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Abstract We briefly review the analysis of the energy spectrum, the envelope eigen-
functions of electron, hole and exciton states, and the direct interband light absorp-
tion in cone-shaped and spheroidal impenetrable quantum dots. We apply high-order
finite element method and calculation schemes of Kantorovich method in comparison
with the adiabatic approximation (in the strong size quantization limit) for solving
boundary-value problems that describe axially symmetric quantum dots. We demon-
strate the efficiency of the algorithms and software by benchmark calculations of
spectral and optical characteristics of the cone-shaped and spheroidal quantum dots
and crossing points in their spectra.
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11.1 Introduction

The study of spectral and optical characteristics of quantum wells, wires and dots
with complicated geometry is an urgent problem of both computational and theoret-
ical physics. To solve boundary-value problems (BPVs) that describe corresponding
mathematical models, they commonly use finite-difference and variational meth-
ods [1], finite element method (FEM) [2-7], Kantorovich method (KM)-reduction
to ordinary differential equations(ODEs) [8—14], known in physics as adiabatic
method [15], and adapted in the field [16-21].

In this paper, we present a brief review of application of high-order FEM calcu-
lation schemes implemented on unstructured grids with triangle elements [4, 5] and
KM for solving the BVPs that describe spectral and optical characteristics of cone-
shaped and spheroidal quantum dots and crossing points in their spectra fo obtain
independent estimates of the applicability range and accuracy of conventional adi-
abatic approximation (AA) (in the strong size quantization limit), i.e., a diagonal
set of the KM-ODEs developed early by our team. We discuss the application of
these methods and appropriate software to the calculation of the energy spectra of
electron, hole and exciton states the direct interband light absorption and the light
absorption coefficient in ensembles of non-interacting cone-shaped and spheroidal
impenetrable quantum dots (QDs).

The paper is organized as follows. In Sect. 11.2 we set the boundary value problem.
Section 11.3 presents the basis equations of the Kantorovich method. In Sect. 11.4
we describe the numerical calculations of the energy spectrum of the QDs. Section
11.5 is devoted to the adiabatic approximation. In Sect. 11.6 we give examples of
the interband absorption in QDs. In Conclusions we resume the results and discuss
the prospects.

11.2 Setting the Problem

Within the effective mass approximation we consider a class of QD models in which
the calculation of energy levels and corresponding envelope eigenfunctions is reduced
to self-adjoint BVPs for elliptic differential equations [2]

1 & oo 0
ij=1""

(H=E) ¥ (x) = (—

80
We assume that go(x) > 0, g;i(x) = g;;(x) and V(x) are real-valued functions,
continuous together with their generalized derivatives to a given order in the domain
x € Q = QU O with the piecewise continuous boundary § = 9%, which provides
the existence of a nontrivial solution obeying the mixed boundary conditions (BCs)
of the first (I) and/or the second kind (II), i.e., Dirichlet and/or Neumann conditions:



11 Crossing Points in Spectra and Light Absorption in Spheroidal ... 131

0\I—'(x) OLIJ, (x)

(D)W (x)ls =0, () 0

= Z(n &1)8ij (x) . (11.2)

0V, (x)
ij=1 J

0z

where ag,(x) is the derivative along the conormal direction, 7 is the outer normal

to the boundary of the domain S = 02, ¢; is the unit vector of x = Z?:I eiXi,
and (7, &;) is the scalar product in R?. The eigenfunctions ¥, (x) from the Sobolev
space H§>1 (), ¥;(x) e H;zl (£2), corresponding to the real eigenvalues of energy
spectrum £:£,<&6,<... <& <... satisfy the orthonormality conditions

(W, ()| ¥y (x)) = /dxgo(x)\l-’,(x)\ll,/(x) =0y, dx =dxy..dx;. (11.3)
Q

We solve this problem using high-accuracy finite element schemes, implemented in
the appropriate algorithms and programs [4, 5].

11.3 Kantorovich Method

The axially symmetric solutions of the BVP (11.1)—(11.3) at d = 3, periodical with
respect to the azimuthal angle ¢, are sought in the form of a product W, (x ¢, x;, ) =
W9 (xy, xg)eime / m, wherem = 0, =1, &2, ... is the magnetic quantum number
and divided into even (0 = +1) and odd (¢ = —1) reflection parity ones, or marked
o =0, i.e., without parity separation. The function W;"(x s, x,) is solution of the
BVP (11.1)—(11.3) at d = 2 and satisfies the equation in the 2D domain Q:

Q= Qxf (-xs)UQxxCRz\{O}» Qxf(-xs) = (x}nin(xs), xlrfna)((xs))’ S-Z.)cx (xmm xmaX):

(ACes, x)=2E ) WP (g, x) =0, AGxp 20 = HyGreps x)+Aaepi x). (11.4)

The Hamiltonian of the slow subsystem ﬁz (x7; x4) is expressed as

N . 1 1o} 0
Hy(xg; x5) = Ha(xf; x5) = — maxégzv(x) +V(Xf7 xg), (1L5)

and the Hamiltonian of the fast subsystem H (x r3 Xs) is expressed through the
reduced Hamiltonian H r(xr; xs) and the weighting factor g3, (xf; x,):

Hy(xps xg) = g3, Gops ) Hyp (x5 %), (11.6)

. 0
Hp(xp;xg) =

0
+V () +Vis(xss xg).
glf(xf)axfng( f) )+ Vis(xy
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Fig. 11.1 Contour lines of the first five even-parity wave functions o = +1 at m = 0 in the xz
plane of an oblate SQD with the major semiaxis a = 2.5 and different values of the minor semiaxis
¢ (Cea = c/a € (1/5,1)). Arrows indicate the shape transformations of the eigenfunctions when
passing through the exact crossing points of pairs of eigenvalues
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The choice of fast variable x s (or slow variable x;), as well as the interaction poten-
tials, is determined by the QD geometry and construction. The separation of Hamil-
tonian (11.4) into two Hamiltonians (11.5) and (11.6) with partial derivatives with
respect to independent slow variable x; and fast variable x  is possible, when one of
the QD dimensions is small compared to the other ones. Then the size quantization
in the direction x ¢ (x,) turns to be much stronger (weaker) compared to that in other
directions. This feature allows using adiabatic or diagonal Kantorovich approxima-
tion in the strong size quantization limit to estimate the lower-energy part of the
QD spectrum. Note, for a convergence of the KM it is sufficient if the Hamiltonian
of the fast subsystem has a pure discrete spectrum, while an appropriate choice of
the fast and slow variables and parametric basis provides a more high rate of the
convergence.
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Table 11.1 The values of conditionally fast x s and slow x, independent variables, coefficients
8is(xf3 %5), gjr(xp), and potentials Vy(xf), Vi(xf; x5), Vys(xs, x,), in Eqgs. (11.4)~(11.6) for
OCQD and PCQD, or SQD, OSQD and PSQD in cylindrical (CC) and spherical (SC) coordinates,
and oblate & prolate spheroidal (OSC & PSC) coordinates with (f/2)? = #(a*>—c?), + for OSC,
— for PSC, f is a focal distance, a and ¢ are semiaxes

CcC SC OSC & PSC
0CQD/OSQD | PCQD/PSQD | SQD 0SQD & PSQD
xf z P U U
Xs p z r 13
go(xy; x5) p p r? f1DE £
g1r(xy) 1 p 1 1
g2r(xy) 1 p 1—7? 1—n?
g1s(xy xy) p 1 r? g0
82 (xs) p 1 r? &+
835 (xf x) 1 1 r? 20
\V/f(x}c) 0 m2p2 ngzf ngzf
Vi(x s xs) m?p? 0 0 Fm2(gogas)
Vis(eps %) V(. p) V(p.2) V) V(E )

Table 11.1 contains the values of conditionally fast x; and slow x, indepen-
dent variables, the coefficients go(x r; x;), 815 (X 3 X)), 825 (X5), 835 (X 3 X)), 17 (X p),
g27(xr), and the reduced potentials ‘V/f (xr), \Z(xf; Xg), ‘v/_fs (xs, xy), entering Egs.
(11.4)—(11.6) for QDs: spherical SQD, oblate and prolate spheroidal OSQD and
PSQD or cone-shaped OCQD and PCQD in cylindrical coordinates (CC) (x =
(z, p, ©)), spherical coordinates (SC) (x = (r, 7 = cosf, ¢)), and oblate/prolate
spheroidal (x = (&, 1, ¢)) coordinates [22].

In Table 11.1 for the considered QDs with impenetrable walls the potentials st =
0 are zero, since the potential is reformulated below in the form of BCs with respect
to the variables x ; and x,. The solution W;"? (x s, x,) of the problem (11.4)—(11.6) is
sought in the form of KM expansion [17]

Jmax

W Cep ) = )0 T @G (), (11.7)

using as a set of trial functions the eigenfunctions @' (x; x,) of the Hamiltonian
ﬁf (xs; xg) from (11.6), i.e., the solutions of the parametric BVP

{1y epsx) = Do} @760 =0, (11.8)

in the interval x; € Q. (xy) depending on the conditionally slow variable x; € €2,
as a parameter. These solutions obey the boundary conditions



134 V. L. Derbov et al.

d®T7(xy: xg)

lim (N (x,
im <f (xs)82¢(x ) ix,

+ DU (x) @7 (xf; x5)) =0 (11.9
e v ()P (xy )) (11.9)
at the boundary points {x}m“ (xy), x}nax (x5)} = 0%, (x;), of the interval 2, (x;). In
Eq. (11.9), N}’"”) (x) = N}m") , D}""’) (x) = D}m”) , unless specially declared, are
determined by the relations N(-"m) =1, D(’"”) =0atm=0,0 =41, (orato =0,

i.e., without parity separation), N/ (mo) — 0, D(m”) latm =0,0 = —1 or at m#0.
The eigenfunctions satisfy the orthonormallty condition in the same interval:

X (xy)
(l|]) = (q)?mm);'-w) = f @T”(Xf; xS)QDSfm(xf; xx)glf(xf)dxf = 5,'.]'. (1110)
x;ﬂu(xl‘_)

Here :\1 (x)<... <X imae (Xs)< ... 1s the desired set of real-valued eigenvalues. The
corresponding set of potential curves of Eqs. (11.6) is determined by the condi-
tion 2E;(x,) = g;xl (xr; xs)j\j (x5). The solutions of the problem (11.8)—(11.10) are
calculated in the analytical form [18, 20], or by the program ODPEVP [12].

Substituting the expansion (11.7) into Eq. (11.4) in consideration of (11.8)
and (11.10), we get a set of ODEs with respect to unknown x®(x,)=
@), X )T

S (il e w0 Gepox) = 2B D)) =0, (LD

where the matrix elements read as

. 81s(Xg)
ljd g2s(-xs) <l‘(8}s( D

“ d d s (Xs ij\Xs
< ilg1s (e V()1 > +g2s () [wij(xs>+Qij<xs> . ]*W’

(ilg1sCops 20 A Gy 201 7) = =63 TEVIES!

(11.12)

Here W;; (x,), and Q;; (xy), (i|g15(x;)|j) and etc. are given by integrals

(1)
(ilg1s (xs)1j) = / 817 (xp) @ (xp; x9)g1s (x g3 x) T (e ps xg)dxy,  (11.13)
X ()

xR (xg)
Wij(xs) = Wji(xs) = / g1f(xy)

X}‘i"(xs)

0P (x 73 Xs) 0‘1)70(96/”; Xs) dx
Ox; Ox; A

X ()

Qij(xs) = —Qjilxy) = — / 817 (x )@ (x £ xs)

X ()

0D (x 73 x5)
J
dxy,
Oxg *f
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calculated analytically [18, 20] or by using the program ODPEVP [12]. The solutions
X0 (x5) = (’)(x ) of discrete spectrum £ = 2E : 2E;<2E;<...<2E;<...obey
the BCs at points x! = {x™" x™*} = 9Q, bounding the interval ,,:

ax" ()
dx;

Xg—>X,

lim <N§m”>gzs (xs) + D" (xs)) =0, (11.14)

where N =1, D" =0 at m = 0,0 = +1, (or at o = 0, i.e without parity
separation), N7 = O D) =1atm=0,0=—1 or at m # 0. They obey the
orthonormality conditions (11.3) with g, (x s; x,) from Table 11.1 and the KM expan-
sion (11.7), that after integration (11.13) over x s are reduced to

Jmax

(e Z/ X ) i () X (edixy = 8. (11.15)

l]*

Solutions of BVP (11.11)—(11.15) are calculated with a given accuracy not vorse
then six significant digits by the program KANTBP [9, 11].

Remark 1. Note ¢t is the eigenvalue number in the ascending energy sequence
E|<E;<...<E, <...corresponding to the number v of the eigenvalue E,. j; <E;;
<...<E;y=<... counted at each (j) = j, in diagonal approximation of the KM
Egs. (11.11)—(11.12) or a crude AA Eq. (11.16) without diagonal nonadiabatic terms
W;j(xs), where number v determines the number v—1 of nodes of the solution
X;”) (x,) at fixed value j and the quantity (j) = (x| j|x") is the averaged quantum
number [10].

11.4 Numerical Calculations of the Energy Spectrum

After the separation of the angular variable ¢, the axially symmetric BVP
for the electron, hole, and exciton eigenstates in an impenetrable cone-shaped
quantum dot (CQD) or spheroidal quantum dot (SQD) is reduced to the BVP
(11.1)—(11.3) at d =2 with respect to the radial x; = p and the axial x, =
z variables, where go(x) = p, g11(x) = g22(x) = p, g12(x) = g21(x) =0, V(x) =
V(p,z) =m?/p*4+2Vc(p, z), with the BCs at the boundary 0Q = 0Q; U 0%,
o = {(p, )|z =0, p= pmax(Z)}, 0 = {(p, Z)|P = 0} of the 2D domain 2 =
{(p, 21p=0, 2>0, p<pmax(2)}

)

0 =0.
ap !

W (5, 2)|09 = 0, ,I,ER) (p Smo + W (p, (1 — 5mo))

Below we restrict ourselves to the case m = 0. For CDQ pnax(z) = R(1—z/H),
where R is the base radius and H is the height, ¢ = 0, for SDQ, p?/a’+z%/c* =1,
where a and c are the spheroid semiaxes, and ppa (z) = a/1—z2/c%, 0 = +1.

For oblate and prolate SDQs the BVP (11.1)—-(11.3) at d = 2 was also solved
in the spheroidal coordinates (x; = &, x, = 1), go(x) = (f/2)*(€* £1%), gn(x) =
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Table 11.2 The first three eigenvalues, & (np, Imin), t = 1, 2,3, at m = 0, 0 = +1 in the units of
Eg, for the oblate SQD a = 2.5, ¢ = 0.5 obtained on the different FEM grid with the maximal
element size /yin. The number n;, determines the length of the polygonal boundary approximating
the boundary of SQD. KM—Kantorovich method with 60 basis functions from [20]. SPH—FEM
in spheroidal coordinates on non-uniform grid in the rectangular domain 0 < & < ¢/va? — 2 =
1/24/6,0 <y < 1

Imin 0.0625 0.125 0.03125 0.0625 KM SPH

np 0.03125 0.03125 0.015625 0.015625

t=1 12.76518 12.76516 12.76490 12.76490 12.764809 | 12.77105
t=2 20.04147 20.04143 20.04086 20.04085 20.040651 |20.04933
t=3 29.74910 29.74902 29.74780 29.74779 29.747387 |29.75713

(£ 1), gnx) = (=17, g2(x) = gu(x) =0, (f/2)> = £(@*—c?), f is a focal
distance, V (x) = V (£, n) = m?/(€24+1)(1—n?), and using the Kantorovich method
Egs. (11.11)—(11.15) with j,,4, = 60 of basis functions [18].

The comparison of results obtained for eigenvalues of oblate SDQ in the cylindri-
cal coordinates on different FEM grids, in the spheroidal coordinates, and using the
(KM) is resented in Table 11.2 '. As seen from Table 11.2, the results coincide to five
significant digits, and the maximal contribution to the error in cylindrical coordinates
is due to the error of approximating the curved boundary by triangle finite elements
with rectilinear boundaries.

Figures 11.1 and 11.2 show the lower part of non-equidistant spectrum E(Cea) /ER
= 2E, (or E(Cuc)/ER = 2E;) and the eigenfunctions ¥;"? from (11.7) for even states
oblate (or prolate) SQD at m = 0.

For an oblate (or prolate) SQD a correspondence rule holds: j = n, = n ,+1
=2n—(140)/2,n=1,2,...,np = (I—|m|—(1—-0)/2)/2 (or j =n,p+1 =n, =
n=n+1,j=1,2,..., n, =I1—|m]) between the spherical quantum numbers
(n,1,m, o) of an SQD with radius ry = a = ¢ and spheroidal quantum numbers
{n¢ =n,,n, =I1—|m|, m, o} of an oblate (or prolate) SQD with the major semiaxis
a (or ¢) and the minor semiaxis ¢ (or a), and the adiabatic set of cylindrical quantum
numbers (1., o, m, o] (01 [1,), 1, m, o]) upon continuous variation of parameter
Cca = C/a (or Cac = (Z/C).

The crossing of similar-parity energy levels in Figs. 11.1 and 11.2 upon the change
of symmetry from spherical (., = 1 ({, = 1) to axial, i.e., upon the variation of the
parameter 0 < (,,<1 (0 < (4c<1), in the BVP with two variables at fixed m for
an impenetrable oblate (prolate) SQDs is caused by the possibility to separate the
variables (£, 1) and the additional integral of motion given explicitly [18] with

I For electron(e) and hole(h) states 2V¢ (p,z) =0, and for exciton states 2Vc(p,z) =
=2/ * 4+ 2% 2Ve(p, 2) = Ve (p, D)/ ER, Vc(p, 2) = —2e/(ky/p* 4 22), where e and m, are
the electron charge and mass, x is the static permittivity. For GaAs model we use the reduced
atomic units, mj = 0.067m,, m; =mj;/0.12, k =13.18, ap = 104A, Eg = 5.275 meV, ie.,
E=2E = E/ER, Y(p,z) = a%/z‘i/e(i), Z), p = p/ap, z = zZ/ap, where E, Vc(,b, Z), p and Z are
dimensioned quantities.



11 Crossing Points in Spectra and Light Absorption in Spheroidal ... 137

25 n|l s L5 2 10 a=05
41-2'!24'20244""20241?02 WA
2 21 2 p’ze
0 0 0 06
2 21 2
4 4 4
e 4
21 2
0] 0 1,0
21 2
‘_
%.2.0.2.4 ,4.2.0.2
‘2' - ‘2 -
— o2
0 - 0 - 0,4
24 - 2 L]
4 4
44 £.8. 2.3 , 2.0.2
’ 0,2
o

0,0

Fig. 11.2 Contour lines of the first five wave functions 0 = +1, m = 0 in the xz plane of prolate
SQD for the major semiaxis ¢ = 2.5 and different values of the minor semiaxis a ({4 = a/c €
(1/5, 1)). Arrows show transformations of a shape of eigenfunctions passing thought exact crossing
points of pairs of eigenvalues

eigenvalues of a separation parameter having branch points for complex values f
of the focal distance or parameter ( f/2)+/2E of the propagation constant [23, 24].
Thus, the values of parameter 0 < (., <1, or 0 < (,.<1, corresponding to crossing
points of the eigenvalues E (Ca)/ER =2E;, or E (Cac)/ ER = 2E; of the lower parts
of spectra of oblate or prolate SQDs, strongly restrict the range of applicability of
the AA (in the strong size quantization limit), or diagonal approximation of the KM
for their estimations.
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11.5 Adiabatic Approximation and Size Quantization

For classification and approximate calculation of the spectrum under the size quanti-
zation (SQ) conditions for electron (e) hole (h) states the AA is used, \IJ;"U" (xr,x5) =
DM (x5 xs)x(m”") (x,). For prolate SQD a/c < 1 and CQD with small apex angle
R/H < 1, the parametric spectrum 2E’7(z) and eigenfunctions CIJ(m )(p; z) at
Xy = p, x; = z of the ‘fast’ subsystem are solutions of BVP (11.8)— (11 10) at each

value of parameter z that are expressed in terms of the cylindrical Bessel function of
the first kind [20, 21]

2
2Em(f( ) n/)p+1 |m]| q>m0:()(p, Z) — \/§J|m|(p\/ 2Et (Z))
Pmax(Z)2 J pmax(z) J\m+1|(05n,,,,+l,|m|)

where o, 11,1 18 the j = n, = n,,+1-th positive node of the Bessel function [22]
Jim(Pmax (2)), J =np =npp+1=1,2, ... .

A low part of the spectrum &, = 2E;.;,, and eigenfunctions x ; (2) of the
‘slow’ subsystem are solutions of the BVP of the KM Eqgs. (11.11)—(11.15) in
diagonal approximation without diagonal nonadiabatic terms W;; (x;), i.e. in a crude
AA, where number v = n,+1 determines the number v—1 = n, of nodes of the

solutions X;’"U”) () at fixed j:

2

a7 P2 @ — £ (@) =0, (11.16)

(—

that are subjected to orthogonal and normalization conditions

max

z

/ dzx77" @)X (2) = o (11.17)

min
z

withthe BCs x/7"(0) = x/7"(H) = Oato = 0for CQD, or /7" (—¢) = x/7"(c) =
Oato = %1 for SQD. Considering (11.16), (11.17) in the linear or quadratic approx-
imation for the prolate CQD or SQD leads to the spectrum in the analytical form [20,
21]

2/3
202 202
cQoD 0) _ ny,|ml np,m|
g(t npnzpm) ZEn m + 2€nzp - R2 - R2H 5"2[)"’1’
@Gl npbm
PSQD _ Tnpm np,lm
(t;npnpym) — (12 + (anp + 1)7

where ,aner] is the v-th negative node of the Airy function of the first kind [22]. For
oblate SQD c¢/a<1 and CQD H/R « 1, using the AA at x; = z, x; = p, one has
the spectrum and eigenfunctions classified by set [n.,, 1o, m, o].
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Table 11.3 Comparison of the Coulomb interaction energy 5,"” between electron and hole, and
the size quantization energy 8 52 in the units of £ r. Here H = 10ap, m = 0. The corresponding

values of €3¢ (i pzpm) (adiabatic calculation) and 5([ npnzpm) (first-order perturbation theory) adopted
from Ref. [21] are labeled by an asterisk *

R (ap) (15npp,n2p) = (1;0,0) | (150pp,n2p) = (18;1,0) | (551pp, nzp) = (2,0, 1)

£ IS o Steh 5tS [ gteh gtS [ gteh

0.5 3042114 —2.64009 142.96526 |-4.19801 36.95117 -1.88114
0.5 26.624* —1.121* 141.542%* -1.113* 34.4837% -0.95%*

1.0 8.88906 -1.71413 39.22966 -2.27799 11.93808 -1.25028

1.0 8.359* -0.902% 36.272%* -1.021* 10.287* -0.608*

1.5 4.49383 —-1.33844 18.79476 -1.66173 6.51718 -0.99660

1.5 4.071%* -0.781%* 18.085* -0.762%* 5.193%* —-0.503*

Table 11.3 presents the comparison of the energy of Coulomb interaction of exci-
ton £ = ECm /(m* +m})—E&’C with the size quantization electron energy & ¢
at different geometric parameters of a CQD, where exciton energy £C with the
electron-hole reduced mass m,, = mimj /(m} 4+ m}) in the exciton center-of-mass
frame and size quantization electron energy 8,5 2 with the electron mass m; were
obtained by solving the BVP (11.1)—-(11.3) with Coulomb potential 2V (p, z) and
without it, correspondingly. From Table 11.3 the correction energy £ is always seen
to be negative, and with the increasing radius R the relative contribution of Coulomb
energy of exciton becomes significant. The comparison with S(t ynpm) a0d Eghnpn om)
calculated using the AA and the perturbation theory [21] show “the contribution of
nonadiabatic corrections and the applicability of the AA.

Figure 11.3 shows the dependence of the charge carrier energies upon the base
radius of fixed-height CQDs and the minor semiaxis of fixed-major semiaxes SQDs,
and upon the apex angle of fixed-volume CQDs and SQDs, respectively. Note that
each eigenlevel of the ‘fast’ subsystem has a family of ‘slow’ subsystem eigenlevels
positioned thereupon. For example, for CQD with R = 0.5az, H = 10ay, the first
level ((t, Moy Z) =(1,0,0), ESQ/ER = 30.42114) and the eighteenth ((z, n,, n;) =
(18 1,0), E /ER = 142.96526 ) one belong to the ‘fast’ subsystem levels. For

= 1.5ap the first level and the seventh one belong to the ‘fast’ subsystem, while
ﬁve levels between them belong to the ‘slow’ subsystem, etc. The carrier energy is
seen to decrease with the increasing base radius R or small semiaxis @, because the SQ
contribution to the energy decreases. The crossing of the seventh level with the eighth
one at R~1.5a corresponds to the crossing of the same levels at 6= arctan(3,/20).

Figure 11.3a and b show that for prolate CQD and SDQ the faster growth of
energy at small apex angles 6y is caused by the size quantization in radial variable p
and angular variable . The slower increase in energy at the apex angles approaching
the right angle is caused by the size quantization in longitudinal variable z, i.e., the
height. The difference in the rate of energy level variation in the adiabatic domains
of variation of geometric parameters is due to the nonuniform scale, since the radius
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Fig. 11.3 Energy levels & = 2E; = E[SQ/ER at m = 0: a for prolate and oblate CQDs of equal
volume V = 7R*H /3 = (15/2)7ra?3 at the base of H = 10 and R = 1.5 versus the stretch angle
0o = arctan(H /R) at the base of §y ~ 8.53°, and b for prolate and oblate SQDs of equal volume
V= 47razc/3 = (125/6)7ra% at the base of a = ¢ = 2.5 versus 0y = arctan(a/c) at the base of
O = 45°

varies as (tan 6p)%/ and the height as (cot 0) 173 Ttis also seen that for the angle values
beyond the adiabatic domains there are series of quasicrossings and exact crossings
of energy levels for CQD (for comparison, see a discussion of crossing points in the
spectra of triangles [25-27]) and SQD, respectively, and its transformation to the
oblate QDs.

Remark 2. The above analysis shows the following: the small values of parame-
ters0 < (,y<land H/R « 1,0r0 < (,c<1and R/H <« 1, corresponding to exact
crossing and quasicrossings points of eigenvalues in the lower part of the energy spec-
trum of oblate or prolate QDs strongly restrict the applicability range of the adiabatic
approximation (in the strong size quantization limit), or diagonal approximation of
Kantorovich method for their estimations.

11.6 Interband Absorption

Consider the direct interband absorption in cone-shaped quantum dots in the regime
of strong size quantization, when the Coulomb interaction between an electron and a
hole can be neglected. Furthermore, consider the case of a heavy hole withm} <« mj,
where m? and mj, are the electron and hole effective mass, respectively. Then the
absorption coefficient is given by [28]

2
K@M = Z K, (") = K, Z S(ha’ — E, — E¢ — EM),
1274 v

/ i dr

(11.18)
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where ‘-IJVEV)) are envelopes of the electron and hole wave functions, v = [n,,n,m]

and v = [n,,,,”z,,m 1 (v =[nzonyem] and v/ = [n, np m']) are sets of quantum
numbers corresponding to the electron and the heavy hole prolate(oblate) SQD
or CQD, respectively, E, is the band gap of the bulk semiconductor (for GaAs

E,/Eg = 1.43/(5.27 - 1073)), ©P" is the frequency of the incident light, and Ky is
proportional to the square of the transition matrix element calculated with Bloch
functions [28]. Here the following selection rules for the transitions between the
levels with different quantum numbers are valid in the adiabatic classification. In
the case of the prolate(oblate) SQD and CQD for the magnetic quantum number the
transitions between the levels with m = —m’ are allowed. For the prolate(oblate)
SQD the transitions between the levels with n,, = n/,, and n;, = n}, (ny, =nl,
and n,, = n/ ), respectively, are allowed. For the prolate(oblate)CQD transitions
between the 1evels with n,, =nj,, (n,, = n,) are allowed, however there is no
selection rule for the axial(radial) quantum numbers n., (n,,) and any transitions
between different levels are allowed: n,, — Vn_, (n,, — Vn,,) respectively, like
for prolate (oblate) SQD in uniform electric field [20].

The difference between energy levels for CQD of the same family increases with
the increase in the axial quantum number. For example AE10 = 1.1Eg, when R =
1. SaB and H = 10ap (n,, =0, m = 0), and AElo = 3.4ER, when R=1. Sap and

= 10ap (n,, = 1,m = 0). Note that the transition frequency between these energy
levels is A@Dy (n,, =0, m = 0) = 1.43 - 10'2sec™" and AGY) (n,, = 1,m = 0) =
4.3 .10"sec™!, which falls into the IR range of spectrum.

In CQD the decrease in the base radius increases the absorption edge energy.
It is due to the fact that with the decrease in R the effective width of the bandgap
increases due to smaller influence of the CQD walls. The energy levels corresponding
to high values of the cone height are located above. Note that the interband transition
frequency between the energy levels is (ZJ(%’O =5.07-10"“sec™! for R = 0.2a5 and
H =15a 5, which falls into the visible spectral range [21].

For the Lifshits-Slezov distribution, Fig. 11.4 displays the total absorption coef-
ficient K (OP") / K, and the partial absorption coefficients 1%,,,,, (@Phy/ Ky, that form
the corresponding partial sum (11.18) over a fixed set of quantum numbers v, v/’ at
m = —m' = 0. In the regime of strong dimensional quantization, the frequencies of
the interband transitions (h— e) in GaAS between the levelsn, = n,+1=1,n,, =
0, m = Oforoblate SQD orn, = n,,+1 =1, n,, = 0, m = 0 for prolate SQD at the
fixed values a = 2.5a, and ¢ = 0. 5a€ for oblate SQD or a = 0 5a, and ¢ = 2.5a,
for prolate SQD, are equal to Awloo/(27r) = 16.9 THz or Awloo/(27r) = 33.3 THz,
where AL:J%’O/(Q,TF) = (WIOO.IOO Eg)/(27rh), Wy,,, = Eg+E5+EV, correspond to
the IR spectral region, taking the band gap value Qrh)~'E ¢ = 346 THz [20].

With the decreasing semiaxis the threshold energy increases, because the ‘effec-
tive’ band gap width increases, which is a consequence of the dimensional quanti-
zation enhancement. Therefore, the above frequency is greater for prolate QD than
for oblate QD, because the QD implemented in two directions of the plane (x,y) is
effectively larger than that in the direction of the z axis solely at similar values of
semiaxes. Higher-accuracy calculations reveal essential difference in the frequency
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(b)

K/Kq

Fig.11.4 Absorption coefficient K /Ky, Eq. (11.18), consisting of a sum of the first partial contribu-
tions versus the energy A = A = (0P — E )/ E ¢ of the optical interband transitions for ensembles
of GaAs SQDs (h — e) with the Lifshits-Slezov distribution of the random small semiaxis for an
ensemble of a oblate SQDs ¢ = 0.5, a = 2.5 and b prolate SQDs a = 0.5, ¢ = 2.5

behavior of the AC for interband transitions in the systems of semiconductor oblate
or prolate QDs having a distribution of minor semiaxes, which can be used to verify
the above models.

11.7 Conclusion

In this paper we briefly review the efficient methods and software for calculating elec-
tron, hole and exciton states in axially symmetric QDs by the example of cone-shaped
and spheroidal impenetrable QDs. Our analysis shows that the calculation schemes
of high-order FEM implemented on unstructured grids together with complemen-
tary KM and AA (in the strong size quantization limit) provide useful numerical
and analytical tools for describing the energy spectra and their crossing points that
determine the range of AA applicability, and the optical absorption coefficient in an
ensemble of non-interacting axially symmetric QDs.

Further development and application of such approach and software is associated
with the investigation of spectral and optical characteristics of quantum wells, wires
and dots with complex geometry.
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