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ABSTRACT

To enhance the laser-stimulated recombination of antihydrogen from cold antiproton-positron plasma in a trap
we propose to use a new resonance mechanism involving the quasi-stationary states of the positron that arise
from the joint action of the Coulomb field of the antiproton and the strong magnetic field of the trap. The
recombination rate is expressed via the cross-section of laser ionization of the atom that has strongly non-
monotonic frequency dependence due to the presence of quasi-stationary states merged into the continuum
background. The estimates using previously calculated ionization cross-section show the possibility to enhance
the laser-stimulated recombination by means of the optimal laser frequency choice.

Keywords: antihydrogen, recombination, ionization, bound states, continuous spectrum, laser stimulation,
magnetic field, quasi-stationary states

1. INTRODUCTION

At present intense experimental studies are carried out in CERN aimed at formation and storage of antihydrogen
atoms in traps.1–3 In the ATHENA experiment1 the antihydrogen atoms were obtained in the process of diffusion
of antiprotons in the positron plasma, while in the ATRAP experiment2 the recombination took place during
multiple flights of antiprotons through the positron plasma. In this case the three-body recombination is the
dominant mechanism. Another mechanism implemented in the ATRAP experiment is the recombination due to
the charge exchange that takes place when a highly-excited positronium atom is passed through the positron
plasma.3 In all these methods the antihydrogen atoms are obtained in highly excited states with n ∼ 50.2, 3

An alternative method is the laser-induced recombination allowing one to get the atoms in the states that are
relatively low and, what is even more important, may be specified. The main problem here is that the increase of
laser power leads to plasma heating and hampers the recombination. However, the possibility of stimulation of
recombination by means of a CO2 laser is considered by the experimentalists.3 Hence, the recipe of substantial
enhancement of laser-stimulated recombination without increasing the laser power may be of practical interest.

In the process of laser-induced recombination rate the interacting particles are subject to magnetic field of the
trap that strongly influences the motion of the positron in the continuum. Most estimations of the recombination
rate were carried out without taking this fact into account, or the consideration was limited to estimation of
Zeeman splitting for finite discrete states with large n ∼ 10.4 In5 the influence of the magnetic field on the
average density of positrons in the vicinity of an antiproton was estimated and shown to be inessential up to
the order of magnitude. In any case, the dependence of the transition probability upon the laser frequency was
assumed to be monotonic. However, it is known that the joint action of the Coulomb and magnetic field gives rise
to quasi-stationary states merged into the continuum. These states manifest themselves in sharp resonances of
the ionization cross-section plotted versus the laser frequency.6 A natural idea is to use these quasi-stationary
states for enhancing the laser-induced recombination. Indeed, when the laser is tuned into resonance with a
quasi-stationary state, one may expect a substantial increase in the recombination rate. Note, that, as shown
in,7, 8 the presence of quasi-stationary states does not affect the rate of spontaneous radiative recombination. In
the present paper the laser-induced radiative recombination of antihydrogen is studied theoretically taking into
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account the quasi-stationary states that arise in the continuum in a strong magnetic field. Section 2 is devoted
to the formulation of the model. The ionization cross-section derived here agrees with that from,9 thus making
it possible to use the numerical results of9 for our estimations. In Section 3 the rate of stimulated recombination
is expressed via the ionization cross-section. In Section 4 the typical on-resonance values of the ionization cross-
section calculated in9 are used for estimation of the induced recombination rate. The results are compared with
those of,4 where the rate of laser-induced radiative recombination was calculated without the magnetic field.

2. CROSS-SECTION OF IONIZATION

The evolution of the system is described by the Schrödinger equation

i
∂Ψ(r, t)

∂t
=

[
Ĥ + V (r, t)

]
Ψ(r, t). (1)

Ĥ describes the motion of the positron in the Coulomb field of the antiproton and the strong permanent magnetic
field

Ĥ =
p̂2

2
− 1

r
− γ

2
l̂z +

γ2

8
ρ2, (2)

where γ = B/B0 is the cyclotron frequency, B0 = 2.35 × 105 Tl, the axis 0z is chosen along the magnetic
field. Here and below we use the atomic units. In the dipole approximation for linear polarized laser wave with
the frequency ω, its electric field with the amplitude ε0 being parallel to the magnetic field, the potential of
interaction with the laser field is

V (r, t) = −ε0z cos(ωt) (3)

To provide the comparability with the paper9 let us derive the expression of the ionization cross section associated
with the transition from the initial bound state ψ0 ≡ |nlm > to the final continuum state ψE ≡ ψEnρmp(z, ρ, ϕ) ≡
|Enρmp >. Here n, l,m are the principal, orbital and magnetic quantum number, respectively. The wave
functions of the continuum are characterized by the definite parity p with respect to z, the magnetic quantum
number m and the number of the Landau level10 nρ = 0, ..., nρ max, where nρ max = maxE⊥<E nρ is the highest
number of the open channel, respectively, nρ max+1 is the number of open channels, E⊥ = γ[nρ+(m+|m|+1)/2].
Their asymptotic expressions have the form

ψEnρmp(z → ±∞, ρ, ϕ) =
nρ max∑
n′

ρ=0

An′
ρnρ√

2πkn′
ρ
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[
kn′

ρ
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]
φn′

ρm(ρ, ϕ) (4)

where φnρm(ρ, ϕ) is the eigenfunction of 2D circular oscillator, δpnρn′
ρ

is the phase,
knρ =

√
2{E − γ[nρ + (m + |m| + 1)/2]} is the longitudinal momentum in the channel. The functions satisfy

the normalization condition∫ ∞

−∞

∫ ∞

0

∫ 2π

0

ψ∗
E′n′

ρm′p′(z, ρ, ϕ)ψEnρmp(z, ρ, ϕ)dzρdρdϕ = δn′
ρnρδm′mδp′pδ(E′ − E). (5)

Note, that there are nρ max + 1 linearly independent solutions that satisfy the asymptotic and normalization
conditions, labelled by nρ. Particular form of these solutions is not important at the present stage of our
consideration, and we will return to this question in the next Section.

In weak laser field the wave function of the system in the process of ionization may be presented as

Ψ(r, t) = ψ0 exp(−iE0t) + CE(t)ψE exp(−iEt).

Within the first-order approximation of the perturbation theory

CE(t) = iε0 < Enρmp|z|nlm >

∫ t

0

exp[i(E − E0)t′] cos(ωt′)dt′. (6)
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Taking into account that for large t

∣∣∣∣
∫ t

0

exp[i(E − E0)t′] cos(ωt′)dt′
∣∣∣∣
2

=
π

2
tδ(E − E0 − ω), (7)

we arrive at the following expression for the rate of the transition to a state with the energy E:

λ(E,ω) =
π

2
ε20

nρ max∑
nρ=0

| < Enρmp|z|nlm > |2δ(E − E0 − ω). (8)

Expressing the electric field strength ε0 in terms of the photon flow density jγ = (cε20)/(8πω) and integrating
over the final state energy

λ(ω) =
∫ ∞

0

λ(E,ω)dE

we get the ionization cross-section

σion(ω) =
4π2ω

c

nρ max∑
nρ=0

| < Enρmp|z|nlm > |2, (9)

that agrees with that of the paper,9 so that we can use the numerical results of this paper in our estimates.

3. RECOMBINATION RATE

In the process of recombination under the action of a weak laser field the state of the positron may be described
by the wave function

Ψ(r, t) = ψk exp(−iEt) + C(t)ψ0 exp(−iE0t),

where the initial state of the continuum ψk ≡ ψ
(+)
knρm(z, ρ, ϕ) ≡ |knρm > is a sum of the incident wave with the

unit ”linear density” and the wave number k = ±knρ , related to the channel nρ, and the wave outgoing in both
directions in all channels. Such states are normalized by the condition∫ ∞

−∞

∫ ∞

0

∫ 2π

0

ψ
(+)∗
k′n′

ρm′(z, ρ, ϕ)ψ(+)
knρm(z, ρ, ϕ)dzρdρdϕ = 2πδ(k′ − k)δn′

ρnρδm′m. (10)

Carrying out the transformations similar to those of the pervious Section, we get the expression for the rate of
recombination form the continuum state with the energy E into the bound state |nlm >

λnρm(E,ω) =
4π2I

c
| < nlm|z|knρm > |2δ(E − E0 − ω), (11)

where I = (cε20)/(8π) is the intensity of the laser radiation. The wave functions considered here may be expressed
in terms of the positive- and negative-parity functions of the previous Section, that may be defined so that

ψ
(+)
±|k|nρm(z, ρ, ϕ) =

√
2πknρ

(ψEnρm1e
iδ1nρnρ ± iψEnρm−1e

iδ−1nρnρ ). (12)

For the matrix elements we have

| < nlm|z|knρm > |2 = 2πknρ | < Enρmp|z|nlm > |2,

and, hence, the recombination rate may be written as

λnρm(E, ω) =
4π2I

c
2πknρ | < Enρmp|z|nlm > |2δ(E − E0 − ω).
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In the case of one open channel, the simplest and the most interesting here, the comparison of the latter expression
with Eq. (9) yields

λ0m(E, ω) =
2πk0I

ω
σion(ω)δ(E − E0 − ω). (13)

Given the initial positron velocity v = ±k0 = ±√
2(E − γ/2), the initial Landau level nρ = nρ max = 0 and the

angular momentum projection m, the recombination rate is expressed as

λ0m(v, ω) =
2πI

ω
σion(ω)[δ(v − v0) + δ(v + v0)], (14)

where v0 =
√

2(E0 + ω − γ/2).

To calculate the recombination rate in plasma it is necessary to average over the initial states. First, let us
find the probability that the positron possesses the angular momentum projection m. Classical consideration
yields the following expression for the angular momentum projection of a positron moving in the magnetic field
far from the nucleus

lz =
1
2
γ

(
r2
0 − v2

⊥
γ2

)
,

where γ is the cyclotron frequency, r0 is the distance between the z-axis passing through the nucleus and the
axis of the spiral trajectory of the positron in the magnetic field, v⊥ is the transverse component of the velocity.
The cross-section of the projection of the angular momentum being less than m is

σ(lz ≤ m) = πr2
0 =

2πm

γ
+

πv2
⊥

γ2
,

while for the projection equal to m it is

σm =
2π

γ
. (15)

This result is completely the same as the quantum mechanical one.11 Using this expression, let us sum the rates
of the laser-induced radiative recombination over all parameters of the initial state

λSRR(ω) = neσm

nρ max∑
nρ=0

∫ ∞

−∞
f||(v)f⊥(nρ)λnρm(v, ω)dv, (16)

where ne is the concentration of positrons, f||(v) is the Maxwell distribution over the longitudinal velocity of the
positrons, f⊥(nρ) is the Boltzmann distribution over the Landau levels

f||(v) =
1√
2πT

e−v2/2T ; f⊥(nρ) = (1 − e−γ/T )e−γnρ/T . (17)

For us the most interesting case is one open channel, i.e., nρ max = 0. First, in this case the highest resonance
peaks of the ionization cross section take place. Second, only in this case the simple relation between the
ionization cross-section and the recombination rate (14) exists. In this case

λSRR(ω) = 8π2neIf||(v0)f⊥(0)γ−1ω−1σion(ω), (18)

Where the longitudinal and transverse temperatures are expressed in atomic energy units. In the limit case of
small cyclotron frequency γ � T we get

λSRR(ω) = 25/2π3/2neT
−3/2Iω−1σion(ω). (19)

In the low-temperature limit and in strong magnetic fields (γ � T )

λSRR(ω) = 25/2π3/2neT
−1/2e−E‖/T Iγ−1ω−1σion(ω), (20)
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where E‖ = E−γ/2. The exponential dependence on E|| means that for the sake of increasing the recombination
rate one has to choose the resonances with E‖ � T .

In all previous considerations we assumed that the centers of mass of all atoms are fixed. However, this is
not quite true in real experimental situation. Although the atomic center-of-mass velocities are much less than
those of the positrons, one can not neglect the resulting Doppler shift, because the Doppler broadening is large
compared with very small homogeneous width of the cross-section resonances. Therefore, the recombination rate
should be averaged over all values of the projection of the center-of-mass velocity onto the direction of the laser
beam.

< λSRR(ω) >=
∫ ∞

−∞
fp(V )λSRR[(1 + V/c)ω]dV. (21)

Here fp(V ) is the Maxwell velocity distribution for antiprotons, V being the velocity projection onto the laser
beam direction,

fp(V ) =
√

mp

2πT
e−mpV 2/2T , (22)

and mp is the mass of antiproton.

4. RESULTS

Using the relation (18) and the values of the cross-section σion(ω) of ionization from the state 3s, calculated in,12

we estimate the rate of the laser-stimulated resonance recombination.

For calculations we choose the parameters, typical for positron-antiproton plasma in magnetic traps used
for antihydrogen recombination, namely, the temperature of the plasma T = 4 K, the positron density ne =
1 × 108 cm−3, the magnetic induction B = 6.1 Tl. We consider the recombination into the state n = 3, l = 0,
m = 0, that may be stimulated by a titanium-sapphire laser. In4 the intensity of laser radiation was estimated
for which the ratio of the induced recombination rate to the spontaneous one λRR without the magnetic field at
4 K is equal to 1. In particular, for n = 3 this intensity is I = 24 W/cm2. In our calculations we used this value
of the laser intensity. Fig. 1 shows the dependence of the laser-stimulated recombination rate per one antiproton
upon the initial energy of the positron E = Enlm + ω. In the same figure for comparison the horizontal dashed
line dispays the rate of the spontaneous radiative recombination into the state n = 3, which at the intensity
considered is equal to the rate of the laser-stimulated recombination without the magnetic field.

Obviously, there are narrow resonances for which the rate of recombination into the state with fixed l = 0,
m = 0 is appreciably higher than the rate of recombination into all nine states with different l and m possible for
n = 3. However, the account for the Doppler broadening due to the thermal motion of antiprotons, the situation
changes drastically. Fig. 2 demonstrates the rate of the laser-stimulated recombination in the presence of the
Doppler broadening due to the Maxwell distribution of the antiproton velocities. For convenience it is divided
by the rate of spontaneous recombination.

It is seen that even the highest peaks of the rate o laser-stimulated recombination are lower than that of the
spontaneous recombination by an order of magnitude. The comparison of Figs. 1 and 2 confirms the idea that
the laser-stimulated recombination in a magnetic field may be used for obtaining monoenergetic atoms,13 or, to
be more precise, the atoms with the fixed projection of velocity onto the direction of the laser beam. As to the
total outcome of antiatoms in low-lying states, the conclusion is that at moderate laser intensities the stimulated
recombination can be hardly expected to provide better results than the spontaneous one (Fig. 2). However,
basing on the facts that on average the magnetic field does not affect the recombination rate5 and that the
dependence of the recombination rate on the strength of the magnetic field is rather nontrivial, one can suppose
that at some values of the magnetic field and for some final states there may be ”trains” of closely spaced high
peaks that, due to Doppler broadening, merge into a ”super-peak”, in which the stimulated recombination rate
is substantially higher than that in the absence of the magnetic field. Checking this hypothesis will require the
calculation of the dependence of the recombination rate upon both the laser frequency and the magnetic field
strength. The solution of this time-consuming problem will be a subject of our further studies.
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Figure 1. Laser-stimulated radiative recombination rate into the bound state n = 3, l = 0, m = 0 versus the energy of
initially free positron
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N.Madsen, G.Manuzio, M.Marchesotti, P.Montagna, H.Pruys, C.Regenfus, P.Riedler, J.Rochet, A.Rotondi,
G.Rouleau, G.Testera, A.Variola, T.L.Watson, D.P.van der Werf, Nature, 419, p. 456, 2002.

2. G.Gabrielse, N.S.Bowden, P.Oxley, A.Speck, C.H.Storry, J.N.Tan, M.Wessels, D.Grzonka, W.Oelert,
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