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Abstract—We considered collinear models for a trimer of identical atoms with molecular pair interactions
and for an atomic dimer scattered by an atom or tunneling through potential barriers. The models are
formulated as 2D boundary-value problems in the Jacobi and polar coordinates. In the adiabatic represen-
tation the problems are reduced to a system of second-order ordinary differential equations (SODEs) with
respect to the radial variable using the expansion of the desired solutions in the set of angular basis functions
that depend on the radial variable as a parameter. The efficiency of the elaborated method, algorithms
and programs is demonstrated by benchmark calculations of the asymptotic expansions of basis functions,
effective potentials, fundamental solutions of the SODEs, and corresponding asymptotic scattering states,
as well as the resonance scattering, metastable and bound states.
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1. INTRODUCTION

At present the resonance scattering of diatomic
molecules(dimers) by atoms via three-particle meta-
stable trimer states and the molecular dissociation
induced by collisions with atoms are a subject of
extensive theoretical and experimental studies [1-5].

To analyze such processes it is conventional to
use triatomic model systems with atoms of rare gases
bound by pair interactions described, e.g., by realistic
molecular and van der Waals potentials, that possess
bound and metastable states in the vicinity of the
dissociation threshold of the diatomic molecule [6—
8]. To extend the class of conventional models we
proposed to consider the beryllium dimer [9, 10], in
which the bond is covalent in the low-lying (0—4)
vibrational energy states and van der Waals in the
upper (5—11) states [11, 12], and to investigate the
collisions of beryllium dimers with surrounding atoms
or the near-surface diffusion [13—15]. Further study
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of these models and processes stimulates the devel-
opment and application of the known and new meth-
ods and symbolic—numerical algorithms for solving
multidimensional boundary-value problems (BVPs)
with non-separable variables and the construction of
asymptotic states of the triatomic scattering problem
below and above the breakup threshold [16—45].

In the present paper, the application of the adi-
abatic representation to the solution of the above
problem is based on the Kantorovich method [46, 47]
that provides the required mathematical background,
reducing the BVP to a system of the second-order
ordinary differential equations (SODESs) with respect
to a (hyper)radial variable using the expansion of the
desired solutions in a set of angular basis functions,
depending on the (hyper)radial variable as a param-
eter [21, 22, 48], the asymptotic methods [49], and
the finite element method (FEM), implemented in the
problem-oriented software packages [50—57].

In the present paper we develop the adiabatic
representation method in application to the models
comprising three particles in the so-called quantum
chemistry as a collinear configuration [18]: a trimer of
identical atoms with molecular pair interactions and
an atomic dimer scattered by an atom or tunneling
through short-range potential barriers on a straight
line. Then we elaborate algorithms for calculating
the asymptotic parametric angular functions, the
effective potentials and the fundamental solutions of
the SODESs and apply them to the construction of the
asymptotic states of the triatomic scattering problem.
[t is a key problem, because in three-atomic systems
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at large values of the hyperradial variable the effective
potentials of SODESs have the form of expansions in
inverse powers of hyperradius even for short-range
potentials of pair interactions. Evidently, they should
be studied before considering the pair interactions of
the van der Waals type. Moreover, in the problem
of dimer tunneling above the dissociation threshold,
the expansion of the matrix elements of the Gaussian
barrier potential begins from the first inverse power of
hyperradius, which is equivalent to effective Coulomb
repulsion above the threshold.  Finally, we test
the developed technique by calculating the above
asymptotic expansions, the resonance scattering of
the atomic dimer by an atom or Gaussian barriers,
and the metastable and bound states of a trimer of
beryllium atoms below the dissociation threshold.

The paper is organised as follows. In Section 2
we formulate the 2D BVP for the dimer and trimer
models. In Section 3 the 2D BVP in polar coordinates
is reduced to the SODEs. In Section 4 we present
the algorithms and benchmark calculations of the
asymptotic behavior of the parametric basis functions
and the effective potentials of the ODE system at
large values of the radial variable. In Sections 5
and 6 we construct the asymptotic expressions for the
fundamental solutions of ODEs and the scattering
states. In Sections 7 and 8 we demonstrate the effi-
ciency of the elaborated technique by test calculations
of the resonance scattering of an atomic dimer on an
atom, the metastable and bound states of a trimer,
and the resonance tunneling of a dimer through a
Gaussian barrier and the metastable states, respec-
tively. In Conclusion the results and perspectives are
discussed.

2. SETTING OF THE PROBLEM

Consider a model of three identical particles
(trimer) on a straight line with the masses M; = M
and the coordinates z; € R, i =1,2,3, of one-
dimensional Euclidian space R! coupled via the
pair short-range potential V (|z; — #;|), 4,7 = 1,2,3.
Performing the change of variables corresponding
to the cyclic permutation («, 3,v) = (1,2, 3) of the
permutation group Ss [40]:

Ty = T(af) = T8 — Ta,
To + i’ﬁ — 2:2\/

way(aﬁ)y:T7
V2
2o = Y= (21 + Tz + T3),
0 \/§( 1+ Zg + T3)

we get three pairs (x(aﬁ),y(aﬁ),y)T of the scaled Ja-

cobi variables. In the center-of-mass reference frame
of the configuration space X = (Z1,Z2,73) € R?,
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i.e., on the hyperplane Q = {x = (Z1,Z2,%3)|Z1 +
Ty + 73 = 0} C R3 (see Fig. la), these Jacobi maps
(z,y)T € Qg ~ R? are connected by the relations:

x T T
ol = (aﬁ) — Tmy(%@rya) o] ’
Yy Y(ap)y Ya
coSs sin g
Tu’vy(‘Pva) = ’YOC i ’ ( 1 )
— SN Pqyg COS Prq
where the angles ¢, = @ag = @8y = —Yay =

—PBa = —Py3 = %’r, ie. COS Py = COS Pug =
V3

COS gy = —%, SN g = Sinpag = Sinpg, = 5,
are such that ¢y + @ag + ©sy = 27, Yoy + Pga +
oy = —2m.  With the variable parameter ¢ in
T,,(¢) they correspond to a kinematic rotation plus
an inversion of O(2) group and simply change the
sign of pairs of Jacobi coordinates in Eq. (1),

—Z(g x
“Y(aB)y Y(By)a

In Fig. 16 the hyperplane (z,y)T € Qy is sepa-
rated by three axes y(i2)3, Y(31)2, and y(a3y; into
six sectors that together with three orthogonal axes
T12, T31, xo3 describe six channels of the scat-
tering problem for three identical particles. This
picture is similar to Fig. 1 for the one-dimensional
quantum scattering problem of three particles with
pair short-range repulsive potentials [35]. Note
that the theorem of existence and uniqueness of
the solution of such scattering problem was proved
in [36, 37] by constructing the resolvent kernel
limit values in the absolutely continuous spectrum.
However, the pairs (y(12)3, z12)", (y(31)2,231)" and
(y(23)1,223)" correspond to the pairs (I, —kp)7,
(I3, —k3)T, and (lo, —k2)T of Ref. [35]. Our choice
is determined by the parameterization of the pairs
(y,)T = (pcosg, psinp)?, where the angle ¢ €
[0,27) is counted counterclockwise from the axis
Y(12)3, for which ¢ = 0. This parameterization is more
suitable for constructing the asymptotic scattering
states at large values of the hyperradius p than the
conventional one, (y,z)T = (psin¢’, pcos ¢')T. The
kinematic angle ¢’ € [—m/2,7/2] corresponds to the
double kinematic angle conventionally applied to
describe three channels of a three-body scattering
problem on hali-hyperplane of Q"IM ~ R2 enclosed

in the six-dimensional configuration space R®\{0}
after separating the center-of-mass motion in a
three-body system [23, 25].
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Fig. 1. (a) The coordinate planes 1, 2, 3, labelled with boxes, the center-of-mass plane in R3, and the lines of intersection
of these planes with the pair-collision planes z; = x;, corresponding to pair-collision lines {z; = z;,z1 + z2 + z3 = 0}
(labelled 12, 23, 31) in the center-of-mass plane (21,2, z3)|(z1 + 22 4+ x3 = 0), belonging to R*> € R3. (b) The profiles
of 2D potential functions of Bes trimer in Jacobi coordinates (1) in the center-of-mass plane and the relative arrangement of
particles in accordance with the region of the center-of-mass plane. The numbers of sectors are given in boxes. (¢) The profiles
of 2D potential functions of Bes dimer with barrier and the relative arrangement of particles and barrier. (d) The profiles of
2D potential functions of Bes dimer in one of sectors in polar coordinates. Here coordinates and potential functions are given

in A and A=2 respectively.

As a result, we arrive at the Schrédinger equa-
tion for the wave function ¥(y,x) corresponding to
the total energy F of the triatomic system in Jacobi

coordinates (z,y)T = (2, y,)T € Quy:
0? 2 M, - .
(_8—;1/2 ~om2 Tz (Vi) - E))

In the case of a diatomic molecule (dimer) with
identical nuclei coupled via the pair potential, V'(|Z; —
ZTs|), moving in the external potential field V°(|z; —
z3|), i = 2,1, of the third atom having the infinite
mass, the same equation (3) is valid for the variables
Y =ys=T1+ To,

with respect to the origin of the coordinate frame
placed at the infinite-mass atom, z3 = 0.

r=x3 =29 — X1,
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Here the potential function for the trimer with
the pair potentials (below this case is referred to as
Task 2, for example, see Fig. 1b),

7 (2,y) =V(|x|>+‘7(\x_7ﬁ‘>

([

). (4)

or the potential function for a dimer in the field of
p barrier potential (below this case is referred to as
Task 3, see Fig. 1c)

V() = Ve + V(| 552

() e

is an even function with respect to the straight line
x = 0(i.e., T1 = Ty), which allows one to consider the
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solutions of the problem in the half-plane > 0. The
use of the Dirichlet or Neumann boundary condition
atz = 0 allows one to obtain the solutions, symmetric
and antisymmetric with respect to the permutation of
two particles. If the pair potential possesses a high
peak at the pair collision point, then the solution of
the problem in the vicinity of x = 0 is exponentially
small and can be considered in the half-plane =z >
Zmin. In this case the Neumann or Dirichlet boundary
condition imposed at xp;, yields only a minor con-
tribution to the solution. The equation, describing
the diatomic molecular subsystem (dimer) (below this
case is referred to as Task 1), has the form

2 ~
(~ gz + 3P lah =) o) =0, (6)

We assume the energy spectrum of the dimer to con-
sist of the discrete part with a finite number ng> 1 of
bound states with the eigenfunctions ¢;(z), j = 1, ng
and the eigenvalues £; = —|¢;|< 0, and the contin-
uous part with the eigenvalues € > 0 and the cor-
responding eigenfunctions ¢z(x). As a rule, the
solutions for the discrete and continuous spectrum
of the BVP with Eq. (6) can be found only numer-
ically, except some simplified models having exact
solutions and used for computer modelling of bi-
molecular chemical reactions [58]. In certain cases
the eigenfunctions of the continuous spectrum are
approximated by the eigenfunctions of pseudostates
of the discrete spectrum &; >0, j = 1+ ny,... cal-
culated in the sufficiently large but finite interval z
[ZL'mina l‘max] [14]

The approach proposed below is illustrated by
the example of Bey with the reduced mass M/2 =
4.506 Da of the nuclei [13, 14] and the molecular
interaction approximated by the Morse potential

Via) = 25V (@),
V(z) = D{exp[—2(z — ieq)a]
— 2exp|—(z — Z¢q)a]}. (7)

Here o = 2.96812 A~! is the potential well width,
Teq = 2.47 A'is the average distance between the nu-
clei, and D = 1280 K, D = (M/h*)D = 236.51 A2

(1K = 0.184766 A2, 1 A" = 5.412262 K) is the
potential well depth. This potential supports only
five bound states corresponding to the covalent
bounding of the Bey dimer [59] having the energies
g = (M/R*)&;, i=1,...,n9 =5, presented in Ta-
ble 1. The parameter values are determined from
the condition (& —&1)/(2whe) = 277.124 cm™!,
1 K/(2whe) = 0.69503476 cm~!. To solve the dis-
crete spectrum problem we applied the seventh-order
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FEM using the Hermitian interpolation polynomials
with double nodes [57]. As an example, follow-
ing[13], we use below the Gaussian barrier potentials
VO(z;) = Dexp(—2?/0) with D =236.51 A=2 and
o =0.0523 A2, The values of parameters of the
repulsive Gaussian barrier potential were estimated
following the experimental observation of the quan-
tum diffusion of hydrogen atoms on the copper
surface [60].

3. BOUNDARY-VALUE PROBLEMS

Using the change of variables x = psing, y =
pcos ¢, we rewrite Eq. (3) in polar coordinates (p, ¢),

Qo = (p € (0,00), ¢ € (0,2m))

10 0 1
— =T+ Ay, —E)\I/ .p) =0,
< 500 0, 7 (¢:p) (¢:p)
A( )———d2 +0°V (e, p) (8)
o) = =gz + V(o)

where for a trimer with pair potentials
Vg, p) =V(plsing|) + V(p|sin(p — 2m/3)[)
+ V(plsin(p — 47/3)|), (9)

and for a dimer with pair potential in the external field
of barrier potential

V(p,p) = V(p|sing|) + V*(p|sin(p — m/4)|)
+ V(p| sin(p + 7/4)]). (10)

Then in polar coordinates V(p|sin(p & 7/4)|) =
Dexp(—p?sin?(¢ & 7/4)/0) and V(p,p) is dis-
played in Fig. 1d.

The solution of Eq. (8) is sought in the form of the
Kantorovich expansion [46, 47]

Jmax

Ui, (0,0) = Y bi(0sp)XGin(p). (1)
j=1

Here xji,(p) are unknown matrix functions, j =
1., Jmax = 2NV. The angular basis functions
®(p; p) € F, ~ Lo(Q2) in theinterval Q = ¢ € [0,27),
which is divided into smax subintervals Qz = €
(27(s — 1) /Smax, 278/ Smax): Qpip = UM Qs, are de-
termined at each value of the parameter p € (0, +00)
as the eigenfunctions corresponding to the real dis-
crete eigenvalues €1(p) < ea(p) < ... <egj(p) < ...
of the Sturm—Liouville problem for the equation

(A, p) —€(p)) @i (5 p) = 0. (12)

The functions ¢§»p)(g0; p) = ¢;(p;p) have the parity
(—=1)?, p = 0,1 with respect to the inversion of Ja-
cobi coordinates (2), i.e., ¢§p)(g0; p) = (—1)p¢§p)(go +

PHYSICS OF ATOMIC NUCLEI Vol.81 No.6 2018
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Table 1. The discrete spectrum of energies &; of dimer Beg, the total energies E, and the binding energies EF =
—(E, — E*) in A=2 of gerade (¢) and ungerade (u) states of trimer Bes counted of E% = & = —193.06 A=2 = —1044 K
dimer energy Be, calculated in grid Q, = 4.1(20)7(10)10 at N = 15 of Eq. (19) for the trimer models in the configuration
spacewithd =2andd =6

d=1(3) Even Odd
1orv d=2 d=26 d=2 d=26
€ EB E, E, EB E, E,

| —193.066 196.02 —389.006 —388.848 107.52 —300.393 —300.245
2 —119.392 142.37 —335.208 —335.055 67.41 —260.467 —260.325
3 —63.338 93.95 —286.828 —286.679 34.60 —227.565 —227.431
4 —24.904 52.77 —245.755 —245.615 11.79 —204.803 —204.683
5 —4.089 32.32 —225.345 —225.206 0.8 —193.831 —193.740
6 22.31 —215.226 —215.098

7 5.14 —198.129 —198.020

m; p); here and below p = 0. These functions satisfy
the orthogonality and completeness conditions

(Pil95)
S 278 / Smax
=D dedi(p; p)oj (s p) = i, (13)
Szl27r(s—l)/smﬂx
Z |9i) (] = Z@(%p)@(%;p)
= 0(¢ — o). (14)

For the three problems under consideration the
potential function V (¢, p) depending on the param-
eter p can be defined as follows.

Task 1. The case of one pair potential in the inter-
vals ¢ € (0,2¢q) (o = /6, /4 or m/2) V(p, p) =
V(psing).

Task 2. The case of three pair potentials, Eq. (9),
in the interval ¢ € (0, 2¢, = 7/3); the potential has
the symmetry of the Dgy, dihedral point group [40, 61,
62].

Task 3. The case of one pair potential and two
penetrable or almost impenetrable barriers, Eq. (10),
in the interval ¢ € (0, ¢, = 7/2) or in the intervals
¢ € (0,00 =m/4—€)and p € (po =7/4 —€,7/2),
0<exm/4

The solutions symmetric with respect to the
permutation of two particles satisfy the Neumann
boundary condition at ¢ = 0 and ¢ = 2¢,,, while the
antisymmetric ones satisfy the Dirichlet boundary
condition at these points, i.e., at the aforemen-
tioned points x =x,3 =0. II the pair potential
possesses a high peak in the vicinity of the pair

PHYSICS OF ATOMIC NUCLEI
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collision point, then the solution of the problem (8)
will be considered in the hali-plane €, , = (p €
(Pmin; 00), ¢ € [Pmin(p); 200 — min(p)]) ~with the
Neumann or Dirichlet boundary condition. Such
approximation corresponds to the so-called hard-
core model [24].

The potential function V (¢, p) of the boundary-
value problem (12) is symmetric under the reflec-
tion In: ¢ — (4s — 2)ps — ¢ with respect to the
lines ¢ = (2s — 1)y, in each sector of the cycle,
numbered by s =1,..., sma: LoV (@, p) = V (e, p).
Therefore, the set of eigenfunctions ¢;(¢y; p) is sep-
arated into two subsets, namely, the even and odd
¢T3 p) ones:  1a0 (5 p) = 67 ((4s — 2)pa —
©;p) = j:(;ﬁ?:il(gp;p). This fact allows separate
calculation of gerade ¢7(p;p) = ¢7((4s — 2)pa —
¢;p) or ungerade ¢i(p;p) = —¢%((4s — 2)pa —
¢; p) eigenfunctions in the reduced interval ¢ €
[©min(p), ¢al, subjecting them to Neumann or Dirich-
let boundary condition at the boundary point ¢ = ¢,
of the interval, respectively. Below the parametric an-
gular basis functions gb;-’:il(go; p) with the numbers
j=1,...,ng are referred to as cluster states with
gj(p) < 0, and those with j > ng + 1 as pseudostates
with €;(p) > 0, corresponding to the discrete and
continuous spectrum of BVP for Eq. (6) at large
values of the parameter p, respectively. To reveal
the above structurization property, we introduce the
linear combinations of these functions qﬁ}”ﬁ(gp; p) for

the trimer and ¢} (; p) for the dimer:

1" (5 p)
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= (£¢7" w3 p) + 67 (5 0))/ V2,
o5 (w5p)
= (£¢77 (@3 p) + 67 (03 0))/ V2.

The action of the parity operator I, on these functions

(15)

o8] (03 p) = 87 (20),  La) (3 p) = &) (93 p);
1o (1 p) = 057 (5 p),
167 (95p) = 6% (95 p), (16)

consists in the permutation of states |y) <> |3) or
| +) <> | =) with respect to the lines ¢ = (25 —
1)¢q. Indeed, the parametric cluster functions at j =
1,...,ng and at large p have maxima in the vicinity
of ¢ = (25 — 2)p, and ¢ = 2sp,, respectively, that
correspond to the eigenfunctions of cluster states of
the BVP for Eq. (6). In the particular case of sector 1,
the dimer functions ¢ (; p) have maxima in the
vicinity of ¢ =0 and ¢ =, i.e. for y >0, v =«,
or for y <0, v=— at large p, respectively while
the trimer functions gzb;.y’ﬁ(gp;p) have maxima in the
vicinity of ¢ =0 and ¢ = 7/3, i.e., for z12/y12)3 >
0, v="1, or for z31/y@E1)2 <0 v= 4 at large p,
respectively. The required properties are clearly seen
in the plots of even and odd parametric basis functions
and their linear combinations (15) of the trimer Bes
(Fig. 2). The first column in Fig. 2 presents the
number of the basis function. The second and third
columns show the even d)?(go;p) and odd ¢%(;p)
basis functions, symmetric and antisymmetric with
respect to the straight line ¢ = 7/6, constructed by
solving the problem in the interval ¢ € [pmin, 7/6]
with the Neumann boundary condition at ¢ = ¢min
and Neumann or Dirichlet boundary condition at
¢ = m/6, respectively, with subsequent symmetrical
extrapolation of the solution into the interval ¢ €
[7/6,7/3 — @min]. The fourth and fifth columns show
the linear combinations of the even and odd functions,
which are localized in one of the subdomains for
the basis functions (¢?’u(90; p), 7 =1,2,3) below the
breakup threshold in contrast to the basis functions
(07“(5 ), 67" (5 p), § = 1,2,3) above the breakup
threshold. ~ Such behavior is typical for angular
spheroidal functions [26, 27, 30, 63].

Using the above pairs of the basis functions (15),
we rewrite expansion (11)in the o representation

ZZ% (3 P)X5i, (P),

j=1 o

Zo 807 (17)

where 0 = u, g or 0 = =, 8 for the unknown functions

X}, (p) and sz'o (p) in the (/) representation, related

GUSEV et al.

to the functions x¥; (p) and x%; (p) in the (gu) repre-
sentation as

) (x;-’%(p)) . (x;-z-D(p))
O X3 (p) X%i, (p)
1 (11
T (1 1) '

The averaging of Eq. (8) with the basis functions
in o representation (17) yields the system of cou-
pled ODEs with the integer d > 1 determined by the
hyperspherical parametrization of the d-dimensional
configuration space

(18)

[ dl I jppd 1jp + Eip(—gm - E} Xiio (P)
+J§Wu P)Xjio(p) = 0, (19)
VVZ’J’(P) Hji(p)
+ dl 1d P 1Qyilp )+sz'(/7)dip, (20)

that corresponds to Eq. (8) for d = 2 and collinear
configuration of three atoms. Here the potential
curves (terms) €;(p) are eigenvalues of the BVP (12)
and the effective potentials (EPs) Q;;(p) = —Qji(p),
H;j(p) = Hji(p) are expressed as integrals calculated
in the reduced intervals ¢ € [0, 2¢,] using the above
g, u symmetry:

Qij(p) =
H;j(p) =

<8p¢i |8p¢j>-

For Task 3 the effective potentials Wi;(p) =
Wii(p) + Vzg(p) are sums of W;;(p), calculated using
the potential curves and the parametric basis func-
tions of Task 1, and the matrix elements Vll;(p) of the
barrier potentials

Vii(p) = (:|V* (ol sin(p — 7/4)])
+ VP (p|sin(p + 7/4)])|0;).

As an example, we calculated with the required
accuracy the parametric basis functions of BVP (12)
and the effective potentials (21) for the models of
Bey dimer and Bes trimer in collinear configura-
tion using the FEM implemented in the program
ODPEVP [52]. The results of calculation on the grid
Q[1.8/p, 0ol = {1.8/p(24)3/p(10)4/p(5)5/p(10)0 }
for o = m/2 for Bey dimer and ¢, = 7/6 for Bes
trimer are displayed in Figs. 2, 3, and 4. Using the
obtained result in the uncoupled (gu) representation

(21)

(22)

PHYSICS OF ATOMIC NUCLEI Vol.81 No.6 2018
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Fig. 2. The density plots of the first, second, third, sixth, and seventh basis functions ¢ (¢; p), j = 1, 2,3, 6,7 displayed in

sector 1 of (y, ) plane (in A). The negative, positive, and near-zero values of the eigenfunctions are displayed by black, white,

and gray, respectively.

and the transformation matrix A from Eq. (18), we
can rewrite the system of ODEs in the coupled (a/3)
representation with the effective potentials expressed
similarly [16]

Usj(p) = Uinjy(p) Uinjs(p)
Uigjr(p) Uipjs(p)

PHYSICS OF ATOMIC NUCLEI Vol.81 No.6 2018

Uiuju(p) 0
0 Uz‘gjg(P)

In Section 7 one can see that the (yf3) repre-
sentation provides the required compatibility of the
solutions of Egs. (19) with the asymptotic boundary
conditions (ABCs) of the scattering problem on the
total axis R! and its semiaxis R}.

=A AL (23)
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Remark 1. In collinear configuration both for
dimer and for trimer embedded in the configuration
space R¥\ {0} at d = 6 the BVP for Eq. (8) atd = 6
has an upper shift of spectrum in comparison with
the spectrum of the BVP for Eq. (8) at d =2 with
the corresponding eigenfunctions x(p) expressed in
terms of the eigenfunctions x(p) of Eq. (8)atd = 2 by
the conventional substitution X(p) = p~2x(p). This
fact is confirmed by the comparison of the collinear
trimer spectra in the configuration space of dimension
d = 2 with those in the configuration space of dimen-
sion d = 6 presented in Table 1. This spectrum shift is
due to the additional centrifugal term (d/2 — 1)2p—2
induced by such substitution and the redefinition of
fundamental solutions, i.e., the replacement of the
zero-index Bessel function Jy(v/—Ep) of Eq. (19) at
Wij(p) = 0 and d = 2 with the Bessel function [64] of

index two Jo(v/—FEp) atd = 6.

4. ASYMPTOTIC EXPRESSIONS
OF CLUSTER FUNCTIONS

Let us calculate the solution of the Sturm—
Liouville problem (12)—(14) at large p in domain

x = psing € (0, psin @,)
(A3 p) —25(p) &5(3 p)
= <—&8—;2 + p?V(psinp) — E;(§)>
x ¢j(p;p) =0,
where V(z) = V(z/24) /72, 26 = (7/2)/ ¢
Using the new variable 2’ defined as ¢ = 2//p,
x' = parcsin(z/p), we get
0’ gj(p)
(o + VlosinGa'/o)) ~ 24 ) ) =0,
¢i(pi = 7i/pip) = V/pdi(a'isp).  (25)
In the argument of the potential function

V(psin(2’/p)) we add and subtract 2’ and expand
it in Taylor series in the vicinity of 2/,

Vipsin(e' /) = V' + Ad'

— ., d*V (z") (Ax')*
k=1

(24)

, (26)

where a small correction Az’ = psin(z//p) — 2’ < 1
is presented again in the form of Taylor series

/I (_1)k
Ad =D 2k +1)!

k=1

12k+1

p2l<:
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Then the Sturm—Liouville problem for Eq. (24) is

reduced to
- V() gj(p)
<—w + V(ZL‘/) + Z ok - 0]21'(21
(27)

= /dw’%(ﬂf’;p)%(w';p):&j- (28)

Here the first terms V) (') of the asymptotic expan-
sion of V(psin(z/p)) read as

13 357 (0!
Wwwz—%ﬁgﬁ,

a: A2V (2) dV(z')
= (53: y +3 o ,

)7
VO = -2 (35
(@) =~ 5360 \*°% a3
dsz(ac’) ng(:E’)
dx'? dx’ ’

12 d3V($/)

+632

Note that kW) (2/) are the derivatives of the po-
tential of the BVP (27) with respect to the param-
eter p~2. So, we apply the modified version of the
program ODPEVP [52] for calculating the parameter
derivatives of the solution up to the given order to
determine the asymptotic expansion of the cluster
eigenfunctions and eigenvalues described in detail in
Ref. [42].

The execution of the above procedure yields the
required asymptotic expansion of the eigenvalues ne-
glecting exchange exponential small terms here and
below [49]

leIElX

p) + Z p 2kl

kde

_ )\(0 ) + Z P )\(k

gi(p) (0
jp2 =g (

(29)

where e§-2k) = )\5- /k!, and of the matrix elements (21)

for the cluster states, i,5 = 1,...,ng:
kmax Q(2k_1)

I
- 2k—1
k=1 P
kmax—1 77(2k)
max HZ]

Hij(p) = Z

k=1

Qij(p)

T 9k
p2k
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Vij(p) = O(exp(—p)). (30)

For the test beryllium trimer model in collinear con-

k
§ )
the coefficients H](f) of expansion (30) at ¢ = j have
been presented in Ref. [42], and the first coefficients of
the expansions (30) are given in Appendix. The first
six terms of the required asymptotic expansions (29)
and (30) at p = 20 provide the accuracy of 11 signifi-
cant digits, see Table 2.

Remark 2. The effective diagonal potentials
(EPs) have the asymptotic expressions #;;(p) =
i(P)p >+ Hyg(p) e + (e + H D)o = o)+

(1/4)p=2, proved in Ref. [15] and confirmed in Table 2.

figuration, the coefficients £} of expansion (29) and

5. ASYMPTOTIC EXPRESSIONS
OF PSEUDOSTATE FUNCTIONS

Consider the case of ¢, = 7/2 illustrated by
Fig. 5. The eigenfunctions of pseudostates ¢;(p) /z2 >
0,(j —no) =1,2,...,arelocalized beyond the poten-
tial well with the (ng — 1)th node at the potential-
well boundary. From this fact an estimate of the
eigenvalues for pseudostates e;(p) ~ z2(j — no)?
follows, namely, the eigenvalues of the corresponding
BVPs (27) in the new variable 2/, ¢; = ¢;(p)/p?,
will be small (see Fig. lc). So, the solution e, (p)
(en = en(p)/p?) of the derived equation is sought in
the form of a power series of g and u potential curves
atn=j—ngforn/p<1

Kmax E(k)
ei(p) = a2 "2+ZL1<; .
k=1 P

Here and below the g states are numbered by odd
n=1,3,..., and the u states by even n =2 4,...
Then the numerical values of the function B(g;; p) =
B(z}) and its derivative B'(y;;p) = pB'(z}) on the
specified grid Q, = {p1 =o,...,pi =x,/p,...,
©N = @} in the polar coordinates are determined
by the values of the function B(x7) and its derivative
B'(z;) onthegrid Q{2 = xq,... 2}, ..., 2y = L},
found with the same accuracy accepted in the above
chosen FEM scheme in the form of the power series
of the small parameter ,,:

(31)

Femax (k) (1) (k)
BRI D . e
Bl =B 1y Bl en)
k=1 p
Femax 1.(k) ;_(1) (k)
b- m s--+5<n
Bilal) = b0 43 e En) g
k=1 p
PHYSICS OF ATOMIC NUCLEI Vol.81 No.6 2018
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using the Runge—Kutta method, in which all terms
contain the power kmax + 1 of 1/p and the higher pow-

ers are neglected. The expansion coefficients Bi(k) =
Bl(k)(a:;) and bl(-k) = bl(-k) (x}), calculated at the grid

nodes x/, for the BVP (27) with the potential V(z')
defined in Eq. (7) are presented in Fig. 6. One can see
that in the vicinity of the potential well the corrections

to the eigenfunctions are small, but at large 2’ they

become essential. The coefficient bgo), the derivative
of the wave function with e, = 0, exponentially tends
to a constant for 2’ > 5.5. From these observa-
tions the condition for choosing z. follows. However,
to avoid analytical calculations of the exponentially
small terms in the effective potentials (21) between
the weakly bound cluster states and pseudostates, it
is sufficient to choose 2. = 10.

The interval ¢y < ¢ < w/2 is divided into two
subintervals by the point . = z./p: o < ¢ < e
and /2> ¢ > ¢.. In the calculations the point
xe was chosen from the condition |V (2’ > z.)| < e,
where € > 0 is a preassigned number, and the left-
hand boundary of the interval o = 0. In the case of
a high barrier, at the pair collision point, when the
eigenfunctions in its vicinity are close to zero, the
left boundary of the interval changes, ¢o = z(/p > 0.
The eigenfunctions ¢;(¢y; p) are calculated in the form

oA (p)Bi(eip), w0 < < e,
#ile0) = {Cj(p)D;’(w;p), Pe < p < T/2,
(33)
w/2
2 / do(oj(p;p))? = 1. (34)
%o

Here A;(p) and C;(p) are the normalization factors,
B(p;p) is determined from the numerical solution
B(x) in Cartesian coordinates using the transforma-

tion ¢ = 2’ /p; for g and u states
, 2 e;(p)
D?(¢7p) = \/;COS (T(QD - 7T/2)> )
7T/2)> .

2 . gj(p)
D%(¢;p) = 4/ = sin | XL (o —
i (0ip) \/;sm< o (¥
To simplify the analytic calcula-

Remark 3.
tions with Maple math software [65], we take sin()
and cos() in Eq. (33) for odd and even asymptotic
eigenfunctions, respectively, thereby determining the
asymptotic behavior up to the sign and the factor
v/2. The sign of the asymptotic eigenfunctions is then
determined by matching the asymptotic expressions
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Wi

1003\

200}

-300

~400 ~200

Fig. 3. The effective diagonal potentials W;;(p) = €;(p)p ™2 + Hj;(p) for the Bes trimer (a) and effective diagonal potentials
Wii(p) = ei(p)p~2 + Hjj(p) + V};(p) for the tunneling problem of the dimer Bea through the Gaussian barrier (b).

Q1. A7 K
4, @

I{/I’A_z K
9r 150
8 (o) 144
g— —Even - %%
or ----0dd 13
A 12
3r 117
2r g 411
JE } e 1
N |
2F Vg 111
3t ' 1=17
b 1220
St .Y o 428 L1 1 1 1 1 1 1 1 1 L]
5 10 15 4 56 7 8 91011 1213 1415
p, A p, A

Fig. 4. The effective potentials (21) of Bes: (a) Hj;-1(p), (b) Qj5—1(p), (¢) Hj1(p), (d) Qj1(p). Here j =2,...,10.

with the numerical values of eigenfunctions obtained — we get the equation for the eigenvalue ¢, (p):
by means of ODPEVP [52].

From the continuity of the eigenfunctions and tan <i+(p)(g05 — %)) evenn
their derivatives, B
— A _ T
¢n(908 —0; p) = ¢n(§05 +0; P), cot < * (QOE 2)> oddn
don don
5(905—030):@(9054-0;0), (35) _L(p):(),
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d(o; p = 200)
2 —

0 0.5 o
b;(p; p =200) ¢/(n/6)
2

-2 10
¢/(n/6)
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d/(@; p=200)
0.2

0.1

. Lo e Ny
0.2 0.05

¢/(m/6)

di(@; p=200)
0.2

0.1

02 0,05
¢/(n/6)

0.02 0.03 0.04

Fig. 5. The eigenfunctions ¢;(¢p; p) corresponding to the eigenvalues £;(p) > 0 of the gerade (g) and ungerade (u) pseu-

dostatesj =n+1=6,...,10 at p = 200.

B

0.2: o B(S), 1012 _’.w""
OJI\A v--“‘""""

0.2}
0.4}
~0.6F
_08 : .......
10

Fig. 6. The expansion coefiicients B®) = Bi(k)(sg), ..

,655)) and b)) = bl(-k)(eg), .

=
(=

e
o (¥}
O L e T

|
e
W

— 5O, 10}

. ——=b®,10'°
-1.0

6 7 8 9 10

X

e, k=0,2,3,4,5 at n = 1 with

P given by Eq. (32) calculated at the nodes z of the grid .

_ Bi(gesp) _ pB(ze)
Bu(pe;p)  Bulze)

Let us substitute (32) into (36), and then substi-
tute (31) into the resulting equation. Expanding both

(36)

PHYSICS OF ATOMIC NUCLEI Vol.81 No.6 2018

sides of the equation in inverse powers of p, we arrive
at the system of linear equations, from which the

expansion coefficients s%k), and then the coefficients

Ay (p) and C,(p) are determined.
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Since the values of the function B, (y;p) and
its derivative BJ,(¢;p) on the grid Q,, are known,
we calculate the first integral using the quadrature
formula of the Newton—Cotes type [64]. The sec-
ond integral is calculated analytically using expan-
sion (31). We have the analytical expression in the in-
terval p-(p) < ¢ < /2, and the explicit dependence
ol its values upon the parameter p on the grid Q...
For the considered potential (7) and n/p < 1 we get
the asymptotic expression (31) of the g and u potential
curves at odd and even n = j — ng, respectively. The
first terms of these expansions are expressed as

ell) = 4.4862257n%,  €l? = 15.004666n2,

el?) = —88.164324n> + 0.2088408n",

el = ~770.50344n> + 3.3516683n",

el® = ~13803.854n2 + 162.14850n — 0.2922734n°,
6) — _68926.763n2 + 1584.0782n* — 4.4329308n°

™
Il

for the dimer, z, = 1, and

ell) = 13.45867176n% /9, £\?) = 135.8518842n% /9,

el? = (818.991555n% + 8.069491n*) /9,
55.4) = (2179.34764n% + 271.51158n%) /9,

el = (~56227.6896n° + 9250.8082n"
— 71.0683n%) /9,

el = (~1061661.971n% + 204829.893n"

— 3233.746n°%) /9

for the trimer, x,, = 3. The calculated eigenvalues in
comparison with the numerical solution obtained by
means of the program ODPEVP [52] are presented
in Table 3. The described algorithm is implemented
in the Maple—Fortran environment. The asymptotic
expansions, obtained using it at p = 50, coincide with
the numerical solution given by the FEM to 5—6
significant digits for the eigenvalues and to 4—5 sig-
nificant digits for the eigenfunctions, see Table 3. The
asymptotic expressions of the effective potentials (21)
between the states ny = i — ngand ny = j — ng of the
same (g or w) parity at ng =5, i, =ng+1,... for
n/p < 1 have the form (see Appendix):

kmax k’+2
in n2

=2 R

kmax H(k+4)

Hpyny (p)= Z T

k+4
k=0 P

QTLl’rLQ
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Kmax V(k+1)

Vaina (p)= Z -

k+1 °
k=0 P

(37)

Note, that in the matrix elements of barrier poten-
tials (37) there are terms of the order p~! and p=2
with positive and negative coefficients. This feature
gives rise to a set of local minima (see Fig. 3b) that
are important for the scattering problem under con-
sideration and has the same nature as in the excited
anti-protonic Helium atomcule [28].

Using Egs. (29) and (33) we get the asymptotic
expansions for Qin(p) and Hi,(p) between the clus-
ter states i = 1,...,n¢ and pseudostates n —ny =
1,2,...,forn/p<1 (see Appendix):

Kmax Q~<k+5/2)
Qin(p) = Z W,

k=0

Kmax H(k+7/2)

Hin(p) = Z Wa

k=0
Vin(p) = O(exp(—p)). (38)
For Task 2 and Task 3, expansions (29), (30) are

the same, and expressions (37), (38) differ only in the
numerical coefficients that were calculated above for
Task 3 on the interval ¢ € (0,7/2).

6. ASYMPTOTIC EXPRESSIONS
OF FUNDAMENTAL SOLUTIONS

To calculate the asymptotic solution x;(p) =
X% (p) of the set of N ODEs (19) at large values of
the independent variable p > pmax > N ad we rewrite
itin the form

1 d -1 d

d 1 dp dp
N

J=Lj#i

1 d
dldpdeZ]()

+ Hii(p) — E} Xii' (p)

Q)

whﬂm (39)

The coefficients in Eq. (39) at d = 2, presented as
inverse power series (29), (30), (31), (37), (38), have

the form:
(7 + 1D 10+  HD 1o,
k=4
1=1,...,n
HZZp — ) ) 09
O B SR
k=3
t=n,+1,...,
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) and H

Vin A=2 of expansions (29) and (30), and the comparison of Z 5
k=0

numerical values of € (p) for the dimer (¢ = 7/2) or trimer (¢, = 7/6) at p = 20 A
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/p with the

a§°> ~193.06601252 ~119.39267226
a§2> —127.73059638 —317.30568182
a§4> —215.85831875 —672.02680456
el® —667.46086524 —2093.0917304
§8> —2590.0140007 —8317.9479477
10 —11287.527768 —37281.527942
10
Z e ok —193.38669866 ~120.19016966

—63.338854932
—408.25519644
—1198.7991074
—3656.2842793
—15062.850569
—69636.528276
—64.367043142

—24.904560537
—385.66879485
—1892.8857386
—5140.5360777
—23930.063302

—107755.44601

—25.880644327

—4.0897890782
—223.26092504
—3079.0060449
—3803.8470973
—63419.196580
164277.292590

—4.6672470749

j(p, oo =/2)
&j(p, pa = m/6)

—193.38669866
—193.38669866

—120.19016966
—120.19016966

—64.367043142
—64.367043142

—25.880644327
—25.880644327

—4.6672471622
—4.6672471630

(2)
Hyj

127.98059638

317.55568182

408.50519643

385.91879484

223.51081140

Py

0.2499999984

0.2499999944

0.2499999948

0.2499999953

0.2498863674

Table 3. Convergence of the expansion (31) for €,(p) in A2 n=1,3,5,7 (gerade) and n = 2,4, 6,8 (ungerade) at

p =50 A and the numerical results (NUM) for the dimer

Gerade (g-parity) Ungerade (u-parity)
n? 1.000000 | 9.00000 | 25.00000 | 49.00000 | 4.000000 16.00000 | 36.000000 | 64.0000
+<€n )/p 1.089724 | 9.80752 | 27.24311 53.39650 | 4.358898 17.43559 | 39.230082 | 69.7423
2)/p 1.095762 | 9.86186 | 27.39405 | 53.69235 | 4.383049 17.53219 | 39.447445 | 70.1287
+<€n )/p 1.095059 | 9.85570 | 27.37792 | 53.66353 | 4.380266 17.52152 | 39.425152 | 70.0934
+el )/p 1.094936 | 9.85464 | 27.37517 | 53.65878 | 4.379781 17.51968 | 39.421409 | 70.0877
telf )/p 1.094893 | 9.85428 | 27.37437 | 53.65775 | 4.379613 | 17.51911 | 39.420448 | 70.0868
telf )/p 1.094888 | 9.85425 | 27.37432 | 53.65774 | 4.379597 | 17.51906 | 39.420407 | 70.0868
(NUM) 1.094887 | 9.85424 | 27.37431 53.65776 | 4.379592 17.51905 | 39.420408 | 70.0869
kz H.(’.“)/p’f, i, =1,...,n0, section: ’H( ) = (k) + Hz(zk)(, )k: =2,4,6, (.,) ’Hgf)():
- 0, k=1,3,5,... whlle’H2—mn2 B — el
3 _ H(k) k:’ ij=n _1_1"“’ ’ nn ’ nn n
Hij(p) = § 2 /P Jo e © _ 2 @ ka5,
> ngf)/pk, otherwise, Step 1. We express the desired solution of Eq. (39)
k=7/2 in the form:
(®) ) k L
S QW g = e (o) = (0300) + 030 0) 1) Relo), 40
(*) ) k -
Qij(p) = g Qi /p% i =met+1,..., where ¢;(p) and 1)y (p) are unknown functions,
(k) k : Ry (p) is a known function. We choose Ry (p) as
/R, otherwise. i’ \p \P
k:z5:/2 Qi /e fundamental solutions of the auxiliary problem treated

The coefficients in these expansions can be deter-
mined by comparing Egs. (39) and Egs. (19) with
the asymptotic expansions found in the previous

PHYSICS OF ATOMIC NUCLEI
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as an etalon equation:
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d d_l d max
——1 7P T
pd=tdp"”  dp kzzl

7
ok

— pZ,
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Table 4. The sets of the first resonance energy values E at which the minimum of the transmission coefficient |S,|%
is achieved, the number ¢ of the threshold ¢;, the real and imaginary part of the complex energy eigenvalues E, =

REM +1SEM in A=2 of the even g and odd u metastable states of Beg numbered by index v calculated with N = 15

equations (19)

E i |Sabl3 RE) SE) v type
—193.066 l thr
—189.676 1 1x10°7 —188.94 —4 x 1072 1g
—164.654 l 4 %1076 —164.72 —1x1072 lu
—156.882 | 3% 1076 —157.04 —2 %1072 29
—140.545 1 1x10* —140.57 —5x 1073 2u
—132.485 l 1x10°° —132.47 —4 %1073 3g
—124.256 l 1x1073 —124.16 —6 x 1073 3u
—120.638 l 1x10°° —120.75 —8x 1072 4q
—119.392 2 thr
—113.248 2 0.10 —113.24 —2x 1072 5g

—89.319 2 9x107% —89.16 —3x 1072 6g
—77.271 2 0.77 —76.51 —4 %1076 4du
—70.309 2 0.35 —70.30 —2x 1073 g
—63.385 2 0.41 —65.14 -3 x1074 U
—63.338 3 thr
—42.858 3 0.06 —42.87 —6x 1073 8g
—20.396 3 0.13 —29.19 —4x 1072 9g
—24.899 3 0.19 —25.82 ~1x1073 6u
—24.904 4 thr

—6.799 4 0.40 —7.12 —1x1073 10g

—4.089 5 thr

x Ry (p) =0. solutions R;/(p) are Hankel functions of the first and

For example, for Task 2 or Task 3 we can choose
2P =1 =Dy P 14 at i =1,... n,

Then the fundamental solutions Ry (p) are deter-
mined by the Hankel functions of the first and the sec-

ond kind [64] H 3 ( E—¢ p> at E—¢\¥ >0

with the hali-integerindex 1/2,5 = 1,...,no, and the

corresponding Kelvin functions K < 55-0) — Ep>
)

J

For Task 2 we can choose Zi(,2) =H1E) =P =

2in—mng)?ati’=n=mn,+1,... and gj(p)p =2 =~

2(j —ng)?p~2 for pseudostates. The fundamental

ate; ' —E > 0,5 =1,...,ng, in the closed channels.

X

2

the second kind [64] H%’2)(\/Ep) at £ > 0 with the
integer index m = z4(j — no) = 1z, 22,4, ... in the
open channels.

Remark 4. For Task 3 at E > 0 in open channels

at 7,7/ =n,+1,..., one should redefine ’HZ(Zk,) =

7 k) + Vi(k), where coefficients Vj;; are coefficients

ofmexpanszion (37), and the repulsive Coulomb-like
term Zz.(,l)/p determined by diagonal matrix elements
of Gaussian barrier potentials ZZ.(/l) = vj}) inEq. (41),
and recalculate the above value of the coefficient
ZZ.(,2) of centrifugal terms Zi(,2)/p2, ie., ZZ.(,2) ~ Vf),
using the diagonal Vigf,) and nondiagonal Vigil,) ma-
trix elements of Gaussian barrier potentials from
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Appendix. Then one should calculate the funda-
mental solutions in terms of the irregular and reg-

ular Coulomb functions [66] Ry (p) = (G, (VEp) £
WF,(VEp))/ <2\/ \/Ep> with real-valued indexes

72

VvV = it

Step 2. At this step we calculate the coefficients

oy (p) and ¥y (p) of expansion (40) in the form of
truncated expansion in inverse powers of p (q& (k'<0) _

zp(k <0) _ O)

]Z

_ JZ'
ﬂ, + P

gb]z’

djﬂ JZ +Z ﬂ

Here K =1,3/2,2,5/2, .
ger or half- mteger

After the substitution of (42) into Eq. (39) with
the use of Eq. (41), we arrive at the set of recurrence
relations for ¥’ < kpax:

(0B st o)+ (0 - 2) ol
o2k — 1) D = )
(27 = B+ p3) 0l + 28 — 1)0ls ™Y
b (=20 ol - )
where the right-hand sides fi(i]f/) and ggf/)
by the expressions

FAGRISC Y

(42)

Kimax, Where knax IS inte-

(43)

are defined

2)(K — d)pyl,

(22

k/
3 (-2 ol
k=2
154 ,
23 (zé'“@k’ R
k=1

N ll "
> (e
j=1,j#i \k"’=1
2Qg€ w]z’
rd4 1)¢§];l/_k—1) n ‘/;gk)¢§;;l/_k)>>,

g = —(K = 1)

K Qﬁf)(—zk’ +k

S
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Z (V(k Z(k ) wgi/_k)
(k) (k’
S
j=1,j#i k=1
~ QW (2K +d -3kl Y
(k) (K'—k)
V;j w]z’ ) (44)
with the initial conditions (;52.2.0, = i, zpfz,) =0 and
pl =FE— EZ(-,O) > 0foropen channels and ¢% = —p? =

EEP) — E > 0for closed channels, p;y =g, at E <0

and py = +/E >0 in open channels at E > 0, see
Remark 2. Also from Eq. (43)at k' = 1 and i = ¢/,

(=)ot o
(55,1) ) %( i =0,

we obtain condition Zz.(,l) = vzﬁj)

(45)

Step 3. Here we calculate the coefficients gbgf,/)
and ¢§§/) using the step-by-step procedure of solving
Eqs. (43)for2E # ¢, i £ and k' =2, ...

o) = [550) - 5(-,0)]_1

x | =187+ 2mh (W = 1wl Y]
90 = [0 0] [0l — 2k — )olt
b == 20 = D] gl

mi’ "’

W~ faw - (2 - 0]

) kmax

_1)} ’

(46)

Fori' =1,...,ng the subscripts m and i run m = ¢/,
i=1,...,n9,n0+1,..., ¢ # ¢, while for &' = ng +
1,..., the subscripts m and ¢ run m =ng+1,...,
1= 1,...,710.

The algorithm described above was implemented
in MAPLE and FORTRAN to calculate the desired

qbgiki/) and 1/12.(5) up to the needed order kpax.

The choice of the appropriate value ppax for the
constructed expansions of the linearly independent
solutions x;;, for p;, > 0 is controlled by the fulfil-
ment of the Wronskian condition to the prescribed
accuracy:

Wr(Q(p): () x(0)) =

Wr(Q,x*,x) = p (x*T (CC% —~ Qx>

IOO7



960

T dX* *
(5 a))

where I,, is the unit matrix of dimension N, x N, in
the separated o representation or 2V, x 2N, in the
coupled (v3) representation, the asterisk * denotes
complex conjugation, the superscript 7 denotes ma-
trix transposition, x =~ = x*, and x* = x.

As an example, we present the first few terms of
expansions (42) of the asymptotic expressions of the
fundamental solutions (40) found by means of the
above algorithms

(47)

1)
2Q;
0) _ 1 _ g2t
Pigio = L Vjoip = — (0) - 0(0)
. 5
J2
1) H@ (2)
UREDY 2%0 j2Q{2§0 - Hioio( yoo ()
ioto 0 0 0)\’
J2 jo  “ip 2(E - Eio )
(0)y ~H(1) 1) @
¢(2) _ _4(E ~ i )Qj4io Z Qioszjzio
Jat0 (0) (0) (0) (0)
(€j4 — & ) Jo (Ejz T i )
1) (2)
_ A(E ) Z J4J2QJ210 Hj4i0
0) 0 0 0
R R ) R G
Q§120<<—4 - %5020> 0 45+ ey,
- (0) (0)y2 » (49)
(Ej4 — & )
(5/2)
(5/2 _ __2Qngip
Vnsio = — 00 (01" (50)
520 ESLOQ _ EE{?)

One can see that the desired compatibility conditions
are proved and the Jacobi variables can be approx-
imated as y=/p? — 22~ p(1—2%/(2p%) +...)
similar to [27, 30]in W5, (p, ) = /0Pi, (2")Xi,i, (Pi,»
p(1—22/(20%) +...)) at i,=1,...,n, for clus-
ter states below the breakup threshold. However,
for pseudostates in open channels i, =n,+1,...,
above the breakup threshold we have other asymp-

totic expressions W;, (p, @) ~ >, ®;(z")x;i, (p)-

7. ASYMPTOTIC EXPRESSIONS
OF SCATTERING, METASTABLE,
AND BOUND STATES

The general solution Fj of the system of ODEs
in the open channels i, =1,..., N, is determined
by a linear combination of the fundamental solutions
X, (pi,p) and X;g(piop) calculated using Egs. (40)
and (48) with the leading terms of the Hankel func-
tions of the first and the second kind in the form of

GUSEV et al.

incoming and outgoing waves

No
FS(p) =) [xj‘ig (Piop)ay + Xy (Pi,p)ay,
—~

The scattering matrix S7 ., (E) or 57, (p), where p =

diag{p;, }V° oy isa dlagonal matrix [22] In open
channels it is defined as the matrix transforming the
amplitudes of the incoming waves a;, into those of the

outgoing waves a:,r [67]

N,
aj = Z&%( Ja; . (51)
=1

o

The components of the radial asymptotic solutions
FZ2 (p) of the scattering problem in the open channels

i, = 1,..., N, have the form

Fii (p)

No

> XG0, o), + X0, 0io) ST, )] (52)

=1

while in the closed channel i{, = N, +1,..., N the
asymptotic solutions Fj; (p) are determined by the
fundamental solutions X;FZ., (1p;p), calculated using
Egs. (40) and (48) with the leading term of Kelvin

functions Kl/g(ql@ ) for the decaying waves

Fii (p) = agy X (Wi, p)- (53)

These asymptotic solutions F(p) = {F;,(p)} o=
{{F}i, (p)}?’zl}fj:l are used to have the conventional

asymptotic boundary conditions for the components
of the numerical solution Fj;,(p) of the system of
ODESs (19) at large p = pmax

Fji,(p) = F3; (p),
d d
— 5 (p)-

—Fy; —

dp J o(p) dp

The scattering problem (3)—(6) with the asymptotic
boundary conditions (52) and (53) is reduced to a
boundary-value problem for the set of close-coupled
equations (19) with the boundary conditions at p =

Pmin and P = Pmax [56]

(54)

dF (p)
F(pmin) = 0) -
dp P=Pmax
= R(pmax)F(pmax)y (55)

where R(pmax) isa N x N symmetric matrix function

of E, F(p) = {xi, ()} =1 = {{xi. (P) 321 o=y is
the required N x N numerical matrix solution.

PHYSICS OF ATOMIC NUCLEI Vol.81 No.6 2018
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These matrices and the N, x N, matrices S41 =

{S‘Z’Z(E)}g"’io:l sought for in the open channels
N, = m>axj < N. are calculated directly from (54)
>e;

using the program KANTBP 4M [57].

For metastable states the even and odd eigen-
functions obey the boundary conditions of the third
kind (55), where the matrices R(pmax) =
diag(R(pmax)) depend on the complex energy eigen-
value F = E,, =RE,, +1SE,,, SE,;, <0 sought
for, and are expressed as [41]

W, RE, > €7,
Rioio (pmax) = " " J s
WG, RE, < E;-’

pmz\/Em—EZ), Qm:Z\/EZ_Ema

since the asymptotic solutions of this problem con-
tain only outgoing waves in the open channels i, =
1,...,N,and closed ones i, = N,+1,...,N. Inthis
case the eigenfunctions obey the orthogonality and
normalization conditions

(Fm|Fm’) = (me + me’)

(56)

Pmax
< | [ o Purlo)do ~ S

min

+ Cmm’ = 07

Crum' = —F%(PmaX)Fm’ (Pmax)

compatible with the conventional one [68].

For bound states the even (¢g) and odd (u) eigen-
functions obey the boundary conditions (55), with
the matrices R(pmax) = diag(R(pmax)) = 0. In this
case the eigenfunctions obey the orthogonality and
normalization conditions

Pmax
ElE) = |

Pmin

(57)

Fg@(p)Fm’ (P)dp = by -

Taking the property (15) and (16) of the quasiangular
parametric basis functions and the effective poten-
tials (23) into account, we express the S-matrix in the
(vB) representation on the full axis R! via the matrix
59 (51), (52) calculated on the half-axis RY. The

matrix S is a unitary and symmetric scattering matrix

S.~ S

S = ( 7Y ”’5) , S’fs=s8st=1  (58)
Sy Spp

consisting of the matrices S, Sgg and S.,5 = Szﬁ of

the dimension N, x N, determined by the relations
Syy =Sps = (S41+S-1)/2,

S.5 =Sk, = (S+1—5-1)/2, (59)
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where S;1 =8, and S_; =S, are the matrices
from (52). Here I is the unit matrix with the di-
mension 2N, x 2N,, S, and Sgg correspond to the
elastic scattering processes (in the considered case of
1D scattering it means reflection) of the dimer (a/3)
or (ya) on the atom « (or B): v+ (afB) — v+ (af),
or (ya)+ B8 — (ya) + B, and Sg, and the matri-
ces S,z correspond to the inelastic rearrangement
scattering processes (in the case of 1D scattering
it means transmission) v+ (af) — (ya) + 5 or
(va) + B — v+ (aB), for which the conventional
relations between inelastic and elastic scattering
below breakup threshold at £ < 0 follow from (58)
that provide conservation of the Wronskian (47),
Sgy1* =1~ [S,,[* and Sg, = ST, where T is the
unit N, x N, matrix. The incoming (outgoing) wave
of rearrangement scattering v+ (af) — (ya) + S
or (ya) 4+ B8 — v+ (af) propagates along the cor-
responding y(ag)y (Y(ra)8) OF Y(va)s (Y(ap)y) axis in
the backward or forward direction (see Fig. 15). For
example, in the first sector of Fig. 16 the incident wave
of the rearrangement scattering 3 + (12) — (31) + 2
or (31) +2— 3+ (12) propagates in the channel
3+ (12) or (31) + 2 along the corresponding y12)3 >
0 axis at 212 > 0 or y(31)2 < 0 axis at z3; > 0 in the
backward or forward direction, while the outgoing
wave propagates in the channel 3 4 (12) or (31) 4 2
along the corresponding y(31)2 < 0 axis at x3; >0
or y2)3 > 0 axis at z13 >0 in the backward or
forward direction. It means that the states + and
B of the scattering matrix Sg, = Szﬁ of the direct

and inverse rearrangement scattering processes 7y +
(@B) = (ya) + 8 and (ya)+ =+ (af) have
different signs of velocities with respect to the cor-
responding Jacobi vectors connecting the atom and
the dimer in both ingoing and outgoing channels.

For the scattering of the dimer (y3) by the poten-
tial barriers, considered on the full axis, the matrix S is
the 2N, x 2N, scattering matrix (58) read as similar
to[41]

R. T
S=| " 7|, sfs=sst=1, (60)

where I is the unit matrix with the dimension 2N, x
2N, consisting of the amplitudes of the reflected and
transmitted waves R, = R,(E) and T, = T,(E),
where v =<—, — indicates the direction of the incident
wave propagation with respect to the y axis, i.e.,
v =« and v =— for y > 0 and y < 0, respectively,
and the N, x N, matrices R, = R,(F) and T, =
T, (E) are expressed as

Re =R, = (S:1+S.1)/2,
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Te =T, = (S41-5-1)/2. (61)

For the scattering of the dimer («) on potential bar-
riers similar relations determine the reflection R =
S,y and R_, = Sgg, and transmission T, = Sg,
and T_, =S, 3 amplitudes. For the reflection co-

efficient |R,|> = RIR, and the transmission coeffi-

cient |T,|? = T} T, the conventional relation below
breakup threshold at E < 0 following from (58) and
constant wronskian (47), |T,|? =1 — |R,|? is valid,
where I is the unit N, x N, matrix.

8. BOUND, METASTABLE, AND
SCATTERING STATES OF THE TRIMER

For the considered models, the eigenvalues and
the hyperradial components of 2D eigenfunctions of
the BVP for the set of ODEs (19) with Dirichlet
boundary conditions were calculated with the prede-
termined accuracy using the FEM implemented in
the KANTBP 4M program [57].

The set of even (g) and odd (u) bound states of
the trimer Bes (Task 2) were calculated on the grid
Qp, = {pmin=4.24(1)4.33(10)6.13(1)6.33(23) pmax =
11.39}, where in parentheses the number of the fifth-
order Hermitian elements [55] is indicated, for the
number of equations N = 15 in the system (19).

The set of binding energies of the trimer Beg is pre-
sented in Table 1, and the trimer eigenfunctions (11)
are shown in Fig. 7. These solutions, i.e. the real
eigenvalues and the corresponding eigenfunctions,
were used as an initial approximation in the contin-
uous analog of Newton’s method [28] with additional
condition (F,,|F,,) = 0 to calculate the metastable
states of the trimer Beg on the same finite-element
grid. The corresponding problem of the dimer scat-
tering on an atom was solved on the same grid and
N =15.

The calculated complex energies of the metastable
states Enj‘ff = E,, = RE,, +1SE,, for the trimer are
presented in Table 4. These metastable states
are responsible for the resonance energies, cor-
responding to the minimal probability of inelastic
scattering of the dimer by the atom, i.e., to the
resonance quantum reflection from the potential
well (Feshbach resonances, see Figs. 1b and 3a).

As an example, in Fig. 8 we display the eigen-
functions of the scattering problem for gerade and
ungerade states corresponding to the minimum of
the transmission coefficient |Sy5/? = [Sg,[? = 1077
at F = —189.676, as well as the metastable state 1g
from Table 4. The isolines of the absolute values
|@7B(y, x)| of the linear combinations W¥3(y, z) =
(U9(y,z) + U¥(y, x))/v/2 demonstrate the effect of
the resonance reflection from the effective potential

GUSEV et al.

well. [t can be seen from the figures that the shape
of the wave functions of the gerade scattering states
(Fig. 8a) and metastable states (Fig. 9) are similar
and they are localized in the vicinity of the poten-
tial well (Fig. 3a). At the same time, for the same

energy value F = —189.6 A=2. the wave function
of ungerade scattering states (Fig. 8b) is a typical
nonresonant wave function.

9. METASTABLE AND SCATTERING STATES
OF THE DIMER TUNNELING

The metastable states of the dimer Bey tunneling
through Gaussian barriers of Task 3 were calculated
for BVP calculated with N = 15 equations in the
system (19) with matrix elements of the poten-
tial barrier on the finite element grid ©, = {pmin =
1.81(12)4.21(15) pmax = 7.51} with the fifth-order
Hermitian elements (p =5). The corresponding
problem of a dimer tunneling through the barriers was
solved on the same grid.

The corresponding algebraic eigenvalue problem
for metastable states was solved using the above
mentioned continuous analogue of Newton’s method.
As the initial approximation the real eigenvalues
and the corresponding orthonormalized eigenfunc-
tions (58) were used. They were found as a result
of solving the bound state problem with R(y*) =0
on the grid Qp = {Pmin = 1.81(12)Pmax = 4.21}. The
complex values of energy of the metastable states
EM = E,, = RE,, +13E,, for the dimer Bey tun-
neling through the Gaussian barriers, are presented
in Fig. 10. These metastable states are responsible
for the resonance values of energy, corresponding
to the maximal transmission coefficient, i.e., the
quantum transparency of the potential barriers
(see Figs. 1b and 3b), i.e., the shape resonances.
The position of peaks presented in Fig. 10 is seen
to be in quantitative agreement with the real part
R(E), and the geometric halfwidth of the |T|?(E)
peaks agrees by the order of magnitude with the
imaginary part I' = —23(F) of the complex energy
eigenvalues E = R(F) +13(E) of the metastable
states. The obtained complex energy values corre-
sponding to the resonance values of energy in the
first open channel are in good agreement with the
ones calculated analytically in the model of a rigid
diatomic molecule with Morse potential tunneling
trough the Gaussian barrier at the same values of
parameters [13]. From Fig. 10 one can see that
as the energy of the initial excited state increases,
the transmission peaks demonstrate a shift towards
higher energies, the set of peak positions keeping
approximately the same as for the transitions from the
ground state, and the peaks just replace each other.
PHYSICS OF ATOMIC NUCLEI
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Fig. 7. The density plots of the eigenfunctions %" (¢, p) displayed in sector 1 of (y,z) plane (in A) of the gerade (g) and
ungerade (u) bound states with energies EJ'* of the Bes trimer presented in Table 1. The negative, positive, and near-zero
values of the eigenfunctions are displayed by black, white, and gray, respectively.

For example, the left epure shows that the positions
of the 13th and 14th peaks for the transitions from
the first state coincide with the positions of the 1st
and 2nd peaks for the transitions from the second
state, while the right epure shows that the positions
of the 25th and 26th peaks for transitions from the
first state coincide with the positions of the 13th and
14th peaks for transitions from the second state and
with the positions of the 1st and 2nd peaks for the
transitions from the third state.

For a quantum particle, the possibility of tunneling
makes the concept of potential barrier activation ill-
defined and, therefore, deviations from Arrhenius be-
havior may be expected. Diffusion can still be approx-
imately described in this form by using a temperature-
dependent activation energy, often much lower than
the classical energy barrier, i.e., the effective bar-

rier for two noninteracting atoms is 2V;. The nor-
malized thermal rate constant k4" / k?g) has the form

PHYSICS OF ATOMIC NUCLEI Vol.81 No.6 2018

(29, 69, 70]:
; W N ) e=&/T
k" k) = ;ki(T)a ki(T) = mki(T),

No

—&;/T

Q’U’ib = E € / )
i=1

Emax

Yy
1 - - -
ki(T):—\/T / Wi (Ey)e Bv/TdE,
0

(62)

/Wii(Ey)e_Ey/TdE’y, (63)

frmax
E'y

1
R
VT

where k;(T) are the weighed thermal rate constants,
Quip is the vibrational energy and k;(T") is the partial
thermal rate constant in the initial vibrational state
i, Wii(E) = |T|%(E) is the total transmission prob-
ability for the initial state . Figure 11a illustrates the
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Fig. 8. Upper and middle panels: the gerade (left-hand panel) and ungerade (right-hand panel) solutions x;1(p) as functions
of the hyperradius p (A) and isolines of the absolute values [W9°“ (g, p)| of corresponding solutions in sector 1 of (y, z) plane
(in A) for the scattering of Be atom with the energy —FE = 189.676 A=2 (relative to the three-body threshold) on the dimer
Bez, corresponding to the 1g metastable state from Table 4. Lower panel: isolines of the absolute values |¥7# (¢, p)| of the
linear combinations ¥# (i, p) = (£¥* (0, p) + VI (0, p))/V/2.

PHYSICS OF ATOMIC NUCLEI Vol.81 No.6 2018



ADIABATIC REPRESENTATION FOR ATOMIC DIMERS 965

%L N
8 .
0.2+ AN . 7L @
L -" “-_ 1 \\ / \\ r
’.'E“ 5 ,’ \ /’ \ 6
fyATy Seegel N / \ L
0 - ’L_‘.;:: :’; _7_‘ ____-_\\-_—_-;- -".‘;;,':__. .'.T.";" 51
) .,:' 3 , \\ ’ \ |
---Rey; ‘.- ——-Imy,
020 P Rey, B Imy, 3F @&
........... RCX3 ———-- lmx3 ) n%@ @ i
L L L L L L L J 1 L L L L L L L L L L L L L
5 6 7 8 9 10 1 4 5 6 7 8 9 10
p, A y
Fig. 9. The components x; and isolines of the absolute values |¥ (¢, p)| of the solution ¥(¢p, p) for the trimer Bes in 1g
metastable state with the real part of energy eigenvalues RE = —188.94 A~2  localized near the minima of the trimer potential.
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Fig. 10. The total probability |T|%(E) = Z;V:"I T;;Tji (lines) of penetration of the dimer for the initial states 4 through the

repulsive Gaussian potential barriers versus the total energy E = RE counted from the main threshold £ = 0. The values of
the threshold energies E =¢;,4 = 1,...,5 corresponding to the energies of ground and excited initial states are shown by
arrows. The real RE and imaginary (—1)SE part (with negative sign) of the metastable states’ energy (circles).

comparison of the partial &;(T)) (solid curve), weighed The total E%(T) and the partial E¢(T) tempera-
ki(T) (dashed lines) and total k(T) (dash—dotted ture-dependent activation energy is defined by
curve) thermal rate constants vs the temperature T’ - B 1 dvBk(T)

EYT)=— = ,
and their upper, lower, and average estimates. (T) VBE(T) dg
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Fig. 11. (a) Thermal rate constants vs. temperature: partial k;(T') (solid curves) and total k(T') (long dashed curve) and
their upper (dotted curve) and lower (short dashed curve) estimates. (b) The temperature-dependent activation energy: partial
E{(T)/Vo (solid curves) and total E*(T")/Vy (long dashed curve) activation energy and its upper (short dashed curve) and

lower (dotted curve) estimates.

1 dBR(T)
VBk(T) a3’

Figure 116 displays the comparison of the par-

tial E2(T) (solid curve) and the total E%(T) (dash—
dotted curve) activation energy vs temperature 7" and
their upper, lower, and average estimates in the in-
terval restricted by Thax = 100 K. In terms of the
quantum mechanical transition state theory [29, 69]
it leads to the increased thermal rate constants of the
quantum tunneling and decreased activation energy
E¢/Vp of the composite molecular system at the low
temperature T below the classical energy barrier V
(see Fig. I1).

EX(T) =

)

8 =1/T.

10. CONCLUSION

The model for beryllium trimer in collinear con-
figuration on a straight line was formulated as a 2D
boundary-value problem for the Schrodinger equa-
tion in polar coordinates. Using the Kantorovich
expansions this problem has been reduced to the
boundary-value problem for a set of second-order
ordinary differential equations.

The symbolic—numeric algorithms are proposed
and implemented in Maple to evaluate the asymp-
totic expansions (29), (30), (31), (37), and (38) of
the parametric BVP eigensolutions and the effective
potentials Wj;(p) in inverse powers of large values of
the (hyper)radius p.

These expansions have been used for the calcula-
tion of the asymptotic expressions of the fundamen-
tal solutions (40) of the system of the second-order
ODEs at large values of p using recurrence rela-
tions (43) and construction of asymptotic states (52)

and (53) of triatomic scattering problem both below
and above the breakup threshold. It was shown that
to solve tunneling of atomic dimer thought the short
range potential barrier in open channels above the
dissociation threshold of dimer at £ > 0 the addi-
tional effective repulsive Coulomb-like term evidently
arises as one can see from the linear dependence of
Vb(z,y) in the plane, see Fig. 1d in the SODEs at
large value of radial variable, as well as leading terms
of expansions of diagonal and nondiagonal matrix
elements of the Gaussian barrier potentials of second
and first inverse power of the radial variable. In this
case one must use in construction of the asymptotic
scattering states instead of the Hankel functions of
the first and second type the irregular and regular
Coulomb functions with real valued indexes [66].

The effects of resonant quantum transmission of
atomic dimers through the potential barrier and re-
flection from the effective potential well of a trimer,
arising in the scattering process were revealed (see
Figs. 3a and 3b), generated by metastable states of
the composite system (cluster + barrier or well) with
complex energy eigenvalues below the dissociation
threshold of dimer, corresponding to the shape and
Feshbach resonances, respectively.

The proposed method of solving the three-atomic
scattering problem as well as dimer tunneling through
potential barrier in adiabatic representation both
below and above breakup threshold can be applied
to the further analysis of quantum transparency and
reflection effects [13, 14, 44], quantum diffusion [29]
and the resonance scattering in triatomic systems us-
ing modern theoretical and experimental results [9—
12] and algorithms and programs [50, 52—54, 57]. It
can be also applied in the studies of laser control of
PHYSICS OF ATOMIC NUCLEI
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molecular tunneling, aimed at enhancing the rate of
chemical reactions and quantum diffusion [58] and
ternary fission of heavy-ion collision in a collinear
configuration [71, 72].
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Appendix

ASYMPTOTIC EXPRESSIONS OF MATRIX
ELEMENTS FOR DIMER AND TRIMER

The first coefficients of the expansions (30) for
both the dimer of Tasks 8 and I and the trimer of
Task 2 have the form

0 10.3201 —3.81790 1.83170 —0.903311
~10.3201 0 12.2419 —5.54402  2.68986
QY = | 381790 122419 0 11.5096 —5.30745 |
~1.83170 554402 —11.5096 0 7.99437
0.903311 —2.68986 5.30745 —7.99437 0
0 19.6114 —3.63427 1.58999 —6.31271
~19.6114 0 32.2355 —12.5531 22.0625
QY = | 363427 322355 0 52.0431 —53.8134 |
—1.58999 125531 —52.0431 0 105.275
6.31271 —22.0625 53.8134 —105.275 0
0 68.2366 —6.68774 —14.8770 128.505
—68.2366 0 91.6918  27.6600 —356.227
QY = | 668774 —91.6918 0 68.9065 595.104 |-
14.8770 —27.6600 —68.9065 0  —523.035
—128.505 356.227 —595.104 523.035 0
127.981 —67.2820 —85.3811 73.3913 —44.4889
—67.2820 317.556 —161.487 —40.5195 46.8714
HY = | 853811 —161.487 408.505 —231.091 45.2520 |
73.3913 —40.5195 —231.091 385.919 —215.798
—44.4889 46.8714 452520 —215.798 223.511
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414.479 —142.333 —526.641 464.604 —624.169
—142.333 1204.00 —420.171 —812.366 1119.09

HZ-(;-l): —526.641 —420.171 2009.09 —947.285 —464.551 | >
464.604 —812.366 —947.285 3041.77 —2605.05
—624.169 1119.09 —464.551 —2605.05 5091.16
1912.47 —670.689 —2112.77 815.251 4153.61
—670.689 543140 —1689.40 —3295.46 —646.435

Hff) = | —2112.77 —1689.40 8482.51 —2016.27 —12077.1
815.2561 —3295.46 —2016.27 10047.9 12431.9
4153.61 —646.435 —12077.1 124319 —-664.074

The first terms of the expansions (37) for the
dimer of Tasks 3 and I are Q}, ,,, = 2an2,

n1n2 -

2H£1n2v Vn.lnz = 4Vn.1712’
)2 = 2243112812
Qins = (”1 ”%)’
) = 5.0315554— 2
@iz = (”1 - ”%)7
oW = 188.67822%
—n3)
2
+0.22413™720 +2n2),
(n{ —n3)
. +n3)
HY —10. 06311W—12,
e (nf —n3)?
AP, =15 14538w + 69.93509n, 12,
(nf —n3)?
76) _ mna(nf + nj)
), = -1642.273 2 2
% 3
8.044——12 4 476.762n s,
+ (7 —n2)? + ning
HY, = 0.6289444 + 2.0691442n7,
a®) = 2.8215867 + 79.217746n3,
a9, = —102.642068 + 138.328874n3

+ 0.826991n.

The first terms of the expansions (37) for the dimer of
Task 3 have the form

= 61.031sin % sin 7T—n2

(1)

~(2) _ TTNY st
V] = —107.521 <n1 sin e CoS e

N1

)

+ 136.900 sin % sin @

TN
+ ng cos —— sin —— 1

4

st

ffg ) = —482.366<

TN N1

N9
19 COS —— sin ——
4
+ nisin —= cos —
4 4

4
™9 ™1

+ 191.020n1 149 cos e cos e

L sin 72 3.21518)

—95.510sin % sin e
—629.005 sin ”T"l

(nf+nj3—
() _
v =

X sin %(n? + n2 + 5.37240)

™o . TNy
N9 COS —— SIn ——

4 4
+ 1285.443n1n9 cos % cos anl

+ 1572.068<

TN N1
+nq sin —= cos —

4 4

™1

4

)

N9 TN
COS T sin ——

4

T2

cos —sin 3
4

+ 49.862( n3

+sin —= cos —n
4 4 1

n%ng

)

No.6 2018

+ 171.075<

N9

. Ty 2
~+ sin e Cos

—nn
4 2
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The first terms of the expansions (37) for the trimer of
Task 2 are

A ning
QP,, = —6.7129337 ——,
(nf 1)

ning
= 5.031555 5,
Qi = D031 G~

HYW — 9. 567936%1—1—712)
(2 —rd?

5 nina(nf + n3)
ad = 1218.924228W
+ 1834.90065471 1
HW = 5660496 + 18.622285n7,

nini

H®) = 76.182764 + 2085.531903n7.

nin
The first terms of the expansions (38) for the dimer of
Tasks 3 and 1 have the form Q3, = v2(—1)"/2Q3, ,
1}, = VA=),
QP = —0.428011n, Q7Y = —1.443145n,
2972 — _25.01600n + 0.183791n3,
W02 = 12739000, QY/? = +4.286254n,
W72 = 75.66328n — 0.546657n,
WP = 94975110, QP = —8.403301n,
2972 = _152.3919n + 1.075421n°,
)02 = 36688340, QU = 4+12.34441n,
272 = 231.9007n — 1.599005n°,
20/2) — 40086590, QP = —13.79066n,
2072 — _247.9253n + 2.018873n%,
a2 = 2253006n, H/? = +77.24936n,
a1 = 1551.8678n — 9.835892n°,
H? = —26.57543n, H/? = —93.70381n,
H? = —2203.032n + 11.89657n?,
AP = —12.19800n, H{/? = ~32.64199n,
H{? = 262.11512n 4 4.400493n°,
A = 85.06821n, H/? = +273.8820n,
H{M?) = 4387.8346n — 35.91925n°,
a7 = —120.4823n, H/? = ~391.5948n,
HV? = —8001.428n + 54.83111n°.

The first terms of the expansions (38) for the trimer of
Task 2 are Q%, =V2(-1)"2Qs, H, =
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V2(-1

QY

)/,

(5/2) — _1.286735m, Q% = —12.988310n,
W0/ = 38217020, O? = +38.576285n,
(5/ 2 = _7.492536n, (7/ ?) = _75.629699n,

fli/?) —  11.006506n, f;/z) = +111.099726n,

202 = 12.295975n,  QY/? = +124.116000n,
H? = 67.590204n, H/? = +12.988310n,

H,
Hy,

Y _79.726329n, H? — _38.576285n,

n 2n

72 = _36.596734n, HY/? = —75.620699n,

H? = 2552046990, H/? = +111.099726n,
AS? = 361.447878n, ALY = 1+124.116000n.

N =

10.
1.
12.
13.
14.
15.
16.
17.
18.
19.
20.

21.
22.
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