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The double processes of He in electron-impact ionization, single ionization with simultaneous excitation and
double ionization, have been studied at large momentum transfer using an energy- and momentum-dispersive
binary �e ,2e� spectrometer. The experiment has been performed at an impact energy of 2080 eV in the
symmetric noncoplanar geometry. In this way we have achieved a large momentum transfer of 9 a.u., a value
that has never been realized so far for the study on double ionization. The measured �e ,2e� and �e ,3−1e� cross
sections for transitions to the n=2 excited state of He+ and to doubly ionized He2+ are presented as normalized
intensities relative to that to the n=1 ground state of He+. The results are compared with first-order plane-wave
impulse approximation �PWIA� calculations using various He ground-state wave functions. It is shown that
shapes of the momentum-dependent �e ,2e� and �e ,3−1e� cross sections are well reproduced by the PWIA
calculations only when highly correlated wave functions are employed. However, noticeable discrepancies
between experiment and theory remain in magnitude for both the double processes, suggesting the importance
of higher-order effects under the experimental conditions examined as well as of acquiring more complete
knowledge of electron correlation in the target.
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I. INTRODUCTION

The use of the �e ,2e� method for measurement of electron
momentum distribution in matter was first proposed by
Smirnov and Neudatchin in 1966 �1� and later by Glassgold
and Ialongo �2�, followed by the pioneering experiments of
Amaldi et al. on a thin carbon film �3� and of Weigold et al.
on Ar �4�. Such attempts have been eventually developed as
binary �e ,2e� spectroscopy or electron momentum spectros-
copy �EMS� with outcome of many years of intensive and
extensive studies ��5–10� and references therein�. It is now
well documented that the momentum-dependent �e ,2e� cross
section or momentum profile is directly related to the one-
electron momentum density ���p��2 of the ionized orbital, if
the measurement is performed under the so-called high-
energy Bethe ridge conditions where the collision kinematics
most nearly corresponds to collision of two free electrons
with the residual ion acting as a spectator �5–11�. The key
concept in connecting the �e ,2e� cross section with the one-
electron momentum density is the first-order plane-wave im-
pulse approximation �PWIA� �5–10�, which requires the fol-
lowing: �i� the incoming and outgoing electron energies have
to be large enough to describe all the electrons by plane
waves, and �ii� large momentum transfer must be achieved so
that the momentum and energy transferred to the target are
absorbed by the ejected electron, as in x-ray Compton scat-
tering �12�.

The double processes of the two-electron system He,
single ionization with simultaneous excitation and double
ionization that involve both ionization of a target electron
and excitation/ionization of a second target electron, are par-
ticularly attractive in examining the concept of the PWIA.
There are two reasons behind this aspect. First, the system is
simple enough to be the subject of accurate calculations.
Second, the double processes must be very sensitive to elec-
tron correlation in the target initial state because of the ab-
sence of electron correlation in the final one-electron ion
state. In this sense, for ionization-excitation processes of He
the PWIA can directly probe the one-electron momentum
densities ���p��2 of excited orbital components of the target
ground-state wave function. On the other hand, in the case of
double ionization, the PWIA allows us to observe the two-
electron momentum density ���p1 ,p2��2, as originally pointed
out by Neudatchin and Smirnov and their co-workers
�9,13,14� with the introduction of the �e ,3e� method that
detects all the three outgoing electrons in coincidence. In
spite of the absorbing interest and fundamental importance,
however, very few examinations of the PWIA have been
made for the double processes of He. The scarcity of such
studies can be accounted for by the experimental difficulties
that the total cross section becomes smaller rapidly at larger
momentum transfer and that the differential cross sections
for the double processes are relatively small, only of the
order of 10−2 or less of the primary single-ionization process
that leaves the residual He+ ion in the n=1 ground state.

The first EMS experiment on ionization excitation of He
was made by Cook et al. �15� at an impact energy of
1200 eV in the symmetric noncoplanar geometry. They mea-
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sured momentum profiles for the transitions to the n=2 and 3
excited states of He+ as normalized intensities relative to that
for the n=1 ground ion state. Although statistics of the data
were not satisfactory, it was concluded that the PWIA repro-
duces the experiments well, except at high momentum where
distorted-wave effects are expected �16�. Momentum-
dispersive measurements were made by Smith et al. �17� at
an impact energy of 800 eV, but unfortunately their n=1 and
2 momentum profiles were individually normalized to theory
and hence any intensity comparison with theory was not at-
tempted. The most recent study was conducted by Lermer
et al. �18� at an impact energy of 1200 eV using the
momentum- and energy-dispersive techniques. Although the
shape of the n=2 momentum profile obtained with the
momentum-dispersive technique was similar to those of
high-accuracy PWIA calculations using the Cann and
Thakkar wave function �19� and a 141-term Kinoshita-type
wave function �20�, the experimental result was found to
give about 35% higher intensity than the theoretical predic-
tions. This observation was supported by another measure-
ment using the energy-dispersive technique. As a result,
Lermer et al. �18� suggested a failure of the PWIA descrip-
tion of the n=2 transition, in contrast with the earlier results
�15�.

As for double-ionization process of He, to our best knowl-
edge no �e ,3e� experiment under the high-energy Bethe
ridge conditions has been reported. The possibility of prob-
ing the two-electron momentum density has been investi-
gated instead under experimental conditions with relatively
large or medium momentum transfer �0.62–2.7 a.u.� and low
kinetic energies of the two ejected electrons �9–55 eV� by
Lahmam-Bennai et al. �21� and by Dorn et al. �22�, as well
as by Moore and Coplan and their co-workers on Mg �23,24�
and by Lahmam-Bennai et al. on Ar �21�. Although the ob-
served �e ,3e� cross sections have been found to bear some
fingerprints of the two-electron momentum densities of the
targets, the experimental conditions employed have made it
difficult to give a definitive answer; inadequacy of describing
the slow ejected electrons as plane waves and contributions
of higher-order effects have prevented quantitative compari-
sons of the experiments with theoretical two-electron mo-
mentum densities �21,23�. Clearly, the extremely small cross
section involved presents a serious obstacle to �e ,3e� studies
under the high-energy Bethe ridge conditions. Recently, a
different, experimentally more feasible approach to the two-
electron momentum density, the �e ,3−1e� method, has been
proposed by Popov et al. �25�, in which the two fast outgoing
electrons are detected in the EMS geometry while leaving
the slow outgoing electron undetected. Furthermore, based
on PWIA calculations with several wave functions, it was
shown that though direct extraction of the two-electron mo-
mentum density information from the experiment is impos-
sible, the �e ,3−1e� method is very sensitive to electron cor-
relation in the target initial state. Such �e ,3−1e� experiment
has been conducted by Bolognesi et al. �26� on He at an
impact energy of 580 eV in the coplanar symmetric geom-
etry, achieving a large momentum transfer of 6 a.u. at its
maximum. The acute sensitivity of the �e ,3−1e� method to
electron correlation in the target has been demonstrated

somehow, but at the same time they suggested needs of ex-
periments at higher impact energy and of comparisons be-
tween experiment and theory on an absolute scale in order to
establish the �e ,3−1e� method as a powerful tool for study-
ing electron correlation closely.

Under these circumstances, we have made �e ,2e� and
�e ,3−1e� studies on the double processes of He both experi-
mentally and theoretically. In the present paper we report
�e ,2e� and �e ,3−1e� experiments on He using a recently
developed multichannel �e ,2e� spectrometer �27� that fea-
tures high sensitivity. An impact energy of 2080 eV was used
in the symmetric noncoplanar geometry and we have thus
achieved a large momentum transfer of 9 a.u., a value that
has never been realized so far for study on double ionization.
Assuming that the �e ,2e� primary single-ionization transition
to the n=1 ground ion state can be described by the PWIA,
the experimental n=2 momentum profile and �e ,3−1e� re-
sults are placed on an absolute scale. They are compared
with PWIA calculations using various wave functions in
terms of both shape and intensity. The present work aims at
examining the PWIA for the double processes under the ki-
nematics that most closely approaches the high-energy Bethe
ridge conditions compared with those achieved in the previ-
ous �e ,2e� and �e ,3−1e� studies �15,17,18,26�.

II. EXPERIMENTAL METHOD

For electron-impact single-ionization and double-
ionization processes of He conservation of linear momentum
and energy requires

pHe+ = p0 − p1 − p2, �1�

Ebind = E0 − E1 − E2 �2�

and

pHe+ + p3 = p0 − p1 − p2, �3�

E3 = E0 − E1 − E2 − VIP
2+. �4�

Here the p j’s and Ej’s �j=0,1 ,2 ,3� are momenta and kinetic
energies of the incident and outgoing electrons, respectively.
pHe+ and pHe2+ represent recoil momentum of the residual ion
He+ and that of He2+. Ebind and VIP

2+ are ionization energy and
the double-ionization threshold of He �79 eV�. Since the
present experiment involves coincident detection of two out-
going electrons, as discussed below, pHe+ and Ebind are fully
determined for the �e ,2e� processes with the aid of Eqs. �1�
and �2�. In other words, pHe+ dependence of the �e ,2e� cross
section can be measured for individual ionization transitions.
On the other hand, for the �e ,3−1e� process the obtainable
quantities are �pHe2+ +p3� and E3, and hence �pHe2+ +p3� de-
pendence of the �e ,3−1e� cross section can be measured as a
function of the undetected slow outgoing electron energy E3.
For the sake of simplicity both pHe+ in �e ,2e� and
�pHe2+ +p3� in �e ,3−1e� are called momentum q here, and in
the same manner �e ,2e� and �e ,3−1e� momentum profiles
refer �pHe+�-dependent �e ,2e� cross section and
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�pHe2+ +p3�-dependent �e ,3−1e� cross section respectively.
Figure 1 shows a schematic diagram of the symmetric

noncoplanar geometry that has been widely used for EMS
experiments. In this kinematic scheme, two outgoing elec-
trons having equal energies �E1=E2� and making equal polar
angles ��1=�2=45° � with respect to the incident electron
beam axis are detected in coincidence. The magnitude of the
momentum q is expressed by

q = ��p0 − �2p1�2 + ��2p1 sin���/2��2 �5�

where ���=�2−�1−�� is the out-of-plane azimuthal angle
difference between the two outgoing electrons detected. If
the incident electron energy E0 and momentum p0 are fixed,
a given ionization transition �Ebind� can be selected simply by
the choice of detection energy �E1=E2� and then q can be
determined only by ��. The same is true for �e ,3−1e� ex-
periments, if we detect two fast outgoing electrons with
equal energies in the symmetric noncoplanar geometry while
leaving one slow outgoing electron undetected.

In the present work an electron-electron-fragment ion
triple coincidence spectrometer �27� has been employed to
carry out �e ,2e� and �e ,3−1e� measurements of He simulta-
neously. Although the spectrometer has been developed for
�e ,2e� experiments with fixed-in-space molecules, it can be
used to produce �e ,2e� and �e ,3−1e� data by detection of
the two fast outgoing electrons only. Details of the spectrom-
eter have been described elsewhere �27�, so only a brief sum-
mary of the electron detection part needed is given here. An
incident electron beam is produced by an electron gun incor-
porating a tungsten filament. A current of typically 40 �A is
collected on a Faraday cup. Electron impact ionization oc-
curs where the incident electron beam collides with targets
from eight nozzles. Scattered electrons leaving the ionization
point are limited by a pair of apertures so that a spherical
analyzer accepts those with �=45° over the azimuthal angle
�1 and �2 ranges from 70° to 110° and from 250° to 290°. In
the angular selection a rather large acceptance angle of
��= ±1.5° has been used to achieve higher collection effi-
ciency, though it deteriorates the energy and momentum
resolutions obtainable. The electrons passing through the ap-
ertures are energy analyzed by the analyzer and then detected
by a pair of position-sensitive detectors placed behind an exit

aperture. Since a spherical analyzer maintains azimuthal
angles for the electrons, both energies and angles can be
determined from their arrival positions at the detectors. Thus,
by combining a spherical analyzer with a pair of position-
sensitive detectors, it is possible to sample the �e ,2e� and
�e ,3−1e� cross sections over a wide range of binding energy
�Ebind or E3+VIP

2+� and momentum �q� in parallel. This tech-
nique significantly improves sensitivity and accuracy of the
data compared with the conventional single channel mea-
surements, as drifts in electron beam current and fluctuations
in target gas density affect all channels in the same way.

Commercially available He gas �Nippon Sanso,
�99.99995%� was used for the �e ,2e� and �e ,3−1e� mea-
surements. The experiment was performed at an impact en-
ergy of 2080 eV, while keeping an ambient sample gas pres-
sure at 2.7�10−4 Pa. Two outgoing electrons having about
1000 eV were detected. The instrumental energy and mo-
mentum resolutions were 4.3 eV full width at half maximum
�FWHM� and about 0.3 a.u. at ��=0° for the experiments.
No detectable impurities were observed in the binding en-
ergy spectra. In this way experimental results have been ob-
tained by accumulation of data for 1 month runtime.

III. THEORY

There is a considerable body of literature on the PWIA
�5–10�, so only a brief account will be given here. Within the
PWIA the triple differential cross section for an �e ,2e� tran-
sition of He to an ionic state with a principal quantum num-
ber n, which is constituted of energetically unresolved sub-
levels having different orbital angular momentum quantum
numbers ls, can be written as

d3	n

dE1d
1d
2
=

p1p2

p0
	Mott�

l=0

n−1

�2l + 1��Fnl�q��2. �6�

Here 	Mott is the half-off-shell Mott scattering cross section
�5� and in the symmetric noncoplanar geometry it is given by

	Mott =
1

4�4

2��

exp�2��� − 1

1

K4 , �7�

where �=1/ �p1−p2� and K is the momentum transfer
�p0−p1�. Fnl�q� is

Fnl�q� = �4��2�
0

� �
0

�

r1
2r2

2jl�qr1�
nl�r2��l�r1,r2�dr1dr2,

�8�

where jl and 
nl are the spherical Bessel function and the
radial function of a nl orbital for the He+ ion and �l�r1 ,r2� is
a component of the following expansion of the He ground-
state wave function ��r1 ,r2�:

��r1,r2� = �
l=0

�

�2l + 1��l�r1,r2�Pl�cos �12� �9�

with Pl being the Legendre polynomial. For �e ,3−1e� reac-
tions of He, the corresponding fourfold differential cross sec-
tion is given by �25�

FIG. 1. �Color online� Schematic of the symmetric noncoplanar
geometry for study of �e ,2e� and �e ,3−1e� reactions at large mo-
mentum transfer.
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d4	

dE1dE3d
1d
2
=

2

�

p1p2p3

p0
	Mott�

l=0

�

�2l + 1��Fl�q,E3��2,

�10�

where

Fl�q,E3� = �4��2�
0

� �
0

�

r1
2r2

2jl�qr1�
l�E3,r2��l�r1,r2�dr1dr2.

�11�

Here 
l is the partial one-electron state with energy E3 in the
Coulomb field of the He2+ ion.

In the present study, eight kinds of models for the He
ground-state wave function have been examined. The sim-
plest models are the Hylleraas wave function �Hy �28� and
the Hartree-Fock �HF� wave function of Clementi and Roetti
�HF �29�. Both the models are a product of the 1s orbital
�1s�r� and hence electron correlation is not taken into ac-
count. The Hylleraas wave function is given by

�Hy�r1,r2� = �1s�r1��1s�r2� �12�

where

�1s�r� = �4�3e−�rY0,0�r̂� with � = 27/16.

Total energies of the Hylleraas and HF wave functions are
−2.8477 and −2.8617 hartree, respectively.

The next model is the Hylleraas-Eckart-Chandrasehkar
�HEC� wave function with radial correlation �28,30,31�,
which gives a total energy of −2.8757 hartree.

�HEC�r1,r2� =
1

�N
�exp�− �r1 − �r2� + exp�− �r2 − �r1�� ,

�13�

where N is the normalization coefficient and �=1.188 530
and �=2.183 171. To examine effects of both radial and an-
gular correlations on momentum profiles we have used the
following three wave functions; a 12-component variation of
the Chuluunbaatar, Puzynin, and Vinitsky �CPV� wave func-
tion �CPV �32,33�, a configuration interaction �CI� wave
function �CI of Mitroy et al. �34�, and the Bonham and Kohl
�BK� wave function �BK �35�. The CPV wave function is
defined as follows:

�CPV�r1,r2� = �
i,j,k

ci,j,2kUi�s�Vj�v�W2k�w� , �14�

with s=r1+r2, v=r12/ �r1+r2�, w= �r1−r2� /r12,

Ui�s� =� i!�2�i�6

�i + 5�!
e−�isLi

5�2�is� ,

Vj�v� = �2j + 3Pj
�0,2��2v − 1� ,

and

W2k�w� =��k + 1��4k + 3�
2�2k + 1�

P2k
�1,1��w� .

Here Li
5 is the generalized Laguerre polynomial, Pj

�q,t� is the
Jacobi polynomial, and �i is a variational parameter. The CI
wave function is given by

�CI�r1,r2� = �
n=1

5

�
l=0

n−1

cnl�nl�r1��nl�r2�

� �
m=−l

l

	l,m;l,− m�0,0
Yl,m�r̂1�Yl,−m�r̂2� ,

�15�

where 	l ,m ; l ,−m �0,0
 is the Clebsch-Gordan coefficient
and �nl�r� is the radial part of the natural orbital. The BK
wave function is given by

�BK�r1,r2� = N���a,b��1 + Ar12e
−�r12�

+ ��c,d��B + Ce−�r12� + D��e, f�� �16�

with

��a,b� = exp�− ar1 − br2� + exp�− ar2 − br1� ,

where r12= �r1−r2�. Total energies of these CPV, CI, and BK
wave functions are −2.9030, −2.9031, and −2.9035 hartree,
respectively.

The last two models are a trial function �AMC0 �AMC0� of
Ancarani et al. �36� and the Pluvinage wave function �Pl
�37�:

�AMC0�r1,r2� = NAMC0e−Z�r1+r2�er12/2 �17�

and

�Pl�r1,r2� = NPle
−Z�r1+r2�e−ikPlr12

1F1�1 − i
1

2kPl
,2,2ikPlr12�

�18�

with NAMC0=1.343, NPl=1.535, and kPl=0.410. Total ener-
gies of the AMC0 and Pluvinage wave functions are −2.8561
and −2.8788 hartree, respectively.

Theoretical �e ,2e� and �e ,3−1e� momentum profiles
have been generated with the PWIA method using the eight
kinds of wave functions described above. Furthermore, to
see effects of distortion of the incident and outgoing electron
waves, we have calculated �e ,2e� momentum profiles with
the distorted-wave Born approximation �DWBA� method
�38,39� using the CI wave function with the aid of the pro-
gram supplied from McCarthy �40�, and �e ,3−1e� momen-
tum profiles with the eikonal-wave impulse approximation
�EWIA� �5,41� and the EWIA+SC �semiclassical� �26,42,43�
methods using the Hylleraas, HEC, and BK wave functions.
�For details about application of the EWIA methods to
�e ,3−1e� reactions, see Ref. �26�.� To make comparisons
with the experiments, all the theoretical �e ,2e� and
�e ,3−1e� momentum profiles have been folded with the mo-
mentum resolution of the spectrometer according to the pro-
cedure of Migdall et al. �44�.
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IV. RESULTS

A. Binding energy spectrum

In Fig. 2 we show a binding energy spectrum of He ob-
tained at an impact energy of 2080 eV, which was con-
structed by summing all coincidence signals over the entire
�� range covered and by plotting the coincidence counts as
a function of Ebind�=E0−E1−E2�. Vertical bars indicate ion-
ization energies �45�, showing the transitions to the n=1 and
2 states of He+ at Ebind=24.6 and 65.4 eV and double-
ionization continuum at Ebind�VIP

2+. Note that the data re-
sponsible for the double processes at Ebind�45 eV are scaled
by a factor of 50 for ease of comparison. It is evident that a
significant multichannel advantage has been realized and the
binding energy spectrum has been obtained with substan-
tially improved statistics compared with those achieved in
the previous EMS studies on He �5–10,15,17,18�.

Also evident from Fig. 2 is that while the n=1 transition
is energetically well separated, the instrumental energy reso-
lution does not allow a complete separation of the n=2 tran-
sition from the adjacent n=3 transition. However, it is pos-
sible to accurately extract contribution of the n=2 transition
by deconvolution. In the deconvolution procedure a Gauss-
ian curve with a width of the instrumental energy resolution
was assumed for each single-ionization transition. The best
fits to the experiment are shown in the figure as broken lines
and the solid line is their sum. A similar fitting procedure
was repeated for a series of binding energy spectra at each
�� to produce experimental �e ,2e� momentum profiles for
the n=1 and 2 transitions. They were obtained by plotting
the area under the corresponding Gaussian curve as a func-
tion of q. Similarly, �e ,3−1e� momentum profiles at E3

=10�E1=E2=996� and E3=20 eV�E1=E2=991 eV� were
generated by plotting all the intensities summed over a bind-
ing energy range of 10 eV at Ebind=84–94 and 94–104 eV
as a function of q and by multiplying a factor of
27.2 eV/Hartree/10 eV to convert the intensities to those in
atomic units.

B. „e ,2e… and „e ,3−1e… momentum profiles

Although the absolute cross section cannot be determined
with the present experiment, the relative magnitudes of the

individual transitions are maintained. Thus, by normalizing a
certain experimental momentum profile to an associated the-
oretical one, one can place all other experiments on an abso-
lute scale. Normalization of the present experimental data
was made as follows. First, we normalized the experimental
n=1 momentum profile to the associated PWIA calculation
using the CI wave function �PWIA/CI� by fitting the area of
the experiment up to q=1.7 a.u. to that of theory, because it
is known that the PWIA provides a very good description of
the n=1 transition except at high momentum �5–10,15–18�.
The results are shown in Fig. 3 where the top and bottom
panels represent logarithmic and linear plots of the data, re-
spectively. Then the normalization factor obtained for the n
=1 transition was subsequently applied to other experimental
data, namely the experimental momentum profiles for the n

FIG. 2. �Color online� Experimental binding energy spectrum of
He obtained at an impact energy of 2080 eV. Note that the spectrum
above Ebind=45 eV is scaled by a factor of 50.

FIG. 3. �Color online� Comparison of experimental �e ,2e� mo-
mentum profile of He for the transition to the n=1 ground ion state
with associated theoretical calculations using various variational
wave functions. The theoretical momentum profiles are folded with
the experimental momentum resolution. All the experimental and
theoretical momentum profiles are shown as normalized intensities
relative to the PWIA/CI cross section for the n=1 ground state of
He+. See text for details.
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=2 transition and �e ,3−1e� processes. Thus all of the experi-
mental and PWIA/CI momentum profiles share an absolute
scale throughout the present paper.

Also included in Fig. 3 are theoretical n=1 momentum
profiles by the PWIA calculations using the Hylleraas, HF,
HEC, CPV, and BK wave functions and the DWBA calcula-
tion using the CI wave function, which are scaled by factors
of 1.17, 1.02, 0.94, 1.01, 1.00, and 0.79, respectively. Each
scaling factor has been obtained so that the area of the cor-
responding theoretical momentum profile up to q=1.7 a.u. is
the same as that of the PWIA/CI n=1 momentum profile.

Figure 4 compares the normalized experimental n=2 mo-
mentum profile with the associated PWIA/CI and DWBA/CI
calculations. Likewise, Figs. 5�a� and 5�b� show the normal-
ized �e ,3−1e� momentum profiles at E3=10 and 20 eV, re-

spectively, together with the corresponding PWIA/CI calcu-
lations. Also included in Figs. 4 and 5 are the associated
PWIA calculations using the Hylleraas, HF, HEC, CPV and
BK wavefunctions. All the theoretical momentum profiles in
Figs. 4 and 5, except for the PWIA/CI calculations, are
scaled by the factors obtained for the n=1 transition. This
attempt facilitates comparisons of the experiments with vari-
ous theoretical calculations on a common intensity scale,
while they are presented based on the PWIA/CI cross section
for the n=1 transition. Hence all of the �e ,2e� and
�e ,3−1e� momentum profiles can be regarded as having
been placed on an absolute or quasi-absolute scale.

Figures 6 and 7 compare the normalized experimental
�e ,2e� and �e ,3−1e� results with the associated PWIA cal-
culations using the AMC0 and Pluvinage wave functions,
which are scaled by a factor of 1.06 and 1.24 respectively in
the same spirit as was done in Figs. 3–5. Note that the AMC0
and Pluvinage wave functions exactly satisfy the Kato cusp

FIG. 4. �Color online� Comparison of experimental �e ,2e� mo-
mentum profile of He for the transition to the n=2 excited ion state
with associated theoretical calculations using various variational
wave functions. The theoretical momentum profiles are folded with
the experimental momentum resolution. All the experimental and
theoretical momentum profiles are shown as normalized intensities
relative to the PWIA/CI cross section for the n=1 ground state of
He+. See text for details.

FIG. 5. �Color online� Comparison of experimental �e ,3−1e�
momentum profiles of He for the doubly ionized He2+ with
E3= �a� 10 and �b� 20 eV with associated PWIA calculations using
various variational wave functions. The theoretical momentum pro-
files are folded with the experimental momentum resolution. All the
experimental and theoretical momentum profiles are shown as nor-
malized intensities relative to the PWIA/CI cross section for the
n=1 ground state of He+. See text for details.
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conditions �46�, though qualities of the two wave functions
are rather poor in terms of total energy compared with the
highly correlated CPV, CI, and BK functions. For ease of
comparison, the PWIA/BK calculations are shown again in
Figs. 6 and 7 as a representative of the variational wave
functions employed in Figs. 3–5. Such additional attempts
with Figs. 6 and 7 are motivated by recent theoretical studies
�36,47,48�. In the studies the Pluvinage wave function was
used within the first Born approximation and it was found to
reproduce well absolute-scale �e ,3e� experiments on He at
small momentum transfer �49�. However, Ancarani et al. �36�
have concluded that the observations may be fortuitous
based on results of their careful analysis, and suggested that
the AMC0 and Pluvinage wave functions should be exam-
ined for electron-impact ionization-excitation processes of
He to discuss the issue more generally.

V. DISCUSSION

A. Single ionization

It is immediately clear from Fig. 3 that all the PWIA
calculations are in general agreement with the experimental
n=1 momentum profile. This is consistent with previous
EMS studies that the PWIA provides a very good description
of the binary �e ,2e� reaction for the n=1 transition of He at
impact energy above 200 eV �5,10, and references therein�.
In particular, the PWIA calculation using the uncorrelated
HF wave function is indistinguishable in shape from the cal-
culations using the highly correlated CPV, CI, and BK wave
functions, and all of them satisfactorily reproduce the experi-
mental n=1 momentum profile, except at high momentum, if
the calculation was selected as a standard for the normaliza-
tion procedure described in Sec. IV B. The minute discrep-
ancy between experiment and PWIA at high momentum is
almost completely resolved by the DWBA/CI calculation.

FIG. 6. �Color online� Comparison of experimental �e ,2e� mo-
mentum profile of He for the transition to �a� the n=1 ground ion
state and �b� the n=2 excited ion state with associated PWIA cal-
culations using the AMC0, Pluvinage, and BK wave functions. The
theoretical momentum profiles are folded with the experimental
momentum resolution. All the experimental and theoretical momen-
tum profiles are shown as normalized intensities relative to the
PWIA/CI cross section for the n=1 ground state of He+. See text
for details.

FIG. 7. �Color online� Comparison of experimental �e ,3−1e�
momentum profiles of He for the doubly ionized He2+ with
E3= �a� 10 and �b� 20 eV with associated PWIA calculations using
the AMC0, Pluvinage, and BK wave functions. The theoretical mo-
mentum profiles are folded with the experimental momentum reso-
lution. All the experimental and theoretical momentum profiles are
shown as normalized intensities relative to the PWIA/CI cross sec-
tion for the n=1 ground state of He+. See text for details.
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Clearly, in the n=1 transition there are no noticeable effects
of electron correlation in the target as well as of electron
wave distortion except at high momentum.

On the other hand, the experimental n=2 momentum pro-
file in Fig. 4 is different from theory and the difference
largely depends on the wave function employed. Consider
first the PWIA calculations using the uncorrelated Hylleraas
and HF wave functions. It is evident that there is a marked
difference in shape between the experiment and the two cal-
culations; the PWIA/Hylleraas and PWIA/HF cross sections
rapidly decrease with every increase in q, unlike the experi-
mental results. This shape difference is greatly reduced by
the PWIA calculation using the radially correlated HEC
wave function, and further reduced by those using the CPV,
CI, and BK wave functions with both radial and angular
correlations, showing that the n=2 ionization-excitation pro-
cess is largely influenced by electron correlation effects in
the target initial state. Interestingly, the CPV, CI, and BK
wave functions with almost the same total energies give the
n=2 momentum profiles that are indistinguishable from each
other, although they have different nature �see Eqs.
�14�–�16��. In spite of the shape agreement, however, a no-
ticeable difference between experiment and PWIA still re-
mains in intensity; the experiment shows about 30% higher
intensity than the PWIA/CPV, PWIA/CI, and PWIA/BK pre-
dictions, supporting the observation of Lermer et al. �18� at
an impact energy of 1200 eV.

It is also clear from Fig. 4 that the DWBA/CI calculation
is similar to the PWIA/CI, PWIA/BK, and PWIA/CPV cal-
culations, leaving the intensity difference between experi-
ment and PWIA unresolved. Thus it is unlikely that the in-
tensity difference originates mainly in distorted-wave effects.
This is supported by the previous theoretical study of
McCarthy and Mitroy �16� in which DWIA calculations have
been found to affect the ratio of the summed cross section of
the n=2 transition up to q
3 a.u. to that of n=1 by only
several percent compared with that of their PWIA/CI results.

An insight into the origin of the observed intensity differ-
ence can be gained from an EMS study of Takahashi et al.
�50,51� where the issue in ionization excitation was exam-
ined for the isoelectronic system H2. They have performed
EMS experiments on H2 at impact energies of 1200, 1600,
and 2000 eV and presented the experimental momentum
profiles for the transitions to the 2s	g and 2p	u excited state
of H2

+ as normalized intensities relative to that for the tran-
sition to the 1s	g ground ion state, in the same manner as
attempted here. The most striking feature of their results is
the shape of the 2p	u momentum profiles; the experiments
exhibit gerade symmetry with a maximum of cross section
near the momentum origin at every impact energy employed,
while the PWIA requests ungerade symmetry with no inten-
sity at q=0. Furthermore, the intensities of the normalized
experimental 2s	g and 2p	u momentum profiles have been
found to depend upon impact energy, indicating that notice-
able contributions of higher-order terms are involved in the
experiments. To seek for the origin of the observed differ-
ences between experiment and theory, they have examined
the second-order terms of the plane-wave Born series model
and qualitatively identified contributions of the two-step �TS�
mechanism �52,53� as the principal source of the observa-
tions �50,51�.

Actually, contributions of the TS mechanism can give an
acceptable and rational explanation for the intensity differ-
ence observed here. Note that the n=2 state of He+ is con-
stituted by the 2s �2S1/2� and 2p �2P1/2 and 2P3/2� sublevels
that correspond to the 2s	g, 2p	u, and 2p�u states of H2

+,
whereas the n=2 sublevels are not energetically resolved.
Basically, the PWIA involves one interaction of the projectile
and a target electron, and the theoretical �e ,2e� cross section
for the n=2 transition of He must be calculated by summing
the PWIA contributions of the transitions to the 2s and 2p
sublevels according to Eq. �6�. In the calculation, the PWIA
contribution for the 2s transition has been found to be con-
siderably larger than that for the 2p transition, and this fact
closely reflects that the He ground-state wave function is rich
in s character. On the other hand, the TS mechanism involves
two successive half collisions with the two 1s target elec-
trons; the ionization excitation can occur through the binary
knock-out primary ionization process of one 1s target elec-
tron, followed or preceded by an excitation process of an-
other 1s target electron to an excited state due to collision
with the incoming or outgoing electrons. The excitation pro-
cess involved should be dominated by forward scattering un-
der the present experimental conditions where energies of
both the incoming and outgoing electrons are very high com-
pared with the energy loss. Hence the symmetry property of
the TS contributions is essentially determined by the primary
ionization process involved. As a result, the TS contributions
would always give momentum profile with gerade symmetry
and show little dependence upon the final ion state produced.
Furthermore, by analogy with photon impact, the forward-
scattering excitation process involved gives much larger con-
tributions for the “optically allowed” transition from the 1s
state to the 2p state than for the “optically forbidden” tran-
sition to the 2s state. Thus, contributions of the TS mecha-
nism to the experimental �e ,2e� cross section would play an
important role, for the transition to the 2p sublevels of He+ in
particular. To the best of our knowledge there are only a few
works that have made theoretical calculations incorporating
the second-order effects for the �e ,2e� ionization-excitation
process of He �54–57�. Unfortunately, all the theoretical
works were conducted for the very asymmetric �E1�E2� co-
planar kinematics with small momentum transfer and hence
direct comparison with the present experiment is impossible.
Such calculations would be required to quantitatively under-
stand a role of the TS mechanism in momentum profile for
ionization-excitation processes of He at large momentum
transfer as well as of H2 �50,51�.

B. Double ionization

It is evident from Fig. 5 that the theoretical �e ,3−1e�
momentum profiles exhibit considerable dispersion depend-
ing on the wave functions employed. We start discussion
with PWIA calculations using the uncorrelated Hylleraas and
HF wave functions, as in Sec. V A. These PWIA/Hylleraas
and PWIA/HF calculations give �e ,3−1e� momentum pro-
files similar in shape to each other but significantly different
from the experimental ones at both E3=10 and 20 eV; the
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significant difference in shape is reminiscent of that observed
for the n=2 transition.

The significant difference in shape is reduced by the
PWIA calculations using the HEC wave function with radial
correlation in both the cases of E3=10 and 20 eV. A similar
observation has been made by Bolognesi et al. in a 580 eV
coplanar symmetric study �26�, in which the radially corre-
lated Silverman-Platas-Matsen �SPM� wave function �58�,
identical to HEC, has been found to better describe the an-
gular distribution of the experimental �e ,3−1e� cross section
than the Hylleraas function. They have noted also that the
absolute cross section predicted by the impulse model with
the Hylleraas wave function is four times larger than the one
predicted for the SPM or HEC wave function, but in their
study the calculations were individually scaled to the
relative-scale experimental data and hence any comparison
in intensity between experiment and theory was not made.
On the other hand, the present experimental and theoretical
momentum profiles are placed on the absolute or quasiabso-
lute scale in the manner described in Sec. IV B. Thus direct
comparisons of the theoretical calculations with the experi-
ments are possible not only in shape but also in intensity. It is
evident from Fig. 5 that although the PWIA/HEC functions
reduce the shape difference observed for PWIA/Hylleraas
and PWIA/HF, a noticeable difference still remains; the
PWIA/HEC calculations predict the �e ,3−1e� momentum
profiles with a maximum at q
1.0 a.u., while the experi-
ments exhibit a maximum near the momentum origin. Fur-
thermore, a substantial difference in intensity between ex-
periment and PWIA/HEC is revealed; the HEC wave
function underestimates the experimental cross sections by a
factor of about 5–10.

Both the shape and intensity differences observed for
PWIA/HEC are greatly reduced by the PWIA calculations
using the CPV, CI, and BK wave functions with radial and
angular correlations. It can be seen from Fig. 5 that the
PWIA/CPV, PWIA/CI, and PWIA/BK calculations repro-
duce well the shape of the experimental momentum profiles,
approaching the experimental intensities much more closely
than PWIA/HEC. At the same time, one can see the same
trend as observed for the n=2 transition; in spite of their
different nature, the CPV, CI, and BK wave functions with
almost the same total energies give momentum profiles that
are nearly indistinguishable from each other. Thus it is
shown that the three variational wave functions give coher-
ent results throughout the present study. Furthermore, if the
theoretical �e ,3−1e� momentum profiles are scaled by a fac-
tor of about 2.4 and 2.9 in the cases of E3=10 and 20 eV,
respectively, they equally agree with the experimental mo-
mentum profiles within the experimental uncertainties. These
observations convincingly demonstrate that the �e ,3−1e�
method at large momentum transfer is very sensitive to elec-
tron correlation in the target initial state.

For a more detailed understanding of �e ,3−1e� processes
it comes to the critical issue of enquiring further into the
origin of the noticeable difference in intensity between ex-
periment and PWIA. To see effects of distortion of the elec-
tron waves on the intensity difference, we have calculated
�e ,3−1e� momentum profiles with the EWIA and �EWIA

+SC� methods, as noted earlier. However, the distortion ef-
fects have been found to be practically negligible �within a
few percent� when we compare the amplitudes of the EWIA
and �EWIA+SC� with that of the PWIA, and hence the re-
sults of the eikonal-wave impulse approximation calculations
are not presented here.

We believe that there are two major sources of the inten-
sity difference in issue. One source is an incomplete descrip-
tion of the target ground-state wave function. Another source
is again contributions of the TS mechanism. In double ion-
ization, the TS mechanism involves the binary knock-out
primary ionization process of one 1s target electron, fol-
lowed or preceded by an electron-impact ionization process
of another 1s target electron to a continuum state. In contrast
to the excitation process involved in the TS mechanism for
ionization excitation, the corresponding ionization process to
a continuum state is always “optically allowed.” Hence the
TS contributions for double-ionization processes may be
more appreciable compared with those to �e ,2e� ionization-
excitation cross section. This is consistent with the findings
of comparative studies on the total single �	+� and double
�	2+� ionization cross sections of He using various projec-
tiles such as electron, positron, proton, anitiproton, and
highly charged ions �59�, although the total cross section is
dominated by large impact parameter collisions which are in
sharp contrast with the present experimental kinematics. It
was shown that the ratio of the total single- and double-
ionization cross sections R=	2+ /	+ changes with the projec-
tile velocity, and that R exhibits a strong dependence upon
the charge sign of the projectile. The former feature is a
visible proof of noticeable contributions of higher-order ef-
fects, and the latter has been successfully ascribed to con-
structive �destructive� interference for negatively �positively�
charged projectiles between the first-order shake-off and the
second-order TS amplitudes �59,60�. Furthermore, at the im-
pact energy of 2080 eV employed in the present work the
value of total cross section ratio R for electron projectile is
about 1.6 times larger than that of the shake-off limit or
high-energy limit �61–63�. Thus contributions of the TS
mechanism to the �e ,3−1e� cross section can be responsible,
to a considerable extent, for the intensity difference observed
here.

C. Comparison with theory using the AMC0 and Pluvinage
wave functions

Finally, we examine the AMC0 and Pluvinage wave func-
tions, the issue of which is raised by the recent theoretical
studies �36,47,48� as described earlier, in the �e ,2e� and
�e ,3−1e� processes at large momentum transfer.

It is evident from Fig. 6�a� that satisfactory agreement
with the experimental �e ,2e� n=1 momentum profile is ob-
tained by the PWIA/AMC0 culation as well as PWIA/BK,
and that the PWIA/Pluvinage calculation reproduces the ex-
periment well. However, for the n=2 transition disagreement
with the experiments is more remarkable for the
PWIA/AMC0 and PWIA/Pluvinage momentum profiles than
for the PWIA/BK result. The PWIA/AMC0 culation predicts
the �e ,2e� cross section to decrease rapidly with increase in
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q, unlike the experimental results; a marked difference from
the experiment is obvious in shape. The PWIA/Pluvinage
momentum profile significantly underestimates the experi-
mental intensity by a factor of about 3.0, though it is very
similar in shape to the experiment.

By contrast, for the �e ,3−1e� processes it can be seen
from Fig. 7 that the PWIA/AMC0 and PWIA/Pluvinage mo-
mentum profiles are closer to the experiments than
PWIA/BK at both E3=10 and 20 eV. The PWIA/AMC0 cal-
culations substantially reduce the intensity difference be-
tween experiment and PWIA/BK when we compare them in
terms of a total �e ,3−1e� cross section summed over the q
range covered, while some difference in shape from
the experiments is remarked. On the other hand, the
PWIA/Pluvinage calculations reproduce well the shape of
the experiments, resolving the disagreement in intensity be-
tween experiment and PWIA/BK to a great extent. These
observations may be surprising, because they seem to sug-
gest that the AMC0 and Pluvinage wave functions are supe-
rior to the BK function, which gives a considerably more
accurate total energy, in ability of predicting �e ,3−1e� cross
sections on an absolute scale. However, the marked discrep-
ancies between the experiment and the PWIA/AMC0 and
PWIA/Pluvinage calculations for the n=2 transition prevent
us from making any far-reaching conclusions.

The key, principal feature of AMC0 and Pluvinage wave
functions consists in satisfying exactly the Kato cusp condi-
tions, as noted earlier. However, the region of configuration
space where the cusp dominates is very small and hence the
feature must be of minor importance for determining the
momentum profiles. It should be noted that the BK and CPV
wave functions approximately satisfy the Kato cusp condi-
tions at the point of triple collision. Nevertheless, the PWIA
results using the two wave functions are appreciably differ-
ent from those using the AMC0 and Pluvinage functions ex-
cept for the case of �e ,2e� reaction with n=1 transition. Thus
the present study suggests that the observed agreement of
PWIA/AMC0 and PWIA/Pluvinage calculations with experi-
ment in the �e ,3−1e� case is rather a matter of chance �see
also Ref. �36�� than appropriateness, indicating the need of
acquiring more complete knowledge of electron correlation
in the target.

VI. SUMMARY

We have reported the �e ,2e� and �e ,3−1e� experiments
on the double processes of He at large momentum transfer,
together with the PWIA calculations. The measurements
were performed at an impact energy of 2080 eV in the sym-
metric noncoplanar geometry, where a large momentum
transfer of 9 a.u. has been realized. The high sensitivity of
the experimental setup enabled us to compare the �e ,2e�
n=2 and �e ,3−1e� momentum profiles with the PWIA cal-
culations in terms of not only shape but also magnitude, by
assuming that the �e ,2e� primary ionization transition to the
n=1 ground ion state is well described by the PWIA. We
have demonstrated that the ionization-excitation and the
�e ,3−1e� processes at large momentum transfer are very
sensitive to electron correlation in the target initial state. At
the same time, for both the processes noticeable difference in
intensity between experiment and theory was found and its
origin has been discussed.

The principal source of the intensity difference observed
for the processes has been qualitatively attributed to contri-
butions of the TS mechanism, by analogy with the EMS
study on the isoelectronic system H2 �50,51�. Moreover, we
have suggested needs of acquiring more complete knowledge
of electron correlation in the target ground-state wave func-
tion in order to approach true nature of the �e ,2e� ionization-
excitation and �e ,3−1e� double-ionization processes more
closely. In parallel with these further theoretical develop-
ments, similar experiments at higher impact energies would
be desired to build up an accumulation of experimental
knowledge on the collision dynamics of the double processes
at large momentum transfer and to identify the range of the
validity of the PWIA where one can obtain detailed target
electronic structure information.
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