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Abstract. Symbolic-numerical algorithms for solving a boundary value
problem (BVP) for the 2D Schrédinger equation with homogeneous third
type boundary conditions to study the quantum tunneling model of a
coupled pair of nonidentical ions are described. The Kantorovich reduc-
tion of the above problem with non-symmetric long-range potentials to
the BVPs for sets of the second order ordinary differential equations
(ODEs) is given by expanding solution over the one-parametric set of
basis functions. Symbolic algorithms for evaluation of asymptotics of the
basis functions, effective potentials, and linear independent solutions of
the ODEs in the form of inverse power series of independent variable at
large values are given by using appropriate etalon equations. Benchmark
calculation of quantum tunneling problem of coupled pair of identical
ions through Coulomb-like barrier is presented.

1 Introduction

Quantum mechanical treatment on the basis of adiabatic description of penetra-
tion through a two-dimensional fission barrier has been studied for a long period
of time [T2]. Current interest is stimulated by the prominent papers in which the
model of quantum tunneling problem of coupled pair of ions through truncated
Coulomb barrier were investigated for identical mass and charges of ions [3/4].
Study of quantum tunneling problem for a coupled pair of ions with distinct
mass and charges for their penetration through a nontruncated Coulomb barrier
is an important problem.

The aim of this paper is to develop a symbolic-numerical algorithm (SNA)
for solving the 2D boundary value problem (BVP) with homogeneous third type
boundary conditions to analyze the above problem. In the framework of Kan-
torovich method (KM) [5], we search for a solution by means of expansion over
the solution to the one-parametric eigenvalue problem calculated by program
ODPEVP [0]. This way the BVP is reduced to a set of second order differential
equations (ODEs) on the whole axis with homogeneous third type boundary
conditions of general type. The main task here is to formulate these boundary
conditions which are not invariant under reflection with respect to the z-axis.
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This is because the conventionally used symmetric conditions are applicable only
for identical particles. To apply the finite element method (FEM) to solving the
BVP on a finite interval we need not only the adaptation of KANTBP 2.0 code
[7], but also the elaboration of new symbolic algorithms to evaluate coefficients
of the asymptotic expansion of both effective potential and solution to ODEs.
These coefficients are needed to match evaluated asymptotic solutions with nu-
merical ones at boundary points and extract the required matrix of transmission
and the reflections amplitudes from numerical solutions.

In this paper, we present algorithms for calculation of the asymptotic ex-
pansions for solution to the eigenvalue problem with a long-range potential of
general type. These asymptotic expansions are applied to evaluate the effective
potentials of ODEs. The next step is to design a new algorithm for evaluation
of the asymptotic expansion of linear independent solutions to ODEs. This dis-
tingue algorithm is substantially different from the previously elaborated one
[8]. Instead of applying an expansion over the solution to an etalon equation, we
propose to use an appropriate etalon equation with a long-range potential in the
form of the inverse power series that provides a more economical and universal
way to generate relevant recurrence relations and the corresponding FORTRAN
subroutines.

The paper is organized as follows. In Section 2, the problem statement is done.
In Section 3, the BVP is formulated for ODEs. Here the symbolic algorithms
for the evaluation of asymptotic expansions of solutions to parametric BVP,
for calculation of the corresponding integrals, and for the asymptotic expansion
of linear independent solutions to ODEs together with their implementation in
Maple are described. Section 4 is devoted to the benchmark calculation of the
penetration coefficients for tunneling of the identical ions through long-range
Coulomb like barriers. In Conclusion, we summarize the results and discuss the
future applications of our SNAs.

2 Problem Statement

Wave function ¥ (z, y) of model of heavy ion pair connected with oscillator poten-
tial scattering in the center mass coordinate system through Coulomb barriers
satisfies the two-dimensional (2D) Schrodinger equation [3]:

{g?yz - 88332 + 2%+ 2(Us(21) + Ua(w2) — E)} ¥(z,y) =0, (1)

where x1 = S92y + s1x, x2 = soy — s3x are variables in the laboratory coordinate
mi1m .
system, parameters s, = v 1\;[7 *, 51 = "2, 53 ="} are defined via masses of

ions my and mso and total mass M = my + mo and reduced mass p = m}\;” in
the oscillator units of length z,s. = \/JL and energy E,s. = hw (w is oscillator

frequency). We choose barrier potential U;(x;) of ions labelled by i = 1,2 with
charges Z; > 0 in the form of the truncated Coulomb potential cut off on small
0 < Zmin < 1 and large Tyax > 1 distances from origin,
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ZAx Z _ Z Z Til > Tmi _
Uz(xz): _ ' - _ ' 7‘mi‘§xmin; ! - ' 7‘ Z_‘<—nn;07‘xi‘>xmax 7(2)
Lmin Tmax |£TJ1| Tmax ‘xl‘ = Tmax
or the Coulomb-like potentials that depend on the integer parameter s > 2 and
truncation parameter T, > 0 and defined as

Ui (ml) = ZAZ(‘mZ‘é + ‘ffnin)_l/s . (3)

In both cases, the sum of barrier potential functions U(z,y) = Uy (1) + Us (z2)
has asymptotic form

A )
L0y ), y— +oo, (4)

U(z,y) — oy
where o0y = 1if y > 0 and 0y = —1if y < 0; Z12 = 0 for Eq. (@) and Z» =

(Zl + ZQ)/SQ for Eq. @).
The asymptotic boundary conditions for the solution ¥(y, x) ={%;, (v, x)}g"zl
with direction v =— can be written in the obvious form

exp (1 (piy — 0y 22 n(2ps,ly)))
\/Pi,

7, (y — —oc0,z) — B (2)

N, exp (=1 (pgy — 0,22 m(2p;1y))))
(O) pj
+) B (@) Bii:
jz:; J VP
N, exp (1 (pyy — 0, 2% 2yl )
W, (y — +00,2) = Y B (2) i Tita:
i=1 VP

Y, (y,x — £oo0) — 0.

o

Here N, is the number of open channels at fixed energy 2E = p? + e > 0,

o
T};, and Rj;, are unknown transition and reflections amplitudes, BJ(-O) (x) are the
basis functions of oscillator with energy 850) =2n+latn>0,7=n+1

02 +oo

—00

3 Formulation of BVP for a Set of the Kantorovich ODEs

We construct a desired solution of the BVP in the form of Kantorovich’s
expansion:

Uy (z,y) = Y Bilwiy)xgi (y)- (7)

Jj=1
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The basis functions B;(z;y) of the fast variable x and the potential curves E;(y)
that depend continuously on the slow variable y as a parameter are chosen as
solutions of the BVPs for the equation on grid $2;{Zmin(¥), Tmax(y)}

{—diz + 2% 42U (z,y) —Ej(y)}Bj(m;y) =0, (8)

which are subject to the boundary, normalization, and orthogonality conditions

Tmax(Y)
Bj(xmin(y);y) = Bj(xmax(y);y) = Oa <BZ|BJ>: / B (ZL’ y)B (ZL’ y)dﬂﬂ 57,] ( )

Zmin (Y)

By substituting (@) into (I)-(]) and by taking average over (@), we obtain the

BVP for a set of N coupled ODEs that describes the slow subsystem for the

AT

partial solutions X(i/)(y) s XN

2
(H-2BT) X)) =0, H=-1" +V(y)+QQ )CZJ de;; )

et (10)

Here I is the unit matrix, V(y) and Q(y) are the effective potential N x N
matrices:

ZTmax(Y)
0B;(x;y) 0B;(x;y
Vij(y)=¢;(y)dij+Hij(y), Hij(y) = / ; ) Jé)( )dx, (11)
Y Y
Zmin(Yy)
ZTmax(Y) 8B( )
== [ Bian)®)aa,

Zmin(Y)

that is calculated numerically by means of program ODPEVP [6]. The boundary
conditions at ¥ = Ymin K —1 and y = ymax > 1 are given by

dP(y)
dy

dP(y)

= R(ymin)ds(ymin)a dy

Y=Ymin

= R(Ymax)P(Ymax), (12)

Y=Ymax

where 7?, is an unknown N x N nonsymmetric matrix-function, ®(y) =
X(“’ ? ; is the required N x N, matrix solution, and NN, is the number of
open channels N, = maxsp>e, j < N that is calculated numerically by means
of the program KANTBP 3.0. It is a modified version of the program KANTBP
2.0 [7] including matching asymptotic solutions evaluated in the next sections
with numerical ones at boundary points ¥ = ymin <K —1 and ¥y = Ymax > 1 in
2.
The matrix solution @,(y) = @(y) that describes the incidence of the par-
ticle and its scattering, having the asymptotic form “incident wave + outgoing
waves”, is
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()T, y >0,
{ )(y) LX) ()R, y <0, VT
X, y<0

with R, and T, being the reflection and transmission N, x N, matrices, v
denotes the initial direction of the particle motion along the y-axis. Here the
leading term of the asymptotic rectangle-matrix functions X(i)(y) has the form

+ - AD)
XJ(ZO)( ) — p; 1/2 exp <:tz (pjy — 0oy . 111(2pjy|))) ios (14)
J
pi, = /2B —¢ci,, j=1,...,N, i,=1,...,N,.

The matrix solution @, (y, F) is normalized so that

/ B!, (y, BB, (y, E)dy = 275(E — E)S,rToo, (15)

— 00
where I, is the identity N, x N, matrix.
Suppose that a set of linear independent regular square-solutions ®;°¢(y) =

{Xreg( VB, frtgg a problem under consideration with components xﬁé'g) (y) =

O W)y X (y)T isknown at y > 0, v =— or y < 0, v =, i.e.,

P (y) =X (y), y>0, ¥°%(y)=X(y), y<o.
+ + . .
X6 )(y):Xj(io)(y), j=1,...,N, i,=1,...,N,. (16)

J%o

In a case of some channels are closed, we must use additional leading terms of
regular asymptotic functions correspondingly at z > 0 and z < 0

= (+ - Z12
XJ(LC)(Z/) —q; 1/2 exp (:F (qjy + oy ql, 111(2qjy|))) 0jies (17)
J
=+ve&. —2E, j=1,...,N, i.=N,+1,...,N.

In this case, the required part of R_(y) at ¥ = Ymax > 0 and R_,(y) matrix
Y = Ymin < 0 can be found via the known set of linear independent regular
solutions P8 (y)

Roly)=""" 7 (&5(y) " (18)

These matrix-functions R, (y) by dimension of N x N are used for calculating
numerical solutions ®"(y) of BVP () (2).

By using @Z(ymax) and R_,(y) numerically calculated with KANTBP 3.0,
we obtain the following matrix equations for the reflection R_, and transmission
T_, matrices
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Y(;)(ymin)R% = _Y(j_)(ymin)v X(+)(ymaX)T—> = dsi(ymaX)v (19)

W) _p_)x® ).

YH (y) = dy

Note that, when some channels are closed, the Y*)(y) and X(~)(y) are rectan-
gular N x N, matrices. The reflection R_, and transmission T_, matrices are
evaluated in terms of the pseudoinverse matrices of Y(_T ) (Ymin) and X(H(ymax)

R = (Y i) Y ) (Y i) Y (), (20
T = <(X(+) () ) Tx (ymax)) h (XD (na) ) " ().

Having " (ymin) and R (y) numerically calculated with KANTBP 3.0, we
obtain the following matrix equations for the reflection R._ and transmission
T. matrices:

X((:_)(ymax)llH = *Yt)(ymaX)a }((_)(ymin)TH = dsi(ymin)a (21)

_XPW) _p mx®(y).

Y& (y) dy

Therefore, using the pseudoinverse matrices of Y{*)(y) and X(=)(y), we obtain
the following formulae:

R = (Y ) ¥ 000 (Y ) YO (22
T = (X i) X o)) (X)) B (i)

Let us now rewrite Eq. (I3) in the matrix form at y; — +o00

D (y+) P(y4)\_ (0 X ) (y4) 0 XD (1)
(dh(yf)dk(yf))<x(+)(y_) 0 ' >+<X(—>(y_) 0 i >S> (23)

where the symmetric and unitary scattering matrix S is composed of the trans-
mission and reflection matrices from (20) and (22)

R_T
_ P _gig_
S(T R ) Sst=sfs=1. (24)

In addition, it should be noted that the functions X(i)(y) satisfy relations

Wr(Q(y); X (1), XH) (1)) = £2i1,0, Wr(Q(y); XF) (1), XH)(y)) = 0, (25)
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where Wr(e; a(y), b(y)) is a generalized Wronskian with a long derivative defined
as

Wile:a(0), b)) = a() (0~ ob)) = (4~ ea)) b0 (20

Remark 1. This Wronskian will be used below to estimate a desirable precision
of the above expansion as well as the symmetry and unitarity properties of the
scattering matrix S in (24]).

Algorithm 1. Evaluating Effective Potential Asymptotics

Input. We evaluate the asymptotics of effective potentials () at large |y| via
the asymptotics of solutions to the eigenvalue problem ), @) at |y/z| > 1,

fL’max(y)
d2
(e + 2+ 2060 =500 ) Blain) =0, [ Bitwsy)Byfaso=sis 1)
Tmin(Y)

with the Coulomb-like potential

2 (2,y) = 221/ { (520 + 5120)° + T + 270/ (52 = 532)° + T (28)

At step 1 we find B;(x;y) and €;(y) as a series expansion with j =n+1

kmax B'r(zk) (.’1?) kmax E%k)
Bj(x;y) = Z ) Ej(y) = Z k- (29)
k=0 Y k=0 Y

Substituting ([29) to [21) and equating coefficients of the same powers of y, we
arrive at a system of recurrence differential equations for evaluating coefficients

B (z) and s%k), k=1,... knax:

2

L(n)BP (z) = [{P(2),  L(n) =~ 2n +1)+a?, (30)

de? (
with the initial data s%o) = 2n+ 1 and with B,(LO) (z) as the known solution of the
problem
+oo o
L(n)B (z) =0, / B (2)BY (z)dx = 6. (31)

— 00

In Egs. (30)), the right-hand sides fr(bk) (x) are defined by relations

k
19(@) = U (@) - £P) B (@)

p=1
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Table 1. Values of the partial sums @) for Vj; = Vj;(y) from (1) depending on

kmax for S§1 = 82 = §3 = 1/2, Tmin = 01, s = 8, 21

Zy =1, y = y3¥*" = 12.5. The

last row contains the corresponding numerical values (n.v.).

kmax V11 Vaso Va3 Via Vss Vs
0 1.000000000 3.000000000 5.000000000 7.000000000 9.000000000 11.00000000
1 1.640000000 3.640000000 5.640000000 7.640000000 9.640000000 11.64000000
2 1.640000000 3.640000000 5.640000000 7.640000000 9.640000000 11.64000000
3 1.642048000 3.646144000 5.650240000 7.654336000 9.658432000 11.66252800
4 1.642048000 3.646144000 5.650240000 7.654336000 9.658432000 11.66252800
5 1.642067661 3.646242304 5.650495590 7.654827520 9.659238093 11.66372731
6 1.642065564 3.646236013 5.650485105 7.654812840 9.659219218 11.66370424
7 1.642065878 3.646238215 5.650492969 7.654832658 9.659259798 11.66377691
8 1.642065798 3.646237812 5.650491922 7.654830645 9.659256497 11.66377199
9 1.642065809 3.646237888 5.650492232 7.654831584 9.659258797 11.66377684
10 1.642065806 3.646237868 5.650492158 7.654831394 9.659258408 11.66377614
11 1.642065807 3.646237871 5.650492174 7.654831450 9.659258560 11.66377650
12 1.642065807 3.646237870 5.650492169 7.654831434 9.659258520 11.66377642
nv 1.642065807 3.646237871 5.650492170 7.654831437 9.659258529 11.66377644

where the coefficients U) () are determined by Taylor expansion of (28] at

large y
Forns
o 70 (g
2U(z,y) = k( ), (32)

=Y
U (z) = 0,2(Z1 + Zs) /52, U (z) = 0,20(Z181 — Zas3)/s3,
U(3)(x) 0y2x (lel + ngs)/sg, U(4)(x) = 0y2x3(lel — ZAgsg)/sé,
U(s)(m) oy 2% (le1 + ng 3)/s5, U(6)(m) =0, 23’55(218? — ZAgsg)/sg7
UMD (z) = 0,20%( 2188 + Z255) /55, U (2) = 0,207 (Z15] — Zash)/s5,
U (z) = 7,24 (lel + Z285) /55 — oyZin(Z1 + Z2)/ (453),

) - ZAgsg)/s1

— 0492

mln(Zl - Z2)/(8S%0)

The orthogonality and normalization conditions follow from (27)) and (23]

1% = / BO (@)BE ) (2)da = 0xo0nm, (33)

where n; =j—1, n, =35 — 1.

We find the asymptotics of matrix elements Hj;/ (y) and Q;;/(y) from () in

the form of expansions

kZ Q5

kO
k=1 Yy

Qjj (y) =

Emax (k)

Hjp(y)=_ yk : (34)
k=2
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Table 2. The same as in Table[I] but for Q;;» = Q;;(y) at j # 5’

Emax Q13,107%  Q15,107° Q24,107% Q26,107 Q35,107*  Qu6,107*
3 0.00000000 0.000000 0.00000000 0.000000 0.00000000 0.00000000
4 1.73778562 0.000000 3.00993299 0.000000 4.25668806 5.49536066
5 1.73778562 0.000000 3.00993299 0.000000 4.25668806 5.49536066
6 1.79339476 1.605297 3.17046275 3.589554 4.57452077 6.02291528
7 1.78627679 1.605297 3.15813407 3.589554 4.55708537 6.00040628
8 1.78814526 1.713173 3.16568539 3.927259 4.57691814 6.04176657
9 1.78761568 1.705283 3.16415663 3.909616 4.57389135 6.03674256

10 1.78771659 1.711496 3.16457995 3.934625 4.57519301 6.03996585
11 1.78768515 1.710423 3.16444912 3.931266 4.57484597 6.03923893
12 1.78769198 1.710818 3.16447978 3.933127 4.57494688 6.03951537
nv 1.78769041 1.710734 3.16447143 3.932815 4.57491909 6.03944626

Here the coeflicients Qg’;,) and H ](f,) are defined by the relations

: Z/ BO(2)QBE D (2)dw, QBY(z) = IBY (),

Z / QB (0)QBLE> (@) (35)
At step 2, we construct B,(Lk) (x) as the expansion with unknown coefficients b%kl
M (k)
0
BP@) = > oEBY.w). (36)
=—M(k)

Here Bgo)(m) are solutions to (BI]) in terms of the Hermite polynomials [9]

H,(z)exp(—x2/2)
\4/7r\/2”\/v! .

By means of the well-known recurrence relation for Hermite polynomials H, (x)

BO(z) =

v

we obtain the recurrence relations for basis functions Bq(jo)(m):

U B+ Ve B (),

d2
LB = (- o 2u D) B @) =280 . (1

From (B0), 32), and ([B7) we have the needed value of M (k) = 2k+1 in expansion
B4l to provide calculation of nonzero terms only.

Substituting ([B8) to (30), taking into account (37), and equating coefficients of
the identical powers of y, we arrive at a set of recurrence relations for evaluation

of coefficients ET(Lk) and bgfi
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2k+1

k k—1
281)5[2 'r(zka’ I( ) = Z Z bnl,a gbr,aj-nl -y = 0k00n;n,» (38)
=0 s=—2k—1

with initial data 5( ) —a9n + 1 and b%?l = 040

The corresponding coefficients Qg’;,) and H j(f,) in [B3) have the following
explicit form:

k—1 min(k—1,k—1—k"—1)
k k') k—1—k
Q;jzrt(y) == Z Z (k —-1- k/)bi n+sb£7,+t n+s)7
k=0 s=max(—k+1,k' —k+1—t)
k—2 min(k—2,k—2—k'—t)
k k k—2—k
HJ(J-)&-t(y) = Z Z K'(k—2—Fk )b; ’n)+sb’$7,+t n+s)' (39)
k'=0 s=max(—k+2,k' —k+2—t)

At step 3, we evaluate sequentially the solutions b; .z and sﬁf) to the set of
recurrence relatlons ([B]) for each kth order (k=1,..., kmax):

f(k) -0 — E(k) b(k (k)/( )

n;0 nsO né

(k k)

I = k0 — 0. (40)
At step 4, we substitute coeflicients bi) n:s calculated in ([#0) into the expres-
sions for the matrix elements (34), [B9) evaluated at step 2 and taking into
account coefficients E;k) calculated in (@0). In doing so we produce the output
containing the matrix elements as a series expansion of inverse powers of y for

k=01, kmax at j,j' = 1,...,N ("= = B = U<V = 0):

S — bmax 9(8)
gj(y) = e Hip(y) = Z T Q)= T (a1
k=0 Yy k=2 Yy k=1 Yy

The above described calculation was performed by the algorithm implemented
in MAPLE up to knax = 12. For example, the explicit expression of the desirable

nonzero coefficients sg.k), HZ.(;.C) = Hj(f) nd Q;; (k) — —Qj]:) reads as (j =n +1):

0 . 2Z2+ 7)) s (2n + 1)(Zas2 + Z152)
55-) =(2n+1), sg):ay 5 , €§-):O'y 833 1
8(4) _ (2283 — 2131)2 5(5) Y 3(271 + 2n + 1)(Z283 + lel)

i s5 LA 255
0 g, Vn = 2n—1V2yn(Zosi — Zis) (42)
Jji—3 34 ?

2

@ _ 3vn — 1\/n(Zas3 + Z15%)

Qjj_0 = —0y 3 ’

453
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Table 3. The same as in Table[I] but for H,; = H;; (y) at j # 5’

Emax H13, 10710 H15, 1078 H24, 1079 H26, 1076 H35, 1079 H46, 1078

8 0.000 -7.3972  0.000 -1.65406 0.000 0.0000
9 0.000 -7.3972  0.000 -1.65406 0.000 0.0000
10 0.683 -8.1862  1.972 -1.90107 4.463 0.8643
11 0.683 -8.1256  1.972 -1.88752 4.463 0.8643
12 0.780 -8.1839  2.347 -1.91203 5.488 1.0969
nv 0.782 -8.1763  2.376 -1.91042 5.608 1.1334

B _ \/2\/’17,(—2181 =+ 2283) ¢y _ 3\/2’174/’/1(228% — 218:1)’)
Qi1 = =0y $2 » Qi =0y o J
2 2
O 3v2y/ny/n — 1\/n72(ng§+ZAls%)(72131 +2253)
3-8 =~ 253 ’
H(G) _ 2\/n\/n - 1(2283 — 2181)2
Jji—2 = g4 )
2
H(7) o 3n\/2\/n(228§ + 218%)(2283 — 2181)
=1 = 253 :
2
g _ 22+ 1)(Zass — Zys1)2
i = s :

Remark 2. In the case of Z; = Zg, s1 = s3 (i.e., for equal masses and charges),
the set of equations (I0) has even and odd parity solutions that are calculated
separately: for the even solutions n = 2j — 2 and for the odd solutions n = 25 —1.
In this case, the above coefficients which contain terms like (—Z 181425 $3) vanish
when they have no terms (2151 + 2233).

Algorithm 2. Evaluation of the Asymptotic Solutions

Input. We calculate the asymptotic solution to the set of N ODEs at large
values of the independent variable |y| > 1

1 d .. d
yitday?dy
N
d 1 d ,_
= > [—Qz‘j(y) dy g1 dyyd 'Qii(y) — Hm'(y)] Xjir (Y)-

j=1.j#i

+ei(y) + Hii(y) — QE} Xiir (Y) (43)

Here d > 1 is the dimension of configuration space of a general scattering problem
[7] while in the considered case ({I0)), we put d = 1 and calculate asymptotic
solution on two intervals —oo < ¥ < Ymin and Ymax < y < 0o. We suppose that
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coefficients of Eqs. ([A3) are present in the general form (Il and, in particular,
in the form (@2).

Step 1. We construct the solution to Eqs. (3) in the form:

) = (6500 + 030 5, ) Ro o) (44)

where ¢, (y) and ¢, (y) are unknown functions, R (y) is known function. We
choose Ry (y) as solutions of the auxiliary problem treated like etalon equation

(Zi(/k<1) — Zl/k>k:n)dx) — 0>:
Ernax (k)
1 d d Z,
y D+ TN —ph | Rely) =0. (45)

+
yd— 1d dy " =y

Remark 3. If ZZ.(,kZS) = 0 then solutions to the last equation are presented via hy-

pergeometric functions, exponential, trigonometric, Bessel, Coulomb functions,
etc. For example, if the leading terms of the asymptotic solutions are given by

formula
1 zV
Ri(y) = +i [ pory— 7 In(2ps , 46
(v) Vpeyit SPEAPY n(2pi |y) (46)

the coeflicient Zi(,2) of potential in the etalon equation (45]) has the form:

S __[@d=3)d-1)  z() (z")?

, 47
' 4 P v} "

Step 2. At this step, we compute the coefficients ¢;/(y) and 1y (y) of the ex-

pansion (@) in the form of series by inverse powers of y (¢;?//<0) %(ic/ <0) _ =0):

Emax (k) Emax
0 0
) = 0+ 3 oo §J+Z ~ (48)
k=1 k'=1

After substitution of ([#4),[ 8) into 3] with the use of Eq. (@I]), we arrive at
the set of recurrence relations at &' < kpax:

(7 —2B4pb) 00+ (1 = 27) 0 —2b (K — 1wl = 107, (49)
(= — 2 4+ p2 ) k) + 20k — )0 ™ 4 (69— 2D) 90 = ),

(k)

where the right-hand sides f ., and g;;/ are defined by relations
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(A 2l 3 (5 s g

j=1j#i k=1

—2p2QW N L QW (—2k + k- d+ 1)glh Y 4 v;g.%;f;’*’”)); (50)

k/
k k k k' —k
o = (-~ D 3+l 137 (V- 2l
k=2
N K
k k' —k k k' —k—1 k k' —k
+ > Y206l - W ek +d—3— kel Y + VPl )
j=1,j#i k=1
with initial conditions p? = 2E — 559), E?,) = ;i ’(/J“,) =0, at ¢ = i, run the

open channels i, = 1, ..., N, and p;; = 1q;/, qiv > 0, q,i, = 859) —2F at i/ =i, run
the closed channels i, = N, + 1,..., N that follow from (I4]) and (). Also from
Eq. @9) at ¥’ =1 and i = ¢/,

(<0 - Z0) ) =0, (0 29} ui2) o, 61)

we obtain condition Zi(, ) — s(,l).

Step 3. Here we perform calculation of the coefficients cbl(.f,/) and wgf,) by a step—
by—step procedure of solving Eqs. ({9) for 2F # 5(0) 1#£ 17 and K =2,.. ., kpax:

o) = [5”—559)]’1 (00 = (0 = 20) 6 22 (b — 1l Y]
P = [0 ] [gl) 2 — gl D - (D - Z) Y],
ol =~ 2k — 1)) gl (52)

o = e 1) (2 )]

The above described algorithm has been implemented in MAPLE and FOR-

TRAN to calculate the desirable qbgik,/) and wgf/) in the output up to kpax —1 =
11 order.

Remark 4. The choice of appropriate values ymin and ymax for the constructed
expansions of the linearly independent solutions for p;, > 0 is controlled by the
fulfillment of the Wronskian condition (26

y T Wr(Qy): X (v), x(v)) = £2i0,, (53)

up to the prescribed precision ey ;..
As a result, Algorithms 1 and 2 generate required asymptotic solution (&) up
to the order O(|y|~*max) at |y|/|x| > 1 that reduce the BVP () from plane R?2

N kmax M (k)

d
SNt S B >b§’“15(¢§’;p Tyl y)Ri/<y><54>

j=1 k=0s=min(1—j,—M(k))

to a finite domain 2,y = [{2:{Tmin; Tmax } X 2y{Ymin, Ymax }]-
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4 Benchmark Calculation of Penetration Coefficient

As a benchmark calculation we consider the BVPs ([I)—(@) that model the quan-
tum tunneling problem for a coupled pair of identical ions with the following val-
ues of parameters: Tmax = 5 for Eq. (IZI) and s = 8 for Eq. @), s1 = s2 = s3 = 1/2,
Tmin = 0.1, Z1 22 = 0.5 and Z1 22 = 1 in oscillator units. For given number
N of ODES (@), the values zmin and zmax of grid 2,{Tmin, Tmax} are chosen
in the region |z| > z9 = /2N + 1 where the Hermite polynomial [9] (or of
wave function in a general case) has none zeros. These values are computed with
prescribed precision eps > 0 from the condition

x
exp (/ dx\/x2 - x%) < eps,
0

which in the given case leads to inequality

z2/2
exp (x\/xQ - x%/2> <x + \/x2 - x%) xo_xg/g < eps. (55)

To find an approximate solution, at the first step we choose the initial approx-
imation zmax = xo, after that it is increased with step equal 1 until (B3) is
satisfied. Values ¥min < Tmin and Ymax > Tmax were chosen from the condition
that potential ([2)) or () is negligible on the interval Tmin < T < Tmax-

The matching points %" and y5****" of the numerical (1)) and asymptotic
([T effective potential were calculated as follows:

tch . E H tch E H
y'{na = mln{yl ay?7 yl }7 y;na A= max{yZ 7y2Qa y2 }a
Emax (Fmax) Emax
g — g e N o e [JONR v IR
t Yy eps ’ t Yy eps ’ t Yy eps ’

. Kmax Kmax Kmax Kmax Kmax kmax

since [V )| < | B |QUme)| < QR [HIE)| < |HFw™)]. So, the
values Ymin and ymax are chosen from the inequalities ymin < y]’“”‘h < Zmin and
Ymax > y;natch > Tmax taking into account. This gives

k |¢(.’?max) ‘ x |,(/}("_‘?max) ‘
Yrmin = min ymatch7 min | — ™% Jto ,min | — max Jio 7
J eps j eps
& |¢)(kmax) | . |w(kmax) ‘
match max Jto max o
Ymax = Max | Yo ,max , max . (56)
J eps j eps

In the considered examples, we used the grids §2,{Zmin, Tmax} = {—10(768)10}
and 2y {Ymin, Ymax} = {—125(200) —25(100) —6(200)6(100)25(200)125} with the
Lagrange elements of the order p = 4 between the nodes. In the above grids {2,
and {2, the number of grid elements is shown in the parentheses.
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To illustrate Remark Rlby an example, we can point out the lines for ky . = 3
(containing only zero values) in Table 2l Other zero values in Tables [2 and [3
point out different leading terms in the inverse power series expansion of matrix
elements between various eigenfunctions. The numerical values of effective po-
tentials calculated by ODPEVP [6] with a given precision eps of order of 10710 in
the last line of the Tables[I] 2l and [ are in a good agreement with the asymptotic
values from (@I)) in the matching points y = ymatch.

In the calculation of solutions, we used the etalon equation {@Hl) at d = 1 with
the two sets of parameters taken in the first case as in Remark Bl and in second
ax = 1, ZZ.(,I) = 20,712, that corresponds to the known solutions on
the open channels

case as k’

—1/2 { (Go(pi,, +y) £ 2Fy(ps,, +y)) exp(Froi,)/2, y > 0, (57)

Ri P69
to (p ° y) plo (Go(pio7 _y) + Z}?O(p’i(ﬂ _y)) eXp(iZUio)/27 y < 07

and on the closed channels

Ric (Qica y) = qz_cl/QteXp(ft/2) U(l =+ ZlZ/Qica 27 t)a t= 2Qu|y‘ (58)

Here Fy(p;,,y) and Go(pi,,y) are regular and irregular continuum zero order
Coulomb functions; o;, = arg ' (1 +1Z12/p;,) is the Coulomb phase shift [9];
and Ul(a, b, ¢) is the confluent hypergeometric function of second kind.

Remark 5. In the numerical calculation, the exponential small factor exp(—t/2)
in R;, (¢.,y) and its first derivative was neglected since this factor is canceled
during evaluation of R(y) matrix in Eq. (8.

Required reflection R_, and transmission T_, matrixes calculated by formulas
([20) via matrix of logarithmic derivatives R_, (y) and solution @" (ymax) calcu-
lated numerically on the above grid Qy{ymin,ymax} by means of the program
KANTBP 3.0, including matching in the boundary points ymin and ymax of (2
with asymptotic solution evaluated in first case has the error of order 0.1% in
comparison with a more accurate result obtained with asymptotic solution eval-
uated in the second case.

According to Remarks [l and @l the Wronskian condition depends on the num-
ber N of ODEs, on the value of threshold energy, on the type of etalon equation,
etc. At the boundary points ymin and ymax of the above grid £2,{ymin, Ymax }, the
absolute values ey, of components of difference between the calculated Wron-
skian and its theoretical value (B3) are less then 10711

The total probabilities T'= T11 = _1 \T13|2 of penetratlon through Trun-
cated Coulomb (@) and Coulomb-like (Bﬁ potential barriers are shown in Fig. 1.
The first of them is in a good agrement with results obtained by solving the BVP
@, @, @), and (@) in the 2D domain using Numerov method in papers [3/4].
These pictures illustrate the important peculiarity that a more realistic nontrun-
cated Coulomb-like barrier having a more wide than truncated one, leads to a
set of the probability maximums having a bigger half-width. It can be used for
verification of the models and quantum transparency effect.
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1.0 1.0

72,05 Z=2,-1
0.8{m=1 0.8{m,=1
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Fig.1. The total probabilities T = T11 = Z;\;"l |T1]? of penetration through Trun-
cated Coulomb (@) at zmax = 5 (upper panel), and Coulomb-like (@) (lower panel),
pptentjal barriers: min = 0.1, m1 = mg = 1, left panel: Z; = Z» = 0.5, right panel:
Z1 = 2> =1.

5 Conclusion

The BVP for the 2D Schrédinger equation with long-range potentials from the
2D plane is reduced to sets of the BVPs for the ODEs in a finite 2D domain
with help of the presented symbolic algorithms for evaluation of asymptotics
of solutions and effective potentials of the ODEs. The BVPs for the resulting
system of equations containing effective potentials, which are calculated by pro-
gram ODPEVP [@], are solved by the new version of program KANTBP 2.0
using high-order precision approximations of the FEM [7]. The computational
efficiency of the SNAs proposed is demonstrated by the benchmark calculation
of quantum transmittance of long-range barriers for composite particles. The
further development of the SNAs and software for solving the BVPs of the
Schrédinger equation with long-range potentials can serve as a useful tool to
study quantum transparency effects not only in heavy ion physics but also in
quantum chemistry [II] and atomic physics [12].

Authors thank Profs. F.M. Pen’kov and P.M. Krassovitskiy for useful discus-
sion. This work was done within the framework of the Protocols No. 4028-3-10/12
of collaboration between JINR and INP (Almaty) in dynamics of few-body sys-
tems and quantum transparency of barriers for structure particles and ions. The
work was supported partially by RFBR (grants 10-01-00200 and 11-01-00523).
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