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The model of atomic trimers with molecular pair interactions for collinear configuration is
formulated as a 2D boundary-value problem (BVP) in the Jacobi and polar coordinates. The
latter is reduced to a 1D BVP for a system of second-order ordinary differential equations
(ODEs) by means of the Kantorovich method using the expansion of the desired solutions over
a set of angular basis functions, parametrically dependent on the (hyper)radial variable. The
algorithms for solving the 1D parametric BVP by means of the finite element method (FEM)
and calculating the asymptotes of the parametric angular functions and effective potentials of the
system of ODEs at large values of the parameter are presented. The efficiency of the algorithms
is confirmed by comparing the calculated asymptotic solutions and effective potentials with
those of the parametric eigenvalue problem obtained by applying the FEM at large values of the
parameter. The applicability of the algorithms is demonstrated by calculating the asymptotic
expansions of the parametric BVP solution, effective potentials and sets of binding energies for
the beryllium trimer in the collinear configuration.
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1. Introduction

At the present time, the processes of resonance scattering of diatomic molecules by
atoms via three-particle clustering and metastable states, as well as the processes of
dissociation of the molecule induced by collisions with atoms are a subject of intense
theoretical and experimental studies [1-3].

To analyse such processes they use triatomic model systems with the atoms bound by
pair realistic molecular and van-der-Waals potentials, which possess bound and metastable
states in the vicinity of the dissociation threshold of the diatomic molecule. The study
of such models stimulates the development of new methods and symbolic-numerical
algorithms for solving multidimensional boundary value problems with non-separable
variables and the construction of asymptotic states of the scattering problem in a system
of three atoms, based on the Kantorovich method and the finite element method (FEM),
implemented in the problem-oriented software packages [4-9].

The aim of this paper is to formulate the 2D BVPs in the Jacobi and polar coordinates
for the model of an atomic trimer in the collinear configuration and to develop the
algorithms for calculating the asymptotic parametric angular functions and the effective
potentials arising in the Kantorovich method and needed for constructing the asymptotic
states of the triatomic scattering problem. The developed algorithms will be tested by
the example of beryllium atoms trimer model.

The paper is organised as follows. In Section 2 we set the 2D BVP. In Section 3 the
2D BVP is reduced to the 1D BVP for a set of second-order ODEs using the Kantorovich
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method. As an example, the eigenvalues and the hyperradial eigenfunction components
are calculated by means of the Kantorovich method and FEM for the model of beryllium
trimer in the collinear configuration. In Section 4 we present the algorithms for calculating
the asymptotes of the parametric basis functions in polar coordinates at large values of
the parameter (hyperradial variable) and the effective potentials of the system of ODEs.
In Conclusion the results and perspectives are discussed.

2. Setting of the problem

Consider a 2D model of three identical particles with the mass M and the coordinates
z; € RY, i =1,2,3, coupled via the pair potential V (|x; — z;|) i,j = 1,2, 3. Performing
the change of variables at cyclic permutation (o, 3,7) = (1,2, 3):

. . To +x8 — 21, 2
TE=T(ap) T Ta T Eg Y= Yapn T T m $0=ﬁ($1+$2+$3),

we arrive at the Schrodinger equation for the wave function in the center-of-mass system
{.732‘ S R1|1‘1 + 22+ a3 = 0}

(-2 2+ V)~ ) W) =0 1)

In the case of a diatomic molecule with identical nuclei coupled via the pair potential

V(|1 — 22|) and moving in the external potential field V(|x; — x3|), i = 2,1 of the third
atom having the infinite mass, the same equation (1) is valid for the variables

r =T — T2, y:xl—'_xQ;

the origin of the coordinate frame being placed on the infinite-mass atom, x3 = 0.
Here the potential function for a trimer with the pair potentials (below this case is
referred to as Task 2),

(5, @

V() =V (lo)+7 (|
or the potential function for a dimer in the field of barrier potentials (below this case is
referred to as Task 3)

o= (2527 (222 0

is symmetric with respect to the straight line x = 0 (i.e., 1 = x2), which allows one
to consider the solutions of the problem in the half-plane x > 0. Using the Dirichlet or
Neumann boundary condition at x = 0 allows one to obtain the solutions, symmetric
and antisymmetric with respect to the permutation of two particles. If the pair potential
possesses a high maximum in the vicinity of the pair collision point, then the solution of
the problem in the vicinity of z = 0 is exponentially small and can be considered in the
half-plane = > xyi,. In this case setting the Neumann or Dirichlet boundary condition
at Tmin gives only a minor contribution to the solution. The equation, describing the
molecular subsystem (dimer), has the form

(-~ + 37 - )) o) =0 @)

da?
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We assume that the dimer has the discrete spectrum, consisting of a finite number ng> 1
of bound states with the eigenfunctions ¢;(x), j = 1,n¢ and eigenvalues &; = —|&;|< 0,
and the continuous spectrum of eigenvalues € > 0 with the corresponding eigenfunctions
¢z(x). As a rule, the solutions of the discrete and continuum spectra of the BVP for
Eq. (4) can be found only numerically, except simplified models having exact solutions
and used for computer modelling of bimolecular chemical reactions. In certain cases the
eigenfunctions of the continuous spectrum are approximated by the eigenfunctions of
pseudostates of discrete spectrum £; > 0, j = 1 4 ny, ... calculated in sufficiently large
but finite interval [10].

The proposed algorithm is illustrated by the example of the molecular interaction
approximated by the Morse potential of Bey with the reduced mass M/2 = 4.506 Da of
the nuclei [10, 11]

Viz) = Mf/(ac), f/(a:) = D{exp[—2(z — Zeq)] — 2exp[—(x — Teq)r] }. (5)

Here a = 2.96812 A~' is the potential well width, Teqg = 247 A is the average
distance between the nuclei, and D = 1280 K (1 K=0.184766 A=21 A—2=5.412262 K)
is the potential well depth. This potential supports five bound states [12] having the
energies ¢; = (M/h?)é;,i=1,...,n9 = 5 presented in Table 1. The parameter values are
determined from the condition (é5 — &1)/(27hc) = 277.124cm ™1, 1K/(27h ¢)=0.69503476
em™L,

Table 1
The discrete spectrum energies of dimer Bes and the binding energy
E® = —(E — E”) of gerade (g) and ungerade (u) states of trimer Bes counted of
E® =& = —193.06A% = —1044K dimer energy Be; calculated in grid
Q, =4.1(20)7(10)10 at jmax = 10

_Z. EP E?

7 1,9 U
—£,=1044.879 649K | E?  =196.02A~2 = 1060.86K | E} , = 107.52A~2 = 581.90K
—£,=646.157 093K | Ej , =142.37A~2 =77051K | Ef, = 67.41A2 = 364.84K
—£3=342.791 979K | E} , =93.95A72 =50850K | E}, = 34.60A~2 = 187.28K

—£,=134.784305K | E}  =52.77A2 = 285.63K Ej., =11.79A7% = 63.83K
—£5=22.134 073K | B} =3232A"2=174.95K | B, =08A"2=44K
E} , =22.31A72 =120.75K
EY, =5.14A"2 =27.87K

To solve the discrete spectrum problem we applied the FEM of the seventh or-
der using the Hermitian interpolation polynomials with double nodes [9]. The grid
{zo,..., @, ...,x,} was used to calculate the values of both the function and its deriva-
tives.

3. Reduction of the BVP using the Kantorovich method

Using the change of variables x = psinp, y = pcosp, we rewrite Eq. (1) in polar
coordinates (p, @), Q. , = (p € (0,00),¢ € (0,27))

(1881 2

d
—— A —E|V —0. A __ 2
500 0, (¢, p) ) (¢,0) =0, Alp,p) a2 Vig,p), (6
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where for a trimer with pair potentials

V(p,p)=V(plsine|) + V(p|sin(e — 27/3)|) + V(p| sin(p — 47 /3)|), (7)
and for a dimer with pair potential in the external field of barrier potentials:
Ve, p)=V(plsing]) + V*(p|sin(p — 7/4)) + V*(p|sin(p + 7/4)]). (8)

The solution of Eq. (6) is sought in the form of the Kantorovich expansion

Jmax

Ui, (p,p) = Z 6;(21 P) Xt (). (9)

Here x;ji,(p) are unknown functions and the orthogonal normalised angular basis
functions ¢;(¢; p) € L2(£2) in the interval Q = ¢ € (0,27) are defined as eigenfunctions,
corresponding to the eigenvalues of the Sturm-Liouville problem for the equation

2
(Alp, p)=;i(p)) &5(5p) =0, /dw@(w;p)%(% p)=0ij, (10)
0
where €;(p), j =1,... is the set of the real-valued eigenvalues forming a purely discrete

spectrum at each value of the parameter p € (0,+00). For the problems under consid-
eration the potential function V' (g, p) depending on the parameter p can be defined as
follows.

Task 1. The case of one pair potential in the intervals ¢ € (0,2¢,) (poa=n/3, /4 or
7/2) V(. p)=V (psing).

Task 2. The case of three pair potentials, Eq. (7), in the interval ¢ € (0,2p,=m/3).

Task 3. The case of one pair potential and two penetrable or almost impenetrable
barrier potentials, Eq. (8), in the interval ¢ € (0,9, = 7/2) or in the intervals ¢ €
(0,00 =m/4—€) and p € (9o =7/4—€,7/2), 0 < e L /4.

The solutions symmetric with respect to the permutation of two particles satisfy the
Neumann boundary condition at ¢ = 0 and ¢ = 2¢p,. If the pair potential possesses a high
peak in the vicinity of the pair collision point, then the solution of the problem (6) will
be considered in the half-plane Q. , = (p € (Pmin, 20), ¥ € [@min(p), 2¥a — Pmin(p)]) With
the Neumann or Dirichlet boundary condition. Since the potential of the boundary-value
problem (10) is symmetric with respect to ¢ = ¢q, the gerade ¢;(; p) = ¢;(20a — ¢; p)
and ungerade ¢;(p;p) = —@;(2pa — ¢; p) solutions, satisfying the Neumann or the
Dirichlet boundary condition respectively, will be considered separately in the interval
© € [Pmin(p), Pa). The parametric angular basis functions with successive numbers
j=1,...,ng are referred to as cluster states with €;(p) < 0 and those with j > no + 1 as
pseudostates with €;(p) > 0 corresponding to discrete and continuous spectrum of (4) at
large values of the parameter p, respectively.

The system of coupled ODEs in the Kantorovich form has the form

Jmax

1d d . =) E] it (P) + D Wi ()i () = 0, (11)

pdp~dp  p?

Wis(e) = o) + 5 2-pQu(0) + Qo) (12
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Here the potential curves (terms) €;(p) are eigenvalues of the BVP (10) and the effective
potentials Q;;(p) = —Q;i(p), Hij(p) = H;i(p) are given by the integrals calculated using
the above symmetry on reduced intervals ¢ € [0,2¢,]:

2¢q 2¢a

de;(w; p) dei(; p) do; (s p)
Qij(p) = — [ dedi(p; p)——"=, Hj(p) = [ de¢ : . (13)
! O/ dp ! O/ dp dp

For Task 3 the effective potentials Wi;(p) = Wi;(p) + V(p) are sums of Wi;(p),
calculated using the potential curves and the parametric basis functions of Task 1, and
the integrals of barrier potentials V(p) multiplied by the basis functions

Vi(p) = /dw@(@; p) (VP (psin(p — m/4)) + V' (psin(p + 7/4)))b;(¢; ).
0

As an example, we calculated with a required accuracy the parametric basis functions
of BVP (10) and the effective potentials (13) for the models of Bey dimer and Bes trimer
in collinear configuration by means the FEM using the programme ODPEVP [4]. The
results of calculation on the grid ©,[1.8/p,a] = {1.8/p(24)3/p(10)4/p(5)5/p(10)a} for
a = 7/2 for Bey dimer and a = 7/6 for Bes trimer are shown in Figs. 1, 2, and 3.

£(p)

-4000

-8000 1

-12000 -

(b)

Figure 1. The potential curves of Be; (in K, 1IK=0.18A7?), i.e., the energy
eigenvalues depending upon the parameter p (in A): (a) £;(p) and (b) &; = ¢;(p)/p°.
Here j=1,...,10

In the FEM the eigenfunctions ¢(p; p) of the problem (10) are approximated by a
finite sum of local functions Nf () with coefficients ¢'(% ., p) specified in the nodes ¥ ,
of the finite element grid [4]

L
3(wip) = Y _ (8, p) NI (). (14)
=0
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The functions { N} (p)}~_,, L = np, form a basis in the space of polynomials of the p-th
order. After substituting the expansion (14) into the variational functional corresponding
to BVP (10) and minimizing it [13,14] we obtain the generalized eigenvalue problem

APl = "BPo". (15)

Here AP is the stiffness matrix; BP is the positive definite mass matrix; d)h is the
vector approximating the solution on the finite-element grid; and €” is the corresponding
eigenvalue [4]. The required accuracy of the calculated eigenvalues, eigenfunctions and
their derivatives with respect to parameter, and effective potentials is provided by the
estimations given below.

Let €;(p), ¢;(v;p) be the exact solution of (10) and e?, qb? be the numerical solution
of (15). Then for a bounded positively defined operator A(yp;p) the following estimates
are valid [13]

lei(p) — €} < c1h®,

;(;p) — ¢§-‘H0 < bt e >0, ¢ >0, (16)

Somélx
where [[v(g;p)||3 = [ v*(p;p)de; h is the maximal grid step, p is the order of finite
$Ymin
elements, j is the number of the corresponding eigensolution, and the constants ¢; and co
do not depend on the step h. It is necessary to mention that the second estimate of Eq.
(16) is valid also for the solution d¢;(y; p)/0p of the problem [4]

(8. p)es(p) PHEE) — - (DML I8 g0,
27T _ ) (17)
/ it p: p) LLLEL) g;’ 2,
0

This fact guarantees the same accuracy for eigenfunctions and their derivatives within
the present method.

Theorem 1. Let A(yp;p) be a bounded positively defined operator on the finite interval
© € (Pmins Pmax)- Let OV (p,p)/0p be also bounded for each value of the parameter p.
Then for the exact solutions, Oe;(p)/dp, Dp;(p;p)/Op € H?, from (17) and the potential
matriz elements, Q;;(p), Hij(p), from (13), and the corresponding numerical values,

h
86;-‘/8,0, o9 /0p € H, and QF, H:

ii» His, the following estimates are valid [4]

Dej(p)  Oc} 00i(p;p)  OF)

op ap op ap o
Qi (p) — Q| < esh®, |Hij(p) — HY| < csh®,

< e3h?, < egh?

(18)

where h is the mazximal grid step, p is the order of finite elements, i, j are the numbers
of the corresponding solutions, and the constants cs, cq4, c5 and cg do not depend on the
step h.

For this model the eigenvalues and the hyperradial components of 2D eigenfunctions
of the BVP for the set of ODEs (11) with Neumann boundary conditions were calcu-
lated with the required accuracy by means the FEM using the program KANTBP [9].
The discrete energy spectrum of the dimer Bes calculated of the grid €2,(1.8,10) =
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10)10} and the set of binding energies of the trimer Beg calculated of
the grid Q, = 4.1(20)7(10)10 with the eighth-order Lagrange elements (p = 8) are shown
in Table 1, and the components of the trimer eigenfunctions (9) are shown in Fig. 4.
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4.

Algorithms for calculating the asymptotes of parametric

angular basis functions and effective potentials

Algorithm for calculating the cluster parametric angular basis functions and effective
potentials of the lower part of the discrete spectrum

Let us calculate the solution of the Sturm-Liouville problem (10) at large p

(Ap; p)—€j(p)) Dj(w0; )= <

2

aa ——+p°V (psin p)— 51’(:0)) bj (03 p)=0

Using the new variable x’ defined as ¢ = 2’ /p, ' = parcsin(xz/p) we get

(-

In the argument of the potential we add and subtract 2’ and expand the potential in

2

Taylor series in the vicinity of 7/,

V(psin(z'/p)) =

s+ Vipsin(e! o) -

V(z' + Az')) =

gj (P)
P>

)%(w p) =0.
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where the small correction Az’ = psin(z’/p) — 2’ < 1 is presented in the form of Taylor
series
(_1)k m'2k+1

Az’ =
v ;(%4—1)! 2k

Then the Sturm-Liouville problem (19) is reduced to

9?2 V(k‘) .
< 72 TV ')+Z a;(f)>¢j(w’;p)—0,

0
P (22)
wmwmwz/dﬂ@WM%WM=%.

Here first terms V(¥ (') of the asymptotic expansion of V (psin(z’/p)) read as

V(l)(a:/):_$6/3d‘(;(vgn’)7
Vs gf;z (5 e EQ 2 da(c’ )>’ (23
V(B)(x’)=—45x;60 (35:1:’2 di:;g: )+63x,d2£§§/)+9d‘(/1g/)) | )
v 542;200<75 /3d4dx( L0 ’2d:;( ) 43692 de ) 115 d; ))'

Note that k!V(¥)(z') are the derivatives of the potential of the BVP (22) with respect
to the parameter p~2. So, we apply the modified version of the program ODPEVP for
calculating the parameter derivatives of the solution up to the given order to determine
the asymptotic expansion of the cluster eigenfunctions and eigenvalues.

In the framework of FEM using similar expansions (14) we reduce the eigenvalue
problem on the given finite-element grid Qg (a! ;. , %) in the finite interval 2’ €

(@] ins xmax) to a generalized eigenvalue algebraic problem with respect to the eigenvalues
A e {) } -, and the corresponding eigenvectors c(p) = {(ci(p)); }J , of the order L. In
the con51dered example €,(1.8,10) = {1.8(24)3(10)4(5)5(10)10} with Lagrange elements
of the eighth order NPOL:p:S (the numbers of elements between the nodes given in
parentheses), providing the accuracy O(h?P) for the eigenvalues and O(hP*1) ~ 1078 for
the eigenfunctions, h being the maximal grid step. L equals the number of grid nodes,
which in the considered example was L = 393.

Alp)e(p) — clp) BA(p) =0, (24)
(c(p))" Be(p) = 1. (25)
Here the matrix A(p) is presented in the form of inverse power series

rnax

—2k
= A© 4 Z L E—a®. (26)
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We choose as unperturbed the matrix operator A(©) corresponding to the differential
2
one, —% + V(2'), and numerically solve the corresponding algebraic problem

AOLO) OB — g OT RO =1, (27)

The solution A(p), ¢(p) is sought in the form of inverse power series

max max

—2k
P o), (28)

N 0 :

k
_ (0
Ap)=A;"(p) + y
k=1 k=1

The substitution of Eq. (28) into Eq. (22) leads to the system of inhomogeneous
algebraic equations for the corrections A*) and ¢(*):

(AOH) — 3O Bk 4 (AR _ B B0y — .
=l
— : k—n n n) (k—n —
by = Z W(BC( INR) — Aty ) =0, (29)

—n)!

A0 = OPAQ gy _ MO

T ork T Ork

Differentiating the normalization condition (25), we obtain additional conditions for
the corrections c(F):

k—1
0T (k) — k) _ L K T p ()
c B = Fy = 2Zn!(k—n)!c Bel.

n—=

Multiplying (29) by O and taking the zero values of the first term and the nor-

malization condition into account, we get the formula for the corrections A*) of the
eigenvalues:

AR — O gk (0) _ c(O)Tb(k). (30)
The vector ¢(¥) is calculated by solving the system of algebraic equations

Kok = 40) k) _ \0) gok) — p(k)
k

k!
b(k) = — 7(/1(")0(1‘3_”) _ )\(H)Bc(k—n)),
; nl(k —n)! (31)
k
ST
= nl(k - n)!

where the latter equation is a result of differentiation of the normalization condition.

Since A(9) is an eigenvalue of (27), the matrix K in Eq. (31) is degenerate. In this
case the algorithm for solving Eq. (31) can be written in three steps as follows:

Step k1. Calculate the solutions v®) and w of the auxiliary inhomogeneous systems
of algebraic equations

Ko =p®) Ky =d (32)
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with the non-degenerate matrix K and the right-hand sides b*) and d

&, :{ Kij, (i_S)(i_g £0,

51']'7 (Z._S)(._ :07
_ (k) . ;
b(k):{bj , ‘]-758, dj:{K]S’ J#&
J O, ] =S, 07 J =S5,

where s is the number of vector ¢(?) element having the maximal absolute value.

Step k2. Evaluate the coefficient v(*)

S p .
+® = —ﬁ, 1 =o®7 Oy = T, (33)
Cs ™ — 72

Step k3. Evaluate the vector cg-k)

=] it

c: 34
’ 7k, j=s. (34

The execution of the above procedure yields the required asymptotic expansion for
the eigenvalues

max

6;’/)(;) 0 (p) + ZP 2k€§k) A(0 () + Z p2
k=1

- (35)

and the corresponding expansion of the eigenfunctions in the nodes z; of the given grid

kmax —2k

6;(z'5;p) = () prk, (c®),5.

Following Eq. (14) we present it in the form of a piecewise-polynomial function

p x/ _ x/
¢'(x/ c [1'/ ¢ i A (36)
j pk, L p(k+1 J pk+p’7p r_
// 0 p”;ﬁp’ xp’ xp”

We calculate the discrete spectrum solutions ¢;(¢; p) of the problem (19) on the grid
©; = x,/p, related to the solutions ¢;(z’;; p) of the problem (20) as

bi (i = xi/pip) = /pd; (23 p).

The corresponding piecewise-polynomial functions are

bi (i € [Ppk, per)]: P)T=0;(pi=x7/p € [ v/ P, &' 1)/ P)i p) =
p p o—or p p op—z'
Z G5 (Ppk+p's P) H fp”: Z 05 (Ppk+p'i P) H =
=0 p//:() QOp Sop p’=0 p//:() p p
p//#p/ p//#pl
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P P pp—at,
=0 bippin) [ =
p’:() p//:O p, P”
p’'#p’
P Emae _of p —x

p PP—1T)y,
=Vry ((C(O))iﬁ > e (C(k))m) II - (37)

p’=0 k=1 ’ p''=0 p’ p"’

p"'#p’

The nodes 7, in Eq. (37) are the same as in Eq. (36).

The calculation of the matrix elements is similar to the derivation of Newton-Cotes
formulae [15]. In each of the subintervals of the nonuniform finite element mesh the
calculated values of functions and their derivatives are approximated, in the considered
case of Q,[1.8/p,10/p] = {1.8/p(24)3/p(10)4/p(5)5/p(10)10/p} by a Lagrange polynomial
of the order p = 8, which provides the same relative accuracy of O(h?*1). The obtained
approximations of functions are polynomials of ¢, explicitly depending on p. By analytical
differentiation of Eq. (37) with respect to the parameter we arrive at the explicit

expansion of the derivative W. Integrating the products of functions ¢;(¢; p) and/or

their parametric derivatives in each subinterval of the length h; = ¢,;41) — p: of the
nonuniform finite element mesh €2, and summing the obtained results, we get the required

asymptotic expansion of matrix elements (13) for cluster states, i, =1,...,ng:
krn,az (2k—1) kmaz (Zk)
Qv "
=1 P =1 P

(
J
(35) and the coefficients H ](f) of the expansion (38) at i = j are presented in Table 2, and
the first coefficients of the expansions (38) are

For the beryllium trimer in collinear configuration, the coefficients € *) of the expansion

0 10.3201 —3.81790 1.83170 —.903311

~10.3201 0 122419 —5.54402  2.68986
QY = 381790 -12.2419 0 11.5096 —5.30745 |,
~1.83170  5.54402 —11.5096 0 7.99437
0.903311 —2.68986  5.30745 —7.99437 0
0 19.6114 —3.63427 158099 —6.31271
~19.6114 0 322355 —12.5531  22.0625
QY = 363127 —32.2355 0 520431 -53.8134 |,
~1.58999  12.5531 —52.0431 0 105.275
6.31271 —22.0625  53.8134 —105.275 0
0 682366 —6.68774 —14.8770  128.505
—68.2366 0  91.6918  27.6600 —356.227
QY = 668774 —91.6918 0 68.9065 595.104 |,
14.8770  —27.6600 —68.9065 0 —523.035

—128.505  356.227 —595.104  523.035 0
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127.981 —67.2820 —85.3811  73.3913 —44.4889
—67.2820  317.556 —161.487 —40.5195  46.8714
HY =| -85.3811 —161.487 408505 —231.091  45.2520
73.3913 —40.5195 —231.091  385.919 —215.798
—44.4889  46.8714 452520 —215.798  223.511
414479 —142.333 —526.641  464.604 —624.169
~142.333  1204.00 —420.171 -812.366  1119.09
HYY = | —526.641 —420171  2009.09 —947.285 —464.551
464.604 —812.366 —947.285  3041.77 —2605.05
—624.169  1119.09 —464.551 —2605.05  5091.16
191247 —670.689 —2112.77  815.251  4153.61
—670.689  5431.40 —1689.40 —3295.46 —646.435
HY = | —2112.77 —1689.40 848251 —2016.27 —12077.1
815.251 —3205.46 —2016.27  10047.9  12431.9
4153.61 —646.435 —12077.1 124319 —664.074

The convergence of the expansion (35) to the numerical values (NUM) is presented in
Table 3. One can see that the first six terms of the asymptotic expansion provide the
accuracy of 11 significant digits.

Remark 1. The effective potentials E§1)+H§?):(1/4)p_2 (presented, e.g., in the
last line of Table 2) lead to the asymptotic cluster fundamental solutions of the ODEs
(11), determined by the Bessel functions J /5(y/—E+€;p), j=1,...,n0, while for pseu-

dostates the asymptotic fundamental solutions of the ODEs are J,,, (v E p) with the integer
m=(j—no)=1,2,....

Algorithm for calculating the parametric angular functions of pseudostates and the
effective potentials

The eigenfunctions of pseudostates €;(p) > 0, (j —no) = 1,2, ..., are localised beyond
the potential well. Then the (ng — 1)-th node is located at the boundary of the potential

well. Here and below we consider the case of ¢, = 7/2 for the atomic dimer illustrated
by Fig. 5.

1 0.1
i
=t s 10105
e QU
= b
& 0 S o
o
-05 =~
-0.05
-1
0 /4 =
T 0 T 0.02 0.03 ® 0.04 0.05

Figure 5. Eigenfunctions ¢;(p; p) corresponding to the eigenvalues ¢;(p) > 0 of the
gerade (g) pseudostates j=n+1=6,...,10 at p =100

From this fact the estimate of the eigenvalues for pseudostates ;(p) & (j —ng)? follows,
namely, the eigenvalues of the corresponding BVPs (22) in new variable 2/, ¢; = £;(p)/p?,
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will be a small quantity (see Fig. 1b). So, the solution €,(p) (e, = en(p)/p?) of the
derived equation is sought in the form of a power series at n/p < 1

kmax 8(k)
ealp) =+ D (39)
k=1

Then the numerical values of the function B(y;;p) = B(x}) and its derivative
B'(pi; p) = pB'(z}) on the specified grid Q, = {1 = ¢o,..., i =xi/p,...,on =@} in
the polar system of coordinates are determlned via the values of the function B(z;) and
its derivative B'(x;) on the grid Q,/{z] = z¢,..., 7, ..., 2y = 2.}, found with the same
accuracy accepted in the FEM scheme chosen above in the form of the power series of
the small parameter €,,:

maxB(k) e rnaxb(/c) [N
=B+ ) a0 3G g
k=1

using the Runge—Kutta method, in which the all terms contain the power kpya.x + 1 of
1/p and the higher ones are neglected. The expansion coefficients B(k) = (k) (x}) and

(k) = b(k)( 1), calculated at the grid nodes  for the BVP (22) with the potentlal V(z')
defined in Eq. (5) are presented in Fig. 6.

e 1 3) , A10
. 02 ———B 10 ....... b(,1012
™ o : T - b(4,) 10
o 7 (5). = =12
-0.21 ---b,10
T ———
> V (0) 4 o8
-0.81 A —b, 10
10
1 ; -—-b%10
_] v

Figure 6. Expansion coefficients Bfk) (5%1), cee e;’“)) and bgk) (6»21), e ,65{”), k=0,2,3,4,5,
n =1 with ¢ given by Eq. (44) calculated at the nodes z; of the grid Q-

One can see that in the vicinity of the potential well the corrections to the eigenfunctions

are small, and at large 2’ they become essential. The coefficient bgo), the derivative of
the wave function with £, = 0, exponentially tends to a constant for z > 5.5. From
these observations the condition for choosing x. follows. However, to avoid analytical
calculations of the exponential terms in the effective potentials (13) between the weakly
bound cluster states and pseudostates, it is sufficient to choose z. = 10.

The interval ¢y < ¢ < 7/2 is divided into two subintervals by the point ¢, = x./p:
wo < ¢ < . and /2 > ¢ > .. In the calculations the point z. was chosen from the
condition |V (x > x.)| < €, where ¢ is a preassigned number, and the left-hand boundary
of the interval ¢y = 0. In the case of a high barrier, at the pair collision point, when the
eigenfunctions in its vicinity are close to zero, the left boundary of the interval changes,
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o = xo/p > 0. The eigenfunctions ¢;(y; p) are calculated in the form
40 A;(p)Bj(p; p); wo < ¢
(g5 p0) = cos
: Cilp) 2 {5} (VEI e —7/2) e <o
w/2
2 [ doton(ein)? =1
Yo

Here A;(p) and Cj(p) are the normalisation factors, and B(yp;p) is determined from
the numerical solution B(x) in Cartesian coordinates using the transformation ¢ = z/p.
From the continuity of the eigenfunctions and their derivatives,

bn(pe — 0;p) = ¢dn(pe +0;p),

dgy, .y den ' (42)
4 (pe = 05p) = 0 (we +0;p),
we get the equation for the eigenvalue &, (p):
tan(VanPlge-5)  evenn | VElp)
—cot(y/en(p)(pe—%)) oddn R ’ (43)

_ B (¢e;p) _pBj ()

R Bn(pe;p)  Bn(ze)

Substitute (40) into (43), and then substitute (39) into the resulting equation. Ex-
panding both sides of the equation in inverse powers of p, we arrive at the system of linear
equations, from which the expansion coefficients 6%’“), and then the coefficients A4, (p) and
Crn(p) are determined.

Since the values of the function B, (¢;p) and its derivative B, (¢; p) on the grid Q,
are known, for the calculation of the first integral we use the quadrature formula of the
Newton-Cotes type. The second integral is calculated analytically using the expansion
(39). We have the analytical expression in the interval ¢.(p) < ¢ < 7/2, and the explicit
dependence of its values upon the parameter p on the grid €2,. For the considered

potential (5) we get the asymptotes of the g and u potential curves at n = j — ng for
n/p<1:

klnax (k)
5
en(p)=n’+ E ;T; for g-parity at odd n, or u-parity at even n. (44)
k=1

The first terms of these expansions are expressed as

e(N=4.4862257n%, £(2)=15.094666n2,
e(3)=_88.164324n2+0.2988408n", &D=—-770.50344n>+3.3516683n",
e(5)=_13803.854n2+162.14850n* —0.2922734n5,

e(0)=_68926.763n2+1584.0782n* —4.4329308n°.

The calculated eigenvalues in comparison with the numerical solution obtained by
means of the program ODPEVP [4] are presented in Table 4.
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Table 4
Convergence of the expansion (44) at p=50 and the numerical results (NUM)

gerade (g-parity)
n 1 3 ) 7
n? | 1.000000 9.00000 25.00000  49.00000

+eM /p 1.089724  9.80752  27.24311  53.39650
+e/p? | 1.005762  9.86186  27.39405 53.69235
+e® /08 | 1005050 9.85570  27.37792  53.66353
(4) /p* | 1.094936  9.85464  27.37517 53.65878
5{”’) /p° | 1004803  0.85428  27.37437 53.65775

+€$L6)/p6 1.094888  9.85425  27.37432 53.65774
(NUM) | 1.094887  9.85424  27.37431 53.65776

ungerade (u-parity)

n 2 4 6 8
n? [ 4.000000 16.00000 36.000000  64.0000

+el/p | 4.358898 17.43559 39.230082  69.7423
+elP/p? | 4.383049 17.53219 39.447445  70.1287
(3) /p% | 4.380266 17.52152 39.425152  70.0934
%4) Jpt | 4.379781 17.51968 39.421409  70.0877
+s£?) /p° | 4.379613 17.51911 39.420448  70.0868

+el® /08 | 4.379597 17.51906  39.420407  70.0868
(NUM) | 4.379592 17.51905 39.420408  70.0869

The described algorithm is implemented in the Maple-Fortran environment. The
asymptotic expansions, obtained using it at p = 50, coincide with the numerical solution
given by the finite element method to 5—6 significant digits for the eigenvalues and to 4-5
significant digits for the eigenfunctions. The asymptotes of the effective potentials (13)
between the states n; =i — ng and ny = j — ng of the same (g or u) parity at ng = 5,
i,j=mno+1,... for n/p < 1 have the form:

s 5 (K+2) B pr(+4)
Qnins (P)= Z k1+22 ) Hn1n2(p>zz pk1+: . (45)
k=0

First terms of these expansions read as

nina2 nin2

@) 92431198 112 _ =5.0315554 A2
Ursna (nf—n3)’ i (nf—n3)’
2 2
QW _188.67822"A"2 L 0.994137 2 (M),
(ni—n3) (nf—n3)
2 2
HO, —10.06311 1020 ) - pe) s 14538w+69 93509m1ns,
v (n{—n3)? v (ni—n3)?

3,3
H®) ——1642. 273”1”2(”1+”2) +8.044 2,
n

—_— +476.762n1n9
e (nl_n2> ( ny )?
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HW  =0.6289444+2.0691442n2,  H() =2.8215867+79.217746n2,

nini nini
H®), = —102.642068 + 138.328874n? + 0.826991n1.
Using Eq. (35) and Eq. (41), we get the asymptotic expansions for Qi (p) and H;,(p)
between the cluster states i=1,...,ng and pseudostates n—ng=1,2,..., for n/p<1
Emax ~(k-+5/2) Emax 77(k+7/2)
Qin Hin
Qin(p)= ~kt5/2 Hin(p)= Z kt7/2 0 (46)
k=0 P k=0 P

The first terms of these expansions read as

/2~ _0.428911n, Q\7/P=-1.443145n, Q\%/?=—25.01600n+0.183791n?,
C/D_ 12730000, QL/P=+4.286254n, Q= 75.66328n—0.546657n°,
O/ 94975110, Q\/P=-8.403301n, Q\/?=—152.3919n+1.075421n°,
/D 3668834n, Q\7/P=+12.34441n, Q/P= 231.9007n—1.599005n°,
82— 1.008659n, QL/P=—13.79066n, Q% =—247.9253n+2.018873n%,
HP= 22530060, H/?=+77.24936n, H{'/?=1551.8678n—9.835892n%,
H{/P=—2657543n, HY/?=-93.70381n, H'/?=_2203.032n+11.89657n°,
H{/P=—12.19800n, HY/?=-32.64199n, H{''?=262.11512n+4.400493n%,
HP= 85.06821n, H\”/?=4273.8820n, H.'/?=4387.8346n—35.91925n%,
H/P=_120.4823n, H/P=_391.5948n, H{'*?=_8001.428n+54.83111n°.

5. Conclusion

The model for beryllium trimer in collinear configuration is formulated as a 2D
boundary-value problem for the Schrédinger equation in polar coordinates. This problem
is reduced using the Kantorovich expansions to the boundary-value problem for a set
of second-order ordinary differential equations. The symbolic-numeric algorithms are
proposed and implemented in Maple to evaluate the asymptotic expansions (35), (38), (45)
and (46) of the parametric BVP eigensolutions and the effective potentials W;;(p) in inverse
powers of p. It can be used for calculation of the asymptotes of the fundamental solutions
of the system of second-order ODEs at large values of p [10] and construction of asymptotic
states of three atomic scatterring problem. The proposed approach can be applied to the
further analysis of quantum transparency effect [10,11], quantum diffusion [16-18] and
the resonance scattering in triatomic systems using modern theoretical and experimental
results [19-21] and algorithms and programs [4-9].
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VK 519.632.4
AJsropuTmbl perlieHusi KpaeBbIX 3a/a4 JJIsi aTOMHBIX TPUMEPOB B
KoJIJIMHeapHoil KoHdurypanuu merogom KanTopoBuya

A. A. I'yces*, O. Yynyyn6aarap*’, C. 1. Buannkwnmii*,
B. JI. Iep6os®

* O6sedunénnvill uncmumym adeprur ucciedosanut, 2. Aybna, Poccus
T Mnemumym mamemamuruy, Monzoavcruts 2ocydapemesennuid yrusepcumem, Yaan-Bamop,
Morezoaus,
¥ Poccutickus yrusepcumem dpyotcovl napodos, Mockea, Poccus

§ Capamosckuii zocydapemeermoni ynusepcumem, 2. Capamos, Poccus

Moeb aTOMHBIX TPUMEPOB C MAPHBIMU MOJIEKYJISIPHBIMHU B3aNMOICHCTBUSIMHI B KOJIJTMHEAPHO
KoHbUrypanun HGopMyIupyeTcs B BUJIe JBYMEPHON KpaeBO# 3aJa4Mn B IKOOMEBCKUX IOJIIPHBIX
koopauHaTrax. Ilocnenusasa ceogurca MerogoMm KaHTOpoBHYa K OJHOMEPHOI KpaeBoil 3ajade I
cuctembl OJLY BTOpOro mopsijka, UCIOIb3Ys PA3I0KEHNE NCKOMOT'O PEIIeHHs IO YIJIOBBIM Oa3uc-
HBIM (DYHKIUSIM, 3aBUCSIIUM OT THIIEpPaJuyca, Kak oT mapaMmerpa. [Ipeacrapiensl aaropurmol
pellleHusl MapaMeTPUIeCKOU KpaeBOoM 3aladdl MeTOJOM KOHEUHBIX 3JIEMEHTOB W BBIUHCJICHUS
ACHMIITOTUYECKUX PA3JIOKEHUN TapaMEeTPUIECKUX YIJIOBBIX O0a3UCHBIX DYHKIMHA U 3PDEKTUBHBIX
norenruaaos cucrembl O/1Y mpu Goabmux 3HaYeHUIX TapaMeTpa. DPHOEKTUBHOCTD AJTOPUT-
MOB TIOATBEPIK/IACTCSI CPABHEHNEM ACHMITOTUYIECKUX PEIICHUI MapaMeTPUIeCKOi 3a1adu Ha
coOCTBEeHHBIE 3HAUYECHUS U 3(DHEKTUBHBIX TOTEHIINAIOB C UX YUCIEHHBIMU 3HAYUEHUSAMH, IIOJIY-
YEeHHBIX METO/IOM KOHEYHBIX 9JIEMEHTOB IIPU OOJIBIINX 3HAYEHUAX mapamerpa. [IpumeHnmocTs
AJITOPUTMOB JIEMOHCTPUPYIOTCS HA IPUMEPE PACIETOB ACUMITOTUYIECKUX PA3JIOKEHUI PeIeHuit
ITapaMeTPUYIecKoil KpaeBoi 3a7a4u U 3(PDEKTUBHBIX ITOTEHIINAIOB, 1 COOCTBEHHBIX 3HAUEHUI
SHEPIUH CBS3U TPHUMepa OepujuInst B KOJUIMHEAPHOH KOHMUIYPAIIUN.

KuaroueBrnle cioBa: Kpaesble 33124, Mero Kanroposnya, cucremsr OJIY BToporo nopsyika,
MeTO/J] KOHEUHBIX JIEMEHTOB
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