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Abstract. We consider the calculation schemes in the framework of Kantorovich method that
consist in the reduction of a 3D elliptic boundary-value problem (BVP) to a set of second-order
ordinary differential equations (ODEs) using the parametric basis functions. These functions are
solution of the 2D parametric BVP. The coefficients in the ODEs are the parametric eigenvalues
and the potential matrix elements expressed by the integrals of the eigenfunctions multiplied by
their first derivatives with respect to the parameter. We calculate the parametric basis functions
numerically in the general case using the high-accuracy finite element method. The efficiency of
the proposed calculation schemes and algorithms is demonstrated by the example of the BVP
describing the bound states of helium atom.

1. Introduction

The adiabatic representation is widely applied for solving multichannel scattering and bound-
state problems for systems of a few quantum particles in molecular, atomic and nuclear
physics [1]. Such problems are described by elliptic boundary value problems (BVPs) in a
multidimensional domain of the configuration space, solved using the Kantorovich method[2],
i.e., the reduction to a set of self-adjoint ordinary differential equations (ODEs) using the basis
of surface functions of an auxiliary BVP depending on the independent variable of the ODEs
parametrically.

We propose new calculation schemes and algorithms for solving the parametric self-adjoint
elliptic BVP with the Dirichlet and /or Neumann type boundary conditions in a 2D finite domain,
using high-accuracy finite element method (FEM) with triangular Lagrange elements [3]. The
corresponding algorithm and programs calculate with given accuracy the parametric eigenvalues,
the surface eigenfunctions with their parametric derivatives, and the potential matrix elements,
expressed as integrals of the products of surface eigenfunctions and/or their first derivatives
with respect to the parameter, which is a key problem in the adiabatic representation. These
parametric eigenvalues (potential curves) and the potential matrix elements can be used for
reducing the 3D BVP to bound-state and multi-channel scattering problems for sets of coupled
second-order ODEs with the appropriate asymptotic boundary conditions [4].

In the present paper we demonstrate the efficiency of the proposed approach by benchmark
calculations of helium atom bound states.
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2. The statement of the problem
Let us consider the BVP for the parametric self-adjoint 2D partial differential equation in the
domain Q,, x=(x1,x2) with the piecewise continuous boundary S=0,,

(D(x; 2)—¢i(2)) ®i(x; 2)=0, (1)
SV S (< SR .
D:D(HZ‘,Z)— gO(-’E) (wz:l anglj(x) 633]) +U(1U,Z),

with the mixed Dirichlet/Neumann boundary conditions

0D (x; 2)

’ 0D (z; 2) 0P (x; 2)
8nD S

2
=0, — 2= (n, éi)gij(x)aiwj' (2)

(I): ®(z;2)|]s =0, (II): onp
ij=1

0P (2)
onp

S = 00 of Q, é; is the unit vector of x = 222:1 é;x;, and (7, é;) is the scalar product in R?,
z € £, = [Zmin, Zmax| 1S a parameter. We assume that the functions go(x) > 0, gi;(z) > 0,
and Oy, gij(x), U(z;2), 0,U(z;2) and 0,P;(x;2) are continuous and bounded for x € Q;
g12(z) = go1(2), g11(z)g22(x) — g%(z) > 0. We also assume that the elliptic BVP (1)-(2)
has only the discrete spectrum, so that €(z) : e1(z) < ... < €j,...(2) < ... is the desired set of
real eigenvalues. The eigenfunctions satisfy the orthonormality conditions

Here is the derivative along the conormal direction, 7 is the outer normal to the boundary

<(I>Z-|<I>j>:/Qgg(x)q)i(m;z)CIJj(:U;z)da::(S,-j, dx = dxydxs. (3)

The FEM solution of the BVP (1)—(3) is reduced to the determination of stationary points
of the variational functional [3, 5]

E(Ppm,em(2)) = /dmgo(x)q)m(a:; 2) (D —en(2)) ®(x; 2) = (P, em(2)), (4)
Q

where IT = II(®y, £ (2)), Py = Pin(2; 2) is the symmetric quadratic functional

2
M= [ ] 3 @) G G000 (U a1 =2 ()0

o ij=1

In the FEM, the function ®(x;z) € F' ~ H'(Q,) is approximated by the finite sum [3]
() = 3 B ()NF (), (5)
=1

where the piecewise polynomial functions N/ (z) in the domain € are constructed by joining the
shape functions ¢} (z) in the triangular subdomains Ag:

Nlp(x) = {(Pf(x)aAl € Aq;oaAl ¢ Aq}

and possess the following properties: i)the functions N}’ (z) are continuous in the domain €; ii)the
functions N7 (z) equal 1 at one of the points A; and zero at the rest points; iii) N} (z1y, xar) = oy
in the entire domain 2. Here [ takes the values [ =1, V.
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The functions N/ (z) form a basis in the space of polynomials of the p-th order. The vector
function ®" = {®F(2)}N, has a generalized first-order partial derivative and belongs to the
Sobolev space H!(Q,) [6]. After substituting the expansion (5) into the variational functional
and minimizing it [5, 6], we arive at the generalized eigenvalue problem

APP" = 'BPP", (6)

Here AP is the stiffness matrix; BP is the positive definite mass matrix; ®" is the vector
approximating the solution on the finite-element grid; and " = £"(z) is the corresponding
cigenvalue. The matrices AP and BP have the form AP={al,}/_,, BP={b},}/_,, where the
matrix elements aj;, and b}, are calculated for triangular elements as

Opp(;2) O (25 2
ay, = Z / laxl o] dx+/Aq 90(x)7 (x5 2) ) (w5 2)U (25 2) d,

1,j=1

by Z/A go()¢y (x5 2) gy (a5 2) da. (7)

3. The Algorithm for Calculating the Parametric Derivatives of Eigenfunctions
Differentiating Eqgs. (1)—(3) with respect to the parameter z, we find that 0,®;(z; z) is a solution
of the following boundary-value problem with the mixed boundary conditions

(D(; ) -ei(2) P24 [; (U z)—exz»] Bi(z:2), ®
o®(z;2)| 0?®(z; 2)
0z |g o Onpoz ‘ -

The parametric BVP (8) has a unique solution, if and only if it satisfies the conditions

851 /dﬂ:gg )8Uéx z /dmgo )Oq)a( )—O. )

z z

Below we present the efficient numerical method that allows the calculation of 0,®;(x; z) with
the same accuracy as the one achieved for the eigenfunctions of the BVP (1)—(3) and the use of
it for computing the effective potentials H;;(2)=Hj;(z) and Q;;(2)=—Q;i(2) defined as

/da:go 8<I> (x;2) 0Pj(x; 2) 0y /d:z;go )0<I> Hes ) (10)

0z 0z 0z

The boundary-value problem (8)—(9) is reduced to the linear system of inhomogeneous
algebraic equations with respect to the unknown O®”" /0z:

od" od" OAP e
— D _ h P — - _ _Z pp h
Laz = (AP — B)az b, b <az 8ZB><I>. (11)

The normalization condition (3), the condition of orthogonality between the function and its
parametric derivative and the additional conditions (9) for the solution of (11) read as

T " h T OAP
(e") Broh =1, (a{;}; > Bre" =0, aa% = (@") %@h. (12)
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Then the potential matrix elements HZ(Z) and QZ(Z) (10) can be calculated using the
formulas

—7, (13)

NI geh
“’l) B Q) = (@)

h _
Hz](z) = < 92 92

Since € is an eigenvalue of (6), the matrix L in Eq. (11) is degenerate. In this case, the
algorithm for solving Eq. (11) can be written in three steps as follows:

Step k1. Calculate the solutions v and w of the auxiliary inhomogeneous systems of algebraic
equations

h

Lv=b, Lw=d, (14)
with the non-degenerate matrix L and the right-hand sides b and d
= [ Lsg, (s=98)(s=5)#0,
Low = { bew, (s —S)(s' — 5) =0, (15)
T bs, S#S, _ LSS7 8#57
bs_{O, s=5, ds_{O, s=5, (16)

where S is the number of the element of the vector BP®" having the greatest absolute value.
Step k2. Evaluate the coefficient

Y= 4 =vTBP®", 5 = wIB'®", Ds = (B'®)s. (17)
(Ds —72)
Step k3. Evaluate the vector 9, ®"
a(I)g _ US - ’YwSﬂ S # S7 (18)
oz | 7, s=_5.

From the above consideration, it is evident that the computed derivative has the same
accuracy as the calculated eigenfunction itself. Let D(z;z) in Eq. (1) be a continuous and
bounded positive definite operator on the space H! with the energy norm, £;(2), ®;(x,z) € H?
being the exact solutions of Eqs. (1)—(3), and /(z), ®?(x;2) € H' being the corresponding
numerical solutions. Then the following estimates are valid [6]

gi(z) — 5?(2)’ < ¢1h?P, H@i(x; z) — @?(m;z)HO < cohPT (19)
1@ (23 2)[I5 = /Qz dzgo(z)i(w; 2)Pi(2; 2), (20)

where h is the largest distance between any two points in Ay, p is the order of the finite elements,
i is the number of the corresponding solutions, and the constants ¢; and co are independent of
the step h. The following theorem can be formulated.

Theorem Let D(z;z) in Eq. (1) be a continuous and bounded positive definite operator on
the space H! with the energy norm. Also let 0,U(x;z) be continuous and bounded for each
value of the parameter z. Then for the exact values of the solutions 0.¢;(2), 0,®;(z; 2) € H?,
H;j(2), Q;j(2) from (8)—(10) and the corresponding numerical values 0,el(z), 0,®"(x; 2) € H1,
H5(2), Q?j(z) from (11)—(13), the following estimates are valid:

dei(z) Oel(2)
0z 0z

0P;(w;2) 00 (z;2)

< p+1
0z 0z < k™ (1)

< c3h2p7 H
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where h is the largest distance between any two points of the finite element A,, p is the order
of finite elements, i, j are the numbers of the corresponding solutions, and the constants cs, c4,
c5, and cg are independent of the step h.

The proof is straightforward following the scheme in accordance with [6].

4. Benchmark calculations of helium atom bound states
In the hyperspheroidal coordinates, 0 < p < 00, 1 < & < 0o, —1 < 1 < 1, related to the
perimetrical ones r1, 9 and 712 as

T2 = V2p/\JE2+ 12, T =pE+n)/(V2\/E+n2), ra=p(€—n)/(V2\/E +1?),

the equation for the solution ¥(p,&,n) = /&2 + n*®(p, &, n) describing S-states of the Helium
atom reads as [7]

19 -0 3 24
l_f’@p 5&Tp_ﬁ+p (5277) h(&m;p) — 2Em]<1>m(p,£,17)=07 (23)
) o 0 ) 28
h(E,m: p)— 85(52 1)375_(977(1 . )an fp\ZQTZ 5)_ (24)

The function ®,,(p, &, n) satisfies the boundary conditions(BCs)

Limy 9 =0, phm P°®(p,€,m) =0, (25)
2 _ _ 2 —
%m%(f 71)785 =0, 5hm D, (p,&,m) =0, 77hrgzll(l n°) on =0, (26)

and is normalized by the condition

The parametric functions ¢; = ¢;(§, n; p) and the eigenvalues €;(p) are eigensolutions of the 2D
BVP having purely discrete spectrum. The functions satisfy the BCs (26) and the normalization
condition

2_ .2 2
lh(ﬁ,n;p)—sz‘(ﬂ) (§2+7;72) 1 0, {(¢ilp;)= / df/ 5 n 2@(5 ;P05 (&,m5 p) = 045.(28)

The 2D BVP (28) was solved in terms of scaled variable and parametric surface functions

1+ A i ) i)‘7;
=6 =15 0SA<L algmp) = DL S BALIE) (29)

As an example consider the calculation of the potential curves E;(p) = (¢;(p) — 3)/p* and
the matrix elements

Qus(0)= - <¢i(£,n; 5 “W» Hiy ()= <8¢i(§7p7759) ’c‘)%(gpn :p) >

The calculations were implemented by means of the program POTHEA 2.0 using the server
with 2x4 kernels i7k (i7-3770K 4.5 GHz, 32 GB RAM, GPU GTX680), and the Intel Fortran
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compiler 17.0. The computing time per one point p for the considered examples with 1072
accuracy with triangular Lagrange elements of 5th order on the uniform 2D grids A = {0(L)1},
n={0(L)1} at L = 10,20,40 is 0.38, 5.08, and 41.21 seconds, respectively.

Let us find the solution of the BVP (23)—(27) using the Kantorovich expansion [2]

Jmax

Drn(p,&m) = > 05(6,m: p)Xjm(p) (30)

=1

where ¢;(&,7; p) are eigenfunctions of the parametric 2D BVP with purely discrete spectrum
Ej(p) = (gj(p) — 3)/p*j = 1,2,... Substituting the expansion (30) into the 3D BVP
(23)—(26), we arrive at the 1D BVP for a finite set of jiax coupled second-order ODEs for
Xm (P) = {x1m (), - Xvm (p)}

5
(—1Idp5dp+v<p>+cz<p> 2 e

— —2F,,1 =0 31
dp+p5 i m >xm(p) ; (31)
with the boundary and normalization conditions for the discrete spectrum of FE:
Ei<BEsr<..<BEp<..

})igg)p"’ (W—Q(p)xm(pﬂ =0, lim p°x,,(p)=0, 87° /0 dpp® (X (P)) X (P) = Orpurr - (32)
The solution of this BVP with the help of KANTBP program [8] using Lagrange elements of
the 5th order on the non-uniform grids p = {0(50)5(75)20} using calculated E;(p), Vij(p) =
H;j(p)+ E;j(p)dij, Qij(p), 1,5 =1,...,12 yields the upper estimate of the helium atom energy in
the ground and the first exited state F; = —2.903724 30 a.u. and Ey = —2.145973 22 a.u. with
8 significant digits similar to the results of POTHEA]9).

5. Conclusion
The proposed calculation schemes, algorithms and software implementing the high-accuracy
FEM for solving the elliptic boundary value problems can be applied to the analysis of few-body
scattering dynamics and quantum tunneling and diffraction models[10, 11, 12, 13]. Detailed
description of the implementation of the FEM algorithm and program will be given elswhere.
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