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We propose new computational schemes and algorithms of the finite element method

for solving elliptic multidimensional boundary value problems with variable coefficients

at derivatives in a polyhedral d-dimensional domain, aimed at describing collective

models of atomic nuclei. The desired solution is sought in the form of an expansion in

the basis of piecewise polynomial functions constructed in an analytical form by joining
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Hermite interpolation polynomials and their derivatives on the boundaries of neighboring
finite elements having the form of d-dimensional parallelepipeds. Calculations of the
spectrum, quadrupole momentum and electric transitions of standard boundary value
problems for the geometric collective model of atomic nuclei are analyzed. Bibliography:
22 titles. Illustrations: 5 figures.

1 Introduction

The finite element method (FEM) has wide applications in solving elliptic boundary value prob-
lems. Despite the long history, especially in the development of the theoretical basis of this
method, questions remain open about constructive implementation of the method for rgw nu-
merical solution of multidimensional boundary value problems, which requires additional condi-
tions on the physical parameters or the desired properties of the approximate solutions. In FEM,
the desired solution is sought in the form of a basis expansion of piecewise polynomial functions
which are typically obtained by joining Lagrange interpolation polynomials [1] and provide the
continuous derivatives of the approximate solution only in finite elements, but not on their
boundaries, i.e., the solution has only generalized derivatives and belongs to the Sobolev space.
When describing boundary value problems with higher derivatives in the theory of elasticity,
hydro- and aerodynamics, meteorology, quantum mechanics, the desired approximate solution
must be continuous along with its derivatives. When constructing it, instead of the Lagrange
interpolation polynomials, Hermite interpolation polynomials [2]-[5] are used.

This paper presents new finite element schemes and algorithms, implemented in the computer
algebra systems (CAS) Maple, Mathematica, Matlab and in the Python, C**, Fortran languages
for solving multidimensional boundary value problems for elliptic differential equations with
variable coefficients at the derivatives describing collective models of atomic nuclei. To reduce
a boundary value problem in a polyhedral d-dimensional domain to an algebraic eigenvalue
problem, the desired solution is sought as an expansion over the basis of piecewise polynomial
functions constructed by joining Hermite interpolation polynomials and their derivatives at the
boundaries of adjacent finite elements in the form of d-dimensional parallelepipeds.

At the first stage, the Hermite interpolation polynomials in d variables on a d-dimensional
parallelepiped are constructed as the product of d Hermite interpolation polynomials of degree
p for each of the independent variables [6], which are calculated and tabulated in an analytical
form [7] by using the recurrence relations in [5, 8] implemented in CAS.

At the second stage, an algorithm is proposed for constructing a basis of linearly independent
piecewise polynomial functions in the analytical form from tabulated Hermite interpolation
polynomials on a given partition of the polyhedral region d of independent variables into finite
elements. For each piecewise polynomial function the algorithm indicates the numbers of Hermite
interpolation polynomials on adjacent finite elements by joining which this piecewise polynomial
function is obtained and between which the integrals are calculated giving the entries of the
stiffness and mass matrices. Using the obtained correspondence, the FEM scheme generates
suitable band structures of sparse matrices of stiffness and masses of the algebraic eigenvalue
problem which is solved by standard linear algebra procedures.

The performance of the developed finite element schemes, algorithms, and programs imple-
mented in CAS Maple, Mathematica, Matlab and in the Python, C**, Fortran languages is
demonstrated by solving benchmark boundary value problems for the five-dimensional anhar-
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monic oscillator [9] used in the geometric collective model of atomic nuclei [10, 11]. A comparison
of the CPU time of new versions of the developed algorithms and programs depending on the
dimension of the resulting algebraic eigenvalue problems is presented by using a conventional
personal computer.

The structure of the paper is as follows. Section 2 contains the statement of the d-dimensional
boundary value problem and the scheme for solving this problem by using FEM. In this section,
we describe the algorithm for constructing the basis of piecewise polynomial functions of d
variables in the analytical form and calculating the matrices of the algebraic FEM problem. An
illustrative example for d = 2 is given. In Section 3, we formulate the boundary value problems
and presents examples of the solution to the boundary value problem for the geometric collective
model of the five-dimensional anharmonic oscillator by using the FEM scheme with Hermite
interpolation polynomials on rectangles. In Conclusion, the results obtained are discussed and
prospects are outlined.

2 Boundary Value Problem and Schemes of
the Finite Element Method

We consider the self-adjoint boundary value problem for the elliptic differential equation

d
(T+V(z)— B)d() =0, T=—— Z@ii%(;ﬁ)a%, (2.1)

For the principle part of Equation (2.1) the uniform ellipticity conditions holds in the bounded
domain = = (z1,...,24) € Q of the Euclidean space RY, i.e., there are constants p > 0 and
v > 0 such that

d d

pe <Y gi()& <ve, £ =) & VL ER,
ij=1 i=1

where the left inequality expresses the requirement of ellipticity, while the right one expresses

the boundedness of the coefficients g;;(x). It is assumed that g;;(z) = gij(z) and V(x) are

real-valued functions, continuous with their generalized derivatives of up to a given order in a

bounded polyhedral domain z = (z1,...,24) € Q@ = QUIN € R? with boundary S = 9, which

ensures the existence of a nontrivial solution ®(z), corresponding to the real eigenvalue F and
satisfying the Dirichlet and/or Neumann boundary conditions [5].

In FEM, the polyhedral domain
JE— J— Q JE—
Q=04 =]JA, QcRrY (2.2)
q=1

is divided into subdomains A, called finite elements, in each of which the local basis functions
Ord / (x), z € R?, the Lagrange interpolation polynomials or Hermite interpolation polynomials
of degree p’ are introduced. Here, we use the multiindex notation, sc determines the derivative
order and direction, whereas r is the local number of a node.

The piecewise polynomial functions N/ / (r) € C* of degree p’ with continuous derivatives

of up to a given order are constructed by joining the polynomials &re’ , () on the finite elements
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Ay € Qp(x)

NP (x) = N7 (x U{sD )|z € Ag}, (2.3)
where [ is determined in terms of multundlces » = xuy,...,%q and r = r{,...,ry; the node
number s = (s1,...,5q) is related to the local number r of the same node and the finite element

number ¢. Usually, in FEM with Hermite interpolation polynomials, the piecewise polynomial
functions Ny (x4) satisfy the conditions

/ / ’

’ 8|%| , (f_)|% 97 974

Ns%p (xs/) = (533’(5;{07 8 P Ns%p ([E) — 588’6%%’7 8 7 = ~ e -
A T=T 1 T 85611 8xdd

’|

The expansion of the sought solution ®” (z) from the Sobolev space 5" T'21(Q) in the

basis of piecewise polynomial functions N} l(x),

Z NV ()@}, (2.4)

reduces the problem (2.1) to the generalized algebraic eigenvalue problem
(A-BEL)®!, =0, (@)"B&), =1, (2.5)

with respect to the unknowns E! and ®”. The problem (2.5) is solved by standard numer-
ical methods implemented as either built-in procedures, for example, Eigenvector() procedure
in Maple, Eigensystem() procedure in Mathematica, eigs() procedure in Matlab, or subrou-
tines in a compilable language, for example, the Python subroutine scipy.linalg.eigh() (see
https://docs.scipy.org/doc/scipy /reference /generated /scipy.linalg.eigh.html), the C++ subrou-
tine ARluSymGenEig() (see https://github.com/opencollab/arpack-ng), or the authors’ modi-
fied version of the Fortran subroutine sspace() [1] for sparse matrices.

The entries of the symmetric L x L-matrices of stiffness A = (Afll,) and mass B = (Bﬁl,) are
the integrals

/ ! / 8Np GNI/’ (
Afl' = /Nlp (UTT)Nl]7 (2)U(x) go(x)dx + Z / Oz l ' gij(x)dx = Za”, ,
Q

7] IQ
, el ¢ 07 (x) 0857 (x)
it = [ 5 @71y @U@ oo dw+2 / a; 2L gy (), (2.6)
A, LA, ’
/ ’ / Q ’ W]
B= [ N @N @ =Yt o = [ e @ @anwis
Q g=1 Aq

which are calculated on finite elements A, € Qj(x) by quadrature formulas of order p’ + 1.

The estimates for the approximate solution E, ®" (x) € 7 T121(Q;,) with respect to the
exact solution Ey,, ®,,(x) € 7#52() are as follows [1]:

B = Ep| < arh™, || @(x) — B (@) o < c2h? (2.7)
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where h is the maximum size of the finite element A,, p’ is the FEM scheme order, ¢; > 0 and
co > 0 are coefficients independent of h,

|®m ()2 = / 60(2) B (2) D1 () (2.8)

Q

The Hermite interpolation polynomials $rd’ / () depending on d variables of the finite element
A, shaped as a d-dimensional parallelepiped

— — _ — _ — d
T = (xla s ,Jj‘d) S [x?;min? xfll;max] Q- ® [xg;min? $Zl;max] = Aq CR (29)
in grids @, = (T1ry,.- -, Tary), 7 =0,...,p, i =1,...,d, are defined by the relations [2, 3]:

'l

ol

N N

907"5 ( T’) = 5r17”1' : '51"(11"(’15%10' : '5%d0a o %1()0 4 ($) p— = 67’11”'1' : '67“(17“&6%1%/1' : '5%05%(’1’ (2 10)
= !

r=(ri,...,rq), »x=(31,...,5%q), i =0,...,7—1.

The Hermite interpolation polynomials @re’ , () in d variables are calculated in the analytical

form as the product of Hermite interpolation polynomials ;=7 , (ZTs) of degree p' in each variable
P (w H PP (T) (2.11)

Note that the Hermite interpolation polynomials ;7 / (Z) with their derivatives of up to order
n 1) in each variable, which are required for constructing @re l(a:) in (2.11), are determined
by (2.10) at d = 1. They are calculated and tabulated in advance analytically by means of
recurrence relations implemented in CAS [5, 8.

( gemax _

As a known example of such calculation and tabulation, we present the interpolation polyno-
mials ¢r4 (Z) of degree p’ = 3 in one variable: the Lagrange interpolation polynomials at p = 3
and smax = 1

P0g(T) = —(9/2(z —1/3))(T — 2/3)( — 1),
pl(@) = (27/2)T(T — 2/3)(T - 1),
(2.12)
3 (T) = —(27/2)T(T — 1/3)(T — 1),
p3(T) = (9/2)z( — 1/3)(T — 2/3)
and the Hermite interpolation polynomials at p = 1 and . = 2
0(T) = (T — 1)*(1 + 27)
p0q(T) = (T — 1)z,
(2.13)
P1a(T) = T(3 — 27),
¢1,(T) =7°(T — 1)

Figure 1 presents examples of the piecewise polynomial functions (2.3) of two variables

Nlp,(az) = Nlp/(fl,fg) = N}“mp (F1,T2), obtained by joining local functions 2P (%1, ),
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specified by the product (2.11) of the third degree polynomials 4,0,’27;/3 (Ts) in (2.12) and (2.13) in
each variable. On the piecewise polynomial functions composed by joining Lagrange interpola-
tion polynomials (in contrast to Hermite interpolation polynomials), one can see sharp bends,
which means the discontinuity of the first order derivative.

RN
AN
2
NI
/"fi{t::{:: S / / I' ".““‘
LLLR it 202%0:% ."/// =
& :’0‘“’ 55 "’ﬂ/llllll ';0 \ $ A
0:’:‘ ’3:,’:‘ 000 "l;;;llllllll " ""“ \\\\\\\\\\
00 9% 0 /7]
2
1 0 ‘0“
0.0 KK
..:gggg:.::};
<
-1-1 (a) -1-1 (b)

Figure 1. The piecewise polynomial functions N; 2V (30 29): (a) N 03 (w1, 29) and
(b) NY3(z1,22) =1 at (x1,22) = (0,0), composed by joining local functions which
are the products of (a) the Lagrange interpolation polynomials and (b) the Hermite
interpolation polynomials of the third degree at Q) = 4.

Let the problem (2.1) be solved on a finite element grid €, defined by (2.2) consisting
of parallelepipeds A, defined by (2.9) and, on each of them, specified by the local functions
Ora / () ordered by the node number r = (rq1,...,r4), the order and direction of the derivative
» = (51,...,5%9). The grid nodes are numbered by the global s = (s1,...,54) and local r
numbers and the number of the finite element ¢q. For the sake of convenience the local functions
o) = (ﬁﬁfg’/ () are numbered by the global number ¢ = 1,...,T. Then the dependence between
the set g, 7, 5, s and the numbers [ =1,...,L and ¢t = 1,...,T is determined by the algorithm

Algorithm:
o forg=1,...,Q do
e for all r and s do

o t=t(qr,x)=t+1

o if3g 1 s s(qd,r") =s(q,r) and ' =
° then | = l(q,r, ) := (¢, ', )

o else l =1(q,r,») :=1+1

e endif

e end do

We note that the condition in the algorithm is fulfilled only for the nodes enumerated by
means of g, 7, > which are at the boundary of the finite elements considered earlier; in this case,
the numbers ¢/, 7/, 5 are known in advance and define the same node, but on the finite element
with the minimal number.

As an illustrative example, let us consider the construction of the basis of piecewise polyno-
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mial functions (2.3) on the square [—1, 1] ® [—1, 1] divided into () = 4 finite elements. Figure 2
shows the correspondence between the index [ = 1,..., L of the set of basis piecewise polyno-
mial functions N} / (z) and the set of indices ¢, r, 5, s characterizing the local functions @rg , ()
ordered by the index ¢t = 1,...,T: the Lagrange interpolation polynomials of degree p’ = 3
at p = 3 and spmax = 1 at L = 49 and T = 64 and the Hermite interpolation polynomials of
degree p' =3 at p =1 and »ax = 2 at L = 36 and T = 64, which is determined according to
Algorithm.

q, 1 2 q, 1 2
s; 0 1 2 3 4 5 6 s; 0 1 2
q2 q2
s "1 s 1
02 r 0 1 2 30 1 2 3 02 r 0 10 1
0 0
1 2 3 4 17 18 19 12 5 6 17 18
i @ 34| |78 19 20
1 5 6 7 8 200 21 22 1

2 2T ol = =3 13 14 2122
g3 14 1516 28] 27 28 ¢ T2l 1516 23 24
0
1

3
[Ty 0 0 p01
4 20 |0 1z Tar| wf 4s N:)o N/#
. 2 N'°, N
5 o3l lsssel as] as| 46 [+2  [+3
25 26| |29 30 33 34
6 3l I8 [poaso] 47] 48] 40 9 1 27 28| |31 32| 35 36

(a) (b)

Figure 2. Illustration of constructing the basis of piecewise polynomial functions
Nlp/ (21, 22) = Nl}“mp/(:vl, x2), 1 =1,..., L by joining the local functions (ﬁff,fﬁlp/ (w1, x2)
for four (@) = 4) finite elements A,: (a) Lagrange interpolation polynomials and (b) Her-
mite interpolation polynomials of the third degree. The heavy lines are the boundaries
of finite elements, and the thin lines are zeros of piecewise polynomial functions.

The structures of the L x L-matrices A or B in the algebraic problem (2.5) for Lagrange
interpolation polynomials and Hermite interpolation polynomials of the third degree on the
square [—1, 1]®[—1, 1] divided into four (@ = 4) finite elements are shown in Figure 3. Comparing
with Figure 2, we see that the indices [ and I’ of the nonzero entries are related with piecewise
polynomial functions containing the local functions on one of the finite elements.

Figure 4 presents the structures of matrices when dividing the square into Q =3 x3 =9
and QQ = 4 x 4 = 16 finite elements and using the piecewise polynomial functions obtained by
joining the Hermite interpolation polynomials at p’ = 3. The matrix is divided into 4 x 4 blocks,
because four piecewise polynomial functions correspond to one node, and with an increase in ()
the block-banded structure is clearly manifested.

We calculate the FEM integrals (2.6) by the Gauss quadrature formulas of order p’ + 1

CL”/ = E Gy% vrr %;{’U -TU gO xv JF § § quj vrr! xxd i gij(xv)v

v ,5=1

bZ/q = Z G;{% (Pvrr’%%’qgo (:EU)’ (214)
v
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(b)

Figure 3. Structures of the L x L-matrices A and B (nonzero entries are marked with
grey) when using the piecewise polynomial functions constructed by joining the local
functions on four (@ = 4) finite elements A,: (a) Lagrange interpolation polynomials
(L =49) and (b) Hermite interpolation polynomials (L = 36) of degree p’ = 3.

(a)

Figure 4. Structure of the L x L-matrices A and B for Hermite interpolation polynomials
of degree p’ = 3, (»™*,p) = (2,1) on the square [—1,1]® [—1, 1] divided into (a) Q@ =9
(L=16 x4 =64) and (b) @ =16 (L =25 x 4 = 100) finite elements.

) ~p
ol ot 0prq (x 0570 (x)
Doyt 330 = ’vaOfféj (yv)()o:/p (yv)7 (I)vrr’%%’;ij = Wy rq_( ) Ti
a 8%1 y=y 8$]’ —
v Y=Yv

Here, we use the local coordinates y = (¥y,...,74) € [0,1] ® --- ® [0,1], in A, related to the
coordinates (2.9) by T; = T} 5, + Ui(Timax — Tiomin)s @ = Ly--.,d, where y, and x, are the

Gaussian nodes in the local and global coordinates, w, are the Gaussian weights in the local
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coordinates, G;"‘/ and G;‘i’;/ are factors that appear due to the transformation to the local
coordinates and for the finite elements on the parallelepiped A, have the form

) d ) ) G%%’
s —q _ =4 1450+ - q
Gq - H (‘Tu;max xu;min) L, quj = (74 =4 =4 =4 ) :

u=1 (xi;max - i;min)(xj;max :Ej;min

Note that the products @0 and ®yy,...4; of the values of the local functions @rg / (yv)
ODrg (x)‘
8fl Y=Yv

were calculated in advance, in contrast to the initial version of the program, and were stored

and their derivatives at the Gaussian nodes y, and with the Gaussian weights w,

in appropriate arrays, which significantly reduces the time needed to calculate matrices of the
algebraic problems.

1 ™ 4 8 20 28 76 84
=
44+ =
= 12 16 24 32 ce 80 88
88wy,
I|III
132 1
92 96 100 104 ce 128 132
176
220
136 140 144 148 e 172 176
264
308
352
396
400 404 408 412 .o 436 440
440
484 ‘
1 44 88 132 176 220 264 308 352 396 440 484(a) 444 448 452 456 480 2841(b)

Figure 5. (a) The block-banded structure of the matrices A and B for Hermite inter-
polation polynomials of degree p’ = 3, (5™2* p) = (2, 1) corresponding to the grid (3.6)
for I = 0 and the number of finite elements @ = 10 x 10 = 100. (b) Illustration of

constructing the basis of piecewise polynomial functions N}’ (21, 20) = NP (21, 22),

[=1,...,L =121 x 4 = 484, by joining the local functions @’fllé%p/ (x1,2) for Q@ = 100
finite elements A,. The lines are boundaries of finite elements as in Figure 2, but the

numbers [ are given only for ones divisible by 4.

3 Boundary Value Problem of Geometric Collective Model

In [11, 12], algebraic versions of the geometric collective model were developed, which were
implemented as programs in CAS Mathematica and in the Fortran language for numerical solving
the boundary value problem for the five-dimensional anharmonic oscillator with purely discrete
spectrum of energy eigenvalues E! : Bf < Bl < E§ < --- describing the rotational-vibrational
energy bands of atomic nuclei with spin I in the form of an integer angular momentum. Using
the expansion of the sought solution of the geometric collective model in the basis functions
of the five-dimensional harmonic oscillator with purely discrete, but degenerate spectrum that
requires an additional Gram—Schmidt orthogonalization, we can reduce the boundary value
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problem to an algebraic eigenvalue problem [9]. The basis functions are parametrized by the
internal variables x1 = 2,22 = v and Euler angles x5 = 01, x4 = 6, x5 = 03 in the internal

coordinate system and are associated with irreducible representations U(5) D O(5) D O(3) of
the noncanonical chain of groups [9].

The eigenfunctions WM (3, v,6;) of the five-dimensional oscillator of the geometric collective
model have the form

WM (8,7, 6 Zq» NP (03), (3.1)

where ®! ., (3,~) are the components, D> 0;) are the orthonormalized Wigner functions
nK'\P> Y p MK

7D* (0;) = /21 +1 DE\QK(H )+ %(_1)1D](\2*_K(9i)
MK 82 2(1 + (5[(0) ’

7 = £1 is the parity, 7 = +1 for quadrupole deformations (7 = —1 for general deformations
[13]), K =2 mod([,2),...,2|1/2].

The boundary value problem for the geometric collective model at fixed integer numbers [

and —I < M < I reduces to a boundary value problem for a system of two-dimensional partial
differential equations, the number of which is equal to I/2 + 1 for even I and (I — 1)/2 for odd
I, coupled by a three-diagonal matrix [10]. Substituting (3.1) into (2.1) and averaging over the
basis .@J(\?;(Gi), we obtain an equation for the geometric collective model with respect to the
components <I>£K = <I>7ILK(B, 7v) and eigenvalue E! (MeV) in the form

3 [(T + 2h—€2(v EL))dkcx + T{(K,] Bl =0,
K/
-1

= BT (8554 sm(?w)2 + —52 sin(37) 0 ) (3.2)

B " oy oy )’
_ 1
T[‘T{KZQBQ[(I(I+1)—K2)<4—L+4—J2 2J3:|

1 1

Tl ,_zB(
KK 2\8J, 8T,

)CKK’ K'# K,
where

Cirr = O6rri—2Ck -2 + O 42Ck k42,

Chxoo =1+ 0k2) 2 x [T+ K)(I - K+ 1)(I+K —1)(I — K +2)]'/?,

Chiyz = (146K0)"* x (T = K)(I + K +1)(I = K = 1)(I+ K +2)]'/?,
By = 2B3//5 (in 107%2 MeV - s 2 ~ h?/MeV) is the mass parameter, (3 is the dimensionless
independent variable, i = 6.58211828 (in 10722 MeV - s), and E = E2B3/h? is the dimensionless
energy. The moments of inertia are denoted by J = 4§(k B2 sin?(y—2km/3), k = 1,2,3, E( k) are

the components of the mass tensor along the center-of-mass principal axes of the atomic nucleus,
(B( k) = By for the geometric collective model). The potential function of the anharmonic
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oscillator V = V(3,7) of the geometric collective model is given in the form [11]

1

VB

2
+ 06%66 cos®(3y) + Dg

-~ 2 1 2
_ 2 / 3 14 5
V =Cy—=p5°—C5 —35ﬁ cos(37y) + 0455 Cs 175B cos(3y)

%56. (3.3)

The bounded components ® ,-(3,~) satisfy the homogeneous Neumann and /or Dirichlet bound-
ary conditions at the boundary points of the intervals v € [0,7/3] and 8 € [0, fmax) and the
orthogonality and normalization condition

Bmax 7r/3
[ 5sin) 3 8Lyl nds = b
B=0 0 K

(3.4)

The boundary value problem for the system of two-dimensional equations (3.2)—(3.4) was solved
by means of program 2DFEM, implementing the calculation scheme and algorithm from the
above sections using the two-dimensional local functions (2.11) composed of the Hermite inter-
polation polynomials (2.13). For a test the lower part of the energy spectrum E! of the atomic

nucleus '"YOs was calculated with the parameters of mass By and potential XA/(B ,7) from [14]:
Cy = —363.64, C3=-37259, C4=19391.8, C5= —19246.82,

_ (3.5)
Cs = 80003.64, Dg = —70794.69, Bo =2/V/5 x 173.035.

Using the program 2DFEM with the Hermite interpolation polynomial, p = 1, sepax = 2, p' = 3

the results for 2D boundary value problems (3.2)—(3.4) were obtained on the grid (227:

Qp =QEeQ), Q) =00,0035...,035, Q!=[0,7/30,...,7/3]. (3.6)

Figure 5 shows the structure of the matrices A and B of the algebraic problem (2.5) corre-

sponding to this grid for I = 0 and the number of finite elements ¢ = 10 x 10 = 100 for which

the block-banded structure is clearly manifested in comparison with Figure 4. For I > 2 each

cell is a K x K matrix, where K = I /2 + 1 for even I and K = (I —1)/2 for odd I of the 2D

equations (3.2).
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Table 1.
procedure/subroutine | type of problem (2.5) | filling the matrices eigenvalues
Eigenvector() general fully populated square | all
Eigensystem() general fully populated square | subset
eigs() general fully populated square | subset
scipy.linalg.eigh() complex Hermitian or | fully populated subset

real symmetric lower triangular
ARluSymGenEig() real symmetric lower triangular subset
sparse packed storage
sspace() real symmetric upper triangular subset
sparse packed storage




Table 2.

In|AE band | Exp | TM | TW | TM | TW | TT | TP | TC | TF | K | Lg, |
[14] 7] [7]

0100 gs 0F | 0.0000 | 26| 26| 8| 6040 1.25]0.03 006 1| 484
0] 2|10427 | B 0+ | 0.9118

2102485 | gs2F | 0.1867 | 87| 98| 16| 26| 042|227 012 0.14| 2| 968
2207977 | 4 2% | 0.5580

2| 315366 | B 2 | 1.1147

31112029 v 37 07560 | 25| 24| 7| 8013|108 003|003 1| 484
4106060 | gsdf | 05479 | 182 | 203 | 36 | 54 | 0.73 | 3.27 | 0.24 | 0.27 | 3 | 1452
4] 2|12701 | ~ 47 | 0.9554

4] 3|18141| B 4t

5117132 ~ 57 | 1.2039 | 84| 84| 12| 13025 1.86 | 0.12 | 0.11 | 2| 968
6| 1| 10504 | gs6T | 1.0504 | 296 | 325 | 66 | 81| 1.03 | 4.16 | 0.40 | 0.39 | 4 | 1936
62| 17932 | v 6+ | 1.4742

6| 3|24272| B 6+

71122832 4 7T 160 | 159 | 30 | 22| 044 | 251 | 0.24 | 0.16 | 3 | 1452
8 [ 1| 1.5663 | gs8F | 1.6665 | 447 | 446 | 118 | 91 | 1.26 | 4.80 | 0.51 | 0.47 | 5 | 2420
8| 223721 | 4 8 | 2.0900

8| 3|30806| B 8t

9129070 ]| v of 281 | 257 | 53| 24| 066 | 3.16 | 0.42 | 0.25 | 4 | 1936
10 | 1] 2.1431 | gs 107 | 2.3570 | 624 | 519 | 187 | 67 | 1.50 | 5.23 | 0.74 | 0.50 | 6 | 2904
10 | 2| 3.0034 | v 10+ | 2.7720

10 | 3| 3.7749 | B 10+

4 Discussion of the Results

To solve elliptic multidimensional boundary value problems with variable coefficients of
derivatives, high-precision FEM schemes have been developed with piecewise polynomial ba-
sis functions constructed by joining Hermite interpolation polynomials and their derivatives on
the boundaries of neighboring finite elements shaped as parallelepipeds.

We describe a new version of the algorithm for constructing d-dimensional basis piecewise
polynomial FEM functions in the analytical form, which will be used in the development of soft-
ware tools in CAS Maple, Mathematica, Matlab and in the Python, C*™, Fortran languages for
solving multidimensional boundary value problems with variable coefficients at partial deriva-
tives.

Table 1 shows the main differences between the built-in procedures Eigenvector(), Eigen-
system(), and eigs() in Maple, Mathematica, and Matlab respectively and library subroutines
scipy.linalg.eigh(), ARluSymGenEig(), and sspace() in the Python, C++, and Fortran languages
respectively, i.e., type of computed generalized algebraic eigenvalue problem (2.5), matrix fill-
ings, and number of calculated eigenvalues. Note that the subroutine sspace() in Fortran is
designed to solve the problem (2.5) with real symmetric block-diagonal (banded) matrices and
find the lower part (subset by index) of the eigenvalues; this has been modified by the authors
of this paper to the case of sparse matrices. Such an implementation allows us not only to
significantly reduce the calculation time, but also makes it possible to solve the problem (2.5)
with a significantly higher dimension.

The new version of the algorithm is implemented in the form of the program 2DFEM to
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solve the boundary value problem arising in the geometric collective model of atomic nuclei. The
efficiency of the developed algorithms and programs is demonstrated by benchmark calculations
of the low part of the rotational-vibrational spectrum of the atomic nucleus '"YOs presented
in Table 2 which demonstrates the high performance of the programs even on a conventional
personal computer (PC). Table 2 presents the energy eigenvalues AE: AE! = El — E) (MeV)
relative to the energy of the ground state EY = —1.0426 (MeV) for the states of atomic nucleus
1900s with parity © = +1, calculated by the program 2DFEM of the present paper and AE
([7]) calculated by the trial version of the program 2DFEM from [7]. The parameter values of
the model (3.5) and the experimental data Exp are taken from [14]. The execution time (CPU)
is TM, TW, TT, TP, TC, and TF (seconds) respectively in CAS Maple, Mathematica, Matlab
and in the Python, C**, Fortran languages depending on the parameters of the boundary value
problems and the corresponding algebraic problems: the nuclear spin I, the number K of the
2D equations (3.2), and the dimension Lg., of eigenvectors of the algebraic problems (2.5).

All calculations were performed using Maple 2023, Mathematica 13, Matlab 2022, Python 3,
C™*, and Fortran 90 on a PC with AMD Ryzen 9 3950X 16-Core Processor, 3.50 GHz, memory
128 Gb, Windows 10 Pro.

From Table 2 it is clear that the execution time (CPU) TM in Maple and TW in Mathematica
of the new 2DFEM program is 3-10 times shorter compared to the time of the trial version of
the program from [7]. The time TT in Matlab is much times shorter than TM and TW. We
also observe the expected result that the times TC and TF in the compilable languages C++
and Fortran respectively are significantly shorter than the time TP in the compilable Python
language.

Table 2 shows the results of calculations of the lower part of the energy spectrum E! by the
2DFEM program that are in a good agreement, with accuracy of 10~* MeV, with calculations
of the algebraic version of the fitting geometric collective model for the experimental spectrum
[11, 14]. The Runge coefficients

(B} — (E)hya
El) o — (EL)pal

rp, = logy ( (4.1)

where (EL),, (ED), /25 (ED), /4 are the energies calculated by the program 2DFEM in doubly
condensed grids, gave estimates 5.29 + 5.47, confirming the theoretical estimate (2.7) of order
2p' = 6.

The results of calculations of quadrupole moments Q(L,n) and electric inter-band and intra-
band B(E2) transitions are presented in Appendix.

We emphasize that programs implementing FEM have a significant advantage over the al-
gebraic version of the programs for the geometric collective model that implement the method
of expanding the desired solution in the basis functions of a harmonic oscillator with addi-
tional variational parameters of mass Bf and stiffness C%, since FEM does not have additional
variational parameters of piecewise polynomial functions. In addition, the 2DFEM program is
applicable to solve a wider class of boundary value problems (2.1), with variable coefficients
gij(x) for derivatives, as well as for parameter values leading to the presence of several minima
of potential energy (3.3) as indicated in [7, 14].

The developed approach and programs provide a base for adapting the KANTBP 3.0 pro-
gram [15] and multidimensional FEM programs for solving the scattering problem [16, 17] and
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the problem of bound states of the rotational-vibrational spectrum, which are applicable in var-
ious generalizations of the geometric quadrupole collective model [14, 18] and the quadrupole-
octupole six-dimensional collective model of atomic nuclei [13, 19]. The FEM program can also
be used to study the properties of superheavy nuclei, using the approach proposed in [14].

Table 3.
Q(L,n) | present | calc [14] Exp
—2.n=1)] 0694 0.69 | -1.18(3)
—4n=1)| 0843 0.84
=6,n=1) 0.885 0.88
n=2)| -0.643| -064| 0.9(4)
Table 4.
Lgs — Lgs | present | calc [14] | Exp
Li=0,n=1—Ly=2, ny=111.093 1.09 | 2.34(6)
Li=2 ni=1—L;=4, n;=1|0.632 0.63 | 1.12(8)
Li=4,nj=1—L;=6 ns=1|0636 0.64 | 1.50(23)
Li=6,n,=1—L;y=8, ny=110.673 0.67 | 1.06(6)
Lg — Lg | present | calc [14] | Exp
Li=0,n=2—Lf=2 ny=30.930 0.93
Li=2 n=3—>L;=4 ny=3 0022 0.02
Li=4,n;j=3—>L; =6, n;=3]| 0344 0.34
Li=6,nj=3—L;=8 n;=3|0.491 0.49
L, — L, | present | calc [14] | Exp
Li=2,n=2—Ly=3, ny=110.424 0.42
Li=2 n=2—L;=4 n;=20392 0.39 | 0.70(3)
Li=3, m=1-L;=4 n;=2|0.114 0.11
L; =3, ni:1—>Lf:5, nle 0.420 0.42
Li=4,nj=2—L;=5 ny=1|0160 0.16
Li=4,n=2—L;=6, ns=2|0510 0.51 | 0.75(7)
Li=5 n=1—=L;=6, nf=2|0.063 0.06
Li=5 ni=1—L;=7 n;=1|0.545 0.55
Li=6,n=2—>L;=7 n;=1]0088 0.09
Li=6,n,=2—L;y=8, ng=210.588 0.59 | 0.52(15)
Li=7 nj=1—L;=8 n;=2|0037 0.04
Table 5.
Lgs — Lg | present | calc [14] | Exp
Li=0, ni=1—>L;=2 n;=3| 1831 18.3
Li=2 ni=1->L;=2 n;=3| 036 0.4
L; =2, ni:1—>Lf:4, nyg = 0.61 0.6
Li=4, nj=1—L=4n;=3| 320 3.2
Li=4,ni=1—L;=6, ns= 0.47 0.5
Li=6 n=1—-L;=6 n;=3| 230 2.3
Li=6,n=1-L;=8 n;=3| 0.38 0.4
Li:& ni:1—>Lf:8, ny = 1.71 1.7
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Table 5 (continued).

Lgs — L. | present | calc [14] Exp
Li=0, ni=1—L;=2 n;=2| 819 81.2 | 197(8)
Li=2,n=1—=L;=2 ny=2]| 20136 2014 | 227(8)
Li=2,n=1=Ly=3 ny=1 43.93 43.9
Li=2ni=1—Ly=4, ny=2 6.27 6.3 | 8.2(6)
Li=4,n=1—=Ly=4, ny=2| 141.80 141.8 | 229(14)
Li=4, n=1—=Lf=5 ny=1 24.04 24.0
Li=4,n=1—=L;=6, nf=2 2.45 2.5 | 4.2(40)
Li=6,n,=1—=L;=6, nyp =2/ 121.43 121.4 | 240(6)
Li=6,n=1—-L;=T7n;=1| 1684 16.8
Lizﬁ,ni:1—>Lf:8,nf:2 1.52 1.5
Li=8 ni=1—L;=8 n;=2| 10941 | 1094

Lg — L, | present | calc [14] Exp
Li=2 ni=3—L;=2 n;=2| 1623 16.2
Li=2 ni=3—L;=4,n;=2| 2915 37.1
Li=4, nij=3—L;=4, np=2| 191.67 | 1917
L, =4, ni:3—>Lf:6, nf:2 1.27 11.7
Li=6,n=3—L;=6, nyf=2| 185.44 185.4
Li=6,n;=3—Ly=8, ng=2 0.25 5.7
Li=8 ni=3—L;=8 np=2| 17116 | 1711

A Appendix. Quadrupole Momentum and
Electrical Transitions

The electric quadrupole momentum of nuclear levels Q(L, n) and the probabilities of electrical
transitions between levels of various bands B(E2) are defined in the laboratory system [20].
Matrix elements of the electric quadrupole operator are evaluated by transforming the operator
and collective eigenfunctions into the intrinsic frame. To simplify the formulas below, the reduced
matrix elements of the electric quadrupole operator are denoted by

2Lf—|-1

L ) ~
(@n]|Q2l|®ri) = (ng, Lf||@x=2lni, Li), (A1)

where WX are eigenfunctions in the laboratory system.

A calculation of the reduced matrix elements of the electric quadrupole operator can be
performed within the intrinsic frame as follows:

A o LfoZK' L; / Lf
(ng, Lyl|@x=allni, Li) = > (CLiKzzo Z/q)nzKiQ270(I)n,fKidT
K;>0,even

Lfo:Kl+2 L. / Lf
+ V14 0k0CL k20 /(I)n;KiQ2,+2q)anf:Ki+2dT

LyKy=K;—2 ; L
+ V1 +0k,2C by / ol KiQ’z,zq»n]{Kf:Ki_QdT), (A.2)
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where Ky = K; +2 < Ly, Ky = K; —22> 0, Ciféfﬂ( are the Clebsh—Gordan coefficients, and
the operator Q/Zu of electric quadrupole momentum in the intrinsic system (1 b = 100 fm?) is

expressed as
3ZeR21072b 2 \/E
r 248y AY Y “ Y n2
Q0= Ar <ﬁCOS(’Y)+ - Wﬂ 005(27))7

3ZeR21072b/ 1 _ . 1 /10 . .
Ql2,ﬂ = fiﬂ(ﬁﬁ sin(y) — = ?62 Sln(2’y)>,

Z is the nucleus charge, Ry = 1.1 AY/3 fm and A are the nucleus radius and mass.

(A.3)

The matrix element of the electric quadrupole momentum of the operator @, is expressed
in terms of the reduced ones ||@y|| by the Wigner—Eckart formula [21]

LM M, LM L :
(@n] ™ 1Quul @ ™) = Ol A (@nf A 1270), (A4)

where the factor (—1)2*(2L+1)"'/2 was included in the reduced matrix elements (@{{; ||Qx||®5)
against to the conventional definition [22]. So, the matrix elements of the electric quadrupole
momentum (in units eb with factor 1072) can be written as

167

QLn) = Qun =\ T4, L M = Li@uoln, LM = L) = 1/ 20" CHan (Enl|Qs | Ln). (A.5)

The electric transitions B(EX; Lyn; — L;n;) are expressed as the sum of the matrix elements
[20]
1

i

Z ‘<nf’Lf7Mf’Q/\u|nlaLZaM’L’>|2 (A6)

and via the corresponding reduced matrix elements (A.1) or (A.2) (in units e*b* with factor
1074)

2Lf+1

B(EX; Lini — Lgny) = (g, LllQxllng, Li)|* = (ng, Lyl|Qalln, La)]*. (A7)

Thus, to reduce the computer time, we evaluate the lower transitions B(EX;Lfny — Lin;)
through the calculated upper transitions B(EX; Lin; — Lyng) by the formula

2L; + 1
2L +1

B(E)\; LfTLf — Lmi) = B(E)\; Lini — LfTLf). (AS)

Tables 3-5 show the results of calculations of quadrupole moments Q(L,n) in eb units and
electric inter-band and intra-band B(E2) transitions in e2b? and 103¢?b? units respectively by
the 2DFEM program that are in a good agreement with the calculations [14] for 0Os of the
algebraic version of the fitting geometric collective model for experimental data in terms of
spectrum, quadrupole momentum, and electrical transitions.
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