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a b s t r a c t 

Recent experiments on single and double ionization of atoms by Compton scattering potentially open the 

door to establishing new methods of dynamical spectroscopy complementing the well-known methods 

like (e,2e) and (e,3e) spectroscopy. In this paper we explore the possibility to use double ionization of 

the helium atom by Compton scattering as a tool for direct spectroscopy of electron-electron correla- 

tions. For rather high photon energies of a few dozens of keV, a non-relativistic theoretical description 

of the process and the Kramers-Heisenberg-Waller approximation can be consistently used with a high 

computational efficiency. 

© 2021 Elsevier Ltd. All rights reserved. 
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. Introduction 

In the present paper we study the double ionization of the he- 

ium atom by Compton scattering of a photon with energies of sev- 

ral tens of keV. At these incident photon energies the scattering 

y helium atoms can be described in the non-relativistic approx- 

mation. This paper is a direct continuation of our previous pa- 

er, where the Compton single ionization was substantiated as a 

ethod of momentum spectroscopy of the active electron in an 

tomic target [1] . 

From the beginning of atomic physics the atomic structure was 

sually studied by high-resolution spectroscopy. Alternatively to 

easuring energies of bound and excited states, one can also study 

ragmentation processes and obtain a detailed structure informa- 

ion from the fragment momentum distributions. To this end the 

hotoelectric effect (see [2] for a recent example), or charged par- 

icle impact is mostly used nowadays. In these studies, a well es- 

ablished technique is ( e, 2 e ) coincidence spectroscopy at large mo- 

entum transfer (the so called Electron Momentum Spectroscopy 

EMS) which allows to investigate the momentum distribution of 

he active electron in the target [3,4] , whereas ( e, 3 e ) and ( e, 3 −
 e ) reactions at large momentum transfer give valuable informa- 
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ion about the electron pair correlations [5,6] . For the latter re- 

ctions their fully differential cross sections (and even the partial 

ntegral ones) are much smaller than the differential cross sec- 

ions for single ionization reactions. The measurement of these 

mall cross sections is experimentally very challenging, in partic- 

lar, these experiments require coincidence detection of the parti- 

les in the final state of the reactions. 

In the case under consideration, an energetic photon is used 

nstead of a fast incident electron, which, in Compton scattering, 

s treated as a relativistic particle with a special dispersion rela- 

ion. The coincidence method based on simultaneous detection of 

he ejected electron and the scattered photon was first used by 

othe and Geiger [7] in 1924, i.e., just two years after the experi- 

ents of A. Compton. The aim of Bothe’s experiment was to verify, 

hether the ejected electrons which were earlier detected, (for ex- 

mple, with the help of the Wilson chamber) were really emitted 

rom the target simultaneously with the scattering of photons. He 

lso intended to test, whether energy and momentum conserva- 

ion law in the microcosm holds for each single event rather than 

nly for mean values as speculated by Bohr, Kramers and Slater 

8] . The idea of the coincidence method is to register the particles 

n the final state with a given space or time correlation between 

hem. To detect the particles flying in certain directions, several 

ounters are installed in their way, which are connected to a co- 

ncidence circuit device selecting those events, where the signal 
omes from all the counters within a certain short time interval. 

https://doi.org/10.1016/j.jqsrt.2021.108020
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jqsrt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jqsrt.2021.108020&domain=pdf
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or example, in Bothe’s experiment discharge counters were con- 

ected to quartz fiber electrometers. The deflection of the fibers 

as recorded by a moving film, and, as a result, Bothe could dis- 

inguish the discharges with 1 ms time resolution. In 1954 Bothe 

as awarded the Nobel Prize ”for the coincidence method and his 

iscoveries made therewith”. 

Despite the low efficiency of such measurements, the coinci- 

ence method, with certain technical improvements, was used for 

tudying the electron states of target atoms for almost 100 years. 

owever, it is currently impossible to use the electron-photon co- 

ncidence method, which was implemented in Bothe’s experiment, 

or precision measurements with gas phase target. For example, a 

mall value of the total cross section of single ionization reactions 

of the order of 1 barn) and small solid angles of particle collec- 

ion typical for most photon detectors did not give the possibility 

o carry out experiments on Compton scattering from free atoms 

nd molecules up to the present time. 

An alternative to detecting the momentum of the scattered 

hoton and the electron is offered by the COLTRIMS (COLd Target 

ecoil Ion Momentum Spectroscopy) [9] technique. It allows one to 

imultaneously measure the momenta of the emitted electron and 

ecoil ion, which both can be collected with the total solid angle 

total = 4 π . The momentum of the scattered photon can be calcu- 

ated from the law of momentum conservation, which makes the 

etection of the photon unnecessary. 

Recently a COLTRIMS detector has been used for an experimen- 

al study of single ionization of helium atoms by Compton scatter- 

ng near the ionization threshold [10] , i.e., for the study of reac- 

ions, where the energy transfer is close to the ionization potential 

f the helium atom I p = 24 . 6 eV. The experiment has been carried

ut with 2.1 keV photons. As a result, a distinct difference between 

he cross section of a photon scattering at a free electron (given by 

he Thomson differential cross section) and the cross section of a 

ound electron was observed. The most remarkable difference of 

hese distributions was observed exactly for rather small (several 

eV) photon energies. The largest values of the differential cross 

ection were observed for the photon scattering angle close to π , 

.e., for backscattering. However, this result has been already pre- 

icted by theoretical models of Compton ionization. 

The present paper is motivated by new experiments on dou- 

le ionization of helium by Compton scattering [14] utilizing the 

OLTRIMS technique to obtain differential cross sections, which 

hus go much beyond previous experiments reporting only total 

ouble ionization cross sections [11–13] . In this case it was pos- 

ible to measure the momenta of a slow electron (with energies 

f several eV), and of the He ++ ion. The kinetic energy of the ion 

s negligibly small due to its huge mass even for a photon energy 

f several tens of keV, so that it can be neglected in the energy

alance of the process. In the experiments under consideration the 

omenta of the scattered photon and of the second electron are 

ot measured. For the case of fairly large photon scattering an- 

les this undetected second electron carries a large momentum, 

hich it received from binary collision with the photon. There- 

ore, it is impossible to directly associate the momentum of the 

e ++ ion with the momentum of the scattered photon. The coin- 

idence method is used only for detecting the ion and a slow elec- 

ron. Thus, the question arises, if it is possible, in this situation, to 

et information about the initial state correlations of the electron 

air in the target atom, which is emitted in the ionization process? 

he present paper is devoted to answering this question. 

The atomic units h̄ = e = m e = 1 are used throughout the paper,

nless stated otherwise. In these units, c = 137 , α = 1 /c = 1 / 137 ,

 (a.u.) = E (eV)/27.2, ω (a.u.) = 10 2 ω (keV)/2.72, the classical radius

f the electron is r 0 = α2 , r 2 
0 

= 7 . 94 · 10 −26 cm 

2 , r 2 
0 
/ (2 π) 6 = 1 . 3 ·

0 −30 cm 

2 = 1 . 3 · 10 −6 barn = 0 . 46 · 10 −13 a . u . 
t

2 
. Theory 

.1. Definitions 

Let ω 1 ( � k 1 ) denote the energy (momentum) of the initial pho- 

on. In the experiment under consideration ω 1 = k 1 c = 40 keV 

 k 1 = 10 . 7 a.u.). We choose � k 1 as the z-axis. The energy (momen-

um) of the scattered photon is denoted by ω 2 ( � k 2 ) , and 

�
 Q = 

�
 k 1 −

 

 2 is the momentum transfer. The linear polarizations of the pho- 

ons � e 1 , � e 2 satisfy the conditions ( � e 1 · � k 1 ) = ( � e 2 · � k 2 ) = 0 . The mo-

enta of the emitted electrons are denoted by � p 1 , �
 p 2 , � K is the 

omentum of the residual He ++ ion. In the non-relativistic case 

 j = p 2 
j 
/ 2 is the electron energy, K 

2 / 2 M is the energy of the ion,

hich we neglect in the calculations, and ε 0 = −79 eV is the he- 

ium binding energy. 

.2. General formulas 

Let us write down the Schrödinger equation for the helium 

tom interacting with the electromagnetic field 

�
 A : 

 

∂ 

∂t 
�( � r 1 , � r 2 , � r n , t) = 

[
1 

2 

(
−i � ∇ 1 + 

1 

c 
�
 A ( � r 1 , t) 

)2 

+ 

1 

2 

(
−i � ∇ 2 + 

1 

c 
�
 A ( � r 2 , t) 

)2 

+ 

1 

8 M 

(
−i � ∇ n − 2 

1 

c 
�
 A ( � r n , t) 

)2 

− 2 

| � r n − �
 r 1 | −

2 

| � r n − �
 r 2 | + 

1 

| � r 1 − �
 r 2 | 

]
�( � r 1 , � r 2 , � r n , t) . (1) 

n Eq. (1) M = 1836 a.u. is the proton mass, � r n is the coordinate of

he nucleus, and 

�
 r 1 , 2 denote the coordinates of the electrons. We 

hoose the vector-potential in the following form: 

1 

c 
�
 A ( � r , t) = 

√ 

2 π

ω 1 

�
 e 1 e i ( 

�
 k 1 � r −ω 1 t) + 

√ 

2 π

ω 2 

�
 e 2 e −i ( � k 2 � r −ω 2 t) + (c.c. ) . (2) 

his choice of the vector-potential corresponds to the normaliza- 

ion of the photon wave function to one photon per unit volume 

nd allows one to describe processes with one absorbed and one 

mitted photon. We remind the reader that ( � k i · � e i ) = 0 , and the re- 

ation div � A ( � r , t) = 0 is fulfilled, which corresponds to the Coulomb 

auge. 

The interaction potential of an electron with the field is written 

s: 

 int = −i 
1 

c 
( � A ( � r , t) · � ∇ r ) + 

1 

2 c 2 
A 

2 ( � r , t) = 

i 

( √ 

2 π

ω 1 

e i ( 
�
 k 1 � r −ω 1 t) ( � e 1 · � ∇ r ) + 

√ 

2 π

ω 2 

e −i ( � k 2 � r −ω 2 t) ( � e 2 · � ∇ r ) 

) 

+ (3.1)

π

ω 1 

(1 + e 2 i ( 
�
 k 1 � r −ω 1 t) ) + 

π

ω 2 

(1 + e −2 i ( � k 2 � r −ω 2 t) ) 
)

+ (3.2) 

2 π√ 

ω 1 ω 2 

( � e 1 · � e 2 ) e 
i [( � k 1 −�

 k 2 ) � r −(ω 1 −ω 2 ) t] 

)
+ c.c. (3.3) 

Equation (3.3) is the well-known Kramers-Heisenberg-Waller 

erm [16,17] , which gives the so-called A 

2 approximation in the 

heory of Compton scattering. It is this term that we consider 

s the perturbation, which defines the matrix element M of the 

ompton ionization to be found. The terms in Eq. (3.1) describe 

he consecutive absorption and emission of a photon by an elec- 

ron via the intermediate Green’s function of the atom. We will 

ot consider these interaction terms here, because they are rather 

mall for the relatively high photon energy. They have been dis- 

ussed in detail in recent paper [18] . Both these processes are of 

he second order in 

�
 A . However, as we will see below, the form of 
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he matrix element M corresponds to the first Born approximation 

n the case of the atom ionization by a charged particle, whereas 

he summands in Eq. (3.1) make up the second Born approxima- 

ion. 

The fully differential cross section (FDCS) of the double Comp- 

on ionization process can be written in the form: 

 

12 σ = 

( 2 π) 
2 α

ω 1 ω 2 
| M | 2 ( 2 π) 

4 δ
(
ω 1 + ε 0 − ω 2 − p 2 1 / 2 − p 2 2 / 2 

)
×δ3 

(→ 

k 1 −
→ 

k 2 −
→ 

p 1 −
→ 

p 2 −
→ 

K 

)
× d 3 k 2 

(2 π) 3 
d 3 p 1 
(2 π) 3 

d 3 p 2 
(2 π) 3 

d 3 K 

(2 π) 3 
. (4) 

s we have explained in the Introduction, only a slow electron and 

he He ++ ion are detected in the experimental setup. Therefore, we 

ave to integrate this expression with respect to � k 1 and 

�
 p 1 to get 

he sixfold differential cross section (6DCS). We obtain 

d 6 σ

d 3 p 2 d 3 K 

= 

α2 

(2 π) 6 ω 

2 
1 

∫ 
d 3 k 2 

k 2 
| M( � k − �

 k 1 − �
 p 2 − �

 K , � p 2 ; �
 k , � k 1 ) | 2 

δ

(
t − k 2 

k 1 
− α

2 k 1 
( � k 1 − �

 k 2 − �
 p 2 − �

 K ) 2 
)

, t = 1 − E 2 − ε 0 
ω 

≈ 1 . 

(5) 

Here � k 1 − �
 k 2 − �

 p 2 − �
 K = 

�
 p 1 stands for the momentum of elec- 

ron 1. The δ-function takes energy conservation into account. We 

efine x, 0 ≤ x ≤ 1 by the relation k 1 = kx and rewrite Eq. (5) as

ollows: 

d 6 σ

d 3 p 2 d 3 K 

= 

α4 

( 2 π) 
6 

∫ 1 

0 

xdx 

∫ 
d�2 | M( 

→ 

k 1 −
→ 

k 2 −
→ 

p 2 −
→ 

K 

, 

p 2 , 
→ 

K 

; → 

k 1 , 
→ 

k 2 ) | 2 

×δ

( 

t − x − αk 1 
2 

(
�
 n 1 − �

 n 2 x −
�
 p 2 + 

�
 K 

k 1 

)2 
) 

. (6) 

In Eq. (6) � n 1 ( � n 2 ) is the unit vector directed along the vector 
 

 1 ( � k 2 ) . 

Next, we consider the expression in the argument of the 

-function. First, we note that, with high accuracy, t = 1 , and 

k 1 / 2 ≈ 0 . 04 . For photon backscattering, the contribution of the 

xpression in the round brackets in the δ-function is about 16%, 

f | � p 2 + 

�
 K | � k . An approximate solution of the equation for x to

he first order in α is x 1 ≈ 1 − αk 1 
2 ( � n 1 − �

 n 2 − �
 p 2 + � K 

k 1 
) 2 . This means 

hat the energy of the final photon is very close to the energy of 

he initial one. Thus, 

d 6 σ

d 3 p 2 d 3 K 

= 

α4 

(2 π) 6 

∫ 
d�1 x 1 | M( � k 1 − �

 k 2 − �
 p 2 − �

 K , � p 2 , � K ; �
 k 1 , 

�
 k 2 ) | 2 , 

(7) 

here we have put � k 2 = kx 1 � n 2 . 

Now we know the momenta of both electrons: � p 1 ≈ k 1 ( � n 1 −
 1 � n 2 ) − �

 p 2 − �
 K and 

�
 p 2 . If the momentum 

�
 p 2 of electron 2, which 

e measure, is small and known, the momentum of the other elec- 

ron, � p 1 , with respect to which we integrate, can be both small and 

arge depending on the momentum transfer Q . When we integrate 

ith respect to the scattering photon angle θ , the value p 1 changes 

onsiderably. 

Within the A 

2 model we have 

( � p 1 , � p 2 ; � e 1 , � e 2 ) = ( � e 1 · � e 2 ) 〈 �−( � p 1 , � p 2 ) | e i ( � k 1 −�
 k 2 ) ·� r 1 + e i ( 

�
 k 1 −�

 k 2 ) ·� r 2 | �0 〉
(8) 

If the momentum transfer Q is fairly large, the momenta of 

he two electrons are quite different. This kinematical condition 
3 
s very close to the above mentioned EMS geometry, where the 

wo final electrons (the incident one and the fast ejected one) ap- 

roximately share the initial energy, and their scattering angles are 

bout 45 ◦. In this case the momentum transfer is maximal. But the 

hird ejected electron can be slow, and its production mechanism 

s mainly shake-off. It was shown in [5] that this kinematics is the 

est one to observe the correlations by measuring the angular dis- 

ributions of the final fragments. 

To get the final formulas we choose the final state orthogonal 

o the initial one: 

 ̃

 �−( � p 1 , � p 2 ) | = 〈 �−( � p 1 , � p 2 ) | − 〈 �−( � p 1 , � p 2 ) | �0 〉〈 �0 | , (9)

nd take into account the symmetrization by introducing the fac- 

or 1 / 
√ 

2 . The summation/averaging over the final and initial pho- 

on polarizations gives the factor [1 + ( � n 1 · � n 2 ) 
2 ] in the integrand 

n Eq. (7) . Finally we obtain 

 DCS ≡ d 6 σ

d 3 p 2 d 3 K 

= 

r 2 0 

(2 π) 6 

∫ 
d 2 n 2 x 1 [1 + ( � n 1 · � n 2 ) 

2 ] 

×
∣∣〈 �−( � p 1 , � p 2 ) | e i � Q ·� r 1 | �0 〉 

+ 〈 �−( � p 1 , � p 2 ) | e i � Q ·� r 2 | �0 〉 − 2 〈 �−( � p 1 , � p 2 ) | �0 〉〈 �0 | e i � Q ·� r | �0 〉 
∣∣2 

.

(10) 

n the integrands the variable p 1 is linked to the variable r 1 . There-

ore, the first term in Eq. (10) describes the direct process, the sec- 

nd one corresponds to the exchange process, and the third term 

ppears due to the orthogonalization. Explicitly, we denote these 

erms as 

 1 = 〈 �−( � p 1 , � p 2 ) | e i � Q ·� r 1 | �0 〉 , T 2 = 〈 �−( � p 1 , � p 2 ) | e i � Q ·� r 2 | �0 〉 , 

 3 = 2 〈 �−( � p 1 , � p 2 ) | �0 〉〈 �0 | e i � Q ·� r | �0 〉 . 
e also remind the reader that x 1 = 1 − (α/ 2 k 1 )(k 1 ( � n 1 − �

 n 2 ) −
�
 p 2 − �

 K ) 2 , � Q = 

�
 k 1 − �

 k 2 = k 1 ( � n 1 − x 1 � n 2 ) , and 

�
 p 1 = 

�
 Q − �

 p 2 − �
 K . 

.3. Physical considerations 

Now let us consider in more detail the physical mechanisms 

hat control the Compton double ionization. Above we have intro- 

uced the notions of the “fast” electron (the undetected one) la- 

eled by the index 1 and the “slow” electron, which we detect and 

abel by the index 2. To give a clearer physical picture, we use two 

ypes of description of the initial helium ground state: a simple 

ylleraas (HY) helium wave function ( I 
Hy 
p = 2 . 85 au ) 

Hy 
0 

( � r 1 , � r 2 ) = 

Z 3 

π
e −Z(r 1 + r 2 ) , Z = 27 / 16 , 

nd a highly correlated ground state wave function CF [23] (see 

ppendix). We describe the final state (which consist of two elec- 

rons and one doubly charged ion) by either taking a plane wave 

PW) for the “fast” electron and the Coulomb wave (CW)( Z = 2 ) for 

he slow electron, or the well known 3C double continuum wave 

unction [24] . 

For discussing the physics it is instructive to go to the simplest 

y+PW+CW model since this provides analytical expressions for 

he matrix elements T j and allows one to give them a clear physi- 

al interpretation. Recall that, after the symmetrization, the matrix 

lements T j are presented in such a way that the momentum of 

he fast electron 

�
 p 1 mates the coordinate � r 1 . In the matrix element 

 1 the momenta � Q and 

�
 p 1 form the combination 

�
 Q − �

 p 1 = 

�
 p 2 + 

�
 K 

n the exponential, i.e., here the total momentum in the expo- 

ential is small. By varying this momentum and measuring it, we 
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robe the momentum distribution of the active electron with coor- 

inate � r 1 . This term corresponds to the direct interaction of a pho- 

on with an electron. The electron both absorbs the photon and 

mits it. The second (“slow”) electron is emitted with momentum 

�
 p 2 due to the shake-off mechanism. The term T 1 gives the most 

aluable information about the internal structure of the atom, in 

ull analogy to ( e, 3 e ) ionization. This term does not depend on the

hoton scattering angle θ , and its integration in Eq. (10) does not 

hange it. 

Now, we turn to the term T 2 . Here, the fast momenta � Q and 

�
 p 1 no longer meet each other and enter different integrals over 

he coordinates. Their contributions quickly vanish with increasing 

hoton scattering angle resulting in larger momentum transfers Q . 

n the matrix element T 2 , the momenta form the combination 

�
 Q −

�
 p 2 in the exponential. At large scattering angles of the photon, the 

omentum transfer increases rapidly, and this term rapidly tends 

o zero. Here the physics can be interpreted as follows. Electron 

 absorbs the photon and transfers the absorbed momentum to 

lectron 1 through the internal ee -correlation. Electron 1 escapes 

ith the momentum 

�
 p 1 . This is a typical exchange process, and if 

here are no correlations of electrons in the atom, even through 

he mean field, this term is equal to zero. 

The matrix element T 3 is artificial, because it arises due to the 

on-orthogonality of the trial wave functions of the initial and final 

tates of the helium atom, and, in the Hy+PW+CW model, does not 

epend at all on the angles of the electron and the ion. Usually, it 

s small in the entire range of photon scattering angles. 

.4. Numerical implementation 

To obtain theoretical values of the cross sections we have to 

alculate multiple integrals. In Eq. (10) there is also a double in- 

egral. The matrix elements in Eq. (10) are at least triple integrals 

depending on the model). The details of the analytical evaluation 

f integrals for the model CF+3C are given in the Appendix. 

For the numerical integrations we used a globally adaptive sub- 

ivision scheme [19] . The inner integrations have been performed 

ith an absolute accuracy of 10 −4 using the code DCUHRE [20] , 

hile the outer integrations have been calculated with a relative 

ccuracy of 10 −2 using the code CUHRE [21] (note that DCUHRE 

nd CUHRE are similar codes, but CUHRE works only on Linux 

ystems). The calculations were performed at the Central Informa- 

ion and Computer Complex and heterogeneous computing plat- 

orm HybriLIT using the supercomputer “Govorun” of the Joint In- 

titute for Nuclear Research (JINR). 

. Results and discussion 

In Ref. [14] , the single differential cross sections were calculated 

y further integration of Eq. (10) . Despite the fact that even in this

ase some differences were noted in the behavior of single differ- 

ntial cross sections depending on the choice of a pair of model 

ave functions of the initial and final states of the helium atom, 

uch cross sections still do not give direct information on the elec- 

ronic correlations in the target, which can be obtained by examin- 

ng, for example, ( e, 3 e ) ionization in the quasielastic impact kine-

atics [5,6] . 

From the viewpoint of the theory, fully differential studies of 

ompton double ionization would have major advantages over 

 e, 3 e ) and ion induced reactions as a new method of dynamic

pectroscopy of atoms. The advantages include, first, the domi- 

ance of the “first Born approximation” (5), which now does not 

irectly depend on either the initial photon energy or Q 

2 in the 

enominator of matrix element (10), as it is for charged particle 

mpact. Second, the second Born term (see, for example, [15] ) con- 

ains the energy of the initial photon in the denominator of Green’s 
4 
unction and can be small enough. Currently these advantages can- 

ot be fully exploited because, due to the extremely small cross 

ections, fully differential experiments are not feasible today. The 

urrent best experiments using the COLTRIMS technique leaves the 

omentum transfer unobserved, requiring theory to integrate over 

his observable. The detected events thus contain also events at 

mall momentum transfers Q , which significantly hampers the in- 

erpretation. Let us consider this point in more detail. 

As mentioned above, the integration in Eq. (10) does not affect 

he term T 1 , because it does not depend on the momentum trans- 

er explicitly (at least in the Hy+PW+CW model). The result of the 

ntegration of the other terms is non-trivial, but the main contri- 

ution to integral (10) comes from the integration over the for- 

ard scattering cone of the photon. This conclusion is confirmed 

y a more detailed study of the integrand in Eq. (10) . As the scat-

ering angle increases, the asymmetry in the energies of the elec- 

rons also increases, the terms T 2 and T 3 decrease rapidly, whereas 

he matrix element T 1 survives and, as it was explained above, it 

arries the most valuable spectroscopic information on the distri- 

ution of momenta of the pair of electrons in the atom. 

Here we consider several examples. First, let us put � p 2 + 

�
 K = 0 . 

his is the so-called Bethe ridge, where T 1 is maximal, and the He + 

on remains at rest. In this case, the maximal value of Q is about 

 max = 2 k ≈ p max 
1 

≈ 20 , and the maximal non-relativistic electron 

inetic energy E 1 = p 2 
1 
/ 2 is about 5.4 keV. It is interesting to note

hat its relativistic analogue E kin 
1 

= c 2 [ 
√ 

1 + p 2 
1 
/c 2 − 1] ≈ 5 . 4 keV. 

he difference is in the second digit, which confirms the validity 

f the non-relativistic approach. 

We introduce the vector � u = 

�
 p 2 + 

�
 K and choose the geome- 

ry, where the vectors � p 2 , �
 K , � u are collinear, i.e., u = | � p 2 + 

�
 K | =

 p 2 − K| . We begin the calculations from u = 0 , where the initial

oint is E (0) 
2 

= 20 eV, and then increase E 2 up to 50 eV, keeping

fixed at K = 

√ 

2 E (0) 
2 

. In this case the 6DCS also depends on the 

ngle χ , which is the emission angle of the second electron in the 

aboratory frame with respect to the light propagation axis, i.e., be- 

ween the vectors � k ( z axis) and �
 p 2 . We carry out the calculations 

or three emission angles, ranging from forward to backward emis- 

ion: χ = 0 ◦, 90 ◦, 180 ◦. 

The 6DCS in the simplest model (Hy+PW+CW) for the geom- 

try described above is presented in Figs. 1 –3 the black squares 

how the contribution of only the term T 1 , while the dashed red 

ine corresponds to the sum of all three terms. The 6DCS for the 

ngles of the emitted electrons χ = 0 ◦ and χ = 180 ◦ demonstrates 

hat the contribution of the terms T 2 and T 3 practically vanishes for 

he chosen geometry and relatively high energies of the slow elec- 

ron. On the contrary, for χ = 90 ◦ we see a noticeable difference 

etween the curves. We will explain this effect below. 

In Figs. 4 –6 we present the 6DCS for two models. The model 

F+3C (see Appendix), which supposedly gives the best results 

f those shown in the Figures, is presented by the solid lines, 

he model CF+PW+CW ( ξ1 = ξ12 = 0 , ξ2 = −2 /p 2 , see Appendix for

efinition of ξ ) is presented by the dashed lines for comparison. 

he black line corresponds to the term T 1 in (10) taken alone, the 

ed line is the coherent sum of all the three terms. Even for suf- 

ciently high energies of the “slow” electron, the differences in 

he behavior of the T 1 and T 1 + T 2 + T 3 curves are quite notice-

ble within the same model and indicate an essential influence of 

he T 2 + T 3 amplitudes, especially for the CF+PW+CW model with 

= 90 ◦. We remind that T 1 is the amplitude mediated only by 

lectron correlation, which is most important for correlation spec- 

roscopy. T 2 + T 3 are the terms, where p 2 is the momentum of the 

rimary electron from the Compton event. For small momentum 

ransfer, both electrons have similar energy, thus, one loses the 

lear fingerprint of the electron correlation in the observed differ- 

ntial cross sections. 
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Fig. 1. The 6DCS for double ionization of He by Compton scattering at a photon en- 

ergy of 40 keV as a function of the energy of one of the emitted electrons (labeled 

as electron 2 with the energy E 2 ). The model (PW+CW+Hy) uses a weakly corre- 

lated initial state, but a plane wave for electron 1 and a Coulomb wave for electron 

2. The following geometry is selected: the emission angle of electron 2 with re- 

spect to the incoming photon direction χ = 0 , the ion momentum 

�
 K and electron 

momentum 

�
 p 2 are collinear. Further description see in the text. Black squares: T 1 

only; dashed red line: the sum of all three terms. (For interpretation of the refer- 

ences to colour in this figure legend, the reader is referred to the web version of 

this article.) 

Fig. 2. The same as in Fig. 2 for the angle χ = 90 ◦ . 
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Fig. 3. The same as in Fig. 2 for the angle χ = 180 ◦ . 

Fig. 4. The 6DCS for double ionization of He by Compton scattering at a photon en- 

ergy of 40 keV as a function of the energy of one of the emitted electrons (labeled 

as electron 2 with energy E 2 ). The following geometry is selected: the emission 

angle of electron 2 with respect to the incoming photon direction χ = 0 , the ion 

momentum 

�
 K and electron momentum p 2 are collinear. A further description see 

in the text. Solid lines: the best initial and final state wave function (3C+CF); dashes 

lines: the same highly correlated initial state but a plane wave for electron 1 and a 

Coulomb wave for electron 2 (PW+CW+CF). Black lines: T 1 only; red lines: the sum 

of all three terms (see Appendix I). (For interpretation of the references to colour 

in this figure legend, the reader is referred to the web version of this article.) 
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Let us shortly discuss the observed differences in the curves for 

ll three considered models. The Hy ground state wave function 

ives the 6DCS about 10 times larger than that for the correlated 

F wave function. However, the curves for the forward/backward 

mission of the ”slow” electron demonstrate a negligible contribu- 

ion of the terns T 2 and T 3 . In the case of the CF wave function,

or χ = 0 ◦ and χ = 180 ◦ we see a close relative behavior of the

urves. However, there is a very big exception for χ = 90 ◦. It can

e explained as follows. Our division of the emitted electrons into 

fast” and ”slow” ones is rather arbitrary. It makes sense only in 

he region of sufficiently large angles θ , where the magnitudes of 

he momenta p 1 and p 2 differ significantly. At small scattering an- 

les of the photon, these momenta are comparable. In this region, 

he momentum transfer � Q is small and practically orthogonal to 

he initial photon momentum 

�
 k . The maximum of the matrix el- 
5 
ment T 2 is reached under the condition 

�
 Q − �

 p 2 = 0 . In this case, 

he ”slow” electron moves collinear with the momentum transfer, 

.e., at the angle χ = 90 ◦. Consequently, here the term T 2 seems to

ominate, which explains the difference of the 6DCS for only T 1 
erm from that for the sum of all three terms at this angle. This is

olely due to the fact that the forward scattering cone of the final 

hotons vastly contributes to the 6DCS. 

Thus, the question arises: is it possible to eliminate the nega- 

ive effect of the events with the photon scattered into the forward 

one, e.g., by integrating in Eq. (10) not from the photon scattering 

ngle θ = 0 , but from a cutoff angle θ0 ? 

Such a situation is presented in Figs. 7 and 8 . In all the cases,

he initial states are described by the good CF trial function, and 

he curves are shown for different final state wave functions. The 

nergy of the detected electron is E 2 = 10 eV, and a special mo- 

entum configuration 

�
 p + 

�
 K = 0 is chosen again. What do we 
2 
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Fig. 5. The same as in Fig. 4 for the angle χ = 90 ◦ . 

Fig. 6. The same as in Fig. 4 for the angle χ = 180 ◦ . 
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Fig. 7. The 6DCS Eq. (10) (arb.units) versus the emission angle χ of one of 

the electrons with respect to the incoming photon direction. The photon scatter- 

ing angles θ < θ0 = 20 ◦ are excluded, E 2 = 10 eV , � p 2 + 

�
 K = 0 (Bethe ridge). Solid 

line: model 3C+CF, dashed line: model PW+CW+CF( ξ2 = −2 /p 2 ), dashed-dotted 

line: model CW ( ξ1 = −1 /p 1 )+ CW( ξ2 = −2 /p 2 )+CF, dotted line: CW( ξ1 = −2 /p 1 )+ 

CW( ξ2 = −2 /p 2 )+CF. Black lines: T 1 , red lines: all three terms in (10). (For interpre- 

tation of the references to colour in this figure legend, the reader is referred to the 

web version of this article.) 

Fig. 8. The same as in Fig. 7 with the photon scattering angles θ < θ0 = 40 ◦ ex- 

cluded. 
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ee in these Figures? Already for θ0 = 20 ◦, the contribution of the 

erms T 2 and T 3 is practically reduced to zero (recall that the pho- 

on energy ω = 40 keV), and disappears completely for θ0 = 40 ◦. 

oreover, in the case of a plane wave for the “fast” electron (model 

W+CW+CF, dashed line), we observe a constant 6DCS. The con- 

tant 6DCS means the minimal dependence of the model on the 

nal state, and we can concentrate on studying ee-correlations in 

he target. 

The other final states show a dependence of the cross section 

n the scattering angle χ of the slow electron. We shortly describe 

hese final states. Using the final state CW ( ξ1 = −1 /p 1 )+ CW( ξ2 =
2 /p 2 ), we describe the ”fast” electron by a Coulomb wave in the 

eld of the residual ion He + ( Z = 1 ), while the ”slow” electron

sees” the charge of the nucleus Z = 2 . Such a function partially 

akes into account the final correlation of the electrons with dif- 

erent velocities. The final state CW ( ξ1 = −2 /p 1 )+ CW( ξ2 = −2 /p 2 )

upposes the absence of correlations for the final electrons, and 

hey both move in the field of the ion He ++ . The BBK (3C) final

ave function is described in the Appendix. 

The dependence of these curves on the angle χ is different 

rom the constant in the model PW+CW+CF, i.e., the final state 

lays a role here, but let us pay attention to the Y axis scale. As the

utoff angle increases, the ‘fast’ electron’s energy grows drastically, 
6 
o that the curves tend to the dashed straight line, the deviation 

ot exceeding 20% for θ0 = 40 ◦ even for the 3C model. This means 

hat, when θ0 increases, the wave function of the fast electron, 

hose momentum is closely related to the growing momentum 

ransfer Q , tends increasingly to the plane wave limit. Although, it 

hould be kept in mind that even at considerably high photon en- 

rgies the Coulomb function approaches a plane wave very slowly. 

However, the most important point in this scheme is that we 

et rid of the negative influence of the terms T 2 and T 3 , and one

an focus on the theoretical study of the term T 1 . In this sense, 

ompton double ionization of the atom resembles a symmetric 

 e, 3 e ) reaction with a large momentum transfer [5,6] . 

How could one filter out the events, for which the photon has 

een scattered at small forward angles? In principle, one could 

over the small solid angles with a veto photon counter. For this 

urpose, no photon energy measurement would be necessary, but 

 high detection efficiency is essential for an effective veto. In prac- 
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ice, however, such a small angle veto is difficult to implement be- 

ause of the required high intensity of the primary photon beam. 

In practice, it is more promising to use a large area pixel de- 

ector DEPFET [25] at backward angles than a veto of small angle 

cattering. Such detectors can easily cover 10-20% solid angle, if 

laced in the backward scattering direction. Yet another technical 

ption would be to measure the momenta of both electrons and 

he ion in coincidence. In this case the photon momentum transfer 

ould be obtained from the law of momentum conservation, and 

his way the events with small momentum transfer could be ex- 

luded during the analysis. 

. Conclusions 

The paper deals with the possibility of using the double ion- 

zation induced by Compton scattering as a method of dynamic 

pectroscopy of atoms and molecules. The theoretical study is mo- 

ivated by recent experiments by the Goethe University Frankfurt 

xperimental team, in which the momenta of the ion and of one 

f the ejected electrons were measured in coincidence without de- 

ecting the scattered photon [14] . The theoretical description of 

he process is based on the so-called A 

2 approximation. The fully 

ifferential cross section of the process was derived by analytical 

valuation and numerical calculations of multiple integrals. For a 

air of strongly correlated initial and final states, the number of 

ntegrations was six, for which it was necessary to develop special 

umerical methods and to carry out a careful analytical analysis of 

he inner integrals. 

It is shown that the double ionization driven by Compton scat- 

ering can be an effective method of dynamic spectroscopy only 

n the case, where it is possible to exclude the events with small 

omentum transfer from the consideration. The characteristics of 

hese events, for which the photon is scattered in the forward cone 

nd the energies of both electrons are rather small and compa- 

able with each other, are influenced by the exchange processes 

hat cannot be excluded and hinder obtaining direct information 

bout the electron correlations in the target bound state. Two pos- 

ible ways to meet that challenge experimentally would be either 

o measure both electrons and the ion in coincidence or to place a 

arge area photon detector with 20% solid angle at backward direc- 

ion. 
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ppendix A. 3C + correlated initial state 

To estimate the ability of this method to study ( ee )-correlations 

n the target atom, we use the correlated final BBK (3C) wave func- 

ion and a highly correlated trial initial state, normalized to 1 [23] , 

hich we denote as CF: 

CF 
0 ( � r 1 , � r 2 ) = 

10 ∑ 

j=1 

D j (e −a j r 1 −b j r 2 + e −a j r 2 −b j r 1 )e −γ j r 12 . (A1) 

his function provides the helium ground state energy ε CF 
0 

= 

2 . 90371 a.u., which is practically equal to its experimental value 

 

exp 
0 

= −2 . 903724 a.u. The final double continuum wave function is 

iven by the well-known BBK (3C) function [24] : 

(−) 
3 C 

( � r 1 , � r 2 ) = e i � p 12 ·� r 12 φ−∗
1 φ−∗

2 φ−∗
12 . (A2) 

ere 

−∗
j 

( � p j , � r ) = R (ξ j ) e 
−i � p j � r 

1 F 1 [ −i ξ j , 1 ; i(p j r + 

�
 p j · � r )] , 

ith 

�
 p 12 = 

1 

2 

( � p 1 − �
 p 2 ) ; ξ12 = 

1 

2 p 12 

; ξ j = − 2 

p j 
( j = 1 , 2) ;

 (ξ ) = e −πξ/ 2 �(1 + i ξ ) . 

We write each matrix element in Eq. (10) in the following 

orm 

 1 

(→ 

p 1 , 
→ 

p 2 ;
→ 

Q 

)
 〈 �−

(→ 

p 1 , 
→ 

p 2 

)∣∣∣e i → 

Q ·→ 

r 1 

∣∣∣�0 〉 

 −
10 ∑ 

j=1 

D j 

∫ 
d 3 p 

( 2 π) 
3 

∂ 

∂γ j 

I 12 

(→ 

p + 

→ 

p 12 , 
→ 

p 12 ;γ j 

)
[

∂ 

∂a j 
I 1 

(→ 

Q 

− → 

p , 
→ 

p 1 ; a j 

)
∂ 

∂b j 
I 2 

(→ 

p , 
→ 

p 2 ; b j 

)
+ 

(
a j � b j 

)]
, (A3.1) 

 2 ( � p 1 , � p 2 ; � Q ) 

 〈 �−( � p 1 , � p 2 ) | e i � Q ·� r 2 | �0 〉 
 −

10 ∑ 

j=1 

D j 

∫ 
d 3 p 

(2 π) 3 
∂ 

∂γ j 

I 12 ( � p + 

�
 p 12 , � p 12 ;γ j ) 

[
∂ 

∂a j 
I 1 (−�

 p , � p 1 ; a j ) 
∂ 

∂b j 
I 2 ( � p + 

�
 Q , � p 2 ; b j ) + (a j � b j ) 

]
, (A3.2) 

nd 

 3 ( � p 1 , � p 2 ; � Q ) 

 〈 �−( � p 1 , � p 2 ) | �0 〉 
 −

10 ∑ 

j=1 

D j 

∫ 
d 3 p 

(2 π) 3 
∂ 

∂γ j 

I 12 ( � p + 

�
 p 12 , � p 12 ;γ j ) 

[
∂ 

∂a j 
I 1 (−�

 p , � p 1 ; a j ) 
∂ 

∂b j 
I 2 ( � p , � p 2 ; b j ) + (a j � b j ) 

]
. (A3.3) 

In Eq. (A3) the functions I s ( � p , � p s ;λ) , where the (multi)index s =
 , 2 , 12 , are given by 

 s ( � p , � p s ;λ) = 

∫ 
d 3 r 

r 
φ−∗

s ( � p s , � r ) e −λr+ i � p ·� r 

= 4 π R (ξs ) 
[(λ − ip s ) 2 + p 2 ] iξs 

[( � p − �
 p s ) 2 + λ2 ] (1+ iξs ) 

. (A4) 
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ow we can write the 6DCS in the following form: 

d 6 σ

d 3 p 2 d 3 K 

= 

r 2 0 

(2 π) 6 

∫ 2 π

0 

d φ

∫ π

0 

sin θd θ x 1 [1 + ( � n · � n 1 ) 
2 ] 

×
∣∣T 1 + T 2 − 2 〈 �0 | e i � Q ·� r | �0 〉 T 3 

∣∣2 
. (A5) 

or definiteness, in Eq. (A5) we choose the following signatures of 

he vectors: 
 

k = k ( 0 , 0 , 1 ) , 
→ 

p 2 = p 2 ( sin χ, 0 , cos χ) , 
 

k 1 = kx 1 ( sin θ cos φ, sin θ sin φ, cos θ ) 

From Eq. (A3) we can get various models of the final states: 

1. ξ1 = ξ12 = 0 . It is the plane wave (PW) approximation for the 

invisible electron. 

2. ξ1 = −2 /p 1 , ξ12 = 0 . Here we have the product of two Coulomb

waves with Z = 2 . 

3. ξ1 = −1 /p 1 , ξ12 = 0 . If the outgoing invisible electron is fast, it

sees the charge +1 of the ion He + . It is a weak final correlation

for two nonsymmetric final electrons. 

Some details of numerical calculations. Let us consider the fol- 

owing 6D integral: 

 ( � y ; � η;� k ; a ; b; c; ξ ) ≡ R = 

 

d 3 r 1 

∫ 
d 3 r 2 e 

−i 
→ 

y 
→ 

r 1 −i 
→ 

η
→ 

r 2 e −i 
→ 

k 
→ 

r 2 e −ar 1 −br 2 −cr 12 

×1 F 1 

(
−iξ , 1 ; ik r 2 + i 

→ 

k 
→ 

r 2 

)
, (A6) 

here a, b, c > 0 , and we assume that Re (−iξ ) > 0 . Using the in-

egral representation of the confluent hypergeometric function and 

he Fourier transform of e −cr 12 , one can easily perform the integra- 

ion with respect to the spatial coordinates. We get 

 = 

8 

�(1 + iξ )�(−iξ ) 

∂ 3 

∂ a∂ b∂ c 

∫ 1 

0 

dt t −iξ−1 (1 − t ) iξ I(t ) , (A7) 

nd 

(t) = 

∫ 
d � p 

1 

c 2 + p 2 
1 

a 2 + (−�
 y − �

 p ) 2 
1 

(b − itk ) 2 + ( � η + 

�
 k − t � k − �

 p ) 2 
. (A8) 

ntegral (A8) may be written in the following form Lewis et al. 

22] : 

 ( t ) = 2 π2 

∫ ∞ 

0 

du 

( [ α1 − α0 ] t + α0 ) u 2 + 2 ( [ β1 − β0 ] t + β0 ) u + [ γ1 − γ0 ] t + γ0 

= 2 π2 

∫ ∞ 

0 

du 

α0 u 

2 + 2 β0 u + γ0 

×
(

1 + 

(α1 − α0 ) u 

2 + 2(β1 − β0 ) u + γ1 − γ0 

α0 u 

2 + 2 β0 u + γ0 

t 

)−1 

, (A9) 

here 

0 = ( � η + 

�
 k + 

�
 y ) 2 + (a + b) 2 , α1 = ( � η + 

�
 y ) 2 + (a + b − ik ) 2 , 

0 = c[( � η + 

�
 k + 

�
 y ) 2 + (a + b) 2 ] + b(y 2 + a 2 + c 2 ) 

+ a (( � η + 

�
 k ) 2 + b 2 + c 2 ) , 

1 = c[( � η + 

�
 y ) 2 + (a + b − ik ) 2 ] + (b − ik )(y 2 + a 2 + c 2 ) 

+ a (η2 + (b − ik ) 2 + c 2 ) , 

γ0 = (y 2 + (a + c) 2 )(( � η + 

�
 k ) 2 + (b + c) 2 ) , 

γ1 = (y 2 + (a + c) 2 )(η2 + (b − ik + c) 2 ) . 

ubstituting (A9) into (A7) and using the integral representation 

f the hypergeometric function, we obtain the following chain of 

ransformations: 

R = −16 π2 ∂ 3 

∂ a∂ b∂ c 

∫ ∞ 

0 

du 

α0 u 

2 + 2 β0 u + γ0 
8 
×2 F 1 

(
1 , −iξ ; 1 , − (α1 − α0 ) u 

2 + 2(β1 − β0 ) u + γ1 − γ0 

α0 u 

2 + 2 β0 u + γ0 

)

= −16 π2 ∂ 3 

∂ a∂ b∂ c 

∫ ∞ 

0 

du 

α0 u 

2 + 2 β0 u + γ0 

×
(

1 + 

(α1 − α0 ) u 

2 + 2(β1 − β0 ) u + γ1 − γ0 

α0 u 

2 + 2 β0 u + γ0 

)iξ

= −16 π2 ∂ 3 

∂ a∂ b∂ c 

∫ ∞ 

0 

du 

α0 u 

2 + 2 β0 u + γ0 

(
α1 u 

2 + 2 β1 u + γ1 

α0 u 

2 + 2 β0 u + γ0 

)iξ

aking the change of variables u = x/ (1 − x ) , finally we obtain: 

R ( � y ; � η;� k ; a ; b; c; ξ ) 

= −(4 π) 2 
∂ 3 

∂ a∂ b∂ c 

∫ 1 

0 

dx 

α0 x 2 + 2 β0 x (1 − x ) + γ0 (1 − x ) 2 (
α1 x 

2 + 2 β1 x (1 − x ) + γ1 (1 − x ) 2 

α0 x 2 + 2 β0 x (1 − x ) + γ0 (1 − x ) 2 

)iξ

. (A10) 
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