues E;
where h = 3v/8 is the maximal element length [8].

The numerical calculations of eigenvalue problem (7)—(11) were carried out till jiax =
280 using the new version of the program KANTBP 2.0 implemented in Fortran. In Fig. 1
some typical examples of profiles of the eigenfunctions are presented, corresponding to
the exact doubly degenerate eigenvalues ES=FE{=7, E{=E$=13, and Ef=EF{=19.

Achieved the discrepancy dEY = EZ — E; of the order of 107 for the eigenvalues
that is shown in the Table 1. One can see from the table that the convergence rate of
the Kantorovich expansion (3) is the order j.3 , which corresponds to the theoretical
estimations given by the perturbation theory. Similar rate of convergence takes place also
in solving of the parametric 2D BVP for a Helium atom [5] and 2D BVP for quadratic
membrane [10].
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Figure 1. Eigenfunctions ¥(z,y) of bound states of the 2D boundary-value

problem (12), (13) composed by the components X( )(z5) of the eigenfunctions of
the BVP for system of ODEs (7)—(11) and parametric functions ®; (zs;zs) from (14)

Table 1
The discrepancy 0E{ = E7°*° — E?, 0 = e,0, vs a number jm.. of even (e) and odd
(o) basis functions (14) of Kantorovich expansion (3)

Jmax | 0ES OES OES 0ES O0ES, 0EY 0E3 OE?
case 1
2.47(-2)

6 | 1.36(-4) 5.44(-4) 2.45(-3) 1.29(-3) 2.32(-2) | 6.67(-4) 2.59(-3)
13 | 1.37(-5) 5.41(-5) 2.35(-4) 1.22(-4) 2.02(-3) | 7.44(-5) 2.85(-4) 2.35(-3)
28 | 1.39(-6) 5.49(-6) 2.37(-5) 1.22(-5) 1.99(-4) | 7.98(-6) 3.05(-5) 2.44(-4)
60 | 1.42(-7) 5.62(-7) 2.42(-6) 1.25(-6) 2.03(-5)| 8.41(-7) 3.21(-6) 2.56(-5)
130 | 1.41(-8) 5.56(-8) 2.39(-7) 1.23(-7) 2.01(-6) | 8.42(-8) 3.22(-7) 2.56(-6)
8)

280 1.43(-9) 5.54(-9) 2.41(-8) 1.24(-8) 2.05(-7) | 8.56(-9) 3.26(- 2.59(-7)
case 2

6 | 8.69(-4) 8.21(-3) 1.83(-2) 2.43(-2) 0.95 1.13(-3) 8.79(-3) 4.84(-2)
13 1.01(-4) 8.93(-4) 1.79(-3) 2.33(-3) 3.57(-2) | 1.34(-4) 9.97(-4) 3.10(-3)
28 1.13(-5) 9.82(-5) 1.93(-4) 2.52(-4) 3.48(-3) | 1.50(-5) 1.10(-4) 3.27(-4)
60 1.21(-6) 1.05(-5) 2.07(-5) 2.70(-5) 3.65(-4)| 1.62(-6) 1.18(-5) 3.48(-5)
130 1.24(-7) 1.07(-6) 2.10(-6) 2.73(-6) 3.68(-5)| 1.64(-7) 1.20(-6) 3.52(-6)
280 1.29(-8) 1.09(-7) 2.13(-7) 2.78(-7) 3.74(-6) | 1.68(-8) 1.22(-7) 3.58(-7)

exact | ES=3  E§=T E§=12 ES$=13 E$=37 |E{=T E$=13 E9=37

For the number j,.x of the parametric basis functions increased to 280, that requires
more RAM and computer time are needed. The dimension of the mass and stiffness
matrices and their half-width are following: (124 4 1)jmax X (124 + 1)jmax and (12 -
2 + 1D)jmax: 294 x 294 and 150 for jmax = 6, 2940 x 2940 and 1500 for jp,.x = 60,
13720 x 13720 and 7000 for jma.x = 280. The calculation time was about 1 seconds for
Jmax = 6, 15 seconds for j,.x = 60 and 455 seconds for jn.x = 280 in the double precision
of Fortran-77 using the PC Intel Core i5 3.33GHz, 4Gb, 64 bit Windows 7.

4. Conclusion

We show and estimate the rate of convergence of Kantorovich expansion (3) in bench-
mark calculations for the exactly solvable eigenvalue problem of a triangle membrane
with the degenerate spectrum, together with the efficiency and stability of the KANTBP
program for solving the boundary-value problem for systems of the ODEs of a large
dimension.
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The proposed benchmark model can be used for testing of algorithms and programs

for solving the BVPs for systems of the ODEs or generalized algebraic eigenvalue prob-
lems of a large dimension.
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Pentenue kpaeBbix 3aga4d ajist cuctem OJIY 6omabiioit
Pa3MEepPHOCTH: 3TAJIOHHbIE pacdeThl B paMKaX MeTo/ia
KanaToposuya

A. A. Tyces*, O. Uynyyubaarap*, C. 1. Bunnnkuii*,
B. JI. Iep6os?
* O6sedunéHnbLl uHcmumym adeproux uccaedosanul, 2. Jlybra

 Poccutickuti yrusepcumem opyorcbo, napodos, 2. Mockea
Y Capamoscruii zocydapemeeniuid ynueepcumem, 2. Capamos

[IpencraBaenst TaI0HHBIE PACTETHI KpaeBoit 3amaqan st cucteM OY BToporo mopsiaka 601b-
ot pazmepHocTu ¢ nomoinibio nporpamymbl KANTBP ¢ ucnonpzoBannem MeTo1a KOHEIHBIX 1€~
MeHTOB. Ha mpakTuke /Ui peneHus: KpaeBbIX 33/a4 ¢ JAJIbHOAEHCTBYIONIMMHY ITOTEHIINAIAMA U
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6OJIBIIIOrO YUCJIA OTKPBITHIX KAHAJIOB HEOOXOIMMO pelIaTh KpaeBble 3aJ1a4un sl cucteM nudde-
PEHIMABHBIX YPaBHEHUH HGOIBITON Pa3MEPHOCTH, KOTOPbIE TaKyKe TPEOYIOT M3y IeHUsT CXOTUMO-
CTH ¥ YCTORYMBOCTH aaropuTMoB u nporpamm. C 3To# 1esbio B JAHHON paboTe peleHa 3a1ada
Ha COOCTBEHHBIE 3HAYEHU JJIsI JJIANTUIECKOro JuddepeHnaabHoro YpaBHEHUS B JBYMEPHOM
obsacTu ¢ rpaHndHbIME yciaoBusmu Jlupuxie. Permenune wmmmercs B Bume pasnoxkenusi Kanto-
pOBHYA IO APAMETPUIECKUM 0A3UCHBIM (DYHKIUSM OHOM M3 HE3ABHCHUMBIX II€PEMEHHLIX, DU
9TOM BTOpasl He3aBUCHMAasl IIepeMeHHAas PACCMaTPHUBAETCA Kak IapaMeTp. Basucuele dyHKInn
BBIYUCJIAIOTCH B aHAJTUTHYIECKOM BHJIE KaK PEIIeHNUs BCIOMOTaTeIbHON ITapaMeTPUYeCKOi 3a/1a4u
Irypma—/Inysuiis giuss OY Broporo nopsizka. B pesynbrare, aBymepHast 3ajada CBOIMTCS
K KpPaeBoii 3aj1ade IJjisi caMOCOIPsixKEeHHo# cucreMmbl OJIY BTOpPOro mopsiika OTHOCUTEBEHO BTO-
POIi HE3aBUCHMOI IepeMeHHOM. JIucKpeTu3alus 3a/1a4u BBIIIOJIHEHA B PAMKAX METOJA KOHEYHBIX
3J1eMeHTOB. DDDEKTUBHOCTD, YCTONUYMBOCTD U CXOAMMOCTD BBIYHUCIUTEIBHON CXEMBI IIPOJIEMOH-
CTPUPOBAHA STAJOHHBIMU PACYETAMU JJIsi TPEYTOJIbHON MeMOPAHBI ¢ BHIPOXK/IEHHBIM CIEKTPOM.

KuroueBblie cjIoBa: TECTOBBIE PACUETHI, KpaeBas 3aada, cucrembl OLY GombImoit pazmep-
HOCTH, MeTos; KaHTOpOBMYA, METO/, KOHEYHBIX 3JIEMEHTOB
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