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Abstract
A 3C-type two-centre wavefunction with four parameters that we will call
a modified two-centre continuum wavefunction (MTCC) is proposed. This
function is constructed in a closed analytical form by solving the Schrödinger
equation of an electron (with wave vector �k and position vector �r) in the
Coulomb field of two fixed charged nuclei. The obtained solution fulfils
the correct boundary conditions asymptotically up to the order O((kr)−2). The
MTCC function is applied to calculations of the seven-fold differential cross
section of the dissociative ionization of the simplest homo-nuclear diatomic
system H+

2 by fast electrons. The good agreement of the obtained results
with exact ones shows that the MTCC function could be a very elegant and
useful compromise in the description of slow electrons emerging from diatomic
targets.

1. Introduction

The coincidence detection techniques measuring the momenta of fragments emerging from
atomic collision processes and particularly from dissociative ionization experiments of
diatomic species by electron impact are now undergoing a very rapid development [1–5].
Studying the differential cross sections of these processes can deliver information, which is
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necessary in larger domains, such as plasma sciences (in Tokamaks), biological sciences (in
the study of cellular death) and the study of interstellar reactions. In the case of ionization,
the coincidence detection of the scattered and ejected electrons and one of the protons, can
deliver information about the electronic structure, the mechanism of simultaneous ionization
and dissociation, and permits one to study the dependence of the differential cross section on
the orientation of the inter-nuclear axis. This type of coincidence detection has already been
performed in collision experiments involving multiply charged ionic projectiles and hydrogen
molecules [6–8].

One of the basic difficulties to tackle the problem of the theoretical modelling of these
types of experiments is to find a correct description of continuum states of the ejected
electron moving in the field of two charged nuclei. For many years, investigations of the
continuum states of the Coulomb three-body problem have been the object of great interest.
In the case of large inter-particle distances, a simple wavefunction was first proposed by
Redmond [9] and presented in the literature by Rosenberg [10] and Peterkop [11]. A more
general type of asymptotic wavefunction, referred to as the 3C functions, is used by Brauner
et al [12], and Merkuriev [13] in their study of the electronic continuum of a helium atom
constructed by three Coulomb wavefunctions. Later Alt and Mukhamedzanov [14] have
shown that, if the distance between any two particles is small compared to their respective
distance from the third particle, the correct description requires introducing a local relative
momentum. Other additional terms in these types of functions were introduced by Kim
and Zubarev [15]. It is worth mentioning that Berakdar and Briggs [16] corrected the 3C
wavefunction by introducing momentum-dependent Sommerfeld parameters. They used the
invariance properties of a total potential under overall rotations in the parabolic–hyperspherical
coordinates.

The electronic two-centre problem we face when studying ionization and/or scattering of
electrons from diatomic targets is a particular case of the Coulomb three-body problem. In the
last few years, many elegant models have been proposed to describe the dynamics of the ejected
electron in an (e, 2e) experiment, which presents a unique physical situation together with that
of (γ , e), where an electron (in this case the ejected electron) can be found in the field of two
fixed nuclei. Joulakian et al [17] used an approximate 3C-type one parameter wavefunction
inspired from the Pluvinage model [18] constructed by the product of two Coulomb functions.
However, the calculated cross sections in this model are in some disagreement with those
obtained lately, both by a wave packet evolution approach (Serov et al [19]) and by a partial
wave approach constructed by the exact solutions in prolate spheroidal coordinates of the
two-centre Coulomb problem (Serov et al [20]). The latter should be considered as the most
reliable approach because it uses the exact solutions, while its application to more complex
diatomic systems demands some very cumbersome calculations.

In this paper we propose, for the same physical situation of the electronic continuum, a
general 3C-type two-centre wavefunction with four parameters that we will call the modified
two-centre continuum wavefunction (MTCC). This function is obtained in a closed analytical
form by solving the Schrödinger equation of an electron (with wave vector �k and position
vector �r) in the field of two fixed charged nuclei. The obtained solution fulfils the correct
boundary conditions asymptotically up to the order O((kr)−2). In what follows, it will be
evident that the application of this model to diatomic systems is far less cumbersome due to
its closed elegant form than that of the exact partial wave expansion in the prolate spheroidal
coordinates. In what follows, we will give the details of the determination of this function
and its application in the calculation of the seven-fold differential cross section of the simple
(e, 2e) ionization of H+

2 where one of the protons is detected in coincidence with the scattered
and ejected electrons. We compare our results with those given by the application of the partial
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wave approach constructed by the exact solutions in prolate spheroidal coordinates of the two
centre Schrödinger equation (Serov et al [20]).

The paper is organized as follows. In section 2, we give briefly the basic expressions to
calculate the seven-fold ionization cross section of the ground state hydrogen molecule ion
by a fast electron. In subsection 2.1.1, a reduction of the Coulomb two-centre problem into a
set of two separable ones is proposed. In subsection 2.1.2, a solution of this problem is given
with an accuracy of the order O((kr)−2) and the MTCC function is determined. In section 3,
the MTCC function is examined in the calculation of the ionization cross section of H+

2.

2. Theory

The differential cross section of general out-of-plane detection of two electrons and one of the
nuclei of a H+

2 target is sevenfold and is given by

σ (7) = d7σ

d�ρ d�e d�s d
(
k2

s

/
2
) = keks

ki

|Tf i |2, (1)

where �s,�e and ks, ke are respectively the solid angles and moduli of the wave vectors of
the scattered and ejected electrons, �ρ is the solid angle of the inter-nuclear axis �ρ and ki is
the modulus of the wave vector of the incident electron. The T matrix element, Tf i , is given
in the case of an unpolarized fast electron beam by

Tf i = 1

2π

∫
d �R d�r exp(i �K �R)

| �R − �r| χ∗(�r1, �r2)φ1σg
(�r1, �r2), (2)

where �R represents the position of the fast (2 keV) incident (and scattered) electron described
here by a plane wave; �r refers to the position of the bound (ejected) electron. The position
of this electron with respect to the two centres is given by �r1 = �r + �ρ/2 and �r2 = �r − �ρ/2;
�K = �ki − �ks gives the momentum transferred to the target. The wavefunction φ1σg

describes
the initial electronic 1σg fundamental state of the target and was obtained by a variational
two-parameter calculation borrowed from [17]

φ1σg
(�r, �ρ) = N(ρ)(exp(−ar1 − br2) + exp(−br1 − ar2)), (3)

where a = 0.224 086 and b = 1.136 03 are variational parameters that we have determined
for the equilibrium inter-nuclear distance ρ = 2 au with the normalization constant
N(ρ) = 0.6217. The wavefunction χ(�r1, �r2) represents a state of continuous spectra of
the slow ejected electron. Its determination will be one of the main objects of this work as
mentioned in the introduction.

2.1. The final state wavefunction

2.1.1. 3C-type solution of the two-centre electronic continuum. Let us consider the
Hamiltonian of an electron moving in the field of two fixed nuclei of charges Z1 and Z2

H = −1

2
�r − Z1

r1
− Z2

r2
. (4)

We seek for a solution to the Schrödinger equation

(H − E)	(�k, �r) = 0, (5)

in the form of a product of two functions

	(�k, �r) = 	1(�k, �r1)	2(�k, �r2), (6)
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where �k represents a wave vector. We will take each function in the form

	l(�k, �rl) = exp(i�k�rl/2)Ql(�k, �rl). (7)

Substituting this function in equation (5), we get the following equation:[
1

2
�1Q1 + i�k �∇1Q1 +

Z1

r1
Q1 +

�∇1Q1 �∇2

2

]
Q2

+

[
1

2
�2Q2 + i�k �∇2Q2 +

Z2

r2
Q2 +

�∇2Q2 �∇1

2

]
Q1 = 0, (8)

where the notation �l = �rl
and �∇l = �∇rl

are used. Now we suppose that the expression in
each bracket equals identically zero. This gives[

1

2
�lQl + i�k �∇lQl +

Zl

rl

Ql +
�∇lQl

�∇n

2

]
Qn = 0, l, n = 1, 2. (9)

In the last equation let us first neglect the last term with the scalar product. The resulting
equation has a conventional solution

Ql(�k, �rl) ≡ 1F1(iαl, 1,−i[krl + �k�rl]), (10)

where 1F1 is the Kummer confluent hyper geometric function and αl = −Zl/k is the
Sommerfeld parameter. In this approximation the solution to equation (5) is of the form

	(�k, �r) = (2π)−3/2 exp(i�k�r)
2∏

l=1

NlQl(�k, �rl), (11)

which fulfils the orthonormalization condition

〈	(�k′, �r)|	(�k, �r)〉 = δ(�k − �k′), (12)

with a normalization factor

Nl = exp(−παl/2)�(1 − iαl). (13)

The expression on the right-hand side of equation (11) is just a 3C-type solution [17] (more
precisely, a 2C-type, because the two Coulomb centres are supposed to be fixed). It satisfies
the exact asymptotic Redmond condition

lim
r→∞ 	(�k, �r) −→ (2π)−3/2 exp(i�k�r) exp(−i(α1 + α2) ln(kr + �k�r)). (14)

As mentioned above, this solution fulfils equation (9) within an accuracy of the order
O((kr)−2), since

�∇Q(�k, �r) = α(kr̂ + �k)1F1(iα + 1, 2,−i[kr + �k�r]), (15)

becomes at kr → ∞
�∇Q(�k, �r) = α(kr̂ + �k) exp(πα/2)

i(kr + �k�r) (f (�k, �r) − exp(−i(kr + �k�r))f ∗(�k, �r)) + O((kr)−2), (16)

where

f (�k, �r) = exp(−iα ln(kr + �k�r))
�(1 − iα)

. (17)

This fact permits us to estimate finally the order of magnitude of the neglected term

�∇1Q1 �∇2Q2 ≈ O((kr)−2). (18)
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2.1.2. The modified 3C-type solution. Now let us introduce an asymptotic expression of the
term �∇1Q1 �∇2Q2 in equation (9). Using equation (16), we can rewrite each factor in the form

�∇Q(�k, �r) ≈ α(kr̂ + �k) exp(πα/2)

i(kr + �k�r) f (�k, �r)q(�k, �r) ≈ α(kr̂ + �k)

i(kr + �k�r)Q(�k, �r)q(�k, �r), (19)

where

q(�k, �r) = 1 − exp(−i(kr + �k�r))f
∗(�k, �r)

f (�k, �r) , (20)

which gives

|1 − q(�k, �r)| = 1. (21)

This shows that q(�k, �r) is finite. Now to uncouple equation (9) we will admit that αq(�k, �r)
in the asymptotic expression (19) can be replaced by a free parameter ε. This permits us to
transform equation (9) into

1

2
�lQl + i�k �∇lQl +

Zl

rl

Ql − iεn

2

r̂l + k̂

1 + r̂l k̂

�∇Ql

rl

= 0, (22)

where we have replaced �rn by �rl using the approximation r−1
n = r−1

l + O
(
r−2
l

)
.

To solve equation (22), we introduce a new variable xl = −i(krl + �k�rl) and consider the
relations

∇lQl = −ik(r̂l + k̂)Q′
l ,

�lQl = −2k2(1 + k̂r̂l)Q
′′
l − 2k2

xl

(1 + k̂r̂l)Q
′
l .

(23)

Then finally we get a differential equation

xlQ
′′
l + (1 − iεl − xl)Q

′
l − iαlQl = 0, (24)

which also has a conventional analytical solution

Ql(αl, εl, �k, �rl) ≡ 1F1(iαl, 1 − iεl,−i[krl + �k�rl]), (25)

depending on the supplementary parameter εl which reduces to equation (10) for εl = 0.
Using this solution instead of the previous one in equation (11), we get a new expression of
the approximate wavefunction

	(�k, �r) = (2π)−3/2 exp(i�k�r)
2∏

l=1

N(αl, εl)Ql(αl, εl, �k, �rl), (26)

that fulfils the orthonormalization condition with a new normalization factor

N(αl, εl) = exp(−παl/2)
�(1 − iαl − iεl)

�(1 − iεl)
. (27)

The basic difference between the function given in equation (11) and the MTCC function
given in equation (26) is that in the latter the electronic motion relative to one of the Coulomb
centres depends on the Sommerfeld parameter of the other centre. Finally, we express the
wavefunction of the slow ejected electron in a symmetric form for the homo-nuclear case of
Z1 = Z2

χ(�r1, �r2) = exp(i�ke�r)
2(2π)3/2

N(α, β)N(ν, γ )[Q1(α, β, �ke, �r1)Q2(ν, γ, �ke, �r2)

+ Q1(α, β, �ke, �r2)Q2(ν, γ, �ke, �r1)], (28)
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where α = −Z1/ke, ν = −Z2/ke are the Sommerfeld parameters and β = −z3/ke, γ =
−z4/ke are the supplementary ones. Note that z3 and z4 will be considered as free variational
parameters related to the small parameter ε in equation (22). Integrating over the coordinates
�R of the fast incident electron with the help of the relation∫

d �R
| �R − �r| exp(i �K �R) = 4π exp(i �K �r)

K2
, (29)

and substituting the functions defined in equations (3) and (28) into equation (2), we get

Tf i = −N(ρ)

(2π)3/2K2

�(1 + iα + iβ)

�(1 + iβ)

�(1 + iν + iγ )

�(1 + iγ )
exp (−π(α + ν)/2)(I (a, b) + I (b, a)), (30)

where

I (a, b) = J (a, b, α, β, ν, γ ) + J (a, b, ν, γ, α, β), (31)

with

J (a, b, α, β, ν, γ ) =
∫

d�r exp(i( �K − �ke)�r − ar1 − br2)

× 1F1(−iα, 1 + iβ, i[ker1 + �ke�r1])1F1(−iν, 1 + iγ, i[ker2 + �ke�r2]). (32)

Using the Fourier transform for one of the centres, we reduce this integral to a three-
dimensional integral having the form

J (a, b, α, β, ν, γ ) = exp(i( �K − �ke) �ρ/2)

(2π)3

×
∫

d�τ exp(i�τ �ρ)W(α,β)(�ke, �τ , a)W(ν,γ )(�ke,− �K − �τ + �ke, b). (33)

The integrand function W(α,β)(�ke, �q, λ) reads as

W(α,β)(�ke, �q, λ) =
∫

d�r exp(−i�q�r − λr)1F1(−iα, 1 + iβ, i(ker + �ke�r))

= 8π

(q2 + λ2)2

(
λ 2F1(−iα, 2, 1 + iβ, x) − αke

1 + iβ
2F1(1 − iα, 2, 2 + iβ, x)

)
,

(34)

where x = 2(�q�ke + iλke)/(q
2 + λ2) and 2F1 is the hypergeometric function. Note that these

integrals are calculated much more easily than the hypergeometric functions in equation (32).
Moreover, at zero value of supplementary parameter β = 0, the integral in equation (34) is
evaluated analytically

W(α,0)(�ke, �q, λ) = 8π

(q2 + λ2)2
(1 − x)iα

(
λ(1 + iα) − iα

λ − ike

1 − x

)
. (35)

Note that the three-dimensional integral in equation (33) is calculated only by the numerical
quadratures. The proposed reduction reveals the diatomic nature of the problem by the
appearance of the interference terms represented by the factor exp(i( �K − �ke) �ρ/2).

3. Results

The basic aim of this work is to test the validity of our approach presented in subsection 2.1.2
which as mentioned above seems to be an elegant alternative for the cumbersome exact
description of the two-centre electronic continuum. We restrict our presentation to a case of
the homo-nuclear diatomic situation taking Z1 = Z2 = 1 and considering situations studied in
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Table 1. The 7DCS for different values of z3 = z4 = z, for the case �ke‖ �K at θs = 9◦ and
θρ = 0◦. The last column shows the difference between 7DCS obtained by the exact solution and
the preceding column.

Z1 = Z2 z σ (7) by MTCC �σ(7)

1.00 0.00 0.137 41 0.008 13
0.10 0.142 52 0.003 03
0.16 0.145 46 0.000 09
0.17 0.145 94 −0.000 39
0.20 0.147 37 −0.001 82
0.50 0.160 43 −0.014 88
1.00 0.177 77 −0.032 22

σ (7) exact solution [20] 0.145 55

Table 2. The same as in table 1 for θs = 9.5◦ and θρ = 90◦.

Z1 = Z2 z σ (7) by MTCC �σ(7)

1.00 0.00 0.120 31 0.005 59
0.10 0.123 95 0.001 95
0.15 0.125 88 0.000 02
0.16 0.126 27 −0.000 37
0.20 0.127 86 −0.001 96
0.50 0.139 97 −0.014 06
1.00 0.157 73 −0.031 83

σ (7) exact solution [20] 0.125 90

some recent papers [17, 19, 20]. We will fix the energy value of the incident electron to 2 keV
such that its state can be represented by a plane wave in the transition matrix. Following the
preceding calculations, we consider that the ejected electron emerges with an energy value of
50 eV, which seems to be a judicious choice for different reasons. It gives an optimal magnitude
to the multiply differential cross section of this process, justifies neglecting the exchange terms
[17] between the scattered and ejected electrons in the transition matrix element as ks  ke

and permits us to admit that the ionization process is much faster than the motion of the nuclei.
Now we consider a coincidence detection of the scattered and ejected electrons with one of
the protons whose momentum gives the orientation of the molecular target. We will give the
seven-fold differential cross section for two particular directions, ϕρ = 0◦, θρ = 0◦ and 90◦,
of the inter-nuclear axis defined by the polar angles around the direction of incidence chosen
as that of the Z axis. In the homo-nuclear case we consider equal Sommerfeld parameters and
put β = γ = −z/ke = ε, which should take small values, as shown in equation (22). To
determine the most appropriate value for z, we compare our results shown in tables 1 and 2
for different values of z with those obtained by the application of the exact solution [20] in
an optimal situation, when the momentum of the ejected electron is equal and parallel to the
momentum transferred to the target by the incident electron �K = �ke. The results show that z

should not exceed 0.2. A required value of z is identified by a sign changing that corresponds
to a coincidence of the neighbourhood maxima of the 7DCS. This circumstance can be used
as a key point to realize an effective algorithm of fitting both theoretical and experimental data
of any conventional multi-fold differential cross sections of the problem under consideration
and its further application to more complex diatomic systems.
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Figure 1. The variation of the 7DCS of the (e, 2e) ionization of H+
2 with the scattering angle θs for

the case �ke‖ �K , with optimal z3 = z4 = fs(θs).

Then we consider in figures 1(a) and (b) the variation of the seven-fold differential cross
section with the scattering angle for two directions of the nuclear axis ϕρ = 0◦, θρ = 0◦ and
90◦, respectively. The dynamical situations are such that for each value of θs, the ejected
electron comes out in a direction parallel to the momentum transfer which, as mentioned
above, is a favourable direction, as in this situation the recoil momentum has its lowest value,
and the energy is mostly transferred to the ejected electron, thus creating an optimal condition
for ejection for each value of θs. Now as seen on the two curves, the introduction of the
supplementary parameter, εl , improves the agreement with that obtained by the application of
the exact wavefunction especially in the region of small scattering angles, where the two-centre
model proposed by [17] fails completely.

Now, to see the effect of the introduction of β and γ (or z3 and z4) in more detail, we
consider the variation of the seven-fold differential cross section with the ejection angle for
two particular values of the scattering direction θs = 3◦ in figure 2 and θs = 9◦ in figure 3
for the particular orientation of the inter-nuclear axis ϕρ = 0◦, θρ = 0◦. Both cases show that
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Figure 2. Variation of the 7DCS of (e, 2e) of H+
2 with the ejection angle θe, with optimal

z3 = z4 = fe(θe). Here θs = 3◦ and θρ = 0◦.
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Figure 3. Same as figure 2, but for θs = 9◦.

the interference patterns due to the diatomic nature of the target identified in our approach via
the term exp(−i( �K − �ke) �ρ/2) in equation (33) persist and are very similar to those obtained
by the exact solutions. The improvement brought about by the introduction of εl is evident in
the two figures, especially in the region 100◦ < θe < 240◦ in figure 2. Many disagreements
persist, especially in the region 0 < θe < 100◦ in figure 3, which are very difficult to interpret
as the order of magnitude of the multiply differential cross section is relatively very small in
this region and could be explained by the approximate nature (up to order O((kr)−2)) of our
wavefunction.

4. Conclusion

We have proposed a new four-parameter continuum wavefunction describing the slow electron
in the Coulomb field of two positively charged nuclei and applied it to the determination of
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the seven-fold differential cross section of the dissociative ionization of the simplest homo-
nuclear diatomic system H+

2. Our results show that the introduction of a supplementary
parameter permits us to obtain elegantly a good agreement with the results obtained by rather
cumbersome calculations using the exact solution of the two-centre Schrödinger equation in
prolate spheroidal coordinates for the same physical situation. We believe that this approach
will be particularly useful for the description of the ejected electrons from more complex
diatomic targets for which the exact solution is inapplicable.
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