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Back-angle quasi-elastic (QE) scattering provides critical barrier information in massive nuclear reactions leading 
to the synthesis of superheavy nuclei. The shapes and peaks of QE barrier distributions serve as fingerprints of 
nuclear structures and reaction dynamics. Couplings to collective movements can lead to distinctive peaks in the 
barrier distributions, but the role of multi-phonon and high-spin states has not been thoroughly investigated. 
In this work, we extend the high-accuracy R-matrix method and the finite element method to solve coupled-
channel equations for massive systems. These two methods are demonstrated to be more stable than the widely 
used modified Numerov method and allows us to include more vibrational and rotational couplings. Using the 
reactions 48Ti+208Pb and 51V + 248Cm as examples, calculations show that multi-phonon and high-spin states 
significantly smooth the barrier distributions, improving the agreement with experimental data. The comparison 
between the coupled-channel results and those obtained from the orientation average formula is examined. This 
work can advance the study of superheavy element synthesis by providing reliable barrier information and capture 
cross sections based on constraints from QE reactions.

Quasi-elastic (QE) scattering, which includes elastic, inelastic, and 
few-nucleon transfer processes, serves as a good counterpart to fusion 
reactions and is a crucial method for studying the mutual influence 
between complex nuclear structure and reaction dynamics [1–6]. The 
barrier distributions of fusion and QE reactions provide fingerprints of 
the couplings between the relative motion of two nuclei and the mo-
tion of nucleons within each nucleus [7]. Different shapes of QE barrier 
distributions exhibit specific features of couplings to structures or re-
action channels in the coupled-channel (CC) approach. For instance, a 
second peak of the barrier distribution at higher energy occurs due to 
the coupling to target phonon states for 16O+144Sm [8]. Conversely, the 
quadrupole 𝛽2 and hexadecapole 𝛽4 deformation parameters can be pre-

* Corresponding authors.
E-mail addresses: chuka@jinr.ru (O. Chuluunbaatar), pierre.descouvemont@ulb.be (P. Descouvemont), cjlin@ciae.ac.cn (C.J. Lin).

cisely determined based on the QE barrier distributions for nuclei such 
as 152Sm, 170Er, and 174Yb [9], and also for 24Mg [10] and 28Si [11], 
which are usually difficult to determine by other types of experiments.

Similarly, the pronounced double-peaked barrier distribution for 
20Ne + 90Zr can be explained by the coupling to the rotational band 
of the projectile [12]. However, for 20Ne + 92Zr, the large number of 
single-particle energy levels of 92Zr obscures the structure of 20Ne. It was 
demonstrated that, due to the extra presence of two neutrons beyond the 
magic shell, the 92Zr nucleus has many weakly coupled, non-collective 
excited states, and the couplings with these single-particle states cause 
dissipation in tunneling and smooth the barrier distribution [13]. On 
the other hand, for heavier systems, single-particle excitations do not 
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appear to be sufficient, and the multinucleon transfer channel has been 
indicated to be able to further smooth the barrier distributions [14–17].

Furthermore, the height and shape of the fusion and QE barrier dis-
tributions are key quantities for choosing the bombarding energy in 
fusion reactions leading to the synthesis of superheavy elements. Since 
the extraction of fusion barrier distributions for the synthesis of super-
heavy nuclei is extremely difficult, QE experiments have been widely 
performed to provide this information in major laboratories worldwide. 
For instance, QE barrier distributions have been measured for a se-
ries of light projectiles including 48Ti, 54Cr, 56Fe, 64Ni, 70Zn, and 86Kr
on a 208Pb target [18,19]. It has been found that the centroids of the 
barrier distributions show deviations from those predicted by several 
potential models. A systematic study of these reactions based on the CC 
approach showed that triple-octupole phonon excitations in the 208Pb
target are important to improve the description of the experimental 
barrier distributions [20]. However, there is still a significant discrep-
ancy between theoretical and experimental data, especially regarding 
the overall smoothness of the experimental data compared to the iso-
lated peaks predicted by the CC calculations.

The heaviest element that has been synthesized to date is oganes-
son with charge number 𝑍 = 118 [21]. Synthesizing the element with 
𝑍 = 119 is a challenging and highly competitive research topic world-
wide. In Refs. [22–24], heavier targets in QE reactions such as 238U and 
248Cm are involved to study the relationship between QE barrier dis-
tributions and the optimum incident energy to synthesize superheavy 
elements up to 𝑍 = 119. In the theoretical calculations, the potential 
orientation average (OA) of the deformed targets was considered. This 
method significantly decreases the number of coupled channels by re-
ducing a high-dimensional coupling problem to the average of results 
with a smaller number of couplings. Meanwhile, numerical instability 
problems that might be encountered in solving the CC equations with 
many couplings of the target were not avoided using the modified Nu-
merov (MN) method [2,25,26], as has been shown for massive reactions 
such as 48Ti + 232Th [27]. The experimental data can be described to a 
certain extent for these massive QE reactions, which allows for estab-
lishing an empirical relationship between the side barrier height and the 
optimal incident energy for the synthesis of superheavy nuclei [23].

As demonstrated in Ref. [28], up to four-phonon excitations are nec-
essary to reproduce the fusion data of 64Ni +74Ge. Including excitations 
up to five phonons of the soft octupole mode in 96Zr gives the best de-
scription of the barrier distribution for 48Ca +96Zr [29]. However, these 
multi-phonon vibrational excitations have not been studied for massive 
reactions like the above-mentioned 48Ti +208Pb [20]. Besides, the ac-
tinide nucleus 248Cm as the target in QE reactions has a well-measured 
rotational band from 0+ to 30+ [30]. The excitation energy of the first 2+
state is only 43.4 keV, exhibiting a strong deformation effect. However, 
the direct study of the high rotational excitations by including them in 
the CC equations has not been performed yet. It would be interesting to 
investigate the roles played by more vibrational and rotational excita-
tions in the barrier distributions for these massive QE reactions, which 
forms the main motivation of this work.

For the vibrational and rotational couplings, we follow the same 
theoretical CC framework as in our previous works [31,32]. For the 
sake of simplicity, we do not repeat them here. The detailed formu-
las for calculating various nuclear reactions observables and how to 
construct the couplings have been well addressed in many previous 
works [1,2,20,31]. To solve the CC equations, the MN method is widely 
used to integrate the equations from a minimum distance with a step 
size 𝑅step to a large distance 𝑅max, where the wave function reaches its 
asymptotic behavior [25,26]. The matching to the Coulomb functions 
provides the scattering matrix. A larger 𝑅step will easily cause fluctua-
tions, and we use a very tiny 𝑅step, namely 0.0001 fm, to reach high 
accuracy.

As mentioned above, the widely used MN method could have nu-
merical instability problems when there are many couplings in the solv-
ing of the CC equation for massive reactions [20,27]. In this work, 

we apply two other numerical methods, namely the R-matrix (RM) 
method [33–36] and the finite element method (FEM) [31,32,37–43], to 
solve the high-dimensional CC equations of the massive QE reactions. 
These methods are known for their numerical stability and accuracy, 
especially when dealing with complex coupling schemes.

In the RM method, the configuration space is divided into two re-
gions: the internal region and the external region. The channel radius 
𝑅max acts as the boundary between these regions. The internal region 
is further divided into a number of intervals, and Legendre-type poly-
nomials are used as basis functions, which permit simple calculations 
of the matrix elements. The propagation method is used to efficiently 
handle large channel radii without requiring a large number of basis 
functions [35]. Closed channels are treated straightforwardly, avoiding 
the numerical issues associated with exponentially growing components 
in finite difference methods. The number of intervals 𝑁𝑠 and the num-
ber of basis functions 𝑁𝑅 can be set as 𝑁𝑠 = 600 and 𝑁𝑅 = 6, which are 
sufficiently large to achieve high accuracy in the following massive cal-
culations. For light reactions, a much smaller 𝑁𝑠 would be adequate to 
achieve stable results.

The FEM provides an improved numerical accuracy over the Nu-
merov method as shown in Refs. [37–39]. In our implementation, we 
divide the large distance into smaller parts, namely the finite elements, 
and then systematically recombine all sets of element equations into a 
global system of equations using the variation method [37–39,42]. In 
each divided finite element, the Lagrange interpolation polynomial is 
used as the basis function. We use the sixth other in this study to keep 
the smoothness of the cross sections and wave functions. The distance 
from zero to 𝑅max is divided into NMESH uniform intervals, which are 
automatically determined based on the incident energy and reactions. 
The value of NMESH could be up to 1000 for massive reactions. The 
computational speeds of the FEM and RM methods are comparable when 
NMESH is near 𝑁𝑠. The running speed of MN method depends strongly 
on 𝑅step. However, to achieve comparable accuracy, both the RM and 
FEM methods are significantly faster than the MN method for solving CC 
equations with a large number of coupled channels as observed in our 
test. Furthermore, as the number of couplings increases, the speed ad-
vantage of the RM and FEM methods becomes even more pronounced. 
In this work, we intentionally use sufficiently high parameters across 
the three methods, such as large 𝑅max , 𝑁s, 𝑁R, NMESH, and a very 
small 𝑅step. Instead of optimizing the parameters for different couplings 
and reactions to save computational time, we aim to test whether sta-
ble results can be reliably obtained under these conditions by the three 
methods.

To describe QE reactions, imaginary potentials are included to 
represent absorption channels, and normal boundary conditions are 
applied [2]. The calculations are carried out for different coupling 
schemes. As a test of the methods, we first consider as benchmark 
the two-channel problem 16O +44Ca (0+, 2+), which has been studied 
using the RM method [35] and iterative methods in the Numerov al-
gorithm [44,45]. The 𝑅max value is set as 30 fm for this light reaction. 
We adopt the same potential parameters as in previous works. The real 
and imaginary Woods-Saxon potential parameters are 𝑉0 = 110 MeV, 
𝑊0 = 20 MeV, 𝑅𝑅 = 𝑅𝐼 = 1.2 fm, 𝑎𝑅 = 𝑎𝐼 = 0.5 fm. The excitation 
energy of the first vibrational state for 44Ca is 1.156 MeV, and the de-
formation parameter 𝛽2 = 0.4, consistent with Ref. [35]. The Coulomb 
barrier height is 23.03 MeV.

The maximum angular momentum 𝐿max is usually set as a large 
enough value in previous works [26]. Since 𝐿max could change from 
less than 100 ℏ for the light reactions to more than 1000 ℏ for massive 
reactions in this study, the algorithm is improved to find the value au-
tomatically by judging whether the results of both QE and fusion cross 
sections have come to a stable value. This procedure guarantees the con-
vergence of the calculations and avoids the waste of calculation time. 
For the light reaction 16O +44Ca, 𝐿max varies up to about 100 ℏ. Fig. 1
in the supplementary material (upper panel) shows the variation of the 
QE cross section relative to the Rutherford cross section with 𝐿max . 
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Fig. 1. The back-angle QE cross section relative to the Rutherford cross section 
as a function of 𝐿max for 48Ti +208Pb at deep sub-barrier energy 𝐸c.m. = 170.0
MeV, where the correct value should be close to one. The number combinations 
in the legend denote the number of phonons used in vibrational couplings for 
the projectile and the target of this reaction. For example, 1-5 means the phonon 
numbers 𝑁Proj

vib = 1 and 𝑁Targ
vib = 5. The Coulomb barrier height is 195.40 MeV.

The calculations are performed at the back-angle 180◦ and a close bar-
rier energy 𝐸c.m. = 23 MeV. All three methods (RM, FEM, MN) produce 
consistent results at all maximum angular momenta. Fig. 1 in the supple-
mentary material (lower panel) presents the QE cross sections relative 
to the Rutherford cross section as a function of energy. The calculations 
are carried out by energy steps of 0.5 MeV. The RM and FEM methods 
yield results that are indistinguishable from those of the MN method, 
demonstrating their validity and accuracy for light systems.

We next consider the massive QE reaction 48Ti + 208Pb [18], whose 
compound nucleus has 𝑍 = 104. The real and imaginary potential pa-
rameters, the vibrational states of the projectile and target are kept the 
same as those in Ref. [20]. The Coulomb barrier height is 195.40 MeV. 
In the following calculations, based on our tests, the 𝑅max is set to 50 fm 
to ensure sufficiently high accuracy for massive reactions, which have 
larger radii and stronger Coulomb interactions compared to lighter ones.

Fig. 1 shows the back-angle QE cross section relative to the Ruther-
ford cross section as a function of 𝐿max at 𝐸c.m. = 170.0 MeV. The calcu-
lation is performed at 170◦ as the same as in Ref. [20]. The calculations 
consider vibrational couplings of the 2+ state in the projectile 48Ti and 
up to five phonon excitations of the 3− state in the target 208Pb. The 
maximum angular momentum required for convergence reaches up to 
1000 ℏ. The RM and FEM methods demonstrate better stability and accu-
racy compared to the MN method, which starts to exhibit fluctuations 
beyond 𝐿max ≈ 500 ℏ. One of the possible reasons for the fluctuation 
that happens when there are couplings might arise from that the wave-
functions differs by orders in different channels. The channels with low 
threshold energies easily destroy the linear independence of the solu-
tions from 𝑟min to 𝑟max in the MN method as mentioned in Ref. [20]. 
In the following calculations, we have verified that the MN method has 
numerical instability problems for a large number of coupled channels, 
and the RM and FEM always produce indistinguishable results, which 
excellently confirm each other. Therefore, in the following figures, we 
plot only one line but use the label “RM / FEM” to indicate that the 
results are calculated by these two methods.

Fig. 2 presents the QE cross sections relative to the Rutherford cross 
section and the corresponding barrier distributions for 48Ti+ 208Pb. The 
barrier distribution is obtained by taking the derivative of the QE cross 
section with respect to energy. The experimental data are from Ref. [18]. 
Calculations with different coupling schemes are shown. The 1-1 cou-
pling includes single-phonon excitations in both the projectile and the 
target, while the 1-3 coupling includes up to triple-phonon excitations 
in the target, as in Ref. [20]. Our results reproduce those of the previ-
ous work, showing multiple peaks in the barrier distribution. When we 
include up to five-phonon excitations in the target (1-5 coupling), some 
peaks in the barrier distribution disappear. And when 5-5 couplings are 

Fig. 2. (a) The back-angle QE cross section relative to the Rutherford cross 
section for 48Ti +208Pb. (b) The corresponding barrier distributions. The exper-
imental data from Ref. [18] are shown as solid circles. The meanings of the 
symbols in the legend are the same as in Fig. 1, which are shown as dotted, 
dashed, thin and thick lines, respectively.

added in both the projectile and the target, we observe that the peaks 
in the barrier distribution become significantly smoothed, resulting in a 
single broad peak that better reproduces the general features of the ex-
perimental data. This indicates that multi-phonon states play a crucial 
role in smoothing the barrier distribution.

In the low energy region, current calculations underestimate the ex-
perimental data in Fig. 2. We have also examined the results of a nearby 
reaction, 54Cr +208Pb, measured by the same group, as shown in Fig. 2
in the supplementary material. The same potential parameters as in 
Ref. [20] are used. It is evident that at lower energies, the theoretical 
calculations describe the experimental data more reasonably, and multi-
phonon couplings are important to smooth the barrier distribution. This 
suggests that the couplings associated with the unique structure of 48Ti 
may not have been fully included, leading to the underestimation of the 
experimental data in the low-energy region.

Our conclusions are similar to those of Ref. [29], where the five 
phonon couplings could play a significant role in the barrier distribu-
tions. However, as also mentioned in Ref. [29], we have currently poor 
empirical knowledge of the nuclear structure at such high excitation 
energies and many other reaction channels may also affect the barrier 
distribution. More endeavors are necessary for the investigations of a 
credible nuclear structure input to explain the measured barrier distri-
bution in detail in the future.

We also study the QE reaction 51V + 248Cm, whose compound nu-
cleus has 𝑍 = 119. This reaction is relevant for the synthesis of super-
heavy elements [24]. The real and imaginary potential parameters, the 
vibrational states of the projectile, and the transfer coupling parame-
ters are taken from Table I of Ref. [24]. The Coulomb barrier height is 
225.62 MeV. The calculation is performed at 180◦ . The target nucleus 
248Cm has a well-developed rotational band due to its strong defor-
mation [30]. In the legends, for example, 2-10 means the vibrational 
phonon number of the projectile 𝑁Proj

vib = 2 and the rotational levels of 
the target 𝑁Targ

rot = 10, namely 2+, 4+, …, 20+ are included together 
with the ground state, where convergence has been achieved. The extra 
symbol ‘-T’ denotes the extra consideration of the transfer channels in 
the CC calculation.

Fig. 3 shows the QE cross sections and barrier distributions for differ-
ent coupling schemes, compared with experimental data from Ref. [24]. 
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Fig. 3. Same as Fig. 2 but for 51V +248Cm. The experimental data from Ref. [24] 
are shown as solid circles. The number combinations in the legend denote the 
number of phonons used in vibrational couplings for the projectile 𝑁Proj

vib and the 
number of excited states included in rotational couplings for the target 𝑁Targ

rot . 
The extra symbol “-T” denotes the extra consideration of the transfer channels 
in the CC calculation. The Coulomb barrier height is 225.62 MeV.

Including more rotational states in the target (e.g., from 2-1-T to 2-3-T 
and 2-10-T) significantly enhances the QE cross section and smooths the 
barrier distribution, resulting in better agreement with the experimental 
data. This demonstrates the importance of including higher rotational 
excitations in the CC calculations for deformed heavy nuclei. The calcu-
lations still do not fully reproduce the experimental data, especially in 
the knee region, indicating that additional mechanisms may need to be 
included. Possible contributions from insufficient consideration of the 
potential parameters and transfer strength, single-particle excitations, 
multinucleon transfer, and quantum dissipation effects [15–17,46,47], 
as well as the multiple rotational bands [48] could play roles in fur-
ther smoothing the barrier distributions for such heavy systems. Besides, 
for the sake of comparison, we use the previous potential parameters, 
which were adjusted depending on the experimental data. More system-
atic studies on the potentials for massive reactions are also needed.

For light reactions, capture is the same as fusion. While for massive 
reactions, capture refers to the scenario where the projectile and tar-
get make contact after Coulomb barrier to form a di-nuclear system, 
with their separation distance being smaller than the Coulomb radius. 
Fusion means that the di-nuclear system evolve to a compound nuclei 
after the capture [49]. Since the experimental and theoretical barrier 
distribution shapes of capture and QE reactions are similar [16], the 
CC approach that describes the QE data can also provide significant in-
sights into capture cross sections, which are the primary step for fusion 
processes leading to superheavy element synthesis. Fig. 3 in the sup-
plementary material shows the capture cross sections for 51V +248Cm 
under different coupling schemes. The inclusion of higher rotational ex-
citations in the target (from 2-1-T to 2-10-T) significantly enhances the 
sub-barrier cross sections and decreases the above-barrier cross sections. 
It can also be observed from the Fig. 4 in the supplementary material 
that including more reaction channels generally increases the 𝑆-factor 
in the low-energy region. This suggests that high-spin state excitations 
couplings affect the capture probability at different energies. The MN 
method exhibits fluctuations in the sub-barrier region due to numeri-
cal instabilities, while the RM and FEM methods provide smooth and 
reliable results. The capture cross sections calculated here can be used 

as input for other fusion or multinucleon transfer models to study the 
synthesis of superheavy nuclei [49–54].

Finally, we compare the results of OA formula and CC model in mas-
sive reactions involving the 248Cm target, using two projectiles, 16O 
and 51V, under various coupling conditions. The potential parameters 
are identical to those used in Ref. [24]. The excitation energy of the 
first rotational level for 248Cm is 𝐸rot = 0.043 MeV. For simplicity, only 
the quadrupole deformation parameter 𝛽2 = 0.286 for 248Cm is consid-
ered, and no vibrational couplings for the projectile are included. From 
Fig. 4(a-d), it can be observed that the results obtained using the OA for-
mula are identical to the CC calculations with 𝐸rot = 0 MeV for both the 
16O +248Cm and 51V +248Cm systems. However, the deviation between 
the OA formula and CC calculations with finite 𝐸rot is significantly larger 
for the 51V +248Cm reaction compared to the 16O +248Cm reaction. This 
confirms the conclusion drawn in Ref. [55]: the OA approximation grad-
ually loses its accuracy with increasing charge product of the projectile 
and target nuclei due to the effects of finite excitation energy of the tar-
get. However, when rotational couplings coexist with other couplings 
involving finite excitation energy, such as the transfer couplings, the 
coupling matrix becomes distance dependent and cannot be diagonal-
ized or fully decoupled. Consequently, the results obtained using the OA 
formula differ significantly from CC results when the excitation energy 
is finite or zero in Fig. 4(e-f).

In summary, we have applied the sophisticated RM and FEM meth-
ods within the theoretical CC framework to describe massive QE reac-
tions. By including the coupling with multi-phonon and high-spin states, 
we have investigated their roles in smoothing the barrier distributions 
and improving the agreement with experimental data for the reactions 
48Ti +208Pb and 51V + 248Cm. Our results demonstrate that the RM and 
FEM methods are much more stable and accurate than the MN method 
for massive reactions containing many coupled channels and requiring 
high angular momenta. The collective excitations significantly influence 
the QE barrier distributions, indicating the necessity of including them 
for accurate descriptions. The applicability of the OA formula is further 
investigated, revealing evident deviations from the CC results when the 
formula is applied in massive reactions and the presence of additional 
coupling channels beyond collective rotation, such as in cases involving 
transfer coupling. Although our calculations have not fully reproduced 
the experimental data, they highlight the importance of multi-phonon 
and high-spin states and suggest that other reaction mechanisms, such as 
single-particle excitations, multinucleon transfer, and dissipative effects, 
may need to be considered. Future work should focus on systematically 
including these effects and obtaining correct nuclear structure inputs 
for the multiphonon couplings. Furthermore, the numerical methods 
proposed in this work could advance the research on the synthesis of su-
perheavy nuclei by providing improved barrier information and capture 
cross sections. They could also offer valuable insights into astrophysi-
cally important deep sub-barrier fusion reactions, such as 12C +12C at 
very low energies, by providing high-accuracy solutions of the coupled-
channel equations.
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